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Abstract 

In the present note we will introduce a Binomial distribution series and obtain 
necessary and sufficient conditions for this series belonging to the classes T(A, a) and 
C(A, a). An integral operator related to this series is also considered. 

2010 Mathematics Subject Classification: 30C45, 30C55 

Key words and phrases: analytic function, binomial distribution, univalent 


1 Introduction 

Consider a class A consisting of functions of the form 

oo 

g(z) = z + y^a n z n . (1.1) 

n =2 

Every g £ A is analytic in the open unit disk E) and satisfy the normalization condition 
g( 0) = g'{ 0) — 1 = 0. Let S be a subclass of A consisting of functions of the form (1.1), 
which are also univalent in E). Furthermore, consider T be the subclass of S containing 
the functions of the form 

OO 

g(z) = z + ^2 \a n \z n - (1.2) 

71=2 

* Corresponding author 
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Let r( 7 , 5) be a subclass of T having the functions which satisfy the following condition 


Re 


{ 72^(20 + ( 1-7 )g(z) 


zg'(z) 


> 6 


(1.3) 


for all 5 (0 < 5 < 1 ), 7 (0 < 7 < 1 ) and z G B. Also, we consider C( 7 , 5) be an other 
subclass of T containing the functions which satisfy the following condition 


Re< 


g\z) + zg"{z) 
g'(z) + izg"{z) 


> 5 


(1.4) 


for all 5 (0 < 5 < 1 ), 7 (0 < 7 < 1 ) and zeD. 

From (1.2) and (1.4) one can draw the following conclusion 


g(z) e < 7 ( 7 , 5) <=>• zg'(z) eT(j,5). 


(1.5) 


Both T( 7 , 5) and C( 7 , 5) are extensively studied by Altinates and Owa [1] and certain 
conditions for hypergeometric function and generalized Bessel function g for these classes 
were studied by Mostafa [ 8 ] and Porwal and Dixit [11]. 

Let g(l,p) be a binomial distribution defined by 


9(1, P) = Pr{X = n) = 


It 


(n — l)\n\ 


p n (l-p) 


l—n 


n = 0 , 1 , 2 ,..., l 


when n > l, then f(l,p) = 0 . 

Consider a power series defined as: 


K(l,p,z) = z + Y2 


( 1 1 ' )! -p n - l {l-p) l ~ n z n . 


( l-n){n - 1 )! 


n =2 


Now, we introduce the series 


F((,p, 2 ) = 2 - D - ( [„. 1)! -y - l (i-v)‘- n z n . 


(l-n)(n- 1 )! 


In [3], Carlson and Shaffer studied starlike and prestarlike hypergeometric functions. 
The sufficient condition for a (Gaussian) hypergeometric function to be uniformly convex 
of order 5. which is also necessary condition under additional restrictions is given by Cho 
et al. [4]. Starlike hypergeometric functions were studied by Merkes and Scott [ 6 ] and 
Carlson and Shaffer [3]. 

Motivated by results on connection between various subclasses of analytic functions by 
using the hypergeometric function by many author particularly the authors (see [3, 4, 6 , 
12, 13]) and generalized Bessel functions (see [2, 7]), Porrwal [10] obtained the necessary 
and sufficient conditions for a functions F(l,p, z) defined by using the poisson distribution 
belong to the class T(S, 7 ) and C(5, 7 ). 

In this article, we give the analogous conditions for the functions F(l,p, z) and integral 
operator H(l,p, z) defined by the binomial distribution belong to the T(S. 7 ) and (7(5, 7 ). 

To establish our main results, we will require the following lemmas due to Altintas and 
Owa [1]. 
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Lemma 1.1. A function g(z ) characterize by (1.2) belong to the class T(6, 7 ) if and only 

if 


y~][n — 7 5n — 5 + 7 <J]|a n | <1 — 5. 


n=2 


Lemma 1.2. A function g(z) characterize by (1.2) belong to the class (7(5,7) if and only 

if 


n[n — 7 5n — 5 + 75 ] |a n | <1 — 5. 


71=2 

2 Main results 

Theorem 2.1. The function F(k,p , 2 ) belong to the class T(5, 7 ) if and only if 

p(l-fry)(l-l) + (l-8)A< 1 — 5, 

where 


Proof. Since 


^ = E „ (i ~ 1) , ! , , p'*(i -p)'-’*- 1 . 

^ (l — n — 1 )n! 

ri=l v 7 

F((, P , 2 ) = 2 - D ( '» 1)! 

^ (* -n)(n- 1 )! 


according to the Lemma 1.1 we must show that 
00 (l — 1 V 

5 > - 7 ^ - ^ ’■ p n -\i - P y- n < 1 - 5 . 

^ [l — n)[n — 1)1 


n =2 


Now 


f>0 j)]jr JLPA_ p ^ {1 _ p) .-» 

- J> - 1)(1 - + (1 - 

=^ £ u ^ + - a » £ (JlH»-i)r 1(i - ')'■ 


n=2 

00 


n=2 

00 


0 - 7 «) £ ( i i ' n _ 1 ) 2 ! ) n ; P " +1 ( 1 - f )' - ” -2 + (»-«) E ,■ (i - - P )' - ” -1 


n=0 

00 


n: 

00 


—J (l — n — l)n! 


(i - - p) m +(i - a e „ (i : 1 L, »"(i - p )'-”- 1 


“ (l — n — 2)n\ 

n =0 7 


: p(l - 75)(J - 1) + (1 - 5) jr - p) 

(l — n — 1 )n\ 

n= 1 v 7 


^ — n — l)n! 

I—n —1 


< 1 - 5 . 

This completes the proof. 


□ 
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Theorem 2.2. The function F(l,p , z) belong to the class C( 7 , 5) if and only if 
p\ 1 - 5^){l - l)(l - 2) + p( 3 - 2 7 5 - <*)(/ - 1) + (1 - 5)B < 1 - 5, 

where 


B = f] (Z ~ 1)! P "(l - p)*-"- 1 . 

(l — n — l)n\ 

n= 1 


Proof. As 


F((,p, 2 ) = z - JLiLp-'i 


^ (Z -n)(n- 1)! 


therefore according to the Lemma 1.2 we must show that 


J^n[n-j5n-5 + j5]—^—^——p n 1 (l-p) 1 71 <1-5. 
^ (l — n)[n — lj! 


n=2 


Now 

OO 


^ n[n(l - 7 «) - «(1 - 7 )] ,, ( \, 1)! - p) 

^ (Z — n)(n — 1)! 


l—n 


Et(l - 7^)( n - l)(n - 2) + (3 - 257 - <y)(n - 1) + (1 - 5)] 


n=2 


(i-iy. 


p n 1 (i-p) 


(l — n — 2)(n — 1)\ 


l—n 


(1 - 7 <*)£ 


!/ " hi p n - 1 {l-p) l - n + {3-25j-5) 


( l -n)(n- 3)! 


y_ (/ ~ 1)! _ p«-i(i - P y~ n + (1 - s) y _ (/ ~ 1)! _ P n ~\ 1 - y 

4r,(Z-n)(ra- 2)7 1 j Zw/_ _ 1 1 


n=2 


77 ; ( l-n)(n - 1 )! 


n=2 


(! - 7^) E ,, ~ ~ttt , p n+2 (l - P) M + (3 - 25 7 - 5) 
^ [l — n — 3 )nl 


77=0 

7 E - p)‘- 2 + (1 - « E 

n=0 v 7 n= 1 v 7 


= p 2 (l - 75 ) E {l 1} ’ . p n ( 1 - p ) Z - n " 3 + p(3 - 257 - 5) 
(Z -ra-3)n! 


OO 


n =0 

x E 77 - % , P W (1 - P) Z “ n " 2 + (1 - 5) E #-yV(l " p)Z ' n 

(i — n — 2 )n! “ u — n)n! 

n=0 v 7 n=l v 7 


00 


= P 


(1 - 7 <J)(Z - 1)(Z - 2) E ,, {l 3 o, , P n (l - P) z - n - 3 +P(3 - 25 7 - 5)(l - 1) 

(l — n — 3)n! 

n=0 v 7 

E r£L«> -p)‘-”- 2 + (> - fl E y^p"(i -p) 

n= 1 v 7 


l—n —1 


“ (l — n — 2)n\ 

n =0 v 7 

= p 2 (l - 7 5)(Z - 1)(Z - 2 ) + p {3 - 25 7 - <$)(Z - 1 ) + (1 - 5)B 
<1-5. 
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This completes the proof. 


□ 


In the following theorem, we obtain the analogous results in connection with the par¬ 
ticular integral operator H(l,p , z) as follow: 


H(l,p, z) = f 
Jo 


F(l,p, z] 


dt. 


( 2 . 1 ) 


Theorem 2.3. The operator H(l,p , z) characterized by (2.1) is in the class C( 7 , 5) if and 


only if 

P(1 - 57 ) (/ 

where 

OO 



Proof. Since 

no 


U 

I 

II 

77 


( 1 - 1)1 


-.p n (l-p) 


l—n—1 




n=2 


according to the Lemma 1.2 we must show that 


n[n — 7 Sn — 6 + 7 #] 


0 1) : _7l— 1 


p n - 1 (l-p) l ~ n <1-8. 


n=2 


(l — n)(n) 


Now 


tl-0 -*)-*(!- 7)1 

f> - 1)(1 - + (1 - J) ) u - lKn 1 -l)L ‘~ 1(1 - ril ~’‘ 


n=2 


(i -7<0E 

n=2 

oo 

(! - 7<0E 


(1-1)'. n _ 1( _ \i-n , Q - 5) V ^ ~ 

^(/-n)(n-2)! P ( P) + ( } ^ (Z - n)(n - 1)! 

OO 


P n (1 ~p) 


,1—n 


[l 1)! p n+ \ 1 - p ) Z “ n " 2 + (1-5) E 77 (Z „ 1} ,L, P n (l - P ) Z “ n_1 


—' (Z — n — 2 )n! 

n=0 v 7 


n 

oo 


— n — l)nr 


(! - Tflpf 77TUT J |wTJ , "(l - P)‘-’*- 2 + (l-i)f; 7 T^t4tT7P”(1 - P)'-”" 1 


“ (l — n — 2)n\ 

n =0 7 


“ (l — n — l)nr 

n=l v 7 


(1 _ 1 § )p( 1 -of; (/ 2) * , P n (i- p) 

(l — n — 2)n\ 

n =0 


l—n—2 


oo 


+ a-5)]r (/ 1} n , p n a-p) 

f (i — n — l)n\ 

n= 1 v 7 

= (1 -75)( 1 -0p+(1-5)C' 

< 1 — 7 . 


I—n —1 


This completes the proof. 


□ 
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Theorem 2.4. The operator H(l,p , z) defined by (2.1) is in the class T( 7 , 5) if and only 

if 

p(\-&y)D + (\-8)E<8-\, 


where 


and 




(l-n-2)(n + 2)n\ 1 

n =0 7 v 


E = \ ^ 

^a-n)n! 


^ 1)1 


Proof. As we know that 


= * -E }! ^ P n -\1-P) l ~ n z\ 


n=2 ( Z “ n ^ ! 

therefore according to the Lemma 1.1 we must show that 


Et n “ ry6n ~ 6 + "^77—T7 P " 1 ( 1 “ n < 1 - 5 - 

(S ( l ~ n ) n! 


Now 


!)• n- 1/1 „\l-r 


l-7(?)-^(l-7)] , _ Hi-P) 

n=2 ^ njn - 

£> - 1)(1 - 7«) + (1 - *)]#—TlP-'tl - 

(/ — n)n! 


n=2 


0 - rtp - P )'-" + 0 - *) -rt 


!)• n- 1/1 „\Z-r 


n=2 

00 


n=2 
00 


(1 - 7<)E „ ( ,‘ )! „ Y‘|1 - P) 1 -” + (1 - i) E . 1 , |! ., P’‘- 1 (1-P) 1 - 

^2 {l-n)n{n- 2)! " (f - n) (n)! 

- *> t <l-n-2Hn + 2)n ~ ^ 

+(1 - s) f; „ ( '~' 1 , )! ., p n ~ i ( i - p) 1 -" 

^ (Z -n)(n)! 

OO 


(1 - (, i nL 1 2 ) ' ( ~+2 )n ! P ” (1 ~ P) '~’ , ~ 2 


n =0 
00 


= p(i-7<y)D+(i-<y)f; 

<1 — 7 . 


This completes the proof. 


□ 
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Abstract 

Soft rough approximation were introduced by Feng[7]. This paper extend soft rough approxima¬ 
tion model by defining new soft rough approximation operators via ideal. An ideal on a set X is a 
non empty collection of subsets of X with heredity property which is also closed under finite unions. 
When I is the least ideal of p(U), these two approximations coincide. We present the essential prop¬ 
erties of new opertors via ideal and supported by illustrative examples. The notion of soft rough 
equal relations via ideal is proposed and related examples are examined. We also show that rough 
set via ideal [26] can be viewed as a special case of soft rough set via ideal, and these two notions will 
coincide provided that the underlaying soft set is a partition soft set. We obtain the structure of soft 
rough set via ideal, gives the structure of topologies induced by soft set and an ideal. Moreover, an 
example containing a comparative analysis between rough sets via ideal and soft rough sets via ideal 
is given. We show that soft rough approximation via ideal could provide a better approximation than 
rough set via ideal. 


keywords: soft sets, rough approximations via ideal, soft rough sets via ideal, rough sets via ideal. 


1. Introduction 


In recent years vague concepts have been used in different areas as medical applications, pharmacology, 
economics, engineering since the classical mathematics methods are inadequate to solve many complex 
problems in these areas. Traditionally crisp (well-defined) property P(x) is used in mathematics, i.e., 
properties that are either true or false and each property defines a set: {x : x has a property P}[19]. 
Researchers have proposed many methods for vague notions. The most successful theoretical approach 
to the vagueness is undoubtedly fuzzy set theory [33] proposed by Zadelr in 1965. The basic idea of fuzzy 
set theory hinges on fuzzy membership function, which allows partial membership of elements to a set, 
i.e., it allows elements to belong to a set to a degree. 

Rough set theory [20] is an extension of set theory for the analysis of a vague and inexact description 
of objects. Pawlak rough approximations are based on equivalence relation or their induced partition and 
subsystem, this requirement is not satisfied in many situations and thus limits the application domain of 
the rough set model. To solve this issue, generalizations of rough sets were considered. There are at least 
two approaches to generalize rough sets. One is to consider similarity, tolerance or general binary relation 
(see e.g.[30], [31],[32], Zhu [36]) rather than equivalence relation. The other is to extend the partition 
to cover (see e.g.[2, 3, 34, 36, 37]). Furthermore, as generalizations, rough sets were defined by fuzzy 
relation (see e.g.[5, 11, 12, 21, 22, 23, 24]) or a mapping [9, 26]. However, many of these generalizations 
have not been interconnected with each other. 

All these theories have their own difficulties (see [23]). For example, theory of probabilities can deal 
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only with stochastically stable phenomena. To overcome these kinds of difficulties, Molodtsov [16] pro¬ 
posed a completely new approach, which is called soft set theory, for modelling uncertainty. Molodtsov 
initiated a novel concept of soft set theory [16], which is a completely new approach for modeling vague¬ 
ness in 1999. A soft set is a collection of approximate descriptions of an object. Molodtsov [16, 17] 
presented the fundamental results of the new theory and successfully applied it to several directions 
such as smoothness of functions, game theory, operations research, Riemann-integration, Perron integra¬ 
tion,theory of probability etc. He also showed that how soft set theory is free from the parametrization 
inadequacy syndrome of fuzzy set theory, rough set theory and etc. Soft systems provide a very general 
framework with the involvement of parameters. It has been found that fuzzy sets, rough sets and soft 
sets are closely related [1]. 

Maji et al. investigated the concept of fuzzy soft set in 2001 [13], a more generalized concept, which 
is a combination of fuzzy set and soft set and also studied some of its properties. This line of exploration 
was further investigated by several researchers [14, 28, 29]. Soft set and fuzzy soft set theories have rich 
potential for applications in several directions. 

Feng et al. investigated the concept of soft rough set in 2010 [6] which is a combination of soft set 
and rough set. In [6, 7] basic properties of soft rough approximations were presented and supported by 
some illustrative examples. In fact, as soft set instead of an equivalence relation was used to granulate 
the universe of discourse. A new approach was introduced to soft rough sets which is called modified 
soft rough set (MSR-set) and some basic properties of MSR-sets were investigated in [25]. In [10] a 
new concept of soft class and soft class operations based on decision makers set are defined and some 
fundamental properties of soft class operations are investigated. In [18] soft rough sets and soft rough 
approximation operators on a complete atomic Boolean lattice are defined. Feng discussed soft set based 
group decision making in [8]. This study can be seen as a first attempt toward the possible application 
of soft rough approximations in multicriteria group decision making under vagueness. 

It is well known that (fuzzy) ideal is an important tool for investigating rough sets (see e.g.[4, 27]). 
In Pawlak rough set model, any vague concept of a universe can be defined by a pair of precise concepts 
called the lower and upper approximations. Particularly, the empty set 0 is a concept and the set {(/)} is 
a special ideal. Hence, we have the following equivalent description of Pawlaks approximations. That is, 
the lower approximation contains all objects which the intersections between equivalence classes and the 
complement of the concept belong to {<)>}, and the upper approximation consists of all objects which the 
intersections between equivalence classes and the concept do not belong to {(/)}. It is a natural question 
to ask what does happen if we substitute a general ideal instead of the particular one. Here, the role of 
the ideal is to bring together some knowable and interrelated concepts of the universe, through which 
we can approximately obtain the imprecise concept. Since a given ideal has more concepts than that of 
{<jf>}, the approximations based on ideals seem to enrich the Pawlaks approximations. In [27] we define 
new approximation operators in more general setting of complete atomic Boolean lattice by using an ideal. 

The aim of this paper is to define new soft rough approximation operators in terms of an ideal. Our 
approach can be viewed as a generalization of several approaches that can be found in the literature. 
The reminder of this paper is organized as follows. In the following section, we recall some fundamental 
notions and propositions to be used in the present paper. In Section 3, the definition of soft rough 
approximations via ideal is proposed and basic properties are examined. These decrease the soft lower 
approximation and increase the soft upper approximation and hence increase the accuracy measure. We 
show by example that soft rough approximation via ideal reduce the soft boundary in comparison of soft 
rough approximation and the accuracy measure is better than the soft accuracy measure. So soft rough 
approximation via ideal could provide a better approximation than soft rough set. We also define soft 
rough equal relations in terrnes of soft rough approximation via ideal and explore some related proper¬ 
ties. Finally, through an example we present a comparative analysis between rough set via ideal and 
soft rough set via ideal. In sction 4 we investigate the relationships between soft sets, topologies and an 
ideal, obtain the structure of topologies induced by a soft set and an ideal. In section 5 we investigate 
the relation between soft rough via ideal and rough set via ideal [27]. We show that rough set via ideal 
may be considered as a special case of soft rough set via ideal. Also, we define a new pair of soft rough 
approximation operators via ideal and giving the relationship between this pair and previous one. 

Soft rough set approximation via ideal is a worth considering alternative to the soft rough set approxi¬ 
mation and rogh approximation via ideal. 
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2. Preliminaries 

In this section, we present the basic definitions and results of soft set theory which may found in 
earlier studies [15, 16, 17]. Throughout this paper, U refers to an initial universe, the complement of X 
in U is denoted by X' , E is a set of parameters, p(U) is the power set of X, and ACE. 

Definition 2.1 [16] Let U be a universal set and E be a set of parameters. Let A be a non empty 
subset of E. A soft set over A, with support A ,denoted by f A on U is defined by the set of ordered pairs 

I a = {(e,f A (e)) ■■ e G EJ A (e) G p(U)}, 
or is a function f A :E —» p(U ) s.t 

/[ 4 (e) 7 ^ </> V e G A C E and f A (e) = (j> if e A. 


From now on, we will use S(U,E) instead of all soft sets over U. 

Definition 2.2 [16] The soft set G S(U,E) is called null soft set, denoted by <!>, Here F^e) = 
ft, Ve G E. 

Definition 2.3 [15] Let f A G S(U,E). If f A {e) = X,Ve G A, then f A is called A-absolute soft 
set, denoted by A. 

If A = E, then the A-absolute soft set is called absolute soft set denoted by E B . 

Definition 2.4 [15] Let f A ,g B G S(U,E). f A is a soft subset of g B , denoted f A C g B if f A {e) C 
g B {e),\/e G E. 

Definition 2.5 [15] Let f A ,g B G S(U,E). Union of f A and g B , is a soft set he defined by 
hc{e ) = f A (e ) U .9s(e), Ve G E, where C = A U B. That is, 

he = Ia LI g B 

Definition 2.6 [15] Let f A ,g B G S(U,E). Intersection of f A and g B , is a soft set he defined by 
hc( e ) = jU(e) H .9s( e );'^ e € E where C = An B. That is 

he = fA n g B . 

Definition 2.7 [15] Let f A G S(U,E). The complement of f A , denoted by f' A is defined by 
f A (e) = (f(e)y,\/eGE. 

Definition 2.8 [7] Let f A G S(U,E). 
i) f E is called full, if [J a &Af( a ) = U '> 

iv) f B is called partition of B if { f(a ) : a G A} forms a partition of U. 

Obviously, every partition soft set is full. 

Definition 2.9 [35] Let f A G S(U,E). 

i) f A is called keeping intersection, if for any a, b G A, there exists c G A such that /(o) H f{b ) = /(c); 
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ii) Ja is called keeping union, if for any a,b € A, there exists c G A such that f(a) V f(b) = /(c); 

ii) f a is called topological, if {/(a) : a £ A} forms a topology on U. 

Definition 2.10 [7]Let Ja G S(U,E). Then the Pair P = (U, /a) is called soft approximation space. 
We define a pair of operators apr p , apr P : p(U) —> p(U) as follows: 

apr p (X) = {u G U : 3a G A, s.t u G f(a) C X}, 

apr P (X) = {u € U :3a G A, s.t u € f{a), f(a) D X ^ 0} 

The elements apr p (X) and apf P {X) are called the soft P-lower and the soft P-upper approximations 
of X. Moreover, the sets 


Pos P (X) = apr p (X) 

Negp(X) = (apfp(X))' 
Bnd P (X) = apr P {X) — apr p {X) 


are called the soft P-positive region, the soft P-negative region and the soft P-boundary region of X, 
respectively. If apr {X) = apr P (X), X is said to be soft P-definable; otherwise X is called a soft P-rough 
set. 


Definition 2.11 [26] Let B = (P,<) be a bounded distributive lattice. A non empty subset I of 
B is called an ideal of B if for all a;, y € B 

(1) x, y G I imply xV y G I; 

(ii) If x G I with y < x, then y G B. 

Definition 2.12[26] Let B = (P, <) be a complete atomic Boolean lattice and let ip : A(B) —» P be 
any mapping. Let I be any ideal on B. For any element x G B, let 

x VI = V {x A a : a G A(B), A x' G I and a ^ 0}, and 

x AI = V{iVa:a€ A(B), tp(a) Ax ^ / and a ^ 1}. 

The elements x 71 and x AI are called the lower and the upper approximations of x via ideal I with 
respect to ip respectively. Two elements x and y are called equivalent via ideal I if they have the same up¬ 
per and lower approximations via ideal I. The resulting equivalence classes are called rough sets via ideal I. 

Proposition 2.13[26] Let B = (B,<) be a complete atomic Boolean lattice and let ip : A{B) —> B 
be any mapping. Let I be any ideal on B, then for all a G A{B) and x G B, 

i) a < x VI -£=> ip(a) Ax' G I and a < x; 

ii) a < x AI ip (a) A x £ I or a < x. 

Proposition 2.14 [26] Let B = (P, <) be a complete atomic Boolean lattice and let ip : A(B) -A B 
be any mapping. Let I be any ideal on P, then 

i) 0 A7 =0 and l v/ =l; 

ii) x < y implies x VI < y VI and x AI < y AI . 

Remark 2.15[26](1) In general, x v/ < x < x AI . 

(2) The two operations suggested in Definition 2.12 are suitable also for other operators based on binary 

relations. If U is any universal set, then p(U) is a complete atomic boolean lattice whose atoms are 
singleton subsets of U. Let R and be a general relation on U and I any ideal on U. We define a mapping 

<p : A{B) —» P : U —» p(U), x —* R(x) where R(x) = {y G U : xRy}. Then for any X C U, 

X v/ = U {xGU : R(x) l~l X' G 1} C\ X and X AI = U {x G U : R{x) flI^I}Ul 

If X VI = X AI , X is said to be R-I-definable; otherwise X is called R-I-rough set. 
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Table 1: Tabular representation of the soft set Fa 





^03 

a 4. 

^ 5 


e 4 

0 

1 

1 

0 

0 

0 

e2 

0 

0 

0 

0 

1 

0 

e 3 

1 

0 

0 

1 

0 

0 

e 4 

0 

1 

0 

0 

0 

1 


3. Soft Rough Approximation operators via ideal 

In this section we introduce soft rough approximations via ideal and soft rough set via ideal. 

Definition 3.1 Let f a £ S(U,E ) and I be an ideal on U such that /(a) Y / Va £ A. The triple 
( U,/a,I ) is called soft approximation space via ideal. We define a pair of operators apr T , apr j : p(U) —> 
p(U) as follows: 

apr ^X) = {u € X : 3a € A, s.t u £ /(a), /(a) fll'e /}, 

aprj(X) = {u £ U : 3a £ A, s.t u £ /(a), /(a) D X ^ 1} 

The elements apr : (X) and apf I {X) are called the soft I-lower and the soft I-upper approximations of 
X via ideal. In general, we refer to apr ^X) and apfi{X) as soft rough approximations of X with respect 
to P via ideal. Moreover, the sets 


Posi(X) = apr T (X ) 

Neg^X) = (apf I (X)Y 
Bndj(X) = aprj{X) — apr ^X) 


are called the soft I-positive region, the soft I-negative region and the soft I-boundary region of X, re¬ 
spectively. If apr^X) = Wpf I {X), X is said to be soft /-definable; otherwise X is called a soft /-rough set. 

Proposition 3.2 Let Ja £ S(U,E) and I be an ideal on U such that /(a) Y / Va £ A. Let 
( U,/a,I) be a soft approximation space via ideal. Then apr ^X) C apr I [X). 

Proof: Let u £ apr^X), then 3a £ A , s.t u £ /(a), /(a) fl X' £ I. If /(a) fl X £ I. So, (/(a) fl 
X) U (/(a) fl X') £ I by properties of ideal. Thus /(a) fl (X U X') = f(a) fl U = f(a) £ I a contradiction. 
Hence /(a) fll^ / and consequently apr (X) C apr 7 (X). 

By Definition 3.1, we immediately have that X C U is soft I-definable if the soft I-boundary region 
Bndi(X) of X is empty. Also, By Proposition 3.2, we have apr (X) C Wpfj(X) for all X C U. Never¬ 
theless, it is worth noticing that X C cipr I (X) does not hold in general. 


Example 3.3 Let U = {ui,U2, u^, 114. u$, uq }, E = {ei, e2, e3, e^, e$, eg} and A = {ei, e2, e3,64} C E. 
Let f a be a soft over U given by Table 1 . Let I be an ideal on U defined as follows 
/ = {0 ,{ui},{u3},{u 6 },{ui,U3},{ui,U6},{m3>M6},{u 1)M3)M6}}- Let X = {tt 3 ,it 4 ,w5} C U. So X' = 
{ui,U2,uq}. Thus we have apr J (X) = {114,115} , and aprj(X) = {iii,it 4 , n.5}. So apr I {X) ^ aWi(X) 
and X is soft I-rough set. In this case X = { tt 3 , u 4 , U5} % apr I {X). Moreover, it is easy to see that 
Posi(X) = {w 4 ,zis}, Negi(X) = {u 2 ,u 3 ,We} an d Bndj(X) = {wi}. On the other hand, one can con¬ 
sider X\ = {ui,U4,uY\ C U. Since apr^X 1) = {ui,it 4 } = apfj[X 4 ), then X\ is a soft I-definable set. 

Proposition 3.4 Let fA £ S{U,E) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
( U , /a , I) be a soft approximation space via ideal. Then for all X C U 

i) apr J {X) = X n (J {/(a) : a £ A and f{a) fl X' £ /}; 
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Table 2: Tabular representation of the soft set Fa 



-xrr 

^2 

^13 

U4 

U5 

0(5 

ei 

1 

U 

0 

U 

0 

1 

e 2 

0 

0 

0 

0 

1 

0 

e 3 

0 

0 

0 

1 

0 

0 

e 4 

1 

1 

0 

0 

1 

0 


ii) aprj(X) = (J {/(a) : a G A and /(a) D X g I}. 

Proof: i) Let u € apr I (X). So u € X and 3 a £ A, s.tu € /(a), /(o)nl' € I. Hence x G 
X fl U {/( a ) : a € A and f(a) flX' G /}. The other inclusion can be proved similarly. 


Definition 3.5 Let f a G S(U,E) and I be an ideal on U such that f(a) £ I Va G A. Let (U,Ja,I) 
be a soft approximation space via ideal. For any X C U measure of accuracy for soft set with respect to 
X denoted by Ap{X) is defined by 


a m _ kPTpWI 

M x > ~ \mF(x)\ _ _ 

where \apr p (X)\ and \apr P (X)\, denotes the cardinalities of the sets apr p (X ) and apr P {X) respectively. 
Also, measure of accuracy for soft set with respect to X via ideal denoted by Aj(X) is defined by 


MX) 


|gpr r (X)| 

\apri{X)\ 


where \apr (X)\ and \apr I {X)\, denotes the cardinalities of the sets apr (X) and aprj{X) respectively 
Now, we show in the next example that soft rough approximation via ideal provide a better approxima¬ 
tion than soft rough approximation which provide a better approximation than rough sets. 


Example 3.6 Let U = {ui,U 2 , U 3 ,114 . 115 , «e}, E = {e\, e 2 , 63 , e 4 , e$, eg} and A = {ei, e 2 , e 3 , e 4 } C E. 
Let fA be a soft over U given by Table 2. Let I be an ideal on U defined as follows 
/ = {<j>, {U 1 },{U 2 },{U 3 },{« 1 ,U 2 },{U 1 ,U 3 },{U 2 ,U 3 },{U 1 ,U 2 ,U 3 }}. Let X = {u u u 5 } C u. So X' = 
{u 2 ,U 3 ,U 4 ,uq}. Thus apr (X) = {u 5 } , apr^X) = {ui, u 5 } n {ui,u 2 , u 5 } = {ui,u 5 }, Wpr P (X) = 
{ui,U 2 ,U 5 ,uq} and aprj(X) = {tti, 112, M5}. So apr p (X ) C apr (X) Cl C apr I (X) C apr P (X). There¬ 
fore A P {X) = ^ P p {x] = I and M x ) = =fx) = §• Consequently, A/(X) > A P (X). Consequently 
accuracy measure via ideal is better than accuracy measure for soft sets. 

Proposition 3.7 Let Ja G S{U,E) and I be an ideal on U such that /(a) ^ I Va G A. Let 
(U, f a, I) be a soft approximation space via ideal. 

i) apr^) = (j) = aprj((j>) 

ii) apr (U) = apr 7 ([/) = [j /(a); 

- 1 a€A 

iii) X CY implies apr (X) C apr (Y) and apfj(X) C apf I (Y). 

iv) I C J implies apr J (X) C apr J (X) 

Proof: (i)Clearly, apr (</>) = (j). Also, 7rpfj((l)) = (J {/(a) : a G A and f(a) fl <j> # 1} = [J {/(a) : a G A and 
<£ . 

(ii) apr (U) = (J {/(a) : a G A and f(a) fl (f> G 1 } = (J {/(a) : a G A and <f> G /} = (J /(a). Also, since 
/(a) ^ / Va G A, then apfj(U) = (J /(a) 

a€A 

(iii) Assume that X CY and u G apr I (X). So«Gl and 3 a G A, s.t u G /(a), /(a) fl X' G I. Since 
Y' C X' , then /(a) fl F' G I by properties of ideal. Consequently, u G apr (Y). The other part can be 
proved similarly. 

(iv) Obvious 

Proposition 3.8 Let /A G S(U,E) and I be an ideal on U such that /(a) ^ I Va G A. Let 
( U , /a, I) be a soft approximation space via ideal. Then for all X, Y C U 

i) apr T (X UF)3 apr J (X) U apr^Y) 
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ii) apr I (X fl7)C apr^X) fl aprj{Y) 

iii) If Ja is keeping intersections, then apr ^X fl Y) = apr T (X) fl apr (Y) 

iv) If Ja is partition, then apr J (X fl Y) = apr (X) fl apr (Y) 

v) Wpr I (X U Y) = Wpfj(X) U apfj(Y) 

vi) apf I {X fl7)C Wprj(X) U apfj(Y) 

Proof: (i) and (ii) follow immediately by Proposition 3.7. 

(iii) By (i), apr (X fl Y) C apr (X) fl apr (Y). Let u G apr f (X) fl apr (Y - ), then u € XnY and 
there exists a,b £ A such that u € /(a), /(a)nl' € /, u € /(&), and f(b) A X' G I. Since Ja is 
keeping intersections, then there exists c € A, such that /(a) fl f(b) = /(c). By properties of ideal, 
/(a) fl f(b) D X' £ I. So we prove that there exists c G A, such that u G /(c) and /(c) fl X' G I. Hence 
u G apr T (X fl Y ) and consequently, apr (X n V) = apr (X) D apr I (Y). 

(iv) Let u G apr (X)r\apr (Y), then u G X fl Y and there exists a, & G A such that u G /(a), /(a) fl X’ G 
I, u G /(&), and f(b) fl X G I. Since Ja is partition, then /(a) = f(b). So, Therefore u G apr (X fl Y). 
Consequently, apr J (X fl Y) = apr^X) fl apr / (F). 

(v) By Proposition 3.7, apr I (X U7) 3 apfj(X) U apf I (Y). On the other hand, let u G apfj(X UV), 
then there exists a £ A such that u G /(a), /(a) n(IUf) = (/(a) fl X) U (/(a) fl Y) £ I. Hence 
either /(a) AX £ I or /(a) AY £ I by properties of ideal. So u G apr I (X) U apfj(Y) and consequently, 
CLprj(X U Y) = dpr I (X) U Wpf I {Y). 

(vi) Follows immediately by Proposition 3.7. 

Proposition 3.9 Let Ja G S(U,E) and I be an ideal on U such that /(a) ^ I Va G A. Let 
(U, f a, I) be a soft approximation space via ideal. Then for all X C U 

i) aprj(X) = apr I (apr I (X)) 

ii) apr (X) C apr 7 (apr (X)) 

iii) apr^X) = apr^apr I (X)) 

iv) apf I (X) C aprj(aprj(X)) 

Proof:(i) Let Y = apfj(X) and u G Y. Then u G f(a) and /(a) A X ^ I for some a £ A. By 
Proposition 3.4(h), Y = Wpf I (X) = (J {/(a) : a £ A and f(a) fl X £ /}. So there exists a £ A such that 
u G /(a) C Y. Hence /(a) AY' = <f> £ I and consequently, u £ apr J (Y). Therefore Y C apr J (Y). On the 
other hand, since apr (Y) C Y for any Y C U, then Y = apr (Y) as required. 

(ii) Let Y = apr (X) and u £ Y. Then u G /(a) and /(a) A X' £ I for some a £ A. But Y = 

apr T (X) = XA\j{f(a) : a£ A and /(a) A X' £ I}. We deduce that u £ f(a) and f(a)AY = f(a)AXA 
(J {/(a) : a £ A and /(a) A X' £ 1} = /(a) fl X. If /(a) A X £ I, then (/(a) 0 X) U (/(a) fl X') G I 

(by properties of ideal) i.e f(a) fl (Ill'I) = f(a) AU = f(a) £ I & contradiction. Therefore, 

/(a) 01 = /(a) AY <£ I. Hence u G apr I {Y ) and so Y C apr I (Y). 

(iii) Let Y = apr (X) and u £ Y. Then u G /(a) and /(a) A X' £ I for some a £ A. But 

Y = apr I (X) = X fl (J {/(a) : a £ A and f(a) fl X' G I}. We deduce that /(a) AX C Y. Hence 

/(a) nlnf = (/(a) D Y') n X = (j). Hence /(a) nl" C X' and thus /(a) AY' £ f(a) fl X'. 
Since /(a) A X' £ I, then /(a) AY' £ I. Consequently, u G apr f (Y). So Y C apr (Y). 

(iv) Let Y = apf I (X) and u £ Y. Then u G f(a) and /(a) AX £ I for some a £ A. But Y = apf I (X) = 
(J {/(a) : a G A and f(a) AX ^ I}. It follows that u £ f(a ) and /(a) AY = f(a) D f(a) 0 X £ I by 
properties of ideal. So u G aprj{Y) and hence Y C aprj(Y). 
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Example 3.10 Let U = {iq, u 2 , 113,114 , U 5 ,uq}, E = {ei, 62 , e 3 , e^, e§, eg} and A = {ei, e 2 , e$, 64 } C E. 
Let F J 4 be a soft over U given by Table 2. Let I be an ideal on U defined as follows 
/ = {<f>, {u 2 }, {^ 3 }, {U 2 , U 3 }}.Let X = {ui,u^,Uq} C U. So we have X' = {u 2 , W 3 , U 4 }, and hence 
apr I (X) = X n {«i,u 2 ,U 5 ,u 6 } = {«i,u 5 ,u 6 } = {ui,u 5 ,u 6 } and apfj(X) = {ui,u 2 ,u 5 ,u 6 } = f(e 1 ) U 
/(e 2 ) U /(e 4 ). Let F = apfj(X). Then we have 

apr [ (apf j(X)) = apr^Y) = f(e 1 ) U /(e 2 ) U /(e 4 ) = opfj(A') = F. 

Also, we have apr j {apr ^X)) = 7rpf I {X) = YD^X = apr J (X), which suggests that the inclusion (ii) in 
Proposition may hold strictly. Moreover, it is easy to see that apr I (apr J (X)) = apr I (X). 

Let Xi = {u 4 ,ug}, then aprj(X 1 ) = {iti,U 4 ,W 6 }. If F = apr I (X 1 ), then 

apfji(apfj(Xi)) = aprj(Yi) = {ui,u 2 ,U 4 ,u 5 ,u 6 }d Fi =apr / (Xi) 

which indicates that the inclusion in Proposition may be strict. 

Proposition 3.11 Let £ S(U,E) and I be an ideal on U such that /(a) ^ / Vo € d. Let 
([/, /a, I) be a soft approximation space via ideal. Then the following properties hold 

i) If /a is keeping union, then 

a) for any X C U, there exists a £ A such that apr (X) = f(a) fl X 

a) for any X C U, there exists a £ A such that ajrrj(X) = f(a) 

ii) If /a is full and keeping union, then 

aprj(X) = U for any X C U such that X £ I 
Proof:i) This holds by Proposition 3.4. 

ii) Since /a is full and keeping union, then U = [J /(a) = f(a*) for some a* £ A. For each X C U 

such that X £ I and each u £ U, u £ f(a*) and f(a*) fl X = X ^ I. Therefore apfj(X) = U. 

Proposition 3.12 Let /a £ S(U,E) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
(U, /a, I) be a soft approximation space via ideal. Then for any X C U, X is soft I-definable if and only 
if apr I (X) C X. 

Proof: If X is soft I-definable, then apfj(X) = apr (X) C X. Conversely, suppose that apr I (X) C X 
for X C U. Since f(a) ^ I Va £ A, then apr (X) C apfj(X) by Proposition 3.2. To show that X is 
soft I-definable, it remains to prove that apfj(X) C apr I (X). Let u £ apfj(X). Then 3a £ A , s.t u £ 
/(a), /(a) DX £1. It follows that u £ /(a) C Wpf I (X) C X. So u £ X, u £ f(a) and /(a)nl' = (j> £ I. 
Therefore u £ apr (X) and so apfj(X) C apr (X) as required. 

Example 3.13 To illustrate the above result, we revisit Example 3.6. Let X = { 112 , 114 } C U. 
So X' = {ui, U 3 , U 5 , uq}, apr (X) = {^ 4 } = apr T {X). Hence apfj(X) C X and X is soft I-definable set. 
On the other hand, for X\ = { 1 L 4 , tig} Q U, X\ = {u\,u 2 , U 3 , U 5 }, apr^X 1 ) = { 114 , uq} fl { 114 , 114 , uq{ = 
{u 4 ,Uq} and apr / (X 1 ) = {iq, 1 * 4 , u 6 }. Thus aprj{X{) 2 X and Xi is soft I-rough set. 

Proposition 3.14 Let /a £ S{U,E) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
( U,/a,I) be a soft approximation space via ideal. The following conditions are equivalent 

i) S is a full soft set. 

ii) apr^U) = U 

iii) apr I {U) = U 
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Proof: apr ^U) = U fl ((J {/(a) : a £ A and f(a) C\U' £ /}) = |J {/(a) : a € A and /(a) D </> £ /}) = 
\J{f(a) : a £ A and <p £ I}) = (J /(a). 

aeA 

Hence by definition, S = ( f,A ) is a full soft set if and only if apr 7 (C/) = U. That is, conditions (i) and 
(ii) are equivalent. Similarly, we can show that (i) and (iii) are equivalent conditions. 

Proposition 3.15 Let /a £ S(U,E) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
(U. f \ , I) be a soft approximation space via ideal. The following conditions are equivalent 

i) IC dpri(X) VI C U 

ii) Wpf I ({u}) Y </> V u € U 

Proof: Assume that (i) holds, then {it} C aprj({u}) V it € U i.e, Wpfj({u}) Y (f). 

Assume that (ii) holds. Let u € A, so by (ii )apfj({u}) Y <p. Let v € aprj({u}), then 3 a £ A, s.t v £ 
f(a)and f(a) fl {it} Y- I. So /(a) n {it} Y (j). It follows that u = v £ f(a). Since /(a) H {u} Y- I and 
{u} C A, then /(a) fl A ^ I. Consequently, u £ dpr I (X). 


Proposition 3.16 Let £ S(U,E) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
( U , f a , I) be a soft approximation space via ideal. If aprj({u}) ^ <j> V it € U, then for any A C U 


i) (apr I (X))' C aprj(X') 

ii) Neg T ( A) = (apr / (A))' C apr / (A') 


Suppose (apr / (A))' ^ (f). 


Let 


Proof:If (apr (X))' is empty, then clearly we have the inclusion (i). 
it £ (apr T ( A))'. Since /a is full, then 3a 0 £ A, s.t u £ f(a 0 )■ Note also that 
(apr I (X)) 1 = {u £ U : Va € A, u £ f(a) =» f(a) fl X' ^ 1} U A'. Thus it follows that either u £ X' 
or /(a 0 ) CA'^I since it £ f(a 0 ). If u € A', since apr I ({u}) / (i V it e U, then X' C apr / (A') 
by Proposition 3.15. Therefore u £ dpr I ( A'). If f(a 0 ) fl A' ^ /, then u £ Tlprj(X'). Consequently, 
(aprjjX))' C aprj(X'). 

(ii)It is clear that the inclusion Negi(X) = (aprj( A))' C apr T ( A') holds when the set (apr I ( A))' is 
empty. So suppose that (dpfj(X))' Y 1 <('• Let u £ {Wpf I (X))'. Since apfj({u}) ^ (i V it e U, then 
A C aprj(X) by Proposition 3.15 and thus u £ A'. Since /a is full, then 3a c £ A, s.t u € f(a 0 ). But 
we have that 

Negi(X) = (Wpr I (X))' = {u £ U : \/a £ A, u £ f(a) => /(a)flA £ I}. Thus it follows that 
f(a 0 ) fl (A')' £ I since u £ f(a 0 ). Therefore it £ apr^X'). 


Definition 3.17 Let /a £ S(U, E) and I be an ideal on U such that f(a) ^ I Vo € A. Let (U, /a, /) 
be a soft approximation space via ideal. Let A C U, We define the following seven types of soft rough 
sets via ideal 


i) X is roughly soft I-definable if apr^ A) Y 1 <t> an d a P r i(X) Y U 

ii) X is internally soft I-definable if apr J ( A) = (f> and apr I (X) Y U 

iii) X is externally soft I-definable if apr^ A) Y <t> aR d aprj(X) = U 

iv) X is totally soft I-definable if apr / (A) = 0 and apr I (X) = U 

iv) X is externally soft P-I-definable if apr J ( A) Y </> an d apr P (X ) = U 

iv) X is internally soft P-I-definable if apr p ( A) = cj> and apr J (A) Y U 

Proposition 3.18 Let /a £ S(U, E) and I be an ideal on U such that f(a) ^ I Va € A. Let (U, /a, I) 
be a soft approximation space via ideal. Let A C U. 

i) If X is roughly soft P-definable, then it is roughly soft I-definable. 

ii) If X is totally soft I-definable, then it is totally soft P-definable. 
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Proof: Obvious. 

Definition 3.19 Let /a £ S(U, E) and I be an ideal on U such that /(a) ^ I Va € A. Let (U, f a , I) 
be a soft approximation space via ideal. For any A, Y C U we define 

i) X ~j Y 4=4 apr I (X) = apr J (Y) 

ii) X ~ 7 Y 4=4 lTpr I (X) = apr I (Y) 

iii) 4=4- X Y and A ~ 7 Y 

These binary relations are called the lower soft rough equal relation via ideal,the upper soft rough equal 
relation via ideal, and the soft rough equal relation via idea, respectively. 

It is easy to verify that the relations defined above are all equivalence relations over p(U). 

Proposition 3.20 Let /a £ S(U,E ) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
(U , /a, I) be a soft approximation space via ideal. For any X,Y C U we have 

i) A ~ 7 Y 4=4 (IU Y) ~ 7 Y 

ii) X ~ 7 X U Y ~ 7 Yi=4 (X U Y) ~ 7 (Xi U Yi) 

iii) A ~ 7 Y =4 A U (Y') ~ 7 U 

iv) X CY, Y ~! </) 4=4 A ~ 7 </> 

v) I C 7,1 ~ 7 [/ 4=4 Y ~ 7 U 

Proof:(i)If X ~ 7 Y, then Wpr I (X) = aprj(Y). Since aprj(X UY) = Wpfj(X) U apr I {Y), we deduce 
Wpfj(X U Y) = apr AX) = apf I (Y) and so X ~ 7 (X U Y) ~ 7 Y. Conversely, if I ~ 7 (I U Y) ~ 7 Y, 
then we immediately have that X ~ 7 Y by using the transitivity of the relation ~ 7 . 

(ii) Assume that X ~ 7 X\ and Y ~ 7 Yi. Then by definition, we know that apf I {X) = apr I {X\ ) and 
cpr I (Y) = aprj(Yi). Since apr I (X U Y) = apr I (X) U apf I (Y) and aprj(XiUYi) = cpr I (Xi)Uapr I (Yi), 
we deduce that apr I (X U Y) = apr I (Xi U Yi), whence (A U Y) ~ 7 (Ad U Yi). 

(iii) Suppose that A ~ 7 Y. Then by definition, apr A X) = apr I (Y). Since apr AX U Y') = cpfj(X) U 
apr I {Y') and cprj(U) = aprjiY^apr I (Y'), it follows that apr I (XUY') = apfj(U); hence A U (Y') ~ 7 U 
as required. 

(iv) Let A C Y and Y ~ 7 </>. Then we deduce apr A A) C apfj(Y) = apf I ((j)) = <j>. 

Hence apf I {X) = <f> = aprj{(f>), and so we have that A ~ 7 <j> . 

(v) Suppose that A C Y and A ~ 7 [/. Then we deduce aprj(Y) D apr A A) = cprj(U). Since Y C U, 
then aprj{Y) D aprj(U). Therefore aprj(Y) = apr I {U ), and so Y ~ 7 Y as required. 

Proposition 3.21 Let /a £ S(U,E) and I be an ideal on U such that /(o) ^ / Vo € d. Let 
(U,fA,I) be a soft approximation space via ideal. If /a is keeping intersection, then for any X,Y C U 
we have 

i) A Y 4=4 A (A n Y) Y 

ii) A ~7 Xi,Y -/ Y=> (X n Y) -7 (Ai n Yi) 

iii) A~ 7 Y =4 A D (Y') ~7 <t> 

iv) A C Y, Y ~7 0 =4 A ~7 0 

v) A C Y, A 4=4 Y ~7 [/ 

Proposition 3.22 Let /a € 5(17, E) and I be an ideal on U such that /(a) ^ I \/a £ A. Let (t/, /a, 7) 
be a soft approximation space via ideal. Then for any A C U 

apr AX) = f|{Y C [/ : A ~ 7 Y} 
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Tabic 3: An information table 



Ml 

M2 

M3 

U4 

ZX5 

Mg 

Sex 

Age category 
Living area 
Habits 

Woman 

Young 

City 

NSND 

Woman 

Young 

City 

NSND 

M an 

M atureage 
City 
Smoke 

M an 
Old 

Village 

SD 

Man 

Mature age 
City 
Smoke 

Man 

Baby 

Village 

NSND 


Proof: Let u € apr (X). If X F, then by definition apr (X) = apr (F). But apr (Y) C Y for any 
Y C U. It follows that u G apr T (X) = apr J (Y) C F. 

Hence u € f){F C{/:I~/h}, and so apr (X) C f"|{F C [/ :I~ ; 7}. Next, we show that the reverse 
inclusion f"){F C {/ : X F} C apr I (X) also holds. Let u € f){F C U : X ~j F}. Then by Propo¬ 
sition 3.9, we have apr (X) = apr T (apr (X)). Thus X apr J (X), and it follows that u € apr (X). 
Consequently, we conclude that apr J (X ) = P|{F C [/ : X ~j F}. 

Example 3.23 As in Example 3.6. Let X = {114,115,116} C U. So we have X' = { mi , m 2 , m 3 }, 
and hence apr : (X) = Xfl {mi, m 2 , M4, M5, Mg} = {M4, 115 , Mg} = X. It is easy to see that 

apr I (X) = C\{YCU:X~ I F}. 

Example 3.24 Let us consider the following soft set S = f E which describes life expectancy. Suppose 
that the universe U = {mi,m 2 ,m 3 , U4 , U5 , Me} consists of six persons and E = {ei, e 2 , e 3 , 64} is a set of de¬ 
cision parameters. The e; (i = 1,2,3,4) stands for ’’under stress”, ’’young”, ’’drug addict” and ’’healthy”. 
Set f(e 1) = {ui,u 6 }, /(e 2 ) = {u 5 }, /(e 3 ) = {u 4 } ; and /(e 4 ) = {mi,m 2 ,u 6 }. The soft set f E can be 
viewed as the following collection of approximations: 

f E = {(understress, {mi,M6 }); (young, {M. 5 }); ( drugaddict, {M 4 }); ( healthy; {mi, m 2 , Me})}. 

On the other hand, ’’life expectancy” topic can also be described using rough sets as follows: The evalu¬ 
ation will be done in terms of attributes: ”sex”, ’’age category”, ’’living area”, ’’habits”, characterized by 
the value sets ’’{man, woman}”, ’’{baby, young, mature age, old}”, ’’{village, city}”, ’’{smoke, drinking, 
smoke and drinking, no smoke and no drinking}”. We denote ’’smoke and drinking” by SD and ”no 
smoke and no drinking” by NSND. The information will be given by Table 3, where the rows are labeled 
by attributes and the table entries are the attribute values for each person. From here we obtain the 
following equivalence classes, induced by the above mentioned attributes: 

[nil* = Mb = {ui,U 2 }, Mr = Mr = {U3,U 5 }, Mr = {U 4 }, Mr = M}- 
Let I be an ideal on U defined as follows 
I = {( j ), {m 2 },{m 3 },{m 2 ,m 3 }}. 

Let X be a target subset of U, that we wish to represent using the above equivalence classes. Hence we 
analyze the upper and lower approximations of X, in some particular cases: 

1. Let X = {us}. It follows that 

X v/ = {us}, X A/ = {m 3 , U5}. So X is R-I-rough. 

Let us calculate now the soft I-lower and I-upper approximations of X. We obtain 
apr r (X) = {m 5 } = X, apr I (X) = {u 5 } = X 
hence X is soft /-definable. 

2. Let X = {m 2 ,U5}. It follows that apr (X) = {us} = dprj(X). So X is soft I-definable. On the other 
hand, apr (X) = {M. 5 }, apr P (X) = {mi, u 2 ,M 5 , u$}, hence X is soft P-rough. 

The above results show that soft rough set approximation via ideal is a worth considering alternative to 
the rough set approximation via ideal. Soft rough sets via ideal could provide a better than rough sets 
via ideal do, depending on the structure of the equivalence approximation classes and of the subsets f(e), 
where e G E. 
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4. The relations among soft sets, ideal and topologies 

In this section, we investigate the relationship between topological soft sets, topologies and an ideal. 

Theorem 4.1 Let f a G S(U, E) and I be an ideal on U such that /(a) ^ I Va € A. Let (U , / a, I) be 
a soft approximation space via ideal. If /a is full, then 

i) Tf = {X C U : X = apr I (X)} is a generalized topology on U. 

ii) If /a is keeping intersections, then Tf is a topology on U. 

Proof: Since apr (<f>) = (j), then <j> G Tf. Let 3 C Tf. Denote 3 = {X a : a € T} where L is an index set. 
Put X = U{X Q : a G r}. Since X a C X for each a G T, then X a = apr I (X oc ) C apr J (X ) by Proposition 
3.7. So X = U{AT a : a G T} C apr J (X). Thus apr J (X) = X. This implies (j{X a : a G T} G Tf. Hence 
Tf is a generalized topology on U. 

(ii) By Propositions and apr(U) = U and thus U G Tf. Let X,Y G Tf, then apr / (X n F) = 
apr I (X) D apr (Y) = X n Y by Proposition 3.8. So X n Y G Tf. By (i) Tf is a generalized topol¬ 
ogy on U. Thus Tf is a topology on U. 

Definition 4.2 Let f a G S(U,E) be full and keeping intersections and I be an ideal on U such 
that /(a) ^ / Va G A. Let ( U,Ja,I) be a soft approximation space via ideal. Then t/ is called the 
topology induced by f a and an ideal I on U. 

The following Theorem gives the topological structure on soft sets and an ideal(i.e. the structure of 
topologies induced by soft sets and an ideal). 

Theorem 4.3 Let /a G S(U,E) be full and keeping intersections and I be an ideal on U such 
that /(a) ^ I Va G A. Let (U, /a, I) be a soft approximation space via ideal. Then 

i) {SWi{X) : X C U} C Tf = {apr T (X) : X C U} 

ii) T f 3 {/(a) : a G A} 

iii) apr (X) is an interior operator of Tf 

Proof: (i) Since apfj(X) = apr (apr j(X)) by Proposition 3.9, then {apTj(X) :IC[/}Cry, 
Obviously, 

T f C {apr^X) : X C U} 

Let Y G { apr J (X ) : X C U}. Then Y = apr^X ) for some X C U. By Proposition 3.9, apr f (X) = 
apr I (apr J (X)). So Y G Tf. Thus r/ 3 {apr I (X) : X C U}. Hence {apr I (X) : X C U} C r/ = 
{apr (X) : X C U} as required. 

(ii) For each a G A, by Proposition 3.4 apr t (/(a)) = f(a) n(J{/(a*) : a* G A, f(a*)n(f(a))' G 1} C /(a). 
Since /(a) D (/(a))' = (j) G I, then /(a) C f(a) 0 U{/(«*) : a * € A,f(a*) O (/(a))' G 1} = apr / (/(a)). 
Hence /(a) = apr (f(a)) and so /(a) G Tf. Therefore {/(a) : a G A} C r/. 

(iii) It suffices to show that apr I (X) = int(X) \/X C [/. By (i) apr (X) G r/ and since apr (X) C X, then 
apr J (X) C int(X). Conversely, let F G int(X), then F G t/ and FCX. So F = apr / (F) C apr I (X). 
Thus int(X) = |J{F : F G Tf, Y C X} C apr^X). Consequently, apr J (X) = int(X). 

Definition 4.4 Let r be a topology on U and I be an ideal on U. Put t = {U a : a G A and U a $. 1} 
where A is the set of indexes. Define a mapping f T : A —> p(U) by f T (a) = U a for each a G A. Then, the 
soft set (J T ) A over U is called the soft set induced by r on U and an ideal I on U. 

Proposition 4.5 (l)Let t be a topology on U and I be an ideal on U. Let (/ t )a be the soft set 
induced by r and I on U. Then, (f r )A is a full, keeping intersection, keeping union soft over U and 
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(/ t )a ^ I for each a £ A. 

(2) Let 7~i and r 2 be two topologies on U and I\ and / 2 be two ideals on U. Let (/tJai and (/ T2 )a 2 
be two soft sets induced, respectively, by t\ and I\ and, r 2 and / 2 on U. 

If T[ C r 2 , then 


(/rjA, 2 (fr 2 )A 2 

Proof: Obvious. 

Proposition 4.6 Let r be a topology on U, let I be an ideal on U such that G ^ I VG £ r. 
Then there exists a full, keeping intersection, and keeping union soft set /a with /a (a) ^ I for each a £ A 
such that apr I (X) A int(X) for each X £ p(U) where ( U, f a, I) be a soft approximation space via ideal. 

Proof: Put r = {U a ■ a € A }, where A is the set of indexes. Define a mapping / : A — > p(U) 
by 


/(a) = U a for each a £ A 

By Proposition 4.5 /a is full, keeping intersection, and keeping union and /a( a) ^ I for each a £ A. 
Now, we show that apr I (X) A int(X) for each X £ p{U). Let X £ p(U) and x £ int(X), then 3 open 
neighbourhood W of x s.t W C X. So, W = U a for some a £ A. This implies x £ U a = f{a ) and 
/(a) l~l X' = cj) £ I. Therefore x £ apr : {X). Consequently, apr I (X) A int(X). 

Theorem 4.7 Let /a be full and keeping intersections soft set over U and I be an ideal on U 
such that f(a) ^ I Va £ A. Let (U, /a, I) be a soft approximation space via ideal. Let r/ be the topology 
induced by f a and I on U. Let (/ T/ )s be the soft set induced by r/ and I on U. Then 

/a C (f Tf ) B 

Proof: By Theorem 4.3 r/ D {/(a) : a £ A}. Let t/ = {U a : U a qL I, a £ B}, where A C B, U a = /(a) V 
a £ A. Therefore f T , : B —» p(U), where / T/ (a) = U a for each a £ B. Hence Ja Q (/t/)b- 


5. The relations between soft rough approximation via ideal and 
rough approximation via ideal 

In this section we will describe the relationship between rough sets via ideal and soft rough sets via ideal. 

Definition 5.1 Let R be a binary relation on U and I be an ideal on U such that R(a) ^ I Va £ U. . 
Define a mapping f R : U -» p(U) by 

Sr{o) = R{a) 

for each a £ A, where A = U. Then, {/r)a is called the soft set induced by R and I on U. 

Theorem 5.2 Let R be an equivalence relation on U, (/b)a) be the soft set induced by R on U. 
Let I be an ideal on U and Pr = (U, (fR)A,I) be a soft approximation space via ideal. If apr T {{u\) ^ <b 
\/u£U, then for all X CU, X VI = apr T (X) and X AI = apfi(X). 

Thus in this case, 

i) X C U is R-I-definable iff X is a soft I-definable set. 

ii) X CU is R-I-rough iff X is a soft I-rough set. 
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Proof: Let X C U and u £ U. We show that X WI = apr I {X). If u £ Ei(X) = {x £ X : [a;]# D X' G /}, 
then [k]_r fl X' £ I. So, 3 u £ X s.t u € [k],r = }r{u) D X' £ I. Therefore u £ apr I (X), and so 
X VI C apr I (X). Conversely, assume that u £ apr^X). So,it £ X and 3 v £ U s.t u £ Jr(v) = [u]_r, 
[i;]a fll'eJ. It follows that [it]# = [v]r. Thus [u]k Cl X' = [v]r Cl X' £ I and u £ X VI . Consequently, 
X VI = apr I (X). 

Now we show that X AI = apr I (X). Let u £ X AI , then either u £ X or [it]# Cl ^ 1. If it € X , 
then u £ apr I (X) by Proposition 3.15 since wpr I ({u}) ^ V u £ U. If [u]a fll ^ /, then 3 u £ U 
s.t u £ [u]if. = fn(u) D X ^ I and therefore u £ apf I {X). Therefore X AI C apfj{X). Conversely, let 
u € apr I {X). Then 3v£Us.tu£ f r(v ) = [w]i?., [u]k Thus [itj^ = and [u]u fl X ^ I . 

Hence u € X AI and consequently X AI = apr I {X). 

Definition 5.3 Let Ja £ S(U, E) and I be an ideal on U such that f(a) ^ I Va £ A 

(i) Define a binary relation Rf on U by 

xR f y O 3 a £ A , {x, y} C /(a) 

for each x,y £ U. Then Rf is called the binary relation induced by Ja and I on U. 

(ii) For each x £ U, define a successor neighbourhood ( Rf) s (x ) = {y £ U : xRf-y} 

Proposition 5.4 [35] Let / a £ S(U,E) and I be an ideal on U such that /(a) £ I Va £ A. Let 
Rf be the binary relation induced by / a on U. Then, the following properties hold. 

i) Rf is a symmetric relation. 

ii) If fA is full, then Rf is a reflexive relation. 

iii) If f a is a partition, then Rf is an equivalence relation. 

Proposition 5.5 [35] Let Let f a £ S(U,E ) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
Rf be the binary relation induced by fA on U. Then, the following properties hold. 

i) If u € /(a) for a £ A, then /(a) C Rf{u). 

ii) If Ja is a partition and u £ f(a) for a £ A, then /(a) = Rf{u). 

iii) If Ja is keeping union, then for all u £ U 3a £ A, s.t Rf{u) = f{a). 

Next, we define a new pair of soft rough approximation operators via ideal and giving the relationship 
between this pair and previous one. 

Definition 5.6 Let Let /a € S(U , E) and I be an ideal on U such that /(a) ^ I Va £ A. Let (U, fA, I ) 
be a soft approximation space via ideal. We define a pair of operators apr ' p , apr' P : p(U) —> p{U) as 
follows: 

apr' T {X) = {x £ X : R f (x) n X' £ I}, 

Wr'AX) = {x£U : R f {x) fll fL /}U^ 

Proposition 5.7 Let Let fA £ S(U, E) be partition and I be an ideal on U such that /(a) ^ I Va £ A. 
Let ( U,fA,I ) be a soft approximation space via ideal. Let Rf be a binary relation induced by fA on U. 
Then, the following properties hold for any X C U 

i) If fA is full, then 


apr^X) A apr'^X) 

ii) If fA is full, keeping union and X ^ J, then 

apf/(X) 2 apfj(X) 
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iii) If f a is partition, then 

a) apr (X) = apr' T (X) 

b) If apfj({u}) ^ (j)W u £ U, then apfj(X) = Wpf'j(X) 

Proof: i) Suppose that x € apr'^X). Then x € X and Rf(x ) fl X' £ I. Since /a is full, then x € f(a) 
for some a £ A. By Proposition 5.5 /(a) C Rf(x). Thus, x € f(a) and /(a) D X' € I by properties of 
ideal. Consequently, x € apr^X). So, 

aprj(X) D apr'^X) 

ii) Since X g I, then X ^ <j>. By Proposition 3.11(h), apr I (X) = U. Thus 

apf I (X) 2 apr'j(X) 

iii) a) Suppose that x £ apr / (X). Then, x £ X and 3 a £ A s.t x £ f(a) and /(a) fl X 1 £ I. Since 
J'a is partition and x £ /(o), then /(a) = Rf{x) by Proposition 3.11. This implies that x £ apr'^X). 
Therefore 

apr J (X) C apr'^X) 

Since every partition soft set is full, then by i) 

aprjjX) = apr' T (X) 

iii) b) Suppose that x £ Wpr I (X). Then, 3 a £ A s.t x £ f(a) and /(a) D X £ I. Since / a is partition 
and x £ /(a), then /(a) = Rf{x) by Proposition 3.11. This implies that x £ apf'j(X). Therefore 

aprj(X) C Wpr'j(X) 

Suppose that x £ apf'j(X). Then, either x £ X or Rf(x)C\X £ I. If x £ X, since apfj({u}) ^ ^ V u £ U, 
then X C apfj(X) by Proposition 3.15 and therefore x £ apTj(X). If Rf(x ) fll^I, since Ja is full, 
then x £ f(a) for some a £ A. Since /a is partition and x £ f(a ), then /(a) = Rf{x) by Proposition 
3.11. This implies that x £ apr I {X). Therefore 

hpT/(X) C Wprj(X) 

Hence Wprj(X) = apr'j(X). 

Theorem 5.8 Let Ja & S(U,E) be partition and I be an ideal on U such that /(a) ^ / Va £ A. 
Let (■ U,/a,I ) be a soft approximation space via ideal. Let Rf be a binary relation induced by /a on U. 
Then, for all X C U, X VI = apr I (X) = apr’^X) and X AI = apfj(X) = apf'j^X). 
where X v// and X AIf are the rough approximations operators of X via ideal. 

Proof: Follows immediately by Propositions 5.5 and 5.7. 

Remark 5.9 Theorems 5.2 and 5.8 illustrate that rough set models via ideal can be viewed as a 
special case of soft rough sets via ideal. 

Proposition 5.10 Let £ S{U,E) and I be an ideal on U such that /(a) ^ / Va £ A. Let 
(U, f a, I) be a soft approximation space via ideal and Rf be a binary relation induced by Ja on U. 

i) If X C U is R-I- definable, then X is soft I-definable. 

ii) If X C U is R-I- Rough, then X is soft I-Rough. 

Proof: (i) If X = 0, then X is soft I-definable by Proposition 3.7. Let (j) ^ X £ p(U) be R-I-defmable. 
by Proposition 3.2, apr (X) C Wpr I (X). It remains to show that apr I (X ) C apr (X). Let u £ Wprj(X), 
then there exists a £ A such that u £ f(a ) and /(a) fl X £ I. By Proposition 5.5, /(a) C Rf(u). Since 
/(a) then Rf(u) fl X ^ / by Properties of ideal. But u £ Rf(u), so u £ X AI = X VI . Hence 

u £ X and Rf(u) fl X' £ I. Therefore /(a) n X' £ I by Properties of ideal and thus u £ apr (X). 
Consequently, apf I {X) C apr J (X). So X is soft I-definable. 
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(ii)Follows immediately by (i). 

The following example shows that the converse of the above proposition is not true in general. 

Example 5.11 Let U = {hi, /i 2 , /i 3 , h 4 , ft. 5 } . Let I be an ideal on U and let R be a binary rela¬ 
tion on U, defined as follows: 

/ = {{hi}, {/i 2 }, {hi, h 2 }, (j)} and let /a be a soft set over U defined as follows 

/(ai) = {hi,h 4 }, /(a 2 ) = {h 4 }, /(a 3 ) = {h 2 ,h 3 ,h 5 }, /(a 4 ) = {h 4 ,h 2 ,h 4 }. 

Let R be the binary relation induced by ,/A- Then 

i?(hi) = {h 4 , h 2 , h 4 }, i?(h 2 ) = {hi, h 2 , h 3 , h 4 , h. 5 }, l?(h 3 ) = {h 2 ,h 3 ,hs}, l?(h 4 ) = {hi,h 2 ,h 4 }, R(h^) = 

{h 2 , h 3 , h 5 }. 

Let X = {h 2 ,h 3 ,h 5 } C [/. So X' = {hi,h 4 }. Thus X v/ = {h 3 ,hs}, and X AI = {h 2 ,h 3 ,h 5 }. Also, 
aP r I (X) = {h 2 , h 3 , h 5 } , aprj(X) = {h 2 , h 3 , h 5 }. 

Then X is an R-I-rough set. But X is soft I-definable set. 


6. Conclusion 

In this paper, we have proposed the new concept of soft rough sets via ideal. We presented important 
properties of soft rough approximations via ideal based on soft approximation spaces via ideal, giving 
interesting examples. The accuracy measure is one of the ways of characterizing soft rough theory. Our 
approach makes the accuracy measures higher than the existing approximations. Soft rough relations via 
ideal were discussed. We researched relationships among soft sets, soft rough sets via ideal and topologies, 
obtained the structure of soft rough sets via ideal. Furthermore, we examined the relationship between 
soft rough sets via ideal and rough sets via ideal, and compared these two different models. 
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Abstract. In this paper, we define C *-ternary quadratic 3-homomorphisms associated with the quadratic 
mapping f(x + y) + f{x — y) = 2 f(x) + 2f(y), and prove the Hyers-Ulanr stability of C*-ternary quadratic 
3-homomorphisms. 


1. Introduction and preliminaries 

As it is extensively discussed in [18], the full description of a physical system S implies the knowledge of 
three basic ingredients: the set of the observables, the set of the states and the dynamics that describes the 
time evolution of the system by means of the time dependence of the expectation value of a given observable 
on a given statue. Originally the set of the observables were considered to be a C*-algebra [10]. 

We say that a functional equation (Q) is stable if any function g satisfying the equation (Q) approximately 
is near to true solution of (Q). 

The stability problem of functional equations originated from a question of Ulam [19] concerning the stability 
of group homomorphisms. Hyers [11] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Th.M. Rassias [17] for linear 
mappings by considering an unbounded Cauchy difference. 

The functional equation /(x + y) + f(x — y) = 2 f{x) + 2f(y) is called quadratic functional equation. In 
addition, every solution of the above equation is said to be a quadratic mapping. Czerwik [5] proved the 
Cauchy-Rassias stability of the quadratic functional equation. Since then, the stability problems of various 
functional equation have been extensively investigated by a number of authors (for instances, [3, 7]). 

Ternary algebraic operations were considered in the 19th century by several mathematicians and physicists 
(see [13]). As an application in physics, the quark model inspired a particular brand of ternary algebraic 
systems. The so-called Nambu mechanics which has been proposed by Nambu [6] in 1973, is based on such 
structures. There are also some applications, although still hypothetical, in the fractional quantum Hall effect, 
the non-standard statistics (the anyons), supersymmetric theories, Yang-Baxter equation, etc ([1, 20]). The 
comments on physical applications of ternary structures can be found in ([4, 8, 9, 12, 14, 15, 16]). 

°2010 Mathematics Subject Classification. Primary 39B52; 39B82; 46B99; 17A40. 

°Keywords: Hyers-Ulam stability; C*-ternary algebra; quadratic functional equation; C*-ternary quadratic 
3- homomorphism. 
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A ternary algebra is a complex Banach space, equipped with a ternary product ( x , y. z ) [x, y, z] of A 3 into 
A, which is C-linear in the outer variables, conjugate C-linear in the middle variable, and associative in the 
sense that x,y,[z,u,v\ = x,[y,z,u]v = [x,y,z],u,v and satisfies || [x, y,z\\[ < ||a;||||i/|||| 2 r||. A C*-ternary 
algebra is a complex Banach space A equipped with a ternary product which is associative and C-linear in the 
outer variables, conjugate C-linear in the middle variable, and || [x, x, x]|| = ||ai || 3 (see [21]). If a C*-ternary 
algebra (A, •]) has an identity, that is, an element e £ A such that x = [x, e, e] = [e, e, a;] for all itl, then 

it is routine to verify that A, endowed with xoy := [x, e, y\, x* := [e, x, e], is a unital C*-algebra. Conversely, 
if (A,o) is a unital C*-algebra, then [x,y,z] := xoy*oz makes A into a C*-ternary algebra. 

Throughout this paper, let A and B be Banach ternary algebras. 

A quadratic mapping Q : A B is called a C*-ternary quadratic homomorphism if 

Q([x,y,z]) = [Q(x),Q(y),Q(z)} 

for all x,y,z £ A. 

Definition 1.1. Let A and B be C*-ternary algebras. A quadratic mapping Q : A —> B is called a C*-ternary 
quadratic 3-homomorphism if it satisfies 

Q{[[x\,yi,z\\, [x2,y2,Z2\, [x 3 ,y 3 ,z 3 }\) = [Q([xi,x 2 ,x 3 ]),Q([y 1 ,y2,y 3 ]),Q{[zi,z 2 ,z 3 ])] 
for all xi,yi,zi,x 2 ,y 2 ,z 2 ,x 3 ,y 3 ,z3 £ A. 

In this paper, we prove the Hyers-Ulam stability of LA-ternary quadratic 3-homomorphisms in C*-ternary 
algebras. 


2. Stability of C*-ternary quadratic 3-homomorphisms 

In this section, we prove the Hyers-Ulam stability of C*-ternary quadratic 3-homomorphisms for the qua¬ 
dratic functional equation 

Q(x + y) + Q(X -y) = 2 Q(x) + 2 Q(y). 

Theorem 2.1. Let f : A B be a mapping for which there exists a function <p : A 9 —> [0, oo) such that 

OO 

X 2 ^3 2/ 1 2/2 2/3 2l 2:2 23 

/ v ~ v 2 * ’ 2 Z ’ 2 l 2 l 2 l 2 2 2 Z ’ 2 l c l l 
2—0 

\\f( x + y) + f{x -y)- 2 f(x) - 2/(y)|| < <p(x,y, 0,0,0,0,0,0,0) (2.1) 

f([[xi,yi,zi], [x 2 ,y 2 ,z 2 ], [x 3 ,y 3 ,z 3 ]]) - [f([x 1 ,x 2 ,x 3 ]),f([y 1 ,y 2 ,y 3 ]),f([zi,z 2 ,z 3 ])] (2.2) 

< <p{x 1 ,x 2 ,x 3 ,y 1 ,y 2 ,y 3 ,z 1 ,z 2 ,z 3 ) 

for all x , y, x\, x 2 , x 3 , y \, y 2 , y 3 , z \, z 2 , z 3 € A. Then there exists a unique C*-ternary quadratic 3-homomorphism 
Q : A -A B such that 

\\f(x) - Q(x)\\ <£(Jg, 0,0,0,0,0,0,0) (2.3) 

for all x £ A, where 


~< \ Ai t Xl X2 x 3 V 1 y 2 2/3 zi z 2 z 3 

ip{xi,X 2 ,x 3 ,yi,y 2 ,y 3 ,z 1 ,Z 2 ,z 3 ) ~ 2^ 4 ^(^y. ^y, -^y, ^y, ^y, xy, ^y, ^y, ^y) 


for all x 1 ,X2,x 3 ,y 1 , y 2 ,y3,Zi,Z2,z 3 £ A. 
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Proof. It follows from (2.1) that /(0) = 0. 
Letting y = x in (2.1), we get 


for all x £ A. So 


for all x £ A. Hence 


||/(2s) -4/(x)|| <<p(x,x, 0,0,0,0,0,0,0) 


ll/(*)-4/(|)||<^(|,|, 0,0,0,0,0,0,0) 


m— l 

|l7(|)-4”7(|;)|| < E| 4 ‘/(|)-4‘ +1 /(^f I )j (2.5) 

i=1 

m —1 m— 1 

< E 4 V( 2 £r’ 2 Si’ 0 ’ 0- °- °) < E °’ °> °- °’ °’ °’ °) 

2—0 2—0 

for all nonnegative integers in and l with m > l and all x £ A. It follows from (2.5) that the sequence 
(4"/(^r)} is a Cauchy sequence for all x € A. Since B is complete, the sequence {4 n f(^k)} converges. So 
one can define the mapping Q : A —>• B by 

Q( x ) = lim 4"/(J) 

n—> oo Z 

for all x £ A. Moreover, letting l = 0 and passing the limit to —> oo in (2.5), we get (2.3). 

It follows from (2.1) that 

IIQOc + y) + Q(x - y) -2 Q(x} - 2Q{y)\\ = lim + l£Af ) ~2f{A) -2/(^)|| 


£“A"H^4- 0 - 0 ’°’ 0M0 ) °'0- 00 ’0, °) =° 


and so 


Q(x + y) + Q(x -y)= 2Q(x) + 2 Q(y) 

for all x,y £ A. 

It follows from (2.2) and the continuity of the ternary product that 


Q{[[x\,y\,z\\, [x 2 ,y 2 ,z 2 \, [a?3,2/3, ^ 3 ]]) - [Q([x\, x 2 , x 3 ]), Q([yi, y 2 , y 3 }), Q([zi, z 2 , z 3 ])} 

lim 4 9n f(\\— — —1 \— — ^3n f nVf_ V2 l Vl]\ t( rfl ^.iu 

< lim 4 9 >( 24 , ^, E E 2/2 , E E E E = 0 

“ n—foo r \2" 2" 2 n 2" 2“ 2" 2" 2" 2”/ 


and so 


Q([fci, 2 /i, 2 i], [^ 2 , 1 / 2 , z 2 ], [x 3 , 2 / 3 , 23 ]]) = [Q([x 1 ,x 2 ,x 3 \),Q([y 1 ,y 2 ,y 3 ]),Q([z 1 ,z 2 ,z 3 ])] 


for all x 1 ,x 2 ,x 3 ,y 1 ,y 2 ,y 3 ,zi,z 2 ,z 3 £ A. 

Now, let T : A —> B be another quadratic mapping satisfying (2.3). Then we have 

||Q(x) - r(a)|| = 4 n |g(^) - T( J)| 


< 4 "(|| Q ( J )-/(^)1 + | t ( J )-/( J )|) 

<2-4>(| r , J,0,0,0,0,0,0,0) <2-4 9 >(|^,| r ,0,0,0,0,0,0,0 
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which tends to zero as n —» oo for all x £ A. So we can conclude that Q(x) = T(x) for all x £ A. This 
proves the uniqueness of Q. Thus the quadratic mapping Q : A —> B is a unique C*-ternary quadratic 
3-homomorphism satisfying (2.3). □ 

Corollary 2.2. Let r,6 be nonnegative real numbers with r > 18 and let f : A —> B be a mapping satisfying 

II f(x + y) + f{x -y)~ 2 f{x) - 2/(y)|| < 6»(||a:|r + \\y\\ r ) f (2.6) 

f([[xi,yi,zi], [x 2 ,y 2 ,z 2 ], [x 3 ,y 3 ,z 3 ]]) - [f{[x 1 ,x 2 ,x 3 ]),f([y 1 ,y 2 ,y 3 ]),f([z 1 ,z 2 ,z 3 ])] (2.7) 

< *(iM r +iM r + ii* 3 ir + ibiir + iM r + iMr + ii^ir + iMr + ind 

for all x , y, xi,x 2 , x 3 , yi,y 2 , 2 / 3 , zi,z 2 , z 3 £ A. Then there exists a unique C*-ternary quadratic 3-homomorphism 
Q : A —> B such that 

n/( a; )-Q(x)ii< 2 ^iMr 

for all x € A. 


Proof. Defining 

ip(x 1 ,x 2 ,x 3 ,y 1 ,y 2 ,y 3 ,z 1 ,z 2 ,z 3 ) = 6»(||a;i|| r + ||x 2 |r + ||ar 3 |r + \\yi\\ r + \\y 2 \\ r + ||j/ 3 |r + H^ilT + \\z 2 \\ r + IND 
in Theorem 2.1, we get the desired result. □ 

Theorem 2.3. Let f : A —► B be a mapping for which there exists a function tp : A 9 —> [0, oo) satisfying (2.1) 
and ( 2 . 2 ) such that 

XI j 

<p(xi,X2,X3,yi,y 2 ,y3, zi, z 2 , z 3 ) := ^ 2*x 2 , 2 2 x 3 ,2*yi, 2 l y 2 , 2 l y 3 , 2*z l9 2 l z 2 ,2 l z 3 ) < oo 

2=0 

for all Xi, x 2 , x 3 , yi, y 2 , y 3 , Z\, z 2 , z 3 £ A. Then there exists a unique C*-ternary quadratic 3-homomorphisms 
Q : A —> B such that 

||/(s)-Q(*)|| < \<p{x,x, 0,0,0,0,0,0,0) (2.8) 

for all x £ A 


Proof. It follows from (2.4) that 


II f{x) - |/(2x)|| < '-Ap(x, x, 0,0,0,0,0,0,0) 

for all x £ A 

1 1 m —1 1 1 m —1 

ll ? /(2'ar) - ^/(2 m x)|| < £ \\^f(Vx) - f(2^x)\\ < 53 -^v{Vx,Vx, 0,0,0,0,0,0,0) (2.9) 

j=i j=i 4 

for all nonnegative integers m and l with m > l and all x £ A. It follows from (2.9) that the sequence 
{(-pr)f(2 n x)} is a Cauchy sequence for all x £ A. Since B is complete, the sequence {(^r)/( 2 n x)} converges. 
So one can define the mapping Q : A —> B by 


Q(x) := lim —/( 2 n x) 

n—)-oo 4 


for all x £ A. Moreover, letting l = 0 and passing the limit m —> oo in (2.9), we get (2.8). 
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It follows from (2.2) and the continuity of the ternary product that 

Q([[xi,yi,zi], [x 2 ,y 2 ,z 2 \, [2:3,2/3,23]]) - [Q([x!, x 2 , x 3 ]), Q([yi, 2/2,2/3]), Q([zi, z 2 , ^3])] 
= lim -L f([[2 n xi, 2 n yi,2 n zi], [ 2 n :r 2 , 2 n y 2 ,2 n z 2 \, [ 2 n a; 3 , 2"y 3 , 2 n z 3 ]\) 

n—>o o 

- [f([2 n Xl ,2 n x 2 ,2 n x 3 ]),f([2 n yi ,2 n y 2 ,2 n y 3 ]), f([2 n Zl ,2 n z 2 , 2"* 3 ])]| 

< lim ^(2 n x 1 ,2 n x 2 ,2 n x 3 ,2 n y 1 ,2 n y 2 ,2 n y 3 ,2 n z 1 ,2 n z 2 ,2 n z 3 ) 

< lim ^(2 n x 1 ,2 n x 2 ,2 n x 3 ,2 n y 1 ,2 n y 2 ,2 n y 3 ,2 n z 1 ,2 n z 2 ,2 n z 3 ) =0 

n—too 4 n V / 

and so 

Q{[[xi,yi,z\], [x 2 ,y- 2 ,z 2 ], [x 3l y 3 ,z 3 ]]) = [Q([x 1 ,x 2 ,x 3 \),Q([y 1 ,y 2l y 3 ]),Q([z 1 , z 2 , z 3 })\ 

for all xi,x 2 ,x 3 ,yi, y 2 , y 3 , zi,z 2 , z 3 € A. 

The rest of the proof is similar to the proof of Theorem 2.1 


□ 


Corollary 2.4. Let r, 0 be nonnegative real numbers with r < 2 and let f : A —> B be a mapping satisfying 
(2.6) and (2.7). Then there exists a unique C*-ternary quadratic 3-homomorphism Q : A —>• B such that 


||/(;r) - Q(x)|| < 


29 


4 - 2 r 


for all x € A. 

Proof. Defining 

ip(x 1 ,x 2 ,x 3 ,y 1 ,y 2 ,y3,z 1 ,z 2 ,z 3 ) = 0(||zi|r + + ||yiH r + |M| r + Hz/sIT + INT + ll^f + H^ID 

in Theorem 2.3, we get the desired result. □ 
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Abstract: In this paper, we investigate the uniform version and non-uniform version of the Hyers- 
Ulam stability of the additive functional equation f(3x + y) + f(x + 3 y) = 4 f{x) + 4 f(y) in Serstnev 
probabilistic normed spaces with a triangle function. 

AMS Subject Classification: 39B22, 39B52, 39B82, 46S40. 

Keywords: Hyers-Ulam stability, additive functional equation, probabilistic normed space. 

1. Introduction 

In 1940, Ulam gave a talk before the Mathematics Club of the University of Wisconsin in which he 
discussed a number of unsolved problems. The stability problem of functional equations originated 
from a question of Ulam [26] concerning the stability of group homomorphisms. 

In 1941, Hyers [7] considered the case of approximately additive mappings f : X Y such that 

11/0 + 2 /) - /0) - f(y) II < £ 

for all x, y G X and for some e > 0, where X and Y are Banach spaces. Then there exists a unique 
additive function A : X —> Y such that 

11/00- ^0)11 

for all x € X. 

Aoki [1] and Rassias [14] provided a generalization of the Hyers theorem for additive and linear 
mappings, respectively, by allowing the Cauchy difference to be unbounded. 

Theorem 1.1. ([14]) Let f : X Y be a mapping from a normed vector space X into a Banach 
space Y subject to the inequality 

11/0 + y)~ /O) - MW < OINr + Ilyin (1.1) 

for all x, y £ X, where e and p are constants with £ > 0 and p < 1. Then there exists a unique 
additive mapping A : X —> Y defined by A(x) = linin^oo 2~ n f(2 n x) is the unique additive mapping 
which satisfies 
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\\f( x )-A(x)\\<^^\\xr ( 1 . 2 ) 

for all x e A. If p < 0 then (1.1) holds for x,y ^ 0 and (1.2) for x / 0. 

The above theorem has provided a lot of influence during the last three decades in the development 
of a generalization of the Hyers-Ulam stability concept (see [4, 8]). 

In 1994, a generalization of Rassias theorem was obtained by Gavruta [6] by replacing the bound 
e(||a:|| p + ||y||' p ) by a general control function ip(x,y). During the last three decades a number of 
papers and research monographs have been published on various generalizations and applications of 
the Hyers-Ulam stability to a number of functional equations and functions (see [2]—[13], [15]—[22] 
and [27, 28]). 

A PN space wwas first defined by Serstnev in 1963 (see [25]). 

We recall the definition of probabilistic space given in [23]. 

Definition 1.2. ([23]) A probabilistic norrned space (briefly, PN space) is a quadruple (X,v,t,t*), 
where A is a real vector space, r and r* are continuous triangle functions with t < r* and v is a 
mapping (the probabilistic norm) from V into A + such that for every choice of p and q in V the 
following hold: 

(Nl) v p = .So if and only if p = 6 (9 is the null vector in A); 

(N2) v_ p = Vp, 

(N3) Vp+q > T ^ Vp , Vq )] 

(N4) Up < T*(^ A p,z/ (1 _ A )p) for every A e [0,1], 

A PN space is called a Serstnev space if it satisfies (Nl), (N3) and the following condition: 

V ap ( x ) = Vp 

holds for every a 0 G M and x > 0. When T is a continuous f-norm such that r = and 
t* = n^*, the PN space (A, v, r, t* ) is called a Menger PN space (briefly, MPN space), and is 
denoted by (A, v, r). 

Let (A ,v,t) be an MPN space and let {x n } be a sequence in A. Then {x n } is said to be 
convergent if there exists x 6 A such that 

lim v(x n — x)(t) = 1 

n—>oo 

for all t > 0. In this case x is called the limit of {x n }. The sequence {x n } in MPN space (A ,v,t) 
is called Cauchy if for each e > 0 and <5 > 0, there exists some no such that v(x n — x m )(6) > 1 — £ 
for all m,n > no- Clearly, every convergent sequence in an MPN space is Cauchy. If each Cauchy 
sequence is convergent in an MPN space (A, v, r), then (A, v, r) is called a Menger probabiistic 
Banach space (briefly, MPB space). Recently, the stability of functional equations in PN spaces 
and MPN spaces has been investigated by some authors; see [5, 24] and references therein. 

In this paper, we investigate the stability of additive functional equations in Serstnev probabilistic 
norrned space endowed with n A f triangle function. 

2. Main results 

We begin our work with uniform version of the Hyers-Ulam stability in Serstnev PN spaces in 
which we uniformly approximate a uniform approximate additive mapping. 
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Theorem 2.1. Let X be a linear space and (Y, v, II m) be cl Serstnev PB space. Let p> : X xX —> [0, oo) 
be a control function such that 

ip n {x, y ) = 3~ n ~ V(3 n x, 3 n y) (, x, y € X) (2.1) 

converges to zero. Let f : X —> Y be a uniformly approximately additive function with respect to (p 
in the sense that 


lim v (/( 3x + y) + f(x + 3 y) - 4 f{x) - 4 f(y)) ( tp{x, y)) = 1 


t—yoo 


( 2 . 2 ) 


uniformly on X x X. Then A{x) := lim r) _ 5 . oc <^/(3 n x) for each x 6 X exists and defines an additive 
mapping A : X —>■ T such that if for some 5 > 0, a > 0 

v (/( 3x + y) + f(x + 3y) - 4f(x) - 4 f(y)) ( 5<p(x , y)) > a (2.3) 

for all x,y £ X, then 

v (A(x) - f(x)) (6<p n (x, 0)) > a 

for all x G X. 

Proof. Given e > 0, by (2.2), we can choose some to such that 

v (/(3x + y) + f{x + 3 y) - 4 f{x) - 4/(y)) ( t<p{x , y)) > 1 - e (2.4) 

for all x,y £ X and all t > to- Subsituting y = 0 in (2.4) , we obtain 

v (/( 3x) - 3f{x)) (t(p(x, 0)) > 1 - e 

and replacing x by 3 n x, we get 

v (3 _n_1 /(3 n+1 x) - 3~ n f(3 n x)) (t3“ n -V(3 n .T,0)) > 1 - e. 

Allowing to a nonincreasing subequence, if necessary, we assume that [3~ n ~ l (p{3 n x, 3 n r/)} is nonin- 


creasmg. 

Thus for each n > m we have 


i/ (3~ m f(3 m x) - 3 _n /(3 n x)) (f3- m “V(3 m x,0)) 


(2.5) 


' n-1 


i/ ^ (3~ k f(3 k x) - 3- fc - 1 /(3 fc+1 x)) (t3- m “V(3 m x,0)) 


\k=m 


> n M {!/ ( 3 - m /( 3 m x) - 3 - n /( 3 n x)) , 

( 3 _fc /( 3 fc x) — 3 _fc_ 1 /( 3 fc+ 1 x)) j 1 (t 3 _m_ 1 (/ 2 ( 3 m x, 0 )) 

\fc=m+l / J 

> n M {1 - e;II M {z/ ( 3 - m 7 ( 3 m x) - 3 ~ n f{ 3 n x)) , 

^ f ^ ( 3 ~ k f{ 3 k x) - 3 - fc - 1 /( 3 fc+ 1 x)) N J | (t 3 - m -V( 3 m+ 1 x, 0 )) 


V/c=m+2 

> 1 - e 
for all x G X. 

The convergence of (2.1) implies that for given S > 0 there is no G A" such that 

fo3 -n- V(3 n x, 0) < d Vn > no- 
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Thus by (2.5) we deduce that 

v(3~ m f{3 m x) - 3~ n f(3 n x))(5) 

> u{3~ m f{3 m x) - 3~ n f(3 n x))(to3~ m ~ 1 ip(3 m x, 0)) > 1 - e 


( 2 . 6 ) 


for each n > uq. Hence ^/( 3 n x) is a Cauchy sequence in Y. Since is complete, this 

sequence converges to some A(x) £ Y. Therefore, we can define a mapping A : X —> Y by A(x) := 
lim,^oo ^f(3 n x), namely, for each t > 0 and x £ X, 

v(A(x) — 3~ n f (3 n x)){t) = 1. 

Next, let x, y £ X. Temporarily fix t > 0 and 0 < e < 1. Since (3 n x, 0) converges to zero, 
there is some n\ > no such that top ( 3 n x , 0) < f3 n+1 for all n > ri\ , we have 

v (A(3x + y) + A(x + 3 y) - 4 A(x) - 4 A(y)) (t) 

> Hm{Um(HA{3x + y)~ 3-"- 1 /(3 n+1 (3x + y)))(t), 

u{A{x + 3 y) - 3~ n ~ 1 f(3 n+ \x + 3y)))(t), v4(A(x) - 3^ f(3 n+1 x))(t) 

»4(A(y) - 3 n - 1 f(3 n+1 y))(t),u(f(3 n+1 (3x + y)) + /( 3 n+1 (x + 3y)) - 4f(3 n+1 x) 

— 4/(3 n+1 y)))(3 n+1 t)) 

and so we have 

lim v (A(3x + y) - 3~ n ~ l f {3 n+l (3x + y)) (t) = 1, 
lim v (A(x + 3 y) - 3~ n ~ 1 f (3 n+1 (x + 3 y)) (t) = 1, 

n—>oo 7 

lim (A(x) - 3- n ~ l f(3 n+1 x)) (t) = 1, 

n — v 7 

lim 4u (A(y) — 3~ n ~ 1 f(3 n+1 y)) (t) = 1 

n—>oo 


and, by (2.4), for large enough n, we have 

* (/(3" +1 (3x + y)) + f(3 n+1 (x + 3y)) - 4f(T +1 x) - 4f{3 n+1 y)) (3” +1 f) 

> u(f(3 n+1 (3x + y )) + /(3 n +V + 3?/)) - 4/(3" +1 x) - 4f(3 n+1 y))(t 0 p(3 n x, 0)) > 1 - e. 

Thus 

v (A(3x + y) + A{x + 3 y) — 4 A(x) — 4A(y)) (t) > 1 — e Vf > 0, 0 < e < 1. 

It follows that zz (H(3x + y) + A{x + 3y) — 4H(x) — 4H(y)) (t) = 1 for all t, > 0 and by IV(1), we have 
A(3x + y) + A(x + 3 y) = 4 A(x) + 4 A(y). 

For some positive 5 and a, let us assume that (2.3) holds. Let x £ X. Setting m = 0 and a = 1 — e 
in (2.6), we get 

v(f{3 n x) - 3 n f(x))(6) > a 

for all positive integers n > no- For large enough n, we have 
n(f(x)-A(x))(5 3-"-V(3 n x,0)) 

> n M {K/(t) - 3~ n f(3 n x)), v(3~ n f(Tx) - H(x))} {53~ n ~ l p{3 n x , 0)) > a, 

which implies 

v{A{x) - f(x))(5p n (x, 0)) > a, 

as desired. □ 
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Corollary 2.2. Let X be a linear space and (Y, v, TIm) cl Serstnev PB space. Let ip : X x X [0, oo) 
be a control function satisfying (2.2). Let f : X —> Y be a uniformly approximately additive function 
with respect to ip. Then there is a unique additive mapping A : X —> Y such that 


uniformly on X. 


lim u(f(x) - A(x))(t<p n (x, 0)) = 1 


(2.7) 


Proof. The existence of uniform limit (2.7) immediately follows from Theorem 2.1. It remans to 
prove the uniqueness assertion. 

Let S be another additive mapping satisfying (2.7). Fix c > 0. Given e > 0, by (2.7), for T and 
S , we can find some to > 0 such that 

K/O* 1 ) - A(x))(tcp n (x, 0)) > 1 - e, 
n(f(x) - S(x))(tcp n (x, 0)) > 1 - e 


for all x G X and t > to- Fix for some x G X and find some integer no such that 

to3~ n <p(3 n+1 x, 0) > cVn > no- 

Then we have 


v (S(x) — A{x)) (c) > 

> 

> 


n M {v (3~ n f(3 n x) - A(x)) , i/ (5(x) - 3~ n f(3 n x ))} (c) 

n M (/( 3 n x) - A(3 n x )),!/ (S(3 n x) - /(3"x))} (3 n c) 

n M (/( 3 n .x) - A(3 n *)) , !/ (S(3 n x) - /(3"x))} (to<^ (3 n+1 x, 0)) 

1 - e. 


It follows that v (S(x) — A(x)) (c) = 1 for all c > 0. Thus A(x) = S(x) for all □ 

Now we present a non-uniform version of the Hyers-Ulam theorem in Serstnev PN spaces. 

Theorem 2.3. Let X be a linear space. Let (Z, cu, II m) he a Serstnev MPN space. Let 'if : X x X —> 
Z be a function such that for all 0 < a < 3, 

u{if(3x,3y))(t) >u(if(x,y))(t) (2.8) 


for all x, y G X and t > 0. Let (Y, v, IIm) be a Serstnev PB space and let f : X —>• Y be a if- 
approximately additive mapping in the sense that 

K/( 3x + y) + f(x + 3 y) - 4 f{x) - 4 f{y))(t) > u{if(x, y)){t) (2.9) 

for each t > 0 and x, y G X. Then there exists a unique additive mapping A : X —> Y such that 

v(f(x) - A(x))(t) > Lo 0)(t)^ 

for all x G X and t > 0. 

Proof. Putting y = 0 in (2.9), we get 

v(f(3x) — 3f(x))(t)>uj( / if(x,0))(t) (xEX,t> 0). (2-10) 

Using (2.8) and using induction on n, we obtain 

w('if(3 n x,3 n x))(t) > cu(a n V’(.'c, 0))(t) (2.11) 
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for all x £ X and t > 0. Replacing x by 2 n l x in (2.10) and using (2.11), we get 

K/(3 n z) - 3/(3 n-1 x))(f) > u ((a"-V(*,0)) (t) 
for all x G X and t > 0. It follows from (2.12) that 


( 2 . 12 ) 


v(3- n f(3 n x) - 3~ n+1 f(3 n ~ 1 x))(3~ n t) > a; ( ( - ) </>(*, 0) ) (a" n t) 


and so 


* (3""/(3 n s) - 3 _n+ 1 /(3 n_ 1 x)) ( ( ) t ) > cv ( ^(x, 0) ) (t) 


for all n > m > 0, x € X and t > 0. So 
u(3~ n f(3 n x) - 3~ m f(3 m x)) 

/k=m +1 


/ a m+1 \ 
V3 m+1 ) t 


= V 


£ 3 fc /(3 fc x)-3 k+l f(3 k x x)j - W (^( ;r ’ 0 )) W 


and hence 


1 \ \ / / ™ m +! 

u(3~ n f(3 n x) - 3~ m f{3 m x)){t) > u, ( ( - ip(x, 0) 


a 


/ a m+1 \ 

V 3 m+ 1 y t 


(2.13) 


for all n > m > 0, x £ X and t > 0. Fix x & X. Since 

1 


lim u — tl>(x, 0 ) (s) = 1, 

s^oo ya J 

3~ n f(3 n x) is a Cauchy sequence in (Y, za IIm)- Since (Y, v, II m) is complete, this sequence converges 
to some point A(x) £ 7 . It follows from (2.9) that 

K/(3 n (3.x + y)) + /(3 n (x + 3y)) - 4/(3 n x) - 4/(3"y))(t) > oj(i/j(3 n x, 3 n y))(t) 

> uj(a n ^(x,y))(t) 

> u(^(x,y)){a- n t) 


and hence 


v(3~ n f{3 n {3x + y)) + 3~ n /(3 n (x + 3y)) - 3“"4/(3"x) - 3~ n Af(3 n y) 


> u(ip(x,y)) tj. 

So we have 

v (A(3x + y) + A(x + 3 y) - 4 A(x) - AA(y)) (t) 

> nM {n M {i/(A(3x + y) - 3- n /(3 n (3x + y))), i/(A(s + 3y) - 3" n /(3 n (x + 3y)))} (t), 
n M {4i/(A(x) - 3~ n f(3 n x)),Av(A{y) - 3~ n f(3 n y )), 

* (3~ n f(3 n (3x + y)) + 3" n /(3 n (x + 3y)) - 3-/(3 n x) - 3“"/(3 n y))} (t)} . 

By (2.14) and the fact that 

lim z/(A(z) - 3~ n f(3 n z)) = 1 


(2.14) 
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for all z G X and r > 0, each term on the rignt-hand side tends to 1 as n -A oo. Hence 

v{A(3x + y) + A(x + 3 y) - 4 A(x) - 4 T(y))(t) = 1. 

By (Nl), we have 

A(3x + y) + A(x + 3 y) = 4 A(x) + 4 A(y). 

Let x & X and t > 0. Using (2.13) with m = 0, we get 

HA(x) - f(x)m > U M {v(A(x) - 3~ n f(3 n x), u(3~ n f(3 n x) - /(*))} (; t ) 


Hence 


> U M { u(A(x) - 3 n f(3 n x),u ( -t/}(x,0) ) } (t). 


v{A{x) - f(x))(t) > n M { lim v(A{x) - 3 n f(3 n x),uj -ip(x,0) } (t) 

n—Kx> \ a 


> u ( -ip{x,0) ) (t). 


The uniqueness of A can be proved in a similar manner as in the proof of Corollary 2.2. 


□ 
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1 Introduction and Definitions 


Let A denote the class of functions having the form 

OO 

f(z)=z + ^a n z n (1.1) 

n=2 


which are analytic in the open unit disk U = {z : z £ C and \z\ < 1}. Further, denote by S, the class of all univalent 
functions in A. Also, let S*,JC,S P and UCV denote the subclasses of S which are starlike, convex, parabolic starlike 
and uniformly convex functions respectively. (For more details see f3l, fT7|L Kanas and Wisniowska J6J introduced 
the subclasses of univalent functions called k- uniformly convex functions and fc-starlike functions with 0 < k < oo, 
and denoted by k — UCV and k — ST respectively. The analytic characterization of these classes are following(for 
more details one may refer to 13, |7|, 0Q, 0/ 1H0H . IfTTlD , l20l 


k — UCV 


/G5:3? 1 + 


z_nz) 

/'(*) 


> k 


z f"i z ) 

f'(z) 


k - ST := 


f eS : 3? 



> k 


zf(z) 

f{z) 


(z e U) j 
(z e U)|. 


( 1 . 2 ) 

(1.3) 


A function / is subordinate to the function g, written as / -< g, provided that there is an analytic function w{z) 
defined on U with w(0) = 0 and |ri;(z)| < 1 such that f(z ) = g[w{z)\ for z £ U . In particular if the function g 
is univalent in U then / -< g is equivalent to /( 0 ) = g( 0 ) and /(U) C <?(U). For any non-negative integer n , the 
q-integer number n denoted by [n] q , (See for example [2J, El, 1331, E3) is defined as 


L«J, = 


1 -q n 

1 ~q 


1 +q + q 2 + ... + q n -\ [0], = 0. 


(1.4) 
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The g-number shifted factorial is defined by [0] g ! = 1 and [n] q \ = [l] g [2] g [3] g • • • [n] q . We have, lim,^!- [n] q = n and 
lim 9 _, | - [n] ri ! = n!. The (/-derivative operator or q- difference operator is defined as 


d q f (z) 


.Hz)-f(qz) 

z(l-q) 


z £ U, where U = {z £ C and \z\ < 1}. 


(1.5) 


It is easy to see that 


d q z z = [n] q z n \ d q < f = 


\q Uj n / ' 


( 1 . 6 ) 


^ n—1 


n—1 


One can easily verify that d q f(z) f'(z) as q -£ 1 . In general, for a non-integer number /, [t] is defined by 
1 — q t 

[f] = —- . Throughout this paper, we will assume (/ to be a fixed number between 0 and 1. For f £ A, let the 

Salagean (/-differential operator ( J2J, B1 . IT51 , 1T5I , HT9I 1 be defined by 


S° q f(z) = f(z ), Slf{z) = zd q f(z), S™f(z) = zdgiSf-'fiz)). 


A simple calculation yields. 


S™f{z) = f(z) * G q , m {z) (z £ U, m £ N U {0} = N„), 


where. 


Gq^rn(z') — Z ~h ^ ' 


nl?z n 


(z £ U, m £ N 0 ). 


Making use of ( ]1 .7} and (L8), the power series of S'" f(z) for / of the form 0 is given by 


S™f(z) = z + J2[ 


{z £ U). 


(1.7) 

( 1 . 8 ) 

(1.9) 


Note that lim^- G g , m (z) = z + Jf,n= 2 n™ 2 * 1 and Hm g _n- S™f(z) = f(z) * (z + Y^=i n m z n ), 

which is the familiar Salagean derivative operator |18]. Motivated by the works of Mahmood and Sokol | fT5| and 
Kanas and Yaguchi Ifl2l . we define the following class of functions using the theory of (/-calculus. 

Definition 1. Let 0 < k < 00,7 £ C \ 0, q £ (0,1) an d m £ No- A function f £ A is the class S q (k , 7, m), if it satisfies the 
condition 


TN 


1 / ? +1 /(-~) _' 

\ $™f{z) / 


> k 


1 ( S? +1 f{z) 
7 l SlPf(z) 


- 1 


(z £ U). 


( 1 . 10 ) 


Geometric Interpretation 

Afunction/ £ A is in the class S q (k. 7 , to) ifandonlyif 


, r S™ +1 f{z) 


takes all values in the conic domain f^ ?7 = Pk,j{ U) 


such thatf2*. >7 = 7 Qj- + (1 — 7), where fi*. = {u + iv : u 2 > hr(u — l) 2 + k 2 v 2 } or equivalently 


S™ +1 f(z) 

S?f(z) 


^ Pfc,7(^)5 fh,7 — Pfc,7 (U). 


( 1 . 11 ) 


The boundary of the above set becomes the imaginary axis when k = 0, while hyperbolic when 0 < k < 1. In 
this case 0 < k < 1, we have p k )7 (z) - 1 + yTa sinh 2 { ( f arccos k arctanh s/z) } 

(z £ U). For k = 1, the boundary dQ kr/ , becomes a parabola and p k>1 (z) = 1 + ( z e U). It is an ellipse 


t < 1, z £ U), where t is chosen such that k = cosh 7 an d re(f) is Legendre's complete elliptic integral of the first 
kind and n'(t) complementary integral of n(t). Moreover , Pfc, 7 (*)(U) is convex univalent in U [ see 0, O, |T3}]. 


when k > 1 and in this case p k „{z) = 1 + ptr sin ( SkftJ Jo * with “(*) = wS (° 


< 


All of these curves have the vertex at the point 


(fc + 7) 

(fc + 1) 


. Therefore the domain Q k ,-y is elliptic for k > 1, hyperbolic 


when 0 < k < 1, parabolic for k = 1 and right half plane when k = 0, symmetric with respect to real axis. Because 
Ph ,7 (U) = ilk, 7, the functions j>k r/ play the role of extremal functions for several problems in this class S q (k, 7 , to). 
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2 Preliminary Lemmas 


In the present investigation, we also need the following lemmas. 

Lemma 1. Kl 6 ? Let p(z) = PnZ n -< F(z ) = J2^=i dnZ n in C. If F(z) is convex univalent in U, then 

\Pn | < Mil, (n > 1). 

Lemma 2. 0 Let 0 < k < oo be fixed and pfc j7 be the Riemann map of U onto fifc ;7 . If 

Pk, 7 (z) = 1 + Q12; + Q2Z 2 + ■ • ■ (2 € U), 


then 


2 7 A 2 



1 - k 2 
87 


7T 7 

4(fc 2 -l)re 2 (t) v / t(l+t) 


0 < k < 1, 
fc = 1 , 
fc > 1 , 


and 


(A 2 + 2) 


Q 1 


Q 2 — < 


(4« 2 (<)(f 2 + 6t + 1) — 7T 2 ) 

24K 2 (t)v / f(l +f) 


Qi 


where 


A = — arccos fc, 
7 r 


and k(<) is f/ze complete elliptic integral of the first kind(for details see If]]). 


0 < k < 1 , 
k = 1 , 
k > 1 , 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 


3 Properties of the class S q (k, 7 , m) 

In this section, we discuss certain sufficient condition for a class of functions / to be in the class S q [k, 7 , to). 


Theorem 1. Let f £ Abe given by 0 - If the inequality 

OO 

E {["W+ l)(W«-l) + l7l)}K|<|7l, 

n =2 

holds true for some k (0 < k < 00 ), m £ No and 7 £ C \ 0, then f £ S q (k, 7 , to). 

Proof. In view of definition 1 1.10}, it suffices to prove that 


We have. 


s? +i m 


STf(z) 


- 1 


-HU - 


1 f S™ +1 f(z) 
7 V S™f{z) 


- 1 


< 1 . 


S? +1 f(z) 




- 1 


- 


1 /5-+VM) 


7 \ S™f{z) 


- 1 


< 


(fc + 1) 
Ml 

(fc + i) 
Ml 


5r +i /(M 


WM) 


- 1 






< 


(^ + 1) En=2[ n ]g'(M? 1)M«I 


Ml 


1 -En= 2 N^M« 


(3.1) 


The last expression is bounded by 1 , if inequality (|3. 1[) holds. 


□ 


52 


R. Vijaya et al 50-57 






























J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


The next few corollaries can be easily obtained from Theorem [T] 
Corollary 1. Let f{z) = z + a n z n . If 


dn. ^ 


(n > 2 ), 


[n]™((fc + l)([n] 9 - 1) + | 7 |) 

then f G S q (k,y,m). 

For the choice of m = 0, Theorem[l]reduces to the following. 

Corollary 2. A function f G A of the form 0 is in the class S q (k, 7 , 0 ),ifit satisfies the condition 

OO 

£{(fc + l)([n] g -l) + | 7 |}|a n |<| 7 |. 

n—2 

For the choices of m = 0 and k = 0, Theorem[l]reduces to the following. 

Corollary 3. A function f G A of the form 0 is in the class S q ( 0, 7 ,0 ),ifit satisfies the condition 


£{([»],-!) +Ml 


< 


n—2 


Theorem 2. Let f G S q (k, 7 , to). Then 


sff(z) ~< f Pk «wp'> x d e, 

Jo s 


/o £ 

where w(z) is analytic in U with w(0) = 0 and \w(z)\ < 1. Moreover, for \z\ = p, we have 


exp 


Pk n {~p) - 1 


dp < 


S?f(z) 


< exp 


Pk n {p) - 1 


dp 


where pk n {z) is given by fur) . 

Proof Let / G S q (k, 7 , to), then using the relation ( |1.11 1 , we obtain 

d q S?f{z) _ 1 = pfc, 7 (u;(z)) - 1 
S™f(z) z z 

for some function w(;r), analytic in U with w(0) = 0 and |w(z)| < 1. Integrating ||3.5[), we have 


S?f(z) -< zex P f Pfc ’ 7(h, ^ )) V - 

Jo s 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


This proves ( |3.4| ). Noting that the univalent function p^-fz) maps the disk \z\ < p (0 < p < 1) onto a region which 
is convex and symmetric with respect to the real axis, we get 


Using (3.7fr, we have 


Pk^{-p\z\) < iR{p k}7 (uj(pz))} < p kiJ (p\z\) (0 < p < 1, 2 G U). 


Pk,~i(-p\ z \) - 1 , r Pk, 7 (u{pz)) - 1, . r Pk^(p\z\) - 1 


(3.7) 


-dp < 


Consequently, the subordination ( ]3.6| l leads to 

r Pkn(-p\ z i) - ! 


dp < log 




-dp < 


< f 


dp. 


which implies that 


exp 


Pk^i-p) - 1 


dp < 




< exp 


Pk n {p) - 1 


dp . 


This completes the proof. 


□ 
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Theorem 3. If f £ S q (k , 7 , m), then 


|« 2 | < 7777 , Kl < 


n —2 

(J -r-r ( „ O' 


where a = \Qi\/q with Qi is given by < |2.3] >. 
Proof. Let 


[ 2 ]?*’ ' [n-l],K 


zd q s™f{z) 




n(l 

fl=l 


= p(z), 


H 


(n > 3) 


where p(z ) is analytic in U. This can be written as 

zd q S™f(z)=p(z)S™f(z). 


Let p{z) = 1 + Jf,n=i P and be given by l |1.9) . Then | |3.9) becomes 

OO / OO \ / OO 

z +J2 wr +1 ^H 

n—2 \n —0 / 

Now comparing the coefficients of z ra , we obtain 




n—2 


[n]™ + 1 a„ = |n|"-a 


n— 1 

[n ] 9 a n + ^ [y] q (IfiPn—iLi 

11=1 


which implies that 


Using Lemma fl 6 |. we obtain. 


Now take <7 = . Then, we have 


^ n— 1 


IQi 


n—1 


Kl s ,[„-if’[»]” 




So for n = 2, we have from 1 3.10) 


Kl < 


[ 2 ]c 


(3.8) 


(3.9) 


(3.10) 


(3.11) 


which shows that | |3.8) holds for n = 2. To prove ( |3.8) , we apply mathematical inductions for n = 3. We have from 


Using ||3.11), we have 


a3l -l3fi2]; (1 + [2] ™ |a2l) 


|a3l<^(l + -)= ffai]9 + <7) 


[3]™[2 ] 9 ^ [3]J*[2], ’ 

which shows that ( ]3.8) holds for n = 3. Assume that (3. 8 ) is true for n <t, that is 

t -2 


l°t| < 


n 1 


l< - i] 4 l<]’ n L 1 , V M«7 ' 
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Consider 


l a t+il < 


< 


a 


[l + [1]™I°2| + [2]™|a 3 | H-1- [t ~ l]™l a t|] 


[t] q [t + 1 ] 

+ a n ( 1 


q l 

t -2 


1 + ' + '' {1+ wJ + < 1+ wJ{ 1+ k 




a 

U, 


t -1 


< 


[t] q [t + 1 ] 


n i+ 


q n=i 


G 


Therefore the result is true for n = t + 1. Consequently, using mathematical induction, we have proved that 1 3.8 1 
holds true for all n, n > 2. This completes the proof of the theorem. □ 


Theorem 4. Let f(z) € S q (k, 7 , m ). Then /(U) contains an open disk of radius 


2q[2]™ + \Q l (k)\' 


where Q\{k) is defined by ( |2.3^ . 

Proof. Let w 0 f 0 be a complex number such that f[z) to 0 for z € U. Then 


t ( n W 0 /(^) _ ( , 1 \ 2 

fi(z) — - —— — z + I a 2 3-I z 

<*>0-/(2) \ UJ 0/ 


Since fi(z) is univalent, so 
Now using Theorem |3j we have 
Therefore, 


a 2 


w 0 


< 2 . 


1 

w 0 


< 2 


I w 0 1 > 


IQiWI 

9[2]™ ' 
<?[ 2 ]™ 


2 9 [ 2 ]™ + |Q 1 (fc)|- 


(3.12) 


(3.13) 


(3-14) 

(3.15) 

□ 


4 A coefficient inequality for the class S q (k, 7 , m) 

To obtain the coefficient inequality over the class S q (k, 7, m), we need the following lemmas. 
Lemma 3. ifl4? If q{z) = 1 + C\z + C 2 Z 2 + ■ ■ ■ is an analytic function with positive real part in U, then 

IC 2 — vc 2 1 < 2 max{ 1 ; 1 2v — 11 }. 

In particular, ifv is a real number, then 

! —4u + 2 if v < 0 

2 if 0 < v < 1 

4v — 2 if v > 1. 


(4.1) 


(4.2) 


1 Z 

when v < 0 or v > 1 ,the equality holds true if and only ifq(z) = - or one of its rotations. If 0 < v < 1, then the equality 

1 — z 

1 T z 2 

holds true if and only ifq(z) = - — 7 _ or one 0 fits rotations. Ifv = 0 , the the equality holds true if and only if 

. (1 A \ 1 + z (1 A\ 1 - 0 , . 

9(z) =o + o^-+o-ohrTr: (° < A < i) 


2 2/1-2: V2 2/1 + 2 
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or one of its rotations. If v = \,then the equality is true if q(z) is a reciprocal of one of the functions such that the equality is 
true in the case, when v = 0 . 

Theorem 5. Let 0 < k < oo, 7 £ C \ 0, q £ (0,1) and m £ No- Suppose that the function f of the form 0 belongs to the 
class S q (k, 7 , to). Then, for a complex number p 


I a 3 - pall < 


_ 7 Q 1 _ 

q(l + q)(l + q + q 2 ) 7 


■ max < 1 


ypQijl + g)( 1 + q + q 2 ) m _ Q 2 _ jQi 

Q 1 


g(l + g) 2m Lh q 

Proof. If / £ S q (k, 7 , to), then there exists a Schwarz function w{z) with w(0) = 0 and | u/(z) | < 1 such that 


(s? +1 M ^ , , AW 

{~s^JW- 1 ) =PkMz)) {zeC) - 


1+ l( S™ +1 f(z) 
7 


(4.3) 


(4.4) 


Define the function h(z), by h(z) = \ = 1 + c\z + C 2 Z 2 + ■ • • . Since u>(z) is a Schwarz function, we see that 

1 — LJ{Z) 

R(h(z)) > 0 and h( 0) = 1. We also have. 


w(z) = 


h(z) — 1 1 


1 \ Jz 


CiZ + \ c 2 - — ] z 


This gives. 

From (|4.4]>, we get. 


h{z) + 1 2 

= 1 + -C 1 Q 1 Z + ^-C2<5l + ~C 2 (Q 2 ~ Ql)^ Z 2 + 


1 + - 
7 


1 / S q m +\f(z) 

{ s?f(z) 


-lj = 1 + - [q(l + q) m a 2 z 

+ {< 7(1 + g)(l + q + q 2 ) m a 3 - q( 1 + q) 2m a 2 } Z 2 + • • ■ ] . 


Comparing the coefficients of z and z 2 in {43J and | |4.6[ , we get 

yc\Q\ 


a 2 = 


a 3 = 


2<?(1 + q)[l + q + q 2 ) r 


2 g(l + g) m ' 

C 1 Q 2 _ cfQi 7 c\Q\ 

2 2 2 q 


c 2 Q\ 


This implies that. 


where 


°3 — b°2 — 


7<9l 


2 g(l + <?)(! + q + q 2 ) r 


[C 2 - VC 2 f\ 


1 (, tpQiQ- + g)(l + q + q 2 ) m _ Q 2 _ jOi 

q(l + q) 2m Qi q 


(4.5) 


(4.6) 


(4.7) 

(4.8) 


□ 


It is easy to see that Theorem [ 6 ] directly follows from l |4.2) . 

Theorem 6 . Let 0 < k < 00,7 £ C \ 0, q £ (0,1) and m £ N 0 . Suppose that the function f of the form 0 belongs to the 
class S q (k, 7 , to). Then, for a real number p, 


where 


|a 3 


pal | < 


_7_ 

9(1 + g)(l + q + q 2 ) m 


( 7 P 2 ypP 2 (l + q)(I + q + q 2 ) m 

2 q 9(1 + q) 2m 

< Pi 

_ p _ jPl 'ypP?(l+q)(I+q + q 2 r 
2 q 9(1 + q) 2m 


01 


cr 2 


9(1 + q) 2m 

'yP 2 (l + q)(l+q + q 2 ) m 
9(1 + q) 2m 

yP 2 {l + q){ 1 + 9 + q 2 ) m 





if P<<7i 

if 01 < p < a 2 (4.9) 

if P > <72, 
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FOURIER SERIES OF SUMS OF PRODUCTS OF ORDERED BELL AND 

GENOCCHI FUNCTIONS 

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND D. V. DOLGY 


Abstract. In this paper, we will study three types of sums of products of ordered Bell and Genocchi 
functions and derive their Fourier series expansions. Further, we will express those functions in terms 
of Bernoulli functions. 


1. Introduction 


The Genocchi polynomials G m (x) are given by the generating function 

oj. 00 j-m 

—-e xt = V G m (x) — , (see [2,6,11,12,17,21]). 
e l +1 m! 

m =0 

The first few Genocchi polynomials are as follows: 

Go (a;) = 0, Gi(x) = 1, G 2 (x) = 2x - 1, 

G 3 (x) = 3x 2 — 3x, G^x) = 4a: 3 — 6x 2 + 1, 

Gj j(x) = 5x 4 — 10a: 3 + 5x, G§(x) = 6a; 5 — 15a: 4 + 15a; 2 — 3. 
The Genocchi polynomials are related to the Euler polynomials as 

G m (x) = mE m - i(x) (to > 1). 


From this, we have 

deg G m (x) = to - 1 (to > 1 ), G m = mErn—i (to > 1 ), 

G 0 = 0 , Gi = 1 , G 2m+ i = 0 (to > 1 ), and G 2m ^ 0 (to > 1 ). 


In addition, by (1.1) we obtain 


From these, we also get 


and 


A-G m ( x) = TOG m _i(a:) (to > 1), 
ax 

G m {x + 1) + Gm(x) = 2mx m - 1 (to > 0). 


G m (l) + G m ( 0 ) — 2(5 mj i, (to > 0 ), 


G m {x)dx 


TO - 


— (G m+ i(l) 


0 , 


2 r 

n + lCr m +l, 


G m +i(0)) 

if to is even, 
if to is odd. 


2010 Mathematics Subject Classification. 11B83, 42A16. 

Key words and phrases. Fourier series, ordered Bell polynomials, Genocchi polynomials. 
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Fourier series of sums of products of ordered Bell and Genocchi functions 


The ordered Bell polynomials b m {x) are a natural companion to ordered Bell numbers and defined by 
the generating function 



OO 

E b m(x) 

771=0 


ml 


( 1 . 8 ) 


The first few ordered Bell polynomials are as follows: 

bo(x) = 1, bi(x) = x + 1, b 2 {x) = x 2 + 2x + 3, 

63(0;) = x 3 + 3x 2 + 9x + 13, 64 (x) = x 4 + 4x 3 + 18x 2 + 52x + 75, (1.9) 

b 5 {x) = x 5 + 5x 4 + 30x 3 + 130x 2 + 375x + 541. 


The ordered Bell numbers b m = b m { 0) have been studied in many counting problems in enumerative 
combinatorics and number theory, the first appearance of which goes back to as early as 1859,, (see 
[3-5,7-8,13,16,19,20]). The ordered Bell polynomials are rnonic polynomials with integral coefficients as 
we can see from 


m-l , v 

bo(x) = 1, b m (x) = x 171 + ^2 (7)bi(*), ( m > !)• 

1=0 ' ' 


Also, the ordered Bell numbers are positive integers, as we can notice from 


bm = ^2 n!lS, 2(w, n) = 


n—0 


n=0 


2 n+1 ' 


(to > 0). 


From (1.8), we can derive 


In turn, from these we obtain 


■j~b m (x) = mb m - i(x), (to > 1 ), 
ax 

— b m (x + 1) + 2 b m (x) = x m , (to. > 0 ). 


b m0) A 2 b m — Oi (^' A 0), 


( 1 . 10 ) 


( 1 . 11 ) 


( 1 . 12 ) 


(1.13) 


and 

f 1 1 1 

/ b m (x)dx = -— (6 m+ i(l) - & m +i(0)) =- —b m+1 . (1.14) 

For any real number x, we let < x >= x — [x] € [0,1) denote the fractional part of x. We recall the 
following facts about Bernoulli functions B. m (< x >): 

(a) for to > 2 , 


(b) for to = 1 , 


X >) 


OO 

-to! ^ 

n=—oo,n^0 


^1-Kinx 

(2irin) m ’ 


OO 

- E 

n=—oo,n^0 


g27r inx 

2-Kin 


Bi(< x >), for x € Z c , 
0, for x € Z, 


(1.15) 


(1.16) 


where Z° = K — Z. 

In this paper, we will study three types of sums of products of oredered Bell and Genocchi functions, 
and derive their Fourier expansions. Further, we will express those functions in terms of Bernoulli 
functions as follows: 

(1) a m {< x >) = J2k=o b k(< x >)G m -k{< x >), (to > 2 ); 
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(2) /3 m {< x >) = EH 1 fc!(m-fc)! & fc( < x >)Gm-k{< x >), (m > 2); 

(3) 7m(< X >) = ELY fc(n!-fc) M< X >)G m _fc(< X >), (m > 2). 

For elementary facts on Fourier analysis and some related recent works, the reader may refer to [1,8,22]) 
and [9,10,14,15], respectively. 


2. Fourier series of functions of the first type 


In this section, we will derive the Fourier series of sums of products of oredered Bell and Genocchi 
functions of the first type. Let 


= 55 b k(x)G m -k(x), (to > 2 ). 


( 2 . 1 ) 


k=0 


Then we will consider the function a m (< x >) = ELo* ^fc(< x >)G m - k {< x >), (to > 2) defined on 
R, which is periodic with period 1. The Fourier series of a m (< x >) is 

OO 

E A ( m ) p 27T inx 

71 — — 00 

where 

r 1 

»~ 2ninx dx 


AfY = / a m (< X >)e 

do 

= [ a m (x)e~ 2jTinx dx. 
do 


Before proceeding further, we need to observe the following. 


a' m (x) = 55 {kbk-i{x)G m - k (x) + (to - k)b k (x)G m - k - 1 (x)} 

k—0 

m —1 m—2 

= 55 kb k -i(x)G m _ k (x) + 55 (m - k)b k {x)G m _ k _i(x) 

k= 1 fe=0 

m—2 m—2 

= 55(fc + l)b k (x)Gm-i- k (x) + 55 ( m - k)b k {x)G m -i- k {x) 


k =0 

m—2 

= (m + 1) 55 ^fc(®)G m _i_fe(a;) 

/c—0 

= (m+ l)a m _i(ar). 


fc =0 


From this, we have 


and 


l(z)Y 


-—— = a m {x), 

TO + 2 ' 


f 1 1 

/ CXm( < x')dx — ; ~ (u m _|_i (1) U m _oi(0)). 

do TO + 2 


( 2 . 2 ) 


(2.3) 


(2.4) 


(2.5) 

( 2 . 6 ) 
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Fourier series of sums of products of ordered Bell and Genocchi functions 


For m > 2, we put A m = a m (l) — ct m (0). Then we have 

^m(l) ^m(O) 

m —1 

= (frfc(l)G m _fc(l) — bkGm-k) 


k—0 
m— 1 


— ^ ^ ((2^/c 4,0)( G m —k bfoGm—k) 

k =0 
m—1 

= ^ ^ ( ^bfoGm—k T T ^k,oGm—k 1,/c) 

fc =0 
m—1 

= 3 ^ ^ bfcGm—k T 46 m _i H- Gm 2J m? i 

k=0 

m—2 

= — 3 6fcG m _fc + & m -i + G m . 


fc =0 


Note that 


and 


^m(O) — *Tm(l) / » A to — 0, 


f 1 1 

/ a m (x)dx = —- 

Jo m + 2 


*ra+l 


. m— 1 

xd - 3 £ <* G 


m + 2 


ra+l—/c T T G>n,-|-i 


fc =0 


We are now ready to determine the Fourier coefficients Ail" ' 1 . 
Case 1 : 11 ^ 0. 


= [ a m (x)e~ 2 ™ nx dx 
Jo 


=-2 zL C 


/ ( nr ,\^—2ninx 


dx 


1 , to + 1 

" } “ am(0)) + 

= m + 1 A (m- 1 ) _)_A 

2 - 7 rm n 2irin m 

From this by induction on m we can deduce 


am-^e-^^dx 


A ( m ) = — - 


1 v-' 1 (m + 2)j 


m 


E 


+ 2 ' (27t mF 

.7 — 1 


A 770 — 


m—j +1 • 


Case 2: n = 0. 


-4o m) = [ a m (x)dx = 
Jo 


1 


m . + 2 


-A. 


m+1 • 


(2.7) 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


a m (< x >), (to > 1) is piecewise C°°. In addition, a m (< x >) is continuous for those integers (to > 2) 
with A m = 0 and discontinuous with jump discontinuities at integers for those integers (to > 2) with 
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5 


A m ^ 0. Assume first that to is an integer to > 2 with A m = 0. Then a m (0) = a m (l). Hence 
a m (< x >) is piecewise C°°, and continuous. Thus, the Fourier series of a m (< x >) converges uniformly 
to a m (< x >), and 

a m (< x >) 


1 


to + 2 
1 

TO + 2 
1 

TO + 2 ‘ 

T A m x 


a to+ i + 

n——oo,n^-0 


1 ^(to + 2), 


E 


to + 2 ' (2-ninY 

3 — i 


A m ,_ 


j +1 e 


2'Kinx 


l 


*m+l 


E 


m + 2 4 , 

j=i 


m+l 


E 


TO + 2 z 
j=2 


TO + 2 

J 

TO + 2 

j 


Am-j + 1 I j! E/ 

\ n=—oo,n^0 

(<C X >) 


0 2irin 


(27nr+ 


i?i(< a; >), for x € Z c , 
0, for x €Z. 


(2.13) 


We now state our first result. 


Theorem 2.1. For eac/i integer l, with l > 2, we put 

1-2 

A i = —3 E] b^Gi-k + bi_ i + G;. 


fc=0 


Assume that A m = 0, for an integer m>2. Then we have the following. 


(a) YJk=o M< x >)G m -k (< a: >) /ias f/ie Fourier series expansion 


m— 1 


E M< 21 >)G m -k(< X >) 


fc=0 


1 


TO. + 2 


-A. 


m+l 


+ E 


n=—oo ,n^0 

for all i£l, where the convergence is uniform. 

(b) 

m— 1 

E M< x >)G m _ fe (< a; >) 


1 (to. + 2)j 

+ 2 ^ (2-i.n)i m ' J+1 

7=1 v 7 i 


2n inx 


k =0 


i 


TO. + 2 


-A. 


m+l 


1 T+ 1 /to + 2\ 

+ E [ j )^rn-j + lBj{< X >), 

3 —2 


for all i£l, where Bj{< x >) is the Bernoulli function. 


(2.14) 


(2.15) 


(2.16) 


Assume next that A m ^ 0, for an integer m > 2. Then a m (0) a m (l). Thus a m (< x >) is piecewise 
G°°, and discontinuous with jump discontinuities at integers. The Fourier series of a m (< x >) converges 
pointwise to a m (< x >), for x £ Z c , and converges to 

2 ( a m(0) + <r m (l)) = a m (0) + -A TO , (2-17) 

for x £ Z. We can now state our second result. 
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6 Fourier series of sums of products of ordered Bell and Genocchi functions 

Theorem 2.2. For each integer l, with l > 2, we let 

1-2 

A; = —3 bkGi-k + hi -1 + Gi. 
k -o 

Assume that A m 7^ 0, for an integer m > 2. Then we have the following. 

(a) 


(b) 


1 


m + 2 


A m +i + 


1 v-^ 1 (m + 2)j 


+ 2 E (27rinV 

7 = 1 x 7 




n=—oo,n^0 


Jl'Kinx 


J2k=o b k(< x >)G m -k(< x >), for ieZ c , 
E'JTo 1 bk.Gm-k + |A m , for 


1 1 vE /to + 2\ 

~;A m+ i d —— 2 I . ) ^m-j+iBj(< x >) 

to . + 2 to + 2 \ J J 

m— 1 

= ^2 b k (< x >)G m - k (< x >), for x G Z c ; 

k =0 


(2.18) 


(2.19) 


( 2 . 20 ) 


1 


-A. 


to . + 2 

m— 1 


ra+1 


1 fm + 2\ 

+ m + 2 E ( j ) * >) 

J—2 


— ^ ^ bkGm—k + C y^rri') ^ ^ 


k—0 


3. Fourier series of functions of the second type 

Let /J m (a;) = J27=o k Hm-k)\ bk{ x )Gm-k{x), (to > 2). Then we will investigate the function 

m 1 

1 


/3 m (< x >) = ^ 


k=0 


k\(m — k)\ 


b k (< x >)G m _ fc (< x >), (to > 2), 


clehned on R, which is periodic with period 1. The Fourier series of /3 m (< a; >) is 


( 2 . 21 ) 


(3.1) 


E * 


n =—00 


(m) g 2ninx 


where 


= [ Pm(< X >)e 
Jo 


= / 0m(x)e 

Jo 


- 2 ™ nx dx 
~ 2winx dx. 


(3.2) 


(3.3) 


63 


TAEKYUN KIM et al 58-72 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


T. Kim, D. S. Kim, L. C. Jang, D.V. Dolgy 


Before proceeding further, we need to notice the following. 

m— l , , 


^ {k\m-ky bk - l{ - x)Gm - k{ - x) + k\( m -ky bk{ - x)Grn - k -^ x) '] 

771—1 ^ 771 — 2 ^ 

= ^ (k ^ l)\(m - k)\ bk -^ X)Gm - k ^ + 2 k\(m-k-l)\ bk{x)Gm ~ k - l{x) 


771—2 ^ 771 — 2 


= 2/3 m _i(x). 
From this, we note that 


fc!(m — 1 — fc)! 


b k (x)G m ^ 1 - k (x) 


/WiW V 


= An (a;), 


[ l 1 

J Pm(x)dx = -{P m +1 (1) - /3 m +l(0)). 


For m > 2, we set 

= /3m(l) - An(0) 


771—1 

v 

1 

2^ 

fc=0 

fc!(m — fc)! 

777—1 

v 

1 

2^ 

k= 0 

k\{m — fc)! 

777—1 

v 

1 

2^ 

k= 0 

k\(m — fc)! 


= -3E 

fc =0 

777—2 

= -3E 


(frfc(l)G m _fc(l) — bkGm-k) 

((26/- ^fc,o)( G m —k H- 2(5 m _i ; fc) b^Gm-h') 

( 3bkGm—k + 46^(5772,-1^ + ^kfiGm—k 2(5/^0^771— l,fc) 


1 , „ 4 12 

, , , Cfcf^m—fct , , ,, Cm—1 + .Gm .Cm, 1 

fc!(m—fc j! (m — 1)! ?u! m! 

1 1 1 

, .i^fcdm-fc T , ... C m —1 Lr m . 


fc!(m — fc)! 


(m — 1 )! 


From this, we see that 


/?m(0) = /3m(l) <{=> On = 0, 


f 1 1 

J fornix) d/X — — ffm-fl* 


Next, we want to determine the Fourier coefficients 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 


64 


TAEKYUN KIM et al 58-72 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1,2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


8 


Fourier series of sums of products of ordered Bell and Genocchi functions 


Case 1: n/ 


— 2'Kinx 


= C Pm{x)e 

J 0 

[fim(x)e~ 2ninx ] l+^—J o P'm{x)e- 2ninx dx 

-(/3 m (l) - /3 m (0)) + f (x)e~ 2 * inx dx 

27 nn J o 


from which by induction we have 


2nin 

1 

27 xin v 

2 n(m-i)_)_o 

2-Kin n 2ixin m ’ 


(3.10) 


B i m) =-E 


m-i 


—J (27rm)- 


7 ^m—j + l • 


(3.11) 


Case 2: n = 0. 

Bt } = J Pm(x)dx = ^tt m+ 1. (3.12) 

/3 m (< a: >), (m > 2) is piecewise C 00 . Moreover, /3 m (< a; >) is continuous for those integers m> 2 with 
f 1 m = 0 and discontinuous with jump discontinuities at integers for those integers m > 2 with f \ m 0. 

Assume first that to is an integer to > 2 with f2 m = 0. Then /3 m (0) = /3 m ( 1). Hence /3 m (< a; >) is 
'""”'ise C°°, and continuous. Thus the Fourier series of fi m {< x >) converges uniformly to /3 m (< x >), 


piecewise 
and 


a— 1 


,(< x X = + £ (- £ 

n——oo,n^0 ' -j = 1 ' 2 


m-1 2^-1 


J=1 
oo 


^ _* 2J-J- / 

= 2^ m +! + E ., ^m-j + 1 I “j! X/ 

7=1 J \ n=— oo,n^0 


„2ninx 


( 2niny 


m_1 2-1- 1 ( 

T ^ ( rj j+iJ3j (<C x >) A x < 

1=2 J ' ^ 

We are now ready to state our first result. 


- Slm+l ^ 
1=2 


Bi(< x >), for x € Z c , 
0, for x € Z. 


(3.13) 


Theorem 3.1. For eac/i integer l > 2, we let 


1-2 


n t = -3 Yi 


i 


k=0 


k\(l — A;)! 


i>kGi-k + jj —yyy&i-i + ^<-0. 


Assume that f l m = 0, for an integer m > 2. Then we have the following. 

■vm—1 1 

■^k—0 k\(m—k)\ 


(a) Yl™=o k ! (m— k) ! ^fc(< 21 >)G m -k(< x >) has the Fourier series expansion 


E 

k =0 


1 


fc!(?n — fc)! 


b k (< x >)G m - k (< x >) 


2 J_ 


- 2 H ro+ i+ XZ E (27r m)F ro - j+1 I e " 

n=— oo,n^0 \ j —1 v 7 


(3.14) 


(3.15) 
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for all i£l, where the convergence is uniform. 

(b) 

m— 1 ^ 

£ fc!(m-fc)! M< 1 1 >) 

k =0 v ' 

l m_1 2^— 1 

= ^ ^ Tj ^m—(< X >), 

^ J =2 J - 

for all i£l, where Bj(< x >) *5 t/ie Bernoulli function. 

Assume next that f2 m ^ 0, for an integer m > 2. Then /3 m (0) ^ /3 m (l). Thus /3 m {< 
C°°, and discontinuous with jump discontinuities at integers. The Fourier series of /3 m ( 
pointwise to /3 m (< x >), for i€Z c , and converges to 

^(/^(O) + /?m(l)) = /3m(0) + 

for ieZ. Now, we are ready to state our second result. 


Theorem 3.2. For each integer l, with l > 2, we let 

1-2 


fij = -3^ 


1 


k=0 


k\(l - k)\ 


bkGi-k 


1 , 1 _ 
( I ^ T )! 6 '- 1 + H G '- 


Assume that f l m ^ 0, for an integer m > 2. XTien we ftatie i/ie following, 
(a) 


(b) 


for x € Z c ; 


for igZ. 


1 


a 


m +1 


m-l 9J -_i 

E (- E (2^ n "*-^+ i 

7 — 1 v 7 


n—— oo,n^0 


E^O 1 fc!(m-fc)! & fc( < 21 >)Gm-fc(< X >), for X G Z c , 


Efc=0 k\(m—k)l bkGm—k + + l ^ 


2 J ‘mi 


for x € Z. 


1 m-i 2 J_ 1 

+ E- * >) 


m— 1 


,/'=T 

1 


- E k\{rn-k)' bk(<<X>)Gm - k{<X>) ' 


m— 1 


1 x 2^ _1 

X^rn+1 + E- . | * >) 

2 J=2 J - 


m— 1 


- E fc! ( TO _ k)\ bkGm ~ k + 2^ m ’ 


(3.16) 


>) is piecewise 
x >) converges 

(3.17) 


(3.18) 


(3.19) 


(3.20) 


(3.21) 
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Fourier series of sums of products of ordered Bell and Genocchi functions 

4. Fourier series of functions of the third type 


Let 7 m (x) = k(m-k) bk(x)G m -k{x), (to > 2). Then we will consider the function 

m— 1 


7r 


i{< ^ >) = E 


i 


*;=i 


k(m — k) 


b k {< x >)G m _fc(< x >), (to. > 2), 


defined on R, which is periodic with period 1. The Fourier series of 7 m (< x >) is 


E 


m) g2 / Kinx 


where 


C™ = [ lm{<x>)e 

Jo 


- 2ninx dx 
~ 2 ™ nx dx. 


= / 7 m(x)e 
Jo 

Before proceeding further, we would like to observe the following. 

771—1 771—1 


^ 1 ' ^ \ 

^ ^ ^ ^ (*£)^-*tti— fc— 1 (*t) 


fc=l 

771-2 


k—0 

771-2 


k=l 

771 -* 

.... .. E c 

fc = l 


— ^ ^ 7 ^/c (x)(jr m _ 1—fc (^) H - ^ ^ 7 t>k (*^)^77i— 1 — fc (*^) 

7TI 1 rC rZ 


k =1 


m 


- E ( ™ _ 1 _ k + k ' ^(^Gm-i-fcOd + ~—pG m _i(a:) 


TO — 1 


= (m-1 ) e 


fc=l 


k(jri — 1 — k) 


b k (x)G m - i_fc(x) 


TO — 1 


G m _ 1 (^) 


= (to - l)7m-i(a:) H--G m _i(a:). 

TO — 1 

Thus we have 7^(2 :) = (to — l)7 m _i(a:) + j-G m _i(x), and from this, we see that 


(Vm+i^) / . % G m +i(a;)1 ) —7 m{x), 

\ m{m +1) / / 


and 


^ m (x)dx 


1 

TO 


7m+i(2 ; ) / , x G m +i(a;) 

to(to +1) 


J o 


— (lm+\0) - 7m+l(0)- - -—— (G m+ i(l) - G m+ i(0)1 

n \ m\m + lj / 

1 


TO 

1 

TO 

1 

TO 


- 7 m +l(0) - 


m(m + 1) 

(lm+l0) ~ 7m+i(0) H - —— G m +i 

V m(m + 1) 


(—2G m +i(0) + 2(5 m> o) 


(4.1) 


(4.2) 


(4.3) 


(4.4) 


(4.5) 


(4.6) 
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For to > 2, we put 

-A-m = 7m(l) 7m(0) 


= £ 

k =1 
m— 1 


l 


k{m — k) 


= £ 


i 


k{m — k) 


k 

m— 1 


= £ 


—J k(m — k) 


(6fc(l)G m _/c(l) — bkGm-k) 


((2 bk $/c,o)( 2(5 m _i ? ^) b^Gm—k) 


( Sbj^Gm—k + 46/ c (5 m _i j / c + b k ,0^* in — k ‘ZSkflSm— 1,/c) 


rri— i ^ ^ 

= ~ 3 £ fc( m -fc) 6feGm - fc + 7&m - 1 - 


TO — 1 


(4.7) 


Then 


'TTn(O) — Tm(l) ^ ^ — O5 


(4.8) 


and 


/ J m (x)dx = — (a to+ i + 
Jo m V 


-G 


m+1 


(4.9) 


/ Q //t v TO(?7l + 1) 

Now, we are going to determine the Fourier coefficients Cn • For this, we first observe that, for l > 2 


>o 


1 f JV 1 " 1 (Ofc-lGj-fc + i r / r\ 

G l {x)e~ 2ninx dx = l ^=1 ^ ’ 


for n = 0. 


(4.10) 


Case 1: n/0. 


G<"*> = [ 7 m(x)e~ 2mnx dx 

Jo 


1 [7m(®)e-“]J+ 1 


27rm 

1 

2irin 


2nin 


y m (x)e- 2 * mx dx 


2tt in 


(7m(l) - 7m(0)) + ?r L - / (m - l)7 m _i(a;) 4-—-G m _i(x) )• e 2mnx dx 

/i m — 1 


(4.11) 


TO — 1 
2irin 


ci 


m— 1) 


-A. 


27rin 27r in{m — 1) 


Br 


where 0 m = J^T=i — (Iviny*™ k ■ From the recurrence relation 

r<(.rn) _ TO ~ 1 f-i(m-l) __ A ,_ ^ Q 

2irin ” 27rm m + 27rm(m - 1) m ’ 


by induction we can show that 

m—1 


(to — l)j-l A , 0 (TO-l)j-l 




(27rm) 

7 = 1 v 7 


—( (27t m) J (m —j) 


e m _ 


m— j+1 • 


(4.12) 


(4.13) 


68 


TAEKYUN KIM et al 58-72 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1,2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


12 


Fourier series of sums of products of ordered Bell and Genocchi functions 


We note here that 


E 

7 =1 
m—2 


(m - 1)^—1 


(2-7T — j) 

m—j — l 


1 ... j 

= E— E 


m—2 


m— 1 


= E— E 

z —' TO — 7 z —' 

7=1 J «=j+l 


j + 1 

(ill ^L+fc— 2^m—j — k+1 

(27t m)i +fc 

(ill l)s— 2^m— s+1 


( 2nin) s 


(4.14) 


_ y~^ (m — l)s-2G m -s+i y^ 1 
^ (27rm) s z —^ in — j 

s—2 j — 1 


J_ (to) g G m _ s+ i _ „ s 

to (27rm) s in — s + 1 m 1 m s 

S—1 v 7 


Putting everything altogether, we have 

^(m) _ _ J_ y^ (ni)a 
to z -^ (2nin) s 

S= 1 V 7 


A m - s +i — 2- {H m -i — H m _ s ) (■. 


Case 2: n = 0. 


G< m) = f 'y m {x)dx = — fA m _|_i + 

Jo m v 


in — s + 1 

2 


-G, 


(4.15) 


(4.16) 


/ - -| \ V - T m+1 

m[m + 1) y 

7m(< a; >), (to > 2) is piecewise C°°. Moreover, 7 m (< x >) is continuous for those integers to > 2 
with A m = 0, and discontinuous with jump discontinuities at integers for those integers in > 2 with 
A m 7^ 0. 

Assume first that A m = 0. Then 7 m (0) = 7 m (l). Hence J m (< x >) is piecewise C °°, and continuous. 
Thus the Fourier series of 7 m (< x >) converges uniformly to ”f m {< x >), and 

7m(< £ >) 


— — ( A m+ i + 
TO 


to(to + 1) 

m— 1 


G 


+ E - m E 


m+1 


(m) s 


' I m ' ( 2mnY 

.= — 00,717^0 k s= 1 v 7 


A-m— s+1 


s+1 

m — S + 1 


{H m -r - ff m _ s )) | e 2 


— — ( A m+ i + 

m \ 

1 m— 1 / 

1 \— ( m 

H-/ ( 

m f V 5 

S— 1 x 


/ | -| \ 1 

+ 1 ) 


A m - s +i. - 2Gm : s+ ] (g m -i - F m _ 8 )j I -s! 5 ; 


1 


A. 


lm+1 i--—pr 

to V m(m + lj 


to — s + 1 
G m+ i 


n=—oo,n^=0 


Jl'ninx 


(2i:in) s 


(4.17) 


1 m—1 / 

1 v— ( m 

H-/ ( 

m V s 

s—2 x 


A m _ s+ i - 2Gm *** (g ro _ 1 - 77 m _ s )) B s (< x >) 
in — s 4 1 ' 


+ -A-m Y 


£?i(< x >), for x € Z c , 
0, for x € Z. 
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We are now ready to state our first result. 


Theorem 4.1. For each integer l, with l >2, we let 

+ 0-18) 

Assume that A m = 0, for an integer m > 2. Then we have the following. 

(a) Er=i 1 k(m-k) bk(< x >)G m -k{< x >) has the Fourier series expansion 


k(m — k) 


b k {< x >)G m - k {< x >) 


E 1 

fc =i 

_ 1 ( . 2 

— l •‘'■rrv+l T , , x G m +i 

m \ to(to + lj 

+ ^ ^ 3 ( A m - S+ 1 - 2Gm - s+1 tr \ \ l „2 tt inx 


n——oo,n^0 


m f ( 27 rin) s 

s =1 ' 


m — s + 1 


(-^m— 1 s) ) f ^ 


(4.19) 


for all i£l, where the convergence is uniform. 

(b) 


1 


y 

k(m — k) 

m— 1 

= - E 

m a. — j 


b k {< x >)G m - k (< x >) 


i / \ / oy 1 

) A m _ s+1 - m ~ a + 1 1 (g m -1 - ) H s (< x >), 

TO \ S J \ TO — S + 1 ' 

s=0,s^l 


(4.20) 


for all i£l, where B s (< x >) is f/ie Bernoulli function. 


Assume next that ?n is an integer > 2 with A m ^ 0. Then 7 m (0) ^ 7m(l)- Hence 7 m (< a; >) 
is piecewise C 00 , and discontinuous with jump discontinuities at integers. Then the Fourier series of 
7 m (< x >) converges pointwise to 7 m (< a: >), for x € Z c , and converges to 

^(7m(0) +7m(l)) = 7m(0) + ^A m , (4.21) 

for i£l Now, we are ready to state our second result. 

Theorem 4.2. For each integer l, with l > 2, we let 

(4 - 22) 

Assume that A m ^ 0, for an integer to > 2. Then we have the following. 


70 


TAEKYUN KIM et al 58-72 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1,2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


14 


Fourier series of sums of products of ordered Bell and Genocchi functions 


(a) 


If. 2 

I A-m+l + , , G m +i 

m \ m(m + 1) 


1 \ - {m) s 


E/ | to E/ (2Trin) s 

n=—oo,n^0 \ s =1 v 


A 2G m _ s +i ( u TT ^ \ { „2ninx 

1 


m — s + 1 


i Hm—g) I / 6 


(b) 


■>771—1 1 

*'/c=l fc(m- 

Efc=0 k(m.~-k)bkGm-k + 2 


EfcLl fc(rr!-fc) & fc(< X >)G m -k{< X >), for X G Z c , 

for x G Z. 


- V (E (27rin) s f A m _ s+1 - 2G ^-^+i (g|n _ 1 _ fl m _ a )') B s (< x >) 
m ' \ s / \ m — s + 1 J 


s=0 

771 — 1 


- E fc( m - fc) 6fc(< * >)Gm-k{< X >), 


fc=l 


for x G Z c ; 


(4.23) 


(4.24) 


^ ^ / \ / OF 1 

_ m ) ( A m _ s+1 - ° m ~ a + 1 (g m _! - tf m _ s ) ) B s (< x >) 
m s =^iV s A ?n — s + 1 

777—1 


1 E 

S: 

m—1 

E 


k—0 


hijTi &) ^ 2 ^ m ’ ^ 


(4.25) 
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TWO TRANSFORMATION FORMULAS ON THE BILATERAL 
BASIC HYPERGEOMETRIC SERIES 

QING ZOU 


Abstract. In this paper, the author first proves a transformation formula for the 
very-wcll-poised bilateral basic hypergeometric 31 /J 3 series by using the relationship 
between the bilateral basic hypergeometric 5^5 series and basic liypergeometric 
403 series. Then, the author proves a transformation formula for the well-poised 
bilateral basic hypergeometric 4^4 series by using the relationship between the 
bilateral basic hypergeometric $ 1/15 series and basic liypergeometric s 4>7 series. 


1. Introduction 


One of the main parts of the theory of basic liypergeometric series is bilateral 
series. The general bilateral basic liypergeometric series in base q with r numerator 
and s denominator parameters is defined by 


r'tps 


a 1 , c* 2 > 
bi, b 2 , 



£ 


(oi,C* 2 , ••• , a r ]q)n u r „n 

( 61 , 62 , -■■ ,b s ;q) n _1 9 ] 


where the denominator factors are never zero, q ^ 0 if s < r, and z ^ 0 if the power 
of z is negative. 

To understand this definition better, we need to define the following notations. 
Assume \q\ < 1. Define 

(x)o := {x;q ) 0 = 1, 

n—1 

(x)n ■= (x; q)n = n^ 1 _ xqk )> 

k=0 


(fTi, 5 •Em)n • (*^lj •) % mi Q)n • (^lj Q)n * * * (*^m) ?)n? 


(x;q)_ k = 


(~q/x) k q( 2 ) 
(q/x]q)k 


2010 Mathematics Subject Classification. Primary 33D15; Secondary 05A30, 33D05. 

Key words and phrases. Basic hypergeometric series; Bilateral basic hypergeometric series; Very- 
well-poised; Well-poised. 

This paper was typeset using A/VfA-foTpX- 
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By some algebraic computations of the terms with negative n, we can obtain 


r^s 


^1? 

b\, b 2 , 


b ’ 

) U S 


q,z 


E 


I'i ^ 2 } 5 CLf) Q^) r 

(6i, 62, — A;<?)n 




s—r n 


E 


(q/bi,q/b 2 , ■■■ ,q/b s ]q) n ( bib 2 ---b. 


(g/ai, q/a 2 , • • ■ , g/a r ; g) n \aia2 ■ ■ ■ o r 2i 


( 1 . 1 ) 


The convergence of each series in (1.1) can be seen in [T] . 
An r ifj r is said to be well-poised if 

CLib\ = (i 2 b 2 = • • • = a r b r , 

and very-wcll-poised if it is well-poised and 


«i = —a 2 = qbi = -qb 2 . 


When it comes to basic hypergeometric series, it is unavoidable to talk about 
basic hypergeometric series because they are closely related. So, let us introduce the 
basic hypergeometric series next. Generally speaking, basic hypergeometric series 
are series Y 2 c n with c n+ i/c n a rational function of q n for a fixed parameter q, which 
is usually taken to satisfy \q\ < 1 , but at other times is a power of a prime. More 
precisely, we can define an r (J) s basic hypergeometric series as 


rfis 


a 1, 

h, 


a 2 , 

b<2, 



E ( a l,°2, ' ' • ,a r -,q)n u -^nAUbl+s- r„n 


where q 7^ 0 when r > s + 1 . This definition is an extension of Heine’s series (cf. 

mum- 

We say a basic hypergeometric series r+ i</y is well-poised if 


qa x = a 2 bi = a 3 b 2 = ■ ■ ■ = a r+ ibr, 


and very-well-poised if it is well-poised and 

1/2 1/2 

a 2 = qa ' , a 3 = -gap . 

An r (p s series terminates if one of its numerator parameters is of the form q~ m 
with m = 0,1, 2, • • • and q 7^ 0 . Basic hypergeometric series is very useful. Case 
in point [Tj, Gauss used a basic hypergeometric series identity in his first proof of 
the determination of the sign of the Gauss sum, and Jacobi used some to determine 
the number of ways an integer can be written as the sum of two, four, six and eight 
squares. 

From the definition of r ty s and r (p s , we can easily deduce that the results of these 
two series have nothing to do with the orders of ai,a 2 , ■■■ , a r and bi,b 2 ,--- ,b s . 
This point is very important. Furthermore, in the second appendix of [T], Gasper 
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and Rahman showed several sums of bilateral basic series, namely, Ramanujan’s i0i 
sum, the sum of a well-poised 2 02 series, Bailey’s sum of a well-poised 3 0 3 , and etc.. 
In |3], Zhang and Hu provided two transformation formulas on the bilateral series 
5 0 5 . In this paper, we would like to show a transformation formula for the very-wcll- 
poised bilateral basic hypergeometric 3 0 3 series and a a transformation formula for 
the well-poised bilateral basic hypergeometric 404 series. 


2. Main Lemmas 


In order to prove the main results of this paper, we need to introduce the following 
two lemmas first. 


Lemma 2.1. Let b,c,d,e and f be indeterminate. Then 

lh \ b > c , d , e, f q 4 
5 ^ 5 q 2 /b , q 2 /c , q 2 /d , q 2 / e , q 2 /f ,q, bcdef 


( 2 . 1 ) 


= (1 - q) 807 

„4 


q, </ 3/2 , -</ 3/2 , b, c, d, e, f . . q l 


9 1/2 , -9 1/2 , q 2 /t >, 9 2 /c, 9 2 /4. 9 2 /e, q 2 /J ’ q ’ bcdef 


provided 


q 


< 1. 


bcdef 

The proof of this lemma can be seen in |5]. 

c 1 

7 q 

-q 3//2 , g 3 / 2 , c, dg”, eg” _ g 5/ " 

-g 1/2 , g 1/2 , g 2 /c, e, d ,<? ’ d 

(g 2 ,g 5 // 2 ;g 2 ) 


Lemma 2.2. For def — cq 4 ” and — = —-,n G N, we dane 


505 


(1 - ?//)(! - <? 2 //)(i - q 3 /f)(q 8 /f 2 ', q 2 )c 

provided |g| < 1 . 


03 


-g 3 / 2 , g 3//2 , c, g ” 
d, e, / 


5 9,9 


Proof. According to Lemma 2.1 and [1, Appendix III (III.20)], we can infer that 
a, 6 , c, dg”, eg” _ e/g' 


505 


9 /a, 9 /6, 9 /c, e, d 


; 9 , 


be 


(1 - g)(ag//, 6g//, eg//, g 2 ; g) 
(a 6 g//, aeg//, 6 cg//, g//;g) a 


q n , a, b, c 
d, e, / 


9,9 


( 2 . 2 ) 


where afecg 1 ” = de/ and -y- = g. 

Let a = —q 3 / 2 ,b = g 3//2 in (2.2) and simplfy the result, we can obtain our conclu¬ 
sion. □ 
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These two lemmas are very useful. Let us give two examples to illustrate this 
point. 


Corollary 2.1. Let d,e and f be indeterminate. Then 
505 


-q 3 ' 2 , q 3 ' 2 


. ... d, e, f _ q_ 

-q 1/2 , q 1/2 , q 2 /d , q 2 /e, q 2 /f ’ g ’ def 

( q,q 2 /de,q 2 /df,q 2 fef;q) oa [ -l/q, d, e, / 


(■ q 2 /d, q 2 /e,q 2 /f, q 2 / def] q) c 


q 


103 


- q l/2 , <0 /2 , def/q 


\q,q 


provided max{|g|, | ——— |} < 1 and 40 3 terminates, 
ctej 

Proof. In [6|, Watson showed the Watson’s transformation formula (a new proof of 
this formula can be seen in 0). 

i 1 / 2 , — qa 1 / 2 , b, c, d, e, f 

a*'° 


a, go"'", — gcT'~, 0 , c, ct, e, / _ a 2 q 2 

d/ 2 —a 1 / 2 , aq/b, aq/c, aq/d, aq/e, aq/f ’ bedef 


(aq, aq/de, aq/df, aq/ef ; g) c 


103 


aq/bc, d, e, f 
aq/b, aq/c, def/a 


(aq/d, aq/e, aq/f, aq/def ; q) 
whenever the §07 series converges and the 403 series terminates 


q,q 


(2.3) 


By Lemma 2.1 and (|2.3|), we derive that 

505 


b, 


d, 


f 


q 


q 2 /b, q 2 /c, q 2 /d, q 2 /e, q 2 /f'^ bedef 


(q, q 2 /de, q 2 /df, q 2 /ef ; q) c 


403 


q 2 /be, d, e, f 
q 2 /b, q 2 /c, def/q 


<q,q 


(q 2 /d, q 2 /e, q 2 / f, q 2 /def-,q) c 

Sunstituting b and c by — q 3 ^ 2 and q 3 / 2 , respectively, the conclusion follows. This 
completes the proof. □ 

If we let / = q~ n , n G N in Corollary |2.l| (a new proof of f = q n of the (/-analogue 
of Watson’s 3T2 summation formula can also be found in p]), we will arrive at 


505 


_q 3 / 2 , q 3/2 


. , , , d, e, q q 

q 1 ' 2 , q 1 ' 2 , q 2 /d, q 2 /e, q n+2 ’ ^ 

(?; q)n+i(q 2 /de-,q) 


,n+l 


de 


(q 2 /d, q 2 / e; q) r 


403 


-l/q, d, e, q n 
-q 1 ' 2 , q 1 / 2 , deq~ n ~ 1 ’ g ’ g 


Or equivalently, 


505 


_ g 3/2, g 3/2 


f, 9, 

9 I/2 , 9 1/2 , 974 1 2 /e, q 


q 1 

.n+2 > q^ 


.n+1 


fg 
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(1 - q)(h,h/fg-,q ) r 
{h/f, h/g\ q) n 


103 


-1/?, f, 9, Q ' 

-g 1 / 2 , q V 2 , h 




— n— 1 


where h = fgq 

With Lemma 2.2 in hand, we can obtain the following transformation formula 
for 505 by using Sears’ transformations of terminating balanced 40 3 series m 
Appendix III (III.15), (III.16)] (for the generalization of [I], Appendix III (III.15)], 
cf. 0) 


505 


— < 2’ 3 / 2 , <? 3//2 > c, dq n , eq 


■,5/2 


d 


-g 1/2 , g 1/2 , q 2 / c, e, 

(1 - q)(aq/f, bq/f , eg//, g 2 ; g)^ (-eg" 3 / 2 , -/g” 3/2 ; g), 


■g 3/2 ) r 


(a6g//, aeg//, 6cg//, g//; g)^ (e, /; g) r 

[ — g 3 / 2 , dq~ 3 / 2 , d/c , g -n 

X403 [ d, —g 5 / 2 - n / e , -g 5 / 2 -// ;g,g 

(1 ~ q)(aq/f, bq/f , eg//, g 2 ; g)^ (~g 3/2 , ~e/g~ 3 , -g~ 3/2 e//c; g) T 
(a6g//, aeg//, 6cg//, g//; g)^ (e, /, -g" 3 e//c; g) n 

g 3 / 2 e, g _3/2 /, -g" 3 e//c, g~ n 
-e/g- 3 , -g 3/2 e//c, -g 3 / 2 de/ ’ g ’ g ’ 


X4 03 


where d, e and / are indeterminate and |g| < 1. 

With these two lemmas in hand, we are ready to show our main results. 


3. TRANSFORMATION FORMULA FOR THE VERY-WELL-POISED 3 0 3 

In this section, we would like to prove a transformation formula for the very-wcll- 
poised bilateral basic hypergeometric 3 0 3 series by using the relationship between 
the bilateral basic hypergeometric 5 0 5 series and basic hypergeometric 4 0 3 series. 
The main conclusion can be summarized as the following conclusion. 


Theorem 3.1. For n G N and |g| < 1, 


303 


_g 3/2 , g3/2) 

-A 2 , A 2 , 


g 4 ~ 2 
5_:i 

g 4 2 


a n 

+ g 2 

X 4 03 


(g 2 ,g n+ i;g 2 ) 00 
l)( 1 + gt + i)(l + g? + i 

_g 3 / 2 , g,3/2^ 

5 n 3 n 5 _ 

g4 2 1 g4 2j —g4 


)(gn+ l 2 l ;g 2 ) 

-n 

.5 ;g,g 


00 
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(q 2 , g n+ 3 ; g 2 ) c 


Proof. Let 


(1 + 9 

X 4 0 3 

3_ n 

= n 4 2 . 


' 4 )(1 + q2 + l)(l + q2+l)(q n + 1 2 ; g 2 ) c 


g 3 , g 3//2 , g 2 n 

qi~ n 


3_ 

g 3 2 : 


, g 

7_n 

q 4 2 


c = g 


d = q 


= (74 2 


= (74 2 


e = g 


in Lemma [2.2[ we get that 

505 


- 9 3/2 , 


q /o 3_n 

g 3/ , 2, 


„ l /2 „ 1/2 5 + 2 

g ' , 9 ' > g 4+2 . 


5 1 re 

g 4 ' 2 , 

3_re 

g 4 2 , 


2 2 

;g ,q 


f = -q 4 2 


3 I re 

g 4^2 

s_n ; g,g 

g 4 2 


(g 2 ,g"+f;g 2 ) c 


(1 + ga 4)(1 + g 2 + 4 )(l + g2+ 4 )(g n + 2 ; g 2 ) c 


Note that 

505 


— 7 3/2 > 


4 1/2 , 


X 4 03 


q /q 3_re 

9 7 > 9 3 2 : 

g 1/2 , gl+f. 


-g 3/2 , 

5_re 

g 3 2 : 


q /o 3_re 

g J/ , g 4 2 


3_ 

g 3 2. 


5 I re 

g 4 ' 2. 

3 _ n 

g 3 2 . 


3 I re 

g 4 + 2 

5 _n ;g,g 

g 4 2 


q 

5_re 

g 4 2 


= 303 


5 9,9 


-g 3/2 , 


V /2 , 


g 3/2 , 

g 1/2 , 


Thus the first equation holds. 
Askey and Wilson [10] proved 


103 


g 4 ' 2 

5_n ;g,g 

g 4 2 


a 2 , b 2 , c, d 


-e- 

CO 

a 2 , b 2 , c 2 , d 2 .22 

abq 1 / 2 , —afog 1 / 2 , — cd 


a 2 b 2 q, —cd, —cdq ,<7 


(3.1) 


provided that both series terminate. This formula is called Singh’s quadratic trans¬ 
formation formula since this formula can be traced back to mi, which was written 
by Singh. 

Let 

_re 3 _3 re 3 

a = q 2 , b = q4, c = q 4 2 , d = —g 2 


in (3.1), we can arrive at the second equation. 


This completes the proof. 


□ 


4. TRANSFORMATION FORMULA FOR THE WELL-POISED 4 0 4 

In this section, we would like to prove a transformation formula for the very-wcll- 
poised bilateral basic hypergeometric 4 0 4 series by using the relationship between 
the bilateral basic hypergeometric 5 0 5 series and basic hypergeometric 8 0 7 series. 
The main conclusion can be summarized as the following conclusion. 
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Theorem 4.1. For \q\ < 1, we have 

r a, q/a, -d, ~q/d 

4 ^ 4 q 2 /a, qa, —q 2 /d, —qd ’ ^ 

_ (g; q^j-adg, -aq 2 /d , - dq 2 /a, - g 3 /ad ; g 2 )^ 
(-qd,-q 2 /d,aq,q 2 /a-,q) 00 
Proof. According to Lemma 2.1[ we have 

a, q/a, —d, —q/d 

q 2 /a, qa, —q 2 /d, —qd ’ ^ 

a, ?/a, -9, -d, “9/d 

q 2 /a, qa, —q, —q 2 /d, —qd ’ y 

9, 9 3/2 , -g 3/2 , a, g/a, -g, -d, -g/d 
g 1/2 , -9 1/2 , 9 2 /a, ga, -g, -g 2 /d, -gd ’ ’ 

provided |g| < 1. 

In [Eg 3.4(1)], Bailey showed Whipples 3 F 2 formula. In [13], Gasper and Rahman 
proved the following g-analogue of Whipples formula as follows, 

-c, g(—c) 1 ^ 2 , —g(—c) 1 ^ 2 , a, q/a, c, —d, —q/d 


4^4 
= 5'05 
— (1 — 9 ) 807 


(4.1) 


U/2 


p/2 


-cq/a, —ac, —q, cq/d, cd 


g,c 


- c, —cq] q)oo(acd, acq/d, cdq/a, cq 2 /ad] q 2 


(cd, cq/d, —ac, —cq/a ; g) c 


(4.2) 


Note that 


(1 -g) • (g,g ;g)oo = (9; 9)00- 


Then let c = —g in (4.2) and then substitute it into (4.1), the conclusion can be 
obtained. □ 
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Abstract 

The neutral stochastic functional differential equations have attracted much attention be¬ 
cause of their practical applications in various fields such as biology, physics, medicine, fi¬ 
nance, telecommunication networks and population dynamics. In this note, we investigate the 
p-moment estimates of solutions to neutral stochastic functional differential equations (NSFDEs) 
in the framework of G-Brownian motion. Under non-linear growth condition, the L p estimates 
of solutions to NSFDEs in the G-framework are given. The Gronwall’s inequality, Holder’s 
inequality, G-Ito’s formula and Burkholder-Davis-Gundy (BDG) inequalities are utilized to es¬ 
tablish the above stated theory. Moreover, the asymptotic estimates for the solutions to these 
equations are studied and the Lyapunov exponent is estimated for NSFDEs in the G-framework. 

Key words: G-Brownian motion, p-moment estimates, neutral stochastic functional 

differential equations, non-linear growth condition, Lyapunov exponent. 


1 Introduction 

The multifaceted usage of stochastic dynamical models has proved to be tantamount to indispens¬ 
able due to their reliability and authenticity in natural sciences, engineering and economics. The 
ever-developing field of medical science, which is always on the lookout for such mathematically 
accurate tools for the investigation of a variety of maladies, is no exception in using these mod¬ 
els. Among others, the efficacy of these models has been established to generate optimal dynamic 
health policies for controlling spreads of infectious diseases [15]. Such is the quantitative accuracy 
and efficiency of stochastic differential equation (SDE) models that the prediction of the growth of 
bacterial populations from a small number of pathogens [1] can be calculated through these models. 
Besides, these models have the highly-cherished reliability to the extent that control and navigation 
systems are also using them as must-have tool. Various kinds of disturbances in telecommunica¬ 
tions systems and the effect of thermal noise in electrical circuits are modeled by SDEs. Moreover, 
stock prices can also be modeled using stochastic differential equations. Stochastic differential 
equations in the framework of G-Brownian motion were instigated by Peng [11, 12]. Afterward, 
SDEs in the G-frame were studied by Bai and Li with integral Lipschitz coefficients [2] and then 
with discontinuous coefficients by Faizullah [4]. The stochastic functional differential equations 
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(SFDEs) in the framework of G-Brownian motion were initiated by Ren, Bi and Sakthivel [14]. 
Later on, Faizullah developed the existence and uniqueness theory for SFDEs in the framework 
of G-Brownian motion with Cauchy-Maruyama approximation scheme [5]. Recently, the existence 
theory for neutral stochastic functional differential equations (NSFDEs) in the G-framework were 
established by Faizullah [7]. Moment estimate is a useful and fundamental method of analyzing 
and exploring dynamic behavior of NSFDEs in the G-framework. However, the pth moment esti¬ 
mates for the solutions of NSFDEs in the framework of G-Brownian motion with non-linear growth 
condition have not been utterly investigated, which remains a motivating and attractive research 
theme. This paper will fill the stated gap. The topic of our analysis is neutral stochastic functional 
differential equations in the G-framework of the form 


d(Z(t) - D(Z t )) = K(t, Zf)dt + A (t, Z t )d{B, B)(t ) + n(t, Z t )dB(t), (1.1) 


with initial data Z to = ( = (£(s) : ~ T < s < 0} such that £(s) is J-q- measurable, BC([— r, 0]; Re¬ 
valued random variable and belongs to Mq ([— t, 0];M). The coefficients n,\,n € Mq([— t,T];M), 
Z(t) is the value of stochastic process at time t and Z t = {Z(t + 6) : — r < 6 < 0, r > 0} is a 
bounded continuous real valued stochastic process defined on [— p, 0] [6]. An ^-adapted process 
Z = {Z(t) : —t < t < T} is called the solution of NSFDE (1.1) if it satisfies the above initial data 
and for all t > 0 the following integral equation holds q.s. 


Z(t) - D(Z t ) = C(0) - D(Z to ) + f k(v, Z v )dv + [ A (v, Z v )d(B, B)(v) + f n(v, Z v )dB(v). (1.2) 

Jo Jo Jo 


All through this article, we suppose that the following non-linear growth condition satisfies. Assume 
that Y(.) : R+ —> R+ is a concave and increasing function in such a way that Y(z) >0 for z > 0, 
Y(0) =0 and 


f dz 

Jo+ W) = 


(1.3) 


Then for each x £ BC([—t, 0]; M) , 


x)I“ + X )\ 2 + |m(^> x)| 2 < ^(1 + lx| 2 )) t€[0,T}. (1.4) 


Since Y(0) = 0 and the function T is concave so for all z > 0 we have 


Y(z) < a + (3z , 


(1.5) 


where a and fJ are positive constants. The remaining article is arranged in the following manner. 
In section 2, preliminaries are given. In section 3, the p-moment estimates for the solutions to 
neutral stochastic functional differential equations in the G-framework are studied. In section 4, 
asymptotic estimates for the solutions to NSFDEs in the G-framework are obtained. 


2 Preliminaries 

This section presents some basic notions and results of G-expectation and G-Brownian motion 
[3, 6, 13]. They are used in the forthcoming research work of this article. 

Definition 2.1. Assume H be a nonempty basic space. Let Tt be a space of linear real valued 
functions defined on il. Then a real valued functional E defined on Ti fulfilling the following 
characteristics is called a sub-linear expectation 
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(a) If X>Y then E[X\ > E[Y], where X, Y £ Tt. 

(b) E[a\ = a, where a is a real constant. 

(c) E\J3X] = PE[X], where (3 > 0. 

(d) E[X + Y}< E[X} + E[Y], for all X, Y £ H. 

Let Ci ) ,i l p(WJ xd ) denotes the set of bounded Lipschitz functions on M. lxd and 

L p g (Q t ) = {<f>(B tl ,Bt 2 ,...,B tl /l > l,ti,i 2 ,...,ti £ [0, T\,cj) £ C b . Lip (R lxd ))}. 

Let pi £ L p G (Ll ti ), i = 0,1, X — 1 then the collection of the following kind of processes is expressed 
by Mq(0, T) 

N-l 

Vt(u>) = Pi(w)I[ U , ti+ 1 ](t)) t 

i =0 

where the above process is defined on a partition ttt = {to, ii,tjv} of [0, T\. Associated with norm 
ll , ?ll = {/ 0 T E\\r} u \ p \du} 1 l p , M g ( 0,T), p > 1, is the completion of Mq(0,T). For all rjt £ Mq°(0 ,T), 
the G-Ito’s integral I(rj) and G-quadratic variation process {(B)t}t>o are respectively given by 

pT n ~ 1 

I{v)= / VudB u = V pi{B ti+1 - B u ), 

Jo i =o 

(■ B)t = Bt — 2 f B u dB u . 

Jo 

The book [10] is a good reference for the following six lemmas. The first two inequalities are known 
as Holder’s inequality and Gronwall’s inequality respectively. 

Lemma 2.2. If J + J = 1 for all p, q > 1, g £ L 2 and h £ L 2 t/ien gh £ L 1 and 

f d f d i f d i 

/ gk<( \g\nn m«. ( 2 . 1 ) 

Lemma 2.3. Let K > 0, iL(t) : [c, d] —> M 6e a continuous function, h(t ) > 0 and /or all t £ [c, d] , 
id(t) < K + J t d h(s)H(s)ds, then 

H(t) < Ke^ h{s)ds , 

for all c < t < d. 

Lemma 2.4. Let 5 £ (0,1) and c, d > 0. Then 


r 2 d 2 

(c + d) 2 < J + —. 

Lemma 2.5. Let p > 1 and let \D(()\ < S\\(\\. Then for ( £ CB([— r, 0]; M n ), 

IC(0) - L>(C)| P < (1 + d) p ||C|| p . 

Lemma 2.6. Let 5, c, d > 0 and p > 2. T/ien f/te below results hold 
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-1 j (p—l)6c p d p 

P "H" pSP - 1 ' 


(i) c p 1 d < 


(ii) c p-2 d 2< + 

p pS ' 2 

Lemma 2.7. Let p > 1 and |D(C)| < 5||C||, 5 £ (0,1). T/ien 


sup |X(«)|»<-Lj| 
0<«<t i — 0 


+ 


1 


(1 - S)P 0 <u<t 

Theorem 2.8. Let Z G L p . Then for every e > 0, 

c ( | Z |p> e ,<a!iE 


sup \X(u) - D{X U )\ P . 


where C is called the capacity. 


The capacity is defined by C(A) = sup P& -pP{A). A collection of all probability measures on 
is denoted by V and A E which is Borel u-algebra of ff. Set A is known as a polar 

set if C(A) = 0. A property holds quasi-surely ( q.s. in short) if it holds outside a polar set. 


3 The pth moment estimates for NSFDEs in the G-framework 


This section discusses the exponential estimate of the solution to NSFDE in the framework of 
G-Brownian motion (1.1) with the given initial data. Let equation (1.1) admit a unique solution 
Z(t). Suppose the non-linear growth condition (1.4) holds. In addition, assume that 144(C)! — 5||C||, 
where 6 € (0,1). 

Theorem 3.1. Let the non-linear growth condition holds. Let p > 2 and £?||C|| P < oo. Then 

E[ sup \Z{s)\ p }< R\e K2T , 

—T<S<t 


where K x = ^^[(1 - 5) p + e(l - <5) p 1 + 2(1 + 5)p]£||C|| :p + ( I 3^[(2+pc| + 2c 2 )7i + c 2 (p- 1 )tz]T, 
K 2 = pzjjp [(2 + pci + 2 c 2 )72 + (p ~ 1 ) 74 ], 71 = (2)2 » 72 = [{p ~ 1)5(1 + <$) p + (2) ^ ^ 1 

7s _ (2)2 (a+g)^ , ^ ^ and C2;C3 are positive constants. 

8? 82 


Sp- 1 


Proof. Apply the G-Ito’s formula to U(t, Z(t )) = | Z(t) — D(Z t )\ p , p > 2, we obtain 


U(t, Z(t)) = 4/(0, Z(0)) + [ [U u (u,Z(u)) + Uz(u,Z(u))K(Z u ,u)]du+ f Uz{u, Z(u))p(Z u ,u)dB(u) 

Jo Jo 

ft 1 

+ / [Uz(u, Z(u))\(Z u , u) + -tracep T (Z u , u)U Z z(u, Z(u))p(Z u , u)]d(B, B)(u), 

Jo 1 


4 


84 


Faiz Faizullah et al 81-90 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Next we apply G-expectation on both side and use lemma 2.5. We also use the Holder’s (2.1) and 
BDG inequalities [8] to get 


E[ sup \Z(u) - D(Z u )\p\ < E\C(0) - D(()\p + E[ sup p f \Z{u) - D{Z u )\p~ 1 \k{u, Z u )\]du 

0 <u<t 0 <u<t J 0 

+ E\ sup [ p\Z(u) - D(Z u )\ p ~ 1 \p(u,Z u )\dB(u)} 

0<u<tJo 

rt (3.1) 

+ E[ sup / \p\Z(u) - D(Z U )\ P 1 \X(u,Z u )| 

0<u<tJo 

+ P(P_}l\Z(u) - D(Z u )r 2 \p(u,Z u )\ 2 }d(B,B)(u)\ 

< (l + SyE\\C\\ p + Ji + Jn + Jin, 


where 


Ji = E[ sup f p\Z(u) - D(Z U )\ P 1 \k(u, Z u )\du], 

0<u<tJo 

Ju = E[ sup [ p\Z(u ) - D(Z u )\ p ~ 1 \p,(u, Z u )\dB(u)\, 

0<u<tJo 

Jm = E[ sup [ t \p\Z(u)-D(Z u )\P- 1 \\(u,Z u )\ + p{P ~ 1} \Z(u) - D(Z u )\P~ 2 \p(u, Z u )\ 2 }d(B, B)(u)}. 

0<u<tJo ^ 

(3.2) 


We use lemma 2.5, Lemma 2.6 and the non-linear growth condition (1.4), for any 6 > 0, 
p\Z(t) - D{Z t )rMti Zt) I < (p - l)S\Z(t) - D(Z t )\ p + 

AP— 1 

< (p -1)5(1 + 5) P \\Z\\ P + 


5P- 

[T(l + ||Z|| 2 )] i 


5p 


-l 


<(p-l)5(l + 5)lZf + 

<(p-1)6(1+ 5 ) p \\Z\\p + 
_ (2)2^ 1 (a + /3)l 


[a + f3(l + \\zrp 

Sp~ 1 

(2)f~ 1 [(a + /3)f +P$\\Z\\P] 
Sp~ 1 


Sp 


-l 


(2 )f- 1 /3# 

+ [( P -1)8(1+ 8y+ { > P ]||Zf. 

SP- 1 


So, 


p\Z{t) - D{Z t )rMt, Zt) I < 71 + 72 II Z\\P, 


(3.3) 


where 71 = and 72 = [(p — 1)5(1 + S) p + ]• In a similar way as above, 


SP~ 


p\Z(t) - D(Z t )\ p - l \\{t , Z t )| < 71 + 72||^ir, 
p|Z(t)- J D(Z t )r 1 | / r(t,^)|< 7 i+72||^ir, 
p|Z(t) - £>(Z t )r 2 |p(t, Z ,)| 2 < 73 + 74 p|| p , 


(3.4) 
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where 73 = (2 ^~ ,p^ i3 ' >2 and 74 = [{p — 1)5(1 + 5) p + 2 ]• By the inequality (3.3) we obtain 

S 2 S 2 

Ji< [ [71 +'Y 2 \\Z\\ p ]du 

Jo 

< 71 ^ + 72 / \\Z\\ p du. 

Jo 

By using lemma 2.6, inequality (3.4), second mean value theorem, BDG inequalities [ 8 ] and funda- 

2 j2 

mental inequality |c||d| < y + y- we proceed as follows 

Jii = P-Ef sup | [ \Z(u) - D(Z u )\ p ^ 1 \p(u, Z u )\dB(u)\] 

0<u<t Jo 

<pc 3 E[ sup f \Z(u) - D(Z u )\ 2 p ~ 2 \p(u,Z u )\ 2 du]^ 

0<u<tJo 

<pc 3 E[ sup \Z(u) - D(Z U )\ P f \Z(u) - D(Z u )\ p - 2 \fi(u,Z u )\ 2 du]^ 

0<u<t Jo 

< \E[ sup | Z(u) - D(Z U ) H + P J^E[ sup T | Z(u) - D(Z u )\ p ~ 2 \p(u, Z u )\ 2 du\ 

z* 0<u<t ^ 0<u<tJo 

< \e[ sup I Z(u) - D(Z U )\ P ] + ^Je[ sup [ (71 + I2\\z u \\ p )\du 

z* 0<u<t za 0<u<t Jo 

= l -E[ sup \Z(u) - D(Z U )\ P } + ^ 7l T + ^72 f E[ sup \Z u \ p ]du. 

z* 0<u<t zj A J q 0<u<t 

By using the BDG inequalities [ 8 ], inequality (3.4) and lemma 2.6 we get 

Jm = E[ sup | [ t \p\Z(u)-D(Z u )\ p - 1 \X(u,Z u )\ + P{P ~ l) \Z{u) - D(Z u )\ p ~ 2 \p(u, Z u )\ 2 ]d(B, B)(u)}\ 
0<u<t Jo ^ 

<C2 f E sup \p\Z(u) - D(Z u )\ p ~ 1 \\(u, Z u ) 1 + p{p ~ 1} I Z(u) - D(Z u )\ p ~ 2 \p(u, Z u )\ 2 ]du 

Jo 0<u<t za 

<c 2 [ E sup [ 71 + 7 2 ||Z M || P + ^ ^ (73 + 74W Z u \\ p )\du 

Jo 0<u<t za 

1 1 B 

< c 2 (7i + ~{p - 1)73)2" + c 2 (72 + t,{p ~ 1 ) 74 ) / E[ sup \Z u \ p }du. 

■4 £ Jo 0 <u<t 
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Using the values of J % . Ja and J m in (3.1), we have 

E[ sup \Z(u)-D(Z u )\P}<(l + SyE\\(\\P + ^T + ^ 2 f E[ sup | Z u f]du 

0 <u<t Jo 0<u<t 

+ l -E[ sup \Z(u)-D(Z u )\P] + P ^'y 1 T + P ^ l2 f E[ sup \Z u \P]du 
^ 0 <u<t ^ ^ Jo 0<u<t 

i if* 

+ c 2 ( 7 i + ~{p - 1 ) 7 3 )T + c 2 (72 + ~{p - 1 ) 74 ) / -E[ sup |Z u | p ]dit 

^ z J 0 0 <u<t 

= (1 + ^IlCf + (1 + + C2 )7iT + *C2(P - 1 )7sT 

+ \e[ sup 

1 0<u<t 

+ [(! + \pc\ + 02)72 + \{p - 1 ) 74 ] / £[ sup ||Z u || p ]dn, 

^ ^ Jo 0<u<t 

simplification follows that 

E[ sup | Z(u) - D(Z U )\P] < 2(1 + e)PE\\(\\P + [(2 + pc\ + 2c 2 ) 7 i + c 2 (p - 1 ) 73 ]T 

0 <u<t 

+ [(2 +pcj + 2 c 2 ) 7 2 + {p - 1 ) 74 ] f E[ sup \\Z{r)\\ p }du. 

Jo —r<r<u 

By using lemma (2.7), it yields 

E[ sup | Z(u)n < -U^IKII' + sUtUEIICr + 77^1(2 + vcl + 2c 2 )-n + c 2 (p - 1 ) l3 \T 
0 <u<t 1-d (1 — 0 )^ (1 - 0)P 

+ n 1 xip [( 2 + pc 3 + 2 c 2)72 + (P~ 1)74] f E[ sup \\Z{r)\\ p }du 

(1 - 0 )P J 0 —r<r<u 

Noting the fact sup \Z(u)\ p < ||C|| P + sup \Z(u)\ p , we have 

—T<U<t 0<U<t 

E{ sup | Z(u)\ < EIICII” + -U=£||CII P + 2)i^£||(r + -2—1(2 + pc\ + 2c 2 ) 7 i + c 2 (p - 1) 73 ]T 

- T<u<t 1 - d (1 - 0 )P (1 - 0 )P 

+ n 1 x\p + P c 3 + 2c 2 )7 2 + (p — 1 ) 74 ] [ E[ sup |Z(r)| p ]du 
(1 - OF Jo -r<r<« 

= p 2 ^i[ ( i - v+«(i - i) p - 1 +2(1 + ifiEiicr 
+ _lfl P [( 2 + p ° 1 + 2 c 2 bi + c 2 (p -1)73]^ 

+ n 1 AVp [( 2 + pel+ 2 c 2 ) 7 2 + (p- 1 ) 74 ] [ E[ sup |Z(r)| p ]du 

(1 - 0 ) P Jo -r<r<« 

= A'l + N ' 2 f E[ sup |Z(r)| p ]du, 

JO —r<r<u 
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where K \ = ^^[(1 -<5) P + < 5(1 -<S) P 1 + 2(1 + < 5 ) P ]F , ||C|| P + (pr ^[(2 + pc§ + 2 c 2 ) 7 i + c 2 {p - 1 ) 73 ] ^ 
and K-2 = ( [ [(2 + pc% + 202)72 + (p — 1)74]- Consequently, the Grownwall’s inequality gives 

E[ sup \Z{u)\ p } < K ie K2T . 

—r<u<T 


The proof stands completed. 


□ 


4 Asymptotic estimates for NSFDEs in the G-framework 

We now present the asymptotic estimate for the solution to NSFDE in the frame of G-Brownian 
motion (1.1). Recall that lirn^oo sup \log\Z(t)\ is known as the Lyapunov exponent [9]. We show 
that p (|!,np [(2 + pc\ + 202)72 + (p — 1 ) 74 ] is the upper bound for the Lyapunov exponent. 

Theorem 4.1. Suppose that the non-linear growth condition (1.4) satisfies. Then 
f lim sup hog\Z(t)\ < ^ ^ p [(2 + pcj + 2c 2 )7 2 + (p - 1 ) 74 ] Q-s. 


Proof. By theorem 3.1 for each l = 1,2,..., the following inequality holds. 

E{ sup \Z(t)\ p ) < K x e K2 \ 

i—i<t<l 

where K x = ^^[(1 - 5) p + <5(1 - <5)p _1 + 2(1 + 6) p ]£||C|| p + ^p[(2 + pc 2 3 + 2c 2 )7i + c 2 (p- 1)7 3 ]T 
and K -2 = pjgp [(2 + pc\ + 202)72 + (p — 1)74]- Thus by theorem 2.8 for any arbitrary 5 > 0, 

C(»= sup \Z (tV > 


l-l<t<l 


< 


K x e K2t 

e (K 2 +e)l 
—el 


= I\\ e 

For almost all w 6 fl, the Borel-Cantelli lemma follows that there is a random integer Iq = lo(w) 
so that 

sup \Z(t)\ p < e( K ‘ 2+e '> 1 whenever l > Iq, 
l-Kt<l 


it yields, 


lim sup -log\Z(t)\ < — 2 

t —>00 t p 


p(1 1 5 y [( 2 + P c 1 + 2c 2)72 + (P ~ 1)74] + ^ q-S- 


Since e is arbitrary therefore 


t limsuph„ 9 |Z(t)| 


[(2 + pc| + 2 c 2 )72 + (p ~ 1 ) 74 ] 1 q-s. 


The proof stands completed. 


□ 
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Remark 4.2. If p = 2, then we have 

^hm sup hog\Z(t)\ < j- ^ 2 [(2 + 2c§ + 2c 2 )7 2 + 74 ], 
which shows that the Lyapunov exponent will not be greater than [(2 + 2c| + 2 c 2 ) 7 2 + 74 ]. 
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Abstract 

In this paper, we introduce a notion of generalized contractions in the 
setting of partial rectangular metric spaces. The existence of fixed point 
theorems for generalized contractions with triangular a-orbital admissible 
mappings with respect to 77 in the complete partial rectangular metric 
spaces is proven. Moreover, we also give the example for supporting our 
main result. 

Keywords: Partial rectangular metric spaces, triangular ct-orbital admissible 
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1 Introduction and preliminaries 

In 2000, Branciari [2] presented a class of generalized (rectangular) metric spaces 
and proved the interesting topological properties in such spaces. The author 
[2] also assured the Banach contraction principle in the setting of complete 
rectangular metric spaces. After that, many authors extended and improved 
the existence of fixed point theorems in complete rectangular metric spaces, see 
[4, 5, 6 , 7, 8 , 9, 10, 11, 15] and the references contained therein. 

Recently, Arshad et al. [1] extended the results proved by Jleli et al. [ 6 , 7] in 
the setting of complete rectangular metric spaces. On the other hand, Matthew 
[ 12 ] presented the concept of partial metric spaces as a part of the study of 
denotational semantics of data flow network. In this space, the usual metric is 
replaced by a partial metric with an interesting property that the self-distance of 

‘Corresponding author. 
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any point of a space may not be zero. Later on, Shukla [16] introduced the par¬ 
tial rectangular metric spaces as a generalization of the concept of rectangular 
metric spaces and extended the concept of partial metric spaces. 

In this paper, we introduce a notion of generalized contractions appeared in 
[1] in the setting of partial rectangular metric spaces. The existence of fixed 
point theorems for generalized contractions with triangular a-orbital admissible 
mappings with respect to y in the complete partial rectangular metric spaces is 
proven. Moreover, we also give the example for supporting our main result. 

We now recall some definitions, lemmas and propositions that will be used 
in the sequel. 

Definition 1.1 [2] Let AT be a nonempty set. We say that a mapping d : 
X x X —> R. is a Branciari metric on X if d satisfies the following: 

(dl) 0 < d(x,y ), for all 

(d2) d(x, y) = 0 if and only if x = y; 

(d3) d(x,y ) = d(y,x), for all x,y £ X; 

(d4) d(x,y) < d(x,w) + d(w,z) + d(z,y ), for all x,y £ X and for all 
distinct points w,z € X\{x, y}. 

If d is a Branciari metric on X, then a pair (AT, e?) is called a Branciari metric 
space (or for short BMS). As mentioned before, Branciari metric spaces are 
also called rectangular metric spaces in the literature. A sequence {x n } in X 
converges to a; € AT if for every e > 0, there exists n 0 £ N such that d(x n , x) < e 

for all n> n 0 . A sequence {x„} is called a Cauchy sequence if for every £ > 0, 

there exists no £ N such that d(x n ,x m ) < £ for all n,m > no- A rectangular 
metric space (AT, d) is called complete if every Cauchy sequence in X converges 
in X. 

Shukla [16] introduced a concept of the partial rectangular metric spaces as 
the following: 

Definition 1.2 [16] Let X be a nonempty set. We say that a mapping p : 
X x X —> R. is a partial rectangular metric on X if p satisfies the following: 
(pi) p{x, y) > 0, for all x,y £ AT; 

(p2) x = y if and only if p(x , y) = p(x, x) = p(y , y), for all x, y £ X-, 

(p3) p(x, x) < p(x, y), for all x, y £ X; 

(p4) p(x , y) = p(y, x), for all x,y £ X; 

(p5) p(x, y) < p(x, w) +p(w, z) +p(z, y)—p(w,w) — p(z , z) , for all x, y £ X 
and for all distinct points w,z £ X\{x, y}. 

If p is a partial rectangular metric on X, then a pair (AT,y) is called a partial 
rectangular metric space. 

Remark 1.3 [16] In a partial rectangular metric space ( X,p ), if x, y £ X and 
p(x, y) = 0, then x = y but the converse may not be true. 

Remark 1.4 [16] It is clear that every rectangular metric space is a partial 
rectangular metric space with zero self-distance. However, the converse of this 
fact need not hold. 
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Example 1.5 [16] Let X = [0, d], a > d > 3 and define a mapping p:IxX-> 

[0, oo) by 

{ x if x z= 

3a+ * +v if x,y£ {1,2}, x^ y; 
a+ l +v otherwise. 

Then (X,p) is a partial rectangular metric space but it is not a rectangular 
metric space. Moreover, (X,p) is not a partial metric space. 

Proposition 1.6 [16] For each partial rectangular metric space (X,p), the pair 
( X , d p ) is a rectangular metric space where 

d P {x, y) = 2 p(x, y) - p(x, x) - p(y , y), 

for all x,y £ X. 

Definition 1.7 [16] Let (X,p) be a partial rectangular metric space, {x n } be 
a sequence in X and x € X. Then, 

(i) the sequence {x n } is said to converges to x & X if lim p(x n> x) = p(x, x); 

n—>oo 

(ii) the sequence {x n } is said to be a Cauchy sequence in (X,p) if lim p(x n , x m ) 

n,m —>oo 

exists and is finite; 

(iii) (X,p) is said to be a complete partial rectangular metric space if for 
every Cauchy sequence {x n } in X , there exists x £ X such that 

lim p(x n ,Xm)= z lim p(x n ,x) = p(x,x). 

n,m—>oo n—>• oo 

Lemma 1.8 [16] Let (X,p) be a partial rectangular metric space and let {x n } 
be a sequence in X. Then lim d p (x n ,x) = 0 if and only if lim p(x n ,x) = 

n—> oo n—>■ oo 

lim p(x n ,x n ) =p(x,x). 

n—>oo 

Lemma 1.9 [16] Let (X,p) be a partial rectangular metric space and let {x n } 
be a sequence in X. Then the sequence {x n } is a Cauchy sequence in {X,p) if 
and only if it is a Cauchy sequence in (X,d p ). 

Lemma 1.10 [16] A partial rectangular metric space (X,p) is complete if and 
only if a rectangular metric space (X, d p ) is complete. 

In 2014, Popescu [13] introduced the definitions of a-orbital admissible map¬ 
pings and triangular a-orbital admissible mappings including a-orbital attrac¬ 
tive mappings. 

Definition 1.11 [13] Let T : X — > X be a mapping and a : X x X —> [0, oo) 
be a function. Then T is said to be a-orbital admissible if for all x £ X, 
a(x,Tx) > 1 implies a(Tx,T 2 x) > 1. 

Definition 1.12 [13] Let T : X — > X be a mapping and a : X x X —» [0, oo) 
be a function. Then T is said to be triangular a-orbital admissible if: 

(T3) T is a-orbital admissible; 

(T4) for all x,y £ X,a(x,y) > 1 and a(y,Ty) > 1 imply a(x,Ty) > 1. 
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Definition 1.13 [13] Let T : X —> X be a mapping and a : X x X —> [0, oo) 
be a function. Then T is said to be ct-orbital attractive if for all x £ X, 

a(x,Tx) > 1 implies a(x,y) > 1 or a(y,Tx) > 1 for all y £ X. 

We denote by 0 the set of all functions 9 : (0, oo) —> (l,oo) satisfying the 
following conditions: 

(01) 9 is non-decreasing; 

(02) for each sequence {t n } C (0, oo), 

lim 9(t n ) = 1 if and only if lim t n = 0 + ; 

n—>oo n—>• oo 

(03) there exist r £ (0,1) and l £ (0, oo] such that lim 6l ' t }~ 1 = l. 

t-y o+ 

Example 1.14 [ 6 ] The following functions 6 : (0, oo) —> (l,oo) are in 0: 

(1) 0(t) = e^; 

(2) 0(t) = e^; 

(3) 9(t) = 2 — ^ arctan(^r) where 0 < 7 < 1. 

Very recently Jleli et al. [ 6 , 7] established the following generalization of 
the Banach fixed point theorem in the setting of complete rectangular metric 
spaces. 

Theorem 1.15 [6] Let (X,d) be a complete rectangular metric space and T : 
X —> X be a mapping. Suppose that there exist 9 £ 0 and A £ (0,1) such that 
for all x, y £ X, 

d(Tx,Ty) 7^0 implies 9(d(Tx,Ty)) < [9(d(x,y))] x . 

Then T has a unique fixed point. 

Theorem 1.16 [7] Let (X,d) be a complete rectangular metric space and T : 
X —> X be a mapping. Suppose that there exist 9 £ 0 and A £ (0,1) such that 
for all x, y £ X, 

d(Tx,Ty ) implies 9(d(Tx,Ty)) < [9(M(x,y))] x , 


where 

M(x, y) = ma x{d(x,y),d(x,Tx),d(y,Ty)}. 

Then T has a unique fixed point. 

Later, Arshad et al. [1] extended the results proved by Jleli et al. [6, 7] by using 
the concept of triangular a-orbital admissible mappings. 

Theorem 1.17 [1] Let (X,d) be a complete rectangular metric space, T : X —> 
X be a mapping and a : X x X —> [0, 00 ) be a function. Suppose that the 
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following conditions hold : 

(1) there exist 9 £ 0 and A £ (0,1) such that for all x, y £ X, 

d(Tx,Ty) ^ 0 implies a(x,y) ■ 9{d(Tx,Ty)) < [9(R(x, y))] X , 


where 

R(x,y) = ma x{d(x,y),d(x,Tx),d(y,Ty), 

(2) there exists x± £ X such that a{x\,Tx\) > 1 and a{x\,T 2 xi) > 1; 

(3) T is a triangular a-orbital admissible mapping; 

(4) if {T n xi} is a sequence in X such that a(T n X\,T n+1 x{) > 1 for all n £ N 
and x n —> x £ X as n —» oo, then there exists a subsequence {T n ^x\} of 
{T n x\} such that a(T n ( k ^xi,x) > 1 for all k £ N; 

(5) 9 is continuous; 

(6) if z is a periodic point T, then a(z,Tz) > 1. 

Then T has a fixed point. 

Theorem 1.18 [1] Let {X,d) be a complete rectangular metric space, T : X —> 
X be a mapping and a : X x X —> [0, oo) be a function. Suppose that the 
following conditions hold : 

(1) there exist 9 £ 0 and A £ (0, 1) such that for all x,y £ X, 

d(Tx,Ty) ^ 0 implies a(x,y) ■ 9(d(Tx,Ty)) < [9(R(x,y))] x , 

where 

R(x, y) = ma x{d(x,y),d(x,Tx),d(y,Ty), 

(2) there exists Xi £ X such that a(xi,Txi) > 1 and a(xi,T 2 Xi) > 1; 

(3) T is an a-orbital admissible mapping; 

(4) T is an a-orbital attractive mapping; 

(5) 9 is continuous; 

(6) if z is a periodic point T, then a(z,Tz) > 1. 

Then T has a fixed point. 

In 2016, Chuadchawna [3] introduced the notion of triangular a-orbital ad¬ 
missible mappings with respect to ry and proved the key lemma which will be 
used for proving our main results. 

Definition 1.19 [3] Let T : X —> X be a mapping and a, 77 : X x X —» [0, 00 ) 
be functions. Then T is said to be a-orbital admissible with respect to ?y if for 
all x £ X, 

a(x,Tx) > rj(x,Tx ) implies a(Tx,T 2 x) > r]{Tx,T 2 x). 

Definition 1.20 [3] Let T : X —> X be a mapping and a,ry : X x X —> [0, 00 ) 
be functions. Then T is said to be triangular a-orbital admissible with respect 
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to 77 if 

(Tl) T is a-orbital admissible with respect to 77 ; 

(T2) for all x,y £ X,a(x,y) > rj{x,y) and a(y,Ty) > 77 ( 77 , Tj/) imply 

a(x,Ty) > T)(x,Ty). 

Remark 1.21 If we suppose that rj(x,y) = 1 for all x. y £ X, then Defini¬ 
tion 1.19 and Definition 1.20 reduces to Definition 1.11 and Definition 1.12, 
respectively. 

Lemma 1.22 [3] Let T : X —> X be a triangular a-orbital admissible mapping 
with respect to 77 . Assume that there exists xi £ X such that a(x\,Tx\) > 
r]{x\,Txi). Define a sequence {x n } by x n +± = Tx n . Then we have a(x n , x m ) > 
r/(x n , x m ) for all m,n £ N with n < m. 

Definition 1.23 Let T : X — > X be a mapping and a,rj : X x X —> [0, 00) 
be functions. Then T is said to be a-orbital attractive with respect to 77 if for 
all x £ X, 

a(x,Tx ) > r](x,Tx) implies a(x,y) > ij (x,y) or a(y,Tx) > rj(y,Tx) for all 

y ex. 


2 Main results 

We now prove the following lemma needed in proving our result. The idea comes 
from [10] but the proof is slightly different. 

Lemma 2.1 Let (X,p) be a partial rectangular metric space and {x n } be a 
sequence in (X,p) such that p(x n ,x) —> p(x,x) as n —> 00 for some x £ X, 
p(x,x) = 0 and lim p(x n ,x n + 1 ) = 0. Then p(x n , y) —> p(x,y) as n —> 00 for 

n—> 00 

all y £ X. 

Proof. Suppose that x ^ y. If x n — y for arbitrarily large n, then p(y, x) = 
p(x,x) = p(y,y )■ Therefore x = y. Assume that y ^ x n for all n £ N. We also 
suppose that x n ^ x for infinitely many n. Otherwise, the result is complete. 
It follows that we may assume that x n ^ x m ^ x and x n ^ x m ^ y for all 
to, n £ N with to ^ n. By the partial rectangular inequality, we have 

p(y,x) < p(y,x n )+p(x n ,x n+1 )+p(x n+1 ,x) -p{x n ,x n ) - p(x n+1 ,x n+1 ) 

< p(y, x n ) + p(x n , x n+ i) + p(x n + l,x) 

and 

p(y,x n ) < p(y,x) +p(x,x n+ 1 ) +p(x n+ i,x n ) -p(x,x) - p(x n+ i,x n+ i) 

< p(y, x) + p(x, x n+ i) + p{x n+ i,x n ). 

Since lim p(x n , x n +i) = 0 an d taking the limit as n —> 00 in the above inequal- 

n— >00 

ities, we have 

lim sup p(y,x n ) <p(y,x) < lim inf p{y,x n ). 

n n 

Hence the proof is complete. ■ 
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Theorem 2.2 Let {X,p) be a complete partial rectangular metric space, T : 

X —> X be a mapping and let a,r/ : X x X —>■ [0, oo) be functions. Suppose that 
the following conditions hold : 

(1) there exist 9 £ 0 and A £ (0,1) such that for all x,y £ X, 

p(Tx,Ty) > 0 and a(x,y ) > v(x,y) imply 9{p(Tx,Ty)) < [9(R(x,y))] x , 

(2.1) 

where 

R{x,y) = max {p(x, y ), p(x, Tx ), p(y , Ty ), ^ }; 

(2) there exists x± £ X such that a{x\,Tx\) > y{x\,Txi); 

(3) T is a triangular a-orbital admissible mapping with respect to iy, 

(4) if{T n x i} is a sequence in X such that a{T n X\, T n+1 x\) > r/(T n Xi,T n+1 xi) 
for all n £ N and T n x i —> x £ X as n —> oo, then there exists a subsequence 
{T n ^x i} of{T n ®i} such that a(T n ^x lt x) > 'q{T n ^x 1 ,x) for all k £ N; 

(5) 9 is continuous; 

(6) if z is a periodic point T, then a(z,Tz) > r](z,Tz). 

Then T has a fixed point. 

Proof. By (2), there exists x\ £ X such that a(x\,Tx\) > r](xi,Txi). Define 
the sequence {x n } in X by x n = Tx n -\ = T n x i for all n £ N. By Lemma 1.22, 
we obtain that 

a(T n x\,T n+1 x\) > p(T n xi,T n+1 X\) for all n £ N. (2.2) 

If T n x i = T n+1 x\ for some n £ N, then T n x\ is a fixed point of T. Thus we 
suppose that T n x\ ^ T n+1 a;i for all n £ N. That is p(T n x\,T n+1 x\) > 0. 
Applying (2.1), for each n £ N, we have 

9(p(T n x 1 ,T n+1 x 1 )) = 9(p(T(T n ~ 1 x 1 ),T(T n x 1 ))) 

< [0(A.(T n - 1 cc 1 ,T^ 1 ))] A , (2.3) 

where 

R(T n - 1 x 1 ,T n x 1 )=m ax {p(T n - 1 x 1 ,T n x 1 ),p(T n - 1 x 1 ,T(T n - 1 x 1 )),p(T n x 1 ,T(T n x 1 )), 

p(T n ~ 1 xi,T(T n ~ 1 xi))p(T n xi,T(T n Xi)) } 
l+p{T n ~ 1 x 1 ,T n x 1 ) I 

= max{p(T n - 1 x 1 ,T n x 1 ),p(T n - 1 x 1 ,T n x 1 ),p(T n x 1 ,T n+1 x 1 ), 

p{T n - 1 x 1 , T n x i )p(T n x i, T n+1 x \) 

1 +p(T n ~ 1 x 1 ,T n x 1 ) / 

= max^r -1 !!, T n Xl ), p{T n xi, T n+1 Xl )}. 

If R{T n ~ 1 x\,T n Xi) = p(T"a;i,T” +1 a:i). By (2.3), we have 

d(p{T n xi,T n+1 xi)) < [9{p{T n x\,T n+1 xi))\ x . 
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This implies that 

In [9(p(T n x 1 ,T n+1 x 1 ))\ < A \n[9(p(T n x 1 ,T n+1 x 1 ))], 

which is a contradiction with A £ (0,1). This implies that R{T n ~ 1 xi,T n X \) = 
p(T n ~ 1 xi,T n xi) for all n € N. From (2.3), we obtain that 

9(p(T n xi,T n+1 xi)) < [0(p(T n ~ 1 xi,T n xi))} x for all n £ N. 

It follows that 

l<9(p(T n x 1 ,T n+1 x 1 ))<---<[6(p{x 1 ,Tx 1 ))] xn for all n £ N. (2.4) 
Taking the limit as n —> oo in the above inequality, we obtain that 

lim 9(p(T n xi,T n+1 xi)) = 1. (2.5) 

n —>oo 

By using condition (02), we have 

lim p{T n x 1 ,T n+1 Xi) = 0. (2.6) 


From condition (03), there exist r £ (0,1) and £ £ (0,oo] such that 


0(p(T n x 1 ,T n + 1 Xl ))-1 „ 

lim ———-——— - = i. 

n->oo [p(T n Xl, T n+l X\)] r 

Assume that l < oo. Let B = | > 0. It follows that there exists no £ N such 
that 

| 9(p(T n xi,T n+1 Xi)) - 1 


[p(T n Xi,T n+1 xi)] r 

This implies that 

0{p{T n x 1 ,T n+1 x 1 )) - 1 
[p(T n xi,T n+1 x\)] r 


< B for all n > no- 


> £ — B = B for all n > . 


Thus we have 


n[p(T n a;i,T" +1 a:i)] r < An[d{p(T n Xl , T n+1 Xl )) - 1] for all n > no , 

where A = A. Assume that t = oo. Let B > 0 be an arbitrary positive number. 
It follows that there exists no £ N such that 


0(p(T n x 1 ,T n + 1 x 1 ))-l >E 
\p(T n x 1 ,T n+1 x 1 )} r ~ 


for all n> no. 


This implies that 


n[p(T n Xi,T n+1 xi)] r < An[9(p(T n xi,T n+1 Xi)) — 1] for all n > no, 
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where A = - g-. From the above two cases, there exist A > 0 and no £ N such 
that 

n\p{T n x 1 ,T n+1 x 1 )] r < An[9(p(T n xi,T n+1 Xi)) - 1] for all n > Ho¬ 
using (2.4), we have 

n[p{T n X\, T n+1 xi)} r < An([9(p(xi, Txi))] x —1) for all n > no- (2.7) 

Taking the limit as n — > oo in the above inequality, we get that 

lim n[p(T n xi,T n+1 Xi)] r = 0. 

n—>oo 

This implies that there exists n\ £ N such that 

p(T n xi,T n+1 xi) < , for all n > n\. (2-8) 

n L / r 

We now prove that T has a periodic point. Suppose that T does not have pe¬ 
riodic points. Thus T n x\ ^ T m x\ for all n,m £ N such that n ^ m. Using 
Lemma 1.22 and (2.1), we get that 

e(p(T n Xl ,T n+2 Xl )) = 9(p(T(T n ~ 1 xi),T(T n+1 xi))) 

< [9(R(T n ~ 1 xi,T n+1 xi))] x , 

where 

R(T n - 1 x 1 ,T n+1 x 1 ) = max{p(T n - 1 x 1 ,T n+1 x 1 ),p{T n - 1 x 1 ,T(T n - 1 x 1 )),p{T n+1 x 1 ,T(T n+1 x 1 )), 

p(T n - 1 x 1 ,T(T n - 1 x 1 ))p{T n+1 x l ,T{T n+1 x 1 ))\ 

1 +p{T n ~ 1 x 1 ,T n + 1 x 1 ) J 

= ma,x{p{T n - 1 x 1 ,T n+1 x 1 ),p(T n - 1 x 1 ,T n x 1 ),p{T n+1 x 1 ,T n+2 x 1 ), 

p(T"- : xi, T n xi )p(T n+ 1 x i, T n+ 2 x i) i 
1 +p(T n ~ 1 Xi,T n + 1 x 1 ) J 

= max{p(T"- 1 xi,T" +1 xi),p(T n - 1 xi,T n xi),p(T" +1 xi,T n+2 xi)}. 

Thus we have 

9(p(T n x 1 ,T n+2 x 1 )) < [9(max{p(T n ~ 1 xi,T n+1 Xi),p(T n ~ 1 xi,T n Xi),p(T n+1 Xi,T n+2 xi)})} > '. 

It follows that 

9(p(T n x 1 ,T n+2 x 1 )) < [max{0(p(T II - 1 x 1 ,T" +1 x 1 )),0(p(T Jl - 1 x 1 ,T”x 1 )),0(p(T" +1 x 1 ,T n+2 x 1 ))}] A 

(2.9) 

Let I be the set of n £ N such that 

u n := max{9(p(T n ~ 1 xi,T n+1 xi)),9(p(T n ~ 1 xi,T n x 1 )) 1 9(p(T n+1 x 1 ,T n+2 x 1 ))} 
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= 9(p(T n ~ 1 xi,T n+1 xi)). 

If |/| < oo, then there exists N £ N such that, for every n > N, 

ma ^{9(p(T n ~ 1 x 1 ,T n+1 x 1 )), 9(p(T n ~ 1 x 1 ,T n x 1 )), 9(p(T n+1 x 1 ,T n+2 x 1 ))} 

= max{9(p(T n ~ 1 xi,T n xi)), 9{p{T n+1 x\,T n+2 Xl ))}. 

For all n> N, from (2.9), we obtain that 

1 < 6 ( y p{T n Xi,T n+2 x 1 )) < [max{0(p(T n_1 a;i,T n a:i)), 9(p(T n+1 Xi,T n+2 xi))}] x . 

Taking the limit as n —> oo in the above inequality and using (2.5), we get that 

lim 9(p(T n xi,T n+2 xi)) = 1. 

n—too 

If |/| = oo, then we can find a subsequence of {w n }, denoted by {u n }, such that 
u n = 9{p{T n ~ l X\,T n+1 X\)) for large n. From (2.9), we have 

1 < 9(p(T n xi,T n+2 xi)) < [9(p(T n ~ 1 xi,T n+1 xi))] x < [(%p(T n - 2 x u T n Xl ))f 
<■< [0{p{xuT 2 x{))] xn , 

for large n. Taking the limit as n —> oo in the above inequality, we obtain that 

lim 9(p(T n xi,T n+2 xi)) = 1. (2.10) 

n— >oo 

Then in all cases, we obtain that (2.10) holds. By using (2.10) and (02), we get 
that 

lim p(T n xi,T n+2 xi) = 0. 

n—»■ oo 

As an analogous proof as above, from (03), there exists ri 2 € N such that 

p(T n Xi,T n+2 xi) < — t-j- for all n > n 2 . (2-11) 

n i ' r 

Let M = max)?*!, 77 . 2 }- We consider the following two cases. 

Case 1: If m > 2 is odd, then m = 2L + 1 for some L > 1. Using (2.8), for 
all n > M, we get that 

p(T n xi,T n+ ”bri) < p(T”a:i,T n+1 a:i)+p(T n+1 a:i,r n+2 a:i) + p(T n+2 a;i, T n+2i+1 a;i)- 

p(T n+1 Xl , T n+1 Xl ) - p(T n+2 xi,T n+2 Xi) 

< p(T n x 1 ,T n+1 x 1 )+p(T n+1 x 1 ,T n+2 x 1 )+p(T n+2 x 1 ,T n+2L+1 x 1 ) 

< p(T n xi,T n+1 Xi) + p(T n+1 xi,T n+2 xi) + p(T n+2 Xi,T n+3 xi)+ 

p(T" +3 xi,T n+4 a;i)+p(T n+4 a:i,T" +2L+1 a;i) 


< p(T n Xi,T n+ 1 Xi) + p(T n+ 1 Xi,T n+ 2 Xi) + ■ ■ ■+p(T n+ 2 L x l ,T n+ 2 L+ 1 x 1 ) 

~n^ + (n+ iy/ r + " ' + (n + 2i) 1 /^ ( 2 ' 12 ^ 
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Case 2: If m > 2 is even, then m = 2 L for some L > 2. Using (2.8) and 
(2.11), for all n > M, we get that 

p(T n xi,T n+m xi) < p^x^T^xi) + piT^x^T^X!) + p{T n+ 3 x u T n+2L Xl )- 
p(T n+ 2 x u T n+2 Xl ) - p(T n+3 x\,T n+3 x\) 

< p{T n xi,T n+2 Xl ) + p(T n+ 2 x 1 ,T n+ 3 x 1 ) +p(T n+ 3 x 1 ,T n+ 2 L x 1 ) 

< p(T n xi,T n+2 Xl ) + p{T n+ 2 x 1 ,T n+ 3 x 1 ) +p(T n+ 3 Xl ,T n+ 4 xi)+ 

p(T n+4 Xl , T n+5 Xl ) + p(T n+ 5 xi,T 2 L Xi) 


< p(T n xi,T n+2 X \) + p(T n+ 2 x\,T n+ 3 Xi) + • • ■ +p(T n+ 2 L - 1 xi,T n+ 2 L x 1 ) 
~n^ + (n + 2)Ur + " ' + ( n + 2L - l) 1 ^ ^' 13) 



i—n 


From Case 1 and Case 2, we have 


p(T n x u T n+rn x i) < 
Since the series 


U/r (n + l) 1 /’ 


+ ••• + 


(n + 2L) 1 / r 


for all n > A'/. 


is convergent (since £ > 1) and (2.14), we have 


(2.14) 


lim p(T n Xi,T n+m xi) = 0. 

n,m—>oo 


This implies that {T n Xi} is a Cauchy sequence in (X,p). By Lemma 1.9, 
we have {T"aii} is a Cauchy sequence in (X,d p ). Since (X,p) is complete, 
then ( X,d p ) is complete. This implies that there exists z £ X such that 
lim d p (T n Xi, z) = 0. Using Lemma 1.8, we have 

n—>■ oo 

lim p(T n Xi,z) = lim p(T n x\,T n x{) =p(z,z). 

n—>oo n —>oo 

By applying Proposition 1.6, we obtain that 


2p(T n xi,z) = d p (T n xi,z) + p(T n Xl ,T n Xl ) + p{z , z) 

< d p (T n Xl ,z) + p{T n Xl ,T n+1 Xl ) + p(T n Xl , z). 

Therefore p{T n X\,z) < d v (T n X\, z) +p(T n xi 1 T n+1 xi) for all n € N. Taking the 
limit as n —> oo, we obtain that p(z, z) — lim p(T n x i, z) = 0. We now suppose 

n—>oo 

that p(z,Tz) > 0. By condition (4), there exists a subsequence {T^^x i} of 
{' T n xi} such that a(T n ^xi, z) > ij(T n ^xi, z) for all k € N. Since T n x i ^ 
T m x i for all n, m € N with m ^ n, without loss of generality, we can assume 
that T n ( k ^ +1 x i ^ Tz. And applying the condition (2.1), we obtain that 

0(p{T n W +1 x 1 ,Tz)) = 9(p{T(T n( ' k ' > xi),Tz)) 

< [e(R(T n ^ Xl ,z))}\ 
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where 


R(T n ^x i, z) = max ^p(T n ^'>x 1 ,z),p(T n ^x 1 ,T{T n ^x 1 )),p{z, Tz), 

p(T n ^x 1 ,T(T n ^x 1 ))p{z, Tz) | 

1 + p(T n ^xi, z) / 

= max {p(T n Wx 1 ,z),p(T n Wx 1 ,T n W +1 x 1 ),p(z,Tz), 

p(T n( ~ k '>x 1 ,T n ^ k '>+ 1 x 1 )p(z, Tz) -I 
1 + p(T n ( k '>xi, z) i 


Thus we have 
9(p(T n ^ +1 Xi,Tz)) < 


9 ^ max {; p(T n ^x 1 ,z),p(T n ^x 1 ,T n ^'> +1 x 1 ),p(z,Tz ), 

p(T n W Xl , T n W+ 1 x 1 )p(z, Tz )! a 

l+p(P*W ! t ll z) J/J ' 1 j 


Taking the limit as fc —» oo in (2.15), using the continuity of 0 and Lemma 2.1, 
we obtain that 


9(p(z,Tz)) < [9{p(z,Tz))] x < 9(p(z,Tz)), 

which is a contradiction. Thus we obtain that p(z,Tz) = 0. By Remark 1.3, 
we have Tz = z, which contradicts to the assumption that T does not have a 
periodic point. Thus T has a periodic point, say z of period q. Suppose that 
the set of fixed points of T is empty. Then we have q > 1 and p(z,Tz) > 0. By 
using (2.1) and condition (6), we get that 

9(p(z,Tz)) = 6(p(T q z, T q+1 z)) < [9(p(z,Tz))] xq < 9(p(z,Tz)), 

which is a contradiction. This implies that the set of fixed points of T is non¬ 
empty. Hence T has at least one fixed point. ■ 

Example 2.3 Let X = {0,1,2,3,4, 5} and define p : X x X —> [0,+oo) such 
that 

{ x if x == 2/5 

if x,y G {0,1,2}, x^y; 

2+x+2y otherwise. 

Then (X,p) is a complete partial rectangular metric space. Since, for all x € X 
and x > 0, then we have p(x,x) = x > 0. Therefore (X,p) is not a rectangular 
metric space. Define a mapping T : X —> X by 

TO = T1 = T4 = 0, T2 = T3 = 2, and T5 = 4. 

We can see that 0 and 2 are periodic points of T. Let a, rj : X x X — > [0, +oo) 
be functions defined by 

a(x,y) = \ J if _*,!/€ (0,1,2,3}; 
v ' } 0 otherwise. 
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r](x,y) = 


\ if x,y £ {0,1,2,3}; 
1 otherwise. 


Also define 9 : (0, oo) —> (l,oo) by 6(t) = e'#. We next illustrate that all 
conditions in Theorem 2.1 hold. Taking x\ = 1, we have a(l,Tl) = a(l,0) = 
1 > 2 = ? 7 ( 1 ,0) = 77 ( 1 , Tl). Next, we prove that T is a-orbital admissible 
with respect to 77 . Let a(x,Tx) > rj(x,Tx). Thus x,Tx £ {0,1,2,3}. By 
the definitions of a, 77 , we obtain that a{Tx,T 2 x) > r](Tx,T 2 x ) for all x G 
{0,1,2,3}. It follows that T is a-orbital admissible with respect to 77 . Let 
a(x, y) > r/(x,y) and a(y,Ty) > y(y,Ty). By definitions of a,rj, we have 
x,y,Ty £ {0,1, 2,3}. This yields a(x,Ty) > r](x,Ty) for all x, y £ {0,1, 2,3}. 
This implies that T is triangular a-orbital admissible with respect to 77 . Let 
x,y G X be such that p(Tx,Ty) > 0. We could observe that if x,y G {0,1,4}, 
then Tx = Ty = 0. This implies that p(Tx,Ty) = 0. So we consider the 
following cases: 


• 2 : £ {0,1,4} and y G {2, 3} or 


• x G {0,1,4} and y = 5 or 

• x = {2, 3} and y = 5. 

If x = 4 and y £ {2,3} or x G {0,1,4} and 77 = 5 or x = {2, 3} and y = 5, then 
we have a(x,y) ^ rj(x,y). We divide the proof into four cases as follows: 

(1) If (:r, y ) £ {(0, 2), (2,0)}, then 


#(0,2) = max |p(0,2),p(0, 0),p(2,2), } = max jl, 0,2,0 j = 2. 

This implies that 


7/>(p(T0,T2)) = ^(p(0,2)) = ^(1) = < [e^] 0 - 71 = ['0(2)] 0 71 < fo/>(#(0,2))]°- 71 . 


(2) If Or, y) G {(1, 2), (2,1)}, then 

#(1,2) = max jp(l, 2),p(l, 0),p(2,2), } = max{2,1,2, jjj = 2. 

This implies that 

7 />( p ( T 1 , T2)) = i / j ( p ( 0,2)) = 2/7 ( 1 ) = e^ 1 < [e^] a71 = [ t /^)] 0 ' 71 < [^(#( 1 , 2))] a71 . 


(3) If {x, y) G {(0,3), (3,0)}, then 

#(0,3) = max jp(0,3),p(0,0),p(3, 2), } = max {4,0, ^,o| = 

This implies that 

7/7(p(TO, T 3)) = ^(p(0,2)) = 7/7(1) = e^< [e^?] 0 ' 5 = [^(|)] 0 - 5 < [V>(#(0,3))] 0 ' 5 . 
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(4) If (x, y ) S {(1,3), (3,1)}, then 


R( 1,3) 


= max {p(l,3),p(l,0),p(3,2), 


pMM3j) i 

1+P(1,3) J 


= max 



9 9 1 

2 ’ 11 / 


9 

2 ' 


This implies that 

ip(p(T 1, T 3)) = i/>(p(< 0 , 2)) = V’(l) = e^ 1 < [e^] 0 ' 5 = [^)f 5 < ty(R( 1,3))] 0 ' 5 . 


It follows that if(p(Tx,Ty)) < [if(R(x , j/))] A . Hence all assumptions in Theorem 
2.1 are satisfied and thus T has a fixed point which are x = 0 and x = 2. 


We now prove the existence of the fixed point theorem by replacing triangular 
mappings and condition (4) in Theorem 2.2 by a-orbital attractive mappings. 

Theorem 2.4 Let {X,p) be a complete partial rectangular metric space, T : 
X —> X be a mapping and let a,ri : X x X [0, oo) be functions. Suppose that 
the following conditions hold : 

(1) there exist 9 G 0 and A € (0,1) such that for all x,y £ X, 

p{Tx,Ty) > 0 and a{x,y ) > r](x, y) imply 6{p(Tx,Ty)) < [9(R(x, y))]\ 

(2.16) 

where 


R(x, y) = max jp( x, y),p(x,Tx),p{y,Ty), vlyX ^ }; 

(2) there exists X\ £ X such that a{x\,Tx\) > r/(xi,Txi) and a{x\,T 2 X\) > 
ri(x 1 ,T 2 xi); 

(3) T is an a-orbital admissible mapping with respect to p; 

(f)T is an a-orbital attractive mapping with respect to ly 

(5) 6 is continuous; 

(6) if z is a periodic point ofT, then a(z,Tz) > rj(z,Tz). 

Then T has a fixed point. 

Proof. By (2), there exists x\ £ X such that a(a;i,Ta;i) > y{x\,Txi) and 
a(x±, T 2 x\) > ij(xi,T 2 Xi). Define the iterative sequence {£„} in X such that 
x n = Tx n _ i = T n Xi for all n £ N. Since T is an a-orbital admissible mapping 
with respect to 77 , we obtain that 

a(xi,Ta:i) > T){x\ ,Txi) implies a(Tx\,T 2 Xi) > r)(Txi,T 2 xi) 

and 

a(a:i,T 2 a;i) > rj{xi,T 2 xi) implies a{Tx\, T 3 x\) > r/(Txi,T 3 xi). 


By continuing this process, we get that 



a(T n a;i,T n+1 xi) > r;(T n a;i, T n+1 Xl ) 

for all n £ N 

(2.17) 

and 



a(T n x 1 ,T n+2 x 1 ) > rj(T n xi,T n+2 Xi) 

for all neN. 

(2.18) 
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If T n x i = T n+1 x\ for some ntN, then T n x i is a fixed point of T. Thus we 
suppose that T n x\ ^ T n+1 a;i for all n £ N. That is p(T n X\, T n+1 x\) > 0. 
Applying (2.16) and (2.17), for each n £ N, we obtain that 

9(p(ri 1 ,r +1 it 1 )) = 9(p(T(T n ~ 1 xi),T(T n xi))) 

< ^(^r- 1 Xl ,T n Xl ))] x , (2.19) 

where 

H(j in ~ 1 xi,T n xi) = max |p(T" _1 a;i, T n x\),p(T n ~ 1 xi , T n x\ ), p{T n x \, T n+1 xi), 

p(T n - 1 x 1 ,T n Xi)p(T n x 1 ,T n+1 x 1 ) \ 
l+p(T n ~ 1 x 1 ,T n x 1 ) J 

= ma,x{p(T n ~ 1 xi,T n Xi),p(T n xi,T n+1 Xi)}. 

If R(T n ~ 1 x 1 ,T n x 1 ) = p(T n Xl ,T n+1 x i). By using (2.19), we get that 
9(p(T n xi,T n+1 xi)) < [9(p(T n xi,T n+1 xi))] x . 

This implies that 

In {e{p{T n x u T n+1 Xl ))\ < Aln[ 0(p(T n Xl ,T n+1 Xl ))\, 

which is a contradiction with A £ (0,1). It follows that R(T n ~ 1 xi,T n xi) = 
p{T n ~ 1 x\,T n xi) for all n £ N. From (2.19), we obtain that 

9{p{T n x\,T n+1 x\)) < [0(jp(T n ~ 1 x i,T n a:i))] A for all n £ N. 

It follows that 

l<9(p(T n x 1 ,T n+1 x 1 ))<---<[9(p{x 1 ,Tx 1 ))] xn for all n £ N. (2.20) 
Taking the limit as n —> oo, we obtain that 

lim 9(p(T n xi,T n+1 xi)) = 1. (2.21) 

n—»■ oo 

By using condition (02), we have 

lim p(T n Xi,T n+1 Xi) = 0. 

n —>oo 

As in the proof of Theorem 2.2, we can prove that there exists ni £ N such that 

p(T n x i,r +1 si) < - for all n > m. (2.22) 

n L / r 

We now prove that T has a periodic point. Suppose that T does not have 
periodic points. Thus T n x i ^ T m X\ for all n, m £ N such that n ^ m. Using 
(2.16) and (2.18), we get that 

9(p(T n xi,T n+2 xi)) = 9(p(T(T n - 1 x 1 ),T(T n+1 x 1 ))) 

< [9(R(T n ~ 1 xi,T n+1 xi))] x , 
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where 

R{T n ~ 1 x 1 ,T n+1 ; n) = max ^p(T n ~ 1 xi,T n+1 x 1 ),p(T n ~ 1 x 1 ,T n xi),p(T n+1 Xi,T n+2 xi), 

p(T n - 1 xi,T n xi)p(T n+1 xi,T n+2 xi) 'i 
1 + p(T n ~ 1 x 1 ,T n+1 x 1 ) / 

= ma,x{p{T n - 1 x 1 ,T n+1 x 1 ),p(T n - 1 x 1 ,T n x 1 ),p{T n+1 x 1 ,T n+2 x 1 )}. 
By the analogous proof in Theorem 2.2, we have 

lim p(T n xi,T n+2 Xi) = 0 

n— >oo 

and there exists ?r 2 E N such that 

p(T n xi,T n+2 xi) < —for all n > n 2 . (2.23) 

n y l r 

Let h = max{m,n 2 }. We consider the following two cases. 

Case 1: If m > 2 is odd, then m = 2L + 1 for some L > 1. By using (2.22), 
for all n> h, we obtain that 

p{T n x\,T n+m x\) < p^x^T^X!) + p^+'x^T^X!) + piT^XuT^b+'x^- 
piT^x^Tn+'xi) - p(T n+ 2 Xi,T n+ 2 Xi) 


< p(T n xi,T n+1 Xi) + p(T n+1 Xi,T n+2 Xi) + ■ ■ ■ + p(T n+2L x 1 ,T n+2L+1 x 1 ) 

t 1 { 1 

- n l/r + + l)l/r + + (n + 2 L) 1 / r 



i=n 


Case 2: If m > 2 is even, then m = 2L for some L > 2. By using (2.22) 
and (2.23), for all n > h, we get that 

p(T n xi,T n+m Xi) < p{T n xx,T n+2 xx) + p{T n+2 xx,T n+3 xx) + p(T n+3 x u T n+2L xx)- 
p{T n+2 xx,T n+2 Xx) - p(T n+3 Xl ,T n+3 Xx) 


< p(T n Xl ,T n+2 Xx) + p(T n+2 x 1 ,T n+3 x 1 ) + ■ ■ ■+p(T n+2L ~ 1 x x,T n+2L Xl ) 


- n l/r + ( n + 2)Vr + 



n 


1 

{n + 2Ly/ r 
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From Case 1 and Case 2, we obtain that 


p(T n Xl,T n+m Xl) < —rj 


1 

(n+ \) 1 / r 


- - „ , , for all n > h. 

(n + 2L) 1 / r 


(2.24) 

Since the series A/t convergent (since \ > 1) and (2.24), we have 

lim p(T n Xi,T n+m Xi) = 0. 

n,m—too 


This implies that {T n x i} is a Cauchy sequence in (X,p). By Lemma 1.9, 
we have {T n x{\ is a Cauchy sequence in ( X,d p ). Since ( X,p ) is complete, 
then ( X , d p ) is complete. This implies that there exists z £ X such that 
lim d p (T n Xi, z) = 0. Using Lemma 1.8, we have 

n—>oo 

lim p(T n Xi,z) = lim p(T n xi,T n Xi) = p(z,z). 

n—>oo n—>• oo 

By applying Proposition 1.6, we obtain that 

2 p(T n Xl ,z) = d p (T n xi, z) + p(T n x 1 ,T n x 1 ) + p{z, z) 

< dp{T n x\,z) + p(T n Xi,T n+1 xi) + p(T n xi, z). 

Therefore p(T n x\,z) < d p (T n x i, z) +p(T n xi,T n+1 x\) for all n S N. Taking the 
limit as n -> oo, we obtain that p(z,z) = lim p(T n Xi,z) = 0. We now prove 

n—> oo 

that z = Tz. Suppose that z j^Tz. Since T is a-orbital attractive with respect 
to 77 , we obtain that for all n £ N, 

a(T n xi,z) > rj(T n Xi,z) or a(z,T n+1 x 1 ) > r](z, T n+1 xi). 

We divide the proof in two cases as follows. 

(1) There exists an infinite subset J of N such that a(T n ^xi, z) > r]{T n ^x\^ z ) 
for every k £ J. 

(2) There exists an infinite subset L of N such that a(z, T n ^ +1 X\) > ri(z, T n ^ +1 Xi) 
for every k £ L. 

For the case (1), since T n Xi 7 ^ T m X\ for all n, m £ N with n 7 ^ to, without loss 
of the generality, we can assume that T n ^ +1 xi 7 ^ 2 for all k £ J. Applying the 
condition (2.16), we get that 

e{p{T n ^ +1 x u Tz)) = 9{p{T(T n ^ Xl ),Tz)) 

< [6{R{T n ^ Xl ,z))] x , 

where 

R{T n ^x 1 , z) = max ^p(T n ^x 1 ,z),p(T n ^'>x 1 ,T(T n ^ k '>x 1 )),p(z, Tz), 

p{T n W Xl , T{T n W Xl ))p{z, Tz) | 

1 + p(T n ( k ^xi, z) / 

= max^p(T n ^x 1 ,z),p(T n ^'>x 1 ,T n ^'> +1 x 1 ),p(z,Tz), 

p(T n ( k ^Xi,T n( - k ^ +1 xi)p(z, Tz) 'i 
1 + p(T n ( k '>xi, z) J 
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Then we have 

e(p{T n ^ + 1 x 1 ,Tz)) < o(^ max ^p(T n ^x 1 ,z),p{T n ^x 1 ,T n ^ + 1 x 1 ),p{z,Tz), 

p{T n( ~ k '>x 1 ,T n( ~ k '> +1 x 1 )p{z, Tz ) | \ 1 A 
1 +p(T n ( k '>xi, z) //. 

Taking the limit as k — > oo in the above equality, using the continuity of 9 and 
Lemma 2.1, we obtain that 

0 (p(z,Tz)) < [9{p{z,Tz))] x < 9(p(z,Tz)), 

which is a contradiction. For the case (2), the proof is similar. Therefore z = Tz, 
which is a contradiction with the assumption that T does not have a periodic 
point. Thus T has a periodic point, say z of period q. Suppose that the set of 
fixed points of T is empty, Then we have q > 1 and p(z,Tz ) > 0. Applying 
(2.16) and condition ( 6 ), we get that 

9(p(z,Tz)) = 9(p(T^z,T^ +1 z)) < [9(p(z,Tz))] x < 9 (p(z,Tz)), 

which is a contradiction. Thus the set of fixed points of T is non-empty. Hence 
T has at least one fixed point. ■ 

Since a rectangular metric space is a partial rectangular metric space, we 
immediately obtain Theorem 17 and Theorem 19 in [1] by applying Theorem 
2.2 and Theorem 2.4, respectively. 
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On stability problems of a functional equation deriving from a 

quintic function 

D. Kang and H. Koh* 


Abstract. In this paper, we obtain a solution of new type quintic functional equations and prove the 
Hyers-Ulam-Rassias stability for a quintic functional equation by the directed method and a subaddtive 
function approach and also, present a counterexample. Finally, we investigate the Hyers-Ulam-Rassias 
stability for a quintic functional equation with an involution by the fixed point method. 

1. Introduction and preliminaries 

The concept of stability problem of a functional equation was first posed by Ulam [18] concerning 
the stability of group homomorphisms. In 1941, Hyers [6] solved the problem of Ulam. This result 
was generalized by Aoki [1] for additive mappings and by Rassias [13] for linear mappings by con¬ 
sidering an unbounded Cauchy difference. The paper of Rassias [13] has provided a lot of influence 
in the development of what we now call Hyers-Ulam-Rassias stability of functional equations. Since 
then, several stability problems for various functional equations have been investigated by numerous 
mathematicians; c.f e.g. [5], [20], [14], [2], [21] and [11]. 

In [4], Cho and et al. introduced the following quintic functional equation 

2/(2a; + y) + 2f(2x - y) + /(x + 2 y) + /(x - 2y) = 20{f(x + y) + f(x - y)} + 90 f(x). (1.1) 

Since f(x) = x 5 is a solution of the equation (1.1), the equation (1.1) is called a quintic functional 
equation. 

Stetkaer [17] introduced the following quadratic functional equation with an involution 

/(x + y) + fix + a(y)) = 2 f(x) + 2 f(a(y)) 

and solved the general solution, Belaid and et al. [3] established generalized Hyers-Ulam stability in 
Banach space for this functional equation. 

In this paper we consider the following another type quintic functional equation 

/( 5x + y) + /( 5x -y) + 3 [f(x + y) + f(x - y)} = 2[/(4x + y) + /( 4x - y)} + 2/(5*) - 4090/(*) (1.2) 

for all x,y € X . Here our purpose is to find out a solution and to prove the generalized Hyers-Ulam- 
Rassias stability problem and give a counterexample for the equation (1.2). Also, we introduce a 
quintic functional equation with an involution cr as follows; 

f(3x+y)+f(3x+a(y))+5[f(x+y)+f(x+a(y))\ = A[f(2x+y)+f(2x+a(y))]+2f(3x)-2A6f(x) (1.3) 

for all *, y £ X. We will investigate the generalized Hyers-Ulam-Rassias stability for this functional 
equation by using a fixed point method. 

°2010 Mathematics Subject Classification: 39B52 

^Keywords and phrases: Hyers-Ulam-Rassias stability; functional equation; quintic mapping; sub¬ 
additive function; involution 

°* Corresponding author: khjmath@dankook.ac.kr (H. Koh) 
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2 Quintic Mapping 

2. Solutions of Equations (1.2) and (1.3) 

In this section let X and y be vector spaces and we will obtain the result that the functional 
equations (1.2) and (1.3) are solutions of a quintic functional equation by using 5-additive symmetric 
mapping. Before we proceed, we will introduce some basic concepts concerning 5-additive symmetric 
mappings. A mapping A§ : X 5 —> y is called 5-additive if it is additive in each variable. A mapping A$ 
is said to be symmetric if A$(x i, aq, aq, aq, aq) = £< 7 ( 2 )) ®<t( 3 )> £< 7 ( 4 )) ^o-is)) for every permu¬ 

tation {er(l), cr(2), cr(3), ct(4), ct( 5)} of {1,2,3,4, 5} . If A$(x 1 , X 2 , £3 , £4 , X 5 ) is a 5-additive symmetric 
mapping, then A 5 (a:) will denote the diagonal A 5 (x ,x ,x ,x ,x) and A 5 (qx) = q 5 A 5 (x) for all x € X 
and all <7 € Q. A mapping A 5 (x) is called a monomial function of degree 5 (assuming A 5 ^ 0). On 
taking aq = X 2 = • • • = x s = x and x s+ \ = x s+ 2 = • • • = aq = y in A 5 (a; 1 , aq , a: 3 , X 4 , aq), it is denoted 
by A s ’ 5 ~ s (x ,y). We note that the generalized concepts of n-additive symmetric mappings are found 
in [16] and [19]. 

Theorem 2.1. A function f : X —>• y is a solution of the functional equation (1.2) if and only if f is 
of the form /( x) = A 5 (a;) for all x € X , where A 5 (a;) is the diagonal of the 5-additive symmetric map 
A 5 : X 5 —► y . 


Proof. Suppose / satisfies the functional equation (1.2). Letting x = 0 and replacing y by x in the 
equation (1.2), we have f(x) = —f(—x) , for all x € X. Hence / is an odd mapping and also we have 
/(0) = 0 . Putting y = 0 in the equation (1.2), we get /(4a;) = 4 5 /(a:), for all x £ X . Hence we have 

f(4 n x) = 4 5 n f(x), (2.1) 

for all x £ X and n € N. Note that f(x) = 'j£nf{4 n x) , for all x € X and n € N . 

On the other hand, we can rewrite the functional equation (1.2) in the following form 

m + 3So /(51 + y) + 3So /( 5j: - y) - 2^ /(4a: + y) - 24 /(4x - y) 

+ Jm fix + y) + iS) /(x - y) - 25S /(5i) = 0 ^• 

for all x £ X. By [19, Theorem 3.5 and Theorem 3.6] / is a general polynomial function of degree at 
most 6 , that is, / is of the following form 

f(x) = A 5 (aj) + A 4 (a;) + A 3 (a;) + A 2 (a;) + A 4 (a;) + A 0 (a:) 

for all x £ X. Note that A 0 (a:) = A 0 is an arbitrary element of Y and A*( x) is the diagonal of the 
*-additive symmetric map A* : X 1 —> y for i = 1,2,3,4, 5. Since /(0) = 0 and / is odd, we have 
A°( x) = A° = 0 and A 4 (a;) = A 2 (a;) = 0. It follows that /( x) = A 5 (a:) + A 3 (a:) + A 1 (a;), for all x £ X . 
By (2.1) and A n {rx) = r n A n (x) whenever x £ X and r £ Q , we obtain 

4 5 A 5 (a;) + 4 3 A 3 (a;) + 4A 4 (a;) = f(4x) = 4 5 f(x) = 4 5 A 5 (x ) + 4 5 A 3 (a;) + 4 5 A 4 (a;), 

for all x £ X. Then A 4 (a;) = — y|A 3 ( x), for all x £ X. Hence A 3 (a;) = A 4 (a;) = 0, for all x £ X. 
Thus f(x) = A 5 (a;). Conversely, suppose /( x) = A 5 (a;) for all x £ X , where A 5 (a:) is the diagonal of 
the 5-additive symmetric map A 5 ; X 5 —> Y. We note that 

A 5 (ax + by) = a 5 A 5 {x) + b 5 A 5 {y) + 5a 4 6A 4 ’ 1 (a:, y) + 10a 3 6 2 A 3 ’ 2 (a;, y) 

+ 10a 2 b 3 A 2 ’ 3 (x, y) + 5a6 4 A 1 , 4 (a;, y ), 

for all x , y £ X and a, b £ Q . The remains of the proof can be easily checked. □ 
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Theorem 2.2. Let <r{x) = —x , for all x € X. A function f : X —> y is a solution of the functional 
equation (1.3) if and only if f is of the form fix) = T 5 (a;) for all x £ X , where A 5 (x) is the diagonal 
of the 5-additive symmetric map A$ : X 5 —► y. 

Proof. Suppose / satisfies the functional equation (1.3). Letting x = y = 0 in the equation (1.3), we 
have /(0) = 0 . Putting y = 0 in the equation (1.3), we get /(2a;) = 2 5 f(x) , for all x € X . The remains 
are similar to the proof of Theorem 2.1. □ 


3. Hyers-Ulam-Rassias stability of (1.2) in Banach spaces 

In this section, we investigate the generalized Hyers-Ulam-Rassias stability problem for the func¬ 
tional equation (1.2). Throughout this section, we assume that X is a normed real linear space with 
norm || • \\x and y is a real Banach space with norm || • ||y. 

We use the abbreviation for the given mapping / : X —> y as follows: 


Vf{x,y ) := f(5x+y) + f(5x — y) + 3[f(x+y) + f{x — y)] — 2[f(4x+y) + f{4x — y)] — 2f{5x)+4Q9Qf(x) 
for all x, y € X. 

Theorem 3.1. Suppose that there exists a mapping <fi : X 2 —» M + := [0, oo) for which a mapping 
f : X —» J 7 satisfies /( 0) = 0 , 

\\ v f{x,y)\\y < <t>(x,y) (3.1) 

and the series Y^'jLo ^V) converges for all x, y £ X. Then there exists a unique quintic 

mapping Q : X —»• y which satisfies the equation (1.2) and the inequality 

1 00 1 

11/0*0- 20*01ly < (3-2) 

j =o 

for all x € X . 


Proof. By letting y = 0 in the inequality (3.1), we have 


that is, 


\(Df i x i 0)||y = 4 6 1 |/(:r) — ~^rf(4x)\\y < <t>(x, 0) , 


II /0*0 - ^f{4x)\\y < 0), 


(3.3) 


for all x £ X . For any positive integer k replacing x by A k x and multiplying ^ in the inequality (3.3), 

(3.4) 


- 455TI7/< 4 ‘ +1 *>IL < pi« 4 ‘^.») 


for all x G X . For any positive integers n and m with n > m , 


1 1 1 n 1 1 

■ J^A 4 ”*) - 25^/( 4 “*)lli’ < S E 3«« 44 *,0), 


45 


46 45J 

j=m 


(3.5) 


for all x € X . As n —> 00 , the right-hand side in the inequality (3.5) close to 0. Hence { 4 ^/( 4 ”*)} is 
a Cauchy sequence in the Banach space y. Thus we can define a mapping Q : X —> y by 


2 (a0 = lim T 5 ^/( 4 n a 0 , 

n—> 00 qp n 


for all x £ X . 
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By letting m = 0 in the inequality (3.5), we have 


n— 1 


»/<*) - s 


46 45 j 

3=0 


(3.6) 


for all x £ X , n £ N. As n —> 00 in the inequality (3.6), 

1 00 1 

II/O) - Q(x)\\y < ^ > (3-7) 

3=0 

for all x £ X. It satisfies the inequality (3.2). Now, replacing x and y by 4 ™x and 4 n y respectively 
and dividing by 4 5n in the inequality (3.1), we have 

\\VQ{x,y)\\y = ^\\T>f{4 n x,4 n y)\\y < ^cj>(4 n x,4 n y), 

for all x, y £ X . By taking n —> 00 , the definition of Q implies that Q satisfies (1.2) for all x, y £ X , 
that is, Q is the quintic mapping. Next, it remains to show the uniqueness. Assume that there 
exists T : X —>■ y satisfying ( 1 . 2 ) and (3.2). The Theorem 2.1 implies that T( 4 n x) = 4 5 n T(x) and 
Q(4 n x) = 4 5n Q(x ), for all x £ X. Then 

,,, 1 __ , 


< 

45 n 

1 


45 n 

< 

2 > 


46 ^ 


^(ll T{4 n x) - f{4 n x)\\y + ||/(4"*) - fi(4"*)||y 


r ^(4"+^,0), 


3=0 

for all x £ X . By letting n -A 00 , we immediately have the uniqueness of Q . 


□ 


Corollary 3.2. Let 9 ,r be positive real numbers with r < 5 and let f : X y be a mapping with 
/(0) = 0 such that 

\\Vf(x,y)\\y<9(\\x\\ r y + \\y\\ r y ) (3.8) 

for all x, y £ X. Then there exists a unique quintic mapping Q : X —► y satisfying 


||/(a:) - Q(*)||y < 


e\\, 


4(45 _ 4 r ) 


for all x £ X . 


Proof. On taking <j>(x,y) = 0(\\x lly + lll/lly) for all x, y £ X , it is easy to show that the inequality 
(3.8) holds. Similar to the proof of Theorem 3.1, we have 


I 00 1 

\\f(x)-Q(x)\\y < 

i =0 


3=0 


1 


45 _ 4 r 


for all x £ X and r < 5 . 


□ 


Now, we will investigate the stability of the given quintic functional equation (1.2) using the subad¬ 
ditive function method under the condition that the space J 7 is a p-Banach space. Before proceeding the 
proof, we will state the the basic definition of subadditive function. It follows from the reference [12]. 
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A function : A -A B having a domain A and a codomain ( B , <) that are both closed under 
addition is called 

(1) a subadditive function if <f>(x + y) < 4>(x) + , for all x,y £ A. 

(2) a contractively subadditive function if there exists a constant L with 0 < L < 1 such that 
4>{x + y) < L{4>(x) + (f(y)) , for all x,y G A. 

We note that satisfies the following properties (f(2x) < 2 Lcf)(x) and so f){2nx) < (2 L)ncj){x). 
It follows by the contractively subadditive condition of </> that 

4>(Xx) < X Lcj>{x ), and so (j>{X^ x) < (A Ly^x), ieff, 

for all x G A and all positive integer A > 2. 

(3) a expansively superadditive function if there exists a constant L with 0 < L < 1 such that 
<t>{x + y) > j;((f>(x) + (j>{y)) , for all x,y G A. 

We note that (j) satisfies the following properties f>(x) < ff(j>[2x) and so &{-§;) < ^(j>{x). We 
observe that an expansively superadditive mapping </> satisfies the following properties 

<j>(Xx) > ^<j)(x) and so < ( j) J (t>(x),j G N, 

for all x G A and all positive integer A > 2. 


Theorem 3.3. Suppose that there exists a mapping <f> : X 2 —> R + := [0,oo) for which a mapping 
f : X —» y satisfies /(0) = 0 and 

\Pf{x,y)\\y < <t>{x,y) ( 3 . 9 ) 

for all x, y G X and the map 4> is contractively subadditive with a constant L such that ^ < 1. Then 
there exists a unique quintic mapping Q : X —► y which satisfies the equation (1-2) and the inequality 


||/0r) - Q(x)\\y < 


H x , 0 ) 

4 t/ 4 5 P - ( 4 L)p ’ 


(3.10) 


for all x G X . 


Proof. By the inequalities (3.3) and (3.5) of the proof of Theorem 3.1, we have 

1 1 1 

SafEsVll/( 4, >=)-J5/( 4J+1 *)llt 


that is, 


4 6p 45 jp 1 

j—m 

n— 1 


4 ^ 4 ®^''"’’ 

j—m 

1 n_1 1 

S jc; £ 4 

j=m 


(/)(x,oy 


n— 1 A r 

^ / 4Lyp 


4 6 p V 4 5 7 

j—m 


1 45n 


m m x)- Wl f(4-xw y < 


<f>(x,0)P yi /4 Lyp 
46p 2 -^ \ 45 J ’ 

j=m 


(3.11) 
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for all x € X , and for all m and n with m < n. Hence {^f( 4 n a;)} is a Cauchy sequence in the space 
y . Thus we may define 

Q{x) = lim —|^/(4 n a;), 

n—>-oo 4 ° 

for all x € X . Now, we will show that the map Q : X — > y is a generalized quintic mapping. Then 

\\vf(4 n xA n y)\\ p y 


\\^Q(x,y)\\^ = lim 

n —Vrv 


^5 pn 

cf)(A n x,A n y)P 


< lim 

n—too 4 5 P 


,4L 


< lim o(.r.//)"(C )/'"=, L 
n—>• oo 4° 

for all a: € A . Hence the mapping Q is a quintic mapping. Note that the inequality (3.11) implies the 
inequality (3.10) by letting m = 0 and taking n —> oo . Assume that there exists T : X —► J 7 satisfying 
(1.2) and (3.10). We know that T(4 n x) = 4 5n T(a;), for all x € X . Then 

= jA||T(4"z)-/(4"z)||£ 

1 4>(4Tx, 0) p 


< 


< 


45 pn 441(45 p _ (4 L)P) 
/ 4 L\P n (j){x, 0) p 


V 4 5 / 4p(4 5 p - (4L)p) ’ 


that is, 

lir(x) - A /( 4 -z)|| j , < (§)" 4 ^'°\ iL)r . 

for all a: G A . By letting n —> 00 , we immediately have the uniqueness of Q . 


□ 


4. Counterexample 


In this section, we will present a counterexample to show that the functional equation (1.2) is not 
stable for r = 5 in Corollary 3.2. 


Example 4.1. Let 


be a mapping defined by 

9x 5 for \x\ < 1 


(j){x) = 


otherwise 


where 9 > 0 is a constant and a mapping f : K. —> M. by 

4 >(k l x) 


/(*) = 


i=0 


k 5i 


for all i£l. Then the mapping f satisfies the inequality 


\Df{x,y) | < 4092 


4 15 9 


45 _ 1 

for all x € K. Then there does not exist a quintic mapping Q 

1 / 0*0 - Q(x )| < fi\x\ 5 

for all i£l. 


(M 5 + |y| 5 ) 


(4.1) 


(4.2) 

and a constant 0 > 0 such that 

(4.3) 
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Proof. The definitions of <j> and / imply that 


1/0*01 = E 


4>{A l x) 


45 i 


6»4 5 


i —0 i —0 

84 5 t4? I~|5 1 |„,|5 


E u i/Gt 

45 i 45 _ 2 


for all x G R. Hence / is bounded by 4334 . If|x | 5 + |i /| 5 > 1, then the inequality (4.2) holds. Now, we 
suppose that 0 <|x | 5 + | 2 /| 5 < 1 . Then there exists a positive integer t such that 


45(4+2) — l X l + 1^1 < 45(t+l) 


(4.4) 


Since |x | 5 + |y | 5 < 


That is, 


45 (t + l) 


we have 


4 5 t x 5 < -t and 4 5t y 5 < -t. 
45 45 


4* x < -7 and 4 4 y < t . 
4 4 


These imply that 4* _ 1 x, 4* _ 1 y, 4 t_ 1 5x, 4* _1 (x + y),4 t_1 (x — y),4 t_ 1 (4x + y), 4 t_ 1 (4x — y),4 t_ 1 (5x + 
y),4 t_ 1 (5x — y) G (—1,1). Hence we obtain that 4 J 'x, 4 J '5x, 4 J (x + y), 4 J (x — y), 4 J (4x + y), 4 J (4x — 

y),4 J (5x + y),4 J (5x — y) € (—1,1) for each j = 0,1, • • • , t — 1. Also, for each j = 0,1, • • • , t — 1, 

0(4 J (5x + y)) + <p(4P (5x — y)) + 3 [0(4 J (x + y)) + 0(4 J (x — y))] 

—2[^>(4 J (4x + y)) + 0(4 J (4x — y))] — 2^>(4 J 5x) + 4090(6(4 :, x) = 0 . 

From the definition of / and the inequality (4.4), we have 

OO 

Pf{x,y)\ < E {^( 4 J (5x + y)) + ^(4 J (5x - y)) 
j —0 

+3[^(4 J (x + y)) + (/)(4 J (x - y))] 

—2[<^(4 J (4x + y)) + <j>( 4 J (4x — y))] 

—2<^(4 J '5x) + <^(4 J x) j 


^E 


40926* 


j=t 


45 j 


< 40920 


45 45-2 


1 


45 — 1 45(4+2) 


< 


4092 • 4 15 0 


(\x\ 5 + \y\ 5 )-. 


45 _ 1 

for all x,y G K . We claim that the quintic functional equation (1.2) is not stable in Corollary 3.2. 
Assume that there exists a quintic mapping Q : R. -+ ffi. and a constant /3 > 0 satisfying the inequality 
(4.3). Since / is bounded and continuous for all xGR, Q is bounded on any open interval containing 
the origin and continuous at the origin. In the view of Corollary 3.2, Q(x) must have the form 
Q(x) = yx 5 for all x G K . Hence we have that 


|/(x)| < (/?+ |7l)|x| & . ( 4 -5) 

But we can choose a positive integer m with m6 > /3 + |q|. If x G (0, 4S(t ^_ X) ), then 4 5t G (0,1) for all 
t = 0,1, • • • ,m — 1. For this x , we have 


/(*) = = > os +mk 


i=0 


4=0 


454 
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This implies that it is a contradiction to the inequality (4.5). Therefore the quintic functional equation 
( 1 . 2 ) is not stable. □ 

5. Hyers-Ulam-Rassias stability with an involution via a fixed point method 

In this section, we will investigate the Hyers-ulam-Rassias stability of a quintic functional equation 
with a involution over a non-Archimedean normed space X . 

A non-Archimedean field is a field K. equipped with a (valuation) function from K, into [0, oo) 
satisfying the following properties: ( 1 ) \a\ > 0 and equality holds if and only if a = 0 , ( 2 ) \ab\ = |a| |fe|, 
(3) | a + b\ < max{|o|, |fo|} for all a, b € K.. Clearly |1| = | — 1| = 1 and |?r| < 1 for all n £ N. An 
example of a non-Archimedean valuation is the function | • | taking everything except 0 into 1 and 
|0| =0; see [10]. Also, the most important examples of non-Archimedean spaces are p-adic numbers; 
see [ 8 ]. We will reproduce the following definitions due to Moslehian and Sadeghi [9] and Mirmostafaee 
and Moslehian [ 8 ]. 

Definition 5.1. [9] Let X be a linear space over a field K. with a non-Archimedean valuation \ ■ j. A 
function || • || : X x X —> [0, oo) is said to be a non-Archimedean norm if it satisfies the following 
properties: 

( 1 ) \\x\\ = 0 if and only if x = 0 

(2) ||rx|| = |r| • ||a:|| (r € K.) 

(3) ||a: + 2 /|| < max {\\x\\, \\y\\}, 

for all x,y £ X and r £ K.. Then (X, || • ||j is called a non-Archimedean normed space. 

Before proceed the proof, we will introduce a notion of an involution. For an additive mapping 
a : X —> X with cr(a(x)) = x for all x € X, then a is called an involution of X ; see [3] and [17]. 
Let (y, || • ||) be a non-Archimedean normed space. We use the abbreviation for the given mapping 
/ : X —> y as follows: 


Vafix^y) := f(3x + y) + f(3x + a{y)) + 5[f(x + y) + f(x + cr{y))] 

-4[/(2x + y) + f{2x + a(y))] - 2f(3x) + 246 f(x) 

for all x, y £ X. 

The following statements are relative to the alternative of fixed point; see [7] and [15]. By using 
this method, we will prove the Hyers-Ulam-Rassias stability. 

Theorem 5.2 ( The alternative of fixed point [7], [15] ). Suppose that we are given a complete 
generalized metric space (Q,d) and a strictly contractive mapping T : R —► Q with Lipschitz constant 
l. Then for each given x £ LI , either 

d(T n x, T n+1 x) = oo for all n> 0, 

or there exists a natural number Uq such that 

(1) d(T n x, T n+1 x) < oo for all n > n 0 ; 

(2) The sequence ( T n x ) is convergent to a fixed point y* of T ; 

(3) y* is the unique fixed point of T in the set 

A = {y £ £l\d(T n °x , y) < oo} ; 

(4) d(y, y*) < ^ d{y, Ty) for all y £ A . 


117 


D. Kang et al 110-120 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1,2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 

Dongseung Kang and Heejeong Koh 9 

Theorem 5.3. Suppose that <p : X 2 —► [0, 1) is a mapping and there exists a real number l with 
0 < l < 1 such that 

<j>(2x,2y) <\2\l<j>(x,y), 4>{x + cr{x),y + a(y)) < \2\l<j)(x , y) (5.1) 

for all x ,y £ X . Let f : X y be a mapping such that /(0) = 0 and 

\\V a f{x,y)\\< (j>{x,y) (5.2) 

for all x , y € X. Then there exists a unique quintic mapping Q : X —}Y with an involution such that 

\\f(x)-Q(x)\\< (5.3) 

where $(x) = max{<f>{x , 0), </>(0 , x)} for all x £ X . 

Proof. We will consider the following set 

tt = {g\g : X^X,g(0) = 0}. 

Then there is the generalized metric on Q , 

d(g, h) = inf {A € (0, oo) | j| g(x) — h(x) ||< A$(cc) ,for all x £ X} . 

It is not hard to prove that (fi, d) is a complete space. A function T : ST —x ST is defined by 

t (9)(x) = ^{.?(2a;) + g(x + a(x))} (5.4) 

for all x £ X . We know that there is an arbitrary positive constant A with d(g , h) < A , for all g,h £ Q . 
Then 

\\g(f2x) — h(2x)\\< |2|A/$(x) and \\g{x + cr(x)) — h(x + <r(a;))|| < |2|A l$(x) (5-5) 

for all x £ X . Hence we have 

\\T(g)(x)-T{h){x)\\ = j^\\g(2x) - h(2x) + g{x + a(x)) - h(x + a(x))\\ 

< J ?5 max {\\g(2x) - h{2x)\\ ,\\g(x + a(x)) - h(x + a(x))\\} 

< A$(®) < ZA$(a:), 

for all x £ X. This implies that d(T(g) ,T(h )) < ld(g ,h) for all g ,h £ H and hence T is a strictly 
contractive mapping with Lipschitz constant 0 < l < 1. Now, letting y = 0 and x = 0 in the inequality 
(5.2), respectively we have 

11/(2®) -2 5 f{x)\\ < j^j3</>(x,0) (5.6) 

and 

ll 2 /(y) + 2f(a(y))\\ < (5.7) 

for all x , y £ X. Replacing y by x + a(x) in the inequality (5.7), we get 

||/(:r + <r(a;))|| < ^ 0(0 ,x + cr(x)) < l<f>(0,x) (5.8) 

for all x £ X. The inequalities (5.6) and (5.7) imply that 

II T(f)(x) f(x )|| = | 2 |s 11/(2®) - 2 5 f(x) + f(x + a(x))\\ < $(*) (5.9) 
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for all x £ X. Hence we have d(T(f), f) < 1 < oo . By Theorem 5.2, there exits a mapping 

Q : X —► y such that lim^oo d(T n {f ), Q) = 0. Using mathematical induction, we may define 

T n (f)(x) = Jim ^{/( 2 n x) + (2 n - l)f(2 n ~ 1 (x + a(x)))} 

for all x £ X and n £ N . Since lim^oo d(T n (f ), Q) = 0 , there exists a sequence {A„} in R such that 
A„ —> 0 as n —> oo and d(T n f ,Q)< A„ for neff. The definition of d implies that 

\\T n (f)(x)-Q(x)\\<X n ^(x) 

for all x £ X. For each fixed x £ X , we have 

lim \\T n (f)(x)-Q(x)\\=0. 

n—too 

Thus we may conclude that 

Q(x) = lim -L{/( 2 n x) + (2 n - l)/(2 n_1 (ai + a(*)))} (5.10) 

n—>o o Z on 

for all x £ X and ngff. Then 

\\V a Q(x,y)\\ < lim max {(j>{2 n x , 2 n y ), \2 n - l|^(2 n_ 1 (a; + a(x)), 2 n_1 (y + a(y))j 

n —>oo jz 

l n 

< lim Jo\4n max {^( x ) y ). I 2 " - . y )} 

n —¥oo jz\ 1 

< lim l n <j){x , y) = 0 

n—>■ oo 

for all x, y € A’. The mapping Q satisfies the Theorem 2.2. This means that Q is a quintic mapping. 
By Theorem 5.2, we have 

<i(/,a)< I U<i(T(/),/)<i j +^. 

This implies that the inequality (5.3) holds for all x £ X. The uniqueness of the quintic mapping 
follows from (3) in Theorem 5.2. □ 
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matrices 
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Abstract. Let F be the fuzzy semiring and A be an to x n fuzzy matrix over F. The semiring rank of a fuzzy 
matrix A is the smallest k such that A can be factored as an to x k fuzzy matrix times a k x n fuzzy matrix. The 
isolation number of A is the maximum number of nonzero entries in A such that no two are in any row or any 
column, and no two are in a 2 x 2 submatrix of all nonzero entries. We have that the isolation number of A is 
a lower bound on the semiring rank of A. We also compare the isolation number with the Boolean rank of the 
support of A, and determine the equal cases of them. 

1. Introduction 

There are many papers on the study of rank of matrices over several semirings containing binary Boolean 
algebra, fuzzy semiring, semiring of nonegative integers, and so on (0> 0, i, and |2]). But there are few papers 
on isolation numbers of matrices. Gregory et al ( 0 ) introduced set of isolated entries and compared Boolean 
rank with biclique covering number. Recently Beasley (0) introduced isolation number of Boolean matrix and 
compare it with Boolean rank. 

In this paper, we investigate the possible isolation number of fuzzy matrix and compare it with semiring rank 
of fuzzy matrix and the Boolean rank of the support of the fuzzy matrix. 

2. Preliminaries 

A semiring is a binary system (S, +, •) such that (S, +) is an abelian monoid with identity 0, (S, •) is a monoid 
with identity 1, • distributes over + from both sides and 0 • s = s • 0 = 0 for all s £ S and 1 / 0. We use 
juxtaposition for • for convenience. If (S, •) is abelian then we say S is commutative. If 0 is the only element 
of S that has an additive inverse then § is antinegative. Note that all rings with unity are semirings, but none 
are antinegative. The set, Z + , of nonnegative integers with usual addition and multiplication is an example of 
combinatorially interesting antinegative semiring. 

Let M m ,n{^) denote the set of all m x n matrices with entries in S with matrix addition and multiplication 
following the usual rules. Let AJ „(S) = Ad mjn (S) if m = n, let J m denote the to x to identity matrix, O mjT1 denote 
the zero matrix in Ad mjn (S), J mt n denote the matrix of all ones in At m , ra (§). The subscripts are usually omitted 
if the order is obvious, and we write /, O, J. 
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The matrix A £ M m , n (§) is said to be of semiring rank k if there exist matrices B £ M mi fc(§) and C £ M/, V „(S) 
such that A = BC and k is the smallest positive integer that such a factorization exists. We denote rg(A) = k. 

We say that a matrix A dominates a matrix B if = 0 implies b l 3 = 0. 

Given a matrix X, we let x^i denote the j th column of X and x^) denote the i th row. Now if r§(A) = k and 
A = BC is a factorization of A £ then A = b^c^) + bi 2 lc( 2 ) + • • • + b( fc )c( fe ). Since each of the terms 

b ( *) C( q is a semiring rank one matrix, the semiring rank of A is also the minimum number of semiring rank one 
matrices whose sum is A. 

Let S be any set of two or more elements. If S is totally ordered by <, that is, S is a chain under <(i.e. x < y 
or y < x for all distinct x, y in S), then define x + y as max(x, y) and xy as minp, y) for all x, y in S. If S has a 
universal lower bound and a universal upper bound then S becomes a semiring: a chain semiring. 

Let H be any nonempty family of sets nested by inclusion, 0 = Plzen 3 " and 1 = UzeH x - Then S = H|J{0,1} 
is a chain semiring. 

Let a, ui be real numbers with a < u. Define S/j = {/3sK:a</3<w}. Then is a chain semiring with 
a = ”0” and u> = ”1”. It is isomorphic to the chain semiring H = {[a, (3\ : a < (3 < oj}. 

If in particular we choose the real numbers 0 and 1 as a and ui in the previous example S^, then the chain 
semiring F = {/3eR:0</3<l}is called fuzzy semiring and the to x n matrices over F is called the fuzzy 
matrices. 

Now let -M m , n (F) denote the set of all to x n fuzzy matrices with entries in F. The fuzzy rank of A £ A^ m , n (F) 
is the semiring rank over F and denoted rp(A). 

If we take H to be a sington, say {a}, and denote empty subset by 0 and {a} by 1, the resulting chain semiring 
is called a Boolean algebra B = {0,1}, and the to x n matrices over B is called Boolean matrices. This Boolean 
algebra is a subsemiring of every chain semiring. 

Now let _A/f m , n (B) denote the set of all to x n Boolean matrices with entries in B. The Boolean rank of 
D £ Mm,n{ B) is the semiring rank over B and denoted b{D) or tm(D). Also, r$(0) = 0, and O is the only matrix 
of semiring rank 0 over any semiring S. 

The Boolean rank has many applications in combinatorics, especially graph theory, for example, if A £ Ad m , n (B) 
is the adjacency matrix of the bipartite graph G with bipartition (X, Y), the Boolean rank of A is the minimum 
number of bicliques that cover the edges of G, called the biclique covering number. 

Given a matrix A £ Ad mira (S), a set of isolated entries ([7j) is a set of entries, usually written as E = {ctjj} 
such that aij ^ 0, no two entries in E are in the same row, no two entries in E are in the same column, and, 
if a.j. j , o.k.i £ E then, aiy = 0 or akj = 0. That is, isolated entries are independent entries and any two isolated 

entries aij and do not lie in a submatrix of A of the form a *’' 7 with all entries nonzero. The isolation 

&k,j (Ik,l 

number of A, t(A), is the maximum size of a set of isolated entries. Note that i(A) = 0 if and only if A = O. 


Example 2.1. Let 


A = 


1 1 0.2 0 0 

0.2 1 0 1 0 

1 0 0 0 0.2 

0 0.2 0 1 1 

0 0 1 0.2 1 
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be a fuzzy matrix and Ei = {<21,3, <22,11 a 3,5i <24,2, <25,4}- The entries ( 0 . 2 ’s) of A in E\ are isolated entries and hence 
l{A) = 5 . But the entries of A in the position in E2 = {<21,1,02,21 <23,5, <24,4,05,3} are not isolated. 


Suppose that A £ Ad m , n (S) and r§(A) = k. Then there are k semiring rank one matrices A, t such that 

A = Ai + A2 + • • • + A fc. ( 2 . 1 ) 


Because each semiring rank one matrix can be permuted to a matrix of the form 


N O 

o o 


with N = J, it is 


easily seen that the matrix consisting of two isolated entries of A cannot be dominated by any one Ai among the 
semiring rank one summand of A in ( 1 . 1 ). Thus 


i(A) < r§(A). 


( 2 . 2 ) 


Many functions, sets and relations concerning matrices do not depend upon the magnitude or nature of the 
individual entries of a matrix, but rather only on whether the entry is zero or nonzero. These combinatorially 
significant matrices have become increasingly important in recent years. Of primary interest is the Boolean rank. 
Finding the Boolean rank of a ( 0 ,l)-matrix is an NP-Complete problem ( 0 ), and consequently finding bounds 
on the Boolean rank of a matrix is of interest to those researchers that would use Boolean rank in their work. 
If the ( 0 , l)-matrix is the reduced adjacency matrix of a bipartite graph, the isolation number of the matrix is 
the maximum size of a non-competitive matching in the bipartite graph. This is related to the study of such 
combinatorial problems as the patient hospital problem, the stable marriage problem, etc. An additional reason 
for studying the isolation number is that it is a lower bound on the rank of a matrix over S. While finding the 
isolation number as well as finding the semiring rank of a matrix is an NP-Complete problem ([!]), for some 
matrices finding the isolation number can be easier than finding the semiring rank especially if the matrix is 
sparse: 


Example 2.2. Let 


F = 


1 1 10.2 0 1111 " 
1 1 1 1 0.2 1111 

1 1 1 0 0 0.2 111 
111000000 
111000000 
111000000 
0.2 1 0 0 0 0000 

0 0.2 1 0 0 0000 

1 0 0.2 0 0 0000 . 


be a fuzzy matrix. 

Then we can easily see r^(F) "A 6 from first 3 rows and columns, however to find that fuzzy rank is not 5 , 
requires much calculation if the isolation number is not considered. However, the isolation number is easily seen 
to be 6, both computationally and visually, the 0 . 2 ’s in the matrix represent a set of isolated entries. Thus we 
have r$(F) = 6 by ( 2 . 2 ). 

Note that if any of the l’s in F are replaced by zeros, the resulting matrix still has fuzzy rank 6 as well as 
isolation number 6. 


Ill 


Terms not specifically defined here can be found in Brualdi and Ryser [ 5 ] for matrix terms, or Bondy and Murty 
for graph theoretic terms. 
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For our use in the next section, we define the support matrix of a fuzzy matrix. If A £ Ai m , n (F), then the 
support of A is the Boolean matrix A = (dfj) £ A4 TOi „(B) such that a l:J = 1 if ^ 0 and aij = 0 if aij = 0. 

3 . Comparisons between isolation numbers and semiring ranks of fuzzy matrices 

In this section, we compare the isolation number with semiring rank of fuzzy matrix, and also we compare the 
isolation number with Boolean rank of the support of fuzzy matrix. 

Lemma 3.1. ForA,B € M m , n { F), rw(A+B) < rp(A)+rr(B). AndforA,B £ M m ,n{ B), b(A+B) < b(A)+b(B). 
Proof. It follows from the definition of fuzzy (and Boolean) rank and equation (2.1). ■ 

Lemma 3.2. For A,B £ M. m ,n{ F), A + B = A + B in A4 m ,n( B). 

Proof. It follows from the facts that all the entries of A, B € Af m ,„(B) are nonnegative and 1 + 1 = 1 in B. ■ 


Lemma 3.3. For A € M. m , n ( F), 6 (A) < 7 "f(A). 


Proof. If rp(A) = k, then A has a fuzzy rank one factorization such that A = b^c^) + b^ 2 ^C( 2 ) + • • • + b( fc )c( fc ) 
with B = [b^b* 2 ) • • • b( fe )] £ M mj /,.(F) and C = [c(i)C( 2 ) • • • C(/ c )] t £ Mfc iM (F) from (2.1). Therefore 


6 (A) = 6 (bWc( 1 ) + b( 2 )c( 2 ) + • • • + b< fc )c( fc )) = ^(bWc^) + b( 2 )c( 2 ) + • • • + b( fc ^>C( fc )) < k, from Lemma 
Hence b{A) < rp(H). 


3.2 


We may have strict inequality in Lemma |3.3| as we see in the following example. 


Example 3.4. Consider A = 


1 0.2 
0.3 0.4 


and B = 


1 0.2 

0.6 0.6 


in M min ( F). Then rp(H) = 2 but b(A) = 


K 


1 1 
1 1 


) = 1. Hence b(A) < rr(vl). But rr(B) = b(B) = 1 since B = 


1 

0.6 


[ 1 0.2 ] over F. 


Lemma 3.5. For A = [aij] £ Al m ,„(F), t(A) = l(A). 

Proof. If a,; } and a,k,i are any isolated entries in A , then i ^ k and j ^ l , and that Oij = 0 or akj = 0. Hence crff 
and cik,i are isolated entries in A, so we have i(A) < l(A). 

Conversely, if off and aFf are any isolated entries in A, then ctjj ^ 0 and a.k,i ^ 0 and that ai,i = a t ,i = 0 or 
a,k j = Ok~j = 0. Hence a,;^- and a,k,i are isolated entries in A, so we have l{A) < l{A). ■ 


Theorem 3.6. If A £ A4 m ,n( F), then t(A) = 1 if and only if b(A) = 1. 


Proof. Let A £ Af mi „(F). If 6 (A) 
have l(A) = 1. 

Conversely, suppose that l(A) 
the appropriate orders, PAQ = 


1 then d / O so that i(A) ^ 0 and since i(A) = l{A) < 6 (A) by (2.2), we 

1 and that 6 (A) > 2. Then, for some P and Q, permutation matrices of 
+ A 2 for some r, s with either r < m or s < n. Partition A 2 as 


' If. ,S O 

o o 


a 2 


A 24 a 22 

A 2i 3 A 2i 4 


where A 2i i is r x s. Since b(PAQ) = 6 (A) > 2, we have A / J, and hence, one of 
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A 2 . 2 , ^ 2 , 3 , ^ 2,4 has a zero entry. Further, one of ^ 2 , 2 , ^ 2 , 3 , ^ 2,4 has an entry of 1 since PAQ 7 ^ 

Thus, in PAQ , there is some zero entry, say apj = 0, which lies in a nonzero column j and a nonzero row i. Then, 
any of the ones in that column j together with a one in the nonzero row i form a set of two isolated entries, a 
contradiction, thus b(A) = 1. ■ 


Jr,s C) 

o o 


It follows that the subset of -M mj „(F) of matrices with isolation number one is the same as the set of matrices 
whose support has Boolean rank one. 

For A = A\ + A 2 + ■ ■ ■ + Ak with rjr(^4) = k, let 72,; denote the indices of the nonzero rows of A and Cj denote 
the indices of the nonzero columns of A,', i,j = 1. • • • , k. Let r, = 72.,;|, the number of nonzero rows of A; and 
Cj = \Cj | , the number of nonzero columns of A,. 


Lemma 3.7. Let A £ AI m , n (F). Then if r^(A) > b(A) = 2 then l(A) = 2, and if t(A) = 2 then b(A) 7 ^ 3. 


Proof. If b(A) = 2, then i(A) > 1 by Theorem 3.6 Since l(A) = l(A) < b(A) from Lemma 3.5 and (2.2), we have 
that l(A) = l(A) = 2. 

Now, suppose that t(A) = 2 and that b{A) = 3. Let A = Ai + A 2 + A 3 where 6 (A) = 1. 

Permute the rows of A so that 72i = {1,2,--- ,ri} and permute the columns of A so that C 2 = {1,2, • • • , 02 } 

and C 3 = {/c + 1, k + 2 , • • • , k + C 3 } where k < 02 - 

Note that 72j 7 ^ IZj and Ci 7 ^ Cj unless i = j otherwise Ai + Aj would be Boolean rank 1. 

Suppose that 72 1 C 722- Permute the remaining rows so that 722 = {1, 2, • • • , r^}, and 723 = {a+l,a+2,-- - ,a+ 

b + c, r 2 + 1 , r 2 + 2 • • • , r 2 + e} w 
Thus, we have that 


A = 


a 

F b< 

n, r 1 

+ 

<3 

VI 

b + c< 

a + b 

+ C + 

Ja,k 

■'a.g 

Ja,h 

O a,u 

J(L,V 

Oa,w 

Jb,k 

Jb,g 

Jb,h 

Jb,u 

Jb,v 

Ob,w 

Jc,k 

Jc,g 

Jc,h 

Jc,u 

O C,V 

Oc,w 

J d,k 

Jd,g 

Od,h 

O d,u 

Od,v 

O d,w 

Oe,k 

•de.g 

Je,h 

Je,u 

Oe,v 

Oe,w 

_ °f,k 

Of,9 

°f,h 

Of,u 

Of,v 

Of,w 

W. 

Thus 

, with 

this notation 




Ja,k 

•-'a, 9 

Ja,h 

O a,u 

Ja,v 

O " 


Jb,k 

Jb,g 

Jb,h 

Ob,u 

Jb,v 

O 


O 

O 

O 

O 

O 

O 


A 2 = 


da,k 

Jb,k 

Jc,k 

Jd.k 

o 


Ja,g 

Jb.g 

Jc,g 

Jd,g 

O 


O 

o 

o 

o 

o 


, and A 3 = 


a,k 

Oa,g 

O a ,h 

Oa,u 

Oa,v-\-w 

*b,k 

Jb,g 

Jb,h 

Jb,u 

Ob,v-\-w 

c,k 

Jc,g 

Jc,h 

Jc,u 

Oc,v-\-w 

d,k 

Od,g 

Od,h 

O d,u 

Od,v-\-w 

e,k 

Je,g 

de. h 

Je,u 

Oe,v-\-w 

f,k 

Of.g 

°f,h 

Of,u 

Of, v-\-w 
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Now, if A[r\ + 1, • • • , m|l, • • • , n] = A 2 [n + 1, • • • , ro|l, • • • , n] + A 3 [n + 1, • • • , m|l, • • • , n] has Boolean rank 1 
then d = e = 0 and hence A has the form 


Ja,k 

a,, g 

Ja,h 

0(L,U 

Ja,v 

Oa,w 

Jb,k 

Jb,g 

Jb,h 

Jb,u 

Jb,v 

Ob,w 

Jc,k 

Jc,g 

Jc,h 

Jc,u 

0c,v 

0c,w 

- °f,k 

Of,9 

°f,h 

Of,u 

Of,v 

Of,w 





0(L,U 

Ob,u 

0 




' 0 

0 

O 

O 

0 

0 ' 

Ja,k 

Jb,k 

0 

Ja,g 

Jb,g 

O 

Ja,h 

Jb,h 

O 

Ja,v 

Jb,v 

O 

0 ' 
0 

0 _ 

+ 

Jb,k 
Jc,k 

Jb,g 

Jc,g 

Jb,h 

Jc,h 

Jb,u 

Jc,U 

Ob,v 

Oc,v 

0 

0 




0 

O 

O 

0 

O 

0 . 


so that b(A) = 2, a contradiction to the assumption b{A ) = 3. Thus, A[n + 1, • • • , m\l, • • • , n] must have Boolean 
rank 2, and hence it has two isolated entries, say i 2 and i 3 . If Ci % C 2 UC 3 then without loss of generality we have 
that ai :X 7^ 0 for x = k + g + h + u + 1, but then, {a l a; , i 2 , * 3 } is a set of three isolated entries, a contradiction to 
r(A) = l(A) = 2. Thus, v = 0 and hence, Ci C C 2 U C 3 . Further, Ci 7^ C 2 U C 3 , otherwise, A can be expressed as 


A = 


Ja,k 

Jb,k 

Jc,k 


Jd,k 

o 


Ja,g O 
Jb,g O 
Jc,g O 
Jd,g O 

O O 


Oa,k 

Ja,g 

Ja,h 

0 ' 

Ob,k 

Jb,g 

Jb,h 

0 

@c,k 

Jc,g 

Jc,h 

0 

Od,k 

Od,g 

Od,h 

0 

Oe,k 

Je,g 

Je,h 

0 

_ °f,k 

Of,g 

°f,h 

0 


so that 6(A) = 2, contradiction to the assumption 6(A) = 3. 

Note that a,u,d 7^ 0, for otherwise 6(A) = 2. If e = 0 then b + c yf 0 so that {oi iCl , a a +i,fc+ C3 , a r2i i} is a set of 
three isolated entries, a contradiction to l{A) = i(A) = 2. If e 7^ 0, then {ai jCl , a r2j i, a r2 + e ,fc+c 3 } is a set of three 
isolated entries, contradicting that b(A) = t(A) = 2. Thus, 1Z\ <(_ 7^ 2 . 

By renumbering and/or transposing we have proved that TZi 'f- TZj and Ci qL Cj for any pair i and j. 

Now, permute the rows and columns of A so that TZi = {1,2, • ■ ■ , IZ 2 = {a + 1, a + 2, • • • ,a + 6, a + 6+c + 
1, a + b + c + 2, ■ ■ ■ ,a + b + c + d + e + f}, and 7Z$ — {uT6t1,uT6t 2,*** ,uT6TcTdTe,uT6TcTeT f T 
l,a + 6 + c + e + / + 2- -- ,a + b + c+e+f + g} for some a, 6, c, d, e, /, g where a + 6 + c+ d = ri, so that A has 
the form: 



O a ,l 

J(1,P 

Oa,q 

Ja,r 

O a ,s 

J(L,V 

Oa,w 

Jb,k 

Jb,l 

Jb,p 

Jb,q 

Jb,r 

Ob,s 

Jb,v 

Ob,w 

Jc,k 

O c ,l 

Jc,p 

J c,q 

Jc,r 

J c,s 

Jc,V 

Oc,W 

Jd,k 

Jd,l 

Jd,p 

Jd,q 

Jd,r 

Jd,s 

Jd,v 

Od,w 

Je,k 

Je,l 

Je,p 

Je,q 

Je,r 

d r.s 

Oe,v 

@e,w 

Jf,k 

J ff 


J f,q 

Of,r 

Of,s 

Of,v 

Of, w 

Og,k 

°gf 

J 9,.V 

^g,q 

Jg,r 

Jg,s 

Og,v 

0 g,w 

_ Oh,k 

O h ,i 

Oh,p 

Oh,q 

Ofi,r 

Oh,a 

Oh,v 

Oh,w 
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for some a, b , c, d, e, /, g, h, k , l,p, q , r, s, t>, and w, so that 


Yb = 


Ja,k 

O a ,i 

d a .p 

O a ,q 

Ja,r 

O a , s 

Ja,v 

Oa,w 

Jb,k 

O b ,i 

d b ,p 

O b ,q 

Jb,r 

O b ,s 

Jb,v 

Ob,w 

Jc,k 

O c ,i 

Jc,p 

O c , q 

Jc,r 

O c ,s 

Jc,V 

Oc,W 

Jd,k 

Od,i 

Jd,p 

Od,q 

Jd,r 

Od,s 

Jd,v 

Od,w 

O 

0 

O 

O 

O 

0 

O 

O 


O a ,k 

O a ,l 

Oa,p 

O a , 

q O' 




J b ,k 

Jb,l 

Jb,p 

Jb, 

0 




Cdc,k 

OcJ 


O c , 

q 0 



A2 = 

Jd,k 

Jd,l 

Jd,p 

Jd, 

1 0 

, and 



Je,k 

Je,l 

de,p 

J e, 

2 O 




Jf,k 

J f,l 

df,p 

Jf, 

2 O 




O 

O 

O 

O 

O 




A-> — 


Oa,k 

O a ,l 

Oa,p 

Oa,q 

Oa,r 

O a ,s 

O 

Ob,k 

Ob,i 

@b,p 

O b ,q 

Ob,r 

O b ,s 

O 

O c ,k 

Oc,l 

J c,p 

Jc,q 

Jc,r 

d C,S 

O 

Od,k 

Od,i 

Jd,p 

Jd,q 

Jd,r 

Jd,s 

O 

@e,k 

O e ,i 

J e,p 

d e. q 

Je,r 

d :. ,s 

O 

°f,k 

Of,i 

Of,p 

°f,1 

Of,r 

Of,s 

O 

Og,k 

Og,l 

Jg,p 


Jg,r 

dg,s 

O 

_ Oh,k 

Oh,i 

Oh,p 

Oh,q 

Oh,r 

Oh,s 

O 


Suppose that r/0 and Yl[ri + !,••• , m|l, 


t] = A 2 [ri + 1 , • • • ,m|l, • • • , n] +A 3 [n + 1 , • • • , m|l, • • • , n] has 


Boolean rank 1. Then, / = g = 0 and we must have l, s 7 Y 0, for otherwise b(A) = 2, a contradiction. Further, if 
b = c = 0 then b(A) = 2, again a contradiction. Thus, using a 1 from each of the blocks subscripted (a,v), (b,l) 
and (e, s) of Yl or a 1 from each of the blocks subscripted (a, v), (e, l) and (c, s) of A we have three isolated entries, 
a contradiction since i(A) = i(A) = 2. Thus the Boolean rank of A[r\ + 1, • • • , m |1, • • • , n] must be 2, and hence 
has two isolated entries, say i 2 and * 3 . If C\ % C 2 U C 3 then 7 ^ 0 for x = k + l + p+ q + r + s+ l then, 
{ 01 ^, 12 , 13 } is a set of three isolated entries, a contradiction to l(A) = i(A) = 2. Thus, C\ C C 2 UC 3 . Further, 
Ci 7 ^ C 2 U C 3 , otherwise, Yl would have Boolean rank 2. Thus, v = 0, and hence, Ci C C 2 U C 3 . 

Since the choice of rows versus columns can be changed by transposition and the index of IZi and Cj by 
renumbering, we have shown that if {i, j, k} = {1,2,3} then IZi C IZj U IZk and Ci C Cj U Ck- 


Consider the matrix (3.1|. Since TZ\ C R 2 U 7 ?. 3 we have that a = 0; since K 2 C Ri U IZ 3 we have that 


/ = 0; since C 2 C Ci U C 3 we have that l = 0; and since C 3 C Ci U C 2 we have that s = 0. That is, since 
a = f = l = s = v = 0 1 A has the form 


A = 


J 

J 

J 

J 

O 

O 


J 

J 

J 

J 

J 


J 

J 

J 

J 

J 


o o 


J 

J 

J 

J 

J 

o 


o 

o 

o 

o 

o 

o 


where the indices have been omitted. Thus b(A) = 2, a contradiction. Thus, if i(A) = 2 then b(A) 7 ^ 3. 
Theorem 3.8. Let A £ A4 m , n (F). Then, i(A) = 2 if and only if b(A) = 2. 
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Proof. From Lemma |3.7[ we have the sufficiency. So we only need show the necessity. 

Suppose there exists A £ M m ,n(F) with ((A) = i(A) = 2 and 6(A) > 2. By Lemma 3.7 6(A) ^ 3, and hence 
b(A) > 4. Thus we choose A such that if 6(A) > j'b(C') > 2 then i(C) > 2. Suppose that A = Ai + A 2 + • • • + A^ 
for k = 6(A) where each Ai is Boolean rank one, i.e., k is the minimum k such that 6(A) = k and ((A) = 2. 


Suppose that A\ has the fewest number of nonzero rows of the Aj’s. As in the proof of the above lemma 3.7 
permute the rows of A so that A\ has nonzero rows 1,2, • • • ,r For j = 1, • • • , n, let Bj be the matrix whose 
first j rows are the first j rows of A and whose last m — j rows are all zero. Let Cj be the matrix whose first 
j rows are all zero and whose last m — j rows are the last m — j rows of A. Then A = Bj + Cj. Further any 
set of isolated entries of Cj is a set of isolated entries for A. Now, from 6 (A) < b(Bj) + b(Cj ), and the fact that 


b{Cj) = b(Cj_ i) or b(Cj) = b(Cj_ i) — 1, there is some t such that b{C t ) = 6 (A) — 1 . Since b(C t ) < k by the choice 
of A, for this t, we have that i(Ct) > 2 since b(Ct ) > 3. That is, i(A) = t(A) > 2, a contradiction. ■ 


Now, as we can see in the following example, there is a matrix A £ A4 mjn (F) such that t(A) = 3 and 6 (A) is 
relative large, depending on to and n. 


Example 3.9. For n > 3, let D 


where k = min < k : n < 


n = J \ I £ A4„(B). Then, it is easily shown that t(D„) 
■, see 0 (Corollary 2). So, i(-D 2 o) = 3 while 6 (Z? 2 o) = 6 . 


3 while b(D n ) = k 


A tournament matrix [T] £ A4„(B) is the adjacency matrix of a directed graph called a tournament, T. It is 
characterized by [T] o [T]* = O and [T\ + [T] 4 = J — I. 

Now, for each k = 1, 2, • • • , min{?n, n}, can we characterize the matrices in A4 m , ra (F) for which t(A) = 6(A) ? 
Of course it is done if k = 1 or k = 2 in the above theorems, but only in those cases. For k = m we can also find 
a characterization: 

Theorem 3.10. Let 1 < to < n and A £ Ai m , n (F). Then, ((A) = 6(A) = m if and only if there exist permutation 
matrices P £ A4 m (B) and Q £ A4„(B) such that PAQ = [B\C\ where B = I m + T £ A4 m (B) where T £ A4 m (B) 
is dominated by a tournament matrix. (There are no restrictions on C.) 

Proof. Suppose that ((A) = to. Then we permute A by permutation matrices P and Q so that the set of isolated 
entries are in the (d, d) positions, d = 1, • • • , to. That is, if X = PAQ then I = {x± t i,X 2 , 2 , • • ■ , Xm,m} is the set 
of isolated entries in X. Therefore X = [B|C], with 6,_, = xff = 1 and bij ■ bj t i = 0 for every i and j ^ i from 
the definition of the isolated entries. Thus, B = I m + T where T is an m square matrix which is dominated by a 
tournament matrix. Thus, PAQ = [B|C] where B = I m + T and clearly there are no conditions on C. 

Conversely, if PAQ = [-B|(7] and B = I m + T where T is an m square matrix which is dominated by a 
tournament matrix, then the diagonal entries of B form a set of isolated entries for PAQ and hence A has a set 
of to isolated entries. Thus ((A) = 6(A) = to. ■ 


Corollary 3.11. Let 1 < m < n and A £ A4 m , n (F). If there exist permutation matrices P £ A4 m (B) and 
Q £ A4„(B) such that PAQ = \B\C\ where B £ A4 m (F) is a diagonal matrix or a triangular matrix with nonzero 
diagonal entries, then l(A) = 6 (A) = to. 
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Some properties of certain 
difference polynomials 

Yong Liu, Yuqing Zhang and Xiaognang Qi 

Abstract 

This research is a continuation of a recent paper [16]. In this paper, we utilize 
Nevanlinna value distribution theory to study some properties of difference polynomial 
Yn(z) = Ei=i Vjy{z + rjj) - ay n {z). 

Keywords: Meromorphic functions; Difference; Fixed point; Finite order. 

1 Introduction and main results 

In this article, we assume familiarity with the basics of Nevanlinna theory (see, e.g., [12, 
17]). In addition, we will use the notation cr(y) to denote the order of the meromorphic 
function y(z), and A(/) and A(^) to denote, respectively, the exponent of convergence of 
zeros and poles of y(z). 

In 1959, Hayman [11] obtained the following famous theorem. 

Theorem A [11]. Let y(z) be a transcendental meromorphic function and a / 0,6 be 
finite complex constants. Then y n (z) + ay\z ) — b has infinitely many zeros for n > 5. If 
y(z) is transcendental entire, this holds for n > 3, resp. n > 2, if b = 0. 

Recently, several articles (see, e.g., [1-3, 5-10, 13-15]) have focused on complex difference 
equations and difference analogues of Nevanlinna’s theory. 

In 2013, the first author and Yi [16] established partial difference polynomial counter¬ 
parts of Theorem A, and obtained the following result: 

Theorem B [16], Let y{z) be a transcendental entire function of finite order p(y), let 
a, b , aj , Cj(j = 1, 2, • • • , k) be complex constants. Set Y n (z) = Ej=i a jU( z + c j ) — a y n ( z )i 

2010 Mathematics Subject Classification. Primary 30D35, 39B12. 
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where n > 3 is an integer. Then Y n (z) have infinitely many zeros and A (F n (z) — b) = p(f) 
provided that Y^j= l a j( z )v( z + c j ) ^ b. 

Theorem C [16]. Suppose that y(z ) be a finite order transcendental entire function with 
a Borel exceptional value d. Let a(z )(^ 0), b(z),a,j(z)(j = 1, 2, • • • , k) be polynomials, and 
let Cj (j = 1, 2, • • • , k) be complex constants. If either d = 0 and Ylj=i a j( z )v{ z + c j) ^ 0> 
or, d / 0 and Ylj=i dcij(z) — d 2 a(z) — b(z) ^ 0, then F 2 (z) — b(z) = Ylj=i a j( z )f( z + c j ) — 
a(z)y 2 (z) — b(z) has infinitely many zeros and X(Y 2 (z) — b(z)) = p(y ). 

In this paper, we will improve the above results from entire functions to meromorphic 
functions. 

Theorem 1.1. Suppose y(z) is a transcendental meromorphic function with exponent of 
convergence of poles A(^) < p(y) < oo, suppose r]j(j = 1,2, , k) are complex constants, 

and a(z),Vj(j = 1,2,--- , A:) be polynomials, and <p(z) be a meromorphic function, small 
compared to y(z). Suppose Y n (z) = Ylj=i v jV( z + Vj) ~ a y n { z )i where n > 3 is an integer, 
and Ylj=i Vj{z)y{z + rjj) ^ ip(z). Then A (Y n (z) - <p(z)) = p(y). 

In Theorem 1.1, we consider difference polynomial Y n (z) with n > 3. The following 
result is about the case n = 2 : 

Theorem 1.2. Suppose that y{z) is a finite order transcendental meromorphic function with 
two Borel exceptional value d, oo. Suppose a(z)( ^ 0 ),Vj(z)(j = 1, 2, • • • ,k) are polynomials, 
ip(z) is a meromorphic function, small compared to y(z), and suppose rjj(j = 1,2, , k) 
are complex constants. If either d = 0 and Ylj=i v j( z )y( z + Vj) ^ 0, or, d / 0 and 
J2j=idvj(z) - d 2 a(z) - ip(z) ^ 0, then A (Y 2 (z) - <p( z )) = p{y), where Y 2 (z) - <p(z) = 
EjL l v j( z )y( z + Vj) - a(z)y 2 (z) - <p(z). 

Example 1.3. Let y(z) = exp{4+i > a ( z ) = = 3m,y 2 = m,r ) 3 = 0,r/ 4 = 57ri,?/ 5 = 

7m, vi(z) = 1 ,v 2 (z) = -3 ,v 3 (z) = -1 ,v 4 (z) = 2,v 5 (z) = 1 ,v 6 (z) = ■■■ = v k (z) = 0 ,<p(z) = 
—1. Then we have 


y 2 (z) - V [z) = g ^>1/0 + Vj) - a ( z )y 2 ( z ) - <e( z ) = (exp{z} + i7 ( tp { 4 _ i) ' 

Here y(z) has no two Borel exceptional values, but Y 2 (z) — <p(z) has no zeros. Hence the 
condition that y(z) has two Borel exceptional value cannot be omitted in Theorem 1.2. 

2 Preliminary lemmas 

In order to prove Theorem 1.1 and Theorem 1.2, we need the following lemmas.The following 
lemma is a generalisation of Borel’s Theorem on linear combinations of entire functions. 

Lemma 2.1 [17, pp.79 — 80] Let fj{z)(j = 1,2, ,n)(n > 2) be meromorphic function, 

9 j( z )U = 1, 2, • • • , n) be entire functions, and let them satisfy 
(i) fi(z)e 9l ( z ) H-b fk{z)e 9k W = 0; 
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(ii) when 1 < j < k < n, then gj(z) — gk{z) is not a constant. 

(Hi) when 1 < j < n, 1 < h < k < n, then 

T(r, fj ) = o{T(r, e 9h ~ 9k )} ( r — > oo, r fL E), 

where E C (1, oo) is of finite linear measure or finite logarithmic measure. Then fj = 0(j = 
1 :")■ 

Let Cj, (j = 1, • • • , n) be a finite collection of complex numbers. Then a difference poly¬ 
nomial in f(z) is a function which is polynomial in f(z + Cj ) with meromorphic coefficients 
a\(z) such that T(r,a \) = S(r,f) for all A. As for difference counterparts of the Clunie 
lemma, see [4; Corollary 3.3]. The following lemma due to Laine and Yang [14] is a more 
general version. 

Lemma 2.2 [14] Let f(z) be a transcendental meromorphic solution of finite order of a 
difference equation of the form 


U(z,f)P(z,f) = Q(z, /), 

where U(z, /), P(z, f), and Q(z,f ) are difference polynomials such that the total degree 
deg U(z, /) = n in f(z) and its shifts, and deg Q(z,f) < n. Moreover, we assume that 
U(z, f) contains just one term of maximal total degree in f(z) and its shifts. Then 

m(r, P(z, /)) = o( ^ + °( T ( r ’ /))• 

The following lemma is a difference analogue of the logarithmic derivative lemma. 

Lemma 2.3 [8, 10] Let f(z ) be a meromorphic function of finite order and let c be a non-zero 
complex number. Then we have 


f(z + c ) 


m(r, * j C ) = S(r, /). 


/(* 


Lemma 2.4 [8, 10] If f(z) is a transcendental meromorphic function with exponent of 
convergence of poles A( j.) = A < oo, and let c be a non-zero complex number. Then for 
each £ > 0, we have 


N(r, f(z + c)) = N(r, f) + 0(?’ A 1+e ) + O(logr). 
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3 Proof of Theorem 1.1 


Combining Lemma 2.3 and Y n (z) — <p(z) = J2j=i v jU( z + Vj) ~ a U n ( z ) ~ < p( z )i we have 


nm(r,y(z )) = m(r,ay n (z )) + O(logr) 
k 

= rn(r,^2vjy(z + rjj) - <p(z) - (Y n (z) - tp(z))^ +0(logr) 
3 =i 



Ej=i v M z + 7 u) 
y ( z ) 


+ m(r, Y n (z ) - <p(z)) + m(r, <p(z)) + 0(log r) 
k k 

< m(r,y(z)) + ^2m(r, ^ m(r, Vj(z)) 

3=1 !l 3=1 


+ m(r, Y n (z ) - <p(z)) + 0(log r) 

= m(r,y(z )) + m(r,y n (z) - <^(z)) + S(r,y). 


(1) 


By A(^) < p(y), we obtain 


N(r,y) = 0(r p 1+£ ). 


( 2 ) 


Hence, by (1) and (2), we have 

(n - 1 )T(r,y) < m(r,Y n (z) - tp(z)) + 0(j- p_1+e ) + S(r,y). 

On the other hand, Lemma 2.3 and Y n (z) — y>(z) = Ylj=i v jV( z + Vj) — ay n (z ) — tp(z) imply 
that 

T(r, Y n (z ) - ip(z)) = m(r, Y n {z) - (p(z)) + N(r , Y n (z) - <p(z )) 

k 

= m(r, ^2 V M Z + 7 lj) ~ a y n ( z ) - <P( Z )) 

3=1 

k 

+ N (r,^2 v jV( z + Vj) ~ a y n ( z ) - ¥>(*)) , . 

< m(r, y(z)) + ^ m(r, V ^ Z + ^ ) +^T(r,u i ) 

i=i j=i 

+ m(r, ay n (z )) + (& + n)IV(r, y) + T(r, ^(z)) 

< (fc + n)T(r,y(z)) + 5(r,y). 

Together (1) with (3), we can obtain p(y) = p(y n — <p(z)). We next break the rest of the 
proof into two parts. 

Case 1. If p(y) = 0, then by 0 < A (Y n — (p(z)) < p(Y n — <p{z)) = p(y) = 0, we have 
A (Y n — tp(z)) = p(y ), we have proved Theorem 1.1. 
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Case 2. If p(y) > 0, then we assume A (Y n — p(z)) < p(y). By this and p(Y n — <p{z)) = 
p(y), Y n (z) — <p(z ) can be written as 


k 

y n(z) - <p(z) = Y V M Z + Vj) ~ ay n (z) - <p(z) 

i=i (4) 

= exp{g(z)} = p(z) exp {q(z)}, 

where q(z) is a nonzero polynomial, r\(z) is an entire function with p{r\) < p(y), and ^( 2 ) 
is the canonical product formed with the poles Y n (z) — p(z). So p(r 2 ) = A(?’ 2 ) = A(|) < 
A(^) < p(y), and p(p) < max{p(ri), pfo)} < p(y)- Differentiating (3) and eliminating 
e x p{g(z)}, we get 

y {n ~ 1) (z)(anp(z)y'(z) - a{p (z) + q (z)p(z))y(z) S j 

k k ( 5 ) 

= P( z )iY v i y '( z + W) ~ ¥>'(*)] “ { p \ z ) +P(z)q'(z)}[Yvjy(z + rjj ) - tp(z)]. 

3 =1 3 =1 

We assume that 


anp(z)y'(z ) - a(p'(z) + q (z)p(z))y(z) = 0. 


Integrating (6) 


y n (z) = dp(z)exp{q(z)}, 


( 6 ) 

( 7 ) 


where d G C \ {0} is a constant. Therefore, by (4) and (7), we obtain that 


Y n {z) - <p(z) = Y Vjy{z + r/j ) - ay n (z) - <£>(z) = (8) 

3 = 1 

by computing (8), we have 

k 

d {Y v M z + ^ 3 ) -vi 2 )) = (ad+l)y n (z). (9) 

3 =1 

By the condition of theorem 1.1, we know Vjy(z + pj ) ^ <£>(z), hence we have ad / —1. 
Differentiating (9) and then dividing by y'(z), we obtain 




d^jfl = n(ad + l)y n 1 (z). 
y{z) 


( 10 ) 
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We have from (10) and Lemma 2.3 that 




y'(z) 


y'(z) 


(n — 1 )m(r, y) = m(r, (ad + 1 )y n ~ l (z)) + 0(1) 
k 

= m(r, d( 

3 =1 

< ^ m(r, —+ ^ ) + m(r, </?'(z)) + m(r, -^) + 0(1) 

= 5(r,y') + m(r,<p') + m(r, ^) < S(r, y) + T(r, y) = S(r, y) + T(r, y), 

On the other hand, by (7), we know that the poles of y(z) comes from the poles of p(z), 
hence we obtain 

(n — l)N(r,y) < 0(N(r,p)) 


so 


(n - 2)T(r, y) < 0(T(r,p)) + S(r, y) 


we can obtain p(y) < p(p), a contradiction, since n > 3. Hence p(z,y) ^ 0. Since n > 3, 
Lemma 2.2 and (5) imply that 


m(r, anp(z)y'(z) — a(p'(z) + q'(z)p(z))y(z)) 
,T(r + \c\,y ), 


= o 


-) + o(T(r,y)) + 0(m(r,p(z))), 


( 11 ) 


and 


m(r,y(z)(anp(z)y'(z) - a(p (z) + q (z)p(z))y(z))) 
= 0 ( T ( r ~H C I’^) ) + 0 (T(r, y)) + 0(m(r,p(z))), 


( 12 ) 


for all r outside of an exceptional set of finite logarithmic measure. From (11) and (12), we 
obtain 


m(r,y) = Q ( r ( r + j c l’^ ) + G (r(r,y)) + 0(m(r,p(z))) 


(13) 


for all r outside of an exceptional set of finite logarithmic measure. (13) and N(r,y) < 
0(N(r,p)) yield that p(y) < p(p). A contradiction. So X(Y n (z) — <p(z)) = p(y). The proof 
of Theorem 1.1 is complete. 


4 Proof of Theorem 1.2 

Since y(z) has a Borel exceptional value d, we see that y(z) takes the form 

, \ , x ( z ) r ki 

y(z) = d+ —- exp {pz }, 
q(z) 


(14) 
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where // E C\{0}, k G N\ {0}, and x(z) is an entire function such that x(z)(^ 0), p(x) < k, 
and q(z ) is the canonical product formed with the poles of y(z) satisfying p(q) = A (q) = 
A(|) < p(y). (14) implies that 

y(z + rjj ) = d + exp {pz k }, {j = 1,2, • • • , fc) (15) 

where x'j(z) are entire functions, and p(xj) = k — 1. If Y^iz) — ip(z) is a rational function, 
then 

k 

^2 Vj(z)y(z + ry ) - a{z)y 2 (z) - <p(z) = p(z), (16) 

1=1 

where p(z) is a rational function, we deduce from Lemma 2.3 and (16) 


k 

m(r,a(z)y 2 (z)) = m(r,y^Vj{z)y(z + ry) - ip{z) ~ p(zj) 

3 = 1 

< m(r, y(z)) + mfr, + m(r, <y?(z)) 

v v\ z ) y 

k 

+ m(r,p(z )) + m(r, Vj(z)) + 5(r, y) 

i=i 

= m(r,y(z)) + S(r,y), 

We obtain form Lemma 2.4 


K 

N(r,a(z)y 2 (z )) = IV(r,^ Vj(z)y(z + ry) - <p(z) -y(z)) 


l=i 


= fclV(?’, y) + 0(r A 1+£ ) + 5(7’, y). 


Together (17) and (18), we have 


K 

T(r, a(z)y 2 (z)) = t(v, Vj(z)y(z + ly) - p(z) - p(z)) 


l=i 


< T(r, y) + (k - 1 )N(r, y) + 0(r x 1+£ ) + S(r, y). 


(17) 


(18) 


(19) 


(16), (19) and T(r,ay 2 ) = 2 T(r,y(z)) + S(r,y) imply that 

T(r, y) <{k- 1 )N(r, y) + 0(r x ~ 1+£ ) + S(r, y). 

A contradiction, since A(^) < p(y). Hence Yz(z ) — <p(z) is transcendental. (14) and (15) 
imply that 


Y 2 (z) ~ <fi(z) = C^Tvjiz) 


x(z + ry) , , „ , , ,x(z). , 

J Xj(z) — 2 da(z) ( ^ ) exp{ pz h } 


l=i 


qiz + ry)' 


q(z) 


2 / \ k 

- a(z) X ~ exp{ 2 ^ 2 fc } + dvj(z) - d 2 a(z ) - <p(z) 
q \z) ' 


1=1 


( 20 ) 
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B y f§J ^ °’ we obtain P( Y 2(z) ~ = P(V ) = k. Suppose A (Y 2 (z) - <p(z)) < p(y). Then 

Y 2 {z) - cp(z) = exp {/3z k } = l*(z) exp {fiz k }, (21) 

m{z) 

where f3 £ C\{0}, l(z) is an entire function satisfying p(l) < k, and p(m) = A(m) = A(|) < 
p(y) = k. We obtain from (14), (15) and (21) 




3 =1 


x{z + rjj) 

q(z + vj ) 


Xj(z) — 2da(z) 


x(z) . 


exp {pz k } 


k 

= l* (z) exp {/3z k } + ^ dvj(z) — d 2 a(z) + <^j(j 2 t). 

1=i 



exp{ 2 // 2 : fc } 


( 22 ) 


We divided the discussion into the following three cases. 

Case I. P / p and (3 / 2/i, Lemma 2.1 and (22) imply that = 0, by (14) and this, 
we have y(z) = d. A contradiction. 

Case II. /3 = p and f3 / 2p. By Lemma 2.1 and (22), we can obtain = 0, we use 
the similar method as case I, we also get a contradiction. 

Case III. f3 = 2p and (3 / p, we divided this into the following two subcases. 

Subcase I. If d = 0, then we obtain from (14), (15) and (20) 


p{p z k } - a ( z )“27W exp{2pz k } - p(z) = l * (z) exp{/3z k }. (23) 

• =1 q\ z + Vj) q \ z ) 

Since ^ 0, (23) implies that (3 = 2p. Hence we can write (22) as follows 


v i X [ Z T x 3 ex P {pz k } - + l * ( z )) exp{2/iz fc } - <p(z) = 0. (24) 

“t q( z + r h) q \ z ) 

Combing Lemma 2.1 and (24), we have Ylj=i v j( z ) x ( z + rjj)xj(z) = 0. This is impossible, 
sicne Ylj=\ v j( z )v( z + Vj) ^ °- 

Subcase II. Suppose that d ^ 0. Using the similar method as above, we also obtain 
Y^j=i dvj(z ) — d 2 a(z) — <p(z) = 0, a contradiction. So A(Y 2 (z) — <p(z)) = k. 
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Stability of ternary Jordan bi-derivations on C*-ternary algebras 

for bi-Jensen functional equation 
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Abstract. In this paper, we prove the Hyers-Ulam stability of ternary Jordan bi-derivations on C*-ternary 
algebras for bi-Jensen functional equation. 

1. Introduction and preliminaries 

The stability problem of functional equations had been first raised by Ulam [15]. In 1941, Hyers [8] gave 
a first affirmative answer to the question of Ulam for Banach spaces. The generalizations of this result have 
been published by Aoki [1] and Rassias [14] for additive mappings and linear mappings, respectively. Several 

stability problems for various functional equations have been investigated in [3, 4, 6, 7, 11, 12, 13]. 

Let A be a C*-ternary algebra (see [16]). An additive mapping D : A —> A is called a ternary ring 
derivation if 

D([x, y, z ]) = [D{x), y, z] + [a:, D(y),z] + [x, y, D(z)] 
for all x,y, z £ A. An additive mapping D : A —> A is called a ternary Jordan ring derivation if 

D([x,x,x]) = [D(x),x,x] + [x, D(x), x] + [x,x, D(x)] 

for all x £ A. 

The following definition was defined by Eshaghi Gordji et al. [5]. 

Definition 1.1. ([5]) Let A be a (7*-ternary algebra. A bi-additive mapping T : A x A -> A is called a 
ternary bi-derivation if it satisfies 

D([x,y,z],w) = [D(x,w),y,z] + [x,D(y,w*),z] + [x,y,D(z,w)], 

D(x,[y,z,w]) = [D(x,y),z,w] + [y,D(x*,z),w] + [y,z,D(x,w)} 

for all x, y,z,w £ A. 

A bi-additive mapping D : A x A —> A is called a ternary Jordan bi-derivation if it satisfies 

D([x,x,x],w) = [D(x,w),x,x\ + [x, D(x,w*),x] + [x,x, D(x,w)\, 

D(x,[w,w,w]) = [D(x,w),w,w] + [w, D(x*,w),w] + [w,w,D(x,w)] 

for all x, w £ A. 

Let A and B be C*-ternary algebras. A mapping J : A —> A is called a Jensen mapping if J satisfies the 
functional equation = J(x) + J(y). For a given mapping / : A x A —> B , we define 

Jf(x,y,z,w) = 4f -4r“) ~ f( x ’ z ) ~ f( x ’ w ) ~ f(y, z ) - f{y,w) 

^Corresponding authors. 

°Keywords: Hyers-Ulam stability; bi-Jensen mapping; C*-ternary algebra; ternary Jordan bi-derivation. 
°Mathematics Subject Classification 2010: Primary 17A40, 39B52, 39B82, 47Jxx, 46K70, 46B99. 
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Ternary Jordan bi-derivations on C*-ternary algebras 

for all x, y,z,w € A. A mapping / : A x A —> B is called a bi-Jensen mapping if / satisfies the equation 
Jf(x,y,z,w) = 0 and the functional equation Jf = 0 is called a bi-Jensen functional equation. For more 
details about the result concerning such problems, see ([2, 9]). 

In this paper, we prove the Hyers-Ulam stability of ternary Jordan bi-derivations on C*-ternary algebras 
for the bi-Jensen functional equation. 


2. Stability of ternary Jordan bi-derivations on C*-ternary algebras for the bi-Jensen 

functional equation 

Throughout this section, assume that A is a ternary C*-algebra. We need the following lemmas to prove 
the main theorems. 

The following lemma was proved in [7]. 

Lemma 2.1. ([7]) Let f : A — > A be an additive mapping. Then 

f([a,a,a],w) = [f(a,w),a,a\ + [a,f(a,w*),a\ + [a,a,f(a,w)\, 
f(a,[w,w,w ]) = [f(a,w),a,a] + [a,f(a,w*),a] + [a,a,f(a,w)] 

hold for all a,w £ A if and only if 

f([a, b, c] + [6, c, a] + [c, a, b\, [w, w, w]) = [/(a, w), b, c} + [a, f(b , w *), c] + [a, b, f(c, w)] + [f(b, w),c , a] 

+[b, f(c , w*), a] + [ b , c, /(a, «))] + [/(c, w), a, b] + [c, /(a, w*), b] + [ c , a, f(b, w)], 

/([a, a,a], [, b,c,w\ + [c,w,b\ + [w,b,c\) = [f(a,b),c,w] + [b, f(a*,c),w] + [ b,c,f(a,w )] + [f(a,c),w,b\ 

+[c,f(a*,w),b\ + [c,w, f(a,b)] + [f(a,w),b,c\ + [w, f(a*,b),c\ + [■ w,b,f(a,w )] 

hold for all a, b,c,w £ A. 


The following lemma was proved in [10]. 

Lemma 2.2. ([10]) Let f : A x A —» A be a bi-Jensen mapping and let n be a positive integer. Then the 
following are equivalent: 

(1) /(*, y) = ^/( 2 n x, 2 n y) + - ^)(/( 2 n x, 0) + /(0,2 n y)) + (1 - ^) 2 /(0, 0) 

holds for all x,y £ A. 


(2) /Or, y) = ^f(2 n x, Ty) + (2" - l)(/(2"s, 0) + /(0, Tyf) + (2" +1 - 3 + ^) 2 /(0,0) 
holds for all x,y £ A. 


(3) /(X, y ) = 4"/(^s, ^y) + ( 2 ” - 4 ")(/(^x, 0) + /(0, ±y)) + (2" - l) 2 /(0, 0) 

holds for all x,y £ A. 


(4) /0r, y) = ^/( 2 n x, y) + ^(1 - ^)/(0,2"y)) + (1 - ^) 2 /(0,0) 

holds for all x,y £ A. 


(5) 

holds for all x,y £ A. 


f(x,y) = —/(2”a;, y) 


2^r(i - ^)(/(*. 2"») + /(-*,2"y)) + (l - ^) 2 /(0,0) 


141 


Sedigheh Jahedi et al 140-145 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


S. Jaliedi, V. Keshavarz, C. Park, S. Yun 


Theorem 2.3. Let p £ (0,1) and 9 > 0. Let f : A x A —► A be a mapping such that 


\\Jf(x,y,z,w)\\<6(\\xr + \\yr + \\zr + \\w\n 


( 2 . 1 ) 


II f([x,y,z] + [y,z,x] + [z,x,y\,w) - [f(x,w),y,z\ + [x,f(y,w*),z\ - [x,y,f(z,w)\ - [f{y,w),z,x\ 
~[y,f(z,w*),x] - [y,z,f(x,w)\ - [f(z,w),x,y\ - [z, f(x,w*),y] - [z,x, f(y,w)]\\ (2.2) 

+ \\f( x > [y,z,w\ + [Z,w,y\ + [w,y,z]) - [f(x,y),z,w\ - [y, f(x *, z),w] - [y,z,f(x*,w)\ 

~[f(x,z),w,y} - [z,f(x*,w),y] - [z,w,f(x,y)\ - [f(x,w),y,z] - [w,f(x*,y),z] - [w,y, f(x,z)]\\ 

< wr+iMr+ikr + iHr) 


for all x,y, z,w G A. Then there exists a unique ternary Jordan bi-derivation D : A x A —>• A such that 

/ 2 P 9 • 2 P \ 

II f{x,y) D(x,y)\\ < ^ + Uyf) (2.3) 

for all x,y, z,w £ A with D( 0, 0) = /(0,0). The mapping D : A x A —> A is given by 

D{x,y) := lim ff^x, 2°y) + lim ^-f(2 J x, 0) + lim 2-/(0, 2 J y) + /(0, 0) 

J—^OO 2± J j—>oo Z J j—too Z J 

for all x,y £ A 

Proof. By the same reasoning as in the proof of [10, Theorem 2], there exists a unique bi-Jensen mapping 
D : A x A —> A satisfying (2.3). The mapping D : A x A —» A is given by 

D(x, y) := lim ^f(2 n x,2 n y), 

n—>• oo 4™ 

lim yt/( 2 n;r > 0 )= lim ff(°’ 2n y) = 0 

n—> oo Z n—>o o Z 

for all x,y £ A. It follows from (2.2) that 


D{[x,y,z] + [y,z,x] + [. z,x,y],w ) - [D(x,w),y,z] - [x,D(y,w*),z] - [x,y,D(z,w)\ 

-[ D(y,w),z,x\ - [y,D(z,w*),x\ - [y,z,D(x,w)\ - [D(z,w),x,y] - [z,D(x,w*),y] - [z,x,D{y,w )] 
D(x, [■ y , z, w] + [z, w, y] + [w, y, z]) - [ D(x , y), 2 , w\ - [y, D(Y\ z), w\ - [y, z, D(x*,w)\ 

-[ D(x,z),w,y] - [z,/(a;*,u;),y] - [z, w, /(*, y)} - [f(x,w),y,z\ - [w,f{x*,y),z] - [w,y,f(x,z)\ 

= lim ( -^f(2 3n [x,y,z] + 2 3n [y,z,x] + 2 3n [z,x,y],2 n w) 

- [2^/(2"*, 2"«;),j,,z] - [*, -2/(2"y,2’V),*] - [z,y, 2^/(2"*, 2"*,)] 

-[2^/(2^, 2"«;)^, a: ] - [y,^f(2 n z,2 n w*),x\ - [y,z, 2-/(2"*, 2"*,)] 

-[2^/(2^, 2"t«), s, y] - [z, 2-/(2"*, 2V), y] - [z, x, ^/(2”y, 2V)]|) 
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+ lim ( -±-f(2 n x,2 3n {y,z,w}+2 3n lz,w,y\ + 2 3n [z,w : y}) 

n—±o o \ lo 77, 

- [^f{2 n x, 2 n y),z, in] - [y, ^f(2 n x*,2 n z), in] - [y, z, ^/( 2 n x, 2 n w)} 

[^f(2 n x, 2 n z), in, y} - [z, ^/( 2 n x\ 2"in), y) - [z, in, ^/( 2 n x, 2 n y)} 

- [^f(2 n x,2 n w),y,z\ - [w,^f(2 n x*,2 n y),z] - [w,y, ^ f (2 n x, 2 n z)}\\) 

< lim ^ 0 (\\xr + \\yr + \\zr + \\w\n = 0 

n —¥oo lo rt 

for all x, y,z,w £ A. So 

D([x,y,z] + [y, z,x\ + [z,x,y\,w) = [D(x,w),y,z\ + [x,D(y,w*),z\ + [.x,y,D(z,w )] + [D(y,w),z,x] 
+ [y,D(z,w*),x\ + [y,z,D(x,w)\ + [D(z,w),x,y} + [z, D(x,w*),y\ + [z,x,D(y,w )] 


D(x, [y, z, in] + [z, in, y) + [in, y, z\) = [D(x, y), z , in] + [y, D(x*,z), in] + [y, z, D(x*,w )] + [D(x, z), in, y] 

+ [z, f{x*,w),y][z,w, f(x,y)\ + [f(x,w),y,z\ + [w,f(x*,y),z] + [w,y,f(x,z)\ 

for all x,y,z,w £ A. Therefore, the mapping D is a unique ternary Jordan bi-derivation satisfying (2.3). □ 


Now we prove the Hyers-Ulam stability of ternary Jordan bi-derivations on C*-ternary algebras for the 
bi-Jensen mapping for the case p > 2 in the following theorem. 

Theorem 2.4. Let p > 2 and 9 > 0. Let f : Ax A—> A be a mapping satisfying (2.1) and (2.2). Then there 
exists a unique ternary Jordan bi-derivation D : A x A -4 A such that 

/ OP 0.0 P \ 

II f(x, y ) - D(x,y)W < _ 2) + ^rr^(IMI P + lbll p ) (2-4) 

for all x,y £ A. 

Proof. By the same reasoning as in the proof of [10, Theorem 2], there exists a unique bi-Jensen mapping 
D : A x A —>• A satisfying (2.4). By Lemma 2.2, the mapping D : A x A —> A is given by 

D(x, y ) := hm 4? (/(J, |) - /(J, 0) - /(0, J) + /(0, 0)) + Um 2* (/(J, 0) + /(0, 0)) 

• 4,n 2 J (/(0, J) + /(0, 0)) + /(0,0) 

for all x,y £ A. It follows from (2.2) that 

D([x,y,z] + [y,z,x] + [. z,x,y],w ) - [D(x,w),y,z] - [x,D(y,w*),z] - [ x,y,D(z,w )] 

~[D(y,w),z, x\ - [y,D(z,w*),x\ - [ y,z,D(x,w )] - [D(z,w),x,y] - [z,D(x,w*),y] - [z,x,D(y,w)} 

+ D(x, [y, z, in] + [z, in, y] + [in, y, z]) - [D(x, y), z, in] - [y, D{x*,z),w] - [y, z, D(x*,w)\ 

~[D(x,z),w, y} - [. z,f(x*,w),y} - [. z,w,f(x,y )] - [f{x,w),y,z] - [w,f(x*,y),z\ - [w,y, f(x,z)]\\ 


143 


Sedigheh Jahedi et al 140-145 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


S. Jahedi, V. Keshavarz, C. Park, S. Yun 
= lim ( ^-f(2 3n [x,y,z]+2 3n [y,z,x\ + 2 3n [z,x,y\,2 n w) 

n—>-oo \ lo At 

- [^/(2"*, 2 n w), y, z] - [*, ^/(2"y, 2 n w *), z] [x, y, ± f(2 n z , 2 n w)] 

[^f(2 n y, 2 n w), z, x] - [y, ± f(2 n z , 2"«,*), *] - [y, z, ^/(2"*, 2 !"«,)] 

- [^f(2 n z, 2 n w), x , y] - [z, ^/( 2 n x, 2 "«,*), y] - [*, *, ^/(2"y, 2"u,)] ||) 

+ lim ( -^ n f(2 n x,2 3n [y,z,w] + 2 3n [z,w,y}+2 3n [z,w,y}) 

- [^/(2"*, 2"y), w] - [y, 1/(2"**, 2"*), to] - [y, z, l/(2"*, 2"«,)] 

- [1/(2"*, 2"*), y] - [z, 1/(2"**, 2 n w), y] - [z,1/(2"*, 2"y)] 

- [1/(2"*, 2 n w), y, 2 ;] - K 1/(2"**, 2"y), z] [w, y, 1/(2"*, 2"z)] ||) 

< I™ ^(||*r + ||y||*’ + ||^r + WI P )=0 

for all x, y,z,vu £ A. So 

£>([z, 2 /,z] + [y,z,x] + [z,x,y],w ) = [£>(*, w),y,z] + [*, D(y, w*), z] + [ x,y,D(z,w)\ 

+ [D(y,w),z,x\ + [y,D(z,w*),x\ + [y,z,D(x,w)\ + [D(z,w),x,y\ + [z,D(x,w*),y\ + [z,x,D(y,w )] 

and 

D(x, [y,z,w] + [z,w,y] + [w,y,z]) = [D(x,y),z,w] + [y,D(x*,z),w\ + [; y,z,D(x*,w )] 

+ [D(x,z),w,y] + [z, f(x*,w),y][z,w, f(x,y)] + [f(x,w),y,z] + [w,f(x*,y),z] + [w,y,f(x,z )] 
for all x , y, z,w € A. 

Now, let 5 : A x A —> A be another bi-Jensen mapping satisfying (2.4). By Lemma 2.2 and .0(0,0) = 
f( 0,0) = <5(0,0), we have 


D(x,y) - S(x, y) 


= 4 r< 

< 4 r ‘ 

< 


d(— zL\ i t(!L ]L\ 

^2j’2i •''' 25 ’ 2i + J ^2P 2J 2J 


4 n e 


(W p + Ilyin, 


2( n ~ 1 ')P \2 p - 2 2p - 4 

which tends to zero as n —► oo for all x,y £ A. So we can conclude that D(x,y) = 8(x,y) for all x,y £ A. 
Thus the bi-Jensen mapping D : A x A — > A is unique. □ 

Now we prove the Hyers-Ulam stability of ternary Jordan bi-derivations on C*-ternary algebras for the 
bi-Jensen mapping for the case p £ (1,2) in the following theorem. 

Theorem 2.5. Let p £ (1,2) and 9 > 0. Let f : A x A —> A be a mapping satisfying (2.1) and (2.2). Then 
there exists a unique ternary Jordan bi-derivation D : A x A —>• A such that 

2 P 4 • 2 P 


\\f{x,y) - D(x,y)\\ < ( 


2 p — 2 4 - 2 p 


wr+ibin 


for all x,y £ A. 

Proof. The rest of the proof is similar to the proof of Theorem 2.3. 


□ 


Finally, we prove the Hyers-Ulam stability of ternary Jordan bi-derivations on C*-ternary algebras for the 
bi-Jensen mapping for the case p £ (0,1) in the following theorem. 
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Theorem 2.6. Let p £ (0,1), 9 > 0 and 5 > 0. Let f : A x A —» A be a mapping satisfying (2.1), (2.2) and 
D{ 0,0) = /(0,0). Then there exists a unique ternary Jordan bi-derivation D : A x A —► A such that 

opq 2 p Q 

II f(x,y) - D(x,y )|| < 2(2 _ 2p) M p + ( 2(2 _ 2P) + + <5 

for all x,y £ A with D{ 0,0) = /(0,0). 27ie mapping D : A x A A is given by 

D(x,y) := lim y) + /(0,2 J y)) + /(0,0) 

j—>oo 

for all x,y £ A. 

Proof. The rest of the proof is similar to the proof of Theorem 2.3. □ 
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Abstract The circular cone complementarity problem (CCCP) is a particular nonsymmetric 
cone optimization problem, which is widely used in real engineering problems. In this paper, 
we first reformulate the CCCP as a nonlinear system of equations by a one-parametric class of 
smoothing functions, and then propose a nonmonotone smoothing Newton method for solving 
the CCCP. A new nonmonotone line search scheme is used in the proposed algorithm, which 
can help to improve the convergence speed of the algorithm and find the optimal solution more 
rapidly. Under suitable assumptions, the global convergence and local quadratic convergence 
are achieved. Finally, numerical results of the force optimization problem for a quadruped 

robot and random generated CCCPs illustrate the effectiveness of our new algorithm. 
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Keywords circular cone complementarity problem, smoothing Newton method, nonmono¬ 
tone line search, local quadratic convergence 

2010 Mathematics Subject Classification: 90C25, 90C33 
1 Introduction 

The circular cone (CC) [1] is a pointed closed convex cone having hyper-spherical sections 
orthogonal to its axis of revolution about which the cone is invariant to rotation. The n,- 
dimensional circular cone Cg* (i = 1,... ,m) is given by 

C% := {x i = (x i0 ,x n ) G R x ir* 1-1 ! 008^11**11 < x i0 } (1) 

with the rotation angle di G (0, |), where || • || represents the Euclidean norm. And = 

1,..., m) is the dual cone of Cg* (i = 1,..., to) defined by 

(C”/)* := {x i = (x i0 ,x a ) G i? x R ni ~ 1 \ sin0 i ||a; i || < x* 0 }. 

When Oi = the circular cone Cg* becomes the second-order cone (SOC) K Ui (i = 1,..., mn) 
[2] given by 

K n * ■- {x i = ( x l0 ,x il ) G R x R n '~ l | ||x ll || < x 10 }, (2) 

and the interior of the SOC K ni is expressed as 

(F')° := {x i = (x i0 ,x l1 ) G R x fT*- 1 |||x il || < x l0 }. 

In this paper, we consider the circular cone complementarity problem (CCCP), that is to find 
a pair of vectors (x, y) G R n x R n satisfying 

x G Q, y = /(x) G (C?)*, (x, y } = 0, (3) 

where (•, •) refers to the Euclidean inner product, / : R n —> R n is a continuously differentiable 
function, and Cg C R n is the Cartesian product of circular cones, i.e., 

L s — ^0! x L/ 0 2 x x L 'e m 

with n = ni + ri 2 -\ -bn m . Thus, the second-order cone complementarity problem (SOCCP) 

is a special class of the CCCP. 

Recently, the CCCP is widely used in real engineering problems. For example, it is easy 
to find that circular cone constraints are involved in force optimization problems for legged 
robots, the optimal grasping force manipulation for the multifingered hand-arm robot, and 
the control for quadruped robots [3,4]. Furthermore, the nonsymmetric cone optimization 
plays an important role in combinatorial NP-hard problems and nonconvex quadratic prob¬ 
lems [5]. Therefore, it is meaningful to study theories and algorithms for the CCCP. Zhou 
and Chen [6] studied the properties and spectral decomposition of the CC. In order to solve 
convex quadratic circular cone optimization problem, Wang et al. [7] proposed a primal-dual 
interior-point algorithm, and proved polynomial convergence of the proposed algorithm. Bai 
et al. [8] proposed interior-point methods for circular cone programming by kernel functions. 
Miao et al. [9] constructed some complementarity functions for the CCCP and proposed some 
merit functions for the CCCP. However, the algorithms for the CCCP are still rare at the 
moment. 

In contrast to nonsymmetric cone complementarity problems, there are many numerical 
methods [10-14] for solving symmetric cone complementarity problems, such as interior-point 
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methods [11], merit functions methods [12] and smoothing Newton methods [13,14]. Among 
them, people pay more attention to smoothing Newton methods. Since Cg and (Cg )* in (3) 
are usually not the same cone with 6 ^ 45°, we can not directly adopt smoothing Newton 
methods for the SOCCP to solve the CCCP (3). 

Note that in [6], for any x l = (x l0 ,x l1 ) € R x R ni ~ l (z = 1,... , to) and y 1 — (y l0 ,y a ) € 
R x R n ' - 1 , the algebraic relationship between the CC and the SOC is as follows: 

x i G K ni ffrV G C£% y i G K ni H G (C£;)*, (4) 

tan 9i 0 T 

where Hi = , and H~ x denotes the inverse matrix of Hi. 

0 I ni -1 

Based on the algebraic relationship (4), the CCCP (3) can be rewritten as the SOCCP: 
find vectors (x, y) G R n x R n satisfying 

x G K n , y = H~ 1 f(H~ 1 x) G K n , (x, y) = 0, (5) 

where K n = K Ul x K ” 2 x • • • x K with n = n\ + ri 2 + • • • + n m is the Cartesian product of 
SOCs, and H = Hi © H 2 ® • • • H m . Thus a smoothing Newton method can be used to solve 
the SOCCP (5). Recently, in order to find the optimal solution more rapidly and improve the 
convergence speed of the algorithm, the nonmonotone line search has been adopted to solve 
symmetric cone complementarity problems [13, 14]. Therefore, we ask whether we can use a 
nonmonotone smoothing Newton method to solve the CCCP. 

We propose a nonmonotone smoothing Newton algorithm for solving the CCCP in this 
paper. Without restrictions regarding its starting point, the proposed algorithm performs one 
line search and solves one linear system of equations approximately at each iteration. The 
global convergence and local quadratic convergence are achieved without strict complemen¬ 
tarity. Moreover, numerical results about the force optimization problem for a quadruped 
robot and random generated CCCPs illustrate the effectiveness of our new algorithm. 

For simplicity, in the following analysis, we assume that m = 1, i.e., Cg = Cg\ This 
does not lose any generality, because we can easily extended our analysis to the general case. 

The organization of this paper is as follows. We briefly review the Euclidean Jordan 
algebra and some basic concepts in the next section. In Section 3, a smoothing function and 
its properties are given. In Section 4, we present a nonmonotone smoothing Newton method 
for solving the CCCP, and show its well-definedness under suitable assumptions. In Section 
5, the global convergence and local quadratic convergence of the proposed algorithm are in¬ 
vestigated. Some preliminary numerical results are reported in Section 6. Finally, we close 
this paper with some conclusions in Section 7. 

We use the following notations. R n and R denote the set of n-dimensional real column 
vectors and real numbers, respectively. ||x|| := Vx T x is the Euclidean norm for any x G R n . 
For convenience, we use x = (a; 0 ,® 1 ) instead of x = (x°, (x 1 ) T ) T G R x J?" -1 . Given two 
matrices C and D , we define 

C 0 

C®D = 

0 D 
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When g —x 0, we write v = o(g) (respectively, v = O(g)) to mean that vj g tends to zero 
(respectively, is uniformly bounded) for any v, g > 0. 


2 Preliminaries 

The Euclidean Jordan algebra associated with the SOC K n [2] plays an important role 
in this paper. For any x = (a; 0 , a; 1 ) £ fix R n ~ l and y = (y 0 ,?/ 1 ) £fix R n ~ 1 , we have the 
following Jordan algebra associated with the SOC K n 

xoy= ( x T y, x°y 1 + y°x 1 ). 


The unit element of this algebra is e = (1,0, • • • , 0) £ R n . For any x = (a: 0 , a; 1 ) £ R x R n 1 , 
the symmetric matrix is defined by 


W(x) 


( 


0 \T \ 


x° (x 1 ) 
y x 1 x°i n -i j 


It is easy to verify that 

x o y = W(x)y = W(y)x, Vx, y £ R n . 

Furthermore, W(x) is invertible if and only if x £ (K n )°. 

Given x = (x°,x 1 ) £ fix R n ~ 1 , the spectral factorization of vectors in R n associated 
with the SOC K n can be decomposed as 

x = Ai(a;)zt^(a;) + A 2 (a:)u^(a;), 

where 

A»(a:) = x 0 + (—l)*||aii||, * = 1,2, 

and 


.co w _( 

I |(1, (—1)*tu), otherwise, 
with any w £ i?” _1 satisfying ||tx71| = 1. 

Lemma 1 [11] Let a, b, r, g £ R n and a>K n 0, 
aor + bog = 0 , then r = g = 0. 


* = 1 , 2 , 


0, a o b)~K™ 0. If (r,g) > 0 and 


The concept of semismoothness is closely related to the local convergence of the proposed 
algorithm. Mifflin [15] originally introduced the concept of semismoothness for functionals. 
Then Qi and Sun [16] extended it to vector-valued functions. 

Definition 1 A locally Lipschitz function H : R n —> R m , if H is directionally differen¬ 
tiable at x and for any V £ dH(x + Ax), 

H(x + Ax) — H(x) — V(Ax) = o( || Ax||), 
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where dH stands for the generalized Jacobian of H [17], then it is said to be semismooth at 
x. If H is semismooth at x and 

H{x + Ax ) — H(x) — V (Ax) = 0(|| Ax|| 2 ), 

then H is said to be strongly semismooth at x. Suppose a function H : R n —► R m is (strongly) 
semismooth everywhere in R n , then it is a (strongly) semismooth function. 


Next, we introduce the concept of a monotone function, which will be used in our sub¬ 
sequent analysis. 


Definition 2 [18] If a nonlinear mapping / : R n —> R n for any x, y G R n with x ^ y 
satisfies 

(x ~ y, f(x) - f(y)) >0, 

then it is said to be a monotone function. Moreover, if there exists £ > 0 such that 

{x - y, f(x) - f(y)) > £\\x - y|| 2 , 

we say / is a strongly monotone function. When / is continuously differentiable, we have 
that / is monotone (respectively, strongly monotone) if and only if V/ is positive-semidefinite 
(respectively, positive definite) for all x € R n . 

3 A smoothing function and its properties 

Given any (x,y) G R n x R n , we know that a one-parametric class of functions [12] 

fir (x, y) := x + y - sj{x - y) 2 + 4r(x o y) (6) 

with r £ (0,1) is an SOC complementarity function, i.e., 

i9 t (x, y) = 0 <t=> x € K n , y G K n , x T y = 0. (7) 

However, "d T (x,y) is not continuously differentiable at (0,0) € R n x R n , and thus it is nons¬ 
mooth. 


In this paper, we introduce the following smoothing function [19] of the SOC comple¬ 
mentarity function (6) 

tf T (n,x,y) :=x + y- yj{x - y) 2 + 4r(x o y) + 4/z 2 e, (8) 


where r G [0,1) is a given constant. It is easy to see that (8) is continuously differentiable at 
any (/z, x, y) G R++ x R n x R n . When r = 0, i? T (/z, x, y) reduces to the well-known smoothing 
Chen-Harker-Kanzow-Smale function [20] 

tfo(/b x,y) :=x + y- \J(x - y) 2 + Ay 2 e. 


When t = , d T (y,x,y) becomes the smoothing Fischer-Burmeister function [21] 

Define $ T (w) by 


d i (/z, x,y) := x + y — \/x 2 + y 2 + 4/z 2 e. 

( \ 


$ T (w) := 


y-H 1 f(H x x) 
•drill,x,y) 


(9) 


( 10 ) 
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with w := ( y,x,y ) € i?+ x R n x R n , where "d T (y,x,y) is defined by (8). It follows from 
(3),(4),(5),(7) and (10) that 

$ T (w) = 0<=>(x,y) solves the SOCCP (5) <^(H~ 1 x,Hy) solves the CCCP (3). 

Therefore, when y > 0, we can use the Newton’s method to solve the nonlinear system of 
equations $ T (w) = 0 approximately at each iteration. By driving ||$ T (w)|| —> 0, we can find 
a solution of the SOCCP (5). Thus by the algebraic relationship (4), a solution of the CCCP 
(3) can be obtained. 


Theorem 1 Let the function <J> T (w) be given as in (10). Then we have the following 
results. 

(i) <& T (w) is continuously differentiable at any w = (y,x,y) G R++ x R n x R n with its 
Jacobian 

( 1 0 0 


= 


0 - H- 1 f(H~ 1 x)H - 1 I 


( 11 ) 


y CV(w) D t (oj) E t (lo) J 


where 

C T (w) = (i ? T )^(cv) = —4yW~ 1 (ip T )e, 

DrH = (0 T )'*M = I - W-'tyrWlx + (2T - 1 )y], (12) 

E T (io) = (’dr)y(u}) = I - W~ 1 (ip T )W[y + (2T - 1)*], (13) 

ip T := \J{x — y) 2 + 4 t(x o y) + 4y 2 e. 


(ii) Suppose a function / is continuously differentiable and monotone, then ^(.(w) is 
invertible for any c o = {y, x, y) € R++ x R n x R n . 

Proof (i) According to the proof of Proposition 2.1 [19], it is not difficult to see that (i) 
holds. 

(ii) Let an arbitrary vector Aw := (A y, Ax, Ay) € R x R n x R n satisfy 4>(.(w)Aw = 0. 
It is sufficient to show Aw = 0. By (11), $' T (w)Aw = 0 gives 


Ay = 0, (14) 

-H- 1 f'{H- 1 x)H~ 1 Ax + Ay = 0, (15) 

D t (uj)Ax + E T (yj)Ay = 0. (16) 

Since / is a continuously differentiable and monotone function, we have by (15) 

(Ax, Ay) = (Ax, H~ l f(H~ l x)H~ 1 Ax) = (if- 1 Ax, f(H~ 1 x)H- 1 Ax) > 0. (17) 

By (12), (13) and (16), we obtain 

{/ - W~ 1 ( , il) T )W[x + (2r - l)y]}Ax + {/ - W~ l (ip T )W[y + (2r - l)x]}Ay = 0. (18) 

Applying W (Vv) to both sides of (18) and using W ( x)y = x o y for any x,y G R n yield 


{ipr — [x + (2r — 1)j/]} o Ax + {tp T — [y + (2r — l)ar]} o Ay = 0. (19) 


On the other hand, from the definition of xjj T , we have 

i%-[x + (2r - 1 )y] 2 = 4r(l - r)y 2 + 4y 2 ey K ^0, 
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ip 2 — [y + (2r - I)#] 2 = 4r(l — t)x 2 + 4:^i 2 e>-K^0. 

Thus it follows from Proposition 3.4 [21] that 

i p T -[x + (2r - l)y]^A-nO, {ip T ~[y+ (2r - l)a;]}>-i S :nO. (20) 

Furthermore, note that 


{Vv - [x + (2r - 1 )y]} o {ip T ~[y+ (2r - l)x]} 
= — x — y) 2 + 4(1 — T)n 2 ey K n 0. 


( 21 ) 


Therefore, from (17), (19)-(21) and Lemma 1, we have Aai = Ay = 0. The proof is completed. 

4 A nonmonotone smoothing Newton algorithm for CCCP 

Let $ T be defined by (10). We define 

*r(w) := PrMII 2 = IJ 2 + \\y-+ \\'d T (fx,x,y)\\ 2 . (22) 

Algorithm 1 (A nonmonotone smoothing Newton algorithm for CCCP) 

Step 0 Choose 6 G (0, |), 5 G (0,1), r G [0,1), er G (0, |) and y 0 > 0 . And choose 
7 G (0,1) such that yyo < 1- Let u := (pen 0,0) G R++ x R n x R n and (x°,y°) G R n x R n 
be an arbitrary point. Let oj° := (po ,x°,y°), T 0 := \I/ T (w 0 ) and 0 T (w°) := yminjl, \1/ T (w 0 )}. 
Choose an integer P > 0. Set k := 0, m(0) = 0. 

Step 1 If ||$ T (w fc )|| = 0, stop. Otherwise, let 


Mu k ) := min 7 {1, $ T (w 0 ),..., 'Mi^)}. 
Step 2 Compute A oj k := (Ay, k ,Ax k , Ay k ) G R x R n x R n by 
$ r (w fe ) + $' T (w fc ) Aco k = (j> T {u> k )u. 
Step 3 Let \ k = max{(5 i | l = 0,1,2,...} such that 

'F T (w fe + X k Auj k ) < [1 — 2cr(l — 7Mo)^fe]"Lfc- 


Step 4 Set u k+1 := uj k + X k Aix k , fc := k + 1. 
Step 5 Set m(k) = min{r?z(fc — 1) + 1, P} and 




M k )\ — 


) := max {'F T (w 

0<j<m(k ) 


k-j 


)}. ^ := 


(k — m(fc))^ , T ( u) 1 ^) + 4' T (w fc ) 
k — m(k) + 1 


(23) 


(24) 


(25) 


(26) 


Go to Step 1. 

Remark 1 

(i) In Algorithm 1, we employ a new nonmonotone line search, which can be used to 
find the optimal solution more rapidly and improve the convergence speed of the algorithm. 
If we choose P = 0 or P to be sufficiently large, then (25) is the monotone line search. 

(ii) If P is a given positive integer, there are the following two cases in the iteration 
process: 

(a) if k < P, then m(k) = k and T k = i> T (oj k ), i.e., we use a monotone line search 
in Algorithm 1. In fact, smoothing Newton algorithms with a monotone line search possess 
local fast convergence when ||$ T (o; fe )|| is small enough [22]. So now it is not necessary to use 
the nonmonotone line search in Algorithm 1; 
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(b) if k > P, then m(k) = P and 

{k-P)^ T {u l ^) + ^/ T {cu k ) (k- P)+ T (u} 1 ^) T r (w fc ) 


X *= 

k ' k- P + 1 k-P + 1 

i.e., we use a nonmonotone line search in Algorithm 1 . 


+ 


k-P+1 


8 


(27) 


Let <j> T {w) be given by (23), and denote 

F = {w = (/ i,x,y) G R++ x R n x R n : y> c/) T (u)yo}. (28) 

Lemma 2 Suppose that a function / is continuously differentiable and monotone, and 
consider the sequence {u> k = (/z*,, ar fe , j/ fc )} generated by Algorithm 1. Then 

(i) {(j) T (uj k )} is monotonically decreasing. 

(ii) For any k > 0, we have /./;• > 0 and oj k G T. 

(iii) {/ifc} is monotonically decreasing. 

Proof The proof is similar to Lemma 4.1 [14]. We omit the details for brevity. 


Lemma 3 Suppose that a function / is continuously differentiable and monotone, and 
consider the sequence {w fc = (/z*,, x k , y k )} generated by Algorithm 1. Then we have 'b T (u) k ) < 
T k < * T (w‘W). 

Proof We obtain from (26) 


T fc 


(k — m(k))+ T (Lo 1 ^) + + T (uj k ) (k — m(k))'l> + 4/ T (w^ fe ^) 

k — m(k) + 1 — k — m{k) + 1 


* r(iO l{k) ), 


and 


T fc = 


(k - m{k))+ T (u 1 ^) + T T (w fc ) (k - m(k))+ T {u; k ) + + T {u k ) 


k — m(k) + 1 


> 


k — m(k) + 1 


= -Me/). 


This completes the proof. 


Theorem 2 Assume that a function / is continuously differentiable and monotone, and 
consider the sequence {co k = (/i k , x k , y k )} generated by Algorithm 1. Then Algorithm 1 is 
well defined. 

Proof Since $(.(u;) is invertible for any y > 0 by Theorem 1, then Step 2 is well defined. 
Next we show that Step 3 is well defined. From the definition of 4> T (oj k ) in (23), we have 
<5 K{<x k ) < yminjl, 4/ T (a; fe )} for any k > 0. If 4/ T (a; fe ) > 1, then 0 T (w fc ) < 7 < 7 y / ’F r (a; fe ); If 
+ T (uj k ) < 1, then 4> T (L0 k ) < 7 v h r (w fe ) < 7 u k ). Therefore, we obtain for any k > 0, 

M^) <l^r(0J k ) =^\\<l>r(cO k )\\. (29) 

For any A G (0,1], denote 

r k { A) := + T (to k + AAw fc ) - T r (w fc ) - A<F' r (w fc )Aw fc . (30) 

Since 4 ' T (-) is continuously differentiable at any ix k G R 1+2n , we have 

l r r(A)| = o(A). (31) 
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It follows from (22), (24), (29)-(31) and Lemma 3 that 


'L r (w' fc + AA u k ) = <F T (w fc ) + \%{u k )Au k + r k { A) 

= 't> T {cu k ) + 2A$ r T (w fc )$/(u; fc )Aw fc + o( A) 

= 4- T (w fc ) + 2\$ T T (u k )(j> T (uj k )u — 2A||$ r (a; fe )|| 2 + o(A) ( 32 ) 
< (1 - 2A )^ T {0J k ) + 2A7Mo^r(w fe ) + o(A) 


< [1 — 2(1 — 7 /^ 0 )A]Tfc + o(A). 

Since 7 /X 0 < 1, there exists A G (0,1) such that for any A € (0, A] and a € (0, g), 

tf T (w fc + XAuj k ) < [1 - 2(7(1 - 7 ^ 0 )A]Tfc. 

This demonstrates that Step 3 is well defined. We complete the proof. 

Lemma 4 Assume that a function / is continuously differentiable and monotone, and 
consider the sequence {w fc = x k ,y k )} generated by Algorithm 1. Then {d' T (w^ fc ^)} is 
monotonically decreasing. 

Proof We have T*, < \I/ T (u jW)) for any k > 0 by Lemma 3. Thus, it follows from (25) 

that 

* T (oj k + X k Aco k ) < [1 - 2 ( 7(1 - 7 Mo)A fc ]T fc < [1 - 2 a(l - 7/*o)A fc ]*,V {fc) )- ( 33 ) 

Since 7 /X 0 < 1, it follows from (33) that 4' T (w /c+1 ) < 'S' T (u> l< ' k ^). We obtain from (26) 


4' r (u/ (fc+1) ) = max {4' T (w fc+1_J )} 

0<j<m(fc+l) 

< max {'& T (u k+1 - j )} = max{$ T (w ! ( fc )),f T (u* +1 )}, 

0<j<m(k)+l 

Therefore, we have 4 , T (w i( ' fc+1 )) < \I/ T (a/( fc )) for any k > 0. We complete the proof. 

5 Convergence Analysis 

The global convergence and local quadratic convergence of Algorithm 1 will be analyzed 
in this section. In order to establish the global convergence of Algorithm 1, we first give the 
coerciveness of the function 4/ T (w) given by ( 22 ). 

From the proof of Theorem 4.1 [22], we have the result as follows. 

Lemma 5 Let i? t (/k, x, y) be given by ( 8 ), and s, t G R++ with s < t. Suppose that 
{uj k = (y k ,x k ,y k )} is a sequence satisfying 

(a) y k G [s,t], and {(x k ,y k )} is unbounded; and 

(b) there is a bounded sequence {(u k ,v k )} such that {( x k — u k ,y k — u fe )} is bounded below. 
Then {i) T (ii k , x k , y k )} is unbounded. 

By Lemma 5, it is not difficult to obtain the coerciveness of the function W r (w) given in 

( 22 ). 
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Lemma 6 Assume that a function / is continuously differentiable and monotone, and 
consider the sequence 5' 7 -(w) given by (22). Then T t (/x, x, y) is coercive in (x,y) for each 
/x > 0, that is, lim||( Xi j / )|| 

—>•00 'M H,x,y) = +oo. 

Proof The proof is similar to Lemma 5.3 [22]. We omit it here for brevity. 

Theorem 3 Suppose that a function / is continuously differentiable and monotone, 
and consider {w fc = (y k ,x k ,y k )} generated by Algorithm 1. Then {p k } and {|| $ T (w fc ) ||} 
converge to zero as k -+ oo, and any accumulation point (H~ 1 x*, Hy*) is a solution of the 
CCCP (3). 

Proof From Lemma 2, we know that {( f> T {oJ k )} is convergent, i.e., there exists a scalar 
/3 > 0 such that lim (j> T (oj k ) = f3. Suppose that fi > 0. Then it follows from Lemma 2 (ii) 

/c—>oo 

that 0 < yo/3 < /./* = lim y k . By (22), Lemma 3 and Lemma 4, 

k—>oo 


y k 2 < * T (w fc ) < T fc < 'F r (a/ (fe) ) < * T (u l ( k ~V) < < T t (w°). (34) 

Therefore we obtain from Lemma 6 that {w fc } is bounded, and hence there exists a convergent 
sequence {w fc }fc S j, where J C {0,1,..., fc,...}. Let lo* := (y t , x*, y*) = lim (y k ,x k ,y k ) such 

J3k—> oo 

that T t (o;*) = lim \I/ T (u; fc ) = limsup^^ U/ T (w fc ) and <^ T (w*) = lim 0 T (w fe ) = j3. It 

J3k—> oo J3k—> oo 

follows from (34) and /3 > 0 that 'F r (w*) > 0. We now prove that Theorem 3 holds by 
considering the following two cases. 

(1) Assume that there is a constant p such that \ k > p > 0 for any k £ J. Then we 
obtain from (25) 

'Mo/' + \ k Au k ) < [1 - 2cr(l - 7Mo)A fc ]T fe < [1 - 2<j(l - 7 Mo)p]T fc . (35) 

By letting J 9 k —> oo in (35), we have 

tf T (w*)< [l-2a(l-7/i 0 )p]T*. (36) 

It is not difficult to verify that Y* := lim supjgj.^^Y k = 4+( 2 :*) > 0 by (26). Thus we get 
1 < 1 — 2cr(l — 7/zo)p, which contradicts the fact that jyo < 1- 

(2) Suppose that lim \ k = 0. Then the stepsize X k := A k /S does not satisfy (25) for 

J3k—>o o 

any sufficiently large k £ J, i.e. 

'S' T (u> k + A fc A u k ) > [1 - 2a(l - jy 0 )X k ]T k > [1 - 2<r(l - 7^ 0 )Afc]^r(w fc ), 


which implies 


'f? T (gj k + \ k Am k ) — T r (ci; fc ) 

Afc 


> —2<t(1 - 7 /x 0 )4 , r(w fe ). 


(37) 


Since 0 < po(j) T (uj*) < p*, we have that ^(w) is continuously differentiable at w* £ R 1+2n . 
By taking the limit on both sides of (37), we obtain 


—2ct(1 - ■ypo )^+ (w*) < 24> r T (w*)$ , T (w*)A u>* 

= 2 $ r T (w*)[-$ r (w*) + (j) T (u*)u\ 

= - 2 $ t t ( w *) 4 > t ( o ;*) + 2(j> T (uj*)§ T T (lo*)u 


< -2(1 - 7^o)^ , r(w*). 
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Since ^(w*) > 0 and 7 /Z 0 < 1, we have a > 1, which contradicts the fact that 0 < a < 
Thus we have /3 = 0. It follows from (23) that there is a sequence {w fc "} such that 
lim T,-(w fc " ) = 0 holds. By (26) and Lemma 4, we have lim \I/ T (u/(*«))= lj m vj/ r ( w d fe )) = 

k n —yoo k n —> 00 k—> oo 

'L r (w^*^) = 0. Then, we obtain from (34) that lim '$> T (oj k ) = T t (w*) = 0 and hence 

k—>o o 

||$ T (w*)|| = 0. Thus (H~ 1 x *, Hy*) is a solution of the CCCP (3). This completes the proof. 

Next the local convergence of Algorithm 1 will be analyzed. It is easy to see that $ T (w) 
is strongly semismooth at any u> £ R 1+2n by Theorem 1. Then by the proof of Theorem 8 
[23], we obtain the local quadratic convergence of Algorithm 1 for the CCCP. 

Lemma 7 Suppose that a function / is continuously differentiable and monotone, and 
the solution set of the CCCP is nonempty and bounded. Let the sequence {w fc } be generated 
by Algorithm 1 and uj* := (n*,x*,y*) be an accumulation point of {w fc }. If all V £ d$ T (w*) 
are nonsingular, then the sequence {a/'} converges to w* quadratically, i.e., 

|| W fc+1 - w*|| = 0(\\u k - W *f) and y k+1 = 0((y k ) 2 ). 

6 Numerical examples 

In this section, we have conducted some numerical experiments of Algorithm 1 for solving 
the CCCP. All the experiments were done on a PC with Intel(R) Celeron(R) CPU N2930 
1.83 GHzx2 and 4.0 GB memory. Algorithm 1 was implemented in MATLAB 8.1.0.604 
(R2013a). We chose the following parameters in all the numerical experiments: 

Ho = 0.1, <5 = 0.75, a = 0.3 ,7 = 0.45, r = 0.4. 

We used 4' T (w fc ) < 10 -8 as the stopping criterion. 

In the following tables, n denote the size of problems; ACPU and Alter denote the CPU 
time in seconds and the number of iterations, respectively. 

Firstly, we use Algorithm 1 to solve the force optimization problem for a quadruped 
robot [4, 7], which can be expressed as the circular cone programming: 

(P) min |c T a: : Ax = b, x £ C^ 2 } , (38) 

where c = ( 01 , 02 , 03 , 04 ) £ R 12 , and Cg 2 = Cg x Cg x Cg x Cjj. The dual problem of (38) is 
defined by 


(D) max {& T s : A T s + y = c, y £ (Cg 2 )*} . 

If F°(P) x F°(D) ^ 0, then (x*, s*, y*) is the solution of (P) and ( D) if and only if it is the 
solution of 

Ax = 6, x £ Cl 2 , y = c — A T s £ (Cg 2 )* , x T y = 0. (39) 

According to the algebraic relationship between the CG and the SOC (4), we reformulate (39) 
as 

AF[~ 1 x = b, x £ K, A t s + Hy = c, y £ K, x T y = 0 (40) 
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with K = K 3 x K 3 x K 3 x K 3 . Let 


( , ) 


^AfJ-,x,s,y) := 


AH 3 x — b 
A r s + Hy — c 




(41) 


We adopt Algorithm 1 to solve $ T (y,x,s,y) = 0, where "d T (yL,x,y) is defined by (8). We use 
parameters: 

Ai = [5 1 1;1 1 1; 4 6 3; 1 4 3; 3 3 5; 3 3 3]* A 2 = [3 6 6; 1 6 2; 6 2 1; 5 4 1; 6 5 1; 4 3 4]; 

A 3 = [ 4 3 6; 3 2 6; 2 5 1; 1 5 2; 5 6 5; 4 3 3]; A 4 = [3 3 1; 6 1 2; 6 2 6; 5 2 5; 4 4 5; 6 1 6]; 

b = (43, 32, 51, 39, 54,44) T ; c, = (2,1, 0) T , 1 = 1,2, 3,4; 

The initial points are a: 0 = (1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0) T and s° = (0, 0, 0, 0, 0, 0) T . 

Let 9 = j, |, |, or respectively. Table 1 shows the value x* and the objective function 

value Z* = ( c*) T x * of the force optimization problem for a quadruped robot. 


Moreover, we solve the randomly generated linear CCCP with different problem sizes n 
and to = 1 by Algorithm 1. In details, let a random vector q = rand(n, 1) and a random 
matrix A = rand(n, n ) be generated, and M := A T A. Since the matrix M is semidefinite 
positive, the generated problem (3) with /( x) = Mx + q is the monotone CCCP, i.e, the 
generated problem (5) with H~ 3 f(H~ 1 x) = H~ 1 [MH~ 1 x + q] is the monotone SOCCP. The 
random problems of each size are generated 10 times. Choose initial points x° = e € R n , 
y° = 0 E R n , and e denotes the unit element in K n . 

Table 2 reveals that the Alter and ACPU for the CCCP with different rotation angles 
and problem sizes. It shows that Algorithm 1 can be used efficiently to solve the CCCP with 
different rotational angles. 


Table 3 reveals that the Alter and ACPU of Algorithm 1 with a monotone line search 
or a nonmonotone line search for the SOCCP with different problem sizes. It shows that 
our algorithm usually works worse with the monotone line search than the nonmonotone line 
search. 


From the numerical results in Tables 1-3, we see that the nonmonotone smoothing New¬ 
ton algorithm is successful for solving the CCCP. Moreover, we can use Algorithm 1 to solve 
the force optimization problem for a quadruped robot. Furthermore, we also find that our 
algorithm usually works worse with the monotone line search than the nonmonotone line 
search, in the sense that the former tends to require more Alter and more ACPU than the 
latter in most cases. 

7 Conclusions 

In this paper, a smoothing Newton method for the CCCP with a new nonmonotone 
line is proposed. Under suitable assumptions, the global convergence and local quadratic 
convergence are achieved. From the numerical experiments, we can see that Algorithm 1 
can effectively solve the CCCP with different problem sizes and different rotation angles, 
and also can be applied to real-world problems, such as the force optimization problem for 
a quadruped robot. And the nonmonotone smoothing Newton method is better than the 
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Table 1 Numerical results of the force optimization problem for a quadruped robot. 


6 


o = l 




e = 


7T 
12 


- 


" 


" 


" 

2.42056 


2.41022 


2.40052 


2.10235 

2.27904 


1.64542 


0.76492 


0.50586 

0.81553 


0.59920 


0.63521 


0.24776 

1.34655 


1.70622 


2.52821 


3.50136 

1.34503 


1.23334 


1.03455 


0.91945 

-0.06425 


-0.12509 


-0.16275 


-0.18712 

1.21045 


1.21569 


1.22029 


1.59579 

0.40717 


0.28628 


0.17841 


0.14573 

1.13991 


0.83560 


0.47297 


0.40209 

0.72928 


1.22722 


1.99630 


2.22975 

0.08791 


0.62921 


0.82427 


0.43971 

0.72395 


0.63169 


0.06585 


-0.40467 


Z* 15.53282 16.91290 19.09283 20.86925 
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Table 2 Results for the CCCP with different 6 and problem sizes. 


n 

e = 

7T 

3 

e = 

7T 

4 

9 = 

7T 

5 

6 = 

7r 

6 

ACPU 

Alter 

ACPU 

Alter 

ACPU 

Alter 

ACPU 

Alter 

100 

0.0700 

5.0 

0.0863 

6.0 

0.0900 

6.2 

0.0951 

6.9 

200 

0.2783 

5.0 

0.3343 

6.0 

0.3804 

7.0 

0.4107 

7.5 

300 

0.7516 

5.9 

0.9180 

6.9 

1.0528 

8.0 

1.0323 

7.9 

400 

1.6756 

6.0 

1.9657 

7.0 

2.2717 

8.1 

2.5356 

9.0 

500 

2.9128 

6.0 

3.4351 

7.6 

3.8557 

8.2 

4.3882 

8.9 

600 

4.7698 

6.0 

5.7232 

7.7 

6.6746 

9.0 

7.2381 

9.2 

700 

6.6911 

6.0 

8.9254 

8.0 

10.0183 

9.0 

10.5241 

9.5 

800 

9.5330 

6.0 

12.6333 

8.0 

14.3293 

9.3 

16.4956 

10.5 

900 

13.1500 

6.2 

16.7760 

8.0 

19.4508 

9.3 

22.5813 

10.8 

1000 

18.4252 

6.6 

22.2793 

8.0 

26.5724 

9.5 

30.5843 

11.0 

1100 

28.179 

7.0 

36.036 

8.8 

40.461 

10.0 

53.848 

11.4 

1200 

37.528 

7.0 

48.298 

9.0 

63.445 

10.2 

67.497 

11.2 

1300 

45.091 

7.0 

57.184 

9.0 

80.317 

10.2 

82.146 

11.2 

1400 

54.362 

7.0 

71.051 

9.0 

89.219 

10.0 

103.418 

11.0 

1500 

66.070 

7.0 

86.972 

9.0 

100.303 

10.6 

132.516 

11.4 
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Table 3 Numerical results for SOCCP with a nonmonotone or monotone line search. 


n 

P=3 


P=0 


ACPU 

Alter 

ACPU 

Alter 

100 

0.0872 

6.0 

0.0882 

6.0 

200 

0.3844 

6.0 

0.3961 

6.1 

300 

1.0185 

6.9 

1.0305 

7.0 

400 

2.2106 

7.0 

2.3637 

7.4 

500 

4.0018 

7.4 

4.3376 

8.0 

600 

6.4876 

7.6 

6.9378 

8.1 

700 

8.9622 

8.0 

10.3067 

8.8 

800 

12.7327 

8.0 

14.7962 

9.0 

900 

16.8958 

8.0 

20.1800 

9.2 

1000 

22.4432 

8.0 

29.7001 

9.7 

1100 

34.8014 

8.5 

44.9750 

9.9 

1200 

47.9557 

9.0 

57.4256 

10.0 

1300 

57.1843 

9.0 

70.5862 

10.0 
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monotone smoothing Newton method for solving the CCCP. Therefore, the smoothing New¬ 
ton method with a nonmonotone line search is promising for solving the CCCP. 
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Duality in nondifferentiable multiobjective fractional programming 
problems involving second order p,6)— nnivex functions 

Meraj Ali Khan, Amira A. Ishan, Falleh R. Al-Solamy 

Abstract 

In the present paper a nondifferentiable multiobjective fractional pro¬ 
gramming problem is considered in which every component of objective 
functions includes a term involving the support function of a compact 
convex set. Finally a second order Mond-weir type dual is formulated and 
weak, strong and converse duality results are proved under ( F , b, <j>, p , 9) — 
univexity types assumptions. 

2000 AMS Mathematics Subject Classification: 26A51, 90C32, 49N15. 

Key words phrases: Univex functions, Minimax fractional programming, 
Support function, Duality. 


1 Introduction 

In recent years, the concept of convexity and generalized convexity is well 
recognized in optimization theory and play an imperative role in mathematical 
economics, management science and optimization theory. Therefore, the re¬ 
search on convexity and generalized convexity is one of the most important tool 
in mathematical programming. The differential convex function / : R n —> R is 
characterized by the following inequality 

f(x) - f(y) > Vf(yY(x-y) 

for all x,y £ R n , where V denotes the gradient of /. In general a function f(x) 
is said to be convex on a convex set X C R n if for any x, y £ X, A £ [0,1], f(x) 
satisfies the following inequality 

f(Xx + (1 - A )y) < A f(x) + (1 - A )f(y). 

In 1981, Hanson [15] generalized convex functions to introduce the concept 
of invex functions, which was a significant landmark in the optimization theory. 
Normally, a differentiable function / : R n —> R is said to be invex function if 
there exits a vector valued function p : R n x R n —> R n such that the following 
inequality 

fix) - f(y) > ^f{y)rf{x,y) 

holds, for all x,y £ R n . 

Consequently, several classes of generalized convexity and invexity have 
been introduced. More specifically, Preda [28] introduced the concept of (F, p)— 
convexity as an extension of F— convexity [14] and p— convexity [13] and he 
used this concept to investigate some duality for Wolfe vector dual, Mond- 
weir dual and general Mond-weir dual for multiobjective programming problem. 
Gulati and Islam [26] and Ahmad [9] deliberate optimality and duality results 
for multiobjective programming problems involving F —convexity and ( F, p )— 
convexity assumptions respectively. 
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Mangasarian [19] first formulated the second order dual for a nonlinear 
programming problem and obtained duality results under generalized convex 
type assumptions. Mond [3] reproved the second order duality results under 
some easier assumptions than those used by Mangasarian [19]. 

The class of (F, p )—convex functions was extended to the second order 
(F, p)— convex functions by [12] and they obtained the duality results for Man¬ 
gasarian type, Mond-weir type and general Mond-weir type multiobjective pro¬ 
gramming problem. Motivated by different concepts of generalized convexity, 
Liang et al. [30, 31] formulated the (F, a, p 1 d )—convexity and acquired some 
optimality conditions and duality results for the multiobjective problems. 

Further, stimulated by Liang et al. [30] and Aghezzaf [4], I. Ahmad and Z. 
Husain [10] introduced the notion of second order (F, a , p, d)— convex functions 
and their generalization and they developed weak, strong and strict converse du¬ 
ality theorems for the second order Mond-weir type multiobjective dual. More¬ 
over, Bector et al. [4] introduced the concept of univex functions and considered 
optimality and duality for multiobjective optimization problem. Rueda et al. 
[18] studied optimality and duality results for several mathematical program¬ 
ming problems by combining the concepts of type I and univex functions. A 
step ahead Zalmai [7] introduced the notion of second order ( F , b , <f>, p, 0)—univex 
functions and obtained optimality and duality results for multiobjective pro¬ 
gramming problems. 

On the other hand, the optimization problems in which the objective func¬ 
tion is a ratio of two functions usually identified as fractional programming 
problems. Basically, these types of problems occur in design of electronic cir¬ 
cuits, engineering design, portfolio selection problems [1, 6 , 11, 20]. Due to 
the fact that minimax fractional problems has wide varieties of applications in 
real life problems, so it becomes a fascinating and interesting topic for research. 
Necessary and sufficient optimality conditions for minimax fractional program¬ 
ming problems first developed by Schmittendorf [29]. Tonimoto [25] used the 
necessary conditions formulated in [29] and construct a dual problem for mini¬ 
max fractional programming problems. Recently, Ramu Dubey et al. [21] and 
S. K. Mishra et al. [22] taken up the nondifferentiable multi objective fractional 
problem and obtained the optimality and duality results under higher order 
(C, a, 7 , p, d)— convexity and (C,a, p,d)— convexity type assumptions. More 
recently, many articles in this direction have been appeared in the literature 
[see 17, 23, 24, 27, 32], 

In this paper, a class of nondifferentiable multiobjective fractional pro¬ 
gramming problem is considered in which the numerator as well as denominator 
of every component of objective function contains a term concerning the sup¬ 
port functions. Further, we prove sufficient optimality conditions and duality 
theorems for nondifferentiable minimax fractional programming problems with 
support functions under the second order (F,b, p,a,6)— univex functions. 

2 Notations and Preliminaries 


In this paper following generalized nondifferentiable multiobjective mini¬ 
max fractional problem is considered 


(GMFP) 


min 

x€R n 


F(x,y) 
yex G(x, y) 


f{x,y) + s(x\C) 

mm sup — -r- r —— 

ccefl" yeY g{x, y) — s(x\D) 
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Subject to hj(x) + s(x\Ej) <0, j = 1,2,, to , 


where Y is a compact subset of R m , f,g : R n x R m —> R and hj : R n —> 
R m (j = 1,2,..., to) are continuously differentiable functions of R n x R m . C, D 
and Ej(j = 1, are compact convex sets of R m and s(a:|C), s(x\D) and 

s(x\Ej), (j = 1,.. ., to) represent the support functions of the compact sets and 
f(x,y) + s(x\C) > 0 and g(x,y) — s(x\D) > 0 for all feasible x. Let S be the 
set of all feasible solutions of (GMFP). We define the following sets for every 
x G S. 

J(x) = {j G J : hj(x) + s(x\Ej) = 0}, 


Y(x) = {y GY : 


f{x,y) + s{x\C) 


g(x,y) - s{x\D) g(x, z) - s(x\D) 

K{x) = {(s, t,y) G N x x R m : 1 < s < n + 1, t = ... ,t s } G R+ 

with Z)i= 1 U = 1) y = (yi, ■■■Vs) and yi G Y(x),i = 1,2,. . .s}. 


f(x,z)+ s{x\C) 


}• 


Since / and g are continuously differentiable functions and Y is compact 
subset of R m , it follows that for each x* G S Y (x*) ^ </>. Thus for any Vi GY (x), 
we have a positive constant 

A /(a-*,y. t ) + s(x*|C) 

° g{x*,Vi) - s(x*\D)' 

Definition 2.1 [2]. Let K be a compact convex set in R n . The support function 
s(x\K) is defined as 

s(x\K) = rnaxja;*?/ : y G K}. 

The support function s(.|if) has a subdifferential. The subdifferential of s(.|lF) 
at x is defined as 

ds(x\K) = {z G K\z t x = s(a;|A')}. 

Consistently, we can write 

z t x = s(x|AT). 

Now we describe the generalized (F, b, <j>, p , 9)— univex function in the fol¬ 
lowing steps 


Definition 2.3. A function F : X x X x R n —> R, where X C R n is said to be 
a sublinear in its third argument if for all x, x G X, the following conditions are 
satisfied 


(i) E(x, x, ai + a 2 ) < E(x, x, ai) + E(x, x, a 2 ) 

(ii) E(x, x, aa) = aT{x, x, a), 

V a\,a 2 ,a G R n ,a G R+. 

Definition 2.4 [7]. The function f(x) is said to be second order (F, b , <j>, p, 9)— 
(strict) univex at z if there exist functions b : X x X —> (0, oo ),4> ■ R —> R, 
p : X x X —> R, 9 : X x X —> R n , and a sublinear function T{x, z\.) : 

R n x R n x R n R such that for each x G X(x ^ z) and p G R n , 

<t>(f{x)-f(z)+^P t ’V 2 f(z)p)(>) ^ F(x, z-, b(x, z)[Vf(z)+V 2 f(z)p])+p(x, z)\\9{x, z )|| 2 , 
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where ||.|| 2 is a norm on R n . 

A twice differentiable vector function / : X —> R k is said to be (F, b , </>, p, 9 )— 
univex at x = z, if each of its components /,; is (F, b , </>, p, 9 )— univex at 2 . Now 
we define generalized second order (F, 6, </>, p,9)— univex functions. 

Definition 2.5. A twice differentiable function /, over X is said to be second 
order (F,b,(/),p,9) — pseudo univex at z if there exist functions b : X x X —> 
(0, oo), (j) : R —» R, p : X x X —»• R, 9 : X x X —>• F", and a sublinear function 
J’(X) z \.) : R n x R n x i?" —> i? such that for each x £ X(x ^ z) and p £ F", 

<H/0) - f(z) + ] ) p T X 2 f{z)p) < 0 

=> F{x,z;b(x,z)[Xf(z) + V 2 f(z)p\) < ~p{x, z)\\9{x, z)\\ 2 . 

A twice differentiable vector function / : X —> R k is said to be second 
order (F,b,(/>, p,9)— pseudo univex at x = z, if each of its components /j is 
(F, b , (f>, p , 9 )— pseudo univex at 2 . 

Definition 2.6. A twice differentiable function /, over X is said to be second 
order (F,b,<j>, p,6)— strictly pseudo univex at z if there exist functions b : X x 
X —¥ (0, oo), (j) : R —> R, p : X x X R, 9 : X x X R n , and a sublinear 
function F(x, z ;.) : R n x R n x R n —> R such that for each x £ X{x ^ z) and 
p £ R n , 


F(x,z;b(x,z)[Vf{z) + X 2 f{z)p}) ^ -p(x, z)\\9(x, z)\\ 2 . 

=> M{x) - f{z) + ^p t X 2 f(z)p) > 0, 

or equivalently 

<H/( x) - f(z) + yv 2 f(z) P ) ^ 0, 

=> F{x,z;b(x,z)[Xf(z) + X 2 .f{z)p}) < -p{x, z)\\9{x, z)\\ 2 . 

A twice differentiable vector function / : X —> R k is said to be second 
order (F,b,</>, p,9)— strictly pseudo univex at x = z, if each of its components 
fi is (F, b, <f>, p, 9 )— strictly pseudo univex at 2 . 

Definition 2.7. A twice differentiable function / over X is said to be second 
order (F,b,<j>, p,9)— quasi univex at 2 if there exist functions b : X x X —> 
(0, oo), (f> : R R, p : X x X —>• R, 9 : X x X —> R n , and a sublinear function 
T(x, z-, .) : R n x R n x R n —> R such that for each x £ X(x ^ z) and p £ R n , 

4>{f{x) - f{z) + ] 2 p t X 2 f{z)p) ^ 0 

=> F(x,z;b(x,z)[Vf(z) + X 2 f(z)p}) ^ -p{x, z)\\9(x, z)\\ 2 . 

A twice differentiable vector function / : X —> R k is said to be second 
order (F, 6, </>, p, 9)— quasi univex at x = z, if each of its components /) is 
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(F, 6, (f>, p, 9 )— quasi univex at 2 . 

Definition 2.8. A twice differentiable function /, over X is said to be second 
order strong (F,b,4>, p,9)— pseudo univex at z if there exist functions b : X x 
X —► (0, oo ),(j> : R —> R, p : X x X —> R, S:XxXa R n , and a sublinear 
function F{x, z ;.) : R n x R n x R n —> R such that for each x G X{x ^ z) and 
V G R n , 


</>(/(- / 0 ) + \p Ts J 2 f(z)p) < 0 

=> F(x,z; 6 (x, 2 )[V/( 2 ) + V 2 /(z)p]) < -p(x, z)||0(:r, z)|| 2 . 

A twice differentiable vector function / : X —> R k is said to be second 
order strong (F, b , </>, p, 9)— pseudo univex at x = z, if each of its components /,; 
is strong (F, b, (j), p , 9)— pseudo univex at 2 . 

Note 2.1. Now we have the following special cases 

(i) If cj)(x) = x and 0(.,.) = d(.,.) : X x X —> R, then the second order 
(F, b, <f>, p, 6 )—univexity becomes the second order (F, a, p, d)— convexity 
defined by I. Ahmad and Z. Husain [10] 

(ii) If (/)('. r) = x, b(x,z) = 1 and 9(.,.) : X x X —> R, then second order 
(F,b,<j), p,9)— univexity becomes the second order (F,p)— convexity in¬ 
troduced by Zhang and Mond [12]. Moreover, if second order terms be¬ 
come zero i.e., p = 0, then it reduces to (F, p )—convexity defined in [9, 28]. 


Now we have the following necessary condition 

Theorem 2.1 (Necessary optimal condition). Let x* be an optimal solution for 
(GMFP) satisfying (w, x) > 0, (■ v,x ) > 0 and if X(hj(x*) + (uj,x*)),j G J(x*) 
are linearly independent. Then there exists ( s,t*,y ) G K(x*), Ao G R + ,w,v G 
R n ,Uj G R m and p* G R™ such that 

S 

X>i(V(/(s*,fh) + {w,x*)) - \ 0 (X{g(x* : yi) - (v,x*)))) 

2=1 


m 


+ '£p*X(h j (x*) + (u j ,x*)) = 0, 

7 = 1 

(2.1) 

J 

f{x*,Vi) + (w,£*) - A 0 (V (g(x*,yi) - {v,x *))) = 0, 

(2.2) 

+ <«,-,**)) =0, 

7 = 1 

(2.3) 

(to, a;*) = s^lC) 

(2.4) 

( v , x*) = s(x* D) 

(2.5) 

= s(x*|.Ej) 

(2.6) 

S 

t* >0, i = l,...s, J^ti = 1 . 



2=1 
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3 Duality Model 

In this section, we consider the following Mond-weir type dual to (GMFP) 
max sup A, ( DI) 

(s,t,y)EK(z) 


s s 

V ^2 ti{f(z, Vi) + {w, z) - A (g(z, Vi) - (v , z))) + V 2 ^2 t*(/(z, yi) + (w, z) 

i=l i= 1 


m m 

-A {g(z, z)))p+S7 ^2 lij{h j (z)+(u j ,z))+V 2 ^ p j (h j (z)+(u j , z))p = 0, 

3=1 3=1 

(3-1) 

s 1 S 

Vi) + ( w - *) - A (g(z, Vi) - (v, z))) - -p f V 2 J2 ti(f(z, Vi) + {w, z) 

i=1 i—1 

~Hg{z,yi) - {v,z)))p > o. (3.2) 

m m 

J2 ^( /l i(^) + ( U T z )) - oP‘ v2 J2 h i( z ) + ( U Y Z ))P > 0- (3.3) 

3=1 3=1 

Theorem 3.1( Weak duality Theorem). Suppose that x and (z, p, X,v,w,u,p) 
are feasible solutions of (GMFP) and (DI) respectively. Let 

(i) hj(.) + ( Uj ,.) is second order (F, b, tf>, p, 9 )—quasi univex at z, 

(ii) /(., Vi) + ( w ,.) and —g(., Vi) + (v ,.) for i = 1,..., s are respectively strong 

(F, b, (j>, p, 6)— pseudo univex at z with ^ ^ ^ 0, 

(iii) u < 0 => 4>{u) < 0 and v ^ 0 => (j>{v) ^ 0, for all u, v G R n . 


Then 


f(x,y) + ( w,x) 

Sup , , — A. 

yev g{x,y) - {v,x) 


Proof. Suppose contrary to the result 


f(x,y) + (w,x) 
ye? g{x,y) - (v,x) 


< A. 


(3-4) 


Then, we find 

f(x, Vi) + (w,x) - A (g(x,Vi) - (v,x)) < 0, 

for all Vi £ Y. 

It follows ti> 0, i = 1,..., s with Xa=i U = 1> that 

ti(f(x,Vi) + (w,x) - X(g(x,Vi) - (v,x))) < 0, 

since t = (ti,..., t s ) ^ 0, then there is at least one strict inequality. Now we 
have the following 

S S 

^ 2 t i(f(x,Vi) + (w,x) - X(g(x,Vi) - (v,x))) < 0 < ^2u(f(z,Vi) + (w,z) 

*= i t=i 
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~X(g(z,y.i) - i v , z )) - + (w,z) - X(g(z, Di) - (v,z)))p), 

or 

s 

X! i i(/( a; > Vi) + («h X ) - Ha(x, Vi) - (v, x)) - (f(z, Vi) + (W, z) 

i— 1 

-A (g(z, Vi) - (v, z })) + -p*V 2 (/(;z, yi) + ( w , z) - X(g(z, Vi) - (v, z)))p) < 0. 
From the condition (iii), we get 

S 

+ ( w ,x) - \{g(x,Vi) - (v,x)) - {f(z,Vi) + (w,z) 

i=1 

-A (g(z, Vi) - (v, z))) + ip f V 2 (/( 2 :, + {w, z) - A (g(z, Vi) ~ {v, z)))p)) < 0. 

By the second order strong (F,b,<j>, p,0)— pseudo univexity of f(-,Vi) + {w ,.) 
and —g(-Vi) + (v ,.), we have 

S 

F(x,z,b 1 {x,z)(V'^2t i {f(z,y i ) + {w,z) - X(g(z,yi) - (v,z))) 

i=l 

s 

+\/ 2 '^2u(f(z,V,) + (w,z ) - A (g(z,Vi) - (v,z)))p)) < -pi(x, z)\\d(x, z)\\ 2 , 

i=1 

or 

s 

f(*,z,v£ ti(f(z, Vi) + {w, z) - A (g(z, Vi) - {v, z))) 

i=1 
s 

+V 2 J2 t i(f( z :Vi) + ( W,z) - A (g{z,Vi) - (v,z)))p) < -y\\0(x,z)\\ 2 . (3.5) 

i=1 1 

By use of the sublinearity on dual constraints (3.1), we get 

m m 

F(x,z;Vj2 yj(hj(z) + {Uj,z}) + v 2 y] Hj(hj(z) + ( Uj,z))p 

3 =i j =i 

s 

^ -F(x, z;Vy U(f(z, Vi) + {w, z) - A (g(z, Vi) - {v, z))) 

i=l 

s 

+V 2 ti(f(z, Vi) + (w,z) - A (g{z,Vi) - (v,z)))p). 

i=1 

Applying (3.5) in above inequality, we have 

m m 

f(x, Z \ v y^ y-j(hj( z ) + (Uj,z))+X7 2 y^j(M*) + («j.*»P) > ^II^MII 2 
i=i i=i 1 

(3.6) 
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Let x and (z, p, A, u, v, w,p) are any feasible solutions of (GMFP) and (DI) 

m m m 

J2n j (hj(x)+(u j ,x)) < 0 < J2N(hj(z)+{u j ,z))--p t V 2 J2nj(h j (z)+{u J ,z))p. 
i —i i =1 j = 1 

(3.7) 

By using assumption (iii), equation (3.7) yields 

m m ^ m 

0(E + »3( h 3( Z )+( U 3> Z ))+2 P ty2 E Vj( h j( z ) + ( u j, z ))p) < °- 

i=i j=i i=i 

Using the second order (F, b , <j>, p , 0)— quasi univexity of YlJLi Pj(hj{-) + { u j, •)); 
we get 

m m 

F(x, z\ b(x, z)(X7 E 7 t j(^'i(' 2: ) _ ^( M jT z))+^ ^ ' f J 'j{h’j{ z )~\~{ u ji z ))p)) = pI|6>0ua)|| • 
j=i j=i 

(3.8) 

Since 6 (x, 2 ) > 0, the above inequality with the sublinearity of F give 


F(x,z;X7 ’^2pj(h j (z) + {uj, z)) + V 2 ^ Pj(hj(z) + {Uj,z))p ) ^ ~^\\9{x, z)\\ 2 . 
j=i j =1 

(3.9) 

Now utilizing the assumption the equation (3.9) provides 


Pj(hj{ z ) + ( u h z )) + y2 E Vi( h A z ) + (' uj,z))p ) ^ 
i=i j=i 

which contradict (3.6), hence (3.4) hold. 


Pi 

bi 


P(x,z )\| s 


(3.10) 


Theorem 3.2 ( Strong duality). Assume that x* is an efficient solution of 
(GMFP) and Vhj(x*) j G J{x*) are linearly independent. Then there ex¬ 
ist (. s*,t*,y *) G K(x*) and (x*, p*, X* ,u* ,v* ,w* ,p* = 0) G J?i(s*,t*,«*) such 
that (x*,p*, X*,u*,v*,w*,p* = 0) is a feasible solution of (DI) and the two 
objectives have the same values. If in addition, the assumptions of weak du¬ 
ality (Theorem 3.1) hold for all feasible solutions of (GMFP) and (DI), then 
(x* , p* , A* , u *, v *, w *, p* =0) is an optimal solution of (DI). 


Proof. Since x* is an optimal solution of (GMFP) and Vhj(x*),j G J(x*) 
are linearly independent, by Theorem 2.1, there exist ( s*,t*,y*) G K(x*) and 
(x*,p*,X*,u*,v*,w*,p* = 0) G Hi(s*,t*,y*) such that (x*, p*, X* ,u* ,v* ,w* ,p* = 
0) is a feasible solution of (DI) and the two objectives have the same value. Opti¬ 
mality of (x*,p*,X*,u*,v*, w*,p* = 0) for DI follows from weak duality theorem 
(Theorem 3.1). 


Theorem 3.3 ( Strict converse duality). Let x and (z, p, A, u, v, w, y,p) be the 
efficient solutions of (GMFP) and (DI), respectively such that 


f(x,y) + (w,x) - 

sup - 7 —= A 

v&y g{x,y) - {v,x) 


(3.11) 


Suppose 
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(i) hj(.) + ( Uj ,.) is second order (F, b, tj>, p, 9) —quasi univex at z 

(ii) /(., yi) + (w, .) and — <?(., pi) + ( v ,.) for i = 1 ,..., s, are respectively strong 

(F, b, (j), p, 6)— pseudo univex at z with f + ^ 0, 

(iii) u < 0 => <f>(u) < 0 and v ^ 0 => (j){v) 5) 0, for all u, v G R n . 

Then 

x = z. 

Proof. We assume that x ^ z and reach a contradiction, since x and (z, p, A, u, 
v,w,y,p) are the feasible solutions of (GMFP) and (DI) respectively, then we 
have 

m m ^ m 

^2fij{hj{x)+{uj,x}) < 0 < ^2p j (h j (z)+{u j ,z))--pV 2 J2p j {h j (z)+{u j ,z})p, 

1= 1 1=1 1=1 

(3.12) 

by assumption (iii) equation (3.12) yields 

m ^ m 

fiiY P-i ( h J ^ ^ ~ (*) + > *») + d pV2 5Z Pi > *>)p) < 0- 

l=i i=i 

Utilizing second order (F,b,<j>, p,6)— quasi univexity of Pjhji-) + 

we get 

m m 

F(x, z\ b(x, z)(V Y Pj(hj(z)+{uj, z))+V 2 Y Pj( h i (^)+(wj, z))p)) ^ -pll^Ou U)|| 2 . 
l=i i=i 

(3.13) 

Since b(x, z) > 0, the above inequality with the sublinearity of F gives 

m m 

F(x, z; V "Y, Pj( h j{z) + {uj,z)) + V 2 YPj( h i^) + ( u j^))P) = ~ jP( x , z)\\ 2 . 
f=i i=i 

(3.14) 

Now utilizing the assumption — f < f)-, the inequality (3.14) yields 


F{x, z; V "Y, + {uj,z}) + ^Y + ( u j’ z ))p) = y \\°( x - 21 

l=i l=i 1 


Suppose (3.11) does not hold, then we have 

f(x,y) + (w,x) 


Pl "°^ z )|| 2 . 
(3.15) 


yeY g{x,y) - (v,x) 

It is straightforward to see that 

f{x,Vi) + (w,x) - A (g(x,yi) - (v,x)) < 0, 


< A. 


for all yi € Y. 


It follows ti > 0, i = 1,..., s with ^f =1 tj = 1, that 

ti(f(x,Vi) + (w,x) - A (g(x,yi) - (v,x))) < 0, 
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with at least one strict inequality, since t = (fi,..., t s ) ^ 0. Now we have 


Y^ U(f(x, yi) + ( w,x) - A (g{x,yi) - (v,x))) < 0 < Yt i (f(z,y . l ) + (w,z) 

i=1 z=l 

2/i) - z)) - ^‘V 2 (/(*, y, ; ) + (w), 2 } - A (g(z, Vi) - (v, z)))p), 

or 

s 

Y M/(^> j/i) + S) - Mg(x, Vi) - (v, X )) - (. f(z , 2 /i) + (u), z) 

i=l 

-A (g(z, Vi) - (v, z))) + ^V 2 (/(z, + (w, z) - A(y(z, &) - (u, z)))p) < 0. 

From the condition (iii), we get 

S 

<l>(52ti(f(x,yi) + (w,x) - A (g(x,Vi) - (v,x)) - (f(z,Vi) + (w,z) 

i= 1 

-A {g(z,yi) - (v,z))) + ^p t V 2 (/(^,y i ) + (w,z) - \{g{z,Vi) - (v,z)))p)) < 0. 

By the second order strong (F, b, (j), p, 9)— pseudo univexity of f(.,Vi) + {w, .) 
and —<?(., Vi) + ( v ,.), we have 

S 

F(x, z, bi(x, z)(\ 7 Y U(f(z, Vi) + {w, z) - A (g(z, Vi) - {v, z))) 

i=1 
s 

+V 2 ^t,:(/( 2 ,y,:) + (w,z) - A (g(z,Vi) - (v,z)))p)) < -pi(x, z)\\d(x, z)\\ 2 , 

i=l 

or 

s 

F(x,z^Y ti{f(z, Vi) + {w, z) - A {g(z, yi) - {v, z))) 

i=1 
s 

+V 2 £f,:(/(^) + (w,z) - A (g(z, Vi) - {v,z)))p) < -y\\0(x,z)\\ 2 . (3.16) 

i-1 1 

Using sublinearity on dual constraints (3.1), we get 

m m 

F(x,z-^Y H( h i(z) + (Uj,z)) + V 2 Y V-j( h i( z ) + ( U F z ))p) 

3=1 3=1 


^ -F(x,z^YW( z ,yi) + ( w ’ z ) - A (g(z,yi) - (v,z))) 

i =1 

s 

+V 2 Y t i(f( z ^yi) + (F,z) - A (g(z,Vi) - (v,z)))p). 

i =1 

Applying (3.16) in above inequality, we have 

m m 

F(x, z; V Y^ Vj{hj(z) + ( Uj,z)) + V 2 Y M h A z ) + (uj,z))P) > yP(x, z) || 2 , 

i=T 3=1 1 

(3-17) 

which is a contradiction of (3.15). Hence the result follows immediately. 
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4 Conclusion 

On the basis of application point of view second order duality is very prac¬ 
tical and competent as it provides tighter lower bounds. So it is very significant 
to generalize the existing results to second order environment. In the present 
study the notion of second order (F, 6, p, a, 9)— univexity and its generalizations 
is considered. Many generalized convexity, invexity and univexity concepts are 
special cases of second order (F, b, p, a , 9)— univexity. This notion is appropriate 
to study the weak, strong and converse duality theorems for second order dual 
(DI) of a nondifferentiable fractional problem with support function (GMFP). 

The results proved in this paper can be further generalized for the following 
non-differentiable minimax fractional programming problem with square root 
terms i.e., 

f(x,y) + (x t Bx) 1/2 
mm ™Y g(x,y) - (xtCxy/*’ 

subject to hj(x) <0, j = 1,2 ,... ,p, 

where Y is a compact subset of R m , /(.,.), g (.,.) : R n x R m —> R and h(.) : 
R n —> R p are twice differentiable functions. B and C are n x n positive semi 
definite symmetric matrices. 
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COUPLED COINCIDENCE POINT THEOREMS AND CONE 
6-METRIC SPACES OVER BANACH ALGEBRAS 

YOUNG-OH YANG* AND HONG JOON CHOI 


Abstract. In this paper, we obtain some coupled coincidence point results for two 
nonlinear contractive mappings in cone 6-metric spaces over Banach algebras without 
assumption of normality by virtue of the properties of spectral radius. Also we give 
two examples as applications of the main results. 


1. Introduction 

In 2007 the concept of cone metric space was introduced by Huang and Zhang in 
[4], where they generalized metric space by replacing the set of real numbers with an 
ordering Banach space, and proved some fixed point theorems for contractive mappings 
on these spaces. Recently, in ([1], [3], [4], [5], [6], [7], [9], [10]) some common fixed point 
theorems have been proved for contractive maps on cone metric spaces. Gnana Bhaskar 
and Lakshmikantham([2]) introduced the concept of coupled fixed point of a mapping 
F : X x X —> X and investigated some coupled fixed point theorems in partially 
ordered sets. Since then this new concept is extended and used in various directions( 
[ 2 ])- 

In 2013, in order to generalize the Banach contraction principle to more general form, 
Liu and Xu([7]) introduced the concept of cone metric spaces over Banach algebras, by 
replacing Banach spaces with Banach algebras as the underlying spaces of cone metric 
spaces, and proved some fixed point theorems of generalized Lipschitz mappings with 
weaker and natural conditions on generalized Lipschitz constants by means of spectral 
radius. Furthermore, they gave an example to explain that the fixed point theorems in 
cone metric spaces over Banach algebras are not equivalent to those in metric spaces. 

Motivated by the above works, in this paper, we obtain some coupled coincidence 
point results for two nonlinear contractive mappings in cone 6-metric spaces over Ba¬ 
nach algebras without assumption of normality by virtue of the properties of spectral 
radius. Our main results extends the corresponding similar results in cone metric 
spaces. Also we give two examples as applications of the main results. 

1991 Mathematics Subject Classification. 47H10, 54H25. 

Key words and phrases, cone metric spaces over Banach algebras, coupled fixed point, spectral 
radius. 

* Corresponding author: yangyobij ej unu. ac:. kr. 
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2 YOUNG-OH YANG* AND HONG JOON CHOI 

Let A always be a real Banach algebra. That is, A is a real Banach space in which 
an operation of multiplication is defined, subject to the following properties (for all 
x, y, z G A, a G M): 

(1) (xy)z = x(yz); 

(2) x(y + z) — xy + xz and (x + y)z = xz + yz\ 

(3) a{xy) = ( ax)y = x{ay ); 

(4) \\xy\\ < ||x|||| 2 /||. 

In this paper, we shall assume that A is a real Banach algebra with a unit (i.e., 
a multiplicative identity) e. An element x G A is said to be invertible if there is an 
inverse element y G A such that xy — yx — e. The inverse of x is denoted by x~ x . 

Let A be a real Banach algebra with a unit e and 9 the zero element of A. A 
nonempty closed subset P of Banach algebra A is called a cone if 

(i) ReJcP; 

(ii) aP + f3P C P for all nonnegative real numbers ct, (3 ; 

(iii) P 2 = PP CP ; 

(iv) P fl (— P) = {9} i.e, x G P and — x G P imply x = 9. 

For any cone P C A, we can define a partial ordering ■< with respect to P by x A y 
if and only if y — x e P. x -< y stands for x A y but x ^ y. Also, we use x -C y to 
indicate that y — x G int P where int P denotes the interior of P. If int P ^ 0 then P 
is called a solid cone. A cone P is called normal if there exists a number K such that 
for all x,y G A, 


9 A x A y implies ||a;|| < A'||y||. (1.1) 

The least positive number K satisfying condition (1.1) is called the normal constant 
of P. 

In the following we always assume that P is a solid cone of A and A is the partial 
ordering with respect to P. 

Definition 1.1. Let X be a nonempty set, s > 1 be a constant and A be a real Banach 
algebra. Suppose the mapping d : X x X —> A satisfies the following conditions: 

(1) 9 A d(x, y) for all x, y G X and d(x, y) = 9 if and only if x — y ; 

(2) d{x,y) = d(y,x) for all x, y G X ; 

(3) d(x, y) A s[d(ai, z) + d(z, y)\ for all x,y,z G X. 

Then d is called a cone b-metric on X, and (X, d) is called a cone b-metric space over 
the Banach algebra A. 

If s = l,then every cone 6-metric is a cone metric. 
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COUPLED COINCIDENCE POINT THEOREMS AND CONE 6-METRIC SPACES 3 

Example 1.2. Let A = C[a,b\ be the set of continuous functions on [a, b] with the 
supremum. Define multiplication in the usual way. Then A is a Banach algebraa with 
a unit 1. Set P = {x E A : x(t ) > 0, t E [a, 6 ]} and X = M. We define a mapping 

d : X x X —■» A by d(x, y)(t ) = \x — 7 /| p e* for all x, y E A" and for each t E [a, 6 ], where 

p > 1 is a constant. This makes (X,d) into a cone 6 -metric space over Banach algebra 
with the coefficient s = 2 p ~b But it is not a cone metric space over Banach algebra 
since it does not satisfy the triangle inequality. 

Definition 1.3. Let (X,d) be a cone 6 -metric space over the Banach algebra A. Let 
{x n } be a sequence in X and x E X. 

(1) If for every c G A with 9 -C c, there exists a natural number N such that 

d(x n ,x) <C c for all n > N, then { x n } is said to be convergent and {x n } 

converges to x, and the point x is the limit of { x n }. We denote this by 

lim x n = x or x n —> x in —» cx)). 

n—>oo 

(2) If for all c G A with d -C c, there exists a positive integer X such that 
d{x n ,x m ) <C c for all m, n > N, then {x n } is called a Cauchy sequence in 

X. 

(3) A cone 6 -metric space (X, d) is said to be complete if every Cauchy sequence 
in X is convergent. 


Definition 1.4. Let E be a real Banach space with a solid cone P. A sequence 
{x n } C P is called a c—sequence if for any c G A with 6 <C c, there exists a positive 
integer X such that x n -C c for all n > X. 

Lemma 1.5. f[5] ? [7]j Let E be a real Banach space with a cone P. Then 

(pi) If a 6 and 6 -C c, then a -C c. 

(p 2 ) 7/ a A 6 and 6 c, then a -C c. 

(pf) If a A 6 + c for each 6 -C c 7 then a A 6 . 

( 714 ) If 9 A u c for each 9 -C c, then u = 9. 

(p 5 ) If {x n }, {x/n} are sequences in E such that x n —>■ x, y n —> y and x n A y n for all 
n > 1, then x A y. 

Lemma 1.6. (^[7]j Let A ba a real Banach algebra with a unit e and P be a solid cone 
in A. We define the spectral radius p{x) of x E A by 

r(x) = lim ||xl 1/n = inf ||a; n || 1/,n . 

n—>00 n>l 
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4 YOUNG-OH YANG* AND HONG JOON CHOI 

(1) If 0 < r(x) < 1, then then e — x is invertible, 

OO ^ 

(e — x) _1 = x 1 and r((e — a;) -1 ) < -— 

to 1 ~r(k) 

(2) If r(x) < 1 then ||a; n || —> 0 as n —y oo. 

(3) If x E P and r{x) < 1, then (e — rr)^ 1 G P. 

(4) If k, u G P, r(/c) < 1 and u A ku, then u = 6. 

(5) r(x) < ||a;|| for all x G A. 

(6) If x,y G A and x, y commute, then the following holds: 

(a) r(xy) < r(x)r(y) 

(b) r(x + y) < r(x) + r(y) and 

(c) | r(x) — r(y) \ < r(x — y). 

Lemma 1.7. (^[5], \J\) Let (X,d) be a complete cone b-metric space over a Banach 
algebra A and let P be a solid cone in A. Let { x n } be a sequence in X. Then 

(1) If L ||a; n || —* 0 as n —>■ oo, then {x n } is a c—sequence. 

(2) IfkEPis any vector and {x n } is c—sequence in P, then {kx n } is a c—sequence. 

(3) If x,y G A, a G P and x P y, then ax P ay. 

(4) If {x n } converges to x G X, then {d(x n ,x)}, {d(x n ,x n+p )} are c-sequences for 
any pG N. 


2. Main results 

Gnana Bhaskar and Lakshmikantham([2]) introduced the concept of coupled fixed 
point of a mapping F : X x X —> X and investigated some coupled fixed point 
theorems in partially ordered sets. Since then this new concept is extended and used 
in various directions. 

In this section, we establish some coupled coincidence point results for a mapping 
P : X x X —> X satisfying certain contractive condition on cone metric spaces over 
Banach algebras without assumption of normality. 

Definition 2.1. ([2], [8]) Let (A", d) be a cone 6 -metric space over the Banach algebra 
A. 

(1) An element (x,y) G X x X is called a coupled fixed point of F : X x X —> X 
if x = F(x, y) and y = F(y, x). 

(2) An element (x, y) G X x X is called a coupled coincidence point of mappings 
F : X x X —> X and g : X x X if g(x) = F(x,y) and g(y) = F(y,x), and 
(gx, gy ) is called coupled point of coincidence; 

(3) An element (x, y) G X x X is called a common coupled fixed point of mappings 
P : X x X —y X and g : X —y X if x — g{x) = F(x, y) and y = g(y) = F(y, x). 
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(4) The mappings F : X x X —» X and g : X x X are called w-compatible if 
g(F(x,y)) = F(gx,gy ) whenever g(x) = F{x,y) and g(y) = F(y,x). 

Note that if (x, y) is a coupled fixed point of F, then (y, x) is also a coupled fixed 
point of F. 

Theorem 2.2. Let (X,d) be a complete cone b-metric space over Banach algebra A 
with the coefficient s > 1 and let P be a solid cone in A. Let F : I x I -> X and 
g : X —> X be mappings satisfying 

d(F(x,y),F(u,v )) r< a^d{gx, gu) + a 2 d(F(x, y), gx) + a 3 d(gy, gv) 

+ a 4 d(F(u,v),gu) + a 5 d(F(x,y), gu) (2.1) 

+ aed(F(u,v), gx) 

for all x, y,u,v € X, where a t e P, a,a-j = ajOi (i — 1, 2, • • • , 6 ) and 

2s(r(a 1 ) + r(a 3 )) + (s + l)(r(a 2 ) + r(a 4 )) + (s 2 + s)(r(a 5 ) + r(a 6 )) < 2. 

If F( X x X) C g(X) and g{X) is a complete subset of X, then F and g have a coupled 
coincidence point in X. 

Proof. Let x 0 ,y 0 be any two arbitrary points in X. Set g{xf) = F(x 0 ,y 0 ) and g{yf) = 
F{y 0 ,x 0 ). This can be done because F(X x X) C g(X). Continuing this process 
we obtain two sequences {x n \ and {y n } in X such that g(x n+ f) = F(x n ,y n ) and 
g(y n + i) = F(y n ,x n ). From (2.1), we have 


d(gx n , gx n j r \) 


= d(F(x n ^ 1 ,y n _ 1 ),F(x n ,y n )) 

— d'id(gx n — i, gx n ) + a 2 d(F(x n _i, y n _i), gx n _i) T & 3 dfgy n _\ 1 gyn) 
+ a A d{F{xmy n ),gx n ) + a 5 rf(F(x„_i, y n -i), gx n ) 

+ a 6 d(F(x n ,y n ),gx n - 1 ) 

QidfgXn—ijgXnf) T a 2 dfgx n} gx n —\) T a 3 d(gy n —i] gyn) 

T a 4 .dfgx n j r \, gx n f) T a 3 d(gx ny gxn) T aadfgxn+i, gx n —\) 

A Q'ldfgXji— i, gXjf) T d’ 2 d( y gx n , gx n —\) T ci3dfgyn —u gyn) 

+ a 4 d(gx n+ 1 , gx n ) + sa 6 [d(gx n+1 , gx n ) + d(gx n , gx n -f)} 

(oi T a 2 T sas)dfgx n -i, gx n ) T a 3 dfgy n —\, gy n ^ 

+ (o 4 + sae)dfgx n , gx n +i), 


and so we get 

(e 04 saf)dfgx n) gXn+f) A (01 T n 2 T saf)dfgx n — 1 , gx^f) 

+ a 3 d(gy n - u gy n ) ( 2 . 2 ) 
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Similarly, we have 

(e o ,4 sa^digtjn, gy n -\-\) (®i ~h scLQ')d(gy n —i 1 gyn) F o>zd[gx n — i, gx n ^) (2.3) 

Because of the symmetry in (2.1), 

d(gx n+ i,gx n ) = d(F(x n , y n ), F(x n -i, y n -i)) 

di aid(gx n , gx n -i) + a 2 d(F(x n ,y n ),gx n ) + a 3 d(gy n , gy n -i) 

+ a 4 d(F(x n - 1 , y n -i),gx n -i) + a 5 d(F(x n , y n ),gx n - i) 

+ a e d(F(x n - 1 ,y n - 1 ),gx n ) 

Oj\d(^gx n ^ gx n — i) 4- ci 2 d( y gxn+ii gxn) S - ct 3 d(gy ni gy n —\) 

~h Q‘&di^gx n , gx n — i) Qi^d(^gx n -\-\, gx n —\) ci()d(gx n , gxn) 

T 2 Q'ld^gXm gXn— i) "h ® 2 ^(* 7 *£n+i, ( 731 ^.) -h & 3 d(gy ni gy n —\) 

+ a 4 rf(^x„,^x n _i) + sa 5 [d(^x n+ i,^x n ) + d(gx n , gx n -i)} 

that is, 

(e - a 2 - sa 5 )(% 2 ; n+1 , #£ n ) r< (a 4 + a 4 + sa 5 )d(gx n _ i, #z n ) + a 3 d(gy n , gy n _ i) (2.4) 
Similarly, 

(e - a 2 - sa 5 )d(gy n+ i, gy n ) ^ (a 4 + a 4 + sa 5 )d(gy n -i,gy n ) + a 3 d(gx n ,gx n - 4 ) (2.5) 

Let <5 n = (%z n ,££ n+ i) + d(^j/„,^j/„+i). Now, by (2.2), (2.3),(2.4) and (2.5), we 
obtain that 

(e — o 4 — sa 6 )S n ^ (ai + a 2 + ® 3 + sao)S n — i (2-6) 

(e — a 2 — sa 5 )J n ^ (a 4 + a 3 + a 4 + sa 5 )h„_i (2.7) 

Finally, from (2.6) and (2.7) we have 

( 2 e — o 2 — o 4 — SO 5 — sflg)5 n ( 2 ai S - 2 o 3 - 1 - o 2 -f- o 4 -|- 505 4- <sog)(5 n _i 
By hypothesis and Lemma 1.6, 

r(a 2 + a 4 + sa 5 + sa 6 ) < r(a 2 ) + r(a 4 ) + sr(a 5 ) + sr(a 6 ) < 1 
and so 2e — (a 2 + a 4 + sa 5 + sa 6 ) is invertible by Lemma ??. Putting 

tj = (2e — CL2 — u 4 — SO 5 — scig) 1 (2a 4 4~ 2a 3 4~ o 2 4- o 4 4- scl 3 4~ sa g), 
we have, by hypothesis, 

, , 2r(a 4 ) + 2r(a 3 ) + r(a 2 ) + r(a 4 ) + sr(a 5 ) + sr(a 6 ) 1 

vyg) =- < —, 

2 — r(a 2 ) — r(a 4 ) — sr(a 5 ) — sr(a 6 ) s’ 

and so 

r< V^n—h r(r}) < 1 (2.8) 
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Consequently, we have 


o A A rjfin-1 di ■ ■ ■ ^ y n So (2.9) 

If <5 0 = 6 then (t 0 ,i/o) is a coupled coincidence point of F and g. So let 6 -< <5 0 . If 
m > n, we have 

d(gx m , gx n ) ■< s[d(gx n , gx n+l ) + d(gx n+1 , gx m )] 

■< sd(gx n , gx n+ i) + s 2 [d(gx n+1 , gx n+2 ) + d(#z n+2 , 3 x m )] 

r< sd(gx n , gx n+1 ) + s 2 d(^x n+ i, ^x„+ 2 ) H- (2.10) 

T<s d(gx m —2i gXm— i) T s d(gx m —i , gx m ^j 

and similarly 

d(gym,gy n ) A sd(gy n ,gy n+1 ) + s 2 d(gy n+ i,gy n+2 ) 4- (2.11) 

+s m - n ' 1 d(^ m _ 2 ,^ m _i) + s m_n d(c/i/ m _i, gy m ) 


Adding both the above inequalities, we get 


d(gx m ,gx n ) + d(gy m ? gy n ) 


r< (s m -”f- 1 + s m - , ‘- 1 f- 2 + • • • + sry n )<S 0 

oo 

d ^ n (ZX S7 ^) l )^o = sg n (e - sg)~ l 5 Q -> d 

i=0 


as n —> oo. From Lemma 1.7, it follows that for d -C c and large n, g n (l — rf) 1 Ao -C 
c. Thus, according to (p 2 ), d(gx n ,gx m ) + d(gy n ,gy m ) -C c. Hence, by Definition, 
gx m ) +d(gy n , gy m )} is a Cauchy sequence. Since, c%z n , gx m ) ■< d(gx n , gx m ) + 
d(gy n ,gym) and d(gy n ,gy m ) ^ d{gx n ,gx m ) + d(gy n ,gy m ), then again by (p 2 ), {gx n } 
and {gy n } are Cauchy sequences in g(X). Since g(X) is a complete subset of X, there 
exist x and y in X such that gx n —» gx and gy n —> gy. 
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Now, we prove that F(x, y ) = gx and F(y, x ) = gy. For that we have 
d(F(x,y),gx ) A s[d(F(x, y), gx n+1 ) + d{gx n+1 , gx)\ 

= s[d(F(x, y), F{x n , y n )) + d(gx n+1 , gx)] 

=< sa\d(gx, gx n ) + sa 2 d(F(x, y),gx) + sa 3 d(gy, gy n ) 

+ sa 4 d(F(x n ,y n ),yx n ) + sa 5 d(F(x, y), gx n ) 

+ sa 6 d(F(x n , y n ),gx) + sd(yx n+ i, yx) 

= sa 4 d(yx, gx n ) + sa 2 d(F(x, y),gx) + sa 3 d(gy, gy n ) + sa 4 d(yx n+ i, gx n ) 
+ sa 5 d(F(x , y), yx n ) + sa 6 d(yx n+ i, yx) + sd(yx n+ i, yx) 

^ sa 4 d(yx, yx n ) + sa 2 d(F(x, y),gx) + sa 3 d(gy, gy n ) + s 2 a 4 d(ya; n+ i, yx) 
+ s 2 a 4 d(gx,gx n ) + s 2 a 5 [d(F(x, y), yx) + d(yx,yx n )] 

+ sa 6 d(yx n+4 , gx) + sd(yx n+ i, yx) 
which further implies that 

d(F(x,y),gx) A (e — sa 2 — s 2 a 5 ) _1 (sai + s 2 (a 4 + a 3 ))d(gx n , gx) (2.12) 

+ (e — sa 2 — s 2 a 5 ) _1 (e + s 2 a 4 + sa6)d(yx n+ i, gx) 

+ (e - sa 2 - s 2 a 5 )~ 1 sa 3 d(gy n , gy). 


since e — sa 2 — s 2 a 5 is invertible. Since gx n —> yx and gy n —> gy , then for any 
there exists TV G N such that for all n > N, 

, (1 — sr(a 2 ) — s 2 r(a 5 ))c . (1 — sr(a 2 ) — s 2 r(a 5 ))c 

d(gx n ,gx)<^ — . ' ’ tt i d(gx n+1 ,gx) < \ l —7—A 

d(srfoi) + s z r(a4) + s z r{a 5 )) 3(s + s Zr r{a 4 ) + sr(a 6 )) 


d(gy n ,gy) < 


(1 - sr(a 2 ) - s 2 r(a 5 ))c 
3sr(a 3 ) 


Thus, for all n > N, 


d(F(x, yj.yx) «) + )-)- 


(2.13) 


Now, according to (p 4 ), it follows that d(F(x,y),gx) = 0 and so F(x,y) = gx. Simi¬ 
larly, F(y, x) = gy. Hence (x, y) is a coupled coincidence point of the mappings F and 
o. □ 


Corollary 2.3. Let (. X , d) be a complete cone metric space over Banach algebra A 
and let P be a solid cone in A. Let F : X x X —> X and g : X —> A" be mappings 
satisfying 

d(F(x,y),F(u,v)) A ai d(gx,gu) + a 2 d(F(x,y),gx) + a 3 d(gy,gv) 

+ a 4 d(F(u,v), gu) + a$d{F(x,y), gu) 

+ a e d(F(u,v), gx) 
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for all x, y,u,v G X, where a* G P, a t a 3 = a 3 ai (z = 1,2,--- ,6) and Y^i= 1 r ( a *) < 1- If 
F(X x A") C g(X) and g(X) is a complete subset of X, then F and g have a coupled 
coincidence point in X. 

Proof. Taking s — 1 in Theorem 2.2, we get the required result. □ 

Corollary 2.4. Let (X,d) be a complete cone b-metric space over Banach algebra A 
with the coefficient s > 1 and let P be a solid cone in A. Let F : X x X —> X be 
mappings satisfying 

d(F(x,y), F(u,v)) A a\d(x, u) + a 2 d(F(a;, y), x) + a^dfy, v) 

+ a^d(F(u,v),u) + asd(F(x,y),u) 

+ aed(F(u,v),x ) 

for all x, y,u,v G X, where ai G P and aiaj = Oja, (i = 1, 2, • • • ,6) If 

2s(r(ai) + r(a 3 )) + (s + l)(r(a 2 ) + r(a 4 )) + (s 2 + s)(r(a 5 ) + r(a 6 )) < 2, 
then F has a coupled fixed point in X. 

Proof. Taking g = IX j identity mapping of X in Theorem 2.2, we get the required 
result. □ 

Corollary 2.5. Let (A", d) be cone b-metric space over Banach algebra A with the 
coefficient s > 1 and let P be a solid cone in A. Suppose that two mappings F : 
X x X —> X and g : X —> X satisfy 

d(F(x , y), F(u , v)) A a[d(gx, gu ) + d(F(x, y), ^)] + 6[d(yy, gv) + d(F(«, u), yw)] 

+ c[d(F(x, y), gu) + d(F(u, v),gx)\ 
for all x, y,u,v G X, where a,b,c G P commute and 

(3s + l)[r(a) + r(b)] + 2(s 2 + s)r(c) < 2. 

If F(X x X) C y(X) and g(X) is complete subset of X, then F and g have a coupled 
coincidence point in X. 

Proof. Taking a.\ = o 2 = a, a 3 = a 4 = b,a§ = = c in Theorem 2.2, we get the 

required result. □ 

Corollary 2.6. Let (X,d) be a complete cone b-metric space over Banach algebra A 
and let P be a solid cone in A. Suppose that F : X x X —> X satisfies the following 
contractive condition for all x, y,u,v G X : 

d(F(x, y),F(u, v)) A kd(x, u ) + ld(y, v ) 
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where k,l G P commute and s[r(k) + r(/)] < 1. Then F has a unique coupled fixed 
point. 

Proof. Taking cq = k, a% = /, a 2 = a 4 = 05 = = 6 and g = lx in Theorem 2.2, we 

get the required result. □ 

Corollary 2.7. Let (X,d) be a complete cone b-metric space over Banach algebra A 
and let P be a solid cone in A. Suppose F : X x X —> X satisfies the following 
contractive condition for all x, y, u, v G X: 

d(F(x , y), F(u , v )) ■< kd{F{x , y),x) + ld(F(u, v),u) 

where k,l G P commute and (s + 1 )[r(k) + r(l)] < 2. Then F has a unique coupled 
fixed point. 

Proof. Taking 02 = k, 04 = /, a± = <13 = 05 = = 6 and g — lx in Theorem 2.2, we 

get the required result. □ 

Corollary 2.8. Let (X,d) be a complete cone b-metric space over Banach algebra A 
and let P be a solid cone in A. Suppose F : X x X —> X satisfies the following 
contractive condition for all x, y, u, v G X: 

d(F(x, y), F(u , v)) F kd(F(x , y),u) + ld(F(u , v),x) 

where k,l G P commute and (s 2 + s)[r(k) + r(l)] < 2. Then F has a unique coupled 
fixed point. 

Proof. Taking a 5 = k,a 6 = l, a 1 = o 2 = a 3 = a 5 = 6 and g = lx hr Theorem 2.2, we 
get the required result. □ 

Now we present two examples showing that Theorem 2.2 is a proper extension of 
known results. In this example, the conditions of Theorem 2.2 are fulfilled. 

Example 2.9. (The case of non-normal cone) Let A = C^[0,1] and define a norm on 
A by 11a;11 = H^Hoo + Ill'll 00 for a; G A. Define multiplication in A as just pointwise 
multiplication. Then A is a real Banach algebra with unit e = l(e(t) = 1 for all 
t G [0,1]). The set P = {a;GA:a;>0}isa cone in A. Moreover, P is not normal. 

Let X = {1,2,3}. Define d : X x X —> A by d(l,2)(t) = d(2,l)(t) = d(2,3)(t) = 
d(3,2)(t) = e t , d(l, 3)(t) = d(3,l)(t) = 3 e t ,d(x,x)(t) = 9 for all t G [0,1] and for 
each x G X. Then (.X , d) is a solid cone 6-metric space over Banach algebra with the 
coefficient s — }. But it is not a cone metric space over Banach algebra since it does 
not satisfy the triangle inequality. 
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Define two mappings F : X x X —> X by 


F(x,y) 


3, (x,y) = (3,l) 
2 , otherwise 


and g : X —> X by gl — 3,g2 — 2,g3 = 1. Then F(X x X) 
g(X). Let «i, 02 , 03 , 04 , 05 , G P defined with 


{2,3} C {1,2,3} = 


a 4 (t) = 03 (f) = 0.03,a2(f) = 0.02, a 4 (f) = 0 . 25 , 0 . 5 ( 1 ) = 06(1) = 0.154 

for all 1 G [0,1]. Then, by definition of spectral radius, r(cq) = r(o 3 ) = 0.03, r(o 2 ) = 
0.02, r(o 4 ) = 0.25, r(as) = r(ae) = 0.15 and so 

2s(r(o 4 ) + r(a 3 )) + (s + l)(r(o 2 ) + r(o 4 )) + (s 2 + s)(r(a 5 ) + r(a 6 )) = 1.89 < 2. 

Since d(F(x, y), F(3, l))(l) = d(2,3)(t) = e l for any x,y G X, by careful calculations, 
we can get that for any x,y,u,v G A", P and g satisfy the contractive condition (2.1) 
of Theorem 2.2. Hence the hypotheses are satisfied and so by Theorem 2.2, P and g 
have a coupled coincidence point in a complete cone 6-metric space X over Banach 
algebra. Since F(2, 2) = 2 = g2, P and g are w-compatible and (2, 2) is the unique 
coupled coincidence point of P and g. 


Example 2.10. (The case of normal cone) Let A = M 2 and define a norm on A by 
||(x 4 ,£ 2 )|| = |ti| + |lC 2 I for x = (^ 1 , 012 ) G A. Define the multiplication in A by 

(x 1 ,x 2 )(yi,y 2 ) = (x 1 y 1 ,x 2 y 2 ). 


Put P = {x = (x\,x 2 ) G A : Xi,x 2 > 0}. Then P is a normal cone and A is a real 
Banach algebra with unit e = (1,1). 

Let X = [0, 00 ). Define a mapping d : X x X —>• A by d(x, y) = (|x — y | 2 , \x — y | 2 ) 

for each x, y G X. Then (X, d) is a complete cone 6-metric space over Banach algebra 

with the coefficient s = 2. But it is not a cone metric space over Banach algebra since 

it does not satisfy the triangle inequality. 

Consider the mappings P:XxX-> X and g : X —> X defined by 

, I sin y I 

F(x,y) = rr+ 

and 


g(x) = 3x. 

Then F(X x X) C g(X) = X. Let a 4 , « 2 , 03 , a 4 , 05 , 6 P defined with 

2 1 

a 4 = (-,0), a 3 = (—,0), a 2 = a 4 = (0,0), a 5 = a 6 = (0.07,0). 

y io 

Then, by definition of spectral radius, r(o 4 ) = |, r(a 3 ) = P, r(a 2 ) = r(a 4 ) = 
0, r(a 5 ) = r(ae) = 0.07, and so 


4(r(ai) + r(a 3 )) + 3(r(a 2 ) + r(a 4 )) + 6(r(a 5 ) + r(a 6 )) < 2. 
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By careful calculations, it is easy to verify that for any x, y,u,v G X, F and g satisfy 
the contractive condition (2.1) of Theorem 2.2. Thus by Theorem 2.2, F and g have a 
coupled coincidence point in a complete cone 6-metric space X over Banach algebra. 
Since F( 0, 0) = gO = 0, (0, 0) is the common coupled coincidence point of F and g. 


Theorem 2.11. Let F : IxI-> X and g : X —» X be two mappings which satisfy 
all the conditions of Theorem 2.2. If F and g are w-compatible, then F and g have 
unique common coupled fixed point. Moreover, common fixed point of F and g is of 
the form (u,u) for some u € X. 


Proof. First we claim that coupled point of coincidence is unique. Suppose that 
(x,y),(x*,y*) G X x X with g(x) = F(x,y), g(y) = F(y,x) and g(x*) = F(x*,y*), 
9{y*) = F(y*,x*). Using (2.1), we get 


d(gx,gx*) F d{F(x,y),F(x*,y*)) 

F aid(gx , gx*) + a 2 d(F(x , y),gx) + a 3 d(gy, gy*) 

+ a 4 d(F(x*,y*),gx*) + a 5 d(F(x,y), gx*) + a e d(F(x*,y*), gx) 

= (oi + a 5 + a 6 )d(gx, gx*) + a 3 d(gy, gy*) 

and so 

d(gx, gx*) F (<n + a 5 + a 6 )d(gx , gx*) + a 3 d(gy, gy*). (2.14) 

Similarly 

d{gy, gy*) r< (ai + a 5 + a 6 )d(gy , gy*) + a 3 d{gx, gx*). (2.15) 


Thus 


d{gx,gx*) + d(gy, gy*) F (a 1 + a 3 + a 5 + a 6 )(d(gx, gx*) + d(gy,gy*)). 

Since s > 1 and r(ai) + r(a 3 ) + r(a 5 ) + r(a 6 ) < 1, therefore by Lemma 1.6(4), we 
have dfgx, gx*) + d(gy, gy*) = 9, which implies that gx = gx* and gy = gy*. Similarly 
we prove that gx = gy* and gy = gx*. Thus gx = gy. Therefore (gx,gx) is unique 
coupled point of coincidence of F and g. 

Now, let g(x) = u. Then we have u = g(x) = F(x,x). By w- compatibility of F 
and g, we have 

g(u) = g(g(x)) = g{F(x , x)) = F(gx, gx) = F(u, u). (2.16) 

Then (gu, gu) is a coupled point of coincidence of F and g. Consequently gu = gx. 
Therefore u = gu = F{u,u). Hence (u,u) is unique common coupled fixed point of F 
and g. □ 
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FOURIER SERIES OF SUMS OF PRODUCTS OF ORDERED 
BELL AND EULER FUNCTIONS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , GWAN-WOO JANG 3 , AND JIN-WOO PARK 4 ’* 


Abstract. In this paper, we will study three types of sums of products of 
ordered Bell and Euler functions and derive their Fourier series expansions. In 
addition, we will express those functions in terms of Bernoulli functions. 


1. Introduction 


As a natural companion to ordered Bell numbers , the ordered Bell polynomials 
b n (x) were defined by the generating function (see [8]) 



oo 

M*) 

m—0 


t m 

to ! 


( 1 . 1 ) 


The first few ordered Bell polynomials are as follows: 

b 0 (x) = l 1 bi(x) = x + 1, b 2 {x) = x 2 + 2x + 3, 

&3(x) = x 3 + 3a; 2 + 9a; + 13, 64 (x) = x 4 + 4a; 3 + 18a; 2 + 52x + 75, 
b 5 ( x ) = x 5 + 5 a; 4 + 30a; 3 + 130a; 2 + 375a; + 541. 


The ordered Bell numbers b m = b m ( 0) were introduced already in 1859 work of 
Cayley and have been studied in many counting problems in enumerative combi¬ 
natorics and number theory (see [2-5,11,13,14]). They are all positive integers, as 
we can see, for example, from 

m °°n m 

bm = ^2n\S 2 {m,,n) = ^— T , (to > 0 ). 

n —0 n=0 

The ordered Bell polynomial b rn (x) has degree m by (1.1) and is a monic polynomial 
with integral coefficients, as we see from 

TO—1 / \ 

bo(x) = 1, b m (x) = x m + ^2 (T ) bi( x )i (m> 1). 

i=o ' ' 


From (1.1), we can derive 


-i- b m (x) = mb m -i 
dx 


—b m (x + 1) + 2 b 

m ip^) 


(x), (to > 1), 

= x m , (to > 0). 


2010 Mathematics Subject Classification. 11B68, 11B83, 42A16. 
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Fourier series of sums of products of ordered Bell and Euler functions 


In turn, from these we obtain 

b m{X) T {jn 7 0), 


f 1 1 

/ b m (x)dx= — (6 m+ i(l) - b m +i) 

Jo m +1 


1 


t'm+l • 


to + 1 

The Euler polynomials E m (x) are given by the generating function 


9 _ 4-m 

e* = Y i E m (x)-& 

+1 ' ml 

n =0 


We recall here that the Euler polynomials satisfy 

E m (x + 1) + E m (x) = 2x m , (to > 0), 


and hence 

E m { 1) + E m = 26 m fi, (to > 0). 

The Bernoulli polynomials B m (x) are dehned by the generating function 


m=0 


e *t=J2 B m(x)- 
1 to! 


For any real number x, we let 


(x) = x — |ycj £ [0, 1) 


denote the fractional part of x. 

In this paper, we will study three types of sums of products of ordered Bell and 
Euler functions and derive their Fourier series expansions. In addition, we will 
express those functions in terms of Bernoulli functions. 


(1) a m ((x)) = XT= l h k{{x))E m _ k ({x}), (to > 1); 

(2) p m ((x)) = EfcLl k\(^-kyM ( x )) E m-k({x)), (to. > 1); 

(3) 7 m((x}) = EfcTl 1 k (™-k) b k(( X )) E m-k({x)), (m > 2). 

The reader may refer to any book (for example, see [1,12,15]) for elementary facts 
about Fourier analysis. 

For later use, we recall the following facts about Bernoulli functions B m ({x)): 

(a) for to > 2, 

°°^ g 27 r inx 

Bm((%)) = —Till ) ————, 

' ( 27 Tin ) 171 

n =—oo 
n^O 

(b) for to = 1, 

~ e 2 ninx _ f Bi((x)), for X $ Z, 

2-^ 27T in 1 o for x £ Z. 

n =—oo v 

n/0 

Finally, the reader may refer to the recent works [6,7,9,10] related with this 
paper. 
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Let 


2. Fourier series of functions of the first type 


m 

a m (x) = ^2 b k(x)E m _ k (x), (m > 1). 

k—0 


Then we will investigate the function 


u m ({x)) = ^b k {{x))E m _ k ({x)), (to > 1), 

k -0 


defined on R, which is periodic with period 1. 
The Fourier series of a m ((x)) is 


OO 

E 


j^{rn) g 2-ninx 


where 


A< m) = [ a m ((x))e~ 2 ™ x dx 
Jo 

a m (x)e~ 2ninx dx. 

Before proceeding further, we observe the following. 

m 

ot'm{ x ) =E{^ fc -i ( x )E m - k {x) + (to - k)b k (x)E m _ k ^ % (x)} 

k—0 

m m— 1 

= E kb k _i(x)E m _ k (x) + ^ (to - k)b k (x)E m - k _i(x) 

k —1 k —0 

m— 1 m— 1 

= E + 1 )h(x)E m _i-k(x) + y^ (TO - k)b k (x)E m _ i_ fe (x) 

k—0 k =0 

=(m+ l)a m _i(a:). 

From this, we have 



{ Q^m+l (x) \ ' 
V TO + 2 J 


Um(*r)) 


and 


[ CXrn{x^dx — (cj m -|_i(l) Qim+l( 0 )) . 

Jo to T 2 
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Fourier series of sums of products of ordered Bell and Euler functions 


For m > 1, we set 

= ^m(l) ^ra(O) 


= (frfc(l)-^ra-fc(l) — b k Em-k) 

k—0 

m 

= ^ ^ ^/c,o)( E m —k H- 25m, k ) b k E m — fc} 

k =0 
m 

= ^ ^ ( 3b k Em—k H” + ^A^O^ra—/c < ^‘5 k ,()5m,k) 

k =0 

m 

— 3 ^ ^ b k Em—k + 4 bm + E m 

k=0 
m— 1 

= 3 ^ ^ b k E m —k 4” b m H - Em- 


k—0 


Now, 

and 


i(0) = a m (l) Am = o, 


I a m (x)dx = 


m + 2 

1 / m 

-d- 3 £« 


-A 


ra+1 


m + 2 


ra+1 —k + ^m+1 + -F'm+1 


k=0 


Next, we want to determine the Fourier coefficients 
Case 1 : n + 0. 

+ m) = [ a m (x)e- Mnx dx 

Jo 


1 [a m (^)e- 2 ” ral1 ' 1 


2irin 

1 


0 27rin 


(a m (l) — a m (0)) + 


m + l 


2n in 2 tt in 

= m + 1 A (m-1) _+ a 

2irin n 2 tt in m ’ 

from which by induction we can show that 


a' m {x)e- 2mnx dx 

r 1 

a m -i(x)e~ 2vinx dx 


j\{m) _ 


1 ( m + 2 )i ^ 

m + 2 ^ (2nin)j 

j~i 


Case 2 : n = 0. 


/*! 1 

-4o m) = / a m {x)dx = — A m+ i. 

J o m + 2 


« m ((i)), (m > 1) is piecewise C°°. Moreover, a m ((x)) is continuous for those pos¬ 
itive integers with A m = 0 and discontinuous with jump discontinuities at integers 
for those positive integers with A m ^ 0. 
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Assume first that m is a positive integer with A m = 0. Then a m (0) = a m (l). 
Hence a m ((x)) is piecewise C°°, and continuous. Thus the Fourier series of a m ((x)) 
converges uniformly to a m {{x )), and 


1 oo / 1 m 

m + 2 z ' l in + 2 

n ——oo \ 7 — 1 


(m + 2)j A 
(27rm)i m ” J+1 


1 


1 


m + 2 

1 


*ra+l 


m + 2 


E 

i=i 


n^O 

m + 2 

j 


A m _ j+1 


E 


°° g 2‘ninx 


n——oo 

n^O 


{2mn)i 


. 1 ^ /m + 2 \ A 

^ m+1 + TO + 9 E j J 


TO + 2 
T A m x 

Now, we can state our first theorem. 


J=2 

Bi({x)), for x ^ Z, 
0 , for x GZ. 


Theorem 2.1. For eac/i positive integer l, we let 


A; — —3 b k Ei_ k +bi + Ei. 


k =o 


Assume that A m = 0, /or a positive integer to, TTien we /iare t/ie following. 
(a) bk{(x))E m -k((x)) has the Fourier series expansion 


y^b k ((x))E m - k ((x)) 


fc=o 


1 


:A„ 


oo f m 

- 1 + E -^ttoE 


(to + 2)j 


n =—oo 
n^O 


to + 2 (27T in)i 

j=i 


(b) 


to + 2 

for all x € R, where the convergence is uniform. 


-3 +1 e 


2Tvinx 


m 1 m / i 0 \ 

E bk{{x))E m -k({x}) = ——— A m+ i + £ ( J A m _j+iHj((a;)), 

fc=0 ^ ^ j =2 \ ■> J 

for all x € R, where Bj((x}) i s the Bernoulli function. 


Assume next that A m 7 ^ 0, for a positive integer to. Then a m (0) 7 ^ a m (l). 
Thus a m ((x)) is piecewise (7°°, and discontinuous with jump discontinuities at 
integers. The Fourier series of a m ((x)) converges pointwise to a m ((x)), for x ^ Z, 
and converges to 

2 ( a m(0) + a m (l)) = a m ( 0 ) + —A m , 


for x G Z. 

Next, we can state our second theorem. 
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Fourier series of sums of products of ordered Bell and Euler functions 


Theorem 2.2. For each positive integer l, we let 

i -1 

A; = —3 ^ ' bkEi-k + bi + Ei. 
k -o 

Assume that A m ^ 0, for a positive integer in, Then we have the following. 

(a) 


——^A m+ i + ^ 
m + 2 

n =—o 
n^O 

= / E™=o b k {(x))Em-k({x}), for x i Z, 
l XX=o b kE m -k + |A m , /or x £ Z. 

(b) 

?n + 2 Am+1 + TO + 2^ ( j ) A m-j+iBj((x)) 

j =i 

m 

= E h({x))E m _ k ((x)), forx(£Z; 

k =0 

m + 2 Am+1 + m + 2 E ( i J Am - j+ljBj ' ((a:)) 

m ^ 

= E b k E m _ k + - A m , /or x <^Z. 
k =0 


1 m 


3. Fourier series of functions of the second type 


Let 


£m(a;) = E 


1 


fc =0 


fc!(m — fc)! 


b k (x)E m _ k (x), (to > 1). 


Then we will consider the function 


Pm((x)) = J2 Tuf~TF\ b k{{x)) E m-k{{x)), (m > 1), 


fc —0 


fc!(m — fc)! 


defined on K, which is periodic with period 1. 
Fourier series of f3 m {{x)) is 


E * 


(m) ^ 2irinx 


where 

B '<"*> = [ /3 m ((x))e-^ inx dx 

Jo 

1 

/ 3 m {x) e - 2 * inx dx. 
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We need to note the following before proceeding further. 


P'm( x ) = 

k =0 

1 


k tyx _ k 

b k -\(x)E m _ k (x) + — - —b k (x)E m - k _ i(a:) 


k\(m — k)\ 


k\(m — k)\ 


m— 1 


m— 1 j m —1 

= E tiim-l-til ^^-'-^+E it! 


k\(m — 1 — /c) 
=2/3 m _i(x). 

From this, we obtain 

and 


k\(m — 1 — k)\ 


b k (x)E m _ i-k(x) 


^ 0 m+l(x ) V 


/dm (*r) ) 


[ l 1 

J Pm{x)dx = - (P m+ i(l) - /3m+l(0)) • 

For m > 1, we put 

On =/?m(l) - (dm (0) 

771 ^ 

= _ j>.)| (frfcW-^m—fc(l) - b k E m - k ) 


/c— 0 


771 ^ 

= ^ ^ TJ7 TTJ 4,0) ( Em—k "F 4-Sm—fc) 


k—0 


=E 

fc =0 


fc!(m — /c)! 
1 

fc!(m — fc)! 


( 3 b k E m — k + 4 b k 5 m , k -p SfzfiEm—k < ^b k ^8 rn ^k) 


rn ^ 4 12 

= 3 > TT7 ——- bkEm—k H” r bm H” T-^m r4i,0 

z —' /c!(m — /cj! ml ml ml 


fc=o 

771—1 


, ' 6 x 7 11 
= 3 ) 777 , T7 ^k-^m—k 4“ i ^77i H r-^TTi* 

z —' kl[m — k)l rn' rn.' 


k—0 


ml ml 


From this, we get 


and 


/?77i(0)=An(l)^ On= 0 , 

f 1 1 

I {3rn{,x)dx = 

Jo * 


Next, we would like to determine the Fourier coefficients 
Case 1 : n ^ 0. 
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Fourier series of sums of products of ordered Bell and Euler functions 


n( m ) = 

n 

l 

2tt in 


p m (x)e- 2mnx dx 


/o 

[/3 m (x)t 


1 


/ „—2ninx 


0 27 vin , 


Pm e 


dx 


=- 2 LC (*^ 


2 - -T-o 


2'Kin n 2mn 

from which by induction we can easily show 

m oj -1 


7 , / o • j + 1 * 

7 = 1 v 7 


Case 2 : n = 0. 

/* 1 1 

B^ m) = J /3 m (x)dx = - Cl m +i- 

0 m {{x)), (m > 1) is piecewise C°°. Further, f3 m {(x)) is continuous for those positive 
integers m with f l m = 0 and discontinuous with jump discontinuities at integers 
for those positive integers with il rn ^ 0. 

Assume first that to is a positive integer with fl m = 0. Then (3 m { 0) = f3 m { 1). 
Hence /3 m {{x)) is piecewise C°°, and continuous. Thus the Fourier series of (3 m {{x)) 
converges uniformly to ft m {{x)), and 


i 2 J ~ 

Pm{{x)) = - flm +1 + E ( ~E (O-rriniJ^ m -3 


n =—oo \ 7 = 1 

n^O 


(27t in)- 7 


“m—j+l 


1 

—~r 2 m _i_i -|- y ^ 77 1 

7 = 1 J ' 


-i' E 


°° ^lirinx 


n ——oo 
n ^0 


(2-7T in)^ 


Y- 2J 1 f Hi((x)), fora^Z, 

“m+i + ^ + Si m x •j q for a; g Z 

j =2 L ’ • 


Now, we are ready to state our first result. 
Theorem 3.1. For each positive integer l, 


i -1 


n, = - 3^ 


hkEi-k + tt 6 j + t;Ei. 


fc=o 


k\{l-k)\ 


l\ 1 ' Z! 


Assume that fl m 


(a) 


0, /or a positive integer m. Then we have the following. 
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has the Fourier series expansion 

1 


E 

fc =0 


k\(m — k)\ 


h k ({x))E m _ k ({x)) 


1 


- 2 ^m+1 + E ( E 


2 ° 


-l 


(b) 


( 2iriny 

for all x € K, where the converges is uniform. 


ktyn—j+1 0. 


2ninx 


n=— oo \ 7 — 1 

n^O 


m 2 l m 2 J - 1 

E TIT _ 7\i bk{{x))E m -h{{x)) = -f2 m+ i + 

fe =0 z j =2 J - 

for all x € K, where Bj{(x)) is the Bernoulli function. 

Assume next that O m ^ 0, for a positive integer to. Then /3 m ( 0) ^ /3 m (l). So 
Pm((x)) is piecewise C 00 , and discontinuous with jump discontinuities at integers. 
The Fourier series of (3 m ((x)) converges pointwise to /3 m ((x)), for x ^ Z, and 
converges to 

2 (/3m(0) + /3m(l)) = /^m(0) + -flm) 

for x GZ. 

Now, we are ready to state our second result. 


Theorem 3.2. For each positive integer l, we let 

' = _3 E ki(i- k)\ bkEl ~ k + l. bl + l El - 

Assume that fl m ^ 0, for a positive integer to. Then we have the following. 
(a) 


(b) 


1+ E E 


2 ^ 


-1 


n=— oo 
n /0 


“ ( 27 rin)* 


j_l_l 6 


2'Kinx 


EfcL 0 for X(fZ, 

Efc=0 k\(m-kybkEm-k + ^m, for X € Z. 


JF 2 -i -1 


9 ^m+l + .| + 


j! ' " '' ' 7-^ fe!(?n — fc)! 


b k ((x))E m _ k ((x)), for x ^ Z; 


7=1 fc=o 

^ m 2 j-l m 

2 ^m+l + 


7=2 


fc =0 
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4. Fourier series of functions of the third type 


Let 


7m 0) = E 


1 


k(m — k) 

Then we will investigate the function 

1 


b k {x)E m _ k {x ), (m > 2). 


7 m((x)) = E 77- Y^b k {(x))E m _ k ((x)), (to. > 2), 

a-=i / H TO _ K> 

defined on R, which is periodic with period 1 . 

The Fourier series of "f m {(x)) is 


E 


m) ^2ninx 


where 


C { n m) = f 7 m {{x))e- 2 ™ x dx 

Jo 

= f lm{x)e~ 2 * inx dx. 

Jo 

Before proceeding further, we need to observe the following. 

m— 1 m— 1 

7LW = E - rh-i{x)E m -k(x) + E T b k(x)E m -k-i(x) 

Z —' m — k z —' k 


k =l 


fc=i 


m—2 


m— 1 


= E - i - -b k (x)E m _i- k {x) + E -b k (x)E m _ i_fc(x) 

7TI 1 rv K 

k =1 


1 


+ 7 6/ c (x)E’ m _i_/ c (x) H-+ 


k—0 
m—2 

= E 

fe=i 

=(to- l)7 m -i(x) H- Ee to _i(x) 4- 

to — 1 m — 1 


1 


, — 1 — k k 


to. — 1 


to — 1 


Thus 


Ym( x ) = ( m - l)7m-l(a0 H-H-E&m-l- 

m — 1 m — 1 


From this, we see that 


7m+l( a 0-- , n WlW ) ) = 7 


to(to + 1) 


to(to + 1) 


bm— 1 (*r) 


mix). 
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7 m {x)dx 


JO 

1 

m 


i i i 1 

7m+l ( x ) 7 : T\Em+l{x) 7 j TV +i+l) (x) 

m(m + 1) m(m +1) J 0 


— _ ( 7m+l(l) 7m+l(0) 


m(m + 1) 


(E m + i(l) — E m+ 1(0)) 


1 


m(m + 1) 


(6m+l(l) — ^m+l(0)) 


1 


TO 


— — 7m+l(l) ~ 7m+l(0) + 


E-m+1 


1 


to(to + 1) to(to + 1) 


■'771+1 


For m > 2, we put 

-A-m = 7m(l) 7 tt7 (0) 

771— 1 


= E 

k=l 

771—1 

= E 

/s=i 


i 


—J k(m — k) 
1 

fc(m — fc) 


(& fc (l)£ ; m —i(l) — b k E m _ k ) 

{{2b k <+o) ( E m — k T- 2(5 m ,^) bkEm—k) 


771—1 


- 3 E k{m-k) bkEm - k ' 

From this, we have 

7m(0) = 7m(l) ' 1 ^ -A-m = 0, 

and 

2 1 


[ lm(x)dx = — ( A m+ i + 
7o m V 


/ . m \ Em -\-1 / . , ^ m +1 

m{m + 1) m(m+l) 


Next, we would like to determine the Fourier coefficients C„ . For this, we first 
note that 

[ E l {x)e~ 2 * inx dx= { 2 ^k=i^t^ E i-k+i, forn+ 0 , 

7o \ FtT-^+i, for n = 0, 


bi{x)e~ Mnx dx = ^ Z - fc=1 f 2 "") 


- Efc=i for n ^ °- 

for n = 0. 


/+++ 1 ’ 


Case 1 : n ^ 0. 


C+) = f lm (x)e~ 2mnx dx 

Jo 

= -^bm(x)e~ 2 ™ x ] 1 ■ 1 


2nin 

— ~ X 7“ (7m(1) — 7m(0)) 

2mn 


2nin . 


7 ' m (x)e- 2 * inx dx 


+ [ { (to — l) 7 TO -i(x) 4-——-E'm-i(ir) 4- ^—b m -i{x)\ < 

I'Kin Jo l m — 1 m — 1 J 


—2ninx 


dx 


= — -C( m ~ i)_3_A 4_-_0,_ - _ 

27t in n 2mn m 2'Kin{m — f) m 2'Kin{m — 1) 
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where 


_ v- ( m ~ l)fc-i F 

rn — ^m-ki 


(27T ir 


k 

m— 1 


t’m = E 


/c=l 


(TO - l)fc_j 

( 2nin) k 




k• 


From the recurrence relation 

C ( m ) = m ~ 1 _j_ - _0_I_$ 

2-Kin n 2nin m 2mn{m—l) m 2nin(m — 1) m ' 

and by induction on to, we can easily show that 

Wm) _ (to !)j —i * toV 1 0 V ( m_1 )i- 1 a. 

- - 2^ A ™~j+ 1+2 xL 7 R—ttt-— rOm-i+r-^ 


' (27rmV 
.7 = 1 V ' 


(27rm)^(m —j) 


“ ( 2mny(m — j ) 


We note here that 


m—1 


(to - l)j_i 


i (27 t iri)i{m — j) m ” J+1 


3 

m— 1 


_ Y" (to - l)j-—1 ( m ~ j)k -1 p 

+J ( 27 Tiny(m — j) “ ( 2mn) k m-j-k+i 


m-i i i \ 

E l V- (?Tl — l)j+fc-2 
_ i m — j (27rm)l+ fc 


E; 


m—j—k+l 


3 

m— 1 


— \ ' 1 \ " (to - l)s—2 p 

m — j ^ {2 k in) s m S+1 

j=i J s=j+l v ' 


8-1 


\ - (to - l)s—2 F \ " 1 

■+ {2mn) s m S+1 -+ to — j 

_ 1 (m) s H m _i — H m _ s ^ 

— ~ / , To ; T7 I 1 -C'm—s+1- 

to. z —' (ZKin) s m — s + 1 

S = 1 v 7 


Putting everything altogether, we have 


i m / \ 

£f(m) _ _ J_ ( TO )s 
to. ^ ( 2nin) s 

S= 1 7 

Case 2 : n = 0. 


Ara-s+l H-—-—— (—2£’ m - s +l + &m-s+i) r’ • 


TO — S + 1 


Co m) = [ -y m {x)dx 
Jo 


1 / A 

— — A m+ 1 + 

TO. 




i 


m(m + 1) m+1 to(to + 1) 


-'m+1 


7 m{{x)), (to > 2) is piecewise C 00 . Moreover, 7 m {{x)) is continuous for those 
integers to, > 2 with A m = 0 and discontinuous with jump discontinuities at integers 
for those positive integers to > 2 with A m ^ 0. 


■3+ 1- 
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Assume first that A m = 0. Then 7 m (0) = 7 m (l). Hence 7 m ((x)) is piecewise 
C °°, and continuous. Thus the Fourier series of 7 m ((a:)) converges uniformly to 
7 m((x)), and 
lm{{x)) 

1 


-1 | A 2 

m \ m+1 m(m + 1) 


-S'm+l 


y m+1 


oo ( m 

+ £ +£ 


n =—oo 
n^O 


_ 1 , . 

—— A to +i + 

TO 


(m) s 
m ' (2'nin) 8 

S= 1 V 7 

2 


m(m + 1) 

Hm— 1 Xlra—s 


+ 1 E 


m(m + 1) 
-A-m—s+l H - 


Em +1 


A - m — s+1 H" 


1 


m(m + 1) 
Hm— 1 Hm—, 


m — s + 1 

^m+l 


( + 6 m _ s +i) 


JlTtinx 


=-£ 

m. z ^ 


s=0 


h-m— s+1 H” 


m — s + 1 

Hm— 1 Hm— 
m — s + 1 




E 


00 ^2ninx 


n ——oo 
n^O 


(2nin) s 


( H- 6 m _ s +i) J -S s ((x)) 


A A m x 


Hi ((a;)), for a; ^ Z, 
0, for x GZ. 


Now, we are ready to state our first result. 

Theorem 4.1. For each integer l > 2, we let 

A ' = - 3 E]b([3ifc)^-'» 

with Ai = 0. Assume that A m = 0, /or an integer m > 2. Then we have the 
following. 

( a ) J2TZ l k(m-k) bk{( x )) E m-k (( x )) /las Fourier series expansion 

771—1 ^ 

E 77- t -b k ((x))E m _ k ({x)) 

k=1 K l TO K ) 


_ 1 , . 

— — A m+ i + 


m(m + 1) 


A+n+l 


1 


^m+l 


£ +£ 


71= —OO 
71^0 


(m) s 
to ' (27rm) s 

S = 1 v 7 


m(m + 1) 

Hm— 1 Hm—s 


-^m—s+1 H” 


m — s + 1 


( 2-£/ m _ s _|_i H- 6 m _ s _|_i) 1/6 


(b) 


for all x € R, where the convergence is uniform. 


E 

fc=i 


i 


fc(m — jfe) 


bk({x})E m _k(( x }) 


=-£ 
TO z —' 


5 — 0 
5#1 


A m —5+1 A 


Hjn—1 Hm—s 


m — s A 


J—( — 2,E m - s+ i Af>m_s+i)^ B s ((x)), 
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for all x € K, where B s ((x )) is the Bernoulli function. 

Assume next that m is an integer > 2 with A m ^ 0. Then 7 m (0) ^ 7 m (l). Hence 
7 m{{x)) is piecewise C°°, and discontinuous with jump discontinuities at integers. 
Thus the Fourier series of 7 m ((a;)) converges pointwise to 7 m ((x)), for x ^ Z, and 
converges to 

2 ('Tm(O) + Ami. 1)) = 7m(0) + 

for x G Z. 

Now, we are ready to state our second result. 


Theorem 4.2. For each integer l > 2, we let 

Al = ~ 3 ]2k(i L ¥) bkEl - k ’ 

with Ai = 0. Assume that A m ^ 0, for an integer m > 2. Then we have the 
following. 

(a) 

1 

m 


2 1 

A-m+l H / . T\E m +l wy , pr^m+1 

m{m + 1) m(m + 1) 


oo [ 1 m 

E EE 


n =—oo 
n^O 


Q m) s 

m ' (2nin) s 

S= 1 V 7 


Ara-s+i H-——(—2£ ; m _ s +i + 6 m _ s +i) 

m — s + 1 


f Efcll k(m-k) b k({ X )) E m-k{{x)), for X (£ Z, 
\ EfeE 1 k ^_ k) bkE m - k + sA m , /or xeZ. 

(b) 

Hm— 1 Hqji—s 


1 E 

m z ' 

s—0 
m—1 


= E 


A m —s+i + 


*=1 

l 

?n 


fc(m — fc) 


m — s + 
b k ({x))E m - k ({x)), for x £ Z; 


^—(—2if m _ s+ i +6 m _ s+ i)^ B s ((x)) 


E 

s=0 

s/1 


m 


A-m— s+1 + 


H-m— 1 Hm— s 

m — s + 1 


+ 6 771—S +i) A,(») 


m—1 


= E 

k=l 


b k E m _ k + E m , /or x GZ. 


k(m — k ) 
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FEKETE SZEGO PROBLEM FOR SOME SUBCLASSES OF 
MULTIVALENT NON-BAZILEVIC FUNCTION USING 
DIFFERENTIAL OPERATOR 

C. RAMACHANDRAN, D. KAVITHA, AND WASIM UL-HUQ 

Abstract. In this paper we derive the famous Fekete-Szego inequality for the 
class of p— valent non-bazilevic function using differential operator. 

2010 Mathematics Subject Classification: 30C45,30C50 
Keywords: Analytic functions, Multivalent functions, NonBazilevic functions, 
Starlike functions, Convex functions, Subordination, Fekete-Szego Inequality. 


1. Introduction and preliminaries 

Let A p be the class of normalized analytic functions f(z) in the open unit disc 
U = {z : z G C : \z\ < 1} is of the form: 

OO 

f(z) = z>+ a ^ n (zeV,peN=l,2,...). (l.l) 

n=p+l 

Further, let A\ = A , S be the subclass of A consisting of all univalent functions in 
U . 


For the two analytical functions f(z) and g(z) in HJ, the function f(z ) is 
subordinate to g(z), written f(z) -< g(z), if there exits a Schwartz function ui(z), 
analytic in U with 

cu(0) = 0 and \oj{z)\ <1 (z G U) 

such that f(z) = g(ca(z)),z G U. In particular, if the function g(z) is univalent in 
U, the above subordination is equivalent to 

f(0)=g(0) and /(U)cg(U). 

Mohammed and Darus[5] dehned the operator, 

Vxf(z) = (1 + pX)f(z) + Xzf'(z), X>-p,f e A p . 

V° x f(z) = f(z) 

Vlf(z) = VJ(z) 

V 2 J(z) = 1\(V\f(z)) 


l 
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and in general, 

OO 

Vy p f(z) = z p + (1 + Xp + n\) k a n z n , X > —p; fc 6 No = N U {0} andp G N. 

n=p +1 

( 1 . 2 ) 

Obradovicpj introduced the Non-Bazilevic type class of functions as 

K { /w (/h))” +1 } >0 ' zeu ' 

We can refer [T| 151 171 [10] for the brief history of Non-Bazilevic type for the various 
subclasses of analytic functions. 


Now, using the differential operator (1.2), we define the generalized p— valent 
Non-Bazilevic class of function as follows: 


Definition 1. A function f G A p is said to be in the class J\f k (a, p, A, B) if it 
satisfies the inequality, 

/ _ \ A / ,T^b r, NV\ / „ \ A 

(1 -«) 


+ a( z(D k Xp f(z))' 


D k x J(z)J p\ D*J(z) )\D\ p f{z)) 1 + Bz’ 

where a G C; 0 < p < 1; — 1 < B < 1, A ^ B, A G M. 


^ 1 + A f , zgU, (1.3) 


We note that, if A = 0, k — 0 and p = 1 then the class Aff p (a, p, A, B) will 
be reduced as the class defined by Wang el. atpOj. If a = 1, A = 0, k = 0 and 
p = 1 then the class J\ff p (a,/j,A,B) reduced to the class defined by ObradovicjH]. 
If a — 1, A = 0, k — 0, A — 1 — S, B — — 1 and p — 1 then the class J\ff p {a, p, A, B) 
reduces to the class of non-Bazilevic functions of order 6, (0 < 6 < 1) which was 
studied by Tuneski and Darus[9]. 


By motivating the results of Goyal, Jiang and Seoudy[2] 3 ; , EJ, in this paper, we 
derive the classical Fekete Szego results for the function f(z) belongs to the subclass 
a, /i, A, B). As a special consequences of our results, we derive some of the 
corollaries for various values of the parameters involving in this class. 


We now giving the basic lemma which is essential to prove our main results. 
Lemma 1. [d] If suppose denotes the class of analytic functions of the form 

Uj(z') — C 0\Z -f- oj^zf -|- OJ^Z^ -|- . . . 

and satisfying the condition cu(0) = 0 and |cu(z)| <1, zGll then for any complex 
number t, 

\uj 2 — tcul\ < max {1, |t|}. 
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the result is sharp for the functions u>(z) = z 2 and ui(z) = z. 

2. MAIN RESULTS 

Our main result is stated in this following theorem. 


Theorem 1. If the function f (z) is given by (1.1) belongs to the class J\f k p (a, p, A, B) 
and 7] be the complex number, then 

(A - B)p 


\2a - pp\{l + A p+ (p + 2)X) k 
(A — B)p( 2a — pp) 


B 


(a — pp) 2 


/i + l\ (1 + Xp + (p + 2)A) fc 

2 J ^(1 + Xp + (p + l)A) 2fc 


\ a p+2 — V a p + i\ < 

max 11, 
and the result is sharp. 

Proof, if f E J\f k p (a, p, A, B), then there exist a Schwarz function lo(z) with cu(0) = 0 
and |cu(z)| < 1 which is analytic in the open unit disk such that 

(l-a)( _—_\ ^^ _ 1 + -M-) mi) 

+ p \ D k J(z) )\D k J(z)) 1 + Bu(z) 

Now, it is a well known fact that 


1 T Auii^z) 
1 + Bu(z) 
let us find, 

(1 -«) 


= 1 + (A - B)u lZ + [(A - B)lo 2 - B{A - B)u{\z 2 + 


+ a (z( D \J(z))' 


( 2 . 2 ) 


D L x J(z)J p \ D k J(z) J \D k J(z) 
1 + — p^j (1 + Xp + (p + l)X) k a v+ \z 


2a 

p 


-/i 


(1 + Xp + (p + 2)X) k a p+2 — 


/U + 1 


(1 + Xp + (p + 1)A ) 2k a p+1 
(2.3) 


z 2 + 


From equations (2.1),(2.2) and (2.3) we get, 

(■A - B)pui 


and 

&P+2 


CLp-\-l 


(.A - B)p 


(a - pp)( 1 + Xp + (p + 1)A)* 


(2a - pp)( 1 + Xp + (p + 2)X) k 


UJ 2 


B 


p + 1\ {A — B)p{2a — pp) 
(a - pp) 2 
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For any complex number rj, we can derive 

2 i _ (A-B)p 


where, 


1*1 = 


|a p+2 V a P +i I | 2 « — p^|(l + Ap + (p + 2)A) fc 
(.A — B)p( 2a — pp) 


\u 2 - tu{ | 


B 


B(a — pp) 2 
Now the result is follow from Lemma [lj 

I _ 2 | ^ _ ( A ~ B)p _ 

|a P+2 pa p+ i |_ | 2a _^| (1 + Ap+(p + 2)A)fc 

(A — B)p(2a — pp) 


p + 1\ (1 + Xp + (p + 2)A) fc 

+ rj- 


(1 + Xp + (p + l)A) 2fc _ 


max < 1, 


B - 


(« OL-pp ) 2 

The result is sharp for the functions dened by 


or 


(1 - a) 
(1 - a) 


» y | a ( ziPiM)' 

D\f (z)) p\ D\f{z) 

z p \ l * + a fz(D k J(z))' 


D k x f(z)J p V D\f(z) J \D k J(z) 


p + l\ (1 + Xp + (p + 2)X) k 1 
+ 1 \l + Xp+(p+ l)X) 2k 

p _l + Az 2 
~ l + Bz 2 

1 + Az 


D\f{z) 


1 + Bz 


□ 


Now we are finding the coefficient bounds and Fekete Szego results for different 
values of parameters in the following corollaries. 

Corollary 1. Let X = 0 , k = 0 and for any complex number rj, we obtain 

(■A - B)pui 


2 


(A - B)p 
(2 a — pp) 


U} 2 


Rp+i 

B 


(a - pp) 

P ~\~ 1 \ (A — B)p{f2a — pp) 


and 

\ a p+2 ~ V a p+ ll — 


2 , / (A - B)p 


\2 a — pp\ 


max < 1, 


B 


(i a-pp) 2 


(A — B)p(2a — pp) 


Wi 


p+ 1+2 p 


(a - pp) 2 

Corollary 2. Put p = 1 in corollary\l\ and for any complex number r), we obtain 

(A - B )cui 


«3 — 


(A-B) 

(2a — p) 




a 2 — 


B 


(a — p) ’ 

p + l\ (A — B)(2a — pp) 
(a — p) 2 


Wi 
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and 


\a 3 ~ rja 2 1 < 


2 ,^(A-B) 


\2 a — /i| 


max < 1 , 


B - 


{A — B)(2a — /i) 


p+l + 2p 


(a -/i) 2 

Corollary 3. Put a = 1 in corollary^ I] and for any complex number 77 , we obtain 

(■A - B)pcu 1 


and 


(A - B)p [ 

a - +i - r 2 

(.A - B)p 


<Vh ~ (1 -ppL) ' 

p + 1\ (A - B)p(2 - pp) 


B 


\a p +2 ~ V a p + i\ < | 2 _ | max <jl, 


B- 


{l-ppf 


(A - B)p{2 - pp) 




p+l + 2p 


(1 ~PP) 2 

Corollary 4. Put p = 1 in corollary [3] and for any complex number 77 , we obtain 

(A - B)u! 


a 2 — 


a 3 = 


(A-B) 

(2-/i) 


UJ 2 — 


B - 


(W) ’ 

p + 1 \ (A — B){2 — p) 






and 


\a 3 -V a i\ < 


2| / (A-B) 


\2 — p\ 


max < 1 , 


B 


(A-B)(2-p) 


p + l + 2p 


Corollary 5. Let A = 1 , B = —1 in corollary [I] and for any complex number 77 , 
we obtain 

2pu>i 

a p +1 7 7’ 

{a - pp) 


Op+2 — 


2 p 


and 


\a P+2 -V%+i \ < 


(2 a — pp) 
2 p 


1 + 


12 a — pp\ 


oj 2 + 


max < 1 , 


(p + l)p( 2 a - pp) 


(a - ppY 


l + (p + l- 77 ) 


Wi 


p( 2 a — pp) 


(a - pp) 2 


Corollary 6 . Let p = 1 in corollary [5] and for any complex number 77 , we obtain 

2uji 


a 3 — 


(2 a — p) 


a 2 — 


cu 2 + 


(a — /i) ’ 

(/i + l)( 2 a - /i) 


1 + 


and 


\a 3 - pa 2 2 \ < 


\2a — p | 


?naa: < 1 , 


(a — p) 2 
1 + (/i + 1 - 77 ) 




( 2 a — 77 ) 


(a — pf 
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Corollary 7. Let a = 1 in corollary [5| and for any complex number rp we obtain 

2pui 


®p+2 


2 p 


(2 - pfi) 


^p+1 


(^2 + 


(i -p»y 

{n+l)p(2-pp) 


1 + 


and 


2 p 


\ a P+2 ~ m p+x < _ max <jl, 


(l-pp) 2 


l + (p + l-rj) 


w. 


P ( 2 ~ pp) 


(1 -p/i) 2 

Corollary 8. Let p = 1 in corollary [?| and for any complex number 77 , we obtain 

2u>i 


a 3 — 


(2-rf 


0-2 — 


0J2 + 


(/i + l)(2-/i) 


1 + 




c 0-, 


and 


I a 3 ~ va 2 2 \ < 


\2~p\ 


max < 1, 


1 + (H + 1~ rj ) 


(2 - p/i) 
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A NEW INTERPRETATION OF HERMITE-HADAMARD’S TYPE INTEGRAL 
INEQUALITIES BY THE WAY OF TIME SCALES 

SAEEDA FATIMA TAHIR, MUHAMMAD MUSHTAQ, AND MUHAMMAD MUDDASSAR * 

Abstract. The concept of convex functions has been generalized by using the Time 
Scales in [4] by C. Dinu which is unifying integral and differential calculus with the cal¬ 
culus of finite differences, offering a formalism for studying hybrid discretecontinuous dy¬ 
namical systems. Cristaian Dinu in his article [5] established some Ostrowski type inequal¬ 
ities on Time Scales. R. R Agarwal et.al. in [1] discussed inequalities on time scales. In 
this article, using the concept of time scale, we generalized some of the Hermite-Hadamard 
type integral inequalities. 


1. Introduction 

Let us rephrase some concept of Time scales already defined in [2], 

A nonempty closed subset T of the set of real numbers R has been called a time scale by 
Stefan Hilger. Thus R itself, Z the set of integers , the set of non-negative integers N 0 , 
a singleton subset of R, any finite subset of R, any closed interval in R and are all the 
examples of time scales discussed in [11], However, Q, Q c = R \ Q, C and any open 
interval of R are not time scales. A neighborhood of a point to £ T will be taken as the 
set T (~l ]t 0 — 5, t„ + <5[ for any 5 > 0. If T = Z then neighborhood of each t £ T is the 
point t itself. The mapping a : T —> T is called forward jump operator if it is defined 
as a(t) = inf{s € T : s > t}. The backward jump operator p : T —> T is defined by 
p(t) = sup{s € T : s < t}. The function p : T —>• [0, oo[ defined by p(t) = <j{t) — t is 
referred to as graininess function. 

If / : T —> R then the function f a : T —» R is defined by f a (t) = f(a(t))Wt £ T, i.e, 
r = foa. 

A function / : T — > R is said to be continuous at t Q G T if for every e > 0 there exists a 
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5 > 0 such that for all t € T fl ]t 0 — S,t 0 + <5[ 

I f(t) - /(to)I < e 

The function f A : T fc —>■ R is called the delta (or Hilger) derivative of the function / : T — > 
R at a point t a £ T fe if for every e > 0 there is a neighborhood N = T D }t 0 — S,t 0 + 5[ 
of t 0 such that |[/(f) - f a (t 0 )} - f A {t a ) [t - cr(t 0 )]\ < e\t- a(t Q )\, Vf £ N. 

The function / is said to be delta (or Hilger) differentiable on T fe provided f A exists for 
all t £ T k [2], 


Theorem 1 (Bohner, 2001). let t £ T 

(1) If f : T — > M is differentiable at t then f is continuous at t. 

(2) Ift is right-scattered and f : T — > R is continuous at t, then f is differentiable at t with 

Definition 1 (Bohner, 2001). The function f : T —► R is refereed as an rd-continuous at 
every t £ T, if f is continuous at right-dense point t £ T. It is denoted by f £ C r d{ T, R) 


Definition 2 (Bohner, 2001). Let f £ C r d■ Then f : T —> R is known as anti-derivative 
of f on T if it s differentiable on T provided that f A (t) = Fif) is valid for t £ T k , the 
integral of f is distinct by ; 


f(t)At = F(b) - F(a), V t £ T 


In recent years there have been many extensions, generalizations and similar results of 
the Hermite-Hadamard inequality studied in [3, 6, 7, 10,11]. In this article, we obtain some 
new inequalities of Hermite-Hadamard type for functions on time scales which is actually a 
generalization of Hermite-Hadamard type inequalities. We also found some related results 
as well. Recent references that are available online are mentioned as well [8, 12, 13, 14], 


2. Main Results 

In [1], Barani et al. established inequalities for twice differentiable P-convex functions 
which are connected with Hadamard’s inequality, and they used the following lemma to 
prove their results: 
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Lemma 1. Let T be a time scale and I = [a, b], Let / : / C T — > M. be a delta dif¬ 
ferentiable mapping on 1° (1° is the interior of I) with a < b. If f A {t) £ C r d then we 


f(a) + Hb) 1 


J f a (x)Ax = b -^ J (1 - 2t)f A (ta + (1 - t)b)At (2.1) 


Theorem 2. Let / :/ CT->Rtc(i differentiable mapping on 1°, a,b £ I with a < b 
and f A £ C r d- If the mapping \f A \ is convex, then the following inequality holds 


m+m i 


J f a (x)Ax < b ~^[f A (a) + f A (b)} ^1-4/i 2 (^,0)^ . 


Proof. From lemma 1 , we have 


f(a) + m 1 


J f a (x)Ax < b —^ |(1 — 2t)\\f A (ta + (1 — t)b)\At 


since |/ A | is convex , therefore 


f(a) + f(b) 1 


J r(x)Ax J 1(1 — 2t)||f/ A (a) + (1 — t)f A (b)\At 


1= f 1 |(1 — 2<)|{|f/ A (o) + (1 — t)f A (b)\}At 

Jo 

1. 

1= f (1 ~ 2f){f/ A (a) + (1 — t)f A (b)}At — / (1 — 2t){tf A (a) + (1 — t)f A (b)}At 


using the following results 


lAf = / Af = - 

./ i 2 


tAt = h 2 ( -, 0 




we get 

l r = -/ A («)|^2 (|»o)-2^ f 2 Af-i + /i 2 (^,o)+ 1-4 /i 2 0,o)+ 2^ f 2 Af| 

+fA{b) {l~ 3 h 2 {l’°) +2 l t2At ~l + l~ 3 h 2 {l '°)~ 1 + 4 h 2 {l^)^ 2 l ** At 
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This leads to 

/(g) + /(6) 1 

2 b— 


~ ■f <7 ( x ) Ax <^T / A (°) (i- 4 ^ ( 1_4/l 2 (^°)) 


This completes the proof. 

Remark 1 . If we consider T = K. then a(t) = t and 


h 2 o,° = / (t-0)At = (t-0)dt=—\$ 


Then from (2.2), we have 


f(a)+f(b) _1 

2 b- 


-bkl) (x)dx - b ~T\ f '^' 1 ( 1_4 (I)) +/,(6) ( 1_4 (|)) 


= (b-a) 


/» + m 


This is a well-known result for Hermite-Hadamard inequality in R 

Lemma 2. Let f : T —► R be a differentiable mapping, a, b £ T with a < b, f A £ 
C r d,then the following equality holds; 

/(a){l-/i 2 (l,0)} + /(&)/i 2 (l,0)-—!— [ r(x)Ax 

b~a J a 

= ~R~ [ [ [f A (ta+{l-t)b)~ f A (sa + {l-s)b)](s-t)AtAs (2.3) 
1 Jo Jo 


Proof. Consider 


And let 


[f A {ta + (l-t)b)- f A (sa + (1 — s)&] (s — t)AtAs (2.4) 


= f f [f A (ta+(l — t)b)](s — t)AsAt 

Jo Jo 

[ [ [f A (scL + (l — s)b)](s — t)AtAs 

Jo Jo 


Then by integrating and using the formula 


[ f(t)g A (t)At = {fg)(a) - f f A {t)g{a{t))At 

J a J a 

h = f(a){l - h 2 ( 1,0)} + f(b)h 2 ( 1,0) - f 1 r(ta + (1 - t)b)A (2.5) 

Jo 

h = /(a)/i 2 (l,0) - f(b)h 2 (l,0) + [ f a (sa + (1 - s)b)As (2.6) 

Jo 
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By putting the values of I\ and I 2 from (2.5) and (2.6) in (2.4), we get (2.3). D 

Remark 2. If we consider the case T = R then cr(x) = x , and 

f 1 1 

(i 2 (l,0) J ( t-0)dt = - 

f f(x)dx=^—^ f f [f (ta+(l—t)b)—f (sa+(l—s)b)](s—t)dtds 
J a 2 J 0 J 0 


thus (2.3) becomes 

m+m 1 


b—a 

Lemma 3. Let f : 1° C T — > ffi. be delta differentiable on I°,a,b £ I x with a < b. If 
f A £ C r d([a, 6],R), then the following equality holds : 


f 


a + b 


1 


b -aJ a 
b-~ rl rl 


f°(x) Ax 


with 


[ [ [/ A (ta+(1 — t)b) — / A (sa+(1 — s)b)] (m(s) — m(t))AtAs (2.7) 
Jo Jo 


t,t£ [0, 1] 

a, 1 ] 


Proof. By definition of m(.), it follows that 

pi /■! 


[ [ (f A {ta + (l~t)b)-f A (sa + (1 — s)b)) x (m(f) — m(s))AtAs 
Jo Jo 


'0 Jo 
d 


/ A (fa+(1 — t)b)(m(t) — m(s))AtAs — f (sa+(l — s)b)(m(t) — m(s))AtAs 

Jo Jo 

f A ((ta+(l—t)b)(t—m(s)))AtAs+ f f f A ((ta+(l—t)b)(t — l — m(s))At)As 


0J0 


1 ri 


'0J% 

r-1 r 1 


0-/0 


/ (sa+(l — s)b)(t—m(s))AtAs + J J f (sa+(l — s)b)(t—l—m(s))AtAs 


to (JO 

fit pi 


+ 


+ 




1 ( 1 

*2 r 2 


f A (ta+(l — t,)b)(t — s)At 
f A {ta+{ 1 — f)6)(f — s)Af ^ As 4- 


1 r 1 ( n 

> As + l 

J h 


/ A (ta+(1 — t)b)(t — s + 1)A t > As 


f A (ta+( 1 — t)b)(t — s — l)At > At 


f (sa+(l — s)b)(t — s)At > As 4- i f (sa+(l — s)b)(t — s + l)Af > As 


to Jo 


+ 


f A (sa+( 1 — s)b)(t — s — l)Af > As + 


f A {sa + (1 — s)b)(t — s)At As 
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by integrating, we can state. 


h = 



f A (ta + (! — £)(£ — s)At) > As 


fm tm^n. 1 


4 (a — b) a — b \2 ’ / a — b \2’ ) 2 (a — b) 2 J 0 


I 2 = 



f A {ta + (1 — t)b)(t — s + l)At /■ As 


im fm h2 (i 0 \_m h2 (i 0 \_ * 


4 (a — b) a — b \2’ J a — b \2’ J 2 [a — b) 2 J b 



f A (ta + (1 — t)b)(t — s — 1)A t > As 


h 2 „, 0 - 


ho r,0 - 


,-b 


(a - b ) 2 Ja±b 


J 


h = 



f A (ta + (1 — t)b)(t — s)As > As 


f(^) , f{a) (1 \ f(^) u fl 


4 (a-b) + ~b h 2 {r° ] ~ 


,-b 


ho -,0 - 


(a - b) 2 Ja±b 


f° 


h = 



f A (sa + (1 — s)b)(t — s)At /■ As 


/m m u (i n \, /m, fi 


4(a — b) a-b k2 { 2’° ) + 


a — b 


h>2 \ o’®) 


i r 

2 (a - 6) 2 


-ffi — 



/ (sa + (1 — s)6)(t — s + 1)A£ > As 


o 


/(^) , /(«), A /(^)r A 


4(a-6) + ^5 /l2 U’ 0)_ 




*2 0,0 - 


2(a — 6) 2 /a + b 



/ A (sa(l — s)6)(t — s — l)Atj As 

/(^) , f(a)u fl n \ /(^L A 


+ —>2 U,0 - 




*2 0,0 - 


2 (a — 6) 2 /a + b 


/« = 



f A (sa + (1 — s)6)(£ — s)At j As 

/m m u (i n \ f i 


4(a — 6) a — b \2 


^2 „,0 - 


,-b 


o,0 - 


2(a - 6) 2 Ja±b 


f a (x) Ax 


f a (x) Ax 


' a (x)Ax 


(x)Ax 


f a (x) Ax 


f a (x) Ax 


f a (x)Ax 


f a (x) Ax 
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Adding Ii,l 2 ,I 3 ■ / | , I 5 , L ,-17 and Jg and rewriting we easily deduce. 


= 2 


/m , 2 

a — b (a — b ) 2 

/("?), 2 


f a {x)Ax- / f a (x)Ax 


f a (x) Ax 


4(a - b) (a - b ) 2 J a 

This leads to the required result.if we consider T = R. and a(t) = /.Then we will come to 
a well-known result for Hermite-Hadamard inequality in R. □ 

Theorem 3. Let / :JCT-tRkfl delta differentiability function 1°, where a,b £ I 
with a < b if f A £ C r d then the following inequality holds 


(b~ x)f(b) + (x- a)f(a) 1 


b — a 

( x—a ) 2 fl 
“ I 

0 


b 


f a (u)Au 


b — a 
Proof. Let 


[ (t — l)f A (tx+(l — t)a)At+ ———[ (1 — t)f A (tx+{\ — f)fo)Ap.8) 
Jo b - a J Q 


h = (t~ 1 ) 

/(a) 


f(tx + (1 — t)a) ii 


10 


-fm 


f a (tx + (1 — t)a) 


At 


x-a Jo 

1 f x ff(u) 


x — a 


-Au 


x — a x — a l n x — a 


; 2 = ( i_ () /(fa + ( i -W |.- /- 1 ( _ 1 ) r(t»+(i-iw A , 


x — b 

m ^ f rw 

(x — 6) 2 


- b 


Au 


x-b J b 

By substituting the values of and I 2 in (2.8) we get, 

( g - «) 2 iwA,*_ , ,1 , ( b - x ) 2 r 1 

b — a 


1 


b — a 

(x - a)/(q) + (b-x)f(b) _ 1 

b — a b — a 

(x - a)/(a) + (6 - x)f(b) 1 /' ,J 


■ f (t — l)f A (tx + (1 — t)a)At + / (1 — t)f A {tx + (1 — t)b)At 

Jo b — a Jo 

(x-a)f(a)- [ f a (u)Au+ (b- x)f(b) + f f a {u) A 

J a J b 

X ffX 

f a {u)Au+ / f 6 a(u) A 

Jb 

f a (u)Au 


b — a b — a 

which leads to the required result. 


□ 
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Lemma 4 . let f : I C T —> R be delta differentiable on 1°, with a,b € I and a < b and 
A, /r € R. If f A € C r d, then 


(1 - u)f(a) + A f(b) + (/z - A)/ 


f a (x) Ax 


= (b — a) / (A — t)f A (ta + (1 — t)b)At + / (// — t)f A (ta + (1 — t)b)At (2.9) 


Proof. Choosing from R.H.S 


h= (A — t)f A (ta + (1 — t)b)At 
Jo 

f\ i\ /(f) a/(&) , 1 n 

V 2/ a — & a — b b — a Jr, 


1 

[ f a (ta + (1 — t)b)At 

Jo 


h = / (/x — t)f A (ta + (1 - t)b)At 


= ^-1)1^1 + f 2 r(ta+ 0 -t)b)At 

a — b \ 2/ a — b b — a J 0 

Filling / | and /2 in right hand side of (2.9) which completes the proof. 


Lemma 5. Let f : I C T —> R be a delta differentiable function on 1°, the interior of I 
where a,b £ I with a < b. If f A £ C r d and A,/iER then the following inequality holds 

= ^(l-A-f)/ A (ta+(l-t) <3 fPj+((j,-t)f A (^t a f b + (l-t)bj Af(2.10) 

Proof. Replacing A and //, respectively by § and I t) in lemma 4 yields, 


1 /3f(a)+af(b) (2 — a — ^) fa + b\ 1 f ^ , A 

5- + -2- ! ^ L ! (x)ax 


= J (f-t) f A (ta+(l-t}b)At + J (l - ^-fj f A {ta+(1 - t)b)At(2M) 

simple calculations resulting 


(| -i) / A (te+ (1 -t)b)At 

\J Q ( a ~ U )/ A + (! - j Au 


7 f ( a ~ u )f A (^ a + Au 
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j( 1 - 7 }-t)f A {ta,+{l-t) b ) At = ^ J^(l-p-u)f A (^^a+(^-^bj)Au (2.13) 


utilizing (2.11), (2.12) and (2.13), leads to 


Pf(a)+af(b) (2 - a - /?) (a + b 

o ' n J 


b — a , 


f a (x) Ax 


b—a 


(a — u)f 


A I a + b „, , a „.\u\ i n a + « 


w+(l - u)6 +(1 - P - u)f 


-a+ 


This is the required result. 


Au 

□ 


Corollary 1. By taking A = for m ^ 0 in lemma 5 , we have the following 

identities. 

I 


m 


f(a) + f(b) + ( a ± b -\ - -1_ f b r(x) Ax 

m \ 2 J b — a J n 


= (b—a) [ (— — t] f A (ta+(l — t)b)At+ I (——- — 1\ f A (ta+(l — t)6)At(2.14) 

Jo V m J ' \ m J 


In particular we have 


a + b 


1 


b — a 


f a (x) Ax 


= (b—a) / (1 — t)f A (ta + (1 — t)b)At + / tf A (ta + (1 — t)b)At (2.15) 


f(a) + f(b) - -j2— [ f a (x)Ax = (b — a) [ (1 - 2i)f A (ta + (1 - t)6)A(2.16) 
0 a J a Jo 


f(a) + f(b) + f 


a + b 


b — a . 


f a ( x)Ax 


= (b-a ) f C^-t\f A (ta+(l-t)b)At+ [ Q-i) f A (ta + (1 - t)b)At(2.17) 


f(a) + f(b) + f 


a + b\ 1 


b-, 


f a (x) Ax 


= (b—a) [ —1\f A (ta+(l — t)b)At+ [ t ) f A (ta+(l — t)b)At (2.18) 


f( a ) + f(b) + 3/ 


a + b 


b-< 


f a (x) Ax 


= (b—a) [ (\-t\f A (ta+(l-t)b)At+f () f A (ta+(l - t)b)At (2.19) 
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l 2{/(«)+ m) +/ (^) -vhj a r(l)Al 

= (b—a) J f A (ta+(l-t)b)At+J^ f A (ta+(l - t)b)At ( 2 . 20 ) 

1 Ha) + m + 4 / - rb / r(x)Ax 

= (b—a) J (^-?jf A (ta+(l-t)b)At+J^ f A (ta+(l - t)b)At (2.21) 
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Abstract: In the present paper, we find the general solution of the inhomogeneous Euler- 
Cauchy dynamic equation 


tv{t)y AA (t) + aty A (t) + fiy(t) = f(t) 

on the time scale with the constant graininess function and the linear variable graininess function, 
respectively. And then, we study the Ulam stability problem of the forgoing equation on different 
types of time scales. Our results can be viewed as a unfication and extension of the results of 
Mortici et al. [C. Mortici, T.M. Rassias, S.M. Jung, The inhomogeneous Euler equation and its 
Hyers-Ulam stability, Appl. Math. Lett. 40 (2015) 23-28]. 

Keywords: General solution; Ulam stability; Euler-Cauchy dynamic equations; Time scales; 
Graininess function 


1 Introduction and preliminary 

The Ulam stability originated from a question proposed by S.M. Ulam [12] in 1940, which was 
concerned with the stability of group homomorphisms. In the next year, Hyers [5] partially solved 
this question in a Banach space. Many years later, Ulam’s question was generalized and partially 
solved by Rassias [10]. In 1993, Obloza [9] initiated the study of the Ulam stability of differential 
equations. Afterwards, Alsina and Ger [1] studied the Ulam stability of the differential equation 
y' = y on any real interval. Soon after, Miura and Takahasi et al. [6, 7, 11] deeply investigated the 
Ulam stability of the differential equation y' = A y in various abstract spaces. Since then, the theory 
of Ulam stability of differential equations is gradually formed and extensively studied. In 2009, Jung 
and Min [4] discussed the general solution of inhomogeneous Euler equations by using the power 
series method. However, they only obtained the local Ulam stability of the Euler equation due to 
the limitation of the radius of convergence. Recently, Mortici et al. [8] obtained the general solution 
of inhomogeneous Euler equations by using the integration method. Meantime, they proved that 
the inhomogeneous Euler equation is Hyers-Ulam stable on a bounded domain. Undoubtedly, these 
results can be regarded as an extension of the results obtained by Jung and Min[4]. 

‘Corresponding author. E-mail: shenyonghon2008@hotmail.com 
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Inspired by the idea of Mortici et al. [ 8 ], in this paper, we shall consider the general solution and 
Ulam stability of the inhomogeneous Euler-Cauclry dynamic equation 

ta{t)y AA {t) + aty A ft) + /3y(t) = fft ) (1) 

on a time scale T with a, f3 G R, where / : T —» R is a rd-continuous function. Throughout this 
paper, we assume that T C (0, oo) is a time scale with the constant graininess function pft) = p 
or the linear variable graininess function pft) = ryf, ry is a constant. Indeed, several common time 
scales are included in these two cases (see Appendix A, Table 1). 

Here, we briefly recall some basic notions related to the time scale. For more details, we 
recommend two excellent monographs [2, 3] written by Bohner and Peterson. Let R and R + denote 
the set of all real numbers and the set of all positive real numbers, respectively. A time scale T is a 
nonempty closed subset of R. For f G T, the forward jump operator a and the back jump operator 
p are defined as aft) := inf{s G T : s > t} and pft) := inf{s G T : s < t}, respectively. Especially, 
inf 0 = sup T, sup 0 = inf T. 

A point t G T is said to be right-scattered ,, right-dense , left-scattered and left-dense if aft) > t, 
aft) = t , pft) < t and pft) = t, respectively. Given a time scale T, the graininess function 
/i : T —> [0, oo) is defined by pft) = aft) — t. The set T K is derived from the time scale T. If T has 
a left-scattered maximum 7 , then T K = T — {7}. Otherwise, T K = T. Successively, T K = (T K ) K . 

A function / : T —» R is called rd-continuous provided it is continuous at right-dense points in 
T and its left-sided limits exist (finite) at left-dense points in T. A function / : T —> R is called 
regressive provided 1 + yftffft) ^ 0 for all t G T K . Denote by K the set of all regressive and 
rd-continuous functions / : T —> R. 


2 The general solution of (1) 

In this section, we shall solve the inhomogeneous Euler-Cauchy dynamic equation (1) based on the 
time scale with different graininess functions. 

2.1 The constant graininess function /ift) = fi 

The associated characteristic equation of Eq.(l) is 

r 2 + (a — l)r + (3 = 0. (2) 

Now, we assume that the following two regressivity conditions are satisfied: 

taft) — atpft) + (3y 2 (t) ^ 0, (3) 

aft) + A nft) + 0, (4) 

where t G T K , A is a characteristic root of Eq.(2). Under these two conditions, we know that 

( > a (t) 

Let A be a root of (2). Setting x(t) = e\(t,0). Replacing the unknown function yft) of Eq.(l) 
by uft)x{t). Then, we have 

y A ft) = uff)x A ft) + u A ft)x a ft). (5) 
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Furthermore, we can obtain 

■y AA (t) = u(t)x AA (t) + u A (t)x Aa (t) + u A (t)x aA (t ) + u AA (t)x a< 7 (t). (6) 

According to the definition of the exponential function e\(t,to), we get 

x A (t) = ^ex(t,t 0 ) = jx(t). ( 7 ) 

t t t 

Using the formula x” = x + yx A , it follows that 

x a (t) = (l + ( 8 ) 

Moreover, we can infer that 

x Aa (t) = {x A ) a (t) = {x A )(a{t)) = x a (t) = ^y(l +^)x(t), (9) 

+(i++7(1+no) 

= (‘ + = ( 1 + f )( 1 + $)>«>■ <n) 

liA<i) = w+(t) + (12) 


Therefore, it follows from (5)-(12) that 

ta(t)y AA (t) + aty A (t ) + /%/(£) 

= u(t)(\ 2 — X)x(t) + u A (t)[X(t + yA)]x(t) 

+ u A (t)[X(a(t) + yX) - fj,X]x(t) + u AA (t)[(cr(t) + yX)(t + yA)]x(t) 
+ au A (t)(t + /iA )x[t) + aX u(t)x(t) + f3u(t)x(t) 

= u AA (t)[{a(t) + /iA )(t + nX )]x(t) + u A (t)[(a + 2A )(t + nA)\x(t) 

+ u(t)[ A 2 + (a — 1)A + 0]x(t) 

= u AA (t)[{cr(t ) + /iA)(t + yX)]x(t) + u A (t)[(a + 2A)(t + yX)]x(t) 

= m. 


Multiplying both sides of the last equality of (13) by e Q x(t, 0), we have 


[(<r(t) + yX){t + yX)]u AA (t) + [(a + 2A)(t + yX)]u A (t) = e e ±(t, 0 )f(t). (14) 

Since j, £ 71, we obtain that (cr(t) + yX)(t + yX) y 0. Dividing both sides of (14) by (a(t) + 
/.iA )(t + /iA), we have that 


,AA 


, , ol ~\~ 2A 
(<)+ u(t) + /iA^ 


A 


it) = e e 4 (t, 0 ) 


(<r(t) 


m 

/tA) (i - 


/iA)' 


(15) 
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Letting u A (t) = z(t). From (15), we get 


z A (t) 


ex -\- 2A 
a (t) + /tA 


z(t) + e 0 A(t, 0 ) 


f(t) 

( a(t ) + /tA)(f + /tA)' 


(16) 


For simplicity, we put m(t) = — , p(t) = j. By the regressivity condition (3), if Ai and 

A 2 are two roots of the characteristic equation (2), then j* C 77. Thus, it is easy to verify that 


1 + p ■ m(t) 


t + /t(l — a — A) 
t + /t( A + 1) 


t + p{ 1 -q-A) 
cr(t) + /tA 


since G 7?. and 1 —a —A is another root of the characteristic equation (2). Then, the exponential 
function e m (t,to) (to = infT) is well-defined. 

Note that the equation (16) is a first order linear dynamic equation, the general solution is given 
by 


z(t) — cie m (t, t 0 ) T / e m (f, r) 
■Jto 1 

— cie m (f,to) T / 

Jt, 


1 


e ep( r > 0 )/(r) 


+ /ito(t) (cr(r) + /tA)(r + /iA) 
em(t,r)/(r) 


Ar 


to e p( r ' °)( r + M A )( cr ( r ) + M) 


Ar, 


(17) 


where Ci is an arbitrary constant. Integrating both sides of (17) from to to t with respect to uj, we 
have 


u(t) = c 2 + ci / e m (w,f 0 )Au) 
Jt 0 



_ e T n(a^,r)/(r) _ 

e p (r, 0)(r + p\)(a(r) + /iA) 


ArAw, 


(18) 


where C 2 is an arbitrary constant. Multiplying both sides of (18) by e p (t, 0), we conclude that 


y(t) = c 2 e p (t, 0) + de p (t,0) f e ra (w,l 0 )Au+ [ [ ArAu(19) 

Jt 0 Jto Jto ( T + A i A)(cr(r) + /iA) 

Through the above argument, we can obtain the following result: 

Theorem 2.1. Let T C (0, 00) be a time scale with the constant graininess function /i. Let a, (3 € K. 
such that (a — l) 2 — 4/3 > 0. Assume that f : T —» R. is a rd-continuous function. If X is a root 
of the characteristic equation (2) and the regressivity conditions (3) and (4) are satisfied, then the 
function y(t ) defined by (19) is the general solution of the inhomogeneous Euler-Cauchy equation 
(!)■ 


2.2 The linear variable graininess function /j,(t) = r)t 

In fact, the formulas (5)-(12) are still valid except (10). In this case, the formula ( 8 ) is simplified 
as 


Then, we deduce that 


x a (t) = (1 + r]X)x(t) 


x aA (t) = (a f) A (t) = (1 + r]X)x A (t) = ^ x (t). 


( 20 ) 


( 21 ) 
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Analogously, we can infer that 

tv(t)y AA (t) + aty A (t) + /3y(t) 

= u AA (t)[(a(t) + >j\t)(t + r/X t)]x(t) + u A (t)[(l + r]X)(Xt + a(t)X + at)]x(t) 

+ u(t) [A 2 + (a - 1)A + P\x(t) (22) 

= u AA (t)[(a(t) + r]Xt)(t + r]Xt)]x(t) + u A (t)[(l + r]X)(Xt + a(t)X + at)\x(t) 

= f(t )• 


Notice that , j € 1Z implies ( a(t ) + yXt){t + ??A t) 0. Thus, it follows that 

aa /,\ = A + Q + 77 + 1 A , . ,_ e- ep (t, 0 )f(t) 

U (?7 + 1 + rjX)t, U (77 + I + 77AXI + 77A )t 2 ' 


(23) 


Setting n{t) 


— 7 ^ 43 + 77 x 57 ■ H we assume that rj 2 — ar) — 1 X 0 , then we have 


1 + y(t)n{t) = 1 — 


? 7 (A + 0 + 77 + 1 ) 
?7 + 1 + 77 A 


1 - 077 - rj 2 Q 
77 + 1 + 77 A 


Consequently, the exponential function e n (t, to) is well-defined. Letting u A (t) = z(t). we know that 
(23) is a first order linear dynamic equation. And then, the general solution is given by 


[ f 1 

z(t) = cie n (f,f 0 ) + / e n (t,T)—— T 

Jtn 1 + M 7 


e ep( T i 0)/(r) 


= c 1 e n (t,t 0 ) + / e n (t, t ) 
Jto 


r)n(r) (77 + 1 + 77 A)(1 + T]X)t- 
e ep (r, 0 )/(r) 


r Ar 


(1 — ar] — ? 7 2 )(1 + tjX)t 2 


Ar, 


(24) 


where C\ is an arbitrary constant. Integrating both sides of (24) from to to t with respect to u>, we 
can infer that 


u(t) = c 2 + ci / e n (u],to)Au} + 

Jto 



_ e n (u,T)f(T) _ 

e p (r, 0)(1 - ay - 7? 2 )(1 + t]X)t 2 


AtAoj, 


(25) 


where c 2 is an arbitrary constant. Multiplying both sides of (25) by e p (t, 0), we have that 


y (t) = c 2 e p (t, 0) + c\e p {t, 0) 



e„(w,l 0 )Aw 



e p {t,T)e n (u,T)f(T) 

(l — arj — i] 2 )(l + t]X)t 2 


(26) 


Based on the foregoing analysis, the following theorem can be formulated. 

Theorem 2.2. Let T C (0, oo) be a time scale with the linear variable graininess function n(t) = r]t, 
rj is a constant. Let a, (3 € K. such that (a — l) 2 — 4/3 > 0 and if 2 —ar]—l X 0. Assume that f : T —> M. 
is a rd-continuous function. If X is a root of the characteristic equation (2) and the regressivity 
conditions (3) and (4) are satisfied, then the function y(t) defined by (26) is the general solution of 
the inhomogeneous Euler-Cauchy equation (1). 


238 


Yonghong Shen ET AL 234-241 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


3 Ulam stability of (1) 


In this section, we shall prove the Ulam stability of the inhomogeneous Euler-Cauchy dynamic 
equation (1) on the time scale with different graininess functions. 

Theorem 3.1. Let ip : T —> R + be a function such that the integral 

f‘ r 1**^Aria, (27) 


JtoJto |(t + hX)(<j{t) + /iA)| 

exists for any t £ T K . Under the hypothesis of Theorem 2.1, if a twice rd-continuously differential 
function y v : T — > R satisfies the following inequality 

tv(t)y AA (t) + aty A (t) + /3y v (t) - fit) < <p(t ) (28) 

for all t £T K , then there exists a solution y : T —>■ R of the inhomogeneous Euler-Cauchy dynamic 
equation (1) such that 


\y v (t)-y(t)\ < f [ 

Jtn Jtc 


j '* r |ep(f,r)e m (cu,r)|y?(r) 
t 0 Jt 0 I (r + ^A)(cr(r)+/rA) 


AtAlj 


for all t € T K . 

Proof. For the sake of convenience, we write 


From (28), we get 


tv(t)y£ A (t) + uty A (t) + /3y v (t) -.= f v (t). 


I U{t) - fit) I < v(t) 


for all t £ T K . By Theorem 2.1 and (30), there exists Ci,C 2 £ R such that 


U C r u e 

y v {t) = c 2 e p (t, 0) +cie p (f,0) / e ra (w,l 0 )Aw+ / / 7 

Jt 0 Jt . 0 Jt 0 1 

where m and p are given as in Section 2.1. 

Define 

nt rt nu 

y{t) := c 2 e p (f,0) + cie p (t, 0) / e m (w,f 0 )Aw + / / 

J to J to j to 

for all t £ T K . From (31), (32) and (33), it follows that 


e r (t,T) ^.r)/ r M ArA ^ (32) 

(t + yX)(a(r) + y\) 


e p (t,T)e m {u,T)f{T) 
(r + /rA)(cr(r) + y\) 


AtAlo (33) 


M<) -„(()!< [' f“ --nr)) 

' Jtjt 0 (T + yX)(a(T) + yX) 

4 r |e p (t,T)e m (a;,T)||/ y (r) - /(r)| 

Jto |(t + ^A)(ct(t) +yX)\ 

4 r |e p (^T)e m (cu,T)|y(r) ^_^ 


AtAuj 


JtoJto |(r + /xA)(ct(t) +fJ.X)\ 
The proof of the theorem is now completed. 


239 


Yonghong Shen ET AL 234-241 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


In particular, Theorem 3.1 implies the Hyers-Ulam stability of the inhomogeneous Euler-Cauchy 
dynamic equation (1) when the time scale is bounded and has a constant graininess function. 

Corollary 3.2. Let T C (0, oo) be a bounded time scale with the constant graininess function p 
and let inf T = to, supT = b. Under the hypothesis of Theorem 2.1, for a given e > 0, if a twice 
rd-continuously differential function y e : T —► K. satisfies the following inequality 


tv(t)y£ A (t) + aty A (t) + /3y v {t) - f{t) 


< £ 


(34) 


for all t £ T K , then there exists a solution y : T —> K of the inhomogeneous Euler-Cauchy dynamic 
equation (1) such that 

\Ve{t) - y{t)\ < Ke (35) 


for all t € T^ 2 , where 


K = 



_ e p {t,T)e m (u,T)\ AtAuj 

(t + pX) (<t(t) + pX) | 


R + be a function such that the integral 
rt \ e p(ti T )e n (aJ, t) \<p(r) AtAuj 


Theorem 3.3. Let ip :T ■ 


t 0 Jto |(1-OT? —?7 2 )(1 + ?7A)|t 2 

exists for any t £ T K . Under the hypothesis of Theorem 2.2, if a twice rd-continuously differential 
function y v : T —» K. satisfies the inequality (28) for all t £ T K , then there exists a solution 
■y : T —► R of the inhomogeneous Euler-Cauchy dynamic equation (1) such that 


n UJ 

77 
3 U 


e p (t,T)e n (u),T) ip(r) 


— arj — ?7 2 )(1 + ??A) r 2 


-AtAuj 


for all t £ T fi 


Proof. According to Theorem 2.2, this theorem can be proved by the same method as employed in 
Theorem 3.1. □ 

From Theorem 3.3, we can obtain the Hyers-Ulam stability of the inhomogeneous Euler-Cauchy 
dynamic equation (1) if the time scale is bounded and has a linear graininess function. 

Corollary 3.4. Let T C (0, oo) be a bounded time scale with the linear variable graininess function 
p,(t) = rjt and let infT = to, supT = b. Under the hypothesis of Theorem 2.2, for a given e > 0, if 
a twice rd-continuously differential function y e : T —> R. satisfies the inequality (34) for all t £ T K , 
then there exists a solution y : T —► R of the inhomogeneous Euler-Cauchy dynamic equation (1) 
such that 

\Ve{t)-y{t)\ < Le 


for all t £T K , where 


L = 


o{t, 


T e„ W, T 


to 'to \{l-ar]-if){l + yX)\T 2 


AtAuj. 
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Appendix A. 

Several common time scales and the corresponding graininess functions are given below (see Table 

1 ). 


T 

a(t) 

y(t) 

Attribute of y 

M 

t 

0 

Constant 

Z 

t + 1 

1 

Constant 

hZ 

t h 

h 

Constant 

q n 

qt 

(9-1 )t 

Linearity 

2 n 

2 t 

t 

Linearity 


Table 1: Time scales and graininess functions 
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Abstract 

In this paper, we establish two versions of the existence theorems of solutions set of generalized 
vector variational-like inequalities in fuzzy environment by using two different notions; the first one 
by using affineness and the second by using the notion of vector O-diagonally convexity. Moreover, 
an example is established in order to illustrate the main problem. The results of this paper can 
be viewed as a significant improvement and refinement of several other previously existing known 
results. 

Keywords: Generalized vector variational-like inequality; KKM-mapping; Vector O-diagonally 
convex; Affine mapping; Fuzzy upper semicontinuous mapping 


1. Introduction 

Variational inequality theory has appeared as an effective and powerful tool to study and investi¬ 
gate a wide class of problems arising in pure and applied sciences including elasticity, optimization, 
economics, transportation, and structural analysis, see for instance, [0, □, ED, ED] and the references 
therein. It seems this theory began by Browder [H] in 1966, by formulating and proving some basic 
existence theorems of solutions to a class of nonlinear variational inequalities. Since then, Liu et al. 
[EH], Zhao et al. [ED] and Ahmad et al. [ID] extended Browder’s results to more generalized nonlinear 
variational inequalities. In 2010, Xiao et al. [ED] extended the results of Zhao et al. to generalized 
vector nonlinear variational-like inequalities with set-valued mappings. 

In 1965, the concept of fuzzy sets were introduced by Zadeh [0] to manipulate data and infor¬ 
mation possessing nonstatistical uncertainties. The applications of fuzzy set theory can be found 
in many branches of mathematical and engineering sciences including artificial intelligence, man¬ 
agement science, control engineering, computer science, see e.g. pzi]. Heilpern pa] introduced the 
concept of fuzzy mapping and proved a fixed point theorem for fuzzy contraction mapping which 
is ananalogue of Nadler’s fixed point theorem for multi-valued mappings. In 1989, Chang and Zhu 
[ED] introduced the concept of variational inequalities for fuzzy mappings in abstract spaces and 
investigated the existence problem for solutions of some classes of inequalities for fuzzy mappings. 

Recently Chang et al. m introduced and studied a new class of generalized vector variational- 
like inequalities in fuzzy environment and generalized vector variational inequalities in fuzzy en¬ 
vironment. They obtained some existence results for the problems. Several kinds of variational 
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inequalities and complementarity problems for fuzzy mapping were studied by Chang et al. fO], 
Chang and Salahuddin [D], Anastassiou and Salahuddin [0], Ahmad et al. [□], Verma and Salahud- 
clin [ESI], Lee et al. [E3, ESI], Park et al. m, Khan et al. [EH], Ding et al. [E3] and Lan and Verma 

m- 

Motivated and inspired by ongoing research in this direction, the purpose of this paper is to 
present two versions of the existence theorems for the generalized vector variational-like inequalities 
in fuzzy environment. The paper can be viewed as an alternative version which related to [O] by 
providing some new suitable conditions and methods for proving the main results. 

2. Preliminaries 

Let X be a nonempty set. We recall that a fuzzy set A in X is characterized by a function 
Ha : X —> [0,1], called membership function of A, “which associates with each point x in X a real 
number in the interval [ 0 , 1 ], with the value of ha at x representing the grade of membership of x 
in A”: see [0, p.339]. Obviously, any crisp subset A of X can be viewed as a fuzzy set, where ha is 
such that ha{x) = 1 when x & A and ha{x) = 0 otherwise. Let E be a nonempty subset of a vector 
space V and D be a nonempty set. A mapping F from D into the collection S'(E), of all fuzzy sets 
of E, is called a fuzzy mapping. If F : D —> $(E) is a fuzzy mapping, then F(y), for each y £ D, 
is a fuzzy set in 3{E). So, the fuzzy mapping F can be identified with the function from E x D to 
[0,1] which assigns with each (x, y) £ E x D the degree of membership of x in the fuzzy set F(y), 
that is the number F(x,y) = HF(y)i x )- 

Let A £ 3(E) and a £ [0,1], then the set 

(A) a = {x £ E : A{x) > a} 

is called an a-cut set of A. 

In the sequel, we assume that Z and E are Hausdorff topological vector spaces. We denote 
by L(E,Z) the space of all continuous linear operators from E into Z and ( l,x }, the evaluation 
of l £ L(E, Z) at x £ E. We consider each topology on L(E , Z ) such that L(E , Z) becomes a 
topological vector space and the bilinear mapping is continuous. Denote by intA and coA the 
interior and convex hull of a set A , respectively. Let K be a nonempty convex subset of a Hausdorff 
topological vector space E and C : K —> 2 Z be a set-valued mapping such that C(x) / Z and 
intC(x) ^ 0, for each x £ K. Let 9 : K x K -a E and g : K -A K be the vector-valued mappings. 
Let M,S,T : K -A $(L(E, Z)) be the fuzzy mappings and a, b, c : K —> [0,1] are the mappings. It 
is clear that the convex cone C{x) of Z induces an ordering on Z which is denoted by <c(x) and 
defined as follows 


Vi <C{x) 2/2 if and only if y 2 - y 1 £ C(x), where yi, y 2 £ Z. 

The rest of this section will deal with some definitions and basic results which are needed in the 
sequeul. 

In this paper we are interested in studying the following problem. 

Problem: [H3] The “so called” Generalized vector variational-like inequality problem in fuzzy envi¬ 
ronment (GVVLIFE) ( El ii ) is to find an a : £ K,u £ {M{x)) a ^ x ),v £ ( S(x))b ( x ) an( i w G (T(x)) c ( x ) 
such that 

(N(u,v,w),9(y,g(x))) + rj(g(x),y) £ -intC(x), My £ K, (2.1) 

where M,S,T : K -A $(L(E,Z)) are fuzzy mappings, a, b, c : I< -A [0,1], 9 : K x K -A E, 
g : K x K -A 2 Z , g : K -A K and N : L(E, Z) x L(E, Z) x L(E , Z) -A 2 L ( E ' Z ) are mappings. 

The following example is provided to illustrate Problem (2.1). 
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Example 2.1. Let E = Z = M, K = [0, +oo), C(x) = [0, +oo), \/x £ K. Define M,S,T : K 
5 (L(]R,]R) = R) by 


i+(u-i) 2 ’ ^ 

i +*&-%)* ' if x G (l’+oo) > 

i+(,-i) 2 ’ if 21 e [o.i]» 

2 +X (v-2) 2 ’ if ^e(l,+00), 

i+(J-i)^ if x e t 0 ’ ’ 

3 +x( i-2f > if seU.+oo), 

and a, 6 , c : A' —k [ 0 , 1 ] as 


MA/(x) (^) 

VS(x)(v) = 
fJ>T(x)(w) = 


a{x) = j 2 ’ 

l 1+x ’ 

if 

x £ [0, 1] , 

if 

x £ (1, -|-oo) 

b(x) = { 

{ 2+x’ 

if 

X £ [0, 1] , 

if 

X £ (1, + 00 ) 

C (x)=(h 

{ 3+x’ 

if 

x £ [0, 1] , 

if 

X £ (1, + 00 ) 


= £ R 

= (ru G 


It is not hard to check that for any x £ [0,1], we have 

(M(x)) a(x) = (M(x))i = {u £ R | Hm(x){u) > \ } = {u £ 

2 k 

(S(x)) b{x) = (S(x))i = {'ll G R | Hs(x)(v) >\} = { 

2 k 

( T ( x ))c(x) = (T(ar))i = {w G R | Mm(x)M > \ } = { 
whereas x £ ( 1 , oo), we have 

( M ( X ))a(x) = (= {m G R Mm(x)(«) > } = { 

1+x ^ J ^ 


l+(u-l) 2 - 2 


> k = 


} = [ 0 , 2 ], 




_±_> i i — 

l + (tu-l) 2 — 2 ' 


>5} = [0,2], 

I } = [0,2], 


= <U £ 


> 


l+x(u—2) 2 — 1+x 


-+X J 


= |u G R (u — 2 ) 2 < 11 = [1,3], 

(^OO+x) = O^O)) _J_ = {»GR Ms(x)(u) > ah } = {w e 


2+x 


> 


2+x(v-2) 2 ~ 2+x 


!+x / 


= {«GR (i> — 2 ) 2 < 11 = [1,3], 

(r(*)) c(x) = ( t ( x )) 1 ={»gR > 3+^ } = g 

= jtu G R + -2 ) 2 < l| = [1,3], 

Now, we define N : L(E, Z) x L(E, Z) x L(E, Z) -+ 2 L ( E ' Z '> by 
IV(u, v, w) = {« + v + u>} for allrt, v,w £ L(E, Z)(= 


> 


3+x(w—2) 2 — 3+x 


J-\ 

S+x / 
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g : K —> K by 

g(x) = §, \/x £ AT, 

9 : AT x K E by 

6 »(x,?/) = § -y,\/x,y£ K, 
and ?7 : K x AT — > 2 Z by 

V(x, y) = {| - x} , \/x, y £ A'. 

Then, let us consider in the following 2 cases: 

Case I, x £ [0,1], u € ( M(x))i = [0,2], v £ (S(x))i = [0, 2] and w £ (T(x))i = [0,2], 
(N(u,v,w),9(y,g(x))) + rj{g(x),y) = (u + v + w,9 (y, |)) + g (|,y) 

-(. + . + ->(|-f) + (l-l) 

= (u + V + w + 1) (| - I) . 

Thus, 

(u + v + w + 1) ( 2 — > 0 <t=> ?/ — 2 > 0 

4=> 2 < y, \/y £ K. 

This implies that x = 0 is a solution of the generalized vector variational-like inequality problem in 
fuzzy environment (GVVLIFE) (EH). 

Case II, x £ (1, + 00 ), u £ (M{x)) 1 = [1,3], v £ ( S(x )) 1 = [1,3] and w £ (T(x)) 1 = [1,3]. 

l-\-x 2-\-x 3+a: 

(N(u,v,w),9(y,g(x))) + g(g(x),y) = (u + v + w, 9 (y, |)) +9 (|>J/) 

= (u + V + W + l) (| - . 

Thus, 

(u + v + w + 1 ) ^ > 0 <t=>y — x >0 

4=> x < y, Vy e AT. 

This implies that in the Case II, there is no solution for (GVVLIFE) ( 12 . ll ). Therefore, from the 
Case I, we obtain that generalized vector variational-like inequality problem in fuzzy environment 
(GVVLIFE) (EH) has a solution and a solution set is { 0 }. 

Some special cases of GVVLIFE: 

(i) Let M, S, T : K —> 2 L ( E ’ Z) be classical set-valued mappings. If the fuzzy sets M(x), S(x) 
and T[x) as in the previous problem become the characteristic functions and 

Xf( x y respectively. Together with a(x) = b(x) = c(x ) = 1, for all x £ K and g : K —k I\ an 
identity mapping, then Problem (EH) reduces to generalized nonlinear vector variational-like 
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inequality problems (GNVVLIP, in short): finding x £ K, u £ M(x), v £ S(x), w £ T(x ) 
such that 

(N(u, v, w),0(y, x)) + rj(x, y) —intC(x), Vy £ K. (2.2) 

This kind of problem was in considered and studied by Xiao et al. [ Bn] . 

(ii) If 9(y,g(x)) = y — g(x), then (EH) is equivalent to the problem of finding an x £ I\, u £ 
(M(x)) a(x ), v £ (S(x)) b(x) , w £ (T(x)) c(x) such that 

{N{u,v,w),y- g(x)} +rj(g(x), y) £ -intC(x), Vy £ K. (2.3) 

This kind of problem was introduced and studied by Chang et al. Pfl- 

(iii) If E is a Banach space and K is a nonempty convex subset of E, let Z = R, E* = L(E, Z),b : 
K x I\ —► R. be a real valued mapping and M, S, T : K —»• E* be the single valued map¬ 
pings. For a given w* £ E*,N(u,v,w) = N(T(x),S(x)) — M(x) +w*, y(x,y) = b(x,y) — 
b(x,x), C(x) = M + for all x £ K, then (EH) is equivalent to the problem of finding x £ K 
such that 

(N(T(x),S(x)) — M{x) + w*,6(y, x)) + b{x, y) — b(x, x) >0, Vy £ K. 

This problem was considered by Zhao et al. [EH]. 

(iv) Let if is a real Hilbert space and K is a nonempty convex subset of E. Let Z = M, C(x) = R + 
for all x £ K : g{x,y) = (j>(y,x) — (f>{x,x) and T(x) = 0 for all x £ I\ , then (EH) is equivalent 
to finding x £ K, u £ M{x) and v £ S(x) such that 

(N(u,v),6(y,x)) +<j>(x,y) - 0(x,x) > 0, Vy £ K. (2.4) 

(v) If N(u,v) = M(x) — S{x), where M,S are single valued mappings, then (EH) collapses to 
finding x £ K such that 

(M(x) - S(x), 9(y, x)} + <j>(x, y) - 4>{x, x) > 0, Vy G K. 

This kind of problem was introduced and studied by Ding pq. 

(vi) If N(u, v) = u, then (EH) reduces to the problem of finding x £ K,u £ M(x) such that 

(u,0(y,x))+<!>{x,y) - <j>(x,x) > 0, Vy £ K. (2.5) 

This kind of problem was studied by Ding [O] . 

(vii) If (j) = 0, then (EH) reduces to the problem of finding x £ K and u £ M(x) such that 

(■ u,0{y,x)) ^ — intC{x ), Vy £ K. (2.6) 

This problem was considered by Ding et al. m- 

If, in addition, M is a single valued mapping, then it is equivalent to finding x £ I\, such that 
(M(x),6(y,x)) —intC{x), Vy £ K, 
which was studied by Salahuddin [EH]. 

(viii) Moreover, if 9(y,x) = y — x, then (EH) reduces to finding x £ K such that 
(■ u , y — x) ^ — intC{x ), Vy £ I \, 
which was studied by Lee et al. [ED]. 

Clearly, generalized vector variational-like inequality problem in fuzzy environment includes many 
variational inequalities problems in the recent past. 
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Definition 2.2 ([O]). A mapping / : K — > Z is C(a;)-convex if for any Xi,X 2 £ K and t £ [0,1], 

/(tei + (1 - t)x 2 ) <c{x) tf(x i) + (1 - t)f(x 2 ), 


that is, 

tf(x 1 ) + (1 - t)f(x 2 ) - /(tei + (1 - t)x 2 ) £ C(x). 

Remark 2.3. 

(i) In the case of C[x) = C, for all x £ K where C is a convex in Z. Then Definition EZZ3 reduces 
the usual definition of the vector convexity for the mapping /, i.e., / : K —>■ Z is convex if for 
any x\, x 2 £ K and t £ [0,1], 

/(tei + (1 - t)x 2 ) <c tf{xi) + (1 - t)f(x 2 ), 

that is 

tf{x\) + (1 - t)f(x 2 ) - /(tei + (1 - t)x 2 ) £ C. 

(ii) By taking if = M and C = [0, + 00 ) in (i), Definition EZ2 reduces to the definition of the convex 
function, i.e., a mapping f : K —>M. is convex if for any x±,x 2 £ K and t £ [0,1], 

tf(x 1 ) + (1 - t)f(x 2 ) - /(tei + (1 - t)a; 2 ) > 0 . 

Definition 2.4 ([EE!]). Let A', Y be two topological spaces, T : X —> 2 V "be a set-valued mapping. 
T is said to be: 

(i) Upper semicontinuous, if for each x £ X and each open set V in Y with T{x) C V, then there 
exists an open neighborhood U of x in X such that T(u) C V, for each u £ U. 

(ii) Closed , if for any net {x a } in X such that x a — > x and any net {y a } in Y such that y a —t y 
and y a £ T(x a ) for any a, we have y £ T(x), or equivalently, T is said to have a closed graph, 
if the graph of T, Gr(T) = {( x , y) £ X x Y : y £ T(x)} is closed in X x Y. 

Lemma 2.5 ([E3]). Let X , Y be two topological spaces and T : X —> 2 1 be an upper semicontinuous 
set-valued mapping with compact values. Suppose {x a } is a net in X such that x a —> Xq. If 
y a £ T(x a ) for each a, then there exist yo £ T(x 0 ) and a subnet {y f 3 } of {y a } such that yp —> yo. 

Lemma 2.6 (Aubin [0]). Let X and Y be two topological spaces. If T : X —> 2 Y is an upper 
semicontinuous set-valued mapping with closed values, then T is closed. 

Definition 2.7 ( [ESI] )- Let A, Y be topological spaces and T : X —> S'(Y) be a fuzzy mapping. 
T is said to have fuzzy set-valued, if T x (y ) is upper semicontinuous on X x Y as a real ordinary 
function. 

Remark 2.8. If A is a closed subset of a topological space A, then the characteristic function Xa 
of A, Xa{x) = 1 if x £ A otherwise Xa(x) = 0, is an upper semicontinuous function. 

Lemma 2.9 ( [EZU] ). Let K be a nonempty closed convex subset of a real Hausdorff topological space 
X, E be a nonempty closed convex subset of real Hausdorff topological space Y and a : X —> [0,1] 
be a lower semicontinuous function. Let T : K —t 3{E) be a fuzzy mapping with (T(x)) a ( x ) 7 ^ 0 for 
all x £ X and T : K —> 2 E be a set-valued defined by T(x) = (T{x)) a ^ x y IfT is a closed set-valued 
mapping, then T is a closed set-valued mapping. 

Definition 2.10 ([[□], ED]). Let I\ be a convex subset of a topological vector space E , and Z be 
a topological vector space. Let C : K —> 2 Z be a set-valued mapping. For any given finite subset 

n n 

Ll = {x\, x 2 ,..., x n } of K , and any x = tiXi with ti > 0 for i = 1 , 2 ,..., n and U = 1, 

i =1 i =1 
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(i) a single valued mapping h : K x K —> Z is said to be vector O-diagonally convex in the second 
variable , if 

n 

Y tjh(x, Xj ) ^ — intC(x ), 

i=l 

(ii) a set-valued mapping h : I\ x A' —» 2 Z is said to be generalized vector O-diagonally convex in 
the second variable if 


n 

Yt iUl i -intC{x), VuiGh(x,Xi), i = l,2,...,n. 

i =1 


Definition 2.11 ( [E3] ). Let K be a nonempty of convex subset of a vector space X. A mapping 
g : K —» K is said to be affine if for all Xi,X 2 £ I\ and A; > 0 for all i = 1,2with 

n 

^2 Xi = 1 such that 

2=1 

( n \ n 

Y XiXi ) =^2 X i9{Xi). 

i=l J i=l 

The following examples show that notion of affine and vector O-diagonally convex are indepen¬ 
dent functions. 


Example 2.12. Let K = Z = R. Define the function h : K x K —> Z by 


h(x,y) 


-1, if zeQ, 

0 , if x£ Q c , 


where Q and Q c are rational numbers and irrational numbers respectively. It is clear that h is affine 
but it is not vector O-diagonally convex in the second variable. 


Example 2.13. Let K = Z = HR. Define the function h : K x K —> Z by 

h(x,y) = y 2 . 


It is easy to see that h is vector O-diagonally convex in the second variable but h is not affine. 
From the above examples, it is noticed that 

Affine =£> Vector O-diagonally convex in the second variable 

and 

Vector O-diagonally convex in the second variable =£> Affine . 

In order to prove our main results we need the following. 

Definition 2.14 ([151]). Let K be a subset of a topological vector space X. A set-valued mapping 
T : K —» 2 X is called Knaster-Kuratowski-Mazurkiewieg mapping (KKM Mapping), if for each 

n 

nonempty finite subset ■■■,x n } C K , we have Co{x 1 ,^ 2 , C (J T(xi). 

i=i 

Lemma 2.15 ([ED, E3], Maximal Element Lemma). Let X be a nonempty convex subset of a 
Hausdorff topological vector space E. Let S : X —> 2 X be a set-valued mapping satisfying the 
following conditions: 

(i) for each x £ X, x coS(x) and for each y £ X, S~ 1 (y) is open-valued in X; 

(ii) there exist a nonempty compact subset A of X and a nonempty compact convex subset B C X 
such that 

co(S{x)) O B ± 0, Vi E A \ d. 

Then there exists Xq £ X such that S(x o) = 0. 
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3. Main results 

In this section, two versions of the existence results of generalized vector variational-like inequal¬ 
ities in fuzzy environment are established by employing the Lemma EJ 3 . Before stating the main 
results, we need the following preliminary facts. 

Lemma 3.1. Let X be a topological vector space and C C X be a cone. If 0 £ intC, then C = X. 

Proof. Let x £ X be an arbitrary element. Then there exists t > 0 such that tx £ intC , (note 
0 £ intC). Since C is a cone, we observe that x = j(tx) € C. Thus C = X. ■ 

Lemma 3.2. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff 
topological vector space E. Let M, S, T : K —k 2 L ( E ' Z ' ) be upper semicontinuous set-valued map¬ 
pings with nonempty compact values and induced by fuzzy mappings M, S,T : K —> $(L(E, Z)), 
respectively, i.e., 

M{x) = (M(x)) a{x)t S(x) = (S(x)) b{x)t T{x) = (T{x)) c(x)t \/x £ K. 

Let N : L(E, Z) x L(E , Z) x L[E, Z) —> 2 L ( E ' Z ' 1 and 77 : K x I\ —> 2 Z be two set-valued mappings. 
Let 9 : K x K —k E and g : K —>• K be two single valued mappings. Let P : K —k 2 K be a 
multifunction defined by 

P(x) = {y £ K : {N(u,v,w),0(y,g(x)))+r]{g(x),y) C -intC{x), 

Vm e M(x) = {M(x)) a{x) ,v £ S{x) = (S(x)) b{x) ,w £ T(x) = {T(x)) c{x) }, Vx £ K, 

where 77 and 9 are affine in second and first variable respectively. Then P(x) is convex, for each 
x £ K. 

Proof. Let x £ K be an arbitrary element. If y±, yi £ P{x) and A £ (0,1), then 
{N(u, v, w), 9(yi, g(x))) + 7 i(g(x), yf) C - intC(x ), V? = 1,2. 

Hence 

(N(u, v , w),X9(y 1 ,g(x))) + \g(g(x), y{) C X(—intC(x)), (3.1) 

(N(u, v , w),( 1 - A)% 2 , g{x))) + (1 - X)ri(g{x), y 2 ) C (1 - X)(-intC(x)). (3.2) 

By (O), (O) and since intC(x) is convex cone, we have 

(■ N(u,v,w),X9(y u g(x )) + (1 - X)0{y 2 , g{x))) + Xy(g(x),yi) + (1 - X)y{g(x),y 2 ) C -intC{x). 
Since 9 is affine in the first variable and 77 is affine in the second variable, we have 

(N(u, v, w), 9(Xyi + (1 - X)y 2 l g{x))+) + rj{g(x), Xyi + (1 - A )y 2 ) C -intC(x). 

So we get Aj/i + (1 — X)y 2 £ P(x). This completes the proof. ■ 

Now, we are ready to state the first version of the existence result for GVVLIFE (EH). 

Theorem 3.3. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff 
topological vector space E, and L(E , Z) be a topological vector space. Let M, S, T : K —> 2 L ( E,Z ' ) 
be upper semicontinuous set-valued mappings with nonempty compact values and induced by fuzzy 
mappings M,S,T : K —> $(L(E, Z)), respectively, i.e., 

Mix) = {M{x)) a{x) , S(x) = (S(x)) b{x) , T(x) = (T(x)) c(x) , Vx £ K. 

Let N : L(E , Z) x L(E, Z) x L[E, Z) —> 2 L ( E ' Z ' 1 and 77 : K x I\ —> 2 Z be two set-valued mappings. 
Let 9 : K x K —» E and g : K K be two single valued mappings. If the following conditions are 
satisfied: 
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(i a ) 77 and 0 are affine in second and first variable respectively, with 77 (g(x), x) = 0 and 9{x , g{x)) = 
0 for all x G K; 

(ii a ) For each y G K, the set-valued mapping 

G y (u,v,w,x) = (N(u,v,w),&(y,g(x))} + r}(g(x),y) (1 Z\(-intC(x)) 
is upper semicontinuous with compact value; 

(iii a ) C : K —k 2 Z is a set-valued mapping with convex values such that C(x) ^ Z for all x G K; 
(iv a ) there exist a nonempty compact subset A of K and a nonempty compact convex subset B of 
K such that for each x G K\A, 3y G B such that 

{N(u,v,w),0(y, g(x))) + r](g(x),y) C -intC{x), 

Vw e M(x) = (M(x)) a(x) , v G S(x) = (S(x)) b{x) ,w G T(x) = (T(x)) c{x) ; 
then the solution set of GVVLIFE (EH]) is a nonempty compact subset of A. 

Proof. Let P : K —> 2 K be a set-valued mapping defined by 

P(x) = {y G K : {N(u, v,w), 6 (y, g(x))) + r)(g(x), y) C -intC(x), 

Vu G M(x) = (M(x)) a(x) , vG S(x) = (S{x)) Hx) ,w G T(x) = {T{x)) c{x) } Vx G K. 

Firstly, we wish to show that for all x G K,x ^ P(x). Suppose to the contrary, there is x G K such 
that x G P(x). Then 

{0} = ( N(u,v,w),0(x,g(x ))) + 77 {g(x),x) C -intC(x). 

We get 0 G int,C(x), and then Lemma EH allows C{x) = Z which is contradicted by |( iii a )| . Hence 
for each x G K, x P(x). By Lemma E3. P(x) is convex, that is P(x) = coP{x). Thus x coP(x) 
for all x G K. Next, we intend to prove that for each y G K , P~ 1 (y) is an open set. To prove this 
goal, it is sufficient to prove that the complement ( P~ 1 (y))° of P~ 1 (y) is closed in K. It is not 
hard to verity that 

p ~ 1 (y) = {x G K : ( N(u,v,w), 6 {y,g(x ))) +y{g(x),y) C -intC(x), 

Vm e M(x) = (M( x)) a(x) ,v G S(x) = (S(x)) b(x) ,w G f(x) = (T(x)) c(x) j, 

and 

(- p_ 1 (y)) C = {a: G K : (N(u, v, w), 6 (y, g(x))) + y{g(x), y) n Z\(-intC(x)) j- 0, 

3u G M{x) = {M{x)) a{x] ,v G S{x) = iSix)) b{x) ,w G fix) = (T( x)) c{x] }. 

Let {x a } be a net in (P - 1 (j/)) c such that x a —> x*. We wish to show that x* G (P -1 (?/)) c . Since 
{x a } C (P _1 (j/)) c , there exist u a G Mix a ) = (M(a; a )) o(X(#) , v a G 5( x a ) = (S(x a )) b(Xa) , and 

w a GTix a ) = iTix a )) c ( Xa j such that 

{Niu a ,v a ,w a ), 6 iy,gix a ))) + 77 igix a ),y) n Z\(-intC(x a )) ^ 0. 

Thus, we can let a net 

{z a } C {Niu a ,v a ,w a ),9iy,gix a ))) + r/(gix a ),y) n Z\i~intCix a )). 

Notice that M, S, T : K 2 L ^ E,Z ' > are upper semicontinuous mappings with compact values. Thus, 
it follows from Lemma E3 that {u a }, {u Q }, {w a } have convergent subnets, {u afi }, {v ap }, {w ap }, 
with limits say u*, v*, w*, respectively, and u* G Mix*), v* G Six*) and w* G Tix*). Since 
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G y {-, •, •, •) is upper semicontinuous with compact values, it can be applied by Lemma EH3 to produce 
a subnet {z a/3 } of {z a } such that z afj —> z* and 

2 * e G y (u*,v*,w*,x*) = (N(u*,v*,w*),6(y,g(x*))) + y(g(x*),y) n Z\(-intC(x*)). 

This shows that x* £ ( P~ 1 (y)) c . Therefore (P _1 (y)) c contains all its limit points and then it is 
closed in K. Thus P~ 1 {y) is an open for each y G K. The desired result is proved. 

Next, by employing Lemma El I J and condition |( iv a )| to ensure the existence of (GVVLIFE) 
(Em). By condition |( iv a )| , we assert that for each x £ K\A there exists a nonempty compact convex 
subset B of K such that y £ B and ( N(u,v,w),9(y,g(x ))} +i](g{x),y) C —intC{x), Mu £ M(x) = 
{M(x)) a ( x yV £ S(x) = (S{x)) b ( x yiv £ T(x) = (' T(x)) c ( x y This means that y £ BnP{x). We know 
from Lemma L'i.21 that P(x) is convex, so we have that y £ coP(x). This implies that y £ coP(x) D B 
and then coP(x) D B ^ 0. This shows that P satisfies all the conditions of Lemma 12. 11 1 so there 
exists x £ K such that P(x) = 0, this means there exists x £ K, u £ M(x) = {M(x)),-y v £ 
S(x) = {S{x)) b(s] , w £ T{x) = (T(x)) c[Sj) such that 

(N(u,v,w),9(y,g(x))) + y(g(x),y) -intC(x), My £ K. 

Therefore x £ U, where Q is the solution set of the generalized vector variational-like inequality in 
fuzzy environment (GVVLIFE) (Em). Thus, fl ^ 0. 

To show that is a subset of compact set A. Let x £ Cl. Assume that x ^ A, by condition 
|( iv a )| , there exists y £ B such that 

(• N(u,v,w),0(y,g(x ))) + y(g(x),y) C -intC(x), 

Mu £ M(x) = [M{x)) a{x) , v £ S(x) = (S(x)) b{x] , w £ T(x) = (: T{x )) c{x) , 

which means that x is not a solution of the problem, that is x <£ Q. This is a contradiction. Hence 
x £ A and we obtain that S1C4. 

Finally, we show that H is a compact subset of A. One can observe that Q = (P~ 1 (y)) c . In fact, 
Q = {x £ K : (N(u, v, w), 6(y, g(x))} + y(g(x), y) -intC(x), 

3u £ M(x) = {M(x)) a(x) ,v £ S(x) = ( S(x)) b{x yw £ T(x) = (: T[x )) c{x] } 

= {x £ I\ : {N(u, v, w ), 9{y, g(x))) + rj(g(x), y) D Z\(-intC(x )) ^ 0, 

3u £ M(x) = (M(x)) a(x) ,v £ S(x) = (S(x)) b(x) , w £ T{x) = (: T(x )) c{x) } 

= ( P-\y)) c ■ 

Since we have already proved that {P~ 1 {y)) c is closed in K, so we can conclude that H is a closed 
in K. Therefore H is a compact subset of A. This completes the proof of Theorem E3. ■ 

Remark 3.4. It can be observed that Theorem EO is as an alternative version of Theorem 3.1 in [O] 
by replacing vector O-diagonally convexity with the affineness of y. Moreover, some assumptions 
are not necessary given in Theorem l'l..'il . for instance, continuity of 0, continuity and affineness of g. 

Next, we will present the second version of the existence result of GVVLIFE (Em). Before doing 
that we will provide the following lemma in order to be utilized in proving for the next version of 
the existence result. 

Lemma 3.5. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff 
topological vector space E, and L{E , Z) be a topological vector space. Let M, S, T : K —> 2 L ( E,Z ) 
be upper semicontinuous set-valued mappings with nonempty compact values and induced by fuzzy 
mappings M,S,T : K —» $(L(E, Z)), respectively, i.e., 

M(x) = (M(x)) a(x) , S(x) = (S(x)) b(x} , T(x) = (T(x)) c(x) , Mx £ K. 
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Let N : L(E , Z) x L(E , Z) x L(E, Z) —> 2 L ^ E ' Z ' ) and y : K x K 2 Z be two set-valued mappings. Let 
9 : K x K —» E and g : K —>■ K be two single valued mappings and P : K —> 2 K be a multifunction 
defined by 

P(x) = {y£ K : {N(u,v,w),0(y,g(x))} + y{g(x),y) C -intC(x), 

Vu G M(x) = {M(x)) a{x) ,v G S(x) = (S(x)) b{x) ,w G T(x) = (T(a;)) c(a) } Vx G AG 

If the following conditions are satisfied: 

(ib) y is generalized vector O-diagonally convex in the second argument; 

(iib) 9 is affine in the first variable with 9(x,g{x)) = 0, Vx G K. 

Then for all x G K, x coP{x). 

Proof. We shall show that x ^ coP(x) for all x G K. Suppose to the contrary, there exists 
x G K such that x G coP(x). Then there exists a finite set {s/i, 2 / 2 , • • ■ ,y n } Q -P(x) such that 
x G co{yi, 2 / 2 , • • • , Vn } ^ hence we have 

(■ N(u,v,w),6(yi,g(x ))} + y{g{x),yi) C -intC(x),i = 1,2,- ■ ■ ,n 

Vm G M(x) = {M(x)) a{ - y v G S(x) = {S{x)) b{ -y w G f(x) = (T(x)) c( - } . 

n 

Since intC(x) is a convex set and # is affine in the first variable, for x = tiyi G K , where 

2=1 

n 

U > 0, z = 1,2, • • • , n with ^ ti = 1, we have 

2 = 1 

n \ \ n 

'52t i y i ,g(x) J \ +5Z^r?(5(S),yi) 

2=1 / / 2 = 1 

n 

= (N(u, v, w), 9(x, g(x))) + ^ tiy(g(x), yi) C -intC(x). 

2=1 

Since 6(x,g{x)) = 0 by condition |(iib)| , we have 

n 

'Y^t i y{g{x),y i ) C -intC(x), 

2 = 1 

that is, 

n 

y^tjUj G —intC(x), Mui G y(g(x), yf), i = 1,2, ■■■,«, 

i=l 

which contradicts condition |( ib )| . Therefore x ^ coP(x) for all x G K. ■ 

The following result is the second alternative version of Theorem EO by applying the notion of 
O-diagonally convexity and uppersemicontinuity of the set-valued mapping G. 

Theorem 3.6. Zef Z be a topological vector space, K be a nonempty convex subset of a Hausdorff 
topological vector space E, and L(E, Z) be a topological vector space. Let M, S, T : K 2 L ( E,Z ^ 
be upper semicontinuous set-valued mappings with nonempty compact values and induced by fuzzy 
mappings M,S,T : K —> $(L{E, Z)), respectively, i.e., 

M(x) = (M(x)) a(x) , S(x) = {S(x)) b(x) , T(x) = (T(x)) c(x) , Vx G AT. 

Let N : L(E, Z) x Z(A, Z) x L(E, Z) —> 2 L ( E ' Z ' 1 and y : K x AT —> 2 Z be two set-valued mappings. 
Let 9 : K x K —k E and g : K K be two single valued mappings. If the following conditions are 
satisfied: 
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(i c ) 77 is generalized vector O-diagonally convex in the second argument; 

(ii c ) 6 is affine in the first variable with 0(x 1 g{x)) = 0, Vx £ A'; 

(iii c ) For each y £ K, the set-valued mapping 

G y (u,v,w,x ) = (N(u,v,w)ffi(y,g(x))) + y{g(x),y) n Z\(-intC(x )) 

is upper semicontinuous with compact value; 

(iv c ) C : K —k 2 Z is a set-valued mapping with convex values; 

(v c ) there exist a nonempty compact subset A of K and a nonempty compact convex subset B of 
K such that for each x £ K\A, 3y £ B such that 

(N(u, v, w),6(jj, g{x))) + y(g{x),y) C -intCfx), 

Vm e M(x) = (M(x)) a{x) ,v £ S(x) = (, S(xj) b{x) ,w £ T(x) = {T(x)) c{x y 
then the solution set of GVVLIFE (EHI) is a nonempty compact subset of A. 

Proof. Let P : K —> 2 K be a set-valued mapping defined by 

P(x) = {y £ K : (N(u,v,w),9(y,g(x))) + r)(g(x),y) C -intC(x), 

Vu £ M(x) = (M( x)) a{x) ,v£ S(x) = (S(x)) b(x) ,w £ T[x) = lT(x)) c{x) } Vx £ K. 

From Lemma 03, we obtain that x (f coP(x) for all x £ I\. To show the remaining of the proof, 
one can show step by step based on the proof in Theorem E33. and then the desired results are 
obtained. ■ 


4. Conclusion 

In this paper two versions of the existence theorems of generalized vector variational-like in¬ 
equalities in fuzzy environment are proved by using two different notions, the first one by using 
affineness and the second one by using the notion of vector O-diagonally convexity. Moreover, an 
example is established to illustrate the main problem. The results presented in the paper can be 
viewed as alternative versions of [O] by providing a new method of proving the main theorems 
and an improvement of corresponding result given in Xiao et al. [ED], Zhao et al. [E3], Ding et al. 
[CD, E3, ED], Salahuddin [E3], Lee et al. [E3, ED] and several authors. 
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STRONG DIFFERENTIAL SUPERORDINATION AND SANDWICH THEOREM 
OBTAINED WITH SOME NEW INTEGRAL OPERATORS 

GEORGIA IRINA OROS 

Abstract. In this paper we study certain strong differential superordinations, obtained by using a new integral 
operator introduced in [13]. 


Keywords. Analytic function, univalent function, convex function, strong differential superordination, best 
dominant, best subordinant. 
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1. Introduction and preliminaries 

The concept of differential subordination was introduced in [2], [3] and developed in [4], by S.S. Miller and 
P.T. Mocanu. The concept of differential superordination was introduced in [5], like a dual problem of the 
differential superordination by S.S. Miller and P.T. Mocanu. The concept of strong differential subordination 
was introduced in [1] by J.A. Antonino and S. Romaguera and developed in [7], [11], [12], The concept of strong 
differential superordination was introduced in [8], like a dual concept of the strong differential subordination 
and developed in [9] and [10]. 

In [11] the author defines the following classes: 

Let 77(17 x U) denote the class of analytic function in U x U, 

U = {z£ C : \z\ < 1}, U = {z £ C : \z\ < 1}, dU = {z £ C : \z\ = 1}. 

For a G C and n £ N*, let 

H({a, n] = {f(z, C) G H(U x U ): f(z, <)=a + a n (()z n + ... +a n+1 (()z n+1 + ...} 
with z € U, C € U, afc(C) holomorphic functions in U, k > n, 

= {f(z, 0 G H(U x U) : f(z, () = z + a n+1 (()z n+1 + a n+2 (C)z n+2 + ...} 
with z G U, ( G U, a,k(() holomorphic functions in U, k > n+ 1 so A (i = A^, 

'H( u {U) = {f(z,()€'H([a,n\(U x U): f(z, () univalent in U, for all CgU}, 

S( = {f(z,Q G A£, f(z, C) univalent in U, for all ( G 17}, 
denote the class of univalent functions in U x U, 

s *c = {/(«, C) e AC : Re >0, z£U, for all C G C/|, 

denote the class of normalized starlike functions in U x U, 

AC=|/( 2 ,C)G AC: Re + 1 > 0, z £ U, for all C G 17 j- , 

denote the class of normalized convex functions in U x U . 

For r G N, let A(r) C denote the subclass of the functions f(z, C) G 'H(U x U) of the form 

OO 

f(z, C) = z r + ^ ak(C)z k , rGN, z G U, C £U and set A(1)C = AC- 

fe=r+1 

To prove our main results, we need the following definitions and lemmas: 

Definition 1.1. [9], [11] Let f(z, C) and F(z, C) be member of 7f(t/ x U). The function f{z,Q is said to be 
strongly subordinated to F(z,(), or F(z,£) is said to be strongly superordinated to f(z, C), if there exists a 
function w analytic in U with w(0) = 0 and |u;(z)| < 1, such that f(z, C) = F(w(z), C). In such a case we write 
f(z, 0 F(z, C). 

If F(z, C) is univalent then f(z, C) F(,z,C) if and only if /(0, C) = F(0,C) and f(U x U) C F(U x U). 

Remark 1.2. If f(z, C) = f(z) and F(z, C) = F(z), then the strong differential subordination or strong 
differential superordination becomes the usual notion of differential subordination or differential superordination. 

l 
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Definition 1.3. [5], [11] We denote by Q £ the set of functions q(z, £) that are analytic and injective as functions 
of z on U \ E(q(z, £)), where 

E{q(z,Q) = e dU : lim q(z, £) = ooj 

and are such that q'(£, £) ^ 0, for £ € dU \ E(q(z , £)). 

The class of Q £ for which q( 0, £) = a, is denoted by Q^{a). 

We mention that all the derivatives which appear in this paper are considered with respect to variable 2 . 
Let if : C 3 x U x U —► C and let h(z, £) be univalent in U, for all £ € U. If p(z, £) is analytic in U x U and 
satisfies the (second-order) strong differential subordination 

(1.1) if(p(z,Q, zp'(z,Q,z 2 p''(z,Qiz,Q A A h(z,C), zeu, £ eU 

then p(z, £) is called a solution of the strong differential subordination. 

The univalent function q(z, £) is called a dominant of the solutions of the strong differential subordination 
or simply a dominant, if p(z, £) A A q(z, £) for all p(z, £) satisfying (1.1). 

A dominant q(z, £) that satisfies q(z,f) A A < 7 ( 2,0 f° r ah dominants q(z, £) of (1.1) is said to be the best 
dominant of (1.1). (Note that the best dominant is unique up to a rotation of U). 

Let <p : C 3 x U xU —> C and let h(z , £) be analytic in U x U. 

lip(z, £) and <p(p(z, Q,zp'(z, Q,z 2 p''(z, £); 2 , £) are univalent in U, for all £ € U and satisfy the (second-order) 
strong differential superordination 

(1.2) h(z, £) A A v(p(z,0,zp'(z,0,z 2 p"(z,(;);z,C) 

then p(z, £) is called a solution of the strong differential superordination. An analytic function q(z, £) is called 
a subordinant of the solutions of the differential superordination, or more simply a subordinant, if q(z,Cf) A A 
p(z,() for all p{z,Cf) satisfying (1.2). A univalent subordinant < 7 ( 2 , £) that satisfies q(z, £) AA q(z, £) for all 
subordinants of (1.2) is said to be the best subordinant. (Note that the best subordinant is unique up to a 
rotation of U). 

We rewrite the integral operators defined in [13] using the classes we have shown earlier. 

Definition 1.4. [13] For f(z, £) & A£„, n £ N*, m € N, 7 £ C, let L 1 be the integral operator given by 

Lry . A(^ n A(^ n 

L°f(z,C) = f(z, C),... 

0=^ 

2 ' Jo 

By using Definition 1.4, we can prove the following properties for this integral operator: 

For f(z, £) € A( n , n G N*, m € N, 7 € C, we have 

(1.3) L™f{z, 0 = 2+ E f (7 TfcC Qfc(C) ^’ 2 e O C e Nand 

(1-4) z[L?f(z, £)]'* = (7 + 1)£T7(*, 0 - 7 L?f{ Z , 0 , 2 G [/, C e U. 

Definition 1.5. [13] For peN, f(z, 0 € A(p)£, let H be the integral operator given by H : A(p)£ —» A(p)£ 

H°f(z,0 = f(z,(),■■■ 

H m f(z, 0 = — f H m ~ x f(t, Qdt, z€U, (€U. 

2 Jo 

From Definition 1.5 we have 

(1-5) "7(2,0 = 2 p + ^ |^pa fc (02 fc ,and 


( 1 . 6 ) 


z[H m f(z, £)]£ = (p + 1 )ff m - 1 /(«, 0 - H m f(z, 0, 2 € u, £ e U. 


We rewrite the following lemmas for the classes seen earlier in this paper. The proofs are similar to those 
given for the original lemmas which can be found in [4] and [5]. 

Lemma A. [5, Corollary 6.1] Let hi(z, 0 and, h 2 (z, 0 be convex in U, for all £ € U, with /ii(0, £) = ^2 (0, £) = a. 


a f z 

Let a 7 ^ 0, with Recc > 0, and let the functions qi(z, £) be defined by qi(z, £) = — / hi(t, C,)t a ~ 1 dt fo 

2 ° Jo 

If p{z , £) € U[a, 1] n and p(z , £) H --—++ is univalent in U, for all £ € U, then 

P\ z t £ J 

hi(z, £) A A p(z, £) + * P 9'9 A A h 2 (z, £) 

R2, £) 


r * = 1,2. 
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implies qi(z,() ~<~< p{z,() ^ 92 ( 2 , 0 - 

The functions qi(z,() and 52 ( 2 , C) are convex and they are respectively the best subordinant and best domi¬ 
nant. 

Lemma B. [ 6 , Theorem 2] Let hffzff) and h 2 (z,() be convex in U, for all ( GU, with /ii(0,£) = h 2 (0, C) = a, 
and 9,ip G H(D), where D C C is a domain. 

Letp(z,(f) € H[a, 1] fl and suppose that 9(p(z,()) + zp'(z, ()<fr(p(z, 0) is univalent in U, for all ( E (7. 
If the differential equations 9(q i (z, ()) + zq'.Jz, C)4>(qi{z , /)) = hi(z, (), have the univalent solutions qi(z, (,) that 
satisfy qi(0,() = a, qi(U x U) C D, and 9(qi(z,()) -<-< hffz^Cf), fori = 1,2, then 

hi(z, C) ^ 9(p(z, 0) + zp(z, C,)<f(p(z , C)) ^ h 2 {z, () 


implies qi(z,() ~<~<p(z,0 ~<~< < 72 ( 2 , C)> 2 e U, ( G U. 

The functions qi(z,() and q 2 (z,() are the best subordinant and the best dominant respectively. 

Lemma C. [ 6 , Corollary 9.2] Let hffzff) and h 2 (z,Q be starlike in U, for all f G U and f(zff) be univalent 
in U, for all ( G U, with hi(0, Q = h 2 (0, = /(0, /) = 0. 

Ifhffz, C) -<X /( 2 , C) -<-< h 2 (z,C) then 


hi(t,Q 

t 


dt -< -< 


mo 


dt -< -<; 


Ml 0 

t 


dt 


when the middle integral is univalent. 


2. Main results 

2z 2 zC — 

Theorem 2.1. Let hffzff) = and h 2 (z,f) = be convex in U, for all f G U, with hi(0,O = 

C — z 1 — 2 

h 2 (0, C) = 0. Let a ^ 0, with Rea > 0 and let the functions qffz, O = — [ E t a ~ lj * — 01 

z a Jo C-t 

where ai(z,Q given by 


dt= -2+—^- 01 ( 2 , 0 , 

z a 


( 2 . 1 ) 


^i( 2 ,C) = / 
Jo 


Z J-Ot — 1 


C -t 


dt 


f*z j-a—1 


ot f z 20 2cx(^ 

and q 2 {z,C) = — / —— -t a ~ 1 dt = -2C, H- ^rr 2 (z,(), where (r 2 (z,() given by 

Z Jq i — t z 

( 2 - 2 ) * 2 ( 2 , 0 =/ 

Jo 

If 7 * - e %[0,1] n Q c and 


- dt. 

1 - t 

KmoY -1 rn . n n n -1 ^ *[£?/(*, or 


r n—1 


[l*"/( 2 , 0 ] , -i 


— n + 1 is univalent in U , /or all 


C G U, then 


(2-3) 

2z 

C-z 

implies 

„ 2 «C 
-2 + —^ 


[Lyf(z,0Y -1 


— n + 1 -<-< 


2 ^C 

1 - 2 


[L™/(2,0]'-l , , OA , 2aC 


r n— 1 


^ ^ 2 ( + ^ r CT 2 ( 2 , 0 , 


2 “ 2 
where 07 (z,Q is given by (2.1) and a 2 (z,0 is given by (2.2). 

The functions qi(z,0 o,nd q 2 (z,Q are convex and they are respectively the best subordinant and the best 
dominant. 


Proof. We let 

(2.4) 

Using (1.3) in (2.4), we have 


P(z, 0 = 


[£?/(*> C)]'-i 


, zGU, (GU. 


1 + E 


k=n +1 


( 7 +ir 

(7 + ky 


-a k {C)kz k - 1 


P(z, 0 = 


Since p(0,0 = 0, we obtain p{z,C) G H[0, 1]C D 

Differentiating (2.4) and after a short calculus we obtain 


(7+1)” 1 k-r. 

= 2^ ; ,.w a fc(C)fc~ 


fc=n+l 


(7 + k) r 


(2.5) 


p (^,0 + 


zp'jzff) _ [L 7 /( 2 ,C)] / -! 2 [L 7 /( 2 ,C)]" 

p( 2 ,C) 2 n—1 [L™/( 2 ,C)]' - 1 


— n + 1 . 
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Using (2.5) in (2.3), we obtain 

2 z 


( 2 . 6 ) 

Using Lemma A, we have 


C — z p{z,0 i -2 


2«C_ ^ , , [L"f(z,Q]'-l , , , 2 aC 


— 2 H-—01(2, C) 

2 “ 


z n -1 - 2 C+ —CT 2 ( 2 ,C), 


where 0 - 1 ( 2 , £) is given by ( 2 . 1 ) and cr 2 ( 2 , C) is given by ( 2 . 2 ). 

The functions 

Qi( z : C) = -2 + 2 ^CTi( 2 ,C) and 92 ( 2 ,<) = ~2C + 

2 “ 2 “ 

are convex and they are respectively the best subordinant and the best dominant. 
Example 2.2. Let a = 2, 7 = 2, m = 1, n = 2, f(z , £) = 2 + Y^k=s a k(()z k , 


□ 




t + ak{C)t k 


fc= 3 


OO 


tdt = z + 


k + 2 




/ [-^/(X C)] 7 — 1 3fc ^ ^ 

?(*> 0 =-r-= Z. a *(C); 


k—3 
k -2 


k—3 


tlM = il zh tit = hl (-a- 2 ( + 2 L)<# = - 2 -f 

® (z -° = ? I vh dt =1 1 (- 2<t - 2< +rh) dt = - 2C - f * 5 111(1 - 2) - 


Hence from the sharp form of Theorem 2.1 we obtain the following result. 


2 2 


-<X 


C " — 2 k T 2 




Z 1 )^‘ 


fc -2 


fc-2 1 k=3 


— 1 -<-< 


k—3 




k—2 


2 z( 
1 - 2 


fe=3 


implies 


-2 - y - 4C 2 ln(C - 2 ) -<X Z a fc(O fc 

k—3 


k-2 


Z 


« - 2 C - — - ^ ln(l - 2), 2 e U, C, £U. 
z z z 


Theorem 2.3. Let h\(z,Q and h 2 {z,Cf) be convex for all £ € U, with h\{ 0, £) = /i 2 (0, £) = a = r — 1. Let 

z\H m f(z £ 11 ' z\H m f(z £) 1 " — 

- —— -1 € TL[r — 1 , ll n Qr and suppose that — - ——— -h 1 is univalent in U, for all ( £ U. 

H m f(z,C) 1 4 [H m f{z, £)]' 

If the differential equations 

(2-7) 0(qi(z, 0) + 29 '( 2 , £)</>(%( 2 , 0 ) = hi{z,Q, 

have the univalent solutions qi(z,Q that satisfy qi( 0, £) = r — 1, qi(U x U) C D, and 6(qi{z,Cf)) -<-< hi(z,Q, 
for i = 1, 2, f/ien 

rlffnWr YU" 

( 2 . 8 ) 




implies 


[H m f( Z , or 

- 1 ^« 2 ( 2 , 0 , z£U,(£U. 


H m f(z,C) 

The functions <71(2, £) and q 2 (z,(f) are the best subordinant and the best dominant respectively. 

Proof. We let 


(2.9) 

Using (1.5) in (2.9) we obtain 




H m f{z, C) 


P(z, 0 = 


r2 r_1 + £ 

/c—r +1 


(r+l) 11 
(r + k) r 


a k (()k. 


k- 1 


E &S-Y0Y 


- 1 . 


fe=r+l 


(r + fc) r 
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Since p( 0, 0 = r — 1, we have p(z, 0 G %[r — 1,1]£ H Q 
Differentiating (2.9), and after a short calculus, we obtain 


r o im , zp'(z, C) _ 1 . z[H m f(z,0]" 

p(z,C) + l [H m f(z,Q]' 

Using (2.10) in (2.8), we have 

(2.11) hi(z, 0 + + P ( z , C) + 1 H—+ + ^ 2 ( 2 , C), z £ U, C € U. 

P{z,Q + 1 

In order to prove the theorem, we shall use Lemma B. For that, we show that the necessary conditions are 
satisfied. Let the functions 6 : C — > C and <p : C —> C, with 

( 2 . 12 ) #(«;) = u> + l, and 

(2.13) ¥>(«>) = r, <p(w) 7 0. 

w + 1 

We check the conditions from the hypothesis of Lemma B. 

Using (2.12), we have 

(2.14) Q(p(z,Q) =p(z,Q + l 


(2.15) 0(qi(z,O) = qi(z,C) + 1, % 2 (z,C)) = 92(z,C) + !• 

Using (2.13), we have 

(2.16) ‘^ (2 -< )) = p (;, ( 1 ) + i a “ l 


y(gi(^0)= / ^,1 ’ +( 92 ( 2 , 0 ) = , ^ , -i • 

gi(2><) + ! g2(2,C) + l 


Using (2.14) and (2.16), we have 


o{p(z, 0) + tp'( 2 , 0+(p(+ 0) = P(z, C) + 1 + 


zp'(z,Q 
P(z, 0 + !’ 


M +0 = gi ( 2,0 + 1 + gi '( gl ^) and 


h 2 {z,C) = 92 ( 2,0 + 1 + 


292 ( 2,0 
92(2,0 + !’ 


Using (2.10) and (2.12), (2.8) becomes 

ml „ r\ 1 1 1 2 9 i ( 2 ,0 , , „/ 


(2.19) 91 ( 2 ,0 + 1 + ^ x ++ +(+ 0 + 1 + ^ ^ ++ 92 ( 2 , 0 + 1 + q 2 2 x) + l > 2€f/ ' (eC/ ' 


p(z, 0 


92(2,0 + !' 


z[H m f(z, 0 ]' 

We can apply Lemma B and we obtain 91 ( 2 , () -<-< p(z, 0 ++ 92 ( 2 , 0 , he., 91 ( 2 , C) ++ — ' —-1 -<-< 

__ zi J\Z,(,) 

92 ( 2 , 0 , 2 g U, (el/. 

The functions 91 ( 2,0 and 92 ( 2 , C) are the best subordinant and the best dominant respectively. 

Cz z _ 

Theorem 2.4. Let m £ N, r £ N, 7 G C, hi(z, 0 = 2 - and ^ 2 ( 2 ,0 = 7 - &e starlike in U, for all ( £U, 

C — 2 C + 2 

with h\{ 0,0 = ^ 2 ( 0 , C) = 0 , / ( 2 , 0 € A(r)( with /( 0,0 = 0 and z[H™f ( 2 , 0 ] / H™ f (z, 0 univalent in U for 
all (£U. 

If 

(2.20) + + 2[iL07(2,O]'^ 7 m /(+C) ++ 

(s — z (, + 2 : 


C ^[fl?/(*,C)] a C + * 


C In -r^ <+ 

C — Z 


when the function 


[H?f(z, 0] 2 . 


is univalent in U, for all £ £ U. 
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Proof. In order to prove the theorem, we shall use Lemma C. We let 

(2 22) ~ ^ — ~ r tjm '‘■''V tp™ 

and (2.21) becomes 
(2.23) 


g(z,C) = z[H?f{z,Q]'H?f(z,Q, zeU, (eU 

Cz 


C-z 


++ g(z, C) ++ 


C + z’ 


fz z _ 

where hi(z,Q = --, Wz, O = -- are starlike and g(z,t) given by (2.22) is univalent in U, for all (el/. 

C-z C + z 

Using Lemma C, we have 


Jo S 1 Jo Jo 


1 


C +1 


dt 


and after a short calculus we obtain 


,, C , , W?f{z,Q] 2 , (1 C + Z _ rr 

c In --In —-—, zGU, (&U. 

C z 2 C 


□ 
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Weighted composition operators from 
Zygmund-type spaces to weighted-type spaces 

Yanhua Zhang 


Abstract. In this paper, we investigate the boundedness and compactness of weight¬ 
ed composition operators from Zygmund-type spaces to weighted-type spaces and little 
weighted-type spaces in the unit ball of C™. 

MSC 2000: 47B35, 30H05 

Keywords: Weighted composition operator, Zygmund-type space, weighted-type 
space. 


1 Introduction 


A positive continuous function // on [0,1) is called normal if there exist positive 
bers a and b, 0 < a < b, and 5 £ [0,1) such that (see [13]) 


Uj(t) u(t) 

is decreasing on [(5,1) and lim 


(1 -r) 


r—¥ 1 (1 — r) a 
LL\T) U\T) 

-r-r is increasing on [(5,1) and lim -, 

(1 — r) b 6 1 J r-n (1 — r) b 


= 0 ; 


= oo. 


/ e 

For example, n(r) = (1 — r 2 ) a l log J with a £ (0, oo) and /3 £ [0, oo) is 

normal. 

Let B be the unit ball of C" and H(B) the space of all holomorphic functions 
on B. Let A(B) denote the ball algebra consisting of all functions in II(B) that are 
continuous up to the boundary of B. Let z = (zi,... , z n ) and w = (w i,..., w n ) be 
points in C", we write 

(z,w) = ziwTH-1 ~ z n w^, \z\ = a/|zi| 2 -I-h |^n| 2 - 

Let ^ be normal on [0,1). The weighted-type space, denoted by iT^° = H^(B), 
is the space of all / £ H{B) such that (see, e.g., [15, 16]). 

Il/lltf- = sup/i(|2:|) |/(z)| < OO. 

^ zdB 


fT3° is a Banach space with the norm 


\H?. 


The little weighted-type space, denote 


by H~ 0 , is the subspace of consisting of those / £ H “ such that 

lim n{\z\)\f(z)\ = 0. 

1 * 1 — 


1 
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When /i(r) = (1 — r 2 )“, H™ and 7T“ 0 will be denoted by H and H™ 0 , respectively. 
Let H°° = H°°(B) denote the space of all bounded holomorphic functions on B. 

For f £ H{B), let 5R/ denote the radial derivative of /, that is 

i=i A '° 

We write SR 2 / = SR(SR/). 

The Zygmund space, denote by 2' 2 (B), is the space consisting of all / £ 

H(B) such that 

su P ( 1-H 2 )|5R 2 /( 2 )| <oo. 
zG B 

It is well known that / £ 2 if and only if f £ A(B) and there exists a constant C > 0 
such that 


l/(C + *0 + /(C- h )- 2/(01 <Ch, 

for all C S dB and C ± h £ dB (see [19, p. 261]). 

Let co be normal on [0,1). An / £ H(B) is said to belong to the Zygmund-type 
space, denoted by 2(j = 2’ U] (B), if (see [10, 11, 17]) 

11 /113L = |/(0)| + su P w(|z|) |5R 2 /0)| < 00 . 

2GB 

It is easy to check that is a Banach space under the norm || • || ge u . See [2, 3, 7, 8, 12] 
for more details on the Zygmund space in the unit disk. 

Let if be a holomorphic self-map of B and u £ H(B). The weighted composition 
operator, denoted by i/GL, is defined by 

(uC v f)(z)=u(z)f(f(z)), f £ H(B), z£B. 

When u = 1, the operator uC v is just the composition operator, denoted by 6/. For 
more information about the theory of composition operator, see [1] and the references 
therein. 

In the setting of B, Stevie studied weighted composition operators between 7//° 
and mixed norm spaces in [14], In [9], Li and Stevie studied weighted composition 
operators between H°° and o-Bloch spaces. In [5], Gu studied weighted composition 
operators from generalized weighted Bergman spaces to In [20], Zhu studied 

weighted composition operators from F(p,q,s) spaces to ///'. In [16], the operator 
norm of the weighted composition operator from the Bloch space to II *’ was studied. 
In [15], the essential norm of weighted composition operators from o -Bloch spaces to 
77“ was studied. In [18], Yang studied weighted composition operators from Bloch 
type spaces with normal weight to i7/° 

In this paper, we study the boundedness and compactness of uC v : 2(j —> and 

uC v : —> H^ 0 . Some necessary and sufficient conditions for uC v to be bounded 

or compact are provided. 

Throughout this paper C will denote constants, they are positive and may differ 
from one occurrence to the other, a < b means that there is a positive constant C such 
that a < Cb. If both a < b and b < a hold, then one says that a « b. 

2 


263 


Yanhua Zhang 262-269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


2 Main results and proofs 

In order to prove our main results, we need some auxiliary results which are incorpo¬ 
rated in the following lemmas. The following lemma can be found in [17]. 

Lemma 1. Assume that ut is normal on [0,1 ). If f € „ then 

\f(z)\<c(l + J^' j* ^d?j\\f\\^ 

° r 

for some C independent of f. 

Lemma 2. [20] Assume that p is normal on [0,1). A closed set K in is compact 
if and only if it is bounded and satisfies 

lim sup p(\z\)\f(z)\ = 0 . 

M -*- 1 feK 

By standard arguments similar to those outlined in Proposition 3.11 of [1], the 
following lemma follows. We omit the details. 

Lemma 3. Assume that u> and p are normal on [0,1), u £ H(B) and p is a holomor- 
phic self-map ofB. Then uC v : is compact if and only ifuC v : —> Hff 

is bounded and for any bounded sequence (fk)keN in <2^ which converges to zero uni¬ 
formly on compact subsets ofB as k —> oo, we have \\uC v fk\\H°° —> 0 as k —> oo. 

Lemma 4. [17] Assume that u> is normal and /J Tjfjydt < oo. Then for every bounded 
sequence (fk)ke N C ftfij converging to 0 uniformly on compact subsets of B, we have 
that 

lim sup \f k {z)\ = 0 . 

fc->oo 2 gg 

Lemma 5. [6] Assume that u> is normal. Then exists a function g is holomorphic on 
the unit disk D, g(r ) is increasing on [0,1) and 

0 < Ci = inf u)(r)g(r ) < sup ut(r)g(r ) < C2 < 00. 

r-elO, 1 ) r£[0,l) 

Now we are in a position to state and prove our main results is this paper. 

Theorem 1. Assume that p and u> are normal on [0,1), u £ H{B) and p is a holomor¬ 
phic self-map ofB. Then uC v : ftf, —> H'jf is bounded if and only if 

supm(M)K*)| (1 + [ Mz)l Hz ][~ t dt) < 00. ( 1 ) 

zet3 V Jo w(f) J 


3 


264 


Yanhua Zhang 262-269 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Moreover, when uC v : 22^ —> H c ” is bounded, then 


\\uC v \\ 2 r^ H ~ ~ sup ^(\z\)\u{z)\(l+ f t dt\. (2) 

* zdB \ Jo Oj(t) J 


Proof. Assume that uC v : 2f u —> fT“ is bounded. Taking f{z) = 1 E we get 

(3) 


u £ H°° and 

f 1 


ll w IU~ = H uC V( 1 )ll < WuC^War^H 

Let b £ B. Define 

r (z,b) rr] 

to Jo 


r(z,b) rr] 

fb(z) = / / g(t)dtdrj, 

Jo Jo 


z£B , 


(4) 


where g is defined in Lemma 5. It is easy to check that there is a positive constant C 
such that sup bgB ||/i>||ar„ < C and hence fb £ 22^. Therefore, for every w £ B , 

sup n(\z\)\f v{w )(ip(z))u(z)\ = sup /z( 1 2 1) | {uC v f v ( w ) ) ( 2 ) | 
zeB -<=« 


zeB 


= ||MC , v / v ( w )||i/~ < C\\uC v \\ar w ^.Hz>- (5) 


By Lemma 5 we get 


/•|vO)| 2 I t 

supMH)I«HI / — !L dt<c\\ucj 


iuGS Jo 

After a calculation, we get 


3 r„-i -Hf? < 00. 


f Mw){2 \<p(w)\*-t dt M /-I^I 
Jo u(t) ~ 7o w(f) 


From (6), (7) and the fact that u £ Hff, we see that (1) holds. 

Conversely, suppose that (1) holds. For any / £ 2^, by Lemma 1 we have 

\\uC v f\\ H ~ = sup/id^DKuC^/)^)! 

zGS 

= supn(\z\)\f{<p{z))\\u(z)\ 

z£B 


Therefore (1) implies that i/GL : 2? u —> i7^° is bounded. Moreover 

WuC^War^H™ <Csupn{\z\)\u{z)\(l+ j t dt). 

M zGB V Jo / 

From (3), (6), (7) and (9), (2) follows. □ 


(6) 


(7) 


< C||/II^supMN)K^)I 1+/ ' dt , (8) 

zGB V Jo J 


(9) 
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Theorem 2. Assume that p and u> are normal on [0,1), u £ H(B) and p is a holomor- 
phic self-map ofB. If f Q dt < oo, then uC v : —t H^f is compact if and only 

if" e II?. 

Proof Assume that uC v —> H'f is compact. Then it is clear that uC p : 

is bounded. Taking f(z) = 1, we see that u £ Hff. 

Conversely, suppose that u £ H’jf. Since f Q rffpjdt < oo, then 

Ud(z)\ -t r 1 i - 1 

swpp{\z\)\u(z)\ - ——dt < supp(\z\)\u(z)\ ——dt< oo. (10) 

zGB Jo u(t) zeB Jo w(f) 

For every / £ from (10) we obtain 

p(\z\)\{uC v f){z)\ = p{\z\)\f(p(z))\\u{z)\ 

< C\\f\\^supp{\z\)\u(z)\(l+ j t dt\ 

z&B \ Jo W(t) J 

< C\\f\\ 3 rJ\u\\ H ^ < oo, (11) 

which implies that uC v : —> H™ is bounded. Let (fk)keN be any bounded 

sequence in JZf and / fc —>• 0 uniformly on compact subsets of B as k —> oo. By 
Lemma 4 we obtain 

lim \\uC v f k \\ H oo = lim sup p{\z\)\f k (ip(z))u(z)\ 

k—foo ^ k—foo Z £J3 

< \\u\\h~ lim sup \f k (ip(z))\ = o. 

" fc-> oo zeB 

By Lemma 3, we see that uC v : JL —> IIf J is compact. □ 

Theorem 3. Assume that p and u> are normal on [0,1), u £ H(B), <p is a holomorphic 
self-map of B. Assume that f Q ypjydt = oo. Then uC v : —t H’jf is compact if and 

only if uC v : is bounded and 

lim p(\z\)\u(z) |(l + f MZ) ' =0. (12) 

lv’(«)l—V Jo / 

Proof Assume that uC ::p : —> Ilf- is compact. To prove (12), we only need to 

prove that 

lim p(\z\)\u(z)\ f MZ) ' dt = 0, (13) 

Iv(z)|->1 J o U)(t) 

since they are equivalent. Let (zk)k€N be a sequence in B such that \<p(zk)\ —> 1 as 
k —> oo (if such a sequence does not exist then condition (12) is vacuously satisfied). 
For k £ N, we define 

/ r\v{zk )\ 2 rv \ / r(z,<p( z k)) rri 

fk( z ) = yJ Q J o 9 <J)dtdrjJ yj J ^ g(t)dtdr] 

5 
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It is easy to see that f k £ for every k £ N, sup fegN ||/fc||aL < C and fj- converges 
to 0 uniformly on compact subsets of B as k —> oo. By the assumption and Lemma 3 
we see that lim^oo \\uC v f k \\H ~ = 0. Thus 

rMz k )\ 2 \ w t -112 _ f 

lim »(\z k \)\u(z k )\ / - dt 

fc->oo J Q W(t) 

= lim n{\z k \)\u{z k )\ \f k (ip(z k ))\ 

k —> oo 

< lim sup p(\z\)\{uC^f k ){z)\ = lim \\uC v f k \\ H °° =0, 

k—> oo Z (zg k—> oo M 

which implies 

r\v>(zk)\ t 

lim MW)K**)I / 1 dt = 0. 

fc->oo Jq w(f) 

From this we obtain (12). 

Conversely, suppose that uC v : —>■ iT“ is bounded and (12) holds. Suppose 

that (/fc)fegN is a sequence in such that sup fcgN ||/fc||sL < H and f k —> 0 uni¬ 
formly on compact subsets of B as k oo. By Lemma 3 we only need to show that 
lim fc 

—>■00 \\uC v f k \\ H ™ = 0. 

From (12), for every e > 0, there is a constant s £ (0,1), such that 

when s < \^{z)\ < 1. By Lemma 1, 


\\uC v f k \\ H ~> = swp n{\z\)\(uC v f k )(z)\ 

z&B 

= sup n(\z\)\u(z)\\f k (cp{z))\ 

zGB 


< 


sup n(\z\)\u(z)\\f k (<p{z))\ + C sup fi(\z\)\u{z)\ 

\<p{z)\<s |<p(z)|>s 


1 


r|y( * }l \<p(z)\- t r 

3 W(f) 


dt \\fk\\ar u 


< ||tt||jT“ SU P \fk(v(z))\+cne. 

\<p(z)\<s 


Since f k —»• 0 uniformly on compact subsets of B as k —> oo, we obtain 


limsup sup \f k (<p(z))\ = 0. 

k—> oo \<p(z)\<ri 

Hence limsup^,^^ \\uC v f k \\H°° < Ctle. By the arbitrary of e we obtain that 

lim \\uC v f k \\ H ~ = 0. 

k —>oo M 

Hence uC v : JO, —> IT*' is compact by Lemma 3. □ 
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Theorem 4. Assume that p and u> are normal on [0,1), u £ H(B) and p is a holomor- 
phic self-map ofB. Then uC v : J&h —> is compact if and only if 

'lta „(M)l«Ml(i + f™ ” = °- < 14 > 

Proof. Assume that uC v : 77 “ 0 is compact. Taking f(z ) = 1 and using the 

boundedness of uC v —> 77“ 0 , we get 

.lim MM)Ka)| = 0. (15) 

1 * 1 —»■! 

When Jg 1 dt < oo, then (14) follows by (15). 

Now we consider the case | 0 ' ( ^ dt. = oo. From the assumption, it is obvious that 
i/GL : —> Hf 1 is compact. By Theorem 2, we get 

lim p(\z\)\u(z) |(l+ /' y(Z) ' = 0 . (16) 

IipWK 1 V Jo w vJ J 

By (16), for every e > 0, there exists a p £ (0,1), such that 

MW)K-)l(i + f WI M£)i^^)< £ 

when r/ < | 9 ?(z)| < 1. By (15), for the above s, there is a s £ (0,1), such that 

when s < \z\ < 1 . 

Hence, if s < \z\ < 1 and p < |y>(,z)| < 1, we obtain 

p(\z\)\u(z)\(l + J^ iZ)l ^-^ ^<6. (17) 

Ifs < M < 1 and 195 ( 2 :)| < 77 , we get 

MM)K*0l( 1 + ^ ^t(l) t (it )~i} + Jo fj(^ dt )v(\ z \)\ u ( z )\ < £ - ( 18 ) 

From (17) and (18), we see that (14) holds. 

Conversely, assume that (14) holds. To prove that uC v : 3f u —> 77“ 0 ' s compact, 
by Lemma 2 we only need to prove that 

lim sup p(\z\)\(uC v f)(z)\ = 0. (19) 

Applying Lemma 1, we obtain 

p(\z\)\{uC v f)(z)\ < Cp{\z\)\u(z)\(l + (20) 

Taking the supremum in (20) over the the unit ball in the space , then letting \z\ —> 1 
and applying (14) we get the desired result. □ 
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Abstract: In this paper, we consider the existence of positive solutions to a singular semi- 
positone boundary value problem of nonlinear fractional differential equations. By using 
Krasnoselskii’s fixed point theorem, some sufficient conditions for the existence of positive 
solutions and the eigenvalue intervals on which there exists a positive solution are obtained. 

In addition, two examples are presented to demonstrate the application of our main results. 

Keywords: Fractional differential equation, Singular semipositone boundary value problem, 

Positive solution, fixed point theorem, Eigenvalue. 

2010 Mathematics Subject Classification: 34B15, 34B16, 34B18 

1 Introduction 

In this paper, we discuss the following singular semipositone boundary value problem (BVP for short): 
f D% + u(t) = \f (t,u(t),v(t)), o < i < 1, 

< D$ + v(t) = ng(t,u{t),v(t)) , 0<f < 1, (1.1) 

[ u(0) = tfp) = w'(0) = t/p) = u(0) = i>(l) = v'(0) = t/(l) = 0, 

where 3 < a < 4 is a real number, Dq + is the standard Riemann-Liouville fractional derivative, A, yi are 
positive parameters, and f,g : (0,1) x [0,+oo) x [0, +oo) —> (—oo,+oo) are given continuous functions. 
f,g may be singular at t = 0 and/or t = 1 and may take negative values. By using Krasnoselskii’s 
fixed point theorem, some sufficient conditions for the existence of positive solutions and the eigenvalue 
intervals on which there exists a positive solution are established. 

Singular boundary value problems arise from many fields in physics, biology, chemistry and economics, 
and play a very important role in both theoretical development and application. Recently, some work 
has been done to study the existence of solutions or positive solutions of nonlinear singular semipositone 
boundary value problems by the use of techniques of nonlinear analysis such as Leray-Schauder theory, 
fixed point index theorem, etc[l, 3, 4, 8, 10, 11]. 

In [8], Wang, Liu and Wu have discussed the existence of positive solutions of the following nonlinear 
fractional differential equation boundary value problem with changing sign nonlinearity: 

( DQ + u(t) + A/ ( t , u(t)) = 0, 0 < t < 1, 

( w(0) = u'(0 ) = it(l) = 0, 

where 2 < a < 3 is a real number, Dq + is the standard Riemann-Liouville fractional derivative, A is a 
positive parameter, / may change sign and may be singular at t = 0 and/or t. = 1 and may take negative 
values. 

In [6], Henderson and Luca have considered the existence of positive solutions for the system of 
nonlinear fractional differential equations: 

f D% + u(t) + = 0, fG(0,1), 

1 D !3 0+ v{t) +/jg(t,u(t),v(t)) = 0, fG(0,1), 

‘Supported by NNSF of China (11371368) and HEBNSF of China (A2014506016). 
f Corresponding author. E-mail address: fhanying@126.com (H. Feng). 
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with the coupled integral boundary conditions 

f u( 0) = it'(0) = • • • = u( n_2 )(0) = 0, w'(l) = fg v(s)dH(s), 

u(0) = v'(0) = • • • = u^ ra_2 ^(0) = 0, i/(l) = f Q u(s)dK(s), 

where a £ (n— 1, n], /3 £ (m — 1, m], n, m £ N, n, m > 3, Dg +: Dg + denote the standard Riemann-Liouville 
fractional derivatives, /, g are sign-changing continuous functions and may be nonsingular or singular at 
t = 0 and/or t = 1. 

Motivated by the above work, we consider the existence of positive solutions for the system of fractional 
order singular semipositone BVP (1.1). 

This paper is organized as follows. In Section 2, we present some basic definitions and properties from 
the fractional calculus theory. In Section 3, based on the Krasnoselskii’s fixed point theorem, we prove 
existence theorems of the positive solutions for boundary value problem (1.1). In section 4, two examples 
are presented to illustrate the main results. 


2 Preliminaries 


In this section, we present here the necessary definitions and properties from fractional calculus theory. 
These definitions and properties can be found in the recent literature [2, 5, 7, 9, 10, 12]. 

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a function f : (0, + 00 ) —> 
R is given by 

To+/W = T7“X / (t- s) Q " 1 /(s)ds, t> 0, 

1 do 

provided the right-hand side is pointwise defined on (0, + 00 ). 

Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 for a function / : 
(0, + 00 ) —> R is given by 


Do+m 



1 

T(n — a) 



f(s) 


(t~s) 


a— n+1 


d S, 


t > 0 , 


where n = [a] + 1, [a] denotes the integer part of the number a, provided that the right-hand side is 
pointwise defined on (0, + 00 ). 

Lemma 2.1. Let a > 0. If we assume u £ C( 0,1) fl L(0,1), then the fractional differential equation 


DoM*) = 0 

has solutions u(t) = + C 2 t a ~ 2 + • • • + C n t a ~ n , Ci £ R, i = 1,2,>- -, n, n = [a] + 1. 

Lemma 2.2. Assume that u £ C(0,1) fl L( 0,1) with a fractional derivative of order a(a > 0) that 
belongs to (7(0,1) fl L( 0,1), then 

Ig+DS+u(t) = u(t) + C it*" 1 + C 2 t a ~ 2 + • • • + C n t a ~ n , 


for some (7j £ R, i = 1,2, • • -, n, n = [a] + 1. 

In the following, we present Green’s function of the fractional differential equation boundary value 
problem. 

Lemma 2.3. ([9]) Let y £ (7(0,1) fl L(0,1) and 3 < a < 4, the unique solution of problem 


is 


where 


Dg + u{t) = y(t), 0<t<l, 

it(0) = tt(l) = t/(0) = u' {!) = 0, 


u{t)= [ G(t,s)y(s)ds, 
Jo 


G(t,s) = 


(t — s) a 1 + (1 — s)“ 2 t a 2 [(s — t) + (a — 2)(1 — f)s] 

f(^ 

<“- 2 (l - s) a ~ 2 [(s - t) + (a - 2)(1 - t)s] 

T(«) 


,0 < s <t < 1, 


0 < t < s < 1. 


( 2 . 1 ) 


( 2 . 2 ) 
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Here G(t, s ) is called the Green’s function of BVP (2.1). 

Lemma 2.4. ([9, 10]) The function G(t,s) defined by (2.2) possesses the following properties: 

(1) G(f, s) > 0, for t, s £ (0,1); 

(2 ) G(t, s) = G(1 — s, 1 — f), for t, s £ (0,1); 

(3) f“ _2 (l — t) 2 q(s ) < G(t, s) < (a — 1 )q(s), for t, s £ (0,1); 

(4) f“ _2 (l — t) 2 q(s) < G(t , s) < ((a — l)(a — 2)/T(a)) t“ _2 (l — t) 2 , for t,s £ (0,1), 
where q(s) = ((a — 2)/F(a)) s 2 (l — s) a ~ 2 . 

Lemma 2.5. The function q( 1 — t) has the property: 

f 2\ 4(a — 2)“ _1 

te(o,i) \ a J T(a)a“ 

Proof. From Lemma 2.4, we can easily get q( 1 — t) = 1 — t) 2 . Let F(t) = f“ _2 ( 1 — t) 2 , then 

a — 2 


F'(t) = (1 — t)t a 3 [—at + {a — 2)], for t € (0,1). Let F’(t) = 0, we get to = 

UC 

Since 3 < a < 4, we can know 0 < to < 1- So, the function F(t) achieve the maximum when t = 

'a — 2\ 4(a — 2) a ~ 2 , . , f 2\ 4(a - 2) 

-, thus, max q(l — t) = q — = — . 

a a te(o,i) y 1 \atj T(a)a' 


a- 2 


Therefore max F(t) = F 

te(o,i) \ a 


a 

a.— 1 


Do+u{t) = pi(t), 0<t< 1, 
u(0) = u( 1) = w'(0) = u'( 1) = 0, 


Lemma 2.6. Let pi £ G( 0,1) fl L{ 0,1) with Pi(t) > 0,i = 1, 2, then the boundary value problem 

(2.3) 

has a unique solution Wi(t) = f* G(t, s)pi(s)ds with 

Wi(t) < (a- l)q(l-t) [ pi(s)ds,t £ [0,1], i = 1,2. (2.4) 

J o 

Proof. By Lemma 2,3 and Lemma 2.4, we have Wi(t) = f 0 G(t, s)pi(s)ds is the unicjue solution of 
(2.3) and 

Wi(t) = f G(t, s)pi(s)ds < (a - l)g(l - t) f pi(s)ds, i = 1,2. 

Jo Jo 

The proof is completed. 

For any x £ C[ 0,1], we define a function [£(•)]* : [0,1] —t [0,+oo) by 


[*(')]* = 


x(t), x(t) > 0, 


0, 


x(t) < 0. 


In order to overcome the difficulty associated with semipositone, we consider the following approxi¬ 
mately singular nonlinear differential system: 


D% + u(t) = A 
D o+v(t) = H 


f (t, [w(t) - Awi(t)]* , [u(t) - fj,w 2 (t)]*) +pi(t)] , 0 < t < 1, 

g (t, [ u(t ) - \wi{t)]* , [c(t) - pw 2 (t)]*) +P 2 {t)\ , 0 < t < 1, 


(2.5) 


t(0) = u( 1) = u'(0) = u'( 1) = v(0) = u(l) = v'(0) = v'(l) = 0, 


where Wi(t)(i = 1, 2) are defined in Lemma 2.6. 

It is well-known that the problem (2.5) can be written equivalently as the following nonlinear system 
of integral equations 


u(t) = A f G(t,s) [f (s, [u(s) - Xwi(s))* , [v(s) - fiw 2 (s)]*) +Pi(t)] ds,0 < t < 1, 

J 0i 

v(t) = p j G(t,s) [g (s, [u(s) — Awi(s)]* , [v(s) — nw 2 (s)]*) +p 2 (t)\ ds,0 < t < 1. 

Jo 


( 2 . 6 ) 


We consider the Banach space X = G[0,1] with the norm ||w|| = max |«(t)|, and the Banach space 


Y = X x X with the norm ||(u,u)|| = max{||u|| , ||u|| 
We define the cone P C Y by 

Cit a —2 (1 — f ) 2 


P = < (u, v) £ Y\u(t) > 


a — 1 


(u,v)[[,v(t) > Clt ^ ||(u,v)|| ,t £ [0,1] } . 
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For A, y > 0, we define the operators T\,T 2 :Y —> X and T : Y —>■ Y as follows: 

| T 1 (u,v)(t) = A J G(t,s)[f (s,[u{s)~ Xw 1 {s)}* ,[v{s)~ yw 2 (s)]*)+p 1 (t)]ds,0<t<l, 

T 2 (u, v)(t) = n J G(t,s) [g (s, [u(s) - Xwi(s)]* r [v(s) - yw 2 (s)]*) + p 2 (t)\ ds,0 < t < 1, 

and T(u, v) = (T\{u, v),T 2 (u, v)) , (u, v) G Y. Thus, the solutions of our problem (2.5) are the fixed points 
of the operator T. 

Lemma 2.7. ([5]) Let E be a Banach space, and let P C E be a cone in E. Assume fii, fi 2 be two 
open subsets of E with 9 G fii C fii C fi 2 , and let T : P —> P be a completely continuous operator such 
that either 

(i) ||Tw|| < ||u;|| ,w G PH <9fii, ||Tw|| > ||u>||, w G P D <9fi 2 , or 

(ii) ||Tw|| > ||w|| , w G Pndfli, ||Tu>|| < ||rc||, w G Pfl<9fi 2 
holds. Then T has a fixed point in P fl fi 2 \fii- 


3 Main results and proof 

For convenience, throughout the rest of the paper, we make the following assumptions: 

(Hi) f,gGC ((0,1) x [0, +oo) x [0, +oo), (—oo, +oo)) and there exist functions Pi, di, k G L ((0,1), [0, 
+ oo)) fl C ((0,1), [0, Too)) and h G C ([0, Too) x [0, Too), [0, Too)) such that 

ai (t)h(x,y) < f(t, x, y) + Pi(t) < k(t)h(x,y), 
a 2 (t)h(x,y) < g(t,x,y) T p 2 (t) < k(t)h(x,y), 


where a.j(f) > Cjfc(f) a.e. t G (0,1), 0 < c* < l,i = 1,2, V(t, x,y) G (0,1) x [0, Too) x [0, Too). 
(H 2 ) There exists (a, 6) C [0,1] such that 


• /(f, a?, y) 

lim mm -—- = Too, or 

£—>+00 te[a,b] X 


lim min 

x-H-oo te[a,6] 


9 (t,x,y) 

x 


= Too. 


(H 3 ) There exists (c, d) C [0,1] such that 


lim min f(t,x,y) > 

x->+oo te[c,d] 


2(a — 1 ) 2 (a — 2)ri 
cic 2 (l — d) 2 r(a) q(s)ds 


or 


lim min g(t,x,y) > 

x->+oo te[c,d] 


2(a — l) 2 (a — 2)r 2 
c 2 c 2 (1 — d) 2 r(a) / c d <7(s)ds 


where r\ = f Q p 1 (s)ds,r 2 = f Q p 2 (s)ds, and 


lim 

x,y —>+oo 


h{x,y) 

x 


= 0 . 


Lemma 3.1. T : P —> P is a completely continuous operator. 

Proof. Let (u, v) G P be an arbitrary element. From Lemma 2.4 and (Hi), we can get 


\\ T i (fo v) || = max |Ti (u, v) ( t ) | 

<({<* - 1 )q(s) [f (s, [u(s) - Awi(s)]*, [v{s) - yw 2 {s)}*) + Pi(t)] ds 
^0 


<(a 


1) [ q(s)k(s)h([u(s) - \w!(s)]* ,[v(s) - pw 2 (s)}*) ds, 
Jo 
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\\ t 2 (u,v)\\ = max \T 2 (u,v)(t)\ 


(3.1) 


< f {a-l)q(s) [g (s,[u(s) - Xwx^s)]* ,[v(s) - iiw 2 {s)}*)+p 2 {t)\ds 
Jo 

<(a—1) [ q(s)k(s)h ([u(s) - Xwi(s)]* ,[v(s) - p,w 2 (s)]*) ds, 

Jo 

Hence, we obtain 

||T 1 («,u)|| < (a - 1) [ q(s) [k(s)h([u(s) - w^s)]* ,[v(s) - w 2 (s)]*)] ds. 

Jo 

By (Hi) and (3.1), we have 

Ti{u,v)(t) >f“~ 2 ( 1 - t) 2 [ q(s) [f (s, [u(s) - Awi(s)]*, [v(s) - fj,w 2 (s)]*) + Pi{t)] ds 

Jo 

>t a ~ 2 { 1 - t ) 2 f q{s)ai(s)h ([u(s) - Awi(s)]* , [i>(s) - fiw 2 (s)]*) ds 
Jo 

>cit Q_2 (l — t) 2 f q{s)k{s)h ([w(s) — Au>i(s)]* , [u(s) — / j,w 2 {s )]*) ds 
Jo 

dt a - 2 (l-t) 2 

>-1-ll T 0bP)ll • 

d — 1 

Q2t a ~ 2(1 t)^ 1 

In the similar manner, we deduce T 2 (u,v)(t ) > ---||T(tt,t>)|| . 

a — 1 

Thus T(u,v) G P, that is T(P) C P. 

According to the Arzela-Ascoli theorem, we can easily get that T : P —> P is a completely continuous 
operator. The proof is completed. 

Theorem 3.1. If (Hi) and (H 2 ) hold, then there exists ?y > 0 such that the BVP (1.1) has at least 
one positive solution for any A, p € (0, rf). 

Proof. Choose Pi = max ( ^ a ~^. r ^y 2 ^ r * , i = l,2j. Let 


ry = min < 1, 


T(a)a a Ri 


where 


4(a — l)(a — 2)“ 1 h*(Ri) f* k(s)ds 


h*(Ri)= max h(x,y). 

x,ye[0,Ri] 


(3.2) 


Suppose A,/i € (0, 77 ), let Pr, = {(u,t>) G P, ||(u,t;)|| < Pi}, for any (u,v) G 9Pr i; that is ||(u,u)|| = 
R\. Noticing that 

.. cit a ~ 2 — t) 2 , ... cit Q_2 (l — t) 2 

u(t)> - : — — ||(w,u)|| = - 7 - 7 — —Pi, *e[ 0 , 1 ], 


a — 1 

v(t) > - z - \\{u,v)\\ = 

a — l 


a — 1 
c 2 t Q ~ 2 (l - 1) 2 
a — 1 


Pi, t G [0,1], 


and 


Wi(t) < (a — l)g(l — t) f pi(s)ds = (a — l)g(l — t)r± 

Jo 

w 2 (t) < (a — l)q(l - t) j p 2 {s)ds = (a - l)g(l - t)r 2 
Jo 

for any t G [0,1], we get that 

CiT(a;)P.i 


0 < 
0 < 


(a — l)(o — 2) 


- (a - l)ri 


c 2 T(a)R 


(a — l)(a — 2) 


- (a - l)r 2 


q(l — t) < u(t) — Xwi(t) < Pi, 
q( 1 — t)< v(t) — pw 2 (t) < R\. 


(3.3) 
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Then from (Hi) and Lemma 2.5, we have 

Ti(u,v)(t) =X [ G(t,s)[f (s,u(s) - Xwi(s),v(s) - nw 2 (s)) +pi(s)]ds 

J o 

<A(a — 1 ) 9(1 — t) / k(s)h (u(s) — Xiui(s),v(s) — fj,w 2 (s)) ds 

J 0 


<X(a — l)q(l — t)h*(Ri) j k(s)ds 

Jo 


< 


4A(a — I)(a — 2) a ~ 1 h*(R±) f 1 


r(a)a° 


/c(s)ds 


<Ri- 

In the similar manner, we deduce 


T 2 (u,v)(t) / G(t,s)[g(s,u(s) ~ Xw 1 (s),v(s) - fxw 2 (s))+p 2 (s)]ds 

Jo 

<p(a — 1 ) 9(1 — t) / k(s)h (u(s) — Xwi(s),v(s) — pw 2 (s)) ds 

Jo 

<p(a — l)<z(l — t)h*(Ri) f k(s)ds 

Jo 


< 


dp{a — l)(a — 2) a ~ 1 h*(Ri) f 1 


T(a)a° 


k(s)ds 




Thus 


||r(u,u)|| < ||(u,w)|| y(u,v) £ dP Rl . 

On the other hand, choose a constant L > 0 such that 

r 6 

L > 


CiAa 4 (l - b) 4 f a q(s)ds 
By (H 2 ), there exists a constant N > 0 such that for any t £ [a,b],x > N, we have 

f(t,x,y ) 


Select 


R 2 > max l 2Ri , 


> L. 


6 N 


(3.4) 


(3.5) 


Cia 2 (l — b) 2 

Then for any (u,v) £ 0 Pr 2 , we have u(t) — Xwi(t) > 0 ,v(t) — pw 2 (t) > 0 ,t £ [0,1]. Moreover, by 
R 2 > 2 Ri, we have 

(a — l)(a — 2)n cii? 2 


r (a) 

thus for any t £ [a, b ], noticing 2 < a — 1 < 3, 


2(a — 1) ’ 


, . . dt“ 2 (1 — t,) 2 (a— l)(a — 2) o 2 

u(t) - Xwi(t) >- - V 1 ’ R 2 - K - ---t“" 2 (l - f) 2 n 


a — 1 
>t a_2 (i - tf 

>a“" 2 ( 1 - b) 2 


T(a) 

CiR 2 (a - l)(a - 2)rr 


> 


> 


(a — 1) T(a) 

c\R 2 C\R 2 
(a - 1) ~~ 2(a — 1) 
a a_2 (l - b) 2 c\R 2 
2(a-l) 
a 2 (l — b) 2 c\R 2 
6 ' 
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noticing R 2 > Cia 2 (1 ^ b p , we have 


u ( t ) — Xwi ( t ) > - 

Hence from (3.5) and Lemma 2.5, we get 


\l-b) 2 Cl R 2 


> N. 


T 1 (u,v)(t)=X [ G(t,s)[f (s,u(s) - Xwi(s),v(s) - nw 2 (s)) + pi(s)]ds 
Jo 

f b 

>A / G(t, s)f (s, u(s) — Xwi(s), v(s) — nw 2 (s)) ds 

J a 

>XL f G(t, s) [u(s) — Xwi(s)]ds 

J a 


> Cia a (l-i.) a AIfi 2 C (M)dj 


> 


> 


6 


cia 2 (l - b) 2 XLR 2 _ 


6 

c 1 a 2 (l-b) 2 XLR 2 

6 


t a ~ 2 (l-t) 2 [ q(s)ds 

J a 

r b 

/ q{s)ds min {t a ~ 2 (l-t) 2 \ 
Ja te[a,b] 


Cl a 4 (l - b) 4 XLR 2 f b 
> -^- / q(s)ds 


>R 2 


Thus 


6 


||r(u,u)|| > ||(u,u)|| y(u,v) G 8Pr 2 . 


In the similar manner, we can get the same result when lim min = +oo. 

®->-+oo te[o,b] X 

By using Lemma 2.7, we conclude that T has a fixed point (u,v) such that R\ < ||(u, u)|| < R 2 . 
Notice that (u(t), v(t)) is a solution of system (2.5) and Wi(t){i = 1,2) are solutions of system (2.3). Thus 
(u(t) — Xwi(t),v(t) — /j,w 2 (t)) is a positive solution of the singular semipositone BVP (1.1). 

Theorem 3.2. If (Hi) and (H3) hold, then there exists rj > 0 such that BVP (1.1) has at least one 
positive solution for any A,/i £ (fj, +00). 

Proof. By the first of (H3), we have that there exists a constant N > 0 such that for any t £ [c,cC\,u> 
N, we have 

f( . 2 (a-l) 2 (a- 2 )n 


Select 


77 = 


CiC 2 (l — d) 2 T(a) f c q(s)ds 
NT (a) 

c 2 (l — d) 2 (a — l)(a — 2)ri ' 


In the following of the proof, we suppose A, fj, > rj. 

Let 

_ 2A(a-l) 2 (q~2)ri 

3 Cl r(a) 

Pr 3 = {( M i' t; ) S P, ||(u,u)|| < R 3 }, for any (u,v) £ dP Rs , that is ||(u,t;)|| = R 3 . Then 

. . . cH q " 2 (1 — t) 2 A(a — l)(a — 2) 2 2 

u(t) - X Wl (t) >-i- K -^^R 3 - — -- -t a ~ 2 ( 1 - tfr 1 


a — 1 
>t a_2 (l - t) 2 


P(a) 

c\R 3 A(a — l)(a — 2)ri 


>t“" 2 (l-t) 


(a — 1) r(a) 

2 A(a — l)(a — 2)ri 

r(a) 
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— c a ~ 2 
>N. 

Hence for (u,v) G dPn 3 ,t G [c, d], we have 




c“ - ^( 1 — d ) 2 


T 1 (u,v)(t)=\ [ G(t,s)[f (s,u(s) - \wi(s),v(s) - nw2(s))+pi{s)]ds 
Jo 

f d 

>A / G(f, s)/ (s, m(s) — Awi(s), u(s) — fiw 2 (s)) ds 

J C 

l 

G{t , s)ds 

r d 

-t a ~ 2 (l-t ) 2 q(s)ds 

> J C 


>A 

>A 


2 (q-l) 2 (g- 2 )r 1 f° 
cic 2 (l — d) 2 r(g) fdq(s)dsJc 
2 (a — l) 2 (a — 2 )n 
cic 2 (l — d) 2 r(a) / c %(s)ds 

R3 t“- 2 (l-t ) 2 


c 2 (l — d ) 2 

>i?3- 


Thus 

||T’(u,u)|| > ||(u,u)|| , V(u, i>) e < 9 Pr 3 . 

In the similar manner, we can get the same result when 

v ^ w 2(a-l) 2 (a-2)r 2 

hm mm qit.x.y) > --j-. 

re—>+oo te[c,d] c 2 c 2 (l — d) 2 T(a) J c g(s)ds 

On the other hand, ft.(t) is continuous on [0, +oo) x [0, +oo), from the limit of (H 3 ), we known 

lim tdil =0 . 


z— >+00 z 


where h*{z) is defined by (3.2). For 


£ = 


F(a)a° 


4(a — l)(a — 2)“ 1 max{A,/u} f* k(s)ds 


there exists TV > 0 such that when z > N, we have h*{z) < ez. 

Select i ?4 > max|i? 3 ,iv|, then for (u,v) G <9Pr 4 , we get 

Ti(u,v){t) =A [ G(t, s) [f (s,u(s) - \wi(s),v(s) - nw 2 (s)) + pi(s)] ds 
Jo 

<A(a — 1 ) 9(1 — t) / k(s)h (u{s) — Xwi(s), v{s) — /iw 2 (s)) ds 
Jo 

<\{a — l)g(l — t)/i*(i? 4 ) f k{s)ds 

Jo 


< 


4A(a- l)(a-2) Q - 1 £i ? 4 f 1 


r(a)a° 


/c(s)ds 


<i?4- 

In the similar manner, we deduce 


T 2 (u,v)(t) =n / G(t,s) [5 (s,u(s) - Awi(s),u(s) - nw 2 (s)) + p 2 (s)] ds 
Jo 

<fi(a — 1)9(1 — t) / k{s)h (u(s) — Awi(s), v(s) — /j,w 2 (s)) ds 

do 


(3.6) 
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<A(a — l)g(l — t)h*{Ri) J k(s)ds 

< 4 / x(a-l)(g-2r-^y 

r(a)a“ J 0 1 

<R 4 . 

Thus 

\\T(u, w)|| < ||(u,u)|| ,V(u,v) G dP Ri . 

Therefore, applying Lemma 2.7, we conclude that T has a fixed point (u, v) such that R 3 < ||(w, i>)|| < 
R 4 . Notice that (u(t),v(t)) is a solution of system (2.5) and Wi(t)(i = 1,2) are solutions of system (2.3). 
Thus (u(t) — Xwi(t),v(t) — nw 2 {t)) is a positive solution of the singular semipositone BVP (1.1). 

Remark 3.1. The conclusion of Theorem 3.1 is valid if (H 2 ) is replaced by 
(Hj) There exists (a, b) C [0,1] such that 


lim min 

y->+00 te[a,b] 


f(t.,x,y) +pi(t) 

y 


> L , or 


lim min 

y-H-00 te[a,b] 


g(t,x,y)+p 1 (t) 

V 


> L. 


where L > -r-. 

c 2 /m 4 (l ^ b) 4 f a g(s)ds 

Remark 3.2. The conclusion of Theorem 3.2 is valid if (H 3 ) is replaced by 
(H3) There exists (c,d) C [0,1] such that 


lim min f(t,x,y) = + 00 , or 

x ->+00 te[ c ,d] 

lim min g(t,x,y) = + 00 , 

x ->+00 t£[ c ,d] 


and 


lim 

x,y-¥-\- 00 


h(x,y) 

X 


= 0 . 


4 Examples 


Now, we present two examples to illustrate the main results. 

Example 4.1. Consider the following system of fractional differential equations 

j D§ + u{t) = (u 2 +v 2 ) - 0 < * < 1, 

| ^o + «W = ^'3(u 2 +v 2 )--r5, 0 < t < 1, 

l u(0) = u(l) = i/(0) = u'( 1) = i>(0) = i>(l) = v'(0) = r/(l) = 0. 


(4.1) 


In BVP (4.1), cc =5 and 


f{t,u,v) = ^t 3 (u 2 + v 2 ) - if s 
g(t,u,v) = ^t ~3 (u 2 + v 2 ) 


for t € [0,1], u, v > 0. 

We deduce pi ( t ) = 
and 


1 1 qp 2 (t) = \t *,k{t) = \t 3 , ai (t) = \t 3 , Ci 


lim min 


f(t,u,v) 

u 


= + 00 . 


|, i = 1,2. h(u, v) = u 2 + v 2 , 


So all conditions of Theorem 3.1 are satisfied. Hence it follows from Theorem 3.1 that BVP (4.1) has at 
least one positive solution. 
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Example 4.2. Consider the following system of fractional differential equations 


D l+u(t) = i (ln(l + u) + ^ 
Dfi + v(t) = fln(l + u) + 


1 _i 
_ 16 ^ 8 ’ 


0 < t < 1, 


v + 1 


— -t 4 , 0 < t < 1, 


(4.2) 


y 'u(O) = u( 1) = 'u'(O) = u'( 1) = v(0) = v(l) = i/(0) = v'(l) = 0. 
In BYP (4.2), a = \ and 


f(t,u,v) = —t 5 ^ln(l+u) + 
g(t,u,v ) = \t~i fln(l + u) + 


1 


v + 1 

1 


V + 1 


16 * 8 ’ 


— —t 4 
4 ’ 


for t £ [0, l],u, v > 0. 

We deduce pi(t) = p 2 {t) = \t~i,k(t) = = \,i = 1,2. h(u,v) = 

ln(l + u) + and 


lim min f(t,u,v)=+ oo, 

M ->+00 


lim Ldid =0 . 
u,v->-\- oo u 

So all conditions of Remark 3.2 are satisfied. Hence it follows from Corollary 3.2 that BVP (4.2) has at 
least one positive solution. 
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Abstract 

In this work, we consider the following nonlinear fractional differential equation with infinite-point 
boundary value condition 

' V a x(t) + r(t)f(t, x(t)) + q{t) = 0, t € (0,1), 

*(0) = a/(0) = • • • = ® n ~ 2 (0) = 0, 

oo ( 0 - 1 ) 

P(l) - X'L-'W 

- 3 = 1 

where a > 2 , n — 1 < a < n, i G [0, n — 2 ] is a fixed integer, otj > 0, 

o < n < & < • • • < 0-1 < 0 < • • • < Vi = r 2 . • • •)> 


A — y}} a j^j 1 > 0 and 
i =1 


M = 0, 

(a — l)(a — 2 ) • • • (a — i),i £ ( 0 , n — 2], 


( 0 . 2 ) 


By the Lipschitz constant related to the first eigenvalue corresponding to the relevant operator and a /.to- 
bounded positive operator, we prove the existence and uniqueness of the positive solution of the fractional 
differential equation(O.l). Finally an example is given to illustrate the effectiveness of our result. 


Keywords: fractional differential equations; /uo-bounded positive operators; the first eigenvalues; Green func¬ 
tions; completely continuous operators 


1 Introduction 


In recent years, boundary value problems of nonlinear fractional differential equations have been studied 
extensively in resent works [1-8]. Most of the results have at least one and multiple positive solutions by 
the theory of nonlinear analysis. For example, the authors [1] considered the existence of multiple positive 
solutions of the following fractional differential equation 


V a x(t) + q(t)f(t, x(t)) = 0, t G (0,1), 
x( 0 ) = a/( 0 ) = • • • = x n ~ 2 ( 0 ) = 0 , 

OO 

P(!) = '52<x j x(£ j ), 

3=1 


( 1 . 1 ) 


*The work was supported by the Foundation of Department of Education of Jiangxi Province(No. GJJ1520008). 
t Corresponding author 
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where is the standard Riemann-Liouville derivative a> 2, n— l<a<n and i £ [l,n — 2] is a 

OO 

fixed integer, cxj > 0 , 0 < < £ 2 < • • • < £,•_i < ^ < ■■■ < 1 (j = 1,2,...), A — ^ > 

t=i 

A = (a — l)(a — 2) • • • (a — i). They established the existence results by introducing height function and 
Guo-Krasnosel’skii fixed point theorem of cone expansion-compression and obtained several local existence 
and multiplicity of positive solutions. In [2] the authors studied the existence of solutions of the following 
fractional differential equation: 

f - T> a x(t) = q(t)f(t, x(t)) - pit), 0 < t < 1 , 
ar(0) = a/(0) = x(l) = 0, 

where V a is the standard Riemann-Liouville derivative, 2 < a < 3 is a real number, p : (0,1) —»• [0, + 00 ) is 
Lebesgue integrable and may be singular at some zero measure set of (0,1). They obtained that the existence 
and multiplicity of positive solutions by Krasnosel’skii fixed point theorem. In [3] the authors studied the 
fractional differential equation 


-V a x{t) = q(t)f(t,x(t)) +p(t), 0 < t < 1, 
x(0) = 2 /( 0 ) = x(l) = 0, 


where 2 < a < 3 is a real number, and got the uniqueness of solution under the assumption that f(t,x) is 
a Lipschitz continuous function. Some similar results of the existence and multiplicity of positive solutions 
can refer to [5, 7 TO, 12, 13]. But the uniqueness of positive solutions of fractional differential equations are 
seldom considered in recent works. Motivated by the above results, we study the existence and uniqueness 
of the positive solution of the fractional differential equation ( 0 . 1 ) under the assumption that f(t,x) is a 
Lipschitz continuous function. Then we obtain some results by the basic properties of /.io-bounded positive 
operators. Our results extend the corresponding results of [1, 3, 4], 

For the sake of description, we list three conditions as follows: 

(LI) q : (0,1) —> R. is continuous and Lebesgue integrable; 

(L 2 ) r : ( 0 , 1 ) —x [ 0 , + 00 ) is a continuous function which does not vanish identically on any subinterval of 
( 0 , 1 ) and satisfies 

0 < f r{s)ds < + 00 ; 


Jo 


(L3) / : [0,1] xIh [0, + 00 ) is continuous. 


2 Preliminaries 

For the convenience of the reader, we present the necessary definitions and lemmas from fractional calculus 
theory. These definitions and lemmas can be found in monographs [1-6, 10]. 

Definition 2.1. ([10]) The Riemann-Liouville fractional integral of order a > 0 of a function f : (0, + 00 ) —> 
R is given by 

*“/(*) = r^r A t-s)t a ~Vf(s)ds, 

r(a) Jo 

provided that the right-hand side is point wise defined on ( 0 ,+ 00 ). 

Definition 2.2. ([10]) The Riemann-Liouville fractional derivative of order a > 0 of a continuous function 
f : (0, + 00 ) — > R is given by 

v a f(t) = 1 Ar A t sy n - a -»f{s)ds, 

1 (n — a) dt J o 

where n — 1 < a < n, provided that the right-hand side is point wise defined on ( 0 , + 00 ). 
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Lemma 2.1. ([10]) Assume that x £ <7(0,1) (") L(0,1) with a fractional derivative of order a > 0, then 

I a T> a x(t) = x(t) + cit*- 1 + C 2 t a ~ 2 + • • • + c n t a ~ n , 


where Ci £ R(i = 1,2 ,--- , n), n is the smallest integer greater than or equal to a. 

In this paper the norm of E = C[0,1] is defined by ||a:|| = max |x(t)| and P = {x £ E\x(t) > 0, t £ [0,1]} 

te [o,i] 

is a cone of E. The following conceptions come from Krasnosel’skill [12] and [1], 

Definition 2.3. ([4]) A bounded linear operator T : E —> E is called a p^-bounded positive operator if there 
exists po £ E \ (— P) such that for each x £ E \ (-P), there exist a natural number n and positive constants 
a(x), /3(x) such that 

a(x)p o < T n x < P(x)p o- 

Lemma 2.2. ([4]) Suppose that T : E —» E is a completely continuous po-bounded positive operator and 
T(P) C P. If there exist ip £ E \ (— P) and a constant c > 0 such that cTip > ip, then the spectral radius 
r(T) ^ 0 and T has only one positive eigenfunction <p corresponding to its first eigenvalue Ai = (r(T))~ 1 , 
i.e. p = Ai Tip. 

Lemma 2.3. Given y £ C[ 0,1] f] L[ 0,1], then the unique solution of the following equation: 


' V a x(t)+y(t) = 0,t£(0,l), 
x(0) = a/(0) = • • • = x n ~ 2 (0) = 0, 

OO 

j =i 


( 2 . 1 ) 


is 

x{t) 


where G(t, s ) is Green’s function given by 



G(t,s)y(s)ds, 


G(t, s) 


1 j t a - 1 p{s)( 1 - s)*- 1 - 1 -p{0){t - s )“-\0 < s<t< 1 , 
p(0)T(a) {^-^(l - s 0 < t < s < 1 , 


( 2 . 2 ) 


herep(s) = A - £ s < € . aj(^) Q Hl-s) 1 - 

Proof. The proof is similar to that of Lemma 2.2 of [4], so we omit the details. □ 

Lemma 2.4. (1)The function p(s) in Lemma 2.3 satisfies that p(s) > 0 and p(s) is increasing on [0,1]; 
(2)For each s £ [ 0 , 1 ], we have m\s + p( 0 ) < p(s) < Mi +p( 0 ), where 


Mi 


sup 

0<s<l 


p(s) -p{0) 

S 


m i 


inf 

0<s<l 


p(s)-p( 0 )_ 

S 


(S)G(t,s)> 0 , Vi, a £(0,1); 

(4) mis(l — s) a ~ 1 ~n a ~ 1 < p(0)T(a)G(t , s) < [Mi +p(0)?r]s(l — s) a_1_l , Vi, s £ (0,1); 

(5) mis(l — s) a_ 1 _ *i “ _1 < p(0)T(a)G(t, s) < [Mi +p(0)?r](l — s) a ~ 1 ~' l t a ~ 1 , Vi, s £ (0,1). 

Proof. We only prove (4) and (5) since the proofs of (1), (2) and (3) are easy. 
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When 0 < s < i < 1, we have 

p(0)r(a)G(t,s) = < Q_ V(s)(l - -p(0)(t - s) a_1 

= \p{a) - P mt a -\l - S) 0 " 1 "* + p(0)[t“" 1 (l ^ s) Q ^ 1 " i - (t - s)*" 1 ] 
> wist a_1 (l - s) a - % ^ + p(0)i a_1 [(l - s) 0 " 1 "' - (1 - J) 0 " 1 ] 


p(0)r(a)G(t,s) = 


< 

< 

< 

< 


t°‘- 1 p(s)( 1 - -p(0)(i - s) a_1 

[p(s) — p(0)]i“- 1 (l - s)"- 1 " 1 +p(0)[t“" 1 (l - s) a_1 ”* - (t - s) a_1 ] 

Misi Q_1 (l - s) Q " 1_i + p(0)i a_1 (l - s ) a ~ 1-i [i _ (l _ -)"- 1 ] 

Mist a ~ l (l - s)*- 1 - 1 +p(0)t a ~\l - _ (1 _ £)][i + (1 -£) + ... + (1 

Misi a_1 (l - s)"" 1 ^ + np(0)i a_1 (l - s) a_1_i - 

[M 1 +p(0)n\s(l-s) a - 1 - i . 


When 0 < f < s < 1, we have 

p(0)r(a)G(t,s) 

= 



= 

\p(s) — p(0)]t““ 1 (l - s) 0 - 1 ^ +p(0)i“- 1 (l - s)"" 1 " 4 


> 


and 

p(0)r(a)G(t,s) 

= 

i a_1 p(s)(l - 


= 

[p(a) -p(0)]i““ 1 (l - s)“" 1_! +p(0)f' 1 (l - s)"" 1 " 4 


< 

Afisi Q_1 (l - s)^ 1 " 4 + np(0)t a_1 (l - s) 0 " 1 " 4 


< 

[Mi+p(0)n\s(l-s) a ^\ 

So (4) is proved. Now we prove (5). 

We only prove 


p(0)r(a)G(i, s) < [Mi + p(0)n](l — s) a 1 l t a *,Vi, s € (0,1). 


5 

t 


^n—1 


When 0 < s < t < 1, from the proof process of (4) we have 

p(0)r(a)G(i, s) < M lS t a ~\ 1 - s) 0 " 1 - 1 + np(0)t a_1 ( 1 - s) 0 " 1 "' 
So 

p(0)r(a)G(i, s) < [Mi +p(0)n](l — s) a-1- *i a-1 . 

When 0 < t < s < 1, we have similarly that 

p(0)r(a)G(M) < [Mi +p(0)n](l - 


Now let Pi = {x € £7|a:(i) > 


m\t a 1 
Mi +p(0)n 


} and two operators T and A be defined, respectively, by 


and 


(Tx)(t) = f G(t, s)r(s)x(s)ds,t € [0, l],ar e G[0,1] 

Jo 

(Ax)(t) = [ G(t,s)[r(s)f(s,x(s)) + q(s)]ds,t € [0, l],x G G[0,1]. 
Jo 


□ 
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Lemma 2.5. T : Pi —> Pi is a linear completely continuous operator and a p,Q-bounded positive operator 
with po (t) = t a ~ 1 . 

Proof. According to Lemma 2.4 for any k\, k 2 G K. and x\, x 2 , x G E we have 
T{k\X\ + k 2 x 2 )(t) = f G(t,s)r(s)(kixi + k 2 x 2 )(s)ds 

Jo 

G(t,s)r(s)xi(s)ds + k 2 / G(t.,s)r(s)x 2 (s)ds 

Jo 

= ki(Txi)(t) + k 2 (Tx 2 )(t), 



\\Tx\\ 


max \(Tx)(t)\ = 

te [o,i] 


< 


max / G(t, s)r(s)x(s)ds 
[o,i] J g 


M 1+ p(0)n f 1 

p(0)T(a) J o 51 


s) a 1 l r(s)x(s)ds, 


and 


(Tx)(t) 


G(t,s)r(s)x(s)ds > 


> 


m\t a 1 /' 

p(o)r(a) J 0 

Mi +p(0)n 


s(l-s)“- 1 
l|r*|| g Pi. 


l r(s)x(s)ds 


Notice the continuity of G(t, s), by a standard argument it is not difficult to prove that T : Pi —> Pi is linear 
completely continuous. 

Now we prove that T is a /io-bounded positive operator with po{t) = i“ -1 . According to Lemma 2.4 we 
have 

(Tx)(t)= [ G(t, s)r(s)x(s)ds < [ (1 - s) a - 1 ~ l r{s)x(s)dst a - 1 , 

Jo P(0)r(a) Jo 

(Tx)(t) = f G(t, s)r(s)x(s)ds > [ s(l - s) a ^ 1 ~' l r{s)x(s)dst a ~ 1 . 

Jo P(0)r(a) Jo 


From Definition 2.3, T is a /zo-bounded positive operator with po(t) =t al . □ 

According to Lemma 2.4 we can easily get that A : Pi —> Pi is a completely continuous operator. And it 
is not hard to see that A is a solution of the equation (0.1) if and only if A has a fixed point in Pi. This is 
crucial for the proof of the following Theorem 3.1. 


3 Main results 

Theorem 3.1. Suppose that (LI) — (L3) hold and there exists k G [0,1) such that 

| f(t,u) - f(t,v )| < k\i\u - v\,Vt G [0, l],u,v G E, 

where Ai is the first, eigenvalue ofT. Then the equation (0.1) has a unique solution x* in E and for each 
Xq G E, the iterative sequence x n = Ax n -i(n = 1,2, • • •) converges to x*. 
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Proof. For any given x 0 G E, let x n = Ax„_i(n = 1,2, •••), according to Lemma 2.5 and Definition 2.3, 
there exists fi = /3(|xi — xo|) >0 such that 

T(\xi - x 0 | )(t) < 0no{t),Vt G [0,1]. 

For all to G N we have 


Xm- el Xm 


< 

< 


| Ax m {t) - Ax m -i{t)\ 

[ G(t,s)[r(s)f(s,x m (s)) + q(s)\ds- f G(t,s)[r(s)f(s,x m - 1 (s)) + q{s)]ds 
Jo Jo 

[ G(t,s)r(s)\f(s,x m (s) - f(s, x m -i(s))\ds < k\iT{\x m - x m _i| ){t) 

Jo 

■■■< fc m A5"T m (|xi - S 0 |)(t) < k m X?pT m - 1 ii 0 = k m Xi/3y 0 . 


Then for any n > m G N, 

\%n %m\ = | %n %n— 1 T %n— 1 %n— 2 T %n— 2 T * * * T %m— 1 %m \ 

— | %n 1| T |*^n—1 ^n— 2 I T ' ' * T | %m— 1 *^m| 

l,m 

< PX\[k "- 1 + fc"- 2 + • • • + AH/zo < /3A 1T —^ Mo - 

So ||x n — x m \\ < PXiY^W/ioW —> 0(to —► 00). By the completeness of E , there exists x* € E such that 
lim x ra = x*. Due to x n = Ax n -\ and noting that A is continuous, we obtain that x* = Ax*(n oo). In 

n—> 00 

other words, x* is a fixed point of A. 

Suppose y* is another fixed point of A and x* ^ y*. From Lemma 2.5 and Definition 2.3, there exists 
j3 = (3(\x* — y *|) >0 such that 

T(\x* — y*\)(t) < /3/z 0 ,Vt G [0,1]. 

For all n G N we have 

|x*(i) - y*(t)\ = I A n x*{i) - A n y*(t)\ < fc"/3A lMo , 

so ||x*(t) — y*(t)\\ < /c ra /3Ai||^o|| —> 0(n —> oo) which implies x* = y*. This means that A has a unique fixed 
point. □ 


Theorem 3.2. Suppose that (LI) — (L3) hold and there exist k G [0,1) and xo G E such that 

(1) 'D a x 0 {t) + r(t)f(t,x 0 (t)) + q(t) >0, t G (0,1); 

( 2 ) x 0 (0) = x'(0) = ---=xr 2 (0)>0; 

OO 

(3) 4(1) > £ ajXoifj) and 

1=1 

C 4 !/(*>«) - /(M)| < kXi\u-v\, Mt G [0,1], u{t),v{t) G ft, 
where f(t,x ) is non-descending in x, ft = {x G L|x < Xo} and Ai is the first eigenvalue of T. Then the 
equation (0.1) has a unique positive solution x* in Si. 

Proof. According to Lemma 2.3 we can get that A is decreasing on SI, Ax q < Xo and A(ft) C ft. Let 
x n = Ax n ^i[n = 1,2, • • •), then we have 


Xo > X\ > ■ ■ ■ x n > ■ ■ ■ . 

According to Definition 2.3, there exists /3 > 0 such that T(x o — Xi) < /3/xo(i). Then for each n G N and 
AG [0,1], 

0 < x n (t) - x n+ t{t) = Ax n -i{t) - Ax n (t) 

< kXiTix n -i - x n ){t) < ■ ■ ■ < {kXiT) n (x 0 - xi ){t) 

< / 3 k n XiHo{t)- 
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Then for every n > m E N, 

| %n %m | = | %n %n— 1 T %n— 1 %n— 2 T %n—2 T * ’ ’ T %m— 1 %m \ 

— |1| T |^n—1 ^n— 2 I T ' * ' T \%m—l | 

h.m 

< P\i[h™- 1 + k n ~ 2 + • • • + < /3Ai — mo- 

So ||a; n — x m || < pXij^WnoW —>• 0(m —► oo). By the completeness of E, there exists x* € E such that 
lim x n = x*. Furthermore, x* is a fixed point of A in Q,. 

n—¥ oo 

Suppose y* £ fl is another fixed point of A. By Lemma 2.5 and Definition 2.3, there exists 0i = 
Pi{xo ~ y*) > 0 such that 

T(xo - y*)(t ) < A/u 0 (t),Vt e [0,1], 

For all n € N we have y* < x n < xq, so y* < x* < x n < Xq. Then we have 

I y*(t) - x*(t) | < | y*(t) - x n (t) | + |x n (<) - a;*(i)| < 2|y*(t) - £„(t)| 

= \A n y*(t) - A"a:o(t)| < 2k n /3 1 y 0 (t). 


Thus j/* = a;* which implies that A has a unique fixed point in Q. □ 

Theorem 3.3. Suppose that (LI) — (L3) hold, and there exist k £ [0,1) and Xq £ E such that 

(1) V a x 0 (t) + r(t)f(t,x 0 (t)) +q(t) < 0, t £ (0,1); 

(2) x 0 (0) = Xq(0) = ■■■ = Xq~ 2 (0) < 0; 

OO 

(3) 4(1) < J2 a t x o (&) and 

3 =1 

(4) I f(t,u) - f(t,v )| < k\i\u — v\, Vt € [0,1], u(t),v(t) £ fL 

where f(t,x ) zs non-decreasing in x, Q = {x £ E\x > Xo} and Ai zs f/ie /zrst eigenvalue of T. Then the 
equation ( 0 . 1 ) has a unique positive solution x* in fl. 

Proof. The proof is similar to that of Theorem 3.2, so we omit it. □ 


Example 3.1 Consider the following equation 

T>ix(t) + A(1 — f) 2 (-x(t) + 1 — sinx(t )) + t 2 = 0, t £ [0,1] 

0 

, z(0) = a/(0) = z"(0) = 0, (31) 

°o 

*'(!) = £( 2 )jx(1 - ( 2 )j) ’ 

3 = 1 

where 0 < A < Ai, Ai is the first eigenvalue of T, a = |, n = 4, i = 1, A = |, r(t ) = (1 — t) 2 , 
f(t,x) = (|x(i) + 1 — sinx(t)), q(t ) = t 2 , ay- = (^) J , = 1 — (|)L By a careful calculation we get 

OO 

A — 1 > ® an d I f{t,u) — f(t,v )| < yjjA i|zz — v\. From Theorem 3.1, equation (3.1) has a unique 

i =i 
solution. 

Example 3.2 Consider the following equation 

V^x(t) + xTl ( ' 1 ~ t ^^\ X ^ + 1+ (f() COSX (ty + ti [0, L] 

< x( 0 ) = x'( 0 ) = x"( 0 ) = x"'( 0 ), ( 3 - 2 ) 

°o 

X (i) = j 2 ( 2 j-i)(-y +i x(i-(-n 

3 =1 
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where 0 < A < Ai, Ai is the first eigenvalue of T, a = §, n = 5, * = 0, A = 1, r(t) = ^ 1+ *| 4 , /(f, x) = 
(t) + 1 + ^cosx(t)), q(t ) = ti , aj = (2 j — l)(§)- 7 ' +1 , £j = 1 — ■ By a careful calculation we get 

OO 

A — > 0 and \f(t,u) — f(t,v)\ < 5 §Ai|u — v\. From Theorem 3.1, equation (3.2) has a unique 

i-1 
solution. 
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Abstract 

In this article, we investigate the dynamics of the solutions of the following 
non-linear difference equation 

x n +i = x n - 2 x n - 3 - 1, n e No 

with arbitrary initial conditions X - 2 , X-i t xo■ Besides, we have studied peri¬ 
odic behaviours of related difference equation especially asymptotic periodicity 
and eventually periodicity. Then, we have researched unbounded solutions of 
difference equation. 

Key Words : Difference equation, equilibrium point, periodicity, asymp¬ 
totic periodicity, unbounded. 

Mathematics Subject Classification : 39A10, 39A23. 


1 Introduction 

Recently, the difference equations became a very popular topic among mathe¬ 
maticians. Difference equations have applications in many fields of science such 
as biology in [12], [8] and [10], economics in [1] and so forth. 

Up to the present, many authors investigated to dynamics of various forms 
of difference equation x n +i = x n -kX n -i — 1, n £ No such as k = 0, l = 1 in [4]; 
k = 0, l = 2 in [6]; k = 1, l = 2 in [5]; k = 0, l = 3 in [7]. Besides, Stevie and 
Iricanin have obtained some results regarding the general form of the related 
difference equation in [18]. 

In this work we will study dynamic behaviours of the difference equation 

x n +i = x n - 2 x n - 3 - 1, n £ N 0 . (1) 

The Diff. Eq.(l) belongs to the class of equations of the form 

x n +i — x n —kX n —i 1, n € No, (2) 

with specific selection of k and l, where k, l € No- 
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This work can be considered as a continuance of our systematic analysis of 
Diff. Eq.(2). 

There are two equilibrium points of Diff. Eq.(l) respectively: 


l-\/5 _ 1 + V5 

xi = — 2 —, ^ 


(3) 


Note that this equilibrium points are the Golden Number and its conjugate. 


2 Existence of Periodicity of Diff. Eq.(l) 

In this section, we show that Diff. Eq.(l) has minimal prime periodic solutions 
with period seven. Also Diff. Eq.(l) has eventually periodic solutons with 
period seven. 

Theorem 1 Diff. Eq. (1) has no eventually constant solutions. 

Proof. If {x n }%L_ 3 is eventually constant solutions of Diff. Eq.(l), hence 
Xn = Xn+i = Xn +2 = xn +3 = x, for some N £ No, where x is an equilibrium 
point. However, Diff. Eq.(l) gives Xf 4 +3 = x^x^-i — 1, which implies 

Xpj+3 T 1 X -p 1 _ 

XN -1 = - = --— = x. 

XN x 

Repetition the procedure, we get that x n = x for —3 < n < IV + 3. Then, the 
proof is completed, m 

Theorem 2 There are no nontrivial nor eventually period-two solutions of Diff. 


Eq.(l). 



Proof. Suppose that = x^+ 2 k and xn + i = XN + 2 k.+i, for all k £ No, 

some N > —1, with xn Xn+ i- Therefore, we have 

and 


XN+A = Xn+iXn — 1 

(4) 


= Xn-iXn — 1 = Xn + 3 

(5) 


= Xn-iXN-2 - 1 = Xn+2 

(6) 


= XN- 3 XM -2 ~ 1 = X N+ l 

(7) 


From (5)-(7) and since Xn+a = xn we arrive a contradiction, as desired. ■ 

Theorem 3 Diff. Eq. (1) has no minimal prime period-three solutions. 

Proof. Let {x n }ifL _ 3 be a prime period-three solution of Diff. Eq.(l). Then, 
X3n-3 = cl, X3 n -2 = b, X3 n -i = c and X3 n = a for all n G No and a, b and c € ffi. 
such that at least two are different from each other. From Diff. Eq.(l), we have 


Xl 

= X-2X-3 — 1 = ba — 1 = 6 

(8) 

X2 

= X-1X-2 — l = c6— l = c 

(9) 

X 3 

= xqX-a — l = ac— l = a 

(10) 
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From (8)-(10) we obtain that 


a = b = c = x i 


or 


a = b = c = x 2 . 


Thus, the proof is completed. ■ 


Theorem 4 Diff. Eq. (1) has no minimal prime period-four solutions. 

Proof. Let {x n }ff = _ 3 be a prime period-four solution of Diff. Eq.(l). Then, 
X4n-3 = a,, X4 n -2 = b, X4 n -i = c and X4 n = d for all n G No and a, 6, c and 
del such that at least two of them are different. From Diff. Eq.(l), we have 


Xi 

= X- 2 X - 3 — 1 = ba — 1 = a 

(ID 

X 2 

= X- 1 X -2 — l = c6— 1 = 6 

(12) 

X3 

= xqX-i — l = dc— 1 = c 

(13) 

X 4 

= X\Xq — 1 = ad — 1 = d. 

(14) 


From (11)-(14) we obtain that 

a=b=c=d=x i 


or 


as desired. ■ 


a = b = c = d = X 2 


Theorem 5 Diff. Eq. (1) has no minimal prime period-five solutions. 

Proof. Let {x n } ( £L _ 3 be a periodic solution of Diff. Eq.(l) with minimal prime 
period-five. Then, x 3n - 3 = a, x 3n -2 = b, x 3n -i = c, x 3n = d and x 3n +i = e for 
all n € No and a, b, c, d and eel such that at least two of them are different. 
From Diff. Eq.(l), we obtain 



X\ 

= X-2X- 3 — 1 = ba — 1 = e 

(15) 


X2 

= X-1X-2 — l = cb— \ = a 

(16) 


x 3 

= xqX-i — l = dc— 1 = 6 

(17) 


X4 

= x\Xo — l = ed— 1 = c 

(18) 


X 5 

= X2X1 — 1 = ae — 1 = d. 

(19) 

From (15)-(19) 

we have 

a = b = c = d = e = x 1 


or 


a = b = c = d = e = x 2 


as desired. ■ 
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Theorem 6 Diff. Eq. (1) has no period solutions with minimal prime period- 
six. 

Proof. Let {^n}^L_ 3 be a prime period-six solution of Diff. Eq.(l). Then, 

XQn —3 — %6n—2 — 6, XQ n — 1 0. Xft n — d, £6n-j-l — e — CLC 1 and Xfy n ^-2 

/ = bd — 1 for all n e N 0 and a, b, c, d, e and / el such that at least two of 
them are different. We have 


Xi 

= X- 2 X -3 — l = a6—l = e 

(20) 

X 2 

= X-1X-2 — l = 6c— 1 = / 

(21) 

X3 

= X 0 X -1 — 1 = cd — 1 = a 

(22) 

X4 

= x\Xo — 1 = de— 1 = 6 

(23) 

X 5 

= X 2 X 1 — 1 = ef — 1 = c 

(24) 

x e 

= X 3 X 2 — 1 = fa — 1 = d. 

(25) 


From (20)-(25) we obtain 

a = b = c = d = e = f = Xi 
or 

a = b = c = d = e = f = X2 

as desired. ■ 


Theorem 7 There are periodic solutions of Diff. Eq. (1) with minimal prime 
period-seven if and only if 

(i) a;_ 3 = 0, a;_ 2 = m, x^i = -1, x 0 = -1; 

(ii) x _3 = —l,x _2 — m,x _i = 0,£o = 0; 

(in) X -3 = —1, X -2 = —1, X-i = —1, xo = m ; 

(iv) X -3 = m,x -2 = —l,x-i = — l,xo = —1; 

(v) x -3 = -l,X -2 = —l,x-i = m,x o = 0; 
where m is arbitrary. 

Proof. Let {x n })(f_ 3 be a periodic solution of Diff. Eq.(l) with minimal prime 
period-seven. Then, Xy n _3 = a, Xy n _2 = b, Xy n _j = c, Xy n = d , Xy n+ i — e = 
ac— 1 , a; 7„+2 = / = 6c— 1 and a; 7 n +3 = g = cd— 1 for all n € No and a, b, c, d , e, / 
and gel such that at least two are different from each other. We have 

xi = X-2X-3 — l = ab—l = e 
X2 = X_\X_2 — 1 = be — 1 = f 
X3 = xqX-i — 1 = cd — 1=3 
X4 = xia;o — l = de — l = a 

X5 = X2X1 — 1 = ef — 1 = 6 

x 6 = X3X2 — l = fg—l = c 

Xy = X4X3 — 1 = ga — 1 = d. 
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Thus, the following equalities are obtained: 


X 4 

= d{ab — 1) — 1 = a 

(26) 

x 5 

= (ab — 1 )(bc — 1) — 1 = b 

(27) 

x 6 

= (be — 1 )(cd — 1) — 1 = c 

(28) 

x 7 

= (cd — 1 )a — 1 = d. 

(29) 


From (26)-(29), then by direct calculation we have 
Case 1 a = 0, c = —1, d = —1; 

Case 2 a = —1, c = 0, d = 0; 

Case 3 a = —1, b = —1, c = —1; 

Case 4 b = —1, c = —1, d = —1; 

Case 5 a = —1, b = —1, d = 0; 
and so, 

X -3 = 0,X-2 = m,X -1 = — l,xo = —1 
X-3 = —l,X-2 = m, X-i = 0,a;o = 0 
x_ 3 = -l,a ;_2 = —l,a;_i = —l,x 0 = vn 
x -3 = m,x -2 = — l,x_i = -l,a’o = -1 
X-3 = —l,X-2 = —l,x-i = m,x o = 0 
where m is arbitrary as desired. ■ 

Consequently, all minimal prime period-seven solutions are of the forms; 

Case 1 If X -3 = 0, X -2 = m, X-i = — 1, xo = —1, then (—1, — m— 1,0,0, m, —1,-1,...), 

Case 2 If x -3 = —1, X -2 = m, X-i = 0,xo = 0, then (— m— 1, —1, —1, —1, m, 0,0,...), 

Case 3 If X -3 = —1, X -2 = —1, X-± = —1, xq = m, then (0,0, —m— 1, —1, —1, —1, m, ...), 

Case 4 If a :_3 = m, x _2 = —1, acr_i = — 1, aro = — 1, then (— m— 1, 0,0, m, — 1, — 1, — 1,...), 

Case 5 If x -3 = —1, X -2 = — 1, X-± = m,x 0 = 0, then (0, —m— 1, —1, —1, —1, m, 0,...). 

From now on, we will refer to any one of these seven periodic solution of 
Diff. Eq.(l) as 

— 1, — 1, — 1, m, 0,0, — m — 1,... (30) 

where m is arbitrary. 
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Theorem 8 There are eventually periodic solutions with minimal period-seven 
and they have two forms, respectively: 

Form 1: (x_ 3 , x_ 2 , X- U x 0 , x N , x N+ 1 ,x N+ 2 ,x N+3 , -1, -1, -1, m, 0, 0, -m - 1,...) 

where, N > —3, xn+iXn = 0 ,xn+ 2 Xn+i = 0, xn+ 3 Xn +2 = 0, and, if N ^ —3, 
x n -2 = ( x n+ \ + 1) /x n - 3 for 0 < n < N. 

Form 2: (a;_ 3 ,a:_ 2 , x_i, x 0 , ...,x N ,x N+ 1 ,x N+ 2 ,x N+ 3 ,0,0, -m - 1, -1, -1,-1, m ,...) 

where, N > —3, Xn+iXn = 1 ,xn+ 2 Xn+i = 1, and, if N ^ —3, x n - 2 = 

{x n+ i + 1) /x n - 3 for 0 <n< N. 

Proof. Form 1: Let {x n }'^L _ 3 be a solution of Diff. Eq.(l) that is eventually 
periodic with prime period-seven. Then by Theorem 7, there is an N > —3 such 
that Xn +4 = — 1, Xn +5 — — 1 and Xn +6 = — 1. Then, — 1 = :Ejv+4 = rrjvXjv-t-i — 1 
and consequently XnXn+i = 0. Hence, — 1 = Xn +5 = xn+ 2 Xn+i — 1 and then 
Xn+ 2 Xn+i = 0. Hence, —1 = Xn+g = XN+ 3 XN +2 - 1 and so XN+ 3 XN +2 = 0. 
Therefore, 


Xn+7 

= XN+4XN+3 — 

1 = m 

Xn+8 

= XN+5XN+4 — 

1 = 0 

Xn +9 

X N+gX N+3 

1 = 0 

Xn+10 

= xn+7Xn+g — 

1 = — m — 1 

XN+ 11 

= Xn+S.Xn+7 — 

1 = - 1 . 


From Diff. Eq.(l), if N ^ —3, we get x n -\ = (x n+ \ + 1) /x n - 3 , for 0 < n < N, 
as desired. 

Form 2: Let {£n}^L_ 3 be a solution of Diff. Eq.(l) that is eventually periodic 
with prime period-seven. Then by Theorem 7, there is an N > —3 such that 
Xn +4 — 0,:Cjv+5 = 0 and Xn+q = —m — 1. Then, 0 = iEjv+4 = XnXn+i — 1 
and consequently XnXn+i = 1. Hence, 0 = Xm+g = Xn+ 2 xn+i — 1 and then 
Xn+ 2 Xn+i = 1- Hence, -m - 1 = x N+e = x N+3 x N+2 - 1 and so x N+ 3 x N+2 = 
—m. Therefore, 


Xn+7 = 
Xn +8 = 
Xn+9 = 
£jV+10 = 

ahv+11 = 

From Diff. Eq.(l), if N ^ —3, we 
as desired. ■ 


Xn+aXn+3 — 

1 

= -1 

XN+5XN+4 — 

1 

= -1 

Xn+6 x N+5 ~ 

1 

= -1 

XN+ 7 XN +6 — 

1 

= m 

XN+8XN+7 — 

1 

= 0 . 


Xn—l — (*Tn+l F 1) /X n — 3 , 


for 0 < n < N, 


Remark 9 Let {x n }™=_ 3 he a solution of Diff. Eq.(l). If X- 3 X - 2 = 1 and 
X- 1 X 0 = 1, then x n converges to period-seven cycle as 

,0,0,0,-1,-1,-1,-I,---. (31) 
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Proof. Let a;_3 = a,X- 2 = 1/a, X-\ = b and Xq = 1 /b for a / 0 and b ^ 0. 
From Eq.(l), 

X\ = X-2X-3 — 1 = 0 

b 

X 2 = X_iX-2 - 1 =- 1 

a 

X3 = XqX-i — 1 = 0 

X4 = X\Xo — 1 = — 1 . 

Hence, by induction Diff. Eq.(l) converges to period-seven cycle as (31). 
The proof is completed. ■ 

3 Asymptotically Periodic Solution of Diff. Eq.(l) 

In this section, we study the existence of asymptotic periodic solutions of Diff. 
Eq.(l). 

Diff. Eq.(l) has the seven-periodic solutions as (30) for the initial conditions 
X- 3 ,X- 2 ,X-\,Xq € (—1,0). Focus on the asymptotically seven-periodic solu- 

,. . (0) ( 1 ) (2) (3) 

tions, we get u\ = x n+7k , i£ k = x n+7k - 1, u/ = x n+7k - 2 , u / = x n+7k - 3 , 

= x n+ 7fc-4, = x n+7k -5 and = x n+7k - 6 ■ Now, we make the ansatz 

as in [11]: 


OO 


4 0) 

\ ^ Vj.vk 

= 2 ^ a vP t , a 0 = to; 

•u =0 

(32) 

u k ] 

OO 

= 60 = 0 ; 

•u =0 

(33) 

( 2 ) 

U k 

OO 

= Co = 0; 

H — 0 

(34) 

( 3 ) 

U k 

t-H 

1 

II 

O 

*W! 

II 

(35) 

( 4 ) 

u k 

OO 

= eo = -l; 

•u =0 

(36) 

( 5 ) 

U k 

OO 

v —0 

(37) 

( 6 ) 

U k 

T —1 

1 

II 

O 

? 

? 

? 

B w 

II 

(38) 


■p—0 


with arbitrary p and m £ (—1,0). We choose p > 0 and from Eq.(l), it 
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follows that: 


(0) 

% 

= u k )u k ] ~ l 

(6) 

u k+ 1 

= u k )u k ] - 1 

(5) 

u k+ 1 

= 4 1} 4 2) - 1 

(4) 

u k+ 1 

= u k )u k ] - 1 

(3) 

u k+ 1 

= «fc 6 +i«fc 0) - 1 

(2) 

u k+ 1 

(5) (6) 

= u k+ 1 u k+ 1- 

u {1) 

u k+ 1 

(4) (5) 

= u k+l U k+l ~ 


Substitution of (32)-(38) into these equations. Hence, when we compare the 
coefficients, we obtain that 

ai = &i = ci = di = ei = /i = = 0 

a 2 = b - 2 = c 2 = d 2 = e 2 = f 2 = g 2 = 0 

and by induction, 

a n = b n = c n = d n = e n = f n = <g n = 0, for all n > 0. 

Therefore x n+ 7 k = u^ = J2T=o a vP v t vk = m + 0 + 0 + ..., so x n+ 7 k con¬ 

verges to m. Similarly, x n + 7 k-i converges to 0, x n + 7 k -2 converges to 0, x n + 7 k -3 
converges to —m— 1, x n+ 7 k-A converges to —1, x n+ 7 k -5 converges to —1 and 
x n + 7 k -6 converges to —1. Hence, the proof is complete. 


4 Stability of Diff. Eq.(l) 

In this section, we examine the stability of the two equilibria of Diff. Eq.(l). 
Theorem 10 The positive equilibrium point of Diff. Eq.(l), x 2 , is unstable. 
Proof. The characteristic equation of equilibria of Diff. Eq.(l) is the following: 


A 4 — x 2 X — x 2 = 0 

with eigenvalues 

Ai « -0,7756, 

A 2 « 1,4044, 

A 3 ,A 4 « -0,3142 ± 1,1773*. 

Therefore, |Ai| < 1 and |A 2 |, |A 3 |, |A 4 | > 1. Herewith, x 2 is unstable, which is a 
saddle point. ■ 

Theorem 11 The negative equilibrium point of Diff. Eq.(l), x\, is unstable. 
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Proof. The characteristic equation of equilibria of Eq.(l) is the following: 

A 4 — X\\ — X\ = 0 


with eigenvalues 


Ai,A 2 « —0,6412 ± 0,4125i 
A 3 ,A 4 « -0,6412 ±0,8075*. 

Therefore, |Ai|, |A 2 | < 1 and |A 3 |, |A 4 | > 1. So, x\ is unstable and which is a 
saddle point. ■ 


5 Existence of Unbounded Solutions of Diff. Eq.(l) 

Now, we work the existence of unbounded solutions of Diff. Eq.(l). 

Theorem 12 Let{x n }‘^L_ 3 be a solution of Diff. Eq.(l). //x_ 3 , x_ 2 ,x_i,Xo > 
x 2 = 1+ 2 ; the following statements hold true: 

(i) X -2 < X\ < X 4 < ■ ■ ■, X-x < X 2 < X 5 < ■ ■ ■ and Xq < x 3 < Xq < ■ ■ ■; 

(ii) the solutions tends to +00. 

Proof, (i) Since X -2 > 1 ■ we obtain < 1+ 2 ^ = 'f 1 . Hence, 




< X- 3 . 


Then, X -3 > 1 + Hence, X- 3 X -2 > X -2 + 1. Therefore, X- 3 X -2 — 1 > 
X- 2 ■ Thus, X -2 < Xi- 

Since x_i > 1+ 2 V ^ , we have < 1+ 2 ^ = v ^ i ~ 1 . Hence, 

, 1 , V5-1 1 + V5 

1 + ZT < + < “- 1 ' 


Then, X-2 > 1 + -=—■ Hence, X-1X-2 > X-\ + 1. Therefore, x_ix_ 2 — 1 > 

X — 1 


X-i. Thus, X-i < x 2 . 

Since Xq > , we have -r- < —-— — v ^~ 1 


xo 1+^5 2 


. Hence, 


, 1 „ VE — 1 l + v^ 


Then, x_ 4 > 1 + ^. Hence, XoX_i > Xo + 1- Therefore, XoX-i — 1 > x$. 
Thus, xq < X3. 
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Since X\ > X -2 > 1+ 2 , we have ^ < 


we nave - v ^ - , 


l + i _<l + V5-l = i W5 
x\ 


^ ^ 1 . Hence, 

< x 0 . 


2 2 

Then, Xo > 1 + —. Hence, x\Xq > x\ + 1. Therefore, X\Xq — 1 > X\. Thus, 

X\ 

X\ < X4. 

Hence, by induction it easily follows that 


X-2 

< 

X\<X4<--- 

(39) 

X-l 

< 

x 2 <x 5 <--- 

(40) 

X 0 

< 

X3 < X 6 < ■ ■ ■ . 

(41) 


(ii) Suppose one of (39)-(41) subsequences given in (i) is bounded. Hence, 
from Diff. Eq.(l), we obtain 

1 + x n +i 

Xn- 3 = -, n G N 0 . 

%n —2 

Therefore, the subsequences (a;3 n )^L 0 , (£3ra-i)^L 0 and (a;3 n -2)^Lo mus t be con¬ 
vergent. Thereby, there are two situations for whole solution of Diff. Eq.(l). 
Then, in the first case, all solution of Diff. Eq.(l) converges to a periodic solution 
with period three. But this is not possible. Because, there are not nontrivial 
period three solution of Diff. Eq.(l). In the other case, all solution of Diff. 
Eq.(l) converge to an equilibria. Unfortunately, this is impossible. Because the 
initial conditions X-3, X-2, x_i and Xq are bigger then the largest equilibria. 
This is a contradiction, as desired. ■ 

6 Numerical Examples 

In this section, we present graphs of the some results. 

Example 13 If the initial conditions are X -3 = — l,X -2 = —l,X-i = —1, 
xq = m and m = 2, then Diff. Eq.(l) has periodic solutions with minimal 
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prime period-seven as (30). The following graph shows this status. 


*n 



Graph 1: The initial conditions are x _3 = — 1, 
X -2 — — 1, X-i = — 1, xq = m and m = 2 for Diff. 
Eq.(l). 


Example 14 If the initial conditions are X -3 = , X -2 = 'y 1 5 2 ° 5 4 , x_i = 

and Xo = </ien Hi/f. Eq.(l) has eventually seven-periodic solutions as 
Theorem 8 . The next graph illustrates this condition. 


x n 



Example 15 If the initial conditions are X -3 = — |, X -2 = — X-\ = - and 
Xq = 5, then Diff. Eq.(l) converges to seven-periodic solutions as Remark 9. 
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The following graph shows this situation. 


x n 



Example 16 If the initial conditions are X -3 = —0.45, X -2 = —0.55, x_i = 
—0.7 and xq = —0.75, then Diff. Eq.(l) has asymptotically seven-periodic solu¬ 
tions. The next graph illustrates this condition. 


x n 



Diff- Eq.(l). 


Example 17 If the initial conditions are X -3 = 1.63, X -2 = 1.64, X-\ = 1.62 
and xq = 1.63, then Diff. Eq.(l) has unbounded solutions as Theorem 12. The 
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following graph illustrates this case. 


x n 



Graph 5: The initial conditions are X-3 = 1.63, 
X -2 = 1.64, X-i = 1.62 and Xq = 1.63 for Diff. 
Eq.(l). 
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A new fixed point theorem in cones and 
applications to elastic beam equations 

Wei Long, Jing-Yun Zhao 
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Nanchang, Jiangxi 330022, People’s Republic of China 


Abstract 

In this paper, we first establish a new fixed point theorem in cones of Banach 
spaces. Then, we apply the fixed point theorem to study the existence and uniqueness 
of monotone positive solutions for an elastic beam equation u^(t) = f(t,u(t),u'(t)) 
with superlinear boundary conditions. An example is given to illustrate our main 
result. Compared with some earlier results (cf. [TO]'), the biggest differences are that 
we consider such equation with superlinear boundary conditions and remove some 
restrictive conditions. 

Keywords: cone, fixed point theorem, monotone positive solutions, elastic beam 
equations. 


1 Introduction and preliminaries 


In this paper, we consider the existence and uniqueness of monotone positive solutions for 
the following fourth-order two-point boundary value problem: 

u^(t) = f(t,u(t),u'(t)), 0 < t < 1, 

< u(0) = ii'(0) = 0, (1.1) 

y'(i) = o, u (3) (i) = g(u( i)), 


where / : [0,1] x [0, +oo) x [0, +oo) —> [0, +oo) and g : [0, +oo) -» (—oo, 0] are continuous 
(for full assumptions on / and g, see Section 2). 

In fact, equation (1.1) models an elastic beam problem (for more details and back¬ 
grounds, we refer to reader to [1,3] and references therein. Recently, there has been of 
great interest for many authors to study fourth-order boundary value problems such as 
(1.1) and related problems (see, e.g., [1-5,9-14]). Especially, several authors utilize fixed 
point theorems on cones to investigate the existence and uniqueness of monotone positive 
solutions for equation (1.1). For example, Li and Zhang [9j utilized a fixed point theorem 
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of generalized concave operators to study problem (1.1) and established the existence and 


uniqueness of monotone positive solutions. In jlOj . Li and Zhai obtain the existence and 
uniqueness of monotone positive solutions for a fourth-order boundary value problem via 
two fixed point theorems of mixed monotone operators with perturbation. 


However, in most of works using fixed point theorems on cones to study equation (1.1) 
the following assumption on g is assumed: 

(HO) g( Ax) < A g(x), A £ (0,1), x > 0. 


In this paper, we aim to consider equation (1.1) without the assumption (HO). That is 
the main motivation of this work. 

Next, Let us recall some basic notations about cone (for more details, we refer the 
reader to 0). 

Let E be a real Banach space, and 6 be the zero element in E. A closed and convex 
set P in E is called a cone if the following two conditions are satisfied: 

(i) if x £ P, then Ax £ P for every A > 0; 

(ii) if x G P and —x G P, then x = 6. 

A cone P induces a partial ordering < in E by 


x < y if and only if y — x G P. 


If x < y and x / y, then we denote x < y or y > x. 

For any given ii,»GP with u < v, 

[u, v] := {x G X\u < x < u}. 

A cone P is called normal if there exists a constant k > 0 such that 


d < x < y implies that ||x|| < A;||y||. 

We denote by P° the interior of P. A cone P is called a solid cone if P° 0. 

An operator T : P —y P is called increasing if 6 < x < y implies Tx < Ty , and is 
called decreasing if 9 < x < y implies Tx > Ty. 

For all x, y G E, the notation x ~ y means that there exist A > 0 and p > 0 such that 
Ax < y < px. Clearly, ~ is an equivalence relation. Given h > 9, we denote by 

Ph = {x G E : x ~ h}. 

It is easy to see that Ph C P is convex and rPh = Ph for all r > 0. 

Definition 1.1. (see [7,8]J An operator A : P x P —>• P is said to be a mixed monotone 
operator if A(x,y) is increasing in x and decreasing in y, i.e., U{ , Vi(i = 1, 2) G P, u\ < 
U 2 , v\ > V 2 implies A(u\,vi) < A(u 2 ,V 2 )- An element x G P is called a fixed point of A 
if A(x, x) = x. 
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Definition 1.2. Let n > 1. An operator D : P —>• P is said to be n-superlinear if it 
satisfies 

D(tx ) > t n Dx, t > 0, x E P. (1-2) 


2 Main results 


2.1 Cone and fixed point theorems 


In order to study equation (1.1), we first consider the following operator equation on an 
ordered Banach space: 


B(x,x) + Dx = x, (2.1) 

where B is a mixed monotone operator, D is an increasing and superlinear operator. If 
there is no special statements, we always assume that if is a real Banach space with a 
partial order introduced by a normal cone P of E, h E P is a nonzero element, and Ph is 
given as in the preliminaries. 


Lemma 2.1. [T3] Let P be a normal cone in E. Assume that T : P x P — >• P is a mixed 
monotone operator and satisfies: 

(A1) there exists h E P with h 9 such that T(h, h) E Phi 

(A2) for any u,v E P and t E ( 0 , 1 ), there exists ip(t ) E (t, 1 ] such that T(tu,t~ 1 v ) > 
ip{t)T(u,v). 

Then (1) T : P h x P h P h ; 

(2) there exist uq,vq E Ph and r E ( 0 , 1 ) such that rv o < uq < vq, uo < T(uo,vo) < 
T(v 0 ,u 0 ) < vo; 

(3) T has a unique fixed point x* in Ph; 

(4) for any initial values xo,yo £ Ph, constructing successively the sequences 


%n — T{x n — 1 , Pn— l) > Pn — T(jj n — 1 , X n — l), fl — 1,2,..., 


we have x n —> x* and y n —> x* as n —> oo. 

By using the above lemma, we establish a new fixed point theorem in the following : 

Theorem 2.2. Let n>l,B:PxP—> P be a mixed monotone operator, and D : P —^ P 
be an increasing and n-superlinear operator. Assume that 

(Dl) there exists ho E Ph such that B(fio,ho) E Ph and Dho E Ph.; 

(D2) there exists a constant do > 0 such that B(x,y) > do Dx for all x,y E P; 

(D3) there exists a function (f> : (0,1) —> (0,+oo) such that for all x,y E P and 
t E (0,1), 

B(tx,t~ l y) > </>(t)B(x,y), (2.2) 
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and 


<Kt)>t + Ut-t n ). 

Oo 


(2.3) 


Then (1) B : P h X P h -> P h and D : P h -A- P h ; 

(2) there exist uq, vq G Ph and r G (0,1) such that 

rv o <u 0 < v 0 , u 0 < B(u 0 ,v 0 ) + Du 0 < B(vo,u 0 ) + Dvq < v 0 ; 

(3) the operator equation B{x,x) + Dx = x has a unique fixed point x* in Ph; 

(4) for any initial values xo,yo G Ph, constructing successively the sequences 

x n = B(x n -i,y n -\) + Dxn-i, y n = B(y n -i,x n -i) + Dy n -i, n= 1,2,.. 
we have x n —> x* and y n —> x* as n —>• oo. 


Proof. It follows from (L2) and (2^2 ) that for all t G (0,1) and x,y G P, 

B (-x,ty | < ——B(x,y) and D ( -x | < — Dx. 

\t J ~ (f(t) y \t ) ~ t n 

Since ho G Ph and B(fio, ho) G Ph, there exist constants A, a G (0,1) such that 

A h < ho < — h and ah < B(ho, ho) < —h. 

A a 


Since B is a mixed monotone operator, combing (2.2) and (2.4), we have 


(2.4) 


and 




B{h, h) > B ( \ho, ) > cf>(\)B(ho, ho) > f(X) ■ ah. 


Thus, B(h,h) G Ph- 

Taking x, y G Ph, there exist 71,72 G (0,1) such that 

71 h < x < —h and 72/1 < y < — h. 

7i 72 


Let 7 = min{ 7 i, 72 }. Then 7 G (0,1). It follows from (2.2) and (2.4) that 


1 


7i 


B(x,y) < B —/ 772/1 < -B —h,^h < B(h,h), 


1 


7 


1 


<K7)" 


and 


1 


72 


B(x, y) > B 71 h, —h > B \ 7 h, —h > 4>{j)B(h, h). 


1 


7 
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Then, we have B(x, y) £ Ph since B(h, h) £ Ph■ This completes the proof of B : Ph x Ph — > 

Ph- 

Since Dho £ Ph, there exists f3 G (0,1) such that 


/3h < Dho < \h. 

P 

Next we show D : Ph —> Ph- For any x' G Ph, we can choose a sufficiently small number 
r y' G (0,1) such that 


' y'h < x' < — h. 
7 


Since D is increasing, by using (1.2) and (2.4), we have 


Dx' < D 


~,h 

7 


< 


(Y) 


-Dh < 


(Y) 


-D I 7 


< 


(7 , ) n A 1 


-Dho < 


(7 / ) n A ri 




and 


DY > D(p/'h) > (Y) n -D/i > (Y) n F»(Ah 0 ) > (Y) n A n H/i 0 > (Y) n A n • /3h. 

which means that Zlx' G Ph, and thus D : Ph —>• Ph- So the conclusion (1) holds. 

Now, we define an operator T by 

T(x, y) = B(x, y) + Dx, x G P. 

Then, T : P x P —> P is a mixed monotone operator and T(h,h) G P/j- Moreover, By 
using (D2) and (D3), for all t G (0,1) and x, y G P, 


T(tx,t 1 y) = B(tx,t 1 y) + D{tx) 
> c i>(t)B(x , y) + t n Dx 


= tT(x, y) + [4>(t) - t] B(x, y) + ( t n - t)Dx 

> tT(x, y) + [<f)(t) - t] B(x, y) + -^(t n - t)B(x, y) 

oo 


= tT(x,y) + 


> tT(x,y) + 


m-t-Ut-n 
0 0 


B(x, y) 


So 


l + ^o 


1 


<Kt)-t - -(t-t n ) 
So 


T(x,y) 


= v{t)T{x,y), 


where ip is defined by 

ip(t) =t + 


So 


1 + <5o 


1 


4>{t)-t - -{t-t n ) 
So 


fG (0,1). 


By (2.3), we have <p(t) > t for all t G (0,1). In addition, 

T(h, h) > T{th, t~ x h) > <p(t)T(h, h), t G (0,1) 
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yields that ip(t) < 1 for all t E (0,1). Hence the conclusion (A2) in Lemma 2.1 is satisfied 


Then, the conclusions (2)-(4) follows from Lemma 2.1 


□ 


In the proof of our existence result, we will use the following corollary of Theorem 2.2 


Corollary 2.3. Let n > 1, B : P —> P be an increasing operator, and D : P —> P be an 
increasing and n-superlinear operator. Assume that the following conditions hold: 

(Bl) there is ho E Ph such that Bho E Ph and Dho E Phi 

(B2) there exists a constant do > 0 such that Bx > 5 qDx for all x E P; 

(B3) there exists a function : (0,1) —» (0, +oo) such that for all x E P and A E (0,1), 


and 


B(Xx) > (p(X)Bx, 


o o 


Then (1) B : Ph —>• Ph and D : P^ Pf l ; 

(2) there exist uo,vq E Ph and r E (0,1) such that 

rv o < uo < vq, uq < Buq + Duo < Bv o + Dv o < vq; 

(3) the operator equation Bx + Dx = x has a unique fixed point x* in Ph; 

(4) for any initial value xq E Ph, constructing successively the sequence 


x n = Bx n -i + Dx n -i, n = 1,2,.. 


we have x r 


(2.5) 

( 2 . 6 ) 


x as n 


oo. 


2.2 Existence and uniqueness 


Firstly, In order to use Corollary 2.3 to study problem (1.1), we need to clarify some 


symbols. In this section, we denote the Banach space E = C' 1 [0,1] equipped with the 
norm 


lull = max! max |u(f)|, max |u / (t)||. 
0 <t<l 0<t<l 


Let 


P = {u E E : u{t) > 0, u'(t) > 0, Vf E [0,1]}. 

It is not difficult to verify that P is a normal cone in E. Also, P induces an order relation 
< in E by defining u<v if and only if v — u E P. 

Let G(t, s ) be the Green function of the linear problem u( 4 )(t) = 0 with the boundary 


conditions in problem (1.1). It follows from [3] that 

s 2 (St—s) 

0 < t < s < 1 


G_ 4 t 2 (3s-t) 


0<s<t<l, 


(2.7) 
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Thus, equation (1.1) is equivalent to the following integral equation 


u(t) = [ G{t,s)f (s,u(s),u'(s)) ds - g(u(l))(/)(t), t E [0,1], 

Jo 

where cj>(t) = \t 2 — gt 3 for all t E [0,1]. 

The following properties of the Green function G(t, s ) and <j>{t) will be used in our 
proof. 


Lemma 2.4. (9j If); For all t,s E [0,1], we have 


^s 2 t 2 <G(t,s) ^t 2 < cj)(t) < ^t 2 , 


and 


1 


sH < 


dG(t , s) 


< st, 


1 


t < < 2 1. 


2 ~ dt - 7 2 

Now, we are ready to present our existence and uniqueness theorem. 


Theorem 2.5. Let n > 1. Assume that 

(HI) f : [0,1] x [0, Too) x [0, Too) — > [0, Too) is continuous, g : [0, Too) — > (—oo, 0] is 
continuous, and 

inf fit, x, y) > 0, infg(x) > -oo; 

£E[0,1],o?,2/>0 #>0 

(H2) g is decreasing on [0, Too), for every t 6 [0,1] and x > 0, f{t,x,-) is increasing 
on [0, Too), and for every t E [0,1] and y > 0 f(t , •, y) is increasing on [0, Too); 

(H3) < 7 (Ax) < A n g(x) for all A E (0,1) and x E [0, Too); moreover, there exists a 
function if : (0,1) — > (0, Too) such that 


f{t, Ax, A y) > tp{\)f{t, x, y), t E [0, 1], A E (0, 1), x, y E [0, Too), 


and 


ip(\) > A T 


sup -g(x) 

x>0 


inf 

te[0,l],a;,i/>0 


f(t,x,y ) 


■ 3(A — A n ), 


A E (0,1). 


Then (1) there exist uq, vq E Ph and r E (0,1) such that rvo<uo<vo and 

uo(t) < [ G(t,s)f(s,uo(s),v! 0 (s))ds-g(u 0 {l))(f)(t), tE[0,l], 

Jo 

u' 0 (t)<[ G t (t,s)/(s,u 0 (s),«o( s )) d ' s -5 f (wo(l))^ / (i), ie[ 0 , 1 ], 

Jo 

vo(t)> [ G(t,s)f (s,v 0 (s),v' 0 {s))ds-g(v 0 {l))(l)(t), tE[0,l], 

Jo 


( 2 . 8 ) 


308 


Wei Long ET AL 302-317 





J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


v ' 0 (t)> G t (t,s)f (s,v 0 (s),Vq(s)) ds -s(vo(lp'(t), iG[0,l], 

J 0 


where h(t ) = t 2 /or all t G [0,1] and G(t , s) is given as in (2.7); 

/§/ equation (1.1) /ias a unique monotone positive solution u* in Ph; 

(3) for every xq G Ph, constructing successively the sequence 

x n {t)=j G(t,s)f (s,a: n _i(s),a:^_ 1 (s)) ds - g (x n _i(l)) n = 1,2,..., 

J o 

we have \\x n — n*|| —>• 0 as n—> oo. 

Proof. Recall that equation o> is equivalent to the following integral equation 

u(t) = [ G(t, s)f (s, u(s), u'(s)) ds — g (n(l)) (fit), tG[0,l], 

Jo 

where (fit) = ^t 2 — |t 3 for all t G [0,1]. So, we define two operators B, D on P by 

B-u(t) = f G(t, s)f (s,n(s),n / (s)) ds, Du(t) = — g (n(l)) (fit), u&P, f G [0,1]. 
Jo 

Then, equation (1.1) is transformed into the operator equation u = Bu + Du. 


Next, we will verify all the assumptions of Corollary 2.3 We divide the remaining 
proof by four steps. 

Step 1. B is an increasing operator from P to P, and D is an increasing and n- 
superlinear operator from P to P. 

It is easy to see that 

(■ Bu)'(t)=f Gt(t, s)f (s, u(s), u'(s)) ds, (Du)'(t) = -g (n(l)) <t>'{t), u e P, t <E [ 0,1]. 


For every u G P, since u(t) > 0 and u'{t) > 0 for all t G [0,1], by (HI) and Lemma 2.4 
we have 

Bu(t) > 0, Du(t ) > 0, ( Bu)'{t ) > 0, ( Du)'(t ) >0, t G [0,1]. 

Therefore, Bu G P and Du G P, i.e., B : P —» P and D : P —» P. Moreover, for every 
A G (0,1) and u G P, by (H3) we have 

D(Xu)(t) = -g (Ait(l)) (f{t) > -A n g {u{ 1)) (f(t) = X n Du(t.), t G [0,1], 


and 


{D(Xu))' (t) = -g (Ait(l)) 4>'{t) > —X n g (n(l)) 4>'{t) = A n {Du)\t), t G [0,1], 
which means that D(Xu)>X n Du. 
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It remains prove that B, D are two increasing operators. Taking any u,v G P with 


u<v, we know that 


u(t) < v(t), v!(t) < t G [0,1]. 

Combining this with (HI) and (H2), we have 

Bu(t ) = f G(t, s)f (s,u(s),u' (s)) ds 


i o 

< [ G(t,s)f (s,v(s),i/(s))ds 

Jo 

= Bv(t), t G [0,1], 


and 

(■ Bu)'(t ) = [ G t (t,s)f (s,u(s),u'(s)) ds 

Jo 

< [ G t (t,s)f (s,v(s),v'(s)) ds 

Jo 

= ( B v)'(t), t G [0,1]. 

Thus, Bu<Bv. Moreover, we have 

Du{t) = -g(u(l))(f>(t) 

< -g(v(l))<f>(t) 

= Dv(t), ie[0,l], 


and 


(■ Du)\t ) = -g(u(l))<j)'(t) 

= ( Dv )\t)-, ie[o, l]. 


That is, Du<Dv. 


Step 2. The assumption (Bl) of Corollary 2.3 holds. 

It suffices to show that Bh G Ph and Dh G Ph- Combining (HI), (H2) and Lemma 


2.4, for all t G [0,1], we have 


Bh(t ) = / G(t, s)f (s,h(s),h'(s)) ds 


io 

r l 


G(t, s)f (s, s 2 , 2s) ds 


1 


< / -st 2 / (s,s 2 ,2s) ds 

Jo 1 
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< 


1 f 1 

A / sf (s,1,2) ds ■ h(t), 
z Jo 


and 


Bh(t) = / G(t, s)f (s,h(s),h!(s)) ds 


/ o 

r l 


G(t, s)f (s, s 2 , 2s) ds 


1 


> / oS 2 t 2 f(s,s 2 ,2s)ds 

Jo 'J 


1 


•1 


- 3 Jo S f( s,0,0 ' )ds ■ **(*)■ 


In addition, also from (HI), (H2) and Lemma 2.4 for all t € [0,1], we have 

( Bh)'{t ) = [ G t (t, s)f (s, h(s), h'(s)) ds 

Jo 

= [ Gt(t, s)f (s, s 2 , 2s) ds 

Jo 

< j stf (s, s 2 , 2s) ds 

Jo 

1 


and 


Let 


<2 / sf (s,1,2) ds-h'(t), 


(Bh)'(t) = / G t (t,s)f (s,h(s),h'(s)) ds 


> 


G t (t,s)f (s, s 2 , 2s) ds 
\s 2 t.f (s, s 2 , 2s) ds 


1 


-4 / s2 /(s,0,0)ds • d'(t). 


1 


Cl = - / s f (s, 0,0) ds, c 2 = - / s/(s, 1,2) ds. 


By (HI) and (H2), we have 


. > i n fte[o,i],x,2/>o /(^i 2/) „ 

C2 > Cl > -- > U. 
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Noting that 


and 


c\h{t) < Bh(t ) < c 2 h(t), t E [0,1], 


( c\h)'{t) = cih!(t) < ( Bh)'(t ) < C 2 h'(t) = (c 2 h)'(t), t E [0,1] 


we conclude c\h<Bh<c 2 h. Thus, Bh E Ph- 


Similarly, it follows from (HI), (H2) and Lemma 2.4 that for all t E [0, 


Dh(t) = -g (/t(l)) cj)(t) < -g( 1) • ^ t 2 = -^(1) ■ h(t), 

Dh(t) = -g (/i(l)) (j>(t) > -g( 1) • ^ t 2 = -^(1) • h(t), 
( Dh)'(t ) = -5 (/i(l)) • 2t = -g{ 1 ) • 


and 


(Dfc)'(t) = > -9(1) Tt = -j»(l) -h\t). 


Combing the above four inequalities, we can obtain Dh E Ph- 
Step 3. The assumption (B2) of Corollary 2.3 holds. 

For every u E P and t E [0,1], we have 

Bu(t ) = f G(t, s)f (s,u(s),u'(s)) ds 


> 


> 


> 


> 


/ G(t,s)ds • inf f(t,x,y) 

Jo te[o,i],x,j/>o 

^ • inf f(t, x, y) 

3 £E[0,1 ],ic,2/>0 

^te[0,l],x,y>0 j/.\ / \ 

- -7T-sup -g(x) 

3su P a; >o -g{x) x>o 


inftg[0,l],a;,j/>0 f (f 1 x, y) 
3 sup x > 0 -g(x) 
inftg[o,i],a;,j/>o f (f > x,y^ 
3 sup I>0 -5(x) 


Du(t), 


where 


G(t,s)ds = 


/ G(t, s)ds + / G(t,s)ds 

Jo Jt 

f t s 2 (3t — s ) f 1 t 2 (3s — t) 

L iH ds+ i ~6 

1 2 1 , 1 4 

-f 2 - -f 3 H-f 4 

4 6 24 


1 ], there hold 
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In addition, we have 

(Bu)\t) 


it 2 — it 3 (bit) , , 

> - - t E [0, 1]. 


= / G t (t,s)f (s,u(s),u'(s)) ds 

Jo 

> [ G t (t,s)ds • inf f(t,x,y) 

JO te[0,l],a:,2/>0 


> 


> 


inf J(t,x,y) 

• -y[«(i)]0'(*) 

•( Du)’(t ), 


3 i£[0,l],ir,y>0 

i^tE[0,l],:r,:y>0 f *^5 2/) 
3sup x >o —g(x) 

i^ft£[0,l],x,y>0 f (^> "^5 y) 


3sup. x>0 -.g(x') 


where 


rt s 2 


1 t 2 


Let 


Then 


Gt(t,s)ds = / — ds+ / (st--)ds 

Jo * Jt 2 

1 1 , 1 , 

= -t - -r + -t 3 
2 2 6 

t — if 2 

> = t e [0,1]. 

^^tG[0,l],x,j/>0 f (Ji y) 

3 sup x>0 —g(x) 


Sn = 


Bu(t ) > 6oDu(t), ( Bu)'(t ) > 5o(Du)'(t), t E [0,1], u E P, 


i.e., Bu>5qDu for all it E P. 


Step 4. The assumption (B3) of Corollary 2.3 holds. 

For every Ae (0,1), IE [0,1] and it E P, by (H3), we have 

B(Xu)(t) = f G(t,s)f(s,Xu(s),Xu'(s)')ds 
Jo 

> [ G(t,s)ip(X)f (s,u(s),u'(s)) ds 

Jo 

= ip(X)Bu(t), 


and 


(■ B(Xu))'(t ) = / G t (t,s)f (s,Xu(s),Xu'(s)) ds 

Jo 
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> f G t (t,s)<p(\)f (s,u(s),u'(s)) ds 

Jo 

= ip(X)(Bu)'(t). 


Thus, B(\u)>tp(\)Bu for all A E (0,1) and Moreover, it follows from (2.8) that 

yj(A) > A + —(A — A”), A E (0,1). 

o o 


Now, we have verified all the assumptions of Corollary 2.3 Then, the conclusions 


(l)-(3) follows from Corollary 2.3 This completes the proof. 


□ 


Remark 2.6. Compared with some earlier results (see, e.g., [TO]), the biggest difference 
are that we consider equation = f(t,u(t),u'(t)) with superlinear boundary condi¬ 

tions, and remove some restrictive conditions, for example, we do not assume that 


inf f(t, x, y) > sup-y(x). 
te[0,l],x,y>0 x>0 


Moreover, in Theorem 2.5, for convenience, we only consider the case of f(t,x,y ) being 
increasing about the second and the third argument. In fact, by a similar proof to that of 
Theorem 2.5 one can also consider the case of f(t, x, y ) being increasing about the second 
argument and decreasing about the third argument. In addition, Theorem 2.2 can also be 
applied to other problems (see, e.g., [TH]). 


2.3 Example 


In this section, we give an example to illustrate how Theorem 2.5 can be used. 

Example 2.7. Let 

33 

33 , y/x jy 2x32 

32 M 1 + v^ 1 + ^y yy J i + x I 


where 


e = 


10 32 - 1 ' 

It is easy to verify that (HI) and (H2) hold. Moreover, 


(2.9) 


inf f(t,x,y) = 1, sup -g{x) = 2 + e. 
te[ 0 ,l],x, 2/>0 x >o 

It remains to verify the assumption (H3). 

For every A E (0,1), t E [0, 1], and x, y E [0, +oo), we have 

2(Az)I 

9{Xx) = -- e 

1 + (Ax) 32 
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33 33 

2A 32X32 

< -33- - £ 

1 + X32 

33 33 

2 A 32^32 33 33 . . 

< - w _ As2£ = X32 a(x), 

1 + X32 


and 


. \/~Xx 

f{t, Ax, A y) = - -tt= + 


y/ ^ r - + 1 > x , y) = x , y), 


1 + \/Xx 1 + y/Xy 
where y>(A) := \/X for A £ (0,1). We claim that 

<p( A) = v / A>A + 16(A-Ai), A £ (0,1). 

In fact, for every A £ (0,1), we have 

A5-A \Ul-Xl 


A — A 32 


A f 1 — A 32 


1 — f A 32 


16 


1 

As 

1 

A 5 L 

1 1 1 
71+71F + 7M+--- + 

A 2 A 32 A 32 A 32 


1 — A 32 

1 “l - A 32 -)- ^ A 32 ^ 


+ ‘ ‘ + ( A 32 

1 


15 


> 16. 


Combining this with 


3sup !E > 0 -g(g) 

i^ft£[0,l],a:,j/>0 /(C ll) 


= 3(2+ e) < 16, 


we know that (2.8) holds. This shows that (H3) holds. 


Then, by applying Theorem 2.5, the following fourth-order boundary value problem: 

> )(t) = ^pL + ^pL + 1 , o < t < i, 

i+y^W i+v^^h) 

u( 0) = u'(0) = 0, (2.10) 


u 


(i) = o, tx ( 3 )(i) = - ^m^ - £ , 

l+[w(l)] 32 


admits a monotone positive solution. 


Remark 2.8. In Example 2.7, the function g does not satisfy the (HO) condition: 

< 7 (Ax) < A g(x), A £ (0,1), x > 0. 
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In fact, letting Aq 


'to) 32 and xq 


1 , we have 


g(\ox 0 ) = 


2 

10 33 + 1 


and 

Xog(x 0 ) = 

Then, by a direct calculation, we can obtain 


1 + £ 
10 32 ' 


g(X qxo) > x 0 g(x 0 ). 
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A SEPTENDECIC FUNCTIONAL EQUATION IN MATRIX NORMED 

SPACES 

MURALI RAMDOSS 1 , CHOONKIL PARK 2 *, VITHYA VEERAMANI 3 , YOUNG CHO 4 
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4 Faculty of Electrical and Electronics Engineering 
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Abstract. In this paper, we study the septendecic functional equation and prove the Hyers-Ulam 
stability for the septendecic functional equation in matrix normed spaces by using the fixed point 
technique. 


1. Introduction and preliminaries 

The abstract characterization given for linear spaces of bounded Hilbert space operators in 
terms of matricially normed spaces [28] implies that quotients, mapping spaces and various tensor 
products of operator spaces may be treated as operator spaces. Owing this result, the theory of 
operator spaces is having a increasingly significant effect on operator algebra theory (see [9]). 

The proof given in [28] appealed to the theory of ordered operator spaces [6]. Effros and Ruan 
[10] showed that one can give a purely metric proof of this important theorem by using a technique 
of Pisier [22] and Haagerup [12] (as modified in [8]). 

We will use the following notations: 

ej = (0, ,0,1,0, ••• ,0); 

Eij is that (i, ^-component is 1 and the other components are zero; 

<g) x is that (?', j)-component is x and the other components are zero; 

For x £ M n (X),y <E M k (X), 

A / x 0 \ 

*©!/=(„ „)• 

Note that (A, {[[ • [[„,}) is a matrix normed space if and only if (M n (X). || • j|„) is a normed space 
for each positive integer n and ||A.xR||fc < ||A|| ||R|| ||x|| n holds for A £ M kjTl , x = ( Xij) £ M n {X) 
and B £ M n k , and that ( X , {[[ • || n }) is a matrix Banach space if and only if A is a Banach space 
and (A, {|| • ][„}) is a matrix normed space. 

Let E, F be vector spaces. For a given mapping h : E -A F and a given positive integer n, 
define h n : M n (E ) -A M n (F) by 

l/ n ( [xjj ]) — \h.(xij )] 

for all [x^] £ M n (E). 

In 1940, an interesting topic was presented by S. M. Ulam [30] triggered the study of stability 
problems for various functional equations. He addressed a question concerning the stability of 
homomorphism. In the following year, 1941, D. H. Hyers [13] was able to give a partial solution 
to Ularn’s question. The result of Hyers was then generalized by Aoki [1] for additive mappings. 

2010 Mathematics Subject Classification. 39B52; 46L07; 47H10; 47L25. 

Key words and phrases. Hyers-Ulam stability, fixed point, septendecic functional equation, matrix normed space. 
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In 1978, Th. M. Rassias [25] succeeded in extending the result of Hyers theorem by weakening 
the condition for the Cauchy difference. 

The stability phenomenon that was presented by Th. M. Rassias is called the Hyers-Ulam 
stability. In 1994, a generalization of the Rassias theorem was obtained by Gavruta [11] by 
replacing the unbounded Cauchy difference by a general control function. 

The result of Rassias has furnished a lot of influence during the past thirty eight years in 
the development of the Hyers-Ulam cocepts. Further, the generalized Hyers-Ulam stability of 
functional equations and inequalities in matrix normed spaces has been studied by number of 
authors [15, 16, 17, 18, 21, 31]. 

Now, we introduce the following new functional equation 
f(x + 9 y) - 17 f{x + 8 y) + 136/(x + 7 y) - 680 f(x + 6 y) + 2380 f{x + 5 y) - 6188 f(x + 4 y) 
+12376/(x + 3 y) - 19448/(x + 2 y) + 24310/(x + y) - 24310/(x) 

+19448/(x - y) - 12376 f(x - 2 y) + 6188 fix - 3 y) - 2380/(x - 4 y) 

(1.1) + 680/(x - 5 y) - 136/(x - 6 y) + 17/(x - 7 y) - f(x - 8 y) = 17 \f(y), 

where 17! = 355687428100000 in matrix normed spaces. The above functional equation is said to 
be septendecic functional equation since the function /(x) = cx 17 is its solution. 

Let X be a set. A function d : X x X —> [0, oo] is called a generalized metric on X if d satisfies 

(1) d(x, y) = 0 if and only if x = y\ 

(2) d(x,y) = d(y,x) for all x, y € X; 

(3) d(x, z ) < d(x, y) + d(y , z) for all x,y,z € X. 

We recall a fundamental result in fixed point theory. 

Theorem 1. [3, 7] Let {X,d) be a complete generalized metric space and let J : X —>• X be a 
strictly contractive mapping with Lipschitz constant a < 1. Then for each given element x 6 X, 
either 

d(J n x, J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x,y) < oo}; 

(4) d{y, y*) < j^d(y, Jy) for all y € Y. 

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By using 
fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [2, 4, 5, 20, 23, 24, 26, 27, 29, 32]). 

In Section 2, we study the septendecic functional equation (1.1). 

In Section 3, using the fixed point technique, we prove the Hyers-Ulam stability of the functional 
equation (1.1) in matrix normed spaces. 

2. Septendecic functional equation (1.1) 

In this section, we study the septendecic functional equation (1.1). For this, let us consider A 
and B be real vector spaces. 

Theorem 2. If a mapping f : A —>• B satisfies the functional equation (1.1) for all x, y € A, 
then /(2x) = 2 17 /(x) for all x G A. 

Proof. Letting (x,y) = (0,0) in (1.1), we get /(0) = 0. 

Replacing (x,y) by (0,x) in (1.1) and using /(0) = 0, we get 
/(9x) - 17/(8x) + 136/(7x) - 680/(6x) + 2380/(5x) - 6188/(4x) 
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+ 12376/(3x) - 19448/(2x) + 24310/(x) - 24310/(0) 

+ 19448/(-x) - 12376/(—2x) + 6188/(-3x) - 2380/(-4x) 

(2.1) + 680/(—5.x) - 136/(—6x) + 17/(-7x) - /(-8x) = 17!/(x) 
for all x £ A. 

Replacing (x,y) by (— x, x) in (1.1) and using /(0) = 0, we get 
/(—8x) - 17/(—7x) + 136/(—6x) - 680/(-5x) + 2380/(-4x) 

- 6188/(—3x) + 12376/(—2x) - 19448/(-x) + 24310/(0) 

- 24310/(x) + 19448/(2x) - 12376/(3x) + 6188/(4x) - 2380/(5x) 

(2.2) + 680/(6x) - 136/(7x) + 17/(8x) - /(9x) = 17!/(-x) 
for all 

By (2.1) and (2.2), we get 

/(-*) = -/(*) 

for all x £ A. So / is an odd mapping. 

Replacing (x,y) by (0, 2x) in (1.1), we get 
/(18x) - 16/(16x) + 119/(14x) - 544/(12x) + 1700/(10x) 

(2.3) - 3808/(8x) + 6188/(6x) - 7072/(4x) + (4862 - 17!)/(2x) = 0 
for all x £ A. 

Replacing (x,y) by (9x, x) in (1.1), we obtain 
/(18x) - 17/(17x) + 136/(16x) - 680/(15x) + 2380/(14x) 

- 6188/(13x) + 12376/(12x) - 19448/(llx) + 24310/(10x) 

- 24310/(9x) + 19448/(8x) - 12376/(7x) + 6188/(6x) - 2380/(5x) 

(2.4) + 680/(4x) - 136/(3x) + 17/(2x) - (1 + 17!)/(x) = 0 
for all x £ A. 

Subtracting from (2.3) to (2.4), we obtain 
17/(17x) - 152/(16x) + 680/(15x) - 2261/(14x) 

+ 6188/(13x) - 12920/(12x) + 19448/(llx) - 22610/(10x) 

+ 24310/(9x) - 23256/(8x) + 12376/(7x) + 2380/(5x) 

(2.5) —7752/(4x) + 136/(3x) + (4845 - 17!)/(2x) + 17!/(x) = 0 
for all x £ A. 

Replacing (x,y) by (8x,x) in (1.1), we obtain 
/(17x) - 17/(16x) + 136/(15x) - 680/(14x) + 2380/(13x) 

- 6188/(12x) + 12376/(llx) - 19448/(10x) + 24310/(9x) 

- 24310/(8x) + 19448/(7x) - 12376/(6x) + 6188/(5x) - 2380/(4x) 

(2.6) + 680/(3x) - 136/(2x) + (17 - 17!)/(x) = 0 
for all x £ A. 

Multiplying (2.6) by 17, we get 

17/(17x) - 289/(16x) + 2312/(15x) - 11560/(14x) + 40460/(13x) 

- 105196/(12x) + 210392/(llx) - 330616/(10x) + 413270/(9x) 

- 413270/(8x) + 330616/(7x) - 210392/(6x) + 105196/(5x) - 40460/(4x) 

(2.7) +11560/(3x) - 2312/(2x) - 17(17!)/(x) = 0 
for all x £ A. 

Subtracting from (2.5) to (2.7), we obtain 
137/(16x) - 1632/(15x) + 9299/(14x) - 34272/(13x) 
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- 190944/(1lx) + 308006/(10x) - 388960/(9x) + 390014/(8x) 

- 318240/(7x)+ 210392/(6x) - 102816/(5x) + 32708/(4x) 

(2.8) - 11424/(3x) + 92276/(12x) + (7157 - 17!)/(2x) + 18(17!)/(x) = 0 
for all x € A. 

Replacing (x, y) by (7x,x) in (1.1), we get 
/(16x) - 17/(15x) + 136/(14x) - 680/(13x) + 2380/(12x) - 6188/(llx) 

+ 12376/(10x) - 19448/(9x) + 24310/(8x) - 24310/(7x) + 19448/(6x) 

(2.9) - 12376/(5x) + 6188/(4x) - 2380/(3x) + 680/(2x) - (135 + 17!)/(x) = 0 
for all x € A. 

Multiplying (2.9) by 137 , we get 

137/(16x) - 2329/(15x) + 18632/(14x) - 93160/(13x) + 326060/(12x) 

- 847756/(1lx) + 1695512/(10x) - 2664376/(9x) + 3330470/(8x) 

- 3330470/(7x) + 2664376/(6x) - 1695512/(5x) + 847756/(4x) 

(2.10) —326060/(3x) + 93160/(2x) - 137(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.8) to (2.10), we obtain 
697/(15x) - 9333/(14x) + 58888/(13x) - 233784/(12x) + 656812/(llx) 

- 1387506/(10x) + 2275416/(9x) - 2940456/(8x) + 3012230/(7x) 

- 2453984/(6x) + 1592696/(5x) - 815048/(4x) + 314636/(3x) 

(2.11) - (86003 + 17!)/(2x) + 155(17!)/(x) = 0 
for all x € A. 

Replacing (x, y) by (6x,x) in (1.1), we get 
/(15s) - 17/(14x) + 136/(13x) - 680/(12x) + 2380/(llx) - 6188/(10x) 

+ 12376/(9x) - 19448/(8x) + 24310/(7x) - 24310/(6x) 

(2.12) +19448/(5x) - 12376/(4x) + 6188/(3x) - 2379/(2x) + (663 - 17!)/(x) = 0 
for all x € A. 

Multiplying (2.12) by 697, we get 

697/(15x) - 11849/(14x) + 94792/(13x) - 473960/(12x) + 1658860/(llx) 

- 4313036/(10x) + 8626072/(9x) - 13555256/(8x) + 16944070/(7x) 

- 16944070/(6x) + 13555256/(5x) - 8626072/(4x)+4313036/(3x) 

(2.13) - 1658163/(2x) - 697(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.11) to (2.13), we get 
2516/(14x) - 35904/(13x) + 240176/(12x) - 1002048/(llx) 

+ 2925530/(10x) - 6350656/(9x) + 10614800/(8x) - 13931840/(7x) 

+ 14490086/(6x) - 11962560/(5x) + 7811024/(4x) 

(2.14) - 3998400/(3x) + (1572160 - 17!)/(2x) + 852(17!)/(x) = 0 
for all x € A. 

Replacing (x, y) by (5x,x) in (1.1), we obtain 
/(14x) - 17/(13x) + 136/(12x) - 680/(llx) + 2380/(10x) - 6188/(9x) 

+ 12376/(8x) - 19448/(7x) + 24310/(6x) - 24310/(5x) 

(2.15) +19448/(4x) - 12375/(3x) + 6171/(2x) - (2244 + 17!)/(x) = 0 
for all x € A. 
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Multiplying (2.15) by 2516, we get 

2516/(14®) - 42772/(13x) + 342176/(12x) - 1710880/(11®) + 5988080/(10x) 

- 15569008/(9x) + 31138016/(8x) - 48931168/(7x) + 61163960/(6x) 

- 61163960/(5x) + 48931168/(4x) - 31135500/(3x) + 15526236/(2x) 

(2.16) - 2516(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.14) to (2.16), we obtain 
6868/(13x) - 102000/(12x) + 708832/(llx) - 3062550/(10x) + 9218352/(9x) 

- 20523216/(8x) + 34999328/(7x) - 46673874/(6x) 

+ 49201400/(5x) - 41120144/(4x) + 27137100/(3x) 

(2.17) - (13954076 + 17!)/(2x) + 3368(17!)/(®) = 0 
for all x € A. 

Replacing (x,y) by (4x,x) in (1.1), we get 
/(13x) - 17/(12x) + 136/(11®) - 680/(10x) + 2380/(9x) - 6188/(8®) 

+ 12376/(7x) - 19448/(6x) + 24310/(5x) - 24309/(4x) 

(2.18) + 19431/(3®) - 12240/(2x) + (5508 - 17!)/(x) = 0 
for all x £ A. 

Multiplying (2.18) by 6868, we obtain 

6868/(13x) - 116756/(12x) + 934048/(llx) - 4670240/(10x) + 16345840/(9x) 

- 42499184/(8x) + 84998368/(7x) - 133568864/(6x) + 166961080/(5x) 

(2.19) — 166954212/(4x) + 133452108/(3x) - 84064320/(2x) - 6868(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.17) to (2.19), we get 
14576/(12®) - 225216/(11®) + 1607690/(10x) - 7127488/(9x) + 21975968/(8x) 

- 49999040/(7x) + 86894990/(6x) - 117759680/(5x) + 125834068/(4x) 

(2.20) — 106315008/(3x) + (70110244 - 17!)/(2x) + 10236(17!)/(x) = 0 
for all x € A. 

Replacing (x,y) by (3x,x) in (1.1), we get 
/(12x) - 17/(llx) + 136/(10®) - 680/(9x) + 2380/(8x) - 6188/(7x) 

+ 12376/(6x) - 19447/(5x) + 24293/(4x) - 24174/(3x) 

(2.21) + 18768/(2x) - (9996 + 17!)/(x) = 0 
for all x € A. 

Multiplying (2.21) by 14756, we obtain 

14756/(12®) - 250852/(llx) + 2006816/(10x) - 10034080/(9x) + 35119280/(8x) 

- 91310128/(7x) + 182620256/(6x) - 286959932/(5x) + 358467508/(4x) 

(2.22) —356711544/(3x) + 276940608/(2x) - 14756(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.20) to (2.22), we get 
25636/(11®) - 399126/(10x) + 2906592/(9x) - 13143312/(8x)+ 41311088/(7®) 

- 95725266/(6x) + 169200252/(5x) - 232633440/(4x) + 250396536/(3x) 

(2.23) - (206830364 + 17!)/(2x) + 24992(17!)/(x) = 0 
for all x € A. 
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Replacing (x,y) by (2x,x) in (1.1), we get 
/(11s) - 17/(10s) + 136/(9z) - 680/(8x) + 2380/(7x) - 6187/(6s) + 12359/(5x) 

(2.24) —19312/(4s) + 23630/(3x) - 21930/(2x) + (13260 - 17!)/(s) = 0 
for all x € A. 

Multiplying (2.24) by 25636, we obtain 

25636/(1 lx) - 435812/(10x) + 3486496/(9x) - 17432480/(8x) + 61013680/(7x) 

- 158609932/(6x) + 316835324/(5x) - 495082432/(4x) + 605778680/(3x) 

(2.25) - 562197480/(2x) - 25636(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.23) to (2.25), we get 
36686/(10x) - 579904/(9x)+ 4289168/(8x) - 19702592/(7x) + 62884666/(6x) 

- 147635072/(5x) + 262448992/(4x) - 355382144/(3x) 

(2.26) + (355367116 - 17!)/(2x) + 50628(17!)/(x) = 0 
for all x € A. 

Replacing (x,y) by (x, x) in (1.1), we get 
/(10s) - 17/(9x) + 136/(8x) - 679/(7x) + 2363/(6x) - 6052/(5x) 

(2.27) +11696/(4x) - 17068/(3x) + 18122/(2x) - (11934 + 17!)/(s) = 0 
for all x € A. 

Multiplying (2.27) by 36686, we obtain 

36686/(10x) - 623662/(9x) + 4989296/(8x) - 24909794/(7x) + 86689018/(6x) 

- 222023672/(5x) + 429079456/(4x) - 626156648/(3x) + 664823692/(2x) 

(2.28) - 36686(17!)/(s) = 0 
for all x € A. 

Subtracting from (2.26) to (2.28), we get 
43758/(9x) - 700128/(8x) + 5207202/(7x) - 23804352/(6x) + 74388600/(5x) 

(2.29) —166630464/(4x) + 270774504/(3x) - (309456576 + 17!)/(2s) + 87314(17!)/(s) = 0 
for all x € A. 

Replacing (x,y) by (0, x) in (1.1), we get 
/(9x) - 16/(8x) + 119/(7x) - 544/(6x) + 1700/(5x) - 3808/(4x) 

(2.30) + 6188/(3x) - 7072/(2x) + (4862 - 17!)/(s) = 0 
for all x € A. 

Multiplying (2.30) by 43758, we obtain 
43758/(9x) - 700128/(8x) + 5207202/(7x) - 23804352/(6x) 

+ 74388600/(5x) - 166630464/(4x) + 270774504/(3x) 

(2.31) - 309456576/(2x) - 43758(17!)/(x) = 0 
for all x € A. 

Subtracting from (2.29) to (2.31), we get 

- 17!/(2s) + 131072(17!)/(x) = 0 
and so /(2x) = 2 11 f(x) for all x € A. 
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3. Stability of the septendecic functional equation in matrix normed spaces 

Throughout this section, let ( X , ||.|| ) be a matrix normed space, (Y, ||.|| ) be a matrix Banach 
space and let n be a fixed non-negative integer. 

In this section, we prove the stability of the septendecic functional equation (1.1) in matrix 
normed spaces by using the fixed point method. 

For a mapping / : X —> Y, define Qf : X 2 —> Y and Qf n : M n (X 2 ) —> M n (Y) by 

Gf(a, 6) = f(a + 96) — 17/(a + 86) + 136/(a + 76) — 680/(a + 66) + 2380/(a + 56) 

- 6188/(o + 46) + 12376/(a + 36) - 19448/(a + 26) + 24310/(a + 6) 

- 24310/(o) + 19448/(a - 6) - 12376/(a - 26) + 6188/(a - 36) 

- 2380/(a - 46) + 680/(a - 56) - 136/(a - 66) + 17/(a - 76) 

- /(a - 86) - 17!/(6), 

^/n([•£t?]) [l/ij]) = T 9j/ij]) — 17/ n ([xjj + 8yy]) + 136/ n ([xjj -|- 72/*y]) 

- 680 f n ([xij + 6 yij]) + 2380 f n ([xij + 5 yij ]) - 6188/ n ([.x ii + 4y^]) 

+ 12376/ n ([xjj + 3j/jj]) - 19448/ n ([xjj + 2y i:? -]) + 24310/ n ([x;j + y^-]) 

- 24310/ n ([xij]) + 19448/ n ([xjj - Vij ]) - 12376 f n ([ Xij - 2 yij }) 

+ 6188 f n ([xij - 3 y^}) - 2380 f n {[xij - 4 yij ]) + 680 f n ([xij - 5y^]) 

- 136 f n ([xij - 6 yij ]) + 17f n ([xij - 7 yij ]) - f n ([xij - 8 yij ]) - 17\f n ([ yij }) 

for all a, 6 G X and all x = [x,j], y = [yij] 6 M n (X). 

Theorem 3. Assume that l = ±1 be fixed and let : X' 2 —> [0, oo) be a function such that there 
exists an y < 17 with 

(3-1) fi(a,b) <2 17l yfi(^^) 

for all a,b G X. Let f : X —»• Y be a mapping satisfying 

n 

(3.2) ||f//n([^ij]> [yij])lln — ^ 1 1p{ x ij > Uij) 

*,i=i 

for all x = [xij], y = [yij] G M n (X). Then there exists a unique septendecic mapping Sx> : X —> Y 
such that 

n 1 ~ l 

(3-3) ||/n([*ij]) - S Vn {[yij])\\n ^ Y1 2 17(1 

where 

fi(xij) = ^[-0(0,2 x^) + fi(9xij,Xij) + 17^(8 Xij) + 137-0(7xjj, Xy) 

+ 697ip(6x^, x^) + 2516fi(5xij,Xij) + 6868^(4 Xij,Xij) + 14756^6(3 Xij,Xij) 

+ 25636-^(2 x^,x^) + 36686 fi(xij,Xij) + 43758-0(0, x^)] 

Proof. Letting n = 1 in (3.2), we obtain 

(3.4) \\Gf(a, 6)|| < ip (a, 6) 

Replacing (a, 6) by (0,2a) in (3.4), we get 
||/(18a) - 16/(16a) + U9/(14a) - 544/(12a) + 1700/(10a) 

(3.5) —3808/(8a) + 6188/(6o) - 7072/(4a) + (4862 - 17!)/(2a)|| < ^(0,2a) 
for all a E X. 
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Replacing (a, b) by (9a, a) in (3.4), we obtain 
||/(18o) - 17/(17o) + 136/(16a) - 680/(15a) + 2380/(14a) 

—6188/(13a) + 12376/(12a) - 19448/(lla) + 24310/(10a) 

—24310/(9a) + 19448/(8a) - 12376/(7a) + 6188/(6a) - 2380/(5a) 

(3.6) +680/(4a) - 136/(3a) + 17/(2o) - (1 + 17!)/(o)|| < -0(9a, a) 
for all «el. 

It follows from (3.5) and (3.6) that 
||17/(17a) - 152/(16o) + 680/(15o) - 2261/(14a) 

+6188/(13a) - 12920/(12o) + 19448/(llo) - 22610/(10o) 

+24310/(9a) - 23256/(8a) + 12376/(7a) + 2380/(5a) 

(3.7) —7752/(4a) + 136/(3o) + (4845 - 17!)/(2a) + 17!/(a) || < 0(0, 2a) + 0(9a, a) 
for all a € X. 

Replacing (a, b) by (8a, a) in (3.4), we obtain 
||/(17o) - 17/(16o) + 136/(15o) - 680/(14a) + 2380/(13a) 

—6188/(12a) + 12376/(lla) - 19448/(10o) + 24310/(9a) 

—24310/(8a) + 19448/(7a) - 12376/(6a) + 6188/(5a) - 2380/(4a) 


(3.8) +680/(3a) - 136/(2a) + (17 - 17!)/(o)|| < 0(8a, a) 
for all a G X. 

Multiplying (3.8) by 17, we get 

||17/(17a) - 289/(16o) + 2312/(15a) - 11560/(14a) + 40460/(13a) 

— 105196/(12a) + 210392/(lla) - 330616/(10a) +413270/(9a) 

—413270/(8a) + 330616/(7a) - 210392/(6a) + 105196/(5o) - 40460/(4a) 

(3.9) +11560/(3a) - 2312/(2a) - 17(17!)/(a)|| < 170(8a, a) 
for all a£l. 

It follows from (3.7) and (3.9) that 
||137/(16a) - 1632/(15a) + 9299/(14a) - 34272/(13a) 

-190944/(llo) + 308006/(10a) - 388960/(9o)+ 390014/(8a) 

—318240/(7a) + 210392/(6a) - 102816/(5a) + 32708/(4a) 

-11424/(3o) + 92276/(12a) + (7157 - 17!)/(2a) + 18(17!)/(a)|| 

(3.10) < "0(0, 2a) + 0(9a, a) + 170(8a, a) 
for all a € X. 

Replacing (a, b) by (7a, a) in (3.4), we get 
||/(16a) - 17/(15a) + 136/(14o) - 680/(13a) + 2380/(12a) 

—6188/(lla) + 12376/(10a) - 19448/(9a) + 24310/(8a) 

—24310/(7a) + 19448/(6a) - 12376/(5a) + 6188/(4a) 

(3.11) —2380/(3a) + 680/(2a) — (135 + 17!)/(a)|| <^(7a,a) 
for all a£l. 

Multiplying (3.11) by 137, we get 

||137/(16a) - 2329/(15a) + 18632/(14a) - 93160/(13a) + 326060/(12a) 

—847756/(lla) + 1695512/(10o) - 2664376/(9a) + 3330470/(8a) 

—3330470/(7a) + 2664376/(6a) - 1695512/(5a) + 847756/(4a) 

(3.12) —326060/(3a) + 93160/(2a) - 137(17!)/(a)|| < 137-0(70,0) 
for all a E X. 
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It follows from (3.10) and (3.12) that 
||697/(15a) - 9333/(14a) + 58888/(13a) - 233784/(12a) + 656812/(lla) 

— 1387506/(10a) + 2275416/(9o) - 2940456/(8a) + 3012230/(7a) 

—2453984/(6a) + 1592696/(5a) - 815048/(4a) 

+314636/(3a) - (86003 + 17!)/(2o) + 155(17!)/(a)|| 

(3.13) < 0(0, 2a) + 0(9a, a) + 170(8a, a) + 1370(7a, a) 
for all a£l. 

Replacing (a, b) by (6a, a) in (3.4), we get 
||/(15o) - 17/(14o) + 136/(13a) - 680/(12a) + 2380/(lla) - 6188/(10a) 

+12376/(9a) - 19448/(8a) + 24310/(7a) - 24310/(6a) + 19448/(5a) 

(3.14) —12376/(4a) + 6188/(3a) - 2379/(2a) + (663 - 17!)/(a)|j < 0(6a,a) 
for all a£l. 

Multiplying (3.14) by 697, we get 

||697/(15a) - 11849/(14a) + 94792/(13a) - 473960/(12a) + 1658860/(llo) 

—4313036/(10a) + 8626072/(9a) - 13555256/(8a) + 16944070/(7a) 

—16944070/(6a) + 13555256/(5a) - 8626072/(4a) + 4313036/(3a) 

(3.15) —1658163/(2a) - 697(17!)/(a)|| < 697-0(60,0) 
for all a € X. 

It follows from (3.13) and (3.15) that 

||2516/(14a) - 35904/(13a) + 240176/(12a) - 1002048/(lla) + 2925530/(10a) 

—6350656/(9a) + 10614800/(8a) - 13931840/(7a) + 14490086/(6a) 

— 11962560/(5a) + 7811024/(4a) - 3998400/(3a) 

+(1572160 - 17!)/(2a) + 852(17!)/(o)|| 

(3.16) < -0(0, 2a) + if;(9a, a) + 170(8a, a) + 137-0(7a, a) + 697-0(6a, a) 
for all a£l. 

Replacing (a, b) by (5a, a) in (3.4), we obtain 
||/(14a.) - 17/(13o) + 136/(12a) - 680/(lla) + 2380/(10a) - 6188/(9a) 

+12376/(8a) - 19448/(7a) + 24310/(6a) - 24310/(5a) + 19448/(4a) 

(3.17) -12375/(3a) + 6171/(2a) - (2244 + 17!)/(o)|| <0(5a,a) 
for all a£l. 

Multiplying (3.17) by 2516, we get 

||2516/(14a) - 42772/(13a) + 342176/(12a) - 1710880/(lla) + 5988080/(10a) 

— 15569008/(9a) + 31138016/(8a) - 48931168/(7a) + 61163960/(6a) 

—61163960/(5a)+48931168/(4a) - 31135500/(3a) + 15526236/(2a) 

(3.18) —2516(17!)/(a)|| < 2516</>(5a, a) 

for all a£l. 

It follows from (3.16) and (3.18) that 

||6868/(13a) - 102000/(12a) + 708832/(lla) - 3062550/(10a) + 9218352/(9a) 
-20523216/(8a) + 34999328/(7a) - 46673874/(6a) + 49201400/(5a) 
-41120144/(4o) + 27137100/(3a) - (13954076 + 17!)/(2a) 

+3368(17!)/(a)|| < 0(0, 2a) + 0(9a, a) + 170(8a,a) 

(3.19) + 1370(7a, a) + 6970(6a, a) + 25160(5a, a) 
for all a £ X. 
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Replacing (a, b) by (4a, a) in (3.4), we get 
II/(13a) - 17/(12a) + 136/(lla) - 680/(10a) + 2380/(9a) - 6188/(8a) 

+12376/(7a) - 19448/(6a) + 24310/(5a) - 24309/(4a) 

(3.20) +19431/(3a) - 12240/(2a) + (5508 - 17!)/(a)|| < ^(4o,a) 
for all a € X. 

Multiplying (3.20) by 6868, we obtain 

||6868/(13a) - 116756/(12a) + 934048/(lla) - 4670240/(10a) + 16345840/(9a) 

—42499184/(8a) + 84998368/(7a) - 133568864/(6a) + 166961080/(5a) 

— 166954212/(4a) + 133452108/(3a) - 84064320/(2a) 

(3.21) —6868(17!)/(a)|| < 6868^(4a,a) 
for all a E X. 

It follows from (3.19) and (3.21) that 

||14576/(12a) - 225216/(lla) + 1607690/(10a) - 7127488/(9a) + 21975968/(8a) 

—49999040/(7a) + 86894990/(6a) - 117759680/(5a) + 125834068/(4a) 

— 106315008/(3a) + (70110244 - 17!)/(2a) + 10236(17!)/(a)|| 

< ip(0, 2a) + i/>(9a, a) + 17^(8a, a) + 137i/>(7a, a) 

(3.22) + 697/>(6a, a) + 2516^(5a, a) + 6868/>(4a, a) 
for all a£l. 

Replacing (a, b) by (3a, a) in (3.4), we get 
11/(12a) - 17/(lla) + 136/(10a) - 680/(9a) + 2380/(8a) - 6188/(7a) 

+12376/(6a) - 19447/(5a) + 24293/(4a) - 24174/(3a) 

(3.23) +18768/(2a) - (9996 + 17!)/(a)|| < a) 
for all a£l. 

Multiplying (3.23) by 14756, we obtain 

|| 14756/( 12a) - 250852/(lla) + 2006816/(10a) - 10034080/(9a) + 35119280/(8a) 

—91310128/(7a) + 182620256/(6a) - 286959932/(5a) + 358467508/(4a) 

(3.24) —356711544/(3a) + 276940608/(2a) - 14756(17!)/(a)|| < 14756^(3a,a) 
for all a£l. 

It follows from (3.22) and (3.24) that 
||25636/(1la) - 399126/(10a) + 2906592/(9a) - 13143312/(8a) 

+41311088/(7a) - 95725266/(6a) + 169200252/(5a) - 232633440/(4a) 
+250396536/(3a) - (206830364 + 17!)/(2a) + 24992(17!)/(o)|| 

< ip(0, 2a) + i/>(9a, a) + 17^(8a, a) + 137i/>(7a, a) + 697^(6a, a) 

(3.25) + 2516/>(5a, a) + 6868/>(4a, a) + 14756^(3a, a) 
for all a£l. 

Replacing (a, b) by (2a, a) in (3.4), we get 
||/(11a) - 17/(10a) + 136/(9a) - 680/(8a) + 2380/(7a) - 6187/(6o) + 12359/(5a) 

(3.26) —19312/(4a) + 23630/(3a) - 21930/(2a) + (13260 - 17!)/(a)|| < ij>(2 a, a) 
for all a € X. 

Multiplying (3.26) by 25636, we obtain 
||25636/(11a) - 435812/(10a) + 3486496/(9a) - 17432480/(8a) 

+61013680/(7a) - 158609932/(6a) + 316835324/(5a) - 495082432/(4a) 

(3.27) +605778680/(3a) - 562197480/(2a) - 25636(17!)/(a)|| < 25636^(2a, a) 
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for all a£l. 

It follows from (3.25) and (3.27) that 

||36686/(10a) - 579904/(9a) + 4289168/(8a) - 19702592/(7a) + 62884666/(6a) 

— 147635072/(5a) + 262448992/(4a) - 355382144/(3a) + 50628(17!)/(a) 
+(355367116 - 17!)/(2o)|| < 0(0, 2a) + 0(9a, a) + 170(8a,a) + 1370(7a,a) 

(3.28) +6970(6a, a) + 2516-0(50, a) + 68680(4a, a) + 147560(3a, a) + 256360(2a, a) 
for all a € X. 

Replacing (a, b) by (a, a) in (3.4), we get 
||/(10a) - 17/(9o) + 136/(8a) - 679/(7a) + 2363/(6a) - 6052/(5a) 

(3.29) +11696/(4o) - 17068/(3a) + 18122/(2a) - (11934 + 17!)/(a)|| < 0(a, a) 
for all a£l. 

Multiplying (3.29) by 36686, we obtain 

1136686/(10a) - 623662/(9a) + 4989296/(8a) - 24909794/(7a) + 86689018/(6a) 

—222023672/(5a) + 429079456/(4a) - 626156648/(3a) + 664823692/(2a) 

(3.30) —36686(17!)/(a)|| < 366860(a,a) 
for all a € X. 

It follows from (3.28) and (3.30) that 

||43758/(9a) - 700128/(8a) + 5207202/(7a) - 23804352/(6a) + 74388600/(5a) 

— 166630464/(4a) + 270774504/(3a) - (309456576 + 17!)/(2a) 

+87314(17!)/(o) |i < 0(0, 2a) + 0(9a, a) + 170(8a, a) + 1370(7a, a) + 6970(6a, a) 

(3.31) +25160(5a, a) + 68680(4a, a) + 147560(3a, a) + 256360(2a, a) + 366860(a, a) 
for all a € X. 

Replacing (a, b) by (0, a) in (3.4), we get 
||/(9a) - 16/(8a) + 119/(7a) - 544/(6a) + 1700/(5a) - 3808/(4a) 

(3.32) +6188/(3a) - 7072/(2a) + (4862 - 17!)/(a)|| < 0(0, a) 
for all a£l. 

Multiplying (3.32) by 43758, we obtain 

||43758/(9a) - 700128/(8a) + 5207202/(7a) - 23804352/(6a) + 74388600/(5a) 

— 166630464/(4a) + 270774504/(3a) - 309456576/(2a) 

(3.33) —43758(17!)/(a)|| < 437580(0, a) 
for all a£l. 

It follows from (3.31) and (3.33) that 
|| —17!/(2a) + 131072(17!)/(a)|| < 0(0, 2a) + 0(9o, a) + 170(8a, a) 

+ 1370(7a, a) + 6970(6a, a) + 25160(5a, a) + 68680(4a, a) 

(3.34) +147560(3a, a) + 256360(2a, a) + 366860(a, a) + 437580(0, a) 
for all a € X. By (3.34) 

(3.35) 112 17 /(a) — /(2a)|| < 0(a) 
for all a € X, where 

0(a) = — [0(0, 2a) + 0(9a, a) + 170(8a, a) + 1370(7a, a) + 6970(6a, a) 

+ 25160(5a, a) + 68680(4a, a) + 147560(3a, a) + 256360(2a, a) 

+ 366860(o, a)+ 437580(0, a)]. 
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Thus 

(3.36) 


/(a) - ^ 7 jf^a) 


< 


,(¥)_ 


2 17 


-V’(a) 


VaGX. 


We consider the set M = {/ : X —> Y} and introduce the generalized metric on A4 as follows 

P{f,9 ) = inf {ii£K+: ||/(a) — £?(«)|| < /#(a),Va G X}, 

It is easy to check that (M,p) is complete (see the proof of [[19], Lemma 2.1]). 

Define the mapping V : JA —)• A4 by 


P /(<0 = jlTj/^a) 


V a G X. 


Let /, <7 G M be an arbitrary constant with p(f, g ) = z/. Then 
||/(a) — g(a)|| < utp{a) for all a G X. 
Utilizing (3.1), we find that 

l\Vf(a)-Vg(a)\\^ 11 1 • 1 


^77/< 2 ‘“) - 


< rjiy^’(a) for all a G X. 


Hence it holds that p{Vf,Vg) < gis, that is, p{Vf,Vg) < rjp(f,g) for all /,g G A4. 


It follows from (3.36) that p{f,Vf) < 


V 


(¥) 


2 17 


According to [3, Theorem 2.2], there exists a mapping Sx> : X — > Y which satisfying: 

(1) &D is a unique fixed point of V in the set 5 = {g G .Ad : p(f,g) < oo}, which is satisfied 

S v (2 l a) = 2 l7l S v (a) V a G X. 

In other words, there exists a p, satisfying 

II f(a) - g(a) || < pi/)(a) V a G X. 

( 2 ) p(V k f,Sx>) —> 0 as k —> oo. This implies that 

1 


lim 


f{2 kl a) = S v (a) 


V a G X. 


(3) p(f,Sv) < 


1 


1—7] 


11111 ^ j i 

fc— >oo 2 17 ^ 

p(f,Vf), which implies the inequality p(f,Sx>) < 


r/i 2 ^ 


(3.37) 


So ||/(a) — <Sx>(a)|| < 


g 


(¥) _ 


It follows from (3.1) and (3.4) that 
1 


lim . 
fc-K>0 2 17fc; 


f(2 kl (a + 96)) - 17 f(2 kL (a + 8b)) + 136/(2 fc '(o + 7b)) 


2 17 (1 — rj) 


■>kl 


V’(a) 


2 17 (1 — 77)' 
V a G X. 


kl/ 


-680/(2% + 66)) + 2380/(2% + 56)) - 6188/(2% + 46)) 
+12376/(2% + 36)) - 19448/(2% + 26)) + 24310/(2% + 6)) 
-24310/(2%)) + 19448/(2% - 6)) - 12376/(2% - 26)) 
+6188/(2% - 36)) - 2380/(2% - 46)) + 680/(2% - 56)) 

— 136/(2 fcZ (a - 66)) + 17/(2% - 76)) - /(2% - 86)) - 17!/(2%)) 
1 


0,2 ,,) = 0 
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and so 


5© (a + 96) - 175© (a + 8b) + 1365© (a + 7b) - 6805© (a + 6b) + 23805© (a + 56) 
-61885© (a + 46) + 123765© (a + 36) - 194485© (a + 26) + 243105© (a + 6 ) 
-243105© (a) + 194485© (a - 6 ) - 123765© (a - 26) + 61885© (a - 36) 

-23805© (a - 46) + 6805© (a - 56) - 1365© (a - 66 ) + 175© (a - 76) 

—5©(a — 86 ) = 17!5© ( 6 ) 

for all «,6el. Therefore, the mapping 5© : X —> Y is septendecic mapping. 

It follows from [17, Lemma 2.1] and (3.37) that 

n n ( 1 ~ l ^ 

\\fn{[xij\) - S Vn {[Xij])\\ n < Y || fi x ij) - Sv(xij)\\ < Y ol7(l 

i,3= 1 i,j =1 1 

for all x = G M n {X), where 

= ^[^6(0, 2xij) + if(9 Xij,Xij) + 17V’(8xjj,Xij) + 137^(7xjj, x^) 

+ 697^(6 Xij,Xij) + 2516V’(5xij, Xjj) + 68681 /(4xjj, x^) + 14756?/ (3xy, x^) 

+ 25636?/(2 Xij,Xij) + 36686^(xy,iy) + 43758?/(0, x^)] 

for all x = [xjj] G M n (X). 

Thus 5© : X —> Y is a unique septendecic mapping satisfying (3.3). □ 

Corollary 1. Assume that l = XI be fixed and let t,e be positive real numbers with t / 17. Let 
f : X —>• Y be a mapping such that 

n 

(3.38) II Gfn{[xij], [yij ])|| n < Y e (ll x ^'H t + ll^llf) 

i,j=1 

for all x = [. Xij ], y = [yij] G M n (X). Then there exists a unique septendecic mapping 5© : X —> Y 
such that 

n 6 

11/n ( [Xij ]) — 5© n ([Xjj])|| n < 917 _ 2*) Hub'll 

/or all x = [\ G M n (X), where 

= -E [43758 + 36687(2*) + 25636(3*) + 14756(4*) + 6868(5*) 

+ 2516(6*) + 697(7*) + 137(8*) + 17(9*) + (10)*)]. 

Proof. The proof follows from Theorem 3 by taking ip (a, 6 ) = e(||a||* + || 6 ||*) for all a, 6 G X. Then 
we can choose i] = 2 ^*~ 17 ), and we can obtain the required result. □ 

Now we will give an example to illustrate that the functional equation (1.1) is not stable for 
t = 17 in Corollary 1. 

Example 4. Let / : 1 -> R be a function defined by 


V>(x) 


ex 17 , if |x| < 1 , 
e, otherwise, 
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where e > 0 is a constant, and define a function / : R —>• M by 


OO 

/(*) = X] 


n =0 


2 n x ) 
2 17n 


for all Then / satisfies the inequality 

|| f(x + 9 y) - 17 f{x + 8y) + 136/(x + 7y) - 680 f(x + 6 y) + 2380/(x + 5y) 
-6188/(x + Ay) + 12376 f \x + 3 y) - 19448/0 + 2 y) + 24310/(x + y) 
-24310/O) + 19448/0 - y) - 12376/ 0 “ 2y) + 6188/0 - 3 y) 
—2380/0 - 4 y) + 680 f(x - 5 y) - 136/0 - 6y) + 17/0 - 7 v) 


(3.39) -f(x - 8 ;;) - 171/MH < ( 3556 Y 3 4 1 2 0 8 7 2 1 ° 0(10tl) (131072) 2 e(|x| 17 + |j<| 17 ) 

for all x, y £ M. Then there do not exist a septendecic function Sx> : R —> M and a constant A > 0 
such that 


(3.40) 


I/O) - <Sz>0)l - A l x 


for all 


Solution. Now 


1 / 0)1 < £ 


0 ( 2 n x)| 


I 217 " 


E 

n=0 


e _ 131072e 
T 7 ™ “ 131071 ‘ 


Thus / is bounded. Next we show that / satisfies (3.39). If x = y = 0, then (3.39) is trivial. If 


117 


+ |y | 17 > Or , then L.H.S of (3.39) is less than 


(355687428200000) (131072)e 
131071 


Suppose that 0 < |x | 17 + |y| 7 < Oy. Then there exists a non-negative integer k such that 


(3.41) 


1 


<\x\ 17 + \y\ u < 


17 


2 !7(fc+l) 


2 17 k- 


So 2 17 ( fc -D |x| 17 < 2W,2 17 ( fc -D 0|1 7 < _1 7> and 
2 n 0), 2 n (y), 2" 0 + 9y), 2" 0 + 8y), 2 n 0 + 7y), 

2 n (x + 6y), 2 n (x + 5y), 2 n (x + 4y), 2 n (x + 3 y), 2 n (x + 2y), 

2 n (x + y), 2 n (x - y), 2 n (x - 2y), 2”(x - 3y), 2”(x - 4y), 

2 n (x - 5y), 2 n (x - 6y), 2 n (x - 7y), 2 n (x - 8y) G (-1,1) 
for all n = 0,1, 2,..., k — 1. Hence 

i/j{2 n (x + 9 y)) - 17'i/(2 n (x + 8y)) + 136i/(2 n (x + 7y)) - 680?/(2 n (x + 6y)) 
+2380i/(2 n (x + 5y)) - 6188V’(2 n (x + 4y)) + 12376i/(2 n (.x + 3y)) 

— 19448i/’(2 n (x + 2y)) + 24310i/(2 n (x + y)) - 24310/>(2 n (x)) 

+19448'0(2 n (x - y)) ~ 12376i/(2 n (x - 2y)) + 6188i/(2 n (x - 3y)) 
-2380^(2 n (x - 4y)) + 680i/(2 n (x - 5y)) - 136i/(2 n (x - 6y)) 

+17'0(2 n (x - 7y)) - ip(2 n {x - 8y)) - 17!i/(2 n (y)) = 0 
for n = 0,1, 2, • • • ,k — 1. From the definition of / and (3.41), it follows that 
I/O + 9y) - 17/(x + 8y) + 136/(x + 7y) - 680/(x + 6y) + 2380/(x + 5y) 

-6188/(x + 4y) + 12376/(x + 3y) - 19448/(x + 2y) + 24310/(x + y) 
-24310/O) + 19448/(x - y) - 12376/(x - 2y) + 6188/(x - 3y) 

-2380/(x - 4y) + 680/(x - 5y) - 136/(x - 6y) + 17/(x - 7y) 

—/(x-8y) - 17!/(y)| 

< ET=o l^(2 n O + 9y)) - 17 , 0(2”(x + 8y)) + 136i/>(2%x + 7?/)) 

-680^(2 n (x + 6y)) + 2380i/(2 n (x + 5y)) - 6188i/(2 n (x + 4y)) 
+12376i/(2 n (x + 3y)) - 19448^(2 n (x + 2y)) + 24310/>(2 n (x + y)) 


331 


MURALI RAMDOSS ET AL 318-333 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Septendecic functional equation in matrix normed spaces 


<£ 


oo 

n= 


k 


-24310V>(2 n (x)) + 19448'0(2 n (.x - y)) - 12376^(2 n (x - 2 y)) 
+6188'0(2 n (.x - 3 y)) - 238O0(2 n (x - Ay)) + 680t/>(2 n (x - by)) 
-136t/’(2 n (.x - 6 y)) + 17t/>(2 n (x - 7 y)) - ^{2 n {x - 8 y)) - 17!^(2 n (y))| 
(355687428200000)e _ (131072)(355687428200000)e 
2 17n “ 2 17fc (131071) 


< 


(355687428200000) 

131071 


(131072) 2 e(|a;| 1Y + |y| 17 ). 


Hence / satisfies (3.39) for all x, y € M with 0 < |a;| 1 ' + |y| 17 < grr- Now, we prove that the 
septendecic functional equation (1.1) is not stable for t = 17 in Corollary 1. 

Suppose that there exists a septendecic function Sx> : M -A M and a constant A > 0 satisfying 
(3.40). Since / is bounded and continuous for all x £ M, Sx> is bounded on any open interval 
containing the origin and continuous at origin. 

In view of Theorem 3, Sx> must have the form S-p(x) = ex 1 ' for any Thus we obtain that 


(3.42) 


\f(x)\ < (A + |c|)|x 


But we can choose a non-negative integer m with me > A + |c|. 

If x € (0, 2 J_i ), then 2 n x G (0,1) for all n = 0,1, 2, • • • , m — 1. For this x, we get 


/(*) = 


i/j(2 n x) 


> 


771—1 

£ 


n^n 


e(2 n x) 


= mex v > (A + |c|) \x 


17 


ol7n — / j ol7 n 

n =0 r)=0 

which contradicts to (3.42). Thus the septendecic functional equation (1.1) is not stable for 
t = 17. 


4. Conclusions 

In this investigation, we identified the septendecic functional equation and establised the 

Ulam-Hyers stability of this functional equation in matrix normed spaces by using the fixed 

point method and also provided an example for non-stability. 
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Abstract: Various fuzzy generalizations of rough approximations have been made over the 
years. In this paper, the pseudo-generalized fuzzy rough sets are presented and some properties 
of the pseudo fuzzy rough approximation operators are investigated. It is necessary to measure 
the similarity between two pseudo-generalized fuzzy rough sets in some practical cases, such 
as pattern recognition, image processing and fuzzy reasoning. A novel similarity measure be¬ 
tween two pseudo-generalized fuzzy rough sets is proposed in this paper. At the same time, we 
show that the similarity measure between two pseudo-generalized fuzzy rough sets can be given 
according to the pseudo-operation. 

Keywords: Pseudo-operations; Fuzzy rough sets; Approximation operators; Similarity measure 

1. Introduction 

The theory of rough set [27] as a mathematical approach to handle imprecision, vague¬ 
ness and uncertainty in data analysis. However, in Pawlak’s rough set model[27], the 
equivalence relation is a key and primitive notion. This equivalence relation may limit 
the application domain of the rough set model. Generalizations of rough set theory were 
considered by scholars in order to deal with complex practical problems [6,13,32,36,38,43]. 

There are at least two approaches for the development of definitions of lower and upper 
approximation operators, namely, the constructive and axiomatic approaches. In the con¬ 
structive approach, some authors have extended equivalence relation to tolerance relations 
[21,33], similarity relations [34], ordinary binary relations [42,43], and others [16,28,48]. 
Meanwhile, some authors have relaxed the partition of universe to the covering and obtain 
the covering-based rough sets [29,32,40,45-47]. In addition, generalizations of rough sets 
to the fuzzy environment have also been made [5,6,9,12,36]. By introducing the lower 
and upper approximations in fuzzy set theory, Dubois and Prade [4] formulated rough 
fuzzy sets and fuzzy rough sets, they constructed a pair of lower and upper approximation 
operators for fuzzy sets with respect to fuzzy similarity relation by using the t-norm Min 
and its dual conorm Max. By using a residual implication (for short, R-implication) to 
define the lower approximation operator, Morsi and Yakout [19] generalized the fuzzy 

* Corresponding author. E-mail: szh780323@163.com (Z.H. Shi) 
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rough sets in the sense of Dubois and Prade. Later, Radzikowska and Kerre [30] proposed 
a more general approach to the fuzzification of a rough set. This approach is based on 
a border implication X (not necessarily a R-implication) and a triangular norm T. In 
the axiomatic approaches, a set of axioms is used to characterize the approximations. 
Lin and Liu [14] proposed six axioms on a pair of abstract operators on the power set 
of universe in the framework of topological spaces. Linder these axioms, there exists an 
equivalence relation such that the lower and upper approximations are the same as the 
abstract operators. The most important axiomatic studies for crisp rough sets were made 
by Yao [41-43]. Recently, the research of the axiomatic approach has also been extended 
to approximation operators in the fuzzy environment [15,18,19,31,37,39]. 

In some problems with uncertainty in the theory of probabilistic metric spaces, fuzzy 
logics and fuzzy measures, the pseudo-operations such as pseudo-additions and pseudo¬ 
multiplications are usually used [7,11,24], Pseudo-analysis [7,8,10,11,22-26,35] has been 
applied in different fields, e.g., measure theory, integration, convolution, Laplace transfor- 
m, optimization, nonlinear differential and difference equations, economics, game theory, 
etc. Interestingly, by using the Aczel’s theorem [1], the pseudo-additions and pseudo¬ 
multiplications could be transferred into the corresponding results of reals such as the 
addition operator and multiplication operator. This can bring us the convenience of 
calculation. 

We note that there are some literatures about pseudo integrals [7,8,10,25,35], but 
little literatures about rough set model based on pseudo-operations. In order to present 
the rough set model based on pseudo-operations, a general framework for the study of 
fuzzy rough approximation operators based on pseudo-operations are studied by Shi and 
Gong[31]. In [31], by using the pseudo-operations, the pseudo-lower and pseudo-upper 
approximation operators are defined. Meanwhile, some properties of the proposed pseudo 
fuzzy rough approximation operators are investigated. Compared with the previous rough 
set models based on triangular norms [18,19,30,39], the pseudo-generalized fuzzy rough 
sets [31] have its advantages to calculate its lower and upper approximations conveniently. 

In recent years, various similarity measure between generalized fuzzy sets are giv- 
en[2,3,17,20]. It is necessary to measure the similarity between two pseudo-generalized 
fuzzy rough sets in some practical cases, such as pattern recognition, image processing 
and fuzzy reasoning. In this paper, we will present a novel similarity measure between 
two pseudo-generalized fuzzy rough sets. We show that the similarity measure between 
two pseudo-generalized fuzzy rough sets can be given according to the pseudo-operation. 

The remainder of this paper is organized as follows. In section 2, we recall some basic 
concepts of rough sets, fuzzy sets, fuzzy relation and pseudo-operations. In section 3, 
the pseudo-generalized fuzzy rough sets are presented. Some properties of the proposed 
pseudo fuzzy rough approximation operators are also investigated in this section. In 
Section 4, the similarity measure between pseudo-generalized fuzzy rough sets is proposed. 
Section 5 presents conclusions. 
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2. Preliminaries 

2.1 Pawlak rough sets 

In traditional Pawlak rough set theory, the pair ( U , R ) is called an approximation space 
(it is also called Pawlak approximation space), where U is a finite and non-empty set called 
the universe and R is an equivalence relation on U, i.e., R is reflexive, symmetrical and 
transitive. The relation R decomposes the set U into a disjoint class in such a way that 
two elements x and y are in the same class iff (x, y ) £ R. 

Suppose R is an equivalence relation on U. With respect to R , we can define an 
equivalence class of an element x in U as follows: 

[x]r = {y\ (x,y) e R}. 

The quotient set of U by the relation R is denoted by U/R, and 

U/R={X 1 ,X 2 ,--- ,X m }. 

where X t (i — 1, 2, • • • , m) is an equivalence class of R. 

Given an arbitrary set X C U, it may not be possible to describe X precisely in 
the approximation space ( U,R ). One may characterize X by a pair of lower and upper 
approximations defined as follows: 

RX = {xeu I [x] R c X} = |J {Y £ U/R\ Y c xy, 

RX = {xeu I [a;]* nl/0} = \J{Y £ U/R\ Y Gl / 0}. 

The pair (RX, RX) is referred to as a rough set of X. 

2.2 Fuzzy sets 

Let U be a universe. Fuzzy set A is a mapping from U into the unit interval [0,1]: 

A : U —)■ [0,1], 

where for each x £ U, we call A(x) the membership degree of x in A. 

n 

If U — {xi,X 2 , ■ ■ ■ ,x n }, then the fuzzy set A on U can be expressed by A(xj)/xj. 

i=l 

Additionally, the fuzzy power set, i.e., the set of all fuzzy sets in the universe U is denoted 
by F(U) [44], 

For fuzzy sets A, B £ T(U), 

A C B A(x) < B(x); 

(A fl B)(x) = A(x) A B(x) = min{A(x), B(x)}; 

(A U B)(x) = A(x) V B(x) = ma x{A(x), B(x)}] 

(~ A)(x) = 1 — A(x), where ~ A is the complement of A. 

2.3 Fuzzy relation 
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Let U and W be two nonempty sets. The Cartesian product of U and W is denoted by 
U x W. A fuzzy relation R from U to W is a fuzzy subset of U x W, i.e., R G R(U x W), 
and R(x, y ) is called the degree of relation between x and y. In particular, if U — W, we 
call R a fuzzy relation on U. Usually, a fuzzy relation can be expressed by a fuzzy matrix. 

2-4 Pseudo-operations 

Throughout this paper, we only consider the case of pseudo-addition and present the 
fuzzy generalized rough sets using pseudo-addition. For the case of pseudo-multiplication, 
the discussion can be given similarly. 

Definition 2.1 An operation © : [0, oo] 2 —> [0, oo] is called a pseudo-addition if it satisfies 
the following axioms: 

(1) Associativity: a © {b © c) = (a © b) © c for all a, b, c G [0, oo]. 

(2) Monotonicity: a © b < c © d whenever 0<a<c<oo,0<6<d<oo. 

(3) 0 is neutral element: a © 0 = 0 © a = a for all a G [0, oo]. 

(4) Continuity: for any sequences ( a n ) ne N , (b n )n£N in [0, oo]^ such that lim a n = a 

n—>• oo 

and lim b n = b it holds lim a n ®b n — a@b. 

n—>• oo n—»■ oo 

From [11], we know that each pseudo-addition is also commutative, i.e., it satisfies 

(5) Commutativity: a © b = b © a for all a, b G [0, oo]. 

Lemma 2.1 (Aczel’s theorem) Let g be a positive strictly monotone function defined on 
[a, b] C (— oo,+oo) such that 0 G Ran(g). The generalized generated pseudo-addition © 
and the generalized generated pseudo-multiplication © are given by 

x®y = g~ l {g{x) + g(y)), 

x®y = g~ l {g{x)g(y )), 

where g~ l is pseudo-inverse function for function g: g~ l (y) = sup{x G [a,b\\g(x) < y} if g 
is a non-decreasing function and g^iy) = sup{x G [a,b\\g(x) > y} if g is a non-increasing 
function. 

Example 2.1 Suppose that g(x) = 1 — x (x G [0,1]), then its pseudo-inverse is 

_i f 1 -x, x G [0,1], 
g (x) = < 

| 0, x G [1, ©oo). 

And x © y = g~ l (g(x) + g(y)) = max{0, x + y — 1}, this is Lukasiewicz t-norm. 

3. Construction of pseudo fuzzy rough approximation operators 

Definition 3.1 Let ( U,W,R ) be a fuzzy approximation space, where U and W are two 
nonempty sets, R is a fuzzy relation from U to W. g : [0,1] —» [0, ©oo) is a strictly 
decreasing function such that g( 1) = 0 and g(x) + g(y) G Ran(g) U [g(0 + ),+oo) for all 
(x,y) G [0, l] 2 . Then for any A G J-’(IU), the pseudo-lower approximation ^ 0 (A) and the 
pseudo-upper approximation R@(A) of A are defined as follows, respectively: 
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Eq(A)(x) = /\{1-R(x,y)®{l-A(y))} = /\{1 -g 1 (g(R(x,y))+g(l-A(y)))},x G 

yeW yeW 

U\ 

R®( A )( x ) = V { R ( x ^y) ® A (y)} = \/{^(giRixiv)) + g( A iy)))}, x ^u. 

yeW yeW 

The pair (l? e (7l), l?©(7l)) is called a pseudo-generalized fuzzy rough set. R m and 
Rq, are referred to as the pseudo-lower and pseudo-upper fuzzy rough approximation 
operators, respectively. 

Remark 3.1 If R is a crisp binary relation from U to W, then the pseudo fuzzy rough 
approximation operators defined in Definition 3.1 are degenerated into the approximation 
operators defined in [37]. That is, for every A G F(W), x G U, 

R®( A )( X ) = sup{A(j/)|y G R s (x)}, Rq(A)(x) = inf{A(y)\y G R s (x)}, 

where R s (x) = {|/6 W\(x,y) G R}. 

In fact, 

R®( A )( X ) 

= \/{rHsWx'V)) + g(Mv)))} 

yew 

= sup(y^l) + g(A(y)))\y G R s (x)} \J sup{^- 1 (^(0) + g(A(y)))\y £ R s (x)} 

= sup{^~ 1 (^(l) + g(A(y)))\y G R s (x)} 

= sup{(7 _1 (0 + g(A(y)))\y G R s {x)} 

= sup{14(y)|y G i? s (x)}, 

E©(7l)(a;) 

= /\{i-9-'(g(R(x,y)) + 9(i-Ay)))} 

yew 

= inf{l —y _1 (y(l)+y(l —A(y)))|y G i2 s (x)} A inf{l-y _1 (y(0)+y(l-7l(y)))|y £ 

R s (x)} 

= inf{l - g~\g(l) + g(l - A(y)))\y G R s (x)} 

= inf{l - y _1 (0 + g( 1 - A{y)))\y G R s (x)} 

= inf{7l(y)|y G i2 s (x)}. 

Remark 3.2 If R is a crisp binary relation on U and A is a crisp set on U , then the 
pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated 
into the approximation operators defined in [43]. That is, for any A G P(U ), x G U, 

Rq(A) ={iG U\R s (x) fi 4 / (p}, R^(A) = {a: G U\R s (x) C A}. 

where R s (x) = {y G U\(x,y) G i?}. 

In fact, by Remark 3.2, we know that if A G P(U) then for any x G U, 
x G R®(A) i?®(A)(a;) = 1 4=> 3 y G R s (x) such that A(y) = 1, i.e., y G A 

R S (X) fi Ay^(j), 

x £ l?®(7l) -v4> R 0 (A)(a;) = 1 A(y) = 1 for every y G R s (x), i.e., yG Att R s (x) C 
A. 
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Remark 3.3 If R is a crisp equivalence relation on U and A is a fuzzy set on U, then 
the pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated 
into the approximation operators defined in [4], That is, for every A G x G U, 

R®(A)(x) = sup{^4(y)|y G [x\ R }, R 0 (A)(ai) = hA{A(y)\y G [x] R }. 

In fact, if R is a crisp equivalence relation on U, then R s (x) = [a;]#. 

Remark 3.4 If R is a crisp equivalence relation on U and A is a crisp set on U, then 
the pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated 
into the approximation operators defined in [27]. That is, for any A G P{U), x G U, 

R®(A) = {xe U\[x] R HA^cj)}, Rq(A) = {a; G U\[x] r C A}. 


Theorem 3.1 Let R be a fuzzy relation from U to W. Then the pseudo-lower fuzzy rough 
approximation operator R 0 and the pseudo-upper fuzzy rough approximation operator 
R® satisfy the following properties: for any A, B G F{W), x G U, y G W, 

(1) R®(A) =~ R@(~ A), R e (A) =~ R 0 (~ A); 

(2) RJW) = U, R©(0) = 0; 

(3) R e (A n B)= R e (A) n R e (B), R e (A U B) = R®(A) U i2©(B); 

(4) A C B =>■ R e (A) C R @ (B), R®{A) C i? 0 (R); 

(5) Rq,(a u b) d r 0 (t4) u Rq(b), r®(A n B) c. r^(A) n r®(b). 

Proof 


(1) Re(~A)(x) 


\J {g-'<gUHx,y)) + sa-A(y)))} 

yaW 

1 - A i 1 - 9~\gWx,y)) + g(l - A(y)))} 
yaw 

1 -5© (4) (a) 

~ R®( A )(x). 


It follows that R 0 (A) =~ R©(~ A). 

Similarly, l? 0 (7l) =~ R 0 (~ A) can be verihed. 

(2) R®(W)(x) = f\{l-g-\g(R(x,y))+g(l-W(y)))} 

yaw 

= f\{l-g-\g(mx, y) +1))} 

yaw 
= 1 . 


Therefore, R e (W) = U. 

Rq,(4>) = 4> can be verihed in a similar way. 
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(3) 

5e(^nB)(i) 


+g(B{y)))} 


A i l ~ 9 1 (g(R(x, v)) + g( 1 - min{A(j/), 5(y)}))} 

yeW 

A i 1 - 9~ 1 {g( R {x 1 y)) + min{s(A(j/)),ff(B(i/))})} 

yew 

A {! -9- l {™n{g{R(xiy) + g{A{y))),g{R{x,y) + g{B(y)))})} 

yew 

niin{ A {1 ~ 9 ~\g(R(x,y)) + g(A(y))), /\ {1 ~ g~\g(R(x,y)) 
yew yew 

mini#© (A)(x),R e (B)(x)}. 


That is, R^(A D B) — R 9 (A) D R 9 (B). 

Similarly, Rq>(A U B) = R®{A) U R<$(B) is also hold. 

(4) A C B <=> A(y) < B(y ) 1 — A(y) > 1 — B(y), it implies that 


R®( A )(%) = A i 1 ~ g 1 (g( R ( x ^y)) + gi 1 - A (y)))} 

yew 

< /\{l-g-\g(R( x ,y))+g(l-B(y)))} 

yew 

= Rq{B){x). 

That is, A C B =>• R e (A) C _R 0 (5). Similarly, A C B => R®(A) C R e (B). 

(5) R e {AUB)(x) 

= A i 1 - g^(g( R ( x ^y)) + gi 1 - ma *{ A (y), B (y)}))} 

yew 

= A i l - y)) + max {fl'(l - A{y)),g{ 1 - 5(1/))})} 

j/ern 

> max{ A {l-^ _1 (^(5(a:,//))+^(l-A(r/)))}, A {l-g~\g(R( x , y))+90-~B(y)))}} 

yew yew 

= ma^{R^(A)(x),R^{B)(x)} 

Thus R 9 {A U B) D 5 0 (v4) U Rq(B). Similarly, R®(A D B) C 5 0 (v4) n R e (B). □ 


4. Similarity measure between pseudo-generalized fuzzy rough sets 

It is necessary to measure the similarity between two pseudo-generalized fuzzy rough 
sets in some practical cases, such as pattern recognition, image processing and fuzzy 
reasoning. In this section, we will show that in a fuzzy approximation space, similarity 
measure between two pseudo-generalized fuzzy rough sets can be given according to the 
pseudo-operation. 

Let ( U , R) be a fuzzy approximation space, where R is a fuzzy relation on U. Suppose 
there are two pseudo-generalized fuzzy rough sets (i? 0 (Ll), 5 0 (Ll)) and (5 0 (5), i? 0 (5)). 
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Definition 4.1 Let U be a universe of discourse. A real function D : X{U) xT(U) —» [0,1] 
is called an inclusion degree on R(U) if for any A, B,C G D satisfies the following 

properties: 

( 1 ) 0 < D(B/A) < 1 ; 

(2 ) A C D{B/A ) = 1; 

(3) A CBCC=> D(A/C) < D(A/B). 

In particular, let (. X , <) be a partially ordered set, a real function D : X x X —y [0,1] is 
called an inclusion degree on X if for any x,y,z G X , D satisfies the following properties: 

(1) 0 < D(y/x) < 1; 

(2) x <y^ D{y/x ) = 1; 

(3) x <y<z=> D(x/z ) < D(x/y). 

Theorem 4.1 Let g be a strictly decreasing function on [0,1] such that g( 1) = 0. For 
any a, b G [0,1], we define 

6 ( b/a ) = sup{c G [0,1] | a © c < 6}. 

Then d' is an inclusion degree on [0,1]. 

Proof 

It follows immediately from Definition 4.1. □ 

Theorem 4.2 Let ( U,R ) be a fuzzy approximation space. For any A, B G X(U), 
(_R e (A), l? e (A)) and (R & (B), R 9 (B)) are two pseudo-generalized fuzzy rough sets on 
U. Then 

0JB/A) = -Y^e\R 9 (B)(x i )/R 9 (A)(x i )) (4.1) 

1=1 

and 

1 n _ __ 

0(B/A) = - V e'iR^B^/R^A^)) (4.2) 

n A ' 

i =1 

are inclusion degree on T{U). 

Proof 

We need only to prove that 9 determined by formula (4.1) is an inclusion degree on 

T(U). 

(1) By the definition of 9' , 0 < 9'(R e (B)(xi)/R^(A)(xi)) < 1 is obvious. Therefore 

0 < 6{B/A) < 1. 

(2) If A C B, by Theorem 3.1, we know that 

R®(A) c Rq(B), 

i.e., 

R e {A)(x) < R (B (B)(x), xeU. 

Thus, 

9' {R^B^/R^A)^)) = 1 . 
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Therefore 9(B/A ) = 1. 

(3) If A C B C C ( A , B,C G then by Theorem 3.1, i? e (A) C R 9 (B) C R 9 (C), 

i.e., 

R^fAXx) < R^fBXx) < R 9 (C)(x) 

for every x G U. 

Thus, we can obtain 0(A/C) < 9(A/B). □ 

Definition 4.2 A real function S : R(U) x R(U) —> [0,1] is called a similarity measure 
on T(U) if for any A, B,C G T{U), S satisfies the following properties: 

(1) 0 < S{A,B) < 1,A(A,A) = 1; 

(2) S(A,B) = S(B,A)-, 

(3 ) AC BCC=> S(A, C ) < S(A, B ). 

Theorem 4.3 Let (U, R) be a fuzzy approximation space. For any A, B e R{U), 
(^ ffi (A), i? e (A)) and (R 9 (B), R 9 (B)) are two pseudo-generalized fuzzy rough sets on 
U. Then 

S(A, B) = ^ [9{B/A) 0 9(A/B) + 9(B/A ) © 9(A/B)] 

is a similarity measure between (^ 0 (A), l? e (A)) and (R^(B), R 9 (B)), where x © y = 
+ g(y)) and g : [0,1] —>■ [0, +oo) is a strictly decreasing function such that 

9(1) =0. 

Proof 

(1) By g- 1 : [0, +oo) —> [0,1], we have 

0 < 9{B/A) © 9{A/B) < 1, 

0 < 9{B/A)@9{A/B) < 1. 

Thus, 0 < S(A, B ) < 1. And by 9(A/A) = 1 and 9(A/A ) = 1, we get A(A, A) = 1. 

(2) By x © y = y © x, we have S(A, B) = S(B, A). 

(3) If A C B C C (A,B,C G T(U)), by 9 and 9 are inclusion degree on R(U), we 
obtain that 

9(A/C ) < 9{A/B), 

9(A/C) < 9{A/B). 

On the other hand, 

S(A,C) = 1 -\9{C/A)® 9{A/C) + 6{C/A)(B 0{A/C)\ 

= l -[l®9SA/C) + l®9(A/C)\ 

= 1 -\9{A/C)+9{A/C)], 
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S(A,B) = ^\6(B/A)®6{A/B) + 6(B/A)®6{A/B)} 

= ^[1®6(A/B) + 1®9(A/B)\ 

= 1 -[e(A/B) + 6(A/B)}. 

Hence S(A,C) < S(A,B). 

This completes the proof. □ 

Example 4.1 Let U = {xi,X 2 ,Xs} be a universe of discourse, R be a fuzzy relation on U 
(see Table 1). 

Table 1: A fuzzy relation on U 


u 

Xl 

Xl 

x:i 

Xl 

1 

0.4 

0.6 

x 2 

0.4 

1 

0.7 

x 3 

0.6 

0.7 

1 


Suppose that 

A = 0 . 3 /xi + 0 .4/o;2 + 0.8/213, 

B = 0 .2/2:1 + 0.7/212 + 0.8/213, 

and 

g ( x ) = 1 — 2: (2: G [ 0 , 1 ]). 

Then the pseudo-lower and pseudo-upper approximations of A and B can be computed 
as follows: 

In one hand, 

E©(A)( 2 ii) = minjl - ^(O + 0.3), 1 - ^(OT + 0.4), 1 - g~\0A + 0.8)} = 0.3; 
R 9 (A)(x 2 ) = minjl - g~\ 0.6 + 0.3), 1 - ^(O + 0.4), 1 - ^(O.S + 0.8)} = 0.4; 

,R e (A)( 2 i 3 ) = minjl - g~\0A + 0.3), 1 - ^(O.S + 0.4), 1 - ^(O + 0.8)} = 0.7; 

)R 0 (A)( 2 ii) = maxjc/- 1 (0 + 0.7),^- 1 (0.6 + 0.6),^- 1 (0.4 + 0.2)} = 0.4; 

R®(A)(x 2 ) = maxjc/- 1 (0.6 + 0.7),^- 1 (0 + 0.6),^- 1 (0.3 + 0.2)} = 0.5; 

R e ( A )( x 3 ) = maxjc/- 1 (0.4 + 0.7),^- 1 (0.3 + 0.6),^- 1 (0 + 0.2)} = 0.8. 

That is, 

R ^( A ) = 0.3/211 + O.4/212 + 0.7/213, 

-R®(A) = 0.4/211 + 0.5/212 + 0.8/213. 

On the other hand, 

R e (B)(x 1 ) = minjl - ^(O + 0.2), 1 - g~\ 0.6 + 0.7), 1 - g-^OA + 0.8)} = 0.2; 

R 9 (B)(x 2 ) = minjl - ^(O.O + 0.2), 1 - ^(O + 0.7), 1 - ^(O.S + 0.8)} = 0.7; 

Rq(B)(x 3 ) = minjl - g~\0A + 0.2), 1 - ^(O.S + 0.7), 1 - ^(O + 0.8)} = 0.6; 

R®{B)( Xl ) = maxjc/- 1 (0 + 0.8),^- 1 (0.6 + 0.3),^- 1 (0.4 + 0.2)} = 0.4; 
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Rq(B)(x 2 ) = max{g _ 1 ( 0.6 + 0 . 8 ), g _1 (0 + 0.3), g _ 1 (0.3 + 0 . 2 )} = 0.7; 

Rq(B)(x 3 ) = max{^- 1 (0.4 + 0.8),^- 1 (0.3 + 0.3),^- 1 (0 + 0 . 2 )} = 0 . 8 . 

That is, 

Rq(B) = 0.2/xi + 0.7/x 2 + 0.6 /x 3 , 

R®(B) = 0.4/xi + 0.7/x 2 + 0 . 8 / 213 . 

Since g(x) = 1 — x, so 6'{b/a) = sup{c G [0,1] | a © c < b} = 1 A (1 — a + b). 

Therefore 

3 

9(B/A) = - ^ 6 (R 9 (B)(x i )/R 9 (A)(x i )) = -(0.9 + 1 + 0.9) = —, 

7=1 

3 

0(A/B) = i Y i e\R ts> (X){x i )/R 9 (B)(x i )) = i(l + 0.7 + 1) = |, 

7=1 

i 3 _ _ i 

HB/A) = -"£ »'(R <!> (B)(x i )/R 9 (A)(x i )) = -(1 + 1 + 1 ) = 1 , 

7=1 

3 

0(A/B) = l i Y i e'(R^A){x i )/R 9 (B)[x i )) = i(l +0.8 + 1) = |j, 

7=1 

and 

mi A) S S(A/B) = g-'Wm/AV+giHA/B))] = J " 1 [1 - |? + 1 - 

28 14 

9{B/A)®e(A/B) = g-'\g(0{B/A))+ g (p(A/B))\ = g-'[\ -1 + 1*.-] = -. 

Thus, the similarity measure between (R^(A), R^(A)) and (R^(B), R e (B)) can be 
given as follows: 

1 _ _ i r 14 RR 

S{A, B) = ~[9(B/A) © 6(A/B) + 9{B/A) © 6{A/B)} = -(- + -) = -. 

5. Conclusions 

It is interesting to combine pseudo-operations and rough set in order to expand the 
application domain of pseudo-analysis and rough set. In this paper, we presented a 
generalized fuzzy rough set model based on pseudo-operation, constructed pseudo fuzzy 
rough approximation operations. Because it is necessary to measure the similarity between 
two fuzzy rough sets in some practical cases, using the pseudo-operations, the similarity 
measure between pseudo-generalized fuzzy rough sets are given in this paper. The results 
of this paper may be applied to some practical problems about pattern recognition or 
fuzzy reasoning. 
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FOURIER SERIES OF FUNCTIONS INVOLVING HIGHER-ORDER EULER 

POLYNOMIALS 

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND GWAN-WOO JANG 


Abstract. In this paper, we consider three types of functions involving higher-order Euler polynomials 
and derive their Fourier series expansions. In addition, we express each of them in terms of Bernoulli 
functions. 


1. Introduction 


For each positive integer r, Euler polynomials Em' 1 (x) of order r are given by the generating function 
/ o \ r 00 f 171 

(e^Tl) e “‘= (see [2 — 4, 11 — 13,17,19]), (1.1) 

' ' m —0 

When x = 0, = Em ( 0) are called Euler numbers of order r. For r = 1, E m (x) = Em\x) and 

E m = Em' 1 are called Euler polynomials and numbers, respectively. From (1.1), we see that 

= mE m- iW, (™ > 0), 
e£\x + 1 ) + E%> (x) = 2e£~ 1 \x), (m > 0 ). 

In turn, these imply that 

e£>{i) = 2e£-V-e£>, (m > o). 


( 1 . 2 ) 

(1.3) 


and 

/ Em(x)dx = ~r(^'m+i ) - E^l i), (m > 0). 

Jo m + i 

For any real number x, we let < x >= x — [a;] € [0,1) denote the fractional part of x. 
The Bernoulli polynomials B m (x) are defined by the generating function 


t 

e* +1 


Y.Bmix) — , (see [2-4,11,17]). 
Z —' ml 

m—0 


We will need the following facts about Bernoulli functions B m (< x >) for later use: 
(a) for ui > 2, 


X >) 


oo 

-to! ^ 

n=—oo,n^0 


g.2-Kinx 

(2irin) m ’ 


(1.4) 


(1.5) 


( 1 . 6 ) 


2010 Mathematics Subject Classification. 11B68, 11B83, 42A16. 

Key words and phrases. Fourier series, higher-order Euler polynomials, Bernoulli functions. 

1 


348 


T. KIM ET AL 348-361 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


2 
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(b) for to = 1 , 


OO 

- E 

n=—oo,n^0 


g2ivinx 

2tt in 


Bi(< x >), for x € Z c , 
0, for x € Z, 


(1.7) 


where Z° = K. — Z. 

In this paper, we will consider the following three types of functions a m (< x >),(3 m (< x >), and 
7 m (< a: >) involving liigher-order Euler polynomials and derive their Fourier series expansions. Further, 
we will express each of them in terms of Bernoulli functions: 

(1) a m (< x >) — Y!k=Q E k\< x >) < x > m ~ k , (m > 1); 

(2) /3 m (< x>) = ZLo k!(J-ky E k r) (< x >) < x > m ~ k , (to > 1); 

(3) 7 m(< x >) = Zk=i T^=k) E k\< x >)<x > m ~ k , (to > 2). 

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [1,16,20]). 
As to 7 m {< x >), we note that the polynomial identity (1.8) follows immediately from Theorems 4.1 and 
4.2 which is in turn derived from the Fourier series expansion of 7 m (< x >). 


E 

fc=i 


i 


k{m — k) 


E k ] (x)x' 


i—k 


l 


s=0 


-A-m—s+1 + 


Hfjl — 1 Hfn — 


m — s + 


P(l + 2 ~ E$s + 1)) ) Bs(x) 


( 1 . 8 ) 


where A i = Zk=l k(i-k ) i^ E k — E< k^)’ ^ or ^ with Ai = 0, and H m = X 7 I 1 j are the harmonic 
numbers. The obvious polynomial identities can be derived also for a m (< x >) and /3 m (< x >) from 
Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is remarkable that from the Fourier series 
expansion of the function ZT =1 k(rn-k) E k(< x >)B rn _j c (< x >) we can derive the Faber-Pandharipande- 
Zagier identity (see [6-9]) and the Miki’s identity (see [5,7-9,18]). For recent related works, we refer the 
reader to [10,14,15]. 


2. Fourier series of functions of the first type involving higher-order Euler polynomials 


Euler polynomials. Let a m (x) = ZT=o E< k\ x )x m fc , (to. > 1). Then we will consider the function 

m 

am(< x >) = y>£ r) (< x >) < x (m > 1 ). 

k=0 

defined on K which is periodic with period 1. The Fourier series of a m (< x >) is 


E 4 


m) ^Zirinx 


where 


4 m) = [ a m (<x>)e- 2 * inx dx 

Jo 


= / a m {x)e~ 2ninx dx. 
Jo 


( 2 . 2 ) 


(2.3) 
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To proceed further, we need to observe the following. 


= J2{ kE k-i( x ) xm k + (m- k)E^\x)x m k 


= E kE^\{x)x m ~ k + E (™ - k)E { ;\x) 


i r) (x)x m - k - 1 


m— 1 

1-k I _ ro 


= 53 (AH-1 )E ( k r) (x)x m - 1 ~ k + 53 (m - AO^O®)®"* -1 ' 


From this, we obtain 


= (m + l)Y,El r) (x)x m - 1 ~ 

k—0 

= (m + l)a m _i(x). 


m + 2 




For m > 1, we set 


f 1 1 

I (Xrn^X^dx — | r(cTrn+l(l) <Tm+l(d))* 

do m + 2 


A m — cr m (l) Gi m (0) 


m 

EK’d) 




2 ^r 


We now note that 


= E( 2 4 r_1) - 4 r) ) - e£. 


Gim(b) ^771(1) ’1 A rn 


f 1 1 

/ a m (x)dx = -— A TO+i . 

do m + 2 


We are now ready to determine the Fourier coefficients Aif n ' > . 
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Case 1 : 0. 


= [ a m (x)e~ 2irinx dx 

Jo 


= - . [a m {x)e 

Znin 


— 2Tzinxl ^ _j_ _ 

0 2n in 


a' m (x)e- 2 ™*dx 


1 


2n in 
m+1 


{otm{ 1) ~ Clm(0)) + 


m + i r 1 
27rin ,/ n 


a m _i (x)e- 2mnx dx 




! 


27rm 27rin 

from which by induction we can deduce 


( 2 . 10 ) 


Case 2: n = 0. 


AM =_ L_ V' ( m + 2 h a - +1 

| c\ / j (c\ ■ \ d L -^m—j-\-1‘ 

m ^^ I A/mn 1 J 


m + 2 ' (27rm)J 

.7 = 1 


/*1 2 

A+= / a m (x)dx = -— A m+i . 

JO TO + Z 


( 2 . 11 ) 


( 2 . 12 ) 


a m (< a; >), (m > 1) is piecewise C 00 . Moreover, ot m {< x >) is continuous for those positive integers 
to with A m = 0, and discontinuous with jump discontinuities at integers for those positive integers to 
with A to ^ 0 . 

Assume first that to. is a positive integer with A m = 0. Then a m (0) = a m (l). Hence a m (< x >) is 
piecewise C °°, and continuous. Thus the Fourier series of a m (< x >) converges uniformly to a m (< x >), 
and 


a m {<x >) 

1 


to + 2 m+1 

+ ^ 1 

n——oo,n^0 

^ TO 

1 A ^ 

1 m 

_|_ \ 

/to + 

to + 2 m+1 

771 + 2 

J=1 

V J 

1 A +1 

1 m 

1 \ 

/to + 

TO + 2 Am+1 

to + 2 ^ 

1=2 

V 3 

X ^ 

Bi(< x >), 
0, 

for 

for 


1 ( TO + 2 )i a 

+ 2 4- ( 27 rm)i m - J+1 

1 — 1 


^m—j+l J- 


00 g27r inx 


E 


n=— 00 , 71 +0 


(27rm)f 


(2.13) 


Now, we can state our first result. 


Theorem 2.1. For each positive integer l, we put 

A, = 5>4 r_1) - E ( k r) ) - if. (2.14) 

k =0 

Assume that A m = 0, for a positive integer to. TTien we have the following. 
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5 


(a) Y^k=i {< x >) < x > m k has the Fourier series expansion 


x >) < x > 


m—k 


k —0 


l 

TO + 2 


A m+1 + y | - — y (m + 2 ^ A m _ j+1 | e 27rinx 

+ ^ l TO + 2 ^ (2-jriny J+ 

7 = 1 v ' 


n=— 00,717^0 


for all where the convergence is uniform. 

(b) 


(2.15) 


J2 E k\< x >) < x > 


m—k 


fc=0 


i 


TO. + 2 


. 1 ^ (m + 2\ . 

A™ + i + in + 2 ^ ( j x > )’ 

j =< 2 


for all i£l, where Bj{< x >) is the Bernoulli function. 


(2.16) 


Assume next that A m ^ 0, for a positive integer m. Then a m ( 1) 7 ^ a TO (0). Hence a m (< x >) is 
piecewise C°° and discontinuous with jump discontinuities at integers. The Fourier series of a m (< x >) 
converges pointwise to a m (< x >), for x £ Z c , and converges to 

2 ( Q; m(0) + a m (l)) = a m (0) + -A m , (2-17) 

for x £ Z. We can now state our second result. 


Theorem 2.2. For each positive inetger l, we set 

a, = E( 24 r - 1} - 4 r) ) - E \ r) - 

k —0 

Assume that A m 7 0 7 for a positive integer m, Then we have the following, 
(a) 


(2.18) 


(b) 


1 


m + 2 


a to+ i + 


n=— oo,n7^0 


1 (m + 2 )j A 

, + 2 ^ ( 27r iny m ” i+1 

.7 = 1 > 


Y^k=o E k\< x >) < x > m k i f° r x £ z c 

jp( r ) I 1 A 
“r 2 


for X £ Z. 


1 


in + 2 


m / m 

: ^ ( . j A m _j-+iBj(< x >) = yE { ,f\< x >) < x > m ~ k ,x £ Z c ; 

j =o ' ' fe=0 


1 X | o\ 1 

mT 2 £ ? 7 jA m _ j+lJ B 7 (< a; » = F;M + -A ro , for 

n -’-/.I \ J / 


3=0,3^ 


(2.19) 


( 2 . 20 ) 
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3. Fourier series of functions of the second type involving higher-order Euler polynomials 


Let f3 m {x ) = J2T=o k\(m-k)\ ^k' > ( x)x m k , (m > 1). Then we will consider the function 


*(< x >) = E 


k =0 


kl(m — k)\ k 


E^\< x >) < x >' 


i—k 


clehned on R, which is periodic with period 1. The Fourier series of /3 m (< x >) is 


E * 


n=— oo 


(m) ^2ninx 


where 


B^ = [ 0m(< X >)e 
Jo 


= / fim{x)e 

Jo 

To proceed further, we need to observe the following. 


~ 2mnx dx 
~ 2mnx dx. 


P'm( X ) = E 


k =0 


= E 

k=1 
m— 1 

= E 


k\(m — k)\ 


1 


- Ad I k ~ x 


4? A x ) xm - k + 


k\(in — k)\ 

m— 1 


(k — 1 )!(to — fc)! 
1 


E^l t (x)x m - k + 


1 


k =0 
m —1 


k\{m — k — 1)! 


£ rw,"-'-‘ + E a.lt/ rw 


fc=0 


fc!(ra — 1 — fc) 


k =0 


k\(m — 1 — fc)! 


Ei r \x)x m - k - 1 




— 2/3m— i ( x ). 
From this, we obtain 


and 


From to > 1, we set 


Pm+l(x)\' 


dm (x), 


f 1 1 

J /3 m (x)dx = -(/3 m+ l(l) - fim+1 (0))* 


m 1 

= Pm{ 1) - /3m (0) = fcl( TO _ &)! W 


/c—0 


— 

Om,k 


m 1 

=s - e «' - d-’-w) 


k—0 


= E 


' ( 24 r - 1) - 4 r) )-E £ ;W. 


fc =0 


/c!(m — A:)! 


to! 


From this, we now see that, 


/?m(o) = /3m(1) <{=» ftm = 0, 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 

(3.6) 


(3.7) 


(3.8) 


353 


T. KIM ET AL 348-361 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


T. Kim, D. S. Kim, L. C. Jang, G.-W. Jang 


7 


and 


/•' 1 

J (3 m (x)dx = 


We now would like to determine the Fourier coefficients B. 
Case 1: n ^ 0. 


B^ = f Pm(x)e- 2 * inx dx 
Jo 


1 

27t in 


\Pm(x)e- 2 ” in *] P' m {x)e- 2 * inx dx 


~ 2 ^n (/?m(1) /3m( ° ))+ 2 nin 

2 -— 


Pm-l{x)e 


c dx 


2tt in 


2tt in 


from which by induction we can derive 


m 2 J —1 
7 — 1 v 7 


(3.9) 


(3.10) 


(3.11) 


Case 2: n = 0. 

Bq 71 ^ = J ft m (x)dx = ^n m+1 . (3-12) 

/3 m (< a; >), (to > 1) is piecewise C°°. Moreover, /3 m (< a; >) is continuous for those positive integers to 
with O m = 0 and discontinuous with jump discontinuities at integers for those positive integers m with 
fi m ^ 0 . 

Assume first that = 0, for a positive integer to. Then /3 m (0) = /3 m (l). Hence /3 m (< a; >) is 
piecewise C 00 , and continuous. Thus the Fourier series of /3 m (< x >) converges uniformly to /3 m (< x >), 
and 


(3m{< x >) 


"9 Q m+1+ ( X! :9-,„ ' 


2 J ' 


n——oo ,n^0 \ j 


—( (2-7Tm)t 


= j — j! 


-a'+i 


00 g2ninx 


7 = 1 


n=—oo,n^0 


(2tt in)J 


l n 2 J 1 . „ f Bi(< x >), for x € Z c , 

— 7^m+l + 2 _ J ^m-j + lBj(< X >) + X j q for X e z 

j-2 1 ’ 


We are now ready to state our first result. 
Theorem 3.1. For each positive integer l, we let 




’ K r_,| -d r| >-id r) - 


k=0 


k\(l-k)l 


Assume that = 0, for a positive integer m. Then we have the following. 


(3.13) 


(3.14) 
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(a) SfeLo x >) < x > m ~ k has the Fourier series expansion 


m 


m—k 


k fc!(m — fc)! 

= -n m+ 1+ y I E 


2 J 


-1 


n=—oo,n^0 


“ (27TZ? 
1=1 




2n inx 


for all x £ K, where the convergence is uniform. 

(b) 


E 

k =0 


1 zrjA\ E k ) ( < x >)< x > m ~ k 


k\(m — k)\ 


23 

= ''f ^ Tj j+l^j (<1 X >), 


J=0,j¥1 


J 


for all i£l, where Bj{< x >) is the Bernoulli function. 

Assume next that Q m ^ 0, for a positive integer m. Then /3 m (0) ^ /3 m (l). Hence /3 m 
is piecewise (7°° and discontinuous with jump discontinuities at integers. Thus the Fourier 
/3 m (< x >) converges pointwise to /3 m (< x >), for x £ Z c , and converges to 

2 (Pm ( 0 ) + Pm ( 1 ) ) = fim(0) + 2 ^ m ’ 

for x £ Z. Now we are ready to state our second result. 

Theorem 3.2. For each positive integer l, we let 




1 


(2 E^~ 1} - E^) - ^EY ’. 




k =0 


k\(l — k)\ 


AN 


l\ 


Assume that VL m ^ 0, for a positive integer m. Then we have the following, 
(a) 


(b) 


for x £ Z c ; 


for x £ l. 


-n m+ 1 + Y -E 

n=— oo,n 7^0 \ j =1 


2 J 


-l 


(27t in)- 




2irinx 


ET= o kHm-kV E i r) (< x>)< x > m k , for zeZ c , 


J_ p(r) , io 

rn \ J - J 'm I 2 “ "7717 


for x £Z. 


m 2 j — 1 m 


1 


J=0 


fc =0 


/c!(m — fc)! 


— £^(< *>)<*>’ 


%—k 


E .1 --m j ■ l^j(< >) — l'/ n f — 


j=0,J#l 


(3.15) 

(3.16) 

(< * >) 

series of 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 
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4. Fourier series of functions of the third type involving higher-order Euler polynomials 

Let 7 m (x) = J2 T=i k(m-k) E I- ^ ( x)x m ~ k , (to > 2). Then we will consider the function 

m— 1 

7m(< x >) = J2 k{m-k) E ^^ <X>)<X>m ~ k ' (4 ' r 

defined on K, which is periodic of period 1. The Fourier series of 7 m (< x >) is 


E 


m) ^2'Kinx 


n——oo,n^0 


where 


CL m) = l\m{<x>)e-^ inx dx= [\ m (x)e- 2 ™ x dx. 
Jo Jo 


We need to observe the following to proceed further. 


m— 1 

= E i^Tk) {**£>,(*)*"-* + (m - n4 r >W*“-*-'} 




= E + 1) 4’' w 

nl ~^ ‘ 1 11 

= ( TO - !) E 77-+-7* m-1 +- 

k(m — 1 — k) m— 1 m—1 


fc(ra — 1 — fc) m — 1 


1 _„m-l ,_ 1 _ j?(r) 


7m(*^) = ( TO - l)7m-i(®) +--a: m +-rCiW. 

m — 1 m — 1 


from which we see that 


( — (^ m +i{x) - 

\m \ m(m - 


m(m + 1) 


E m+l( x i)j =7 m(x). 


This implies that 


/ 7 m {x)dx 
Jo 

= - ( 7 m+l (1) - 7m+l(0) - 1 - 1 (E^l) ~ E%_S) 

m \ m(m +1) m(m+ 1) ^ J 

= — ( 7m+l (1) - 7m+l(0)- , 1 —V - , 2 n (^m+l ) “ ^m+l)) ' 

to \ myrn + 1) m{m + 1) T T / 


p(r-J) m(r) 
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For to > 2, we put 


Fourier series of functions involving higher-order Euler polynomials 


Am = 7m(l) - 7m(0) = £ )fc( —^ (4^ W “ ^S m , k ) 


We now notice that 




7m(l) = 7m(0) A m = 0, 


f 7 m(x)dx = — (h-m +1 - . 1 ' - 2 (£’^ + i ) - E^ +1 

Jo TO V. to(to + 1) to(to + 1) + + 


7 0 TO \ to(to + 1 ) rn(m+l) 

We are now ready to determine the Fourier coefficients . 

Case 1: n ^ 0. 


Cl m) = m(x)e~ 2mnx dx 

Jo 




+A- [ 


= " 7 - (0)) + s l { (m “ 1)7 -' (l) + + 


e~ 2mnx dx 


= — _—C'( rrt_ i)_—A H_ 1 _ [ 

2nin n 2irin m 2nin(m — 1) J 0 


x m-l e~2Trinx c 


27t m(m — 1) J 0 


[ E^Ux)e-^ nx dx. 
Jo 


We can show that 


x l e~ 27rinx dx = | ^ fe=1 (Mn) 1 - ’ for n ± °’ 

1 ttt , for n = 0. 


Also, from [ ], we have 


T?( r ) (rXip—Zninx i _ 1 ^/c=l (2 nin) K \ 1-K+ 

^ ^ (r _i) _ (r) 


spl 2 (0fc-i /pH _ 7?( r+1 ) ) for 77 ^ 0 

2^fc=l (2tv in) k y^l-k+l rj l-k+l)’> 101 n T' J , 


for n = 0 . 


From (4.11), (4.12), and (4.13), we get 


(j( m ) = Jl _l^(m-i)__I_$_1_0 

27rm " 27rm m 27 tot(to — 1) m 2'Kin(m — 1) m ’ 


where 


E 

fc=l 
m— 1 

©m = ^ 


(TO - l) fc _i 
(27t in) k 

2 (to — l)fc-l / pi(r-l) _ n(r) N 
(27rm) fe 1 m " fc 
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11 


Thus we have shown that 


C (m) = - 77 —— A r „ - 


1 


2mn n 2nin 2w in(m — 1 ) 

from which by induction on m we can easily show that 


- 


1 


2 - 7 T in(m — 1 ) 


Bm, 


(4.16) 


m-l i\ m—1 m-l / 1 

r (m) _ - 1 )j -1 a . \ - - 1 ) 3-1 ^ \ - (m-l)j-l 

(1 2mny m —J+ 1 (2niny(m — j) m ~ J+1 (27rm) J ’(m — j) 




j+i- 

(4.17) 


Here we note that 


m— 1 

E 


(m - l)j_i 


^ (2-jriny(m — j)^ m J+1 

_ ( m ~~ 1 )l-i 2(m — j)fc_i / F (r-i) _ pro \ 

^ (2mn)Hrn- j) +( ( 27 rm) fe 1 ™-j-fc+i m-j-fe+il 

= 1 Y' ~ 1 )j+fc~2 /p+-l) _ p(r) \ 

( 27 rm)J+ fc V ™-j-fc+i m-j-fc+i-' 


p(r) 


J =1 
m— 1 


= E— E 

L ' m — 1 z ' 


1 2 (m l )«-2 / z-i(r-l) ci(r) 


m — 7 —' (2irin) s 

j =1 J s=j+l v ' 


y^m— s+1 -^m— s+1/ 


= E 


2(rn l)s—2 / T7i(r—1) m(r) 


s-1 


s—2 


/pB- 1 ) _ p(r) Y — 

V^m-s+l • c 'm—s+1/ / y m 
J = 1 


(27t in) s "" "" " 1 * Y7 m ~ J 


= _ 2 y,Jm) f _ (r _i) _ (r) 

m (2nin) s m “ s+1 m “ s+lj 

S—1 x 7 


H-m— 1 Hm— S 

TO — S + 1 ’ 


where i7 m = SJLi j are the harmonic numbers. Similarly, we can show that 


(4.18) 


1 (w)s 7f m _ 1 ^ H m _ s 


y ' ( m ~ 1 )j-i ,|, = _!_y^ 

+( (2niny(m — j) m J+1 to(27tot) s to—s + 1 


(4.19) 


Putting everything altogether, 

C (m) = V (a. 

to ^ (2nin) s \ 

S—l K 7 v 


m— s+1 H - 


Hm— 1 Hm—s 
m — s + 1 


(l + 2(£&:2 . 1 - i^E+i)) } . (4.20) 


Case 2: n = 0. 




1 

TO. 


= / 'y m (x)dx 
Jo 


A, 


m+1 


to(to + 1) 


2 

to(to + 1) 


(3 


V—1) 
m+1 



(4.21) 


7 m (< x >), (to > 2) is piecewise C°°. Moreover, y m (< x >) is continuous for those integers to > 2 with 
A m = 0, and discontinuous with jump discontinuities at integers for those integers to. > 2 with A m ^ 0. 
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Assume first that A m = 0, for an integer to > 2 . Then 7 +O) = 7 m (l). Hence 7 m (< x >) is piecewise 
C°°, and continuous. Thus the Fourier series of 7 m (< x >) converges uniformly to 7 m (< x >), and 

7m(< Z >) 


= - I A 
to 


_1_ 2 /ph- 1 ) _ pM \ 

m+1 m(m +1) m(m+l) m+1 m+1 

rim— 1 Xlm—s 


00 1 m / x 

J 1 ( m )s 

I to (27rin) s 

n=—oo,n^0 v s—1 v 

1 


-A-m —s+1 4"" 


m — s + 1 


(1 + 2(^1^ - B< r L +1 ) ) S e 


= - ( A 
m 


m+1 


:(A 


m 

1 

m 


E 


to(to + 1) to(to + 1) 

Hm— 1 rz m _ 


(r- 1 ) _ p(r) 
m+1 -^m+l 


A. 


A?71 —s + l T 


1 


TO — S + 


p (i + 2(£Sdh - d7.+,)))(-»! E 

' \ n=—oo,n^0 


(27rm) s 


(4-22) 


m+1 


p(’—!) jp(r) 


1 m 

-E 

m < ^ 


s—2 


m(m + 1) m(m + 1) 

Hm— 1 — 


(Tpy- 1 -) _ 

V-^m+1 -^m+l. 


-A-m—s+1 H“ 


m — 5 + 


P(l + 2 +^ - l^E+r))) B s (< a: » 


i » v f Hi(< a; >), for a; € Z°, 
+ m \ 0 , for ieZ. 


Now, we are going to state our first result. 
Theorem 4.1. For each integer l > 2, we let 


i -1 


A< = E 


1 , ( r -l) 


fc=1 


fc(i - fc) 


(2Er ij -sn, 


(4.23) 


with Aj = 0. Assume that A m = 0, for an integer m> 2 , TTien we have the following, 
(a) Y^k=i +zjt+(< x >) < x > m_fc /ias t/ie Fourier expansion 


m— 1 

E 


y-' k(m — k) 

1 

TO 


A. 


4 r) (<£>)< a: > m ” fc 


1 


m+1 


+ e -±E (m) 


m(m + 1) m(m + 1) v m+1 

-A-m —s+1 + 


r/?( r “ 1 ) _ Z?( r ) \ 
V-^m+1 ^m+lJ 


(4.24) 


m (27Tin) & 

s—1 v ' 


n=—oo,n^0 

for all i£l, where the convergence is uniform. 

(b) 

m— 1 1 

E FTZ. - TF E k' > ( < X>) <X > m ~ k 


TO — S + 




Jl'ninx 


k =1 


fe(m — fc) 


1 


TO- 


E 


A-m— s+1 T 


Hm— 1 B-m—s 

TO — S + 1 


s =0,s^l 

for all itl, where B s (< x >) is the Bernoulli function. 


(1 + 2 +L+E - ^LE+i))) 5 S (< a: >), 


(4.25) 
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Assume next that A m ^ 0, for an integer vn > 2. Then 7 m (0) ^ 7 m (l). Hence 7 m (< x >) is piecewise 
C°°, and discontinuous with jump discontinuities at integers. Thus the Fourier series of 7 m (< x >) 
converges pointwise to 7 m {< x >), for x € Z c , and converges to 


+7m(0) + 7m(l)) = 7m(0) + —A m , 
for x £ Z. Next, we are going to state our second result. 
Theorem 4.2. For each integer l > 2, we let 


(4.26) 


/-I 


with Ai = 0. Assume that A m ^ 0, for an integer m > 2. Then we have the following, 
(a) 


(4.27) 


[ A m+ i 
m 


m(m + 1) m(m + 1) 


,(r-l) _ v {r) 

'm +1 


00 I 1 m 

_iy ("i) 

^ I 777. ' 


n=— oo,n ^0 

k(m—k) 


m (2mnY 


A-m— s+1 “1“ 


H-m— 1 Hm—i 

m — s + 1 


(1 + 2(^1, - fiW s+1 ) 


(4.28) 


= / ELi 1 fc+bfc+fc 0 (<®>)< * > ro k , for xGZ c , 




IA 

9 


1 m 

-T 

m z —' 

s—0 


for x eZ. 


A-m— s+1 H” 


Hm— 1 H rn —. 

m — s + 1 


- (l + 2(^_ s 1 } 1 - ^i r L +1 ))) H s (< x >) 


= E ^ 4 r) (< * >) < * > m fc 


(4.29) 


fc=i 


k{m — k) 


for x £ T, c ; 


m 

- E 

m z —'. 


s=0,s^l 

1 


-A-m—s+1 


Hrn.— 1 H hi, — 


m — 5 + 


P(l + 2(^1^! - i&l a+1 ))) H s « * » 


(4.30) 


= -A 


for ieZ. 


References 

1. M. Abramowitz, I. A. Stegun Handbook of mathematical functions, Dover, New York, 1970. 

2. A. Bayad, T. Kim, Higher recurrences for Agostol-Bernoulli-Euler numbers, Russ. J. Math. Phys., 19(1) (2012), 1-10. 

3. L. Carlitz, Some formulas for the Bernoulli and Euler polynomials, Math. Nachr. 25(1963), 223-231. 

4. D. Ding, J. Yang, Some identities related to the Apostol-Euler and Apostol-Bernoulli polynomials, Adv. Stud. Con- 
temp. Math. (Kyungshang), 20(1)(2010), 7-21. 

5. G. V. Dunne, C. Schubert, Bernoulli number identities from quantum field theory and topological string theory, Com- 
mun. Number Theory Phys., 7(2) (2013), 225-249. 

6. C. Faber, R. Pandharipande, Hodge integrals and Gromov-Witten theory, Invent. Math. 139(1)(2000), 173-199. 

7. D.S. Kim, T. Kim, Identities arising from higher-order Daehee polynomial bases, Open Math. 13(2015), 196-208. 

8. D.S. Kim, T. Kim, Euler basis, identities, and their applications, Int. J. Math. Math. Sci. 2012, Art. ID 343981. 

9. D.S. Kim, T. Kim, Some identities of higher order Euler polynomials arising from Euler basis, Integral Transforms 
Spec. Funct., 24(9) (2013), 734-738. 


360 


T. KIM ETAL 348-361 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


14 


Fourier series of functions involving higher-order Euler polynomials 


10. D. S. Kim, T. Kim, Fourier series of higher-order Euler functions and their applications, to appear in Bull. Korean 
Math. Soc. 

11. D.S. Kim, T. Kim, S.-H. Lee, D.V. Dolgy, S.-H. Rim, Some new identities on the Bernoulli and Euler numbers, Discrete 
Dyn. Nat. Soc. 2011, Art. ID 856132. 

12. T. Kim, Note on the Euler numbers and polynomials, Adv. Stud. Contemp. Math. (Kyungshang), 17(2008), no. 2, 
131-136. 

13. T. Kim, Euler numbers and polynomials associated with zeta functions, Abstr. Apol. Anal., 2008 Art. ID 581582. 11 

pp. 

14. T. Kim, D. S. Kim, G.-W. Jang, J. Kwon, Fourier series of sums of products of Genocchi functions and their applica¬ 
tions, to appear in J. Nonlinear Sci.Appl. 

15. T. Kim, D.S. Kim, S.-H. Rim, D.-V. Dolgy, Fourier series of higher-order Bernoulli functions and their applications, 
J. Inequal. Appl. 2017, 2017:8, 7pp. 

16. J. E. Marsden, Elementary classical analysis, W. H. Freeman and Company, 1974. 

17. F. R. Olson, Some determinants involving Bernoulli and Euler numbers of higher order, Pacific J. Math., 5(1955), 
259-268. 

18. K. Shiratani, S. Yokoyama, An application of p-adic convolutions, Mem. Fac. Sci. Kyushu Univ. Ser. A 36(1)(1982), 
7383. 

19. Y. Simsek, Interpolation functions of the Eulerian type polynomials and numbers, Adv. Stud. Contemp. Math. (Kyung¬ 
shang), 23(2013), no. 2, 301-307. 

20. D. G. Zill, M. R. Cullen, Advanced Engineering Mathematics, Jones and Bartlett Publishers 2006. 

Department of Mathematics, College of Science, Tianjin Polytechnic University, Tianjin 300160, China, 
Department of Mathematics, Kwangwoon University, Seoul 139-701, Republic of Korea 
E-mail address: tkkim@kw.ac.kr 

Department of Mathematics, Sogang University, Seoul 121-742, Republic of Korea 
E-mail address: dskim@sogang.ac.kr 

Graduate School of Education, Konkuk University, Seoul 143-701, republic of Korea 
E-mail address : lcj ang@konkuk. ac. kr 

Department of Mathematics, Kwangwoon University, Seoul 139-701, Republic of Korea 
E-mail address : jgw5687@naver.com 


361 


T. KIM ETAL 348-361 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


FERMAT TYPE EQUATIONS OR SYSTEMS WITH COMPOSITE 

FUNCTIONS 

KAI LIU AND LEI MA 


Abstract. In this paper, we give some necessary conditions on the existence 
of meromorphic solutions on Fermat type difference equations. We also consid¬ 
er the properties of transcendental entire solutions on the systems of Fermat 
type differential-difference equations. 

AMS Subject Classification: 30D35; 39A10. 

Keywords: Fermat type equations; meromorphic solutions; composite functions. 

1. Introduction and Results 
Fermat type equations in functional field 

(1.1) r + g n = l 

and its generalizations have been considered by many mathematicians in the last 
century, where n is an integer. We recall the following results. Iyer [10] proved 
(1.1) has no entire solutions when n > 3, Gross [6] obtained that (1.1) has no 
meromorphic solutions when n > 4. Some related results on (1.1) also can be 
found in [9]. For the case of n = 2, Iyer [10] concluded the following result. 

Theorem A. If n = 2, then (1.1) has the entire solutions f{z) = sin {h{z)) and 
g{z) = cos (h(z)), where h(z) is any entire function, no other solutions exist. 

Recent investigations on (1.1) are to explore the precise expressions on f(z) when 
g(z) has a special relationship with f(z). We mainly recall the following different 
references on the meromorphic solutions when n = 2 in (1.1). 

* Some results on g(z) takes a differential operator of f(z) can be found in 
[21, 20, 24], 

* Some results on g(z) is a shift operator that is g{z) = f(z + c) or difference 
operator that is g(z) = f(z + c) — f(z) can be seen in [12, 13, 11, 16]. 

* The case that g(z) = f{qz) was considered in [15]. 

* The case that g(z) is a differential-difference operator such as g(z) = f^ k \z+c) 
was considered in [14, 5]. 

We agree to say that a meromorphic function f(z) in the complex plane is prop¬ 
erly meromorphic if f(z) has at least one pole. Fermat type differential equations, 
for example f(z) 2 + f^ k \z) 2 = 1 has no properly meromorphic solutions, it means 
that all meromorphic solutions are transcendental entire. In addition, the same con¬ 
clusion is valid for / (z) 2 + f^ k \z + c) 2 = 1, where c is a non-zero constant. However, 
the situation is different for Fermat type difference equations. There exist properly 
meromorphic solutions with finite order or infinite order for f(z) 2 + f(z + c) 2 = 1 
and fiyZ) 2 + f{qz) 2 = 1, we cite the examples [16] as follows for the readers. 
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^ 1 -KV^tanz 

Example 1. Let c = The function f(z) = v * tan2 2 - is a finite order 

properly meromorphic solution of f(z) 2 + f(z + |) 2 = 1. 


yj—i tan(e 4 


Example 2. Let c = The function f(z) = - --- 2 ^ tan(e 

infinite order properly meromorphic solution of f(z) 2 + f{z + |) 2 = 1. 


■+*) 


_4n 

2 , e z -1 

z 4 n - 1 - - - 

Example 3. If q = —i, then f(z) = - -- is a finite order properly 

meromorphic solution of f(z) 2 + f(—iz) 2 = 1. 


4 n 

z _i_ ef_ — 1 

2 4n ' z 

Example 4. If q = —i, then f{z) = — -- is an infinite order properly 

meromorphic solution of f(z) 2 + f(—iz) 2 = 1. 


We assume that the reader is familiar with the basic notations and results on 
Nevanlinna theory [8] as well as the uniqueness theory of entire and meromorphic 
functions [23]. Some necessary conditions for the existence of meromorphic solutions 
on Fermat differential-difference equations of certain types can be found in Section 
2. Section 2 also includes the discussions on composite function with Fermat type 
equations. In Section 3, we mainly explore the entire solutions on the systems 
of Fermat type differential-difference equations. In Section 4, we will discuss the 
meromorphic solutions on the systems of Fermat type difference equations. 


2. Necessary conditions for the existence 

Let L{f) be a differential-difference polynomial of f(z) with rational coefficients. 
From the cited references and examples in Section 1, a basic fact is when considering 
the existence of meromorphic solutions on the equations 

(2-1) f(z) 2 + {L[f(g(z))}} 2 = 1, 

then g{z) always has the form g(z) = Az + B , where A is a non-zero constant 
and B is a constant. We first to explain the reasons below. We will consider an 
improvement of (2.1) as follows 

(2.2) a{z)f(z) n + {L[f (g(z))]} n = c(z), 

where a(z),c(z) are rational functions. Yang [22] investigated a generalization of 
the Fermat type functional equation (1.1) as 

(2.3) a(z)f(zr + b(z)g(z) n = 1, 

where T(r,a(z)) = S(r, f),T(r,b(z)) = S(r,g) and obtained the following result. 

Theorem B. If a(z),b(z), f(z), g{z) are meromorphic functions, m > 3,n > 3 are 
integers, then (2.3) cannot hold unless m = n = 3. If — + ^ < 1, then there are no 
transcendental entire solutions f(z) and g(z) satisfy (2.3). 

Theorem B shows that n < 3 in (2.2) provided that (2.2) admits meromorphic 
solutions. 

Theorem 2.1. Let g(z) be an entire function in (2.2). The necessary condition of 
the existence of transcendental entire solutions on (2.2) is g(z) = Az + B, where 
|4| = 1 and B is a constant. 

For the proof of Theorem 2.1, we need the following lemmas on the properties 
of composite functions. We recall the following result [4, Corollary 1], 
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Lemma 2.2. Assume that f(z) is a transcendental meromorphic function, and 
g{z) is a transcendental entire function, then 


lim sup 

r—>•+oo 


ArJ(g)) 

T(r,f) 


= +oo. 


The proof of the following lemma is included in the proof of Lemma 4 in [7]. 

Lemma 2.3. Let g(z) = akZ k +ak-iz k ~ 1 + ■ ■ - + ai2: + ao, a*, ^ 0 be a non-constant 
polynomial of degree k and let f be a transcendental meromorphic function. Given 
0 < g < \ak\, denote ( — |a*,| + g and rj = |dfc| — g. Then, given e > 0, we have 

(1 - e)T( V r k ,f) < T(r , f(g)) < (1 + e)T((r k , f) 


for all r large enough. 


Combining the above two lemmas on composite functions with the definitions of 
order and type of meromorphic functions, we have the following result. 

Lemma 2.4. Let f(z) be a transcendental function and g(z) be a polynomial of 
degree k and the leading coefficient ak ^ 0. Let F = f{g). Then p(F) = kp{f ) and 
t(F) = |dfc| p ^r(/), where p(f) is the order of f(z) and r(/) is the type of f(z). 

Proof of Theorem 2.1. Assume that f(z) is a transcendental meromorphic 
solution on (2.2), then we see that 

T(r,L(f(g(zm=T(r,f(z)) + 0( 1). 

From Lemma 2.2, we get g(z) should be a polynomial. Since L(f) is a differential- 
difference polynomial of f(z), then it implies that at least one of f^ k \g{z + c)) (c, 
k are constants, may take zero) satisfies 

T(r, fW(g(z + c))) = T(r, f{z)) + S(r, /), 

we have g{z) must be a polynomial with degree one and g(z) = Az + B, where 
|A| = 1 by Lemma 2.4. 

We proceed to consider Fermat type equation with composite functions such as 
(2.4) .f(h(z)) 2 + f(g(z)) 2 = 1, 

where h(z ) and g(z) are two non-constant polynomials. Based on Theorem 2.1, 
we guess that g(z) = Ah{z) + B provided that there exist meromorphic solutions 
on (2.4). However, the above result is false by Remark 2.7 below. We need the 
following lemmas on factorization theory [2, 3]. 

Lemma 2.5. [3] If f(z) is a non-constant entire function, andp(z),q(z) are non¬ 
constant polynomials satisfying f(p(z)) = f(q(z)), then one of the following cases 
holds: 

(i) there exist a root of unity A and a constant /3 such that p(z) = A q(z) + ft; 

(ii) there exist a polynomial r(z) and constants c, k such that p(z) = ( r(z )) 2 + k, 
q(z) = ( r(z ) + c) 2 + k. 

Lemma 2.6. [2] Let f be non-constant meromorphic andp(z),q(z) non-constant 
polynomials such that f(p(z)) = f(q{z)). Then there exist a constant k, a positive 
integer m, a polynomial r(z) and a linear map L(z) = A z + /3 where X is a root of 
unit, such that p{z) = ( L(r(z))) m + k, q(z) = r(z) m + k. 
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Remark 2.7. Let G(z) = ( f(z ) 2 — |) 2 . From (2.4), we have G(h(z)) = G(g(z)). 
Using Lemma 2.5, we have h(z) = A g(z) + /3 or there exist a polynomial r(z) and 
constants c, k such that h(z) = ( r(z )) 2 + k and g(z) = ( r(z ) + c) 2 + k. The second 
case may happen, for example, the entire function f(z) = cos yfz with order then 
f(z) solves 

f(r( z ) 2 ) 2 + f((r(z) + c) 2 ) 2 = 1, 


where c = f. 


In the following, we will focus on complex difference equations 
(2.5) a(z)f(z) 2 + b(z)f(Az + B) 2 = c{z) 

where a(z), b(z),c(z) are non-zero polynomials, and A, B are constants. 


Theorem 2.8. The necessary condition of the existence on transcendental entire 

solutions with finite order on (2.5) is = c [ z f B \ . 

y 1 b \Ai<r) 

Proof. Let G(z) = f{z) 2 . Thus G{Az + B) = f(Az + B) 2 and 
(2.6) a(z)G(z) + b(z)G(Az + B) = c(z). 

So we have 


(2.7) 


z — B 

A 


G 


z-B 

A 


= c 


z-B 

A 


- b 


z-B 

A 


G(z). 


From the expression of G(z) and (2.6), (2.7), we have the zeros of G(z), G(z ) — 

c( z ~ B ) ( ) c( z ~ B ) 

G{z) — / Z —B \ are multiple except possibly finite many zeros. If 0, ^A, ,) z -b\ are 

J _ ' b \ A ) 

distinct, using the second main theorem for small functions, then 

_/ 

-N 


2 T(r, G ) < N(r, G) + N{r, G) + N | r, 

Gr 


1 


GW - $1 



1 G ^-i 


+S(r,G) 





1 


G(z)~ 


KW) 


S(r,G) 


< -T(r,G) + S(r,G), 
which is a contradiction. Thus 


c(-) _ C (^4 g ) 
’ ■*<*> - 


□ 


Remark 2.9. (1) If a(z) = b(z) are non-zero constants and A = 1,B ^ 0, then 
c(z) reduces to a constant c. Thus (2.5) reduces to f (z) 2 + f (z + B) 2 = c, obviously, 
f(z) = y/csmz and B = -| satisfies the above equation. 

If a(z) = b(z) are non-zero constants and |y!| = 1, A ^ 1, B = 0, then c(z) can 
be an even polynomial. For example 


(2-8) f(z) 

solves f{z) 2 + f(—z) 2 = z 2 . 


ze z+ 1 l + ze z ^ 

2 
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(2) Consider f(z ) 2 + f(Az + B) 2 = 1, where \A\ = 1 and B is a constant, 
Theorem A shows that f(z) = sin6,(z) and f(Az + B) = cos h(z), thus h(Az + B) = 
h(z) + f + 2 /c7t or h(Az + B) = — h(z ) + f + 2kn where k is an integer. If f(z) 
is of finite order, then h(z) is a polynomial. Combining Lemma 2.10 below, if 
h(Az + B) = h(z) + f + 2kn, we have the following two cases: 

Case 1: If |vl| = 1 and A ^ 1, then B = 0. There is no any polynomial h(z) 
satisfy h(Az + B) — h(z) + f + 2kn; 

Case 2: If A = 1 and B ^ 0, then h(z) is a linear polynomial. 

If h(Az + B) = —h(z) + f + 2k7r, we have the following two cases: 

Case 1: If |A| = 1 and A ^ 1, then B = 0, h(z) must be a polynomial with 
h(z) = a ni z ni + a n2 z n2 + ■ ■ ■ + a nt z nt + j + kn where A nt = — 1; 

Case 2: If A = 1 and B ^ 0, then there is no any polynomial h{z) satisfy 
h(Az + B) = —h(z) + f + 2 /c7t. 

Lemma 2.10. Let h(z) be a non-constant polynomial with degree n and a,b,c be 
constants, a ^ 0. 

(1) The equation h(az + b) = h(z) + c is valid for two cases as follows: 

(la) b ^ 0, a = 1 and h(z) is a linear polynomial. 

(lb) b = 0, c = 0 and h(az) = h(z), thus h(z) = a rni z mi +a rn2 z m2 H- \-a mk z mk , 

where a m i = 1. 

(2) The equation h(az + b) + h(z) = c is valid for two cases as follows: 

(2a) b yl 0, a = — 1 and h(z) is a linear polynomial. 

(2b) 6 = 0, c = 2h(0), thus h(z) = a ni z ni + a„ 2 z n2 + • • • + a nk z nk + a 0 , where 
a n > = -1. 

Proof. Let h(z) = a n z n -\ -hai^ + ao, where a„ ^ 0. It is easy to see (16) is true, 

we next prove (la). We have 

a n (az + b) n + a„^i(az + b) n 1 + • • • + ai(az + 6) + ao = (a n z n + • • • + ao) + c. 
Thus, a™ = 1. If a„_i ^ 0, then 

a„na™ _1 6 + a n -\a n ~ 1 = a„_i = a„_ia n , 

thus a = 1+ a " nb . Since lal = 1, then 6 = 0 follows, which is a contradiction. Thus, 
a„_i = 0. Using the similar method as the above, we get a n -k = 0, k = 2, - • • , n—1. 
So h(z) = a n z n + ao, then n = 1 follows, thus a = 1. 

It is easy to see (2b) can happen. Next we prove (2a). We have 

a n (az + b) n + a„_i(az + b) n 1 + • • • + ai(az + 6) + ao + (a n z n + • • • + ao) = c. 
Thus, a™ = — 1. If a„_i ^ 0, then 

a n na n_1 6 + a„_ia" _1 = —a„_i = -a„_ia", 
thus a = — 1 — . Since lal = 1. then 6 = 0 follows, which is a contradiction. 

Thus, a n -1 = 0. Using the similar method as the above, we get a n -k = 0, k = 
2, • • • , n — 1. So h(z) = a^z" + ao, then n = 1 follows, thus a = —1. □ 

Using the similar method as the proof of Theorem 2.8, we get the following 
result. 

Theorem 2.11. The necessary condition on the existence of transcendental mero- 
morphic solutions on 

(2.9) a(z)f(z) 3 + b(z)f(Az + B) 3 = c(z) 
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Baker [1] proved an important result as follows. 

Theorem C. Any functions F(z) and G(z), which are meromorphic in the plane 
and satisfy F 3 + G 3 = 1, have the form 

F(z) = f(h(z)),G(z) = gg{h{z)) = vf(-h(z)) = f{-g 2 h(z)), 

2 I y / («) i v>'(z) 

where f(z ) = \ and g(z) = \ , h(z ) is an entire function of 2 and rj 

is a cube-root of unity, where <p{z) is the Weierstrass ^-function that satisfies the 
differential equation 

(2.10) W = vw-1. 

Recently, Lii and Han [17] proved that if a{z) = b(z) = c(z) and A = 1 in 
(2.9), then the equation f(z) 3 + f(z + c) 3 = 1 has no transcendental meromorphic 
solutions with finite order. We will discuss the meromorphic solutions for 

(2.11) f(z) 3 + f(Az + B) 3 = 1. 

From Theorem C, if there exist meromorphic solutions on (2.11), then A = — rj 2 , 
B = 0. It means that (2.11) reduces to f{z) 3 + /{—rpz) 3 = 1. However, we are 
interested into another equations as follows. If <p(z~) is the Weierstrass function, can 
we give more details for a polynomial h(z) satisfies 


1 . ip'(h{Az+B)) i , tp'(-ri 2 h(z )) 

icy -t 2 ^ _y(3__ _ yTs 

1 ; tp(h(Az + B)) ~ v{-ri 2 h{z)) 

which is from (2.11) and Theorem C. We affirm that the polynomial h(z) should 
be a linear polynomial in (2.12). 

From Lemma 2.6, we have (i) h(Az + B) = ~Xrj 2 h(z) + /3, (ii )h{Az + B) = 
r{z) m + k and —r] 2 h(z) = (A r(z) + (3) m + k, where m > 2. 

If (i) happens, since h(z) is a polynomial, assume that h(z) = a n z n + - ■ ■+ayZ+ao 
with a n zfz 0. If n > 2, we have 

a n (Az + 73)™ + a n _i (Az -\-B) n 1 + '''+ai (Az + B) +ciq = —A t/" ( u n z n + • • • + ug) + /3. 
So, we have A n = —Ary 2 . If a„- 1 ^ 0, we have 

a n nA n ~ 1 B + a n _i,4 n-1 = -Xrj 2 a n -i = A n a n - 1 , 


so 


a i — jl ~r - ? 

&n—1 

since \A\ = 1, thus B = 0 and A = 1. If a n _i = 0, using the same method, we have 
a„_fc = 0. Thus h(z) = a n z n + a o, then we have h(z) must be a linear polynomial. 
We get A = —Ary 2 . 

If (ii) happens, then we see that [r , (^^)] m — [TM +Ay n = t, where c m = —rf 
and t = k(— 1 — -4-). The above ecyuation is impossible when to > 2. 
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3. The entire solutions on differential-difference systems 


Differential-difference equations always can not solved easily. For some linear 
differential-difference equations, the properties are not known clearly, for example 
the existence on entire solutions with infinite order of f'(z ) = f(z + c) is not 
clear, where c is a non-zero constant. Naftalevich [19] ever obtained partial results 
on differential-difference equations using operator theory. Recently, Fermat type 
differential-difference equations or systems also be investigated using Nevanlinna 
theory. Liu, Cao and Cao [13] considered the transcendental entire solutions on 

(3.1) f(z) 2 + f(z + c) 2 = 1 

and obtained the following result. 


Theorem D. The transcendental entire solutions with finite order of (3.1) must 
satisfy f(z) = sin(z ± Bi), where B is a constant and c = 2fc7i orc = 2/c7i + 7r. 


Gao [18] considered the systems of complex differential-difference equations 


r f[(z ) 2 + iMz + c )] 2 = 
\m 2 +[h{z+c )] 2 = i 


Assume that there exists a properly meromorphic solution on (3.2), let zq be a pole 
of fi(z) with multiplicity k. Thus we have Zq + 2me is also a pole of fi(z) with 
multiplicity k + 2to, m is a positive integer, so A( j) > 2. Unfortunately, we can 
not give examples to show the existence of meromorphic solutions. Considering 
the transcendental entire solutions of finite order, Gao [18] obtained the following 
result. 


Theorem D. Let (/i(z), f 2 {z)) be the transcendental entire solution with finite 
order of (3.2), then (fi(z), f 2 (z)) = (sin(z — &t),sin(z — b\i)) and c = kir, where 
b , bi are constants. 


If g(z ) is a non-constant polynomial and 


(3.3) 


{ m 2 + [f2(g(z ))] 2 = i 
\m 2 + [fi(g(z ))] 2 = i 


admits transcendental meromorphic solutions, then g(z) should be a linear polyno¬ 
mial g(z) = Az + c and |A| = 1, which can be proved by Lemma 2.2 and Lemma 
2.4 and the following basic fact. From (3.3), we have 


T{r,h{g{z))) < 2T(r,f 2 (z)) + S(r,f 2 (z)) 


and 


T(r, f 2 (g{g(z)))) = T{r,f[{g{z))) + 0{ 1) 

< 2T(r,/i(sr(z))) + S(r,/i(5(z))) 

< 4 T(r, f 2 (z)) + S(r, fo(z)). 


We proceed to consider 


(3.4) 


f fi( z ) 2 + [h{Az + c)] 2 = 1 
\f^ z ) 2 + [fi(Az + c)] 2 = l 


and obtain the following result. 
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Theorem 3.1. Let {fi{z), fz(z)) be a transcendental entire solution with finite 
order of (3.4), then we have two cases: 

Case 1: If A 2 = 1, then (f\(z), f 2 (z)) = (sin(.z + b'), sin(,z + b")), 

Case 2: If A 2 = —1, then (fi(z), fi(z)) = (sin(j,z + &'), sin(* 2 i + b")), where b',b" 
are constants may different values at different occasions. 

Corollary 3.2. The finite order transcendental entire solutions of ( 3.4) should have 
order one. 

For the proof of Theorem 3.1, we need the following lemmas. 

Lemma 3.3. [23, Theorem 1.56] Let fj(z), (j = 1, 2, 3) be meromorphic functions, 
fi be not a constant. If fj = 1 and 


E N ( r > e+ 2 E 7V(r> ^ < (A +°( 1 )) T ( r )> 


3 =1 


3 =1 


where A < 1, T(r) = max 1 < i < 3 {T(r, fj)}, then f 2 {z) = 1 or f 3 (z) = 1. 

Lemma 3.4. If sin(hi(z)) = p(z) sm(h 2 (z)) holds, then p(z) should be a constant 
p and p 2 = 1, where h\(z),h 2 (z) are non-constant polynomials. 

Proof. From sin(/ii(^)) = p(z) sm(h 2 (z)), we have 


0 ih\ (z) _ -ihi(z) _ 


= P(z} 


,ih 2 (z) _ 


p{z) 


0 —ih,2(z) 


thus, 


p ih 1 (z)+ih 2 (z) 


p ih 2 (z)—ihi(z) 


+ 


_|_ g 2 ih 2 (z) _ ^ 


-P(z) p(z) 

Obviously, ^ 1, Lemma 3.3 implies e *'' 1 ^|^ 2( ~ > 


e 1 or 


ih 2 (z)-ih 1 (z ) 


= 1 , 


h h P ^ 

so we have p(z) should be a constant. Furthermore, if 5 — 1 _ p ^^ 2 — = 1, then 
^;; iW + e 2lh A z ) = 0 follows, thus p(z) 2 = 1. 

If = 1, then e ih i(*>+^ + e 2 ih 2 (z) = 0 foUows, thus p(z) 2 = 1. □ 

Proof of Theorem 3.1. From Theorem A, we obtain 

fi(z) = sin hi(z) 


f 2 (Az + c) = coshi(z) 


and 


f 2 (z) = sin h 2 (z) 
fi(Az + c) = cos h 2 (z). 

If fi(z) and f 2 (z) are transcendental entire functions with finite order, then h\(z), h 2 (z) 
are polynomials. Combining with the above two systems, we have 

f[ (Az + c) = sin hi (Az + c) 
f[(Az + c) = ~ h \ [z) sin h 2 (z) 


and 


Thus, we have 


f 2 (Az + c) = sin h 2 (Az + c) 
f 2 (Az + c) = Er ~ sin/ii(z). 


sin h\(Az + c) = —sin h 2 (z). 

L 
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and 

— h' ( z ) 

(3.5) sin h 2 (Az + c) = -^—-sin/ii(^). 

A 

The above two equations imply to 

(3.6) sin hi {A 2 z + Ac + c) = ^( Az + c ’) h i( z ) sinhl ( z ). 

A z 

From Lemma 3.4, we have h' 2 (Az + c)hi(z) = ±A 2 . Since hi(z), h 2 (z) are non¬ 
constant polynomials, so h\{z) = a±z + bi and h 2 (z) = a 2 z + b 2 . 

If h' 2 (Az + c)hi(z) = A 2 = aia 2 A, since (3.6) implies that 

sin/ii(A 2 2 + Ac + c) = sinhi(z), 

so hi(A 2 z + Ac + c) — h\{z) = 2kir. We have A 2 = 1 by h\(z) = Oi z + b\. 

Case 1: If Ac + c ^ 0, it implies that A = 1, c= kir. Then (3.5) reduces to 

sin h 2 (z + c) = —ai sin/ii(^), 
we have a 2 = 1 follows by Lemma 3.4. 

Subcase (1): If a\ = 1, then h\{z) = z + bi and h 2 (z) = z + b 2 and c = kir. So 

7 r 

fi(z + c) = cos (z + b 2 ) = sin( 2 ; + b 2 + - + 2kiir) => fi(z) := sin(z + b'), 
where b ' = b 2 + | + 2fc 1 7r — fc7r. Also 

f 2 (z + c) = cos(z + 61) = sin(2 + 61 + ^ + 2k 2 ir) => / 2 (z) := sin(z + 6"), 
where b 1 = b\ + | + 2k 2 ir — kir. 

Subcase (2): If ai = —1, then h\{z) = —2 + b 1 and h 2 {z) = —2 + b 2 and c = kit. 
One can get /i( 2 ) := sin (2 + b'),f 2 (z ) := sin (2 + b") also only modify the value 
b', b" by cos 2 is even. 

Case 2: If Ac + c = 0, thus two cases happen. 

Subcase (1): A = —1, c is any non-zero constant. Thus, aia 2 = —1. We also 
can get /i( 2 ) := sin (2 + b'), / 2 (z) := sin (2 + 6 ") using the similar discussions as the 
above with cos 2 is even. 

Subcase (2): A = — 1 and c = 0, from (3.5), we also have a\, a 2 take 1 or —1, 
then we can get fi(z) := sin (2 + b'),f 2 (z ) := sin (2 + b"). 

If h' 2 (Az + c)hi(z) = —A 2 = a\a 2 A , since (3.6) implies that 

sin/ii(A 2 2 + Ac + c) = — sin/ii(z), 

so hi(A 2 z + Ac + c) + h\ ( 2 ) = 2kir. It implies that A 2 = —1 by h\{z) = a\Z + b±. 
Case 1: If A = i, then c = . Then (3.5) reduces to 

sin h 2 (z + c) = ——sin hi ( 2 ), 

L 

we have a 2 = — 1 follows by Lemma 3.4. 

Subcase (1): If a\ = i, then h\{z) = iz + bi and h 2 (z) = —iz + b 2 so 

7 r 

/1 (2 + c) = cos(z 2 + b 2 ) = sin(z 2 + b 2 + — + 2 fci 7 r) => /i( 2 ) := sin(zz + b'), 
where b 1 = b 2 + | + 2kiir — kir. Also 

7T 

f 2 (2 + c) = cos {—iz + bi) = sin(*2 — 61 + — + 2k 2 ir) => / 2 (z) := sin(zz + b "), 
where b ' = —b\ + f + 2k 2 ir — kir. 
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Subcase (2): If m = — i, then h\{z) = — iz + b\ and h 2 {z) = iz + b 2 . One can get 
fi{z) := sin(i 2 + b'),f 2 (z ) := sin(i 2 + b”) also by modifying the value b',b" with 
cos z is even. 

Case 2: If A = —i, one can get fi(z) := sin(i 2 + b'),f 2 (z) := sin(i 2 + b ") also by 
modifying the value b'. b" with cos 2 is even. 

4. Meromorphic solutions on Fermat type difference system 

We will consider the meromorphic solutions on Fermat type difference system 

( f 1 (z) 2 + [f 2 (Az + c)) 2 = l 
1 j \f 2 (z) 2 + [f 1 (Az + c)] 2 = l 

where A is a non-zero constant and c is a constant. 

Firstly, if f\ is transcendental meromorphic and satisfy fi(z) 2 + fi(Az + c) 2 = 1, 
we see that fi(z) = ±f 2 (z) is the solution on (4.1). From the introduction of the 
paper, we know that the transcendental meromorphic solutions are exist indeed. 

Secondly, considering the transcendental entire solutions with finite order, we 
get the following properties. 

Theorem 4.1. The finite order transcendental entire solutions on (4.1) have order 
one except that c = 0 and A 2m i = — 1, mj are integers. 

Proof. Using Theorem A, we have 

f h(z) = sin(/u( 2 )) 

\ h(Az + c) = cos(/ii ( 2 )) 

and 

f f 2 (z) = sin(h 2 (z)) 

\ fi(Az + c) = cos(h 2 (z)) 

where h\(z) and h 2 (z) are non-constant polynomials. 

Combining with the above two systems, we obtain 

fi (Az + c) = sin(hi (Az + c)) = cos (h 2 {z)) = sin(±/i 2 ( 2 ) + ^). 

Thus, we have hi(Az + c) = ±h 2 (z) + f + 2kn, where k is an integer. We also can 
get 

/*2 (Az + c) = sin(h 2 (Az + c)) = cos(hi(z)) = sin(±h 1 (z) + ^), 
thus h 2 (Az + c) = ±hi(z) + f + 2n7r, where n is an integer, hence 
hi(A 2 z + Ac + c) = ±h\(z) + 7T + 2m7r, 

where m is an integer. Since h\(z) is a polynomial, using Lemma 2.10, we have two 
cases as follows. 

Case 1: h\(A 2 z + Ac + c) = h\(z) + tt + 2rmr. If c = 0, the above equation is 
impossible. If c ^ 0 and A = — 1, the above equation is also impossible, if c ^ 0 
and A ^ —1, then we should have h\(z) = az + 6, where a is a non-zero constant 
and b is a constant. 

Case 2: hi(A 2 z + Ac + c) = —h\{z) + n + 2nm. In this case, if c = 0, h(z) is a 

polynomial h{z) = a mi z mi + a rn ^z m2 H - 1 - a mic z mk + f + kn, where A 2m i = — 1 . 

If c ^ 0 and A = — 1, then h(z) is a constant, which is a contradiction. If c 7 ^ 0 
and A 7 ^ —1, we have h(z) should be a linear polynomial. □ 
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ON SHARED VALUE PROPERTIES OF DIFFERENCE 
PAINLEVE EQUATIONS 

XIAOGUANG QI AND JIA DOU 

Abstract. In this paper, we study some shared value properties for 
finite order meromorphic solutions of difference Painleve I-III equations. 

Keywords: Meromorphic functions; Difference Painleve equation; Value 
sharing. 

MSC 2010: Primary 39A05; Secondary 30D35 


1. Introduction 


A century ago, Painleve [9, 10], Fuchs [3] and Gambier [4] classified a large 
class of second order differential equations of the Painleve type of the form 

w"(z) = F(z, w, w'), 

where F is rational in w and w' and (locally) analytic in z. In the past two 
decades, the interest in nonlinear analytic difference equations has increased, 
especially in response to programme of finding some kind of an analogue of 
Painleve property of differential equations for difference equations. Recently, 
Halburd and Korhonen [5], Ronkainen [11] studied the following complex 
difference equations 


f(z + 1) + f(z - 1) = R(z, f) (1.1) 


and 

f(z + l)f(z-l) = R(z,f), (1-2) 

where R(z, f ) is rational in / and meromorphic in z. They obtained that if 
(1.1) or (1.2) has an admissible meromorphic solution of finite order(or hyper 
order less than 1), then either / satisfies a difference Riccati equation, or 
(1.1) and (1.2) can be transformed by a linear change in / to some difference 
equations, which include the difference Painleve I-III equations 

f(z + 1 ) + f(z - 1 ) = — b + - 4 , (Pi) 

1 1 (1.3) 

tt i i \ i ft (az + b)f + c . 

f(z + l) + f(z- 1) =-— j 2 -, (P n ) 

/( * +1)/( ‘" 1) = (f-w-dr (P,,,) (14) 

/(* + !)/(*-!) = ( PlII ^> 

where a,b,c,d are small functions of f(z). Some results about properties 
of finite order transcendental meromorphic solutions of (1.3) and (1.4), can 
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be found in [1, 2, 13]. In 2007, Lin and Tohge [7] studied some shared 
value properties of the first, the second and the fourth Painleve differential 
equations 

f" = z + 6 f 2 

f" = 2 f 3 + zf + a, a € C (1.5) 

2//" = {ff + 3/ 4 + 8 zf = 4(z 2 - a)f 2 + J3, a, f3 £ C 
They obtained the following result 

Theorem A. Let f(z) be an arbitrary nonconstant solution of one of the 
equations (1.5), and g(z ) be a nonconstant meromorphic function which 
shares four distinct values Uj IM with f(z), where j = 1,2,3,4. Then 
f( z ) = g( z ). 

Remark. We assume that the reader is familiar with standard symbols 
and fundamental results of Nevanlinna Theory [12]. As usual, the abbrevi¬ 
ation CM stands for ’’counting multiplicities”, while IM means ’’ignoring 
multiplicities”. 

A natural question is: what is the uniqueness result for finite order mero¬ 
morphic solutions of difference Painleve equations. Corresponding to this 
question, we consider shared value properties of equations (1.3) and (1.4). 

Set 

©i(A /) = ( f(z + 1) + f(z - 1 ))/ 2 - (az + b)f - c 

and 

©2 (z, f) = (, f(z + 1) + f(z - 1))(1 - / 2 ) - (az + b)f - c. 

Then we can get a uniqueness theorem for finite order meromorphic solutions 
of difference Pj, Pn equations. 

Theorem 1.1. Let f(z) be a finite order transcendental meromorphic solu¬ 
tion of (1.3), let e\, e 2 be two distinct finite numbers such that &i(z, ei) ^ 0, 
&i(z,e 2 ) ^ 0, i = 1,2. If f(z) and another meromorphic function g(z) share 
the values e\, e 2 and 00 CM, then f(z) = g(z). 

Regarding shared value properties of difference Pm equations, we have 

Theorem 1.2. Let f(z) be a finite order transcendental meromorphic solu¬ 
tion of 

/( 2 + 1)/( 2 -1) = ^L_V±A. (1.6) 

And let e\, e 2 be two distinct finite numbers such that $>(z, ei) ^ 0, $>(z, e 2 ) ^ 
0, where $(z, f) = f(z + 1 )f(z - 1)(/ - 1)(/ - d) - af 2 + bf - c. If f(z) 
and another meromorphic function g(z) share the values e\, e 2 and 00 CM, 
then f(z) = g(z). 

Theorem 1.3. Let f(z) be a finite order transcendental meromorphic solu¬ 
tion of 

a , -n «/ 2 ~ b f 

f(z + 1 )f(z - 1) = — —. 
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And let e\, e^ be two distinct finite numbers such that ^(z, ei) ^ 0, ^(z, efi) ^ 
0, where 4 >(z,f) = f(z + 1 )f(z - 1 )(/ - 1) - a/ 2 + bf. If f(z ) and an¬ 
other meromorphic function g(z) share the values e\, e 2 and 00 CM, then 
f(z) = g(z). 


Remarks. (1) By Lemma 2.4 below, we can get Theorem 1.1 easily. And 
using similar methods as the proof of Theorem 1.2, we can prove Theorem 
1.3. Here, we omit the details. 

(2) Some ideas of this paper come from [8]. 


2. Some Lemmas 


Lemma 2.1. [6, Theorem 2.2] Let f(z) be a transcendental meromorphic 
solution with finite order (t(/) of a difference equation of the form 

H(z,f)P(z,f) = Q(z, /), 

where H(z , f) is a difference product of total degree n in f(z) and its shifts, 
and where P(z,f), Q(z,f ) are difference polynomials such that the total 
degree of Q(z, f) is at most n. Then for each e > 0, 

m(r, P(z, /)) = 0(r <T(/)-1+£ ) + o(T(r, /)) 

possibly outside of an exceptional set of finite logarithmic measure. 

Lemma 2.2. [6, Theorem 2.4] Let f(z) be a transcendental meromorphic 
solution with finite order cx(/) of the difference equation 

L(z,f) = 0, 

where L(z , /) is a difference polynomial in f(z) and its shifts. If L(z, a) 0 
for slowly moving target a(z). Then for each e > 0, 

m(r, —) = 0(r CT(/) ~ 1+e ) + o(T(r, /)) 
f -a 

outside of a possible exceptional set of finite logarithmic measure. 


Lemma 2.3. [12, Theorem 1.51] Suppose that fj(z) (j = l,...n) (n > 2) 
are meromorphic functions and gj(z) (j = 1 ,...,ra) are entire functions 
satisfying the following conditions. 

(1) EU = 0. 

(2) 1 < j < k < n, gj(z) — gk{z) are not constants for 1 < j < k < n. 

(3) For 1 < j < n, 1 < h < k < n, 

T(r, fj ) = o{T(r, e 9h ~ 9k )}, r —> 00 , r fL E, 
where E C (l,oo) is of finite linear measure. 

Then fj(z) = 0. 


Lemma 2.4. [8, Theorem 1.1] Let f(z) be a finite order transcendental 
meromorphic solution of 


n 

'Yh a if{z + Ci ) 
i =1 


P(zJ) 

Q(zj) 


ELo 4/ fc ’ 


where 0), bj, dk, are small functions of f , Cjfifi 0) are pairwise distinct 
constants. And let e\, e 2 be two distinct finite numbers such that @(z, e 1 ) ^ 
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0 , ©( 2 , e 2 ) ^ o , p < q = n, where 9(z,f) = YA=i a if( z + c i)Q{z,f) - 
P(z, /). If f(z) and another meromorphic function g(z) share the values e\, 
e 2 and oo CM, then f(z) = g(z). 


3. Proof of Theorem 1.2 


Suppose that f(z) is a finite order transcendental meromorphic solution of 
Eq. (1.6). Then we get 

f 2 f(z+l)f(z~l) = {d+l)ff{z + l)f{z~l)-df(z + l)f(z-l)+af 2 -bf+c. 

Applying Lemma 2.1, we obtain 

m(r, f) = S(r, /). (3.1) 

From Lemma 2.2 and the assumption that 3>(z,e i) ^ 0, $(z, e 2 ) ^ 0, we 
know 

m(r, ———) = S(r, /), m(r, ———) = S(r,f). (3.2) 

/ - ei / - e 2 

By the assumption that f(z) and g(z) share the values ei, e 2 and oo CM, 
we have that 

T(r, f) < N (r, /) + N{r, ———) + N(r, ———) + S(r, f) 

/ - ei f - e 2 

< W(r, 5 ) + AT(r ,—-—) + N(r,—-—) + S(r, f) 
g- e 1 5 - e 2 

<3 T(r,g) + S(r,f). 


Similarly, we can get T(r, < 7 ) < 3T(r, /) + T(r, /). Hence, 

T(r,g) = T(r, f) + S(r, /). (3.3) 


Moreover, from the assumption that f(z) and g(z) share the values e\, e 2 
and oo CM, we see 


f~ ei = e A(z f ^2 = e B{z 
g - ei ’ g - e 2 


(3.4) 


where A(z) and B(z) are two polynomials. Clearly, when e" 4 ^) = 1, or 
e B(z) _ ^ or e B{z)-A{z) _ The conclusion f(z) = g(z) holds. In the 
following, we suppose that e" 4 ^ / 1 , / 1 and e B ^~ A ( z ) / 1 at the 

same time. Combining (3.3) and (3.4), we obtain 

T(r,e A )<2T(r,f) + S(r,f), 

T{r, e B ) < 2 T(r, /) + S(r, /). 


Rewrite above Eq. (3.4) as the following forms 

e B{z) _ i 

f(z) = e i + (e 2 -ei) eCW _ 1 , (3.6) 

or 

p-A(z) _ i 

/(z) = e 2 + (e 2 - e i) e c (z ) _ 1 eCW » ( 3 - 7 ) 

where C(z) = B(z) — A(z). 
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Next we prove that deg A(z) = deg B(z) = deg C(z) > 0. Assume that the 
largest common factor of e B ^ — 1 and e c ^ — 1 is D(z), hence 

e B{z) _ 1 = d(z)B 1 (z), e c(z) - 1 = D(z)C 1 (z), 

where B\(z), C\{z) and D{z) are entire functions. Substituting above equa¬ 
tions into (3.6), we conclude that 

/(z) = e, + («-e,)|lhj. 

This, together with (3.1) and (3.2), it follows that 

T(r, f) = m(r, —) + N(r, ———) + S(r, f) = N(r, ^-) + S(r, f) 

/ - e i / - e i B i 

and 

T(r, f) = m(r, f ) + N(r, f ) = JV(r, ^-) + S(r, /). 

Furthermore, we have 

T(r, e B ) = N (r, —!—) + S(r, f ) = N(r, i-) + N(r , h + S(r, f ) 
e n — 1 iJ 

and 

T(r, e G ) = JV(r, ^ + 5(r, /) = N(r, ^-) + JV(r, -^) + S(r, /). 

Observing four equations above, we see 

T(r,e c ) = T(r,e B ) + S(rJ). (3.8) 

Using the same way to deal with Eq. (3.7), we get 

T( r ,e c ) = T(r,e A ) + S(r, /). (3.9) 

This, together with (3.7) and (3.8), 

degA( 2 :) = deg B(z) = deg C(z) = k > 0 
follows. On the other hand, Substituting (3.6) into (1.6), we have 

e B(z+l) __ i _ i 

(ei + (e 2 - ei) eC(z+ 1 ) _ 1 )(e 1 + (e 2 - d) _ - ) 

(ei + (e 2 - ei)^- \ - l)(ei + (e 2 - ei )^—\ - d) (3.10) 

e u — 1 e° — I 

^ — 1 

= a(e i + (e 2 - ei)-~--) 2 - 6 (ei + (e 2 - ei)-~--) + c. 

— 1 e u — 1 

Both sides of Eq. (3.10) multiplied by ( e c '( 2+1 ) — l){e c ^ z ^ — l)(e G — l) 2 , 
we get 

(ei(e c ^ +1 ) - 1 ) + (e 2 - ei )(e B ^ - 1 )) (e^e^ 1 ) - 1 ) + (e 2 - - 1 )) 

((ei - l)(e c - 1 ) + (e 2 - ei)(e B - 1 )) ((ei - d)(e c - 1 ) + (e 2 - ei)(e B - 1 )) 

= (e c ( 2+1 ) - l)(e c ^ - l)(a(ei(e c - 1 ) + (e 2 - ei)(e B - l )) 2 
- b(e i(e c - l ) 2 + (e 2 - ei)(e B - l)(e G - 1 )) + c(e c - l) 2 ). 

(3.11) 
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Set 

B(z + 1) = B(z) + Si(z), B(z — 1) = B{z) + s 2 (z), 

C{z + 1 ) = C(z) + ti(z), C(z - 1 ) = C(z) + t 2 (z), 

where Sj, L are polynomials of degrees at most k — 1. Then Eq. (3.11) can 
be represented as the following form: 

4 4 

J2J2 M ^ B+XC = 0 ’ ( 3 - 12 ) 

/.(=0 A=0 

where \ is either 0 or polynomial in a, b, c, d, e\, e 2 and e Si , e t( . Especially, 
we have 

M 0 ,o = e|(e 2 - l)(e 2 - d) - (ae| - 6 e 2 + c) = $( 2 , e 2 ) ^ 0. (3.13) 

Finally, we prove that 

deg (n*B + A*C) = deg(n*B - X*C ) = k, 1 < /tx* < 4,1 < A* < 4. 

Suppose, contrary to the assertion, that deg(/i*R + A*C) < k or deg(/i*R — 
A *C) < k. 

If deg (p*B + A *C) < k, then e A*R+MC a sma R function of e A and f(z) 
by (3.5), (3.8) and (3.9). Hence, 

T(r, e ^ B + A * c • e ~^ A ) = T(r, e _#lM ) = ju*T(r, e A ) + 5(r, /). 

Moreover, 

T(r, e^* B+A * c • e _/lM ) = T(r, e ^*+ A *) c ) = (jf + A*)T(r, e A ) + S(r, /). 
Since A* / 0, comparing two equations above, we get a contradiction. 

If deg (p*B + A *C) < k, then we have 

T(r, e ^ B ~ x * c ■ e~^ A ) = T(r, e~»* A ) = ft*T(r, e A ) + S(r, /), 

and 

T(r, e ^ B ~ x * c ■ e~^ A ) = T(r, e ^*~ x * )c ) = (ji* - A*)T(r, C 4 ) + 5(r, /). 

As A* 7 ^ 0, we can get a contradiction as well. Therefore, we know 

T(r, M m , a ) = 5(r, e ± (^* S + A * c ')), T(r, M„, A ) = 5(r, g^*- 8 -^), 

where /./* and A* are not equal to zero at the same time. This, together with 
Lemma 2.3, it follows that AL /j A = 0, which contradicts Eq. (3.13), and the 
conclusion follows. 
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Nonlinear evolution equations with delays 
satisfying a local Lipschitz condition 
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Abstract 

In this paper, we establish the maximal regularity for the nonlinear functional 
differential equations with time delay and establish a variation of constant formula for 
solutions of the given equations. We make use of the regularity of the linear differential 
equations that appears on given Gelfand triple spaces. 

Keywords: Nonlinear evolution equation, regularity, local Lipschtiz continuity, de¬ 
lay, analytic semigroup 

AMS Classification Primary 35K58; Secondary 76B03 


1 Introduction 

In this paper, we consider the following nonlinear functional differential equation with 
time delays in a Hilbert space H: 

f x'(t) + Ax(t) = J°_ h g(t,s,x(t),x(t + s))n(ds) + k(t), 0 < t < T, 

\ x{0) = g°, x(s) = g 1 (s) s e [-h, 0 ). 

Here, A: is a forcing term, and is the operator associated with a sesquilinear form 
defined on V x V satisfying Garding’s inequality, where V is another Hilbert space such 
that V C H C V*. The nonlinear term g, which is a locally Lipschitz continuous operator 
from L 2 {—h, T;V) to L 2 (0, T; H), is a semilinear version of the quasilinear one considered 
in Yong and Pan [13]. Precise assumptions are given in the next section. 

It is well known that the future state realistic models in the natural sciences, biology 
economics and engineering depends not only on the present but also on the past state. 
Such applications are used to study the stability, controllability and the time optimal 
control problems of hereditary systems. The regular problems the semilinear functional 

Email: 1 jmjeong@pknu.ac.kr( Corresponding author), 2 alanida@naver.com 
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differential equations with unbounded delays has been surveyed in Vrabie [12] and Jeong 
et al. [ 8 ]. 

As for the regularity results for a class of nonlinear evolution equations with the non¬ 
linear operator A were developed in many references [1-4]. Ahmed and Xiang [1] gave 
some existence results for the initial value problem in case where the nonlinear term is not 
monotone, which improved Hirano’s result [7]. 

In this paper, we will establish a variation of constant formula for solutions of the 
given equation with a general condition of the local Lipschitz continuity of the nonlinear 
operator , which is reasonable and widely used in case of the nonlinear system. The main 
research direction is to find conditions on the nonlinear term such that the regularity result 
of (1.1) is preserved under perturbation. In order to prove the solvability of the initial 
value problem (1.1) in Section 3, we establish necessary estimates applying the result of 
Di Blasio et al. [ 6 ] to (1.1) considered as an equation in H as well as in V* in Section 2. 
The important technique used is a successive approach method using the regularity and a 
variation of solutions of the corresponding linear equations without nonlinear terms. 


2 Preliminaries and Assumptions 


If H is identified with its dual space we may write V C H C V* densely and the corre¬ 
sponding injections are continuous. The norm on V. H and V* will be denoted by || • ||, | • | 
and || • ||*, respectively. The duality pairing between the element v\ of V* and the element 
V2 of V is denoted by ( V\,V 2 ), which is the ordinary inner product in H if V\,V2 £E H. 

For l 6 V* we denote (l,v) by the value l(v) of l at v 6 V. The norm of l as element 
of V* is given by 


\\l\\* = sup 
v&V 


1(^)1 


Therefore, we assume that V has a stronger topology than H and, for brevity, we may 
regard that 

IMI* < M < INI, \/u 6 v. (2-i) 


Let a(-,-) be a bounded sesquilinear form defined in V x V and satisfying Garding’s 
inequality 

Re a(u,u) > wi||u || 2 — oi 2 |u| 2 , (2-2) 


where oj\ > 0 and 002 is a real number. Let A be the operator associated with this 
sesquilinear form: 

( Au,v ) = a(u,v), u, v G V. 


Then — A is a bounded linear operator from V to V* by the Lax-Milgram Theorem. The 
realization of A in H which is the restriction of A to 


D(A) = {u eV : Aue H} 

is also denoted by A. From the following inequalities 

wilMI 2 < Re a(u, u) + u) 2 \u\ 2 < C\Au\ |u| + W 2|^| 2 < max{(7, W 2 HM |.d(A)M) 


394 


Jin-Mun Jeong ET AL 393-403 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


3 


where 

IMId(A) = ( \Au \ 2 + \u \ 2 ) l/2 

is the graph norm of D(A), it follows that there exists a constant Cq > 0 such that 

IMI < CblMl^jM 172 - (2.3) 

Thus we have the following sequence 

D(A) CVCHCV*C D(A)*, (2.4) 

where each space is dense in the next one which continuous injection. 

Lemma 2.1. With the notations (2.3), (2-4), we have 

(V,V*) W = H, 

(D(A),H) 1/2t2 = V, 

where (V, V *) 1 / 2j2 denotes the real interpolation space between V and V* ([5], Section 1.3.3 

of [11], )■ 

It is also well known that A generates an analytic semigroup S(t ) in both H and 
V*. For the sake of simplicity we assume that cj 2 = 0 and hence the closed half plane 
{A : Re A > 0} is contained in the resolvent set of A. 

If X is a Banach space, L 2 (0, T;X) is the collection of all strongly measurable square 
integrable functions from (0, T) into X and W 1,2 (0,T] X) is the set of all absolutely con¬ 
tinuous functions on [0,T] such that their derivative belongs to L 2 (0,T; X). C([0, T];X) 
will denote the set of all continuously functions from [0, T] into X with the supremum 
norm. If X and Y are two Banach space, C(X, Y) is the collection of all bounded linear 
operators from X into Y, and C(X, X) is simply written as C{X). Let the solution spaces 
W(T) and Wi (T) of strong solutions be defined by 

W(T) = L 2 (0, T; D(A)) n VF ll 2 (0, T; H), 

Wi(T) = L 2 (0, T; R) n IT 1 , 2 (0, T;V*). 

Here, we note that by using interpolation theory, we have 

W(T) C C([0,T];H), Wi (T) C C([0, T];H). 

Thus, there exists a constant Mo > 0 such that 

IMIc([ 0 ,T];V) < Mo||x|| W ( T ), IM|c([0,T];i7) < M 0 1 |x| | Wl ( T ) . (2.5) 

The semigroup generated by —A is denoted by S(t) and there exists a constant M such 
that 

\S(t)\ < M, ||S'(t)||*<M. 

The following Lemma is from Lemma 3.6.2 of [10]. 


395 


Jin-Mun Jeong ET AL 393-403 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


4 


Lemma 2.2. There exists a constant M > 0 such that the following inequalities hold for 
all t > 0 and every x G H or V*: 

|<5(t)x| < Mi -1 / 2 ||x||*, ||5'(t). , c|| < Mt~ l / 2 \x\. 

First of all, consider the following linear system 

I x'(t) + Ax(t) = k(t), 

\ x(0) = xq. 

By virtue of Theorem 3.3 of [6](or Theorem 3.1 of [8], [10]), we have the following 
result on the corresponding linear equation of (2.6). 

Lemma 2.3. Suppose that the assumptions for the principal operator A stated above are 
satisfied. Then the following properties hold: 

1) For xq G V = (D(A), H) l / 2 : 2 (see Lemma 2.1) and k G L 2 (0,T; H), T > 0, there exists 
a unique solution x of (2.6) belonging to W(T) C C([0, T]; V) and satisfying 

IWIw(T) < C'ldkoll + 11^1 Il 2 (0,T ;H ))> (2-7) 

where C\ is a constant depending on T. 

2) Let xq G H and k G L 2 (0, T; V*), T > 0. Then there exists a unique solution x of (2.6) 
belonging to Wi(T) C C([0,T\; H) and satisfying 

IMIwi(T) < C'ldxol + ||^l| \l 2 (0,T;V*)') > (2-8) 

where C\ is a constant depending on T. 


Lemma 2.4. Suppose that k G L 2 (0, T; H) and x(t) = J' ( j S(t — s)k(s)ds for 0 < t < T. 
Then there exists a constant C 2 such that 

\\ x \\l 2 (0,T;D(A)) < Ci||^IIl 2 (0,T;//); (2-9) 

\\ x \\l 2 (0,T;H) < C2T\\k\\ L 2(Q^ T . H ), (2-10) 

and 

ll x llL 2 (0,T ; y) < |fc||L 2 (0, T,H). (2-11) 

Proof. The assertion (2.9) is immediately obtained by (2.7). Since 

\\ x \\l2(o,t-,h) = Jo T I So S ( t ~ s)k(s)ds\ 2 dt. < M / Q T (f*\k(s)\ds) 2 dt 

< M / 0 T tfo \k(s)\ 2 dsdt < \k(s)\ 2 ds 

it follows that 

\\ x \\l 2 (o,t-,h) < Ty 7 M/2\\k\\ L 2^ 0T . H y 
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From (2.3), (2.9), and (2.10) it holds that 

IMIl 2 (o,t ; v) < CoVCiT(M/2) 1 /' l \\k\\ L 2( 0 ' T . H )- 

So, if we take a constant C 2 > 0 such that 

C 2 = max{ v / M/ 2 ,Cov / ^(W 2 ) 1/4 }, 

the proof is complete. □ 

3 Semilinear differential equations 

In this Section, we consider the maximal regularity of the following nonlinear functional 
differential equation 

f x\t) + Ax(t) = J°_ h g(t,s,x(t),x(t + s))n(ds) + k(t), 0 < t < T, 

\ x(0 ) = g°, x(s) = g 1 (s ) s€[-h,0), 

where A is the operator mentioned in Section 2. We need to impose the following condi¬ 
tions. 

Assumption (F). Let C and B be the Lebesgue cr-field on [0, 00 ) and the Borel cr-field on 
[—h, 0], respectively. Let y be a Borel measure on [—h, 0] and g : [0, 00 ) x [—h, 0]xhxb —> 
H be a nonlinear mapping satisfying the following: 

(i) For any x, y G V the mapping g(-, -,x,y) is strongly C x ^-measurable. 

(ii) g(t,s,x,y) is locally Lipschitz continuous in x and y, uniformly in (t, s) G [0, 00 ) X 
[— h,0], i.e., there exist positive constants Lo,Li(r) and L 2 such that 

1 9 (t,s,x,y) -g(t,s,x,y)\ < Li(r)\x - x\ + L 2 ||y - y\\, 

for all (t,s) G [0, 00 ) X [— h, 0], y, y G V, |x| < r and |x| < r. 

(iii) There exists a real number Lo such that 

\g(t,s,x,y)\ < L 0 ( 1 + |x| + |y|), \g(t,s,0,0)\ < L 0 , 

for any (t, s ) G [0, 00 ) X [—h, 0], x G H, and y G V. 


Remark 3.1. The above operator g is the semilinear case of the nonlinear part of quasi- 
linear equations considered by Yong and Pan [13]. 

For x G L 2 (—h,T;V), T > 0 we set 

G(t,x)= f g(t, s, x(t), x(t + s))n(ds). (3-2) 

J-h 

Here, as in [13] we consider the Borel measurable corrections of x(-). 

Let U be a Banach space and the controller operator B be a bounded linear operator 
from the Banach space L 2 (0, T; U) to L 2 (0,T;1L). 
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Lemma 3.1. Let x G L 2 (—h,T-,V),T > 0 and ||ai||c([o,T],iT) < f- Then the nonlinear 
term G(-,x) defined by (3.2) belongs to L 2 (0, T;H) and 

II^(g x )IIl 2 (o,T;/T) < m([ — h, 0]){L 0 VT+(Li(r)+L2)\\x\\ L 2( O)T . V ' ) +L2\\g 1 \\L2(-h,O;V)} (3-3) 
Moreover, ifx±,x 2 G L 2 (—h,T;V), then 

IIGKy^i) “ G(-,X2)\\li(o,t-,h) < h([~h, 0]) 

x ( CM 7 *) + L 2 )\\xi - x 2 \\lHo ,t-v) + L 2 \\xi - x 2 \\ L 2 ^ h ,o-y)} ( 3 . 4 ) 

Proof. From (ii) of Assumption (F), it is easily seen that 

II^(‘j x) \\ L 2 (o,t-,h) < h([~ h, 0]){L 0 VT + Li(r)||x|| L 2 ( 0)T ,V) + \\ x \\L 2 (-h,T,V)} 

< n([—h, 0]){L 0 VT + (Li(r) + L 2 )||a;|| i 2 ( 0)T) y) + L 2 \\x\\ L 2 (_ hfi . v )}. 

The proof of (3.4) is similar. □ 

From now on, we establish the following results on the local solvability of (3.1) repre¬ 
sented by 

f x' (t) + Ax(t) = G(t, x) + k(t), tG(0,T] 

1 *(0) =g°,x(s) =g 1 (s), s € [-h, 0]. 


Theorem 3.1. Let Assumption (F) be satisfied. Assume that (g°, g 1 ) G H x L 2 (—h, 0; V), 
k G L 2 (0, T;V*). Then, there exists a time Tq G (0, T) such that the equation (3.1) admits 
a solution 

x G L 2 (-h,T o ;V)nW 1 ’ 2 (0,T o -V*) C C([0,T 0 ];H). (3.5) 

Proof. For a solution of (3.1) in the wider sense, we are going to find a solution of the 
following integral equation 

x(t) = S(t)g° + f S(t — s){G(s,x) + k(s)}ds. (3-6) 

Jo 

To prove a local solution, we will use the successive iteration method. First, put 

xq( t) = S(t)g° + f S(t — s)k(s)ds 
Jo 

and define Xj + \(t) as 

Xj+i(t) = xo(t) + f S(t — s)G(-,Xj)ds. (3-7) 

Jo 

By virtue of Lemma 2.3, we have xo(-) G W\(t), so that 

11*011Wj(t) < Ci(\ X q\ + \\k\\ L 2(o t f,V*)), 
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where C\ is a constant in Lemma 2.3. Choose r > C i iM ( ^ 1 (|.to| + \\k\\L 2 (o,t-y*))i where Mq 
is the constant of (2.5). Putting p{t) = [q S(t — s)G(-, xo)ds, by (2.11) of Lemma 2.4, we 
have 

I \ p \ |l/ 2 (0,i;V) < C , 2V / t||G'(-, Xo)||L 2 (0,t;iT) 

< C'2V / t{li([— h, 0])L 0 \/i + (Li(?’) + L2 )|M|l 2 ( 0 ,T;V) + ^2 ll^ 1 II Zv 2 (_*.,0;\V) } 

= C2n([—h, 0])Lot + C2fi([—h, 0]) [( Li(r ) + ^ 2 )ll^ll z, 2 (o,if ; tv) + ^Wg 1 ||l 2 (-/i,o ; v)] 

(3.8) 

So that, from(3.5) and (3.6), 

\\ x l\\L 2 (0,t-,V) 

<r + C 2 p([—h, 0])f + C 2 g([—h, 0]){(Li(r) + L 2 )|M|l 2 (o,t ; v) + L2\\g l \\L 2 (-hfl-y)}'/t 

< 3 r 

for any 

m = min{r(C , 2 ^([— h, 0 ])) _1 , 

r{{C 2 p([-h, 0]))((Li(r) + -L2 )|M|l 2 (o,t» + ||5' 1 ||l 2 (-/ ) ,0;V))} 2 }j 
0 < t < m. By induction, it can be shown that for all j = 1, 2,... 

lkillL 2 (o,t ; v) < 3r, 0 <t<m. (3.9) 

Hence, from the equation 

Xj + i(t.) — Xj(t ) = f S(t — s){G(t,Xj ) — G(t,Xj_i)}ds 

Jo 

From (2.11), (3.7) and Assumption (F), we can observe that the inequality 
\\xj + i - Xj ||L 2 ( 0 ,t ; y) < C2Vt\\G(-,Xj) - G(-,Xj-i)\\ L 2(Q jt . H ') 

^ {C 2 fi([-h,0])(L l (Sr) + L2)Vi} j ll 

< -J|-11^1 — x 0||L 2 (0,t;V) 

holds for any 0 < t < m. Choose To > 0 satisfying 

To < min {m , {C 2 p([-h, 0])(Li(3r) + L 2 )}^ 2 }. (3.10) 

Then {xj} is strongly convergent to a function x in L 2 (0, To; V) uniformly on 0 < t < Tq. 
By letting j —> 00 in (3.7), we obtain (3.6). Next, we prove the uniqueness of the solution. 
Let e > 0 be given. For e < t < To, set 

ft-e 

x e (t.) = S(t)g° + / S(t — s){G(s, x e ) + k(s)}ds. (3-11) 

Jo 


399 


Jin-Mun Jeong ET AL 393-403 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 
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Then we have x e £ Wi(To) and for x e , y e £ B r [To) which is a ball with radius r in 
L 2 (0, To; V), since 

x(t) — x e (t) = f S(t — s){G(s, x) — G(s , x e )}ds 
Jo 

+ f S(t — s){G(s, x e ) + k(s)}ds, 

J t—e 

with aid of Lemma 2.4, 

II® - *£ e | Il 2 (o,To;V) < C 2 ^{[—h, 0])(Ti(r) + L 2 )\/Tb\\x - ® £ ||l 2 ( 0 ,t 0 -,v) 

+ C 2 V~efi([-h,0]){(L 0 Vf 0 + (Ti + L 2 )\\x\\ L 2 {0)To . v) + VTo\\k\\ L 2 ^ OTo . H ^}. 

we have x e —>• x as e —>• 0 in L 2 (0,To; V). Suppose y is another solution of (3.1) and 
y e is defined as (3.11) with the initial data (g 0 ,*? 1 ). Let x e , y e € B r . Then From Lemma 
2 . 2 , it follows that 

Ik"-2/ e Hi,2(o,To;V) < [ / II [ S(s-T){(G(-,x e )-G(-,y e ))}dT\\ 2 ds] 1/2 

Jo Jo 

<M[ [ T ° ( f \s-T)- 1 / 2 \G(-,x e )-G(-,y e )\dT) 2 ds] 1/2 
Jo Jo 

< Mfi([-h,0])Li(r)[ [ f (s — r)~ 1 dT f ||x e (r) - y e (T)\\ 2 dTds \ 1/ " 

Jo Jo Jo 

T 0 f T ° 

< M/i([-/i,0])L 1 (r)log— / \\x e -y € \\ L 2 ( o, s - V )ds, 

e Jo 

so that by using Gronwall’s inequality, independently of e, we get x e = y e in T 2 (0,To;F), 
which proves the uniqueness of solution of (3.1) in Wi(To). □ 

From now on, we give a norm estimation of the solution of (3.3) and establish the 
global existence of solutions with the aid of norm estimations. 

Theorem 3.2. Under the Assumption (F) for the nonlinear mapping G, there exists a 
unique solution x of (3.1) such that 

x £ Wr(T) C C([0,T]-H). (3.12) 

for any ( g °,</ 1 ) £ H x L 2 (0,T;V), k £ L 2 (0,T\V*). Moreover, there exists a constant C 3 
such that 

IMIwi < C'sCkol + lk’llL 2 (o,r ; y*))) (3.13) 

where C 3 is a constant depending on T. 

Proof. Let y £ B r be the solution of the following linear functional differential equation 
parabolic type; 

[ y'(t) + Ay(t) = k(t), t £ ( 0 ,Ti]. 

1 y(o) = g°. 
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Let the constant T\ satisfy (3.10) and the following inequality: 

C 0 C' 1 (^)^([-/ l ,0])(L 1 (r) + L 2 )<l. 


Then we have 


d(x - y){t)/dt + A((x - y)(t)) = G(t, x) 
(x - y)( 0) = 0. 


t G (0, Ti]. 


Hence, in view of (F) and Lemmas 2.3 and 3.1, 

II® ~ y\\L‘ 2 (0,T 1 -,D(A))nW 1 ’ 2 (0,T 1 -,H) < Ci | |G(-, x) \\L 2 (0,Tr,H) 

< Ciy,([-h, 0]){L 0 y/l\ + (Ll(r) + L 2 )||x||^2j 0) T i; V) + ^2||5' 1 ||l 2 (-/!,0;V)} 

< Ciy{[-h,0])(Li(r) + L 2 )(\\x - y||L 2 (o,T i: v) + I|2 /|Il 2 (o,Ti;V)) 

+ Ciy([-h,0])(Loy^T\ + L 2 \ \y^ || z / 2 (_/i, 0; v r )) * 

Thus, by the above inequality and arguing and (2.3), 

1 ! 

H X — l/\ Il 2 (0,Ti;V) < Coll® ~ ^1 Il 2 ( 0 ,T 1 ;D(A)) I \ X ~ ll 2 (0,Ti;iT) 
i T i 

< Co||® - y|l!2 ( o, Tl ;D(A)){^ll X “ y\\w^{0,T V ,H)}^ 

T i 

< ^^} 2 ~ yW^iO^DiA^nW^iO^H) 

~ °])(Ci(®) + ^2)||y||L 2 (o,T i; y) 

+ CiM[-M])(Lo>/ 2\ + ^2111/ 1 llL 2 (_h,o ; y))} 

+ CoCi(-^) 2 /.f([-/i,0])(Li(r) + L 2 )||x - y\\L 2 (o,Tv.v)- 

Therefore, since 

C 0 C 1 (^)^([-/ l ,0])(L 1 (r) + L 2 ) 

II® - VI \L 2 (0,Ti;V) <~ T 1 , , . r llyllL 2 (0,ri;V) 

1 - C 0 Ci(^)2/x([-/r,0])(Li(r) + L 2 ) 

CoCi(^)^([-/ 1 ,0])(L 0 v / 5T + L 2 || 5 1 || l2( _ w) ) 


+ 


1 -C 0 C 1 (^)l / u([-^°])(C 1 (r) + L 2 ) 


(3.14) 


we have 


l®II.L 2 (0,Ti;V r ) < 


1 - C 0 C 1 (^)l/i([-/ l ,0])(L 1 (r) + L2 ) IHIi2( °’ Ti;F) 
CoCi(^=) 2 y([—h, 0])(LoV / Ti + -C 2 IIf/ 1 IIz, 2 (_/i,o ; v r )) 


l-C 0 C 1 (^y([-h,0])(L 1 (r) + L 2 ) 
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and hence, with the aid of (2.8) in Lemma 2.3 and Lemma 3.1, we obtain 

11® 11 L 2 (0,Ti ;V)nW 1 ’ 2 (0,Ti;V*) (3.15) 

<Cl(\g°\ + ||G(-,x)|| i 2(o jT i ; y*) + \\k\\ L 2^ 0 Tl -V*)) 

[|g°| + n([—h, 0}){L 0 ^J\ + (.Li(r) + L 2 )||x|| £ , 2 ( 0jTi; y) + -^ 2 1|i? 1 Ilz.2(_/,., 0; y)} 

+ INIl 2 (0,Ti:V*)] 

<<^3(15° I + II^IIl 2 (0,T i: \/*))- 

for some constant C 3 . Now from (2.5) and (3.15), it follows that 

\x(Ti)\ < ||x|| CQO.Ti];#) < M 0 C 3 (\g°\ + | |fc| |z, 2 (o,Ti;V r *))- (3.16) 

So, we can solve the equation in [Ti,2Ti] with the initial data (x(Ti), xt x ), and obtain an 
analogous estimate to (3.15). Since the condition (3.14) is independent of initial values, 
the solution of (3.1) can be extended the internal [0,nTi] for a natural number n, i.e., for 
the initial u(nT\ ) in the interval [nTi, (n + l)Ti], as analogous estimate (3.15) holds for 
the solution in [0, (n + l)Ti]. □ 

By the similar way to Theorems 3.1 and 3.2, we also obtain the following results for 
(3.1) under Assumption (F) corresponding to 1) of Lemma 2.3. 

Corollary 3.1. Let (g°, g 1 ) € V x L 2 (—h,0; D(A)) and k 6 L 2 (0,T; H). Then there exists 
a unique solution x of (3.1) such that 

x € L 2 { 0, T; D(A)) D W 1>2 { 0, T; H) C C([0, T\;V). 

Moreover, there exists a constant C 3 such that 

\\ x \\L 2 (0,T-,D(A)rW 1 ’ 2 (0,T-,H) < <^3 (11<7°| I + 11&| |L 2 (0,T;iT))) 

where C 3 is a constant depending on T. 
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Investigation of ct-C-class functions with applications 

Aftab Hussain 0 , Arslan Hojat Ansari 6 , Sumit Chandok 0 , Dong Yun Shin d * and Choonkil Park e * 

Abstract: In this paper, we introduce the new idea of a-C-class function and establish new fixed point results 
in a complete metric space. It can be stated that the results that have come into being give substantial 
generalizations and improvements of several well known results in the existing comparable literature. 


1 Introduction and preliminaries 


In 1973, Geraghty [7] studied a generalization of Banach contraction principle. In 2012, Samet et al. [20] 
introduced a concept of a-'i/’-contractive type mappings and established various fixed point theorems for 
mappings in complete metric spaces. The notion of an a-admissible mapping has been characterized in 
many direction. For details, see [2, 4, 8, 9, 10, 11, 12, 14, 16, 17, 18, 21, 22, 23] and references therein. 

Now, we give some basic definitions, examples and fundamental results which play an essential role in 
proving our results. 


Definition 1 [20] Let S : X —> X be a self mapping and let a : X x X — > [0, oo) be a function. We say that 
S is a-admissible if x,y € X with a(x,y) > 1 => a(Sx,Sy) > 1. 

Example 2 [15] Consider X = [0, oo) and define S : X —>■ X and a : X x X — 1 [0, oo) by Sx = 2x and 


a{x,y) 


eg x>y,x^ 0 , 

0 , x < y. 


Then S is a-admissible. 


Definition 3 [1] Let S,T : X — > X be self mappings and let a : X x X — > [0, +oo) be a function. We 
say that the pair {S,T) is a-admissible if x,y £ X such that a(x,y) > 1, then we have a(Sx,Ty) > 1 and 
a(Tx, Sy) > 1. 


Example 4 Let X = [0, oo) and define a pair of self mappings S,T : X —> X and a : X x X —> [0, oo) by 
Sx = 2x, Tx = x 1 and 


a (x, y) 


Then a pair ( S,T ) is a-admissible. 


e xy , x,y>0 , 

0 , otherwise. 


Definition 5 [13] Let S : X —> X be a self mapping and let a : X x X — > [0, +oo) be a function. We say 
that S is triangular a-admissible ifx,y £ X with a(x,z) > 1 and a(z,y) > 1 => a(x,y) > 1. 

Example 6 [13] Let X = [0,oo), Sx = x 2 + e x and 

«(*,,) = {*’ V" 10 ' 11 ’ 

I 0 , otherwise. 


Hence S is a triangular a-admissible mapping. 

°*Corresponding authors. 

°Keywords: fixed point; contraction type mapping; a-C-class function; metric space. 
°Mathematics Subject Classification 2010: Primary 46S40; 47H10; 54H25. 
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Definition 7 [13] Let S : X —> X be a self mapping and let a : X x X R. be a function. We say that S 
is a triangular a-admissible mapping if 

(Tl) a(x, y) > 1 implies a(Sx , Sy) > 1, x,y £ X; 

(T2) a(x,z) > 1 and a(z,y) > 1 imply a(x,y) > 1, x,y,z £ X. 

Example 8 [13] Let X = R ; Sx = ffx and a(x,y) = e x ~ v . Then S is a triangular a-admissible mapping. 
Indeed, if a(x,y) = e x ~ v > 1, then x > y which implies Sx > Sy. That is, a(Sx,Sy) = e Sx ~ Sy > 1. Also, 
if a{x , z) > 1 and a(z, y) > 1, then x — z > 0, z — y > 0. That is, x — y > 0 and so a(x, y) = e x ~ v > 1. 

Definition 9 [1] Let S,T : X —> X be self mappings and let a : X x X R. be a function. We say that a 
pair (S , T) is triangular a-admissible if 

(Tl) a{x,y) > 1 implies a(Sx,Ty) > 1 and a(Tx,Sy) > 1, x,y £ X; 

(T2) a(x, z) > 1 and a{z,y) > 1 imply a(x,y) > 1, x,y,z € X. 

Example 10 Let X = R. and define a pair of self mappings S,T : X —> X and a : X x X —» R by Sx = ^x, 
Tx = x 2 and a(x,y) = e xy for all x,y £ X. Then a pair ( S,T ) is a triangular a-admissible mapping. 

Definition 11 [19] Let S : X —> X be a self mapping and let a,r] : X x X —► [0, +oo) be two functions. We 
say that S is an a-admissible mapping with respect to r] if x,y € X with a(x,y) > r](x, y) => a(Sx,Sy) > 
rj{Sx,Sy). 

Note that if we take r](x,y) = 1, then this definition reduces to the definition in [20]. Also if we take 
a{x,y) = 1, then we say that S is an 77 -subadmissible mapping. 

Example 12 Let X = [0, 00 ) and S : X —> X be defined by Sx = Define a,y : X x X —> [0,+ 00 ) by 
a(x , y) = 3 and rj(x , y) = 1 for all x,y £ X. Then S is an a-admissible mapping with respect to ij. 

Lemma 13 [6] Let S : X —► X be a triangular a-admissible mapping. Assume that there exists Xg £ X 
such that a(xo,Sxo) > 1. Define a sequence {x n } by x n +i = Sx n . Then we have a(x n ,x m ) > 1 for all 
m, n € N U {0} with n < m. 

Lemma 14 Let S,T : X —» X be a pair of triangular a-admissible. Assume that there exists Xq £ X such 
that a(xo,Sxo) > 1- Define a sequence X 21+1 = Sx^i, and X 2 i +2 = Tx 2 i+i, where i = 0,1,2, •••. Then we 
have a(x n , x m ) > 1 for all m.,n £N U {0} with n < to. 

We denote by O the family of all functions /? : [0, + 00 ) —> [0,1) such that, for any bounded sequence {t n } 
of positive reals, /3(t n ) —» 1 implies t n —> 0. 

Theorem 15 [7] Let (X,d) be a metric space. Let S : X —> X be a self mapping. Suppose that there exists 
j3 £ Ll such that, for all x, y £ X, 

d(Sx, Sy) < /3 (d(x, y)) d(x, y). 

Then S has a fixed unique point p £ X and {S n x} converges to p for each x £ X. 

In 2014, Ansari [3] introduced the concept of C-class functions which cover a large class of contractive 
conditions. 

Definition 16 [3] A continuous function f : [0, oo ) 2 —> R is called a C-class function if for all s,t £ [0, 00 ), 
the following conditions hold: 

( 1 ) f(s,t) < s; 

( 2 ) /(s, t) = s implies that either s = 0 or t = 0 . 
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An extra condition on f that /(0,0) = 0 could be imposed in some cases if required. The letter C will 
denote the class of all C-class functions. 

Example 17 [3] The following examples show that the class C is nonempty: 

1 - f{s,t) = s-t. 

2. f(s,t) = ms for some m € (0,1). 

3. f(s,t) = for some r € (0, oo). 

4. f{s,t) = log(f + a s )/( 1 + t) for some a > 1. 

5. f(s,t) = ln(l + a 3 )/ 2 for e > a > 1. Indeed, f{s,t) = s implies that s = 0. 

6. f(s,t) = (s + Z)( 1 /( 1 +*) r ) — l, l > 1 for r € (0, oo). 

7- f{s, t) = s log t+a a for a > 1. 

8 . f(s,t) = s— ( 5 +f) (i+t)• 

9. f(s,t) = s/3(t), where ft : [0,oo) —¥ [0,1) is continuous. 

10. f(s,t) = s— 

11. f{s,t) = s — <p(s), where ip : [0, oo) —> [0, oo) is a continuous function such that <p(t) = 0 if and only if 
t = 0 . 

12. f(s,t) = sh(s,t), where h : [0, oo) x [0, oo) [0, oo) is a continuous function such that h(t,s) < 1 for 
all t, s > 0. 

13. f(s,t) =s - (f±f )t. 

14. f(s,t)= y/ln(l + s n ). 

15. f{s,t) = 0(s), where <fi : [0, oo) —> [0, oo) is a upper semicontinuous function such that 0(0) = 0 and 

< t for t > 0. 

16. f(s,t) = r G (0, oo). 

Let denote the class of functions ip : [0, oo) —> [0, oo) which satisfy the following conditions: 

(a) ip is continuous; 

( b ) ip(t) > 0,t > 0 and <p(0) > 0. 

Lemma 18 [5] Suppose (X,d) is a metric space. Let {x n } be a sequence in X such that d{x n ,x n +\) 0 
as n —> oo. If {x n } is not a Cauchy sequence, then there exist an e > 0 and sequences of positive integers 
{m(k)} and {n(k)} with m(k) > n{k) > k such that d(£ m (fc), £ n (fc)) > s, d(x m (k)~ i> £«(&)) < £ and 

(i) too d(x m (fc)— i, ^n(/c)+l) = 

(ii) li m fc—xx> d{ x m{k)i x n(k)) 

(hi) limfc-j.oo d(x m{k)— 1 1 'E'n(k) ) ^ • 

We can also show that lim^^ d(x m{k)+ i,x n{k)+1 ) = e and lim^^ d{x m ( k) ,x n ( k )_ 1 ) = e. 
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2 Main results 

In this section, we prove some fixed point theorems satisfying a-Geraghty contraction type mappings in a 
complete metric space. 

Let ( X , d) be a metric space and a:IxI->Rbea function. Two self mappings S,T : X —> X are 
called a pair of generalized a-Geraghty contraction type mappings if there exists /? G Q such that, for all 
x,y g X, 

a(x,y)d(Sx,Ty) < f3 (M(x,y)) M(x,y), 

where 

nrr \ f m ^ c x u ^ d(y, Sx) + d(x, Ty) \ 

M(x, y) = max<d(x,y),d{x,Sx),d(y,Ty), --- > • 

If S = T, then T is called a generalized a-Geraghty contraction type mapping if there exists /3 G fl such 
that, for all x, y G X, 

a(x, y)d(Sx, Ty) < /3 (N(x, y)) N(x, y), 

where 

N(x, y) = max | d(x,y),d(x,Tx),d(y,Ty), d ^ X ' Ty ^ ^ d ^ V ' TX ^ | . 

Let ( X , d) be a metric space and let a : X x X —> R be a function. Two self mappings S,T : X —> X are 
called a pair of generalized a-C-class function contraction type mappings if there exists F GC such that, for 
all x, y € X, 

a (x, y)d(Sx, Ty) < F(M(x, y), <p(M(x, y))), (1) 

where 

M(x,y) = maxl^d(x,y),d(x,Sx),d(y,Ty) 1 d ^ y,Sx ' ) + d ( x ' T y) j _ 

If S = T, then T is called a generalized a-C-class function contraction type mapping if there exists F GC 
such that, for all x,y € X, 

a(x,y)d(Tx,Ty)) < F(N(x,y),<p(N(x,y))), 

where 

N(x,y) = max^d(x,y),d(x,Tx),d(y,Ty), d ^ X ' Ty ^ ^ d ^ V ' Tx ^ |. 

Theorem 19 Let ( X , d) be a complete metric space and let a : X x X —» R. be a function. Let S,T : X —> X 
be two self mappings. Suppose that the following hold: 

(i) ( S,T) is a pair of generalized a-C-class function contraction type mappings; 

(ii) (S, T) is triangular a-admissible; 

(iii) there exists xq G X such that a(Xo, Sx o) > 1; 

(iv) S and T are continuous. 

Then ( S, T) has a common fixed point. 

Proof. Let X\ G X be such that x± = Sx o and X 2 = Tx\. Continuing this process, we construct a sequence 
x n of points in X such that 

X 21+1 = Sx 2 i and x 2 i +2 = Tx 2 i+i, where i = 0,1,2,•••. 

By assumption, a(xo,£i) > 1 and a pair ( S,T ) is a-admissible. By Lemma 14, we have 

a(x n , x n +\) > 1 for all iiGNU{0}. 
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Then we have 


d(X2i+t,X2i+2) = d{Sx 2 i,Tx 2 i+l) < a(X2i,X 2 i+l)d(Sx 2 i,TX2i+l) 

< F(M{x 2 i, X2i+l ), (X2i , X2i+\)))<M(x 2 i, X2i+l) 


for all igNU {0}. Now 

M(x 2 i, % 2 i+l) = max<j d(X 2 i,X 2 i+l),d(X 2 i,Sx 2 i),d(X 2 i+l,Tx 2 i+l), 


d(x 2 i, Tx 2 i + l) + (x 2 i+l,Sx2i) 


= max < d(x 2 i,X 2 i+i),d(x 2 i,X 2i+1 ),d(x 2 i+i,x 2i+2 ), 


d(X2i,X 2 i+2) \ 

2 / 


d(X2i,X2i+l) + d(X2i+l, X 21 + 2 ) 


Thus 


< max | d(x 2i , x 2 i+ i ), d{x 2 i+ i, x 2 i +2) 

= max{d(x2i,X2i+i),d(x2i+i,X2i+2)} ■ 


d(X 2 i+\,X 2 i+ 2 ) < F(M(x 2i ,X 2 i+l),(p(M(x 2 i,X 2i+1 ))) 

< F(d(x 2 i,x 2 i+ i),<p(d(x 2 i ,X2i+i))) < d(x2i,X2i+i), 


( 2 ) 


which implies that 

d(x n 4 - 1 , x n -\. 2 ') d(x n , U {0} 

for all neN. So the sequence {d(x n ,x n + 1 )} is nonnegative and nonincreasing. 

Now, we prove that d(x n ,x n +i) —> 0. It is clear that {d(x n ,x n + 1 )} is a decreasing sequence. Therefore, 
there exists some positive number r such that liiUn^oo d(x n ,x n + 1 ) = r. From (2), by taking limit n -A 00 , 
we have 

r < F(r,(p(r)), 


that is, 


r = 0 or tp(r) = 0. 


Therefore, we have 


lim d(x n ,x n+ 1 ) = 0 . 

n—>00 


(3) 


Now, we show that the sequence {x„} is a Cauchy sequence. Suppose on contrary that {x n } is not a Cauchy 
sequence. Then there exist e > 0 and sequences {x mk } and {x nk } such that, for all positive integers k. we 
have nik > nk > k such that 

d(x n 

and 


CnJ > e 


d( 3 


H-l) < 


By the triangle inequality, we have 


< 

d{x mk , X nk ) 


< 

d{x mk , x nk _ 1 ) + d(x nk _ 1 , x nk ) 


< 

e + d(x nk _ 1 ,x nk ) 

(4) 


for all k G N. In the view of (3) and (4), we have 


lim d(x mk ,x nk ) = e. (5) 

k—>00 
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Again using the triangle inequality, we have 

d{x mk > x n k ) — d{x m k ) x m k+1 ) A d(x mk + 1 , X n/ _ +1 ) + d(x nk+1 , x nk ) 

and 

d( x mk+i i Xrik+1 ) < d(x mk+1 , x mk ) + d{x mk , x nk ) + d(x nk , x nk+1 ) . 
Taking limit as k — > +oo and using (3) and (5), we obtain 

k \unJ(x mk+1 ,x nk+1 ) = e. 

By Lemma 14 and a(x nk ,x mk+1 ) > 1, we have 

d(x nk+1 ,x mk+2 )) = d(Sx nk ,Tx mk+1 )) < oi(x nk , x mk+1 )d(Sx nk ,Tx mk+1 )) 

— F{M{x nk , x mk+J ), <p(M(x nk , x mk+1 ))). 

Keeping (3) in mind and letting k —> +oo in the above inequality, we obtain 

e < F(e,ip(e)), 


that is, 

e = 0 or (p(e) = 0. 

So e = 0, which is a contradiction. Using a similar technique for other cases, it can be easily seen that {x n } 
is a Cauchy sequence. Since X is complete, there exists p £ X such that x n —> p implies that X2i+i —> p and 
X21+2 —> P- Since S and T are continuous, we get Tx2i+i — > Tp and SX21+2 —> Sp. Thus p = Sp. Similarly, 
p = Tp and so we have Sp = Tp = p. Then (5, T) has a common fixed point. ■ 

In the following theorem, we drop the continuity. 


Theorem 20 Let (A, d) be a complete metric space and let a : X x X —» K. be a function. Let S,T : X —> X 
be two self mappings. Suppose that the following hold: 

(i) (5, T) is a pair of generalized a-C-class function contraction type mappings; 

(ii) ( S,T ) is triangular a-admissible; 

(iii) there exists xq € X such that a(xo, Sx o) > 1; 

(iv) if {x n } is a sequence in X such that a(x n ,x n +i) > 1 for all n £ N U {0} and x n — > p £ X as 
n — > +oo, then there exists a subsequence{x nk } of {x n } such that a(x nk ,p) > 1 for all k. 

Then ( S , T) has a common fixed point. 


Proof. The proof follows from similar lines of Theorem 19. Define a sequence X 21+1 = Sx 2 i and X 21+2 = 
Tx 2 i+ 1, where i = 0,1, 2, • • •, which converges to p £ X. By the hypotheses of (iv) there exists a subsequence 
{x nk } of {x n } such that a(x 2 n k ,p) > 1 for all k. Now by using (1), for all k, we have 

d(x 2 nk +i,Tp)) = d(Sx 2 nk ,Tp)) < a(x 2 n k ,p)d(Sx 2 n k ,Tp)) 

< F(M(x 2 n k ,P),<P{M( x 2 n k ,P)))- 


On the other hand, we obtain 


M{x 2 nk ,p) = max d(X 2 n k ,P),d(X 2 n k ,Sx 2 n k ),d(p,Tp). 


d(X2n k ,Tp) + d{p , Sx 2 n k ) 


Letting k —> 00, we have 


lim M(x 2 n k ,p) = d{p, Tp). 

k—>00 
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Suppose that d(p, Tp) > 0. Letting k —> oo in the above inequality, we have 

d(p,Tp) < F(d(p,Tp),<p(d(p,Tp))) 

and so we obtain that d(p, Tp) = 0, which is a contradiction. Thus we find that d(p, Tp) = 0 implies p = Tp. 
Similarly, p = Sp. Thus p = Tp = Sp. a 

If AI(x,y) = max |d(x, y), d(x, Sx), d{y, Sy), d (y’ Sx '>+ d ( x ’ S 'y') j anc j s = T in Theorems 19 and 20, then 
we have the following corollaries. 

Corollary 21 Let (X,d) be a complete metric space and let S be an a-admissible mapping such that the 
following hold: 

(i) S is a generalized a-Geraghty contraction type mapping; 

(ii) S is triangular a-admissible; 

(iii) there exists Xq £ X such that a(xo,To) > 1; 

(iv) S is continuous. 

Then S has a fixed point p £ X, and S is a Picard operator, that is, {S";ro} converges to p. 

Corollary 22 Let ( X , d) be a complete metric space and let S be an a-admissible mapping such that the 

following hold: 

(i) S is a generalized a-Geraghty contraction type mapping; 

(ii) S is triangular a-admissible; 

(iii) there exists Xq £ X such that a(xo, Sxq) > 1; 

(iv) if {a+j is a sequence in X such that a(x n ,x n+ \) > 1 for all n £ N U {0} and x n —> p £ X as 

n —> +oo, then there exists a subsequence {x nk } of {x n } such that a{x nk ,p) > 1 for all k. 

Then S has a fixed point p £ X, and S is a Picard operator, that is, {S";ro} converges to p. 

If M(x,y) = max {d(x, y), d(x, Sx), d(y, Sy)} and S' = T in Theorems 19 and 20, then we obtain the 
following corollaries. 

Corollary 23 [ 6 ] Let ( X , d) be a complete metric space and let a : X x X —» R be a function. Let S : X —> X 
be a mapping. Suppose that the following hold: 

(i) S is a generalized a-Geraghty contraction type mapping; 

(ii) S is triangular a-admissible; 

(iii) there exists Xo £ X such that a(xo, Sx o) > 1; 

(iv) S is continuous. 

Then S has a fixed point p £ X, and S is a Picard operator, that is, {S"a;o} converges to p. 

Corollary 24 [ 6 ] Let ( X , d) be a complete metric space and let a : X x X -+ R be a function. Let S : X —> X 
be a mapping. Suppose that the following hold: 

(i) S is a generalized a-Geraghty contraction type mapping; 

(ii) S is triangular a-admissible; 

(iii) there exists Xg £ X such that a(X q, Sx o) > 1; 

(iv) if {x n } is a sequence in X such that a(x n ,x n +i) > 1 for all n £ N U {0} and x n —> p £ X as 

n -+ +oo, then there exists a subsequence { x Uk } of {x n } such that a{x nk ,p) > 1 for all k. 

Then S has a fixed point p £ X, and S is a Picard operator, that is, {S"a;o} converges to p. 

Let (X , d) be a metric space and a, y : X x X —> R be two functions. Two self mappings S,T : X —> X 

are called a pair of generalized a-77-Geraghty contraction type mappings if there exists /? £ Q such that, for 
all x, y £ X, 

a(x,y) > rj(x,y) => d(Sx,Ty) < /3 (M(x,y)) M(x,y), 
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where 

M(x,y) = max^d(x,y),d(x,Sx),d(y,Ty), d ^ y,Sx ' ) + d ( x ’ Ty ) 

Let (X, d) be a metric space and a, y : X x X —> ffi. be two functions. Two self mappings S,T : X —> X 
are called a pair of generalized a-77-C-class function contraction type mappings if there exists F £ C such 
that, for all x, y £ X, 

a(x,y) > y(x,y) => d(Sx,Ty) < F(M(x, y), <p(M(x, y)), 

where 

M{x,y) = max| d(x,y),d(x,Sx),d(y,Ty), d ^ y,Sx ' ) ^ d ( x ’ Ty ) 

Theorem 25 Let (X, d) be a complete metric space. Let S be an a-admissible mapping with respect to rj 
such that the following hold: 

(i) (5, T) is a pair of generalized a-y-C-class function contraction type mappings; 

(ii) ( S, T) is triangular a-admissible; 

(iii) there exists xq £ X such that a(xo,Sxo) > y(xo, Sxq); 

(iv) S and T are continuous. 

Then ( S, T) has a common fixed point. 

Proof. Let X\ in X be such that X\ = Sx 0 and X 2 = Tx\. Continuing this process, we construct a sequence 
x n of points in X such that 


X 21+1 = Sx 2 i, and x 2 i +2 = Tx 2 i+i,wherei = 0,1,2, - 


By assumption a(xo, x\ ) > 77 (xo, Xi) and a pair (S, T) is a-admissible with respect to y, we have, a^Sxo, Tx 1) > 
y(Sxo,Txi) from which we deduce that a(xi,X 2 ) > y{x\,X 2 ) which also implies that a(Tx\, SX 2 ) > 
y{Tx\,Sx 2 ). Continuing in this way we obtain a(x n , x n +±) > y(x n ,x n +i) for all n £ N U {0}. 

d{X2i + l,X2i+2) = d(Sx 2 i,TX2i+l) < a(x 2 i, X2i+l)d(Sx2i,Tx2i+l) 

< F(M (x 2 i ,x 2i +i ),<p(M (x 2 i ,x 2 i+i)) 


for all igNU {0}. Now 

M(x 2 i,X 2 i+i) = max ^ d(x 2 i, x 2 i+i), d(x 2 i, Sx 2 i), d(x 2 i+i, Tx 2 i+i), 


d(x 2 i, Tx 2 i+\) + {x 2 i+ i,Sx 2i ) 


max | d(x 2 i, x 2 i+i ),d(x 2i , x 2 i+ 1), d(x 2 i+ 1 ,x 2i+2 ), d ^ X2z ’ X2l + 2 ^ | 


< max < d(x 2 i,x 2 i + 1 ),d(x 2 i+ 1 ,x 2i+2 ). 


Therefore, we have 


J 

d(x 2 i, x 2 i+\) + d(x 2 i+\,X 2 i+ 2 ) 
2 

= max{d(x2i,X2i+i),d(x2i+i,x 2 *+2)} • 

d(x2i+i,x 2 »+2) < F(M(x 2 i ,x 2 i+ i), cp(M(x 2 i ,x 2i+1 )) 

< F(d(x 2i , x 2 i+i), <p(d(x 2i , x 2 i+ i)) < d{x 2 i ,x 2i+1 ). 


This implies that 

d(x n+ i,x n+2 ) < d(x n ,x n+ i), foralln £ NU {0}. 

The rest of the proof follows from similar lines of Theorem 19. 

Hence p is a common fixed point of S and T. ■ 
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Theorem 26 Let (X, d) be a complete metric space and let ( S , T ) be a pair of a-admissible mappings with 
respect to p such that the following hold: 

(i) (S, T) is a pair of generalized a-C-class function contraction type mappings; 

(ii) ( S, T ) is triangular a-admissible; 

(iii) there exists x$ € X such that a(xo,Sxo) > rj(xo, Sxq); 

(iv) if {x n } is a sequence in X such that a(x n , x n +i) > p(x n ,x n +i) for all n € NU{0} and x n —> p £ X 
as n —► +oo, then there exists a subsequence {x nk } of {x n } such that a(x nk ,p) > p(x nk ,p) for all k. 

Then S and T have a common fixed point. 


Proof. The proof follows from similar lines of Theorem 20. ■ 

If M(x,y) = ma x^d(x,y),d(x,Sx),d(y,Sy), d (y’ Sx )+ d ( x ’ S v) j anc j g — j' j n Theorems 25 and 26, then 
we get the following corollaries. 


Corollary 27 Let (X, d) be a complete metric space and let S be an a-admissible mapping with respect to 
p such that the following hold: 

(i) S is a generalized a-Geraghty contraction type mapping; 

(ii) S is triangular a-admissible; 

(iii) there exists xq £ X such that a(xo,Sxo) > p(xo, Sxq); 

(iv) S is continuous. 

Then S has a fixed point p £ X, and S is a Picard operator, that is, {^"xo} converges to p. 

Corollary 28 Let (X, d) be a complete metric space and let S be an a-admissible mapping with respect to 
p such that the following hold: 

(i) S is a generalized a-Geraghty contraction type mapping; 

(ii) S is triangular a-admissible; 

(iii) there exists xq £ X such that a(xo,Sxo) > p(xo, Sxq); 

(iv) if {x n } is a sequence in X such that a(x n , x n +i) > p(x n , x n +i) for a/Z?r€NU{0} and x n —>• p £ X 
as n —> +oo, then there exists a subsequence { x nk } of {x n } such that a(x Uk ,p) > p(x nk ,p) for all k. 

Then S has a fixed point p £ X and S is a Picard operator, that is, {5”xo} converges to p. 


Example 29 Let X = {a,b,c} with metric 


d(x, y) 


0 if x = y 
f ifx,y£X-{b} 

1 if x,y £ X — {c} 

| if x,y G X - {a}. 


a{x,y) 

Define a mapping T : X —> X as follows: 


1 if x,y G X 
0 otherwise 


T(x) 


a if x b 
c if x = b 


and (3 : [0, +oo) —► [0,1). Then 


a(x,y)d{Tx,Ty) ^ (3(M(x,y))M(x,y). 
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Indeed, let x = b and y = c. Then 


M (6, c) 


max 


m \ ah, rrriw ai tv ^ d(b,T(c)) + d(c,T(b))\ 
d(b, c),d(b , T(b)),d(c, T(c)),- - -> 


max 


4 4 5 11 
7’ r 7’ 2 J 


5 

7‘ 


[6, Theorem 2.1] is not valid to get a fixed point ofT, since 

a(b,c)d(T(b),T{c)) i fi{M(b,c))M{b,c). 


Now, we prove that Theorem 19 can be applied to a common fixed point of S and T. 
Now, consider a mapping S : X —► X be such that Sx = a for each x £ X, 
where 


M (b , c) = max 


= max 


mi \ Air ciuw a i mi \\ d ( b i T ( c )) + d ( c i S ( b ))\ 
d{b, c), d(b,S{b)),d(c, T(c)),--- > 


7’ ’ 7’ 14 


d{Sb,Tc) = d(a, a) = 0, 

a(x,y)d(Sx,Ty) < F(M(x,y)),<p(M(x,y)) < M(x,y). 

Hence the hypothesis of Theorem 19 is satisfied, So S and T have a common fixed point. 
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Abstract 

We establish a new extended Hua’s inequality in the setting of Hilbert 
C*-modules. As for its application, we get several generalizations of norm 
Hua’s inequality and more generalized inequalities of the Hua inequality 
type. 
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1 Introduction and Preliminaries 

The classical Hua’s inequality states that for any a, 5 > 0 and real numbers 

X\ ? X2 5***5 3 Cn 5 


(S — xi — ■ ■ ■ — x n ) 2 + a(x\ + • • • + x 2 ) > | <5 2 , (1) 

n + a 

and the equality holds iff x\ = X 2 = • • • = x n = . 

This inequality has been generalized by Wang [14] as follows. If a, S > 0 and 
p > 1, then 

(S-X 1 - x n y + c?-\x\ + ••• + <)> (-?—y>- 1 8 p (2) 

n + a 

for all non-negative numbers xi, X 2 , ■ ■ ■ ,x n with Xi + ■■■+ x n < 6. A number 
of researchers discussed the above inequality from different angles [1,2,6-15]. 
In [8], the Hua’s inequality for real convex function was given. Dragomir and 
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(11301155), (11271112), IRTSTHN (14IRTSTHN023) and the Natural Science Foundation 
of the Department of Education, Henan Province (16A110003). 
t Corresponding author e-mail address: hongguoqingl6@126.com 
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Yang [1] have proved Hua’s inequality in the framework of real inner product 
spaces. Their result was generalized by Pecaric [9]. Drnovsek [2] give an operator 
version of Hua’s inequality for positive conjugate exponents p, q G R. We also 
infer to another interesting Radas and Sikic [10] of this type. In particular, 
Moslehian [6] extended an operator Hua’s inequality in Hilbert C*-niodules, 
which is equivalent to operator convexity of given continuous real function. In 
recent years, Su, Miao and Li [11] generalize a new Hua’s inequality and apply it 
to proof the boundedness of composition operator. Moslehian and Fujii [7] have 
shown another type of Hua’s operator inequality. There are other interpretation 
of Hua’s inequality [13] and references therein. 

In this paper, we establish an extended Hua’s inequality in the setting of 
Hilbert C , *-modules. As for its application, we get several generalizations of 
norm Hua’s inequality and more generalized inequalities of the Hua inequality 
type. For this purpose, we first set up some notations. 

Throughout the paper, we assume that X and y are Hilbert A-modules. 
The notations B(X,y) denote the space of all bounded linear operators from 
X to y. Let g : [0, oo) —> (0, oo) be a function such that g(t) >t + M for some 
M > 0. 

Recall that an element a £ A is positive if a is selfadjoint with a positive real 
spectrum or a is the form of u*u for some u £ A. We write a > 0 if a is positive. 
For more information on the theory of C*-algebra and Hilbert (7*-module the 
reader is referred to [5] and [4], respectively. 

2 Hua type inequality in Hilbert C*-modules 

Before prove the main results, we need following auxiliary result. 

Lemma 1. [12] Let (G, +) be a semigroup, and let ip and if) be nonnegative 
functions on G. Suppose ip is subadditive on G and there is a positive constant 
A such that ip(x) < for x £ G. If f is a nondecreasing convex function 

on [0, oo), then 


ma ))+a mb)) > (i+ A (3) 

holds for any a,b £ G. When f is strictly convex, the equality holds in (3) iff 

p(a + b) = ip (a) + ip{b), p{b) = A tf(b), p{a) = tp{b). 

We now state our main result, which is an extended Hua’s inequality in the 
setting of Hilbert C*-modules. 

Theorem 1. Letp,q > 1 be conjugate components. Then 

||<5 - x(g(c) - c)*f + UclMlxf > ( J 1 ? 1 - W T) p " 1 ||*r (4) 

INI + ||(5(c) -c )||2 
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for all x, S G X and all positive c € A. The equality holds iff 


Mg{c) — c)i || 



IMfl(c)-c||V 

115(c) - c|| I+||c||- 


Proof. By the functional calculus, g(c) — c is positive and invertible. Put G = 
X. Let’s define ip : X —>■ C by ip(x) = \\x(g(c) — c) ^ || and if : X —> C by 
if{x) = ||c|| || <?(c) - c|| i i s ||a;|| for any x G X. So p{x) = || x(g(c) - c) i || < 

q 

\if(x)(x G X), where A = ' • Moreover, putting f(t) = t p (t > 0), clear 

/ is nondecreasing and convex on [0, oo). Hence, Lemma 1 yields that 


wf(c)-c)-*r+\\c\ 


|P-!| 


ir>(i 


c|| + ll(ff(c) -c)||i; 


)P-i\\(a + b)(g(c)-c)i\ 


( 5 ) 


holds for a, b € X. The equality holds iff 

II (a + b)(g(c) - c)* || = || a(g(c) - c)i|| + \\b(g(c) c|l||, (6) 

||6(^(c) - c)i|| = ||6||||^(c) - c||i, (7) 

IK<?(c)-c) 3|| = ||c||||6||||s(c)-c||%; (8) 

By choosing z G X such that z(g(c) — c)i = 5 and replacing a and b by z — x 
and x, therefore we can get (4). The equality holds in (4) iff 


ll^ll = 11^ — x (9( c ) — c )5 || + \\x(g(c) — c)^ ||, (9) 

ll*(5(c)-c)3|| = ||*||||ff(c)-c||i, (10) 

\\8 - x{g{c) - c)^\\ = ||c|| ||x|| || 5 (c) ( 11 ) 

q— 1 

Observe that an easy computation shown that llxll = C H from above 

Il9(c)-c||2 + ||c|| 

three equations. Consequently, we have 


\\x{g{c) -c)s 


Nllls(c)-c||*, 11*11 


ll^llllg(c) -cii 2 ^ 
115(c) - c|| I + ||c||‘ 


( 12 ) 


The simple computation shows that (12) implies (9), (10) and (11). Now this 
observation completes the proof. □ 

Example 1. Let TL and K. be Hilbert spaces, then B(fH,K.) becomes a B{TL)- 
module via ( T,S) = T*S. Replacing x,6 in (4) by T,S and taking p=2 we 
get 

ll(S - T(g(c) - c)*)*(S - T(g(c ) - c)*)|| + c\\T*T\\ > ^||5*5|| 
for all c > 0 and all T,S G The equality holds iff ||T|| = 
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If X is a Hilbert space "H, which is a Hilbert C-module, then we have the 
following corollary. 

Corollary 1. Letp,q > 1 be conjugate components. Then 

ii* - (9(c) - C )Mr+ c^wxr > (——^ —^r 1 n*r us) 

c + (9(c) - c )2 

for any c > 0, x,5 £ TL. 

We also have the following extension of Hua’s inequality in the framework 
of Hilbert C*-module. 

Theorem 2. Letp,q > 1 be conjugate components. Then 

iis-nx^-c^r+M^imxr > (——— WT ) p - i ii*r (m) 

l|c|| + || (5(c) -c)||a 

for all x £ X,S £ y, all positive c £ A, and all operators T £ B(X,y). 

Proof. Substituting T(x) for x in (4) we get 

ii* - T(x)(g( C ) - C )i r+ii cir^Txr > ( Jf- —- T r i ii5ii i ’ 

INI + ||(5(c) -c)||5 

utilizing the facts that ||T(a;)|| < ||T||||x|| we obtain 

II* - T(x)(g(c) - c)*f + Hcir^lTlHI^r > ( J 1 ? 1 -^pr) p - 1 ||*r. 

Ilq| + II (g( c ) c ) 11 2 

□ 

Recall that the operator T = u (g) v is defined by T(x) = u(v, x) (u,v,x £ X) 
and noting the fact that ||T|| = ||u||||u|| we get the following corollary. 

Corollary 2. Letp,q > 1 be conjugate components. Then 

ii^-«(i;, a! )( g (c)- C )^r+i| C ir i ii«riit;ri| a; r > ( „ J c }[ — 

llq| + ||( g (c) — c)|| 2 

(15) 

for all x, 5, u, v £ X and all positive c £ A. 

When X and y are normed spaces, let A £ B{X, J 7 ), g(t) = t+1, c = ||Hj| , 

6 = y, the Theorem 2 reduces to Theorem 2 of [2]. 

Corollary 3. Let p, q > 1 with ^ ^ = 1. Let X and y he normed spaces, and 

let A be a bounded operator from X to y. If x £ X and y £ y, then 
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If we set p = q= 2 and take 6 = y(g(c) — c) 2 in Theorem 2 then the following 
corollary is obtained. 

Corollary 4. Let p, q > 1 be conjugate components. Then 
II y(9(c) - c)"i - T(x)(g(c) c)i\\ 2 + ||c||||T|| 2 ||*|| 2 > 11 '^^7^ 

for all x £ X,y G y, all positive c G A and all operators T € B(X,y). 

Next consider inner spaces TL and 1C, then A = C. Let A G B(TL,1C), 
g(t) = t+l and c = then we deduce the main result of [10] from Corollary 
4 as follows. 

Corollary 5. Suppose that TL and K. are inner product spaces, A: TL —> K. is a 
bounded linear operator and a > 0. Then 

\\y-Axf+a\\x\\ 2 > (16) 

for all x G TL and y G 1C. 

Remark 1. Applying Corollary 5 for elements of the n-fold inner product space 
TL n , then inequality 16 can be restated as the following form which is, as noted 
in [ 6 ], a generalization of the main theorem of [1 ]. 


n n 

II y - WiXi W 2 + a - 

i =1 i= 1 


a\\y\\ 


E n 

i =1 


where u\ G C(1 < i < n), A(x i,--- ,x n ) = Y^i=i w i x i anc ^ ll^ll 2 = Z)"=i l m i| 2 - 
The special case, where TL = C and Wi = 1(1 < i < n), give rise to the classical 
Hua’s inequality. 
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FOURIER SERIES OF FUNCTIONS RELATED TO 
HIGHER-ORDER GENOCCHI POLYNOMIALS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , GWAN-WOO JANG 3 , AND JONGKYUM KWON 4 '* 


Abstract. In this paper, we consider three types of functions related to 
higher-order Genocchi functions and derive their Fourier series expansions. 
In addition, we express each of them in terms of Bernoulli functions. 


1. Introduction 


The Genocchi polynomials Gn\x ) of order r (r € Z >0 ) are defined by the 
generating function 

/ 9 f \ r 00 + m 

(e^l) eXt =Y, G ™( x )—r (see [2-5,8,16,17,20,22]). (1.1) 

' ' m—0 

(r) (Y) / 

When x = 0, Gm = Gm (0) are called the Genocchi numbers of order r. For 
r = 1, G m (x) = G$(x), and G m = G$ are called the Genocchi polynomials and 
Genocchi numbers, respectively. 

Clearly, G(x) = 0, for 0 < to < r — 1, and Gr\x ) = r\. Thus we will assume 
that m > r + 1 > 2. Also, as Gm(x) = E^_ r (x), (m > r), degG^A’) = 

m - r, (m > r) , and G$ = (n ^ r) , E£l r . 

From (1.1), we see that 

= mG ( ^_ 1 (x), (m> 0), 

Gm( x + !) = 2 mG m-i\ x ) - G$(x), (m > 0). 


In turn, these imply that 

G«(l) = 2mG^ ) -GM, (to > 0), 

G^\x)dx = ^-j- ((to + 1)G^ _1) - G^ } +1 ) , (to > 0). 


2010 Mathematics Subject Classification. 11B68, 11B83, 42A16. 

Key words and phrases. Fourier series, Bernoulli functions, higher-order Genocchi polynomials. 
* corresponding author. 
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2 


Fourier series of functions involving higher-order Genocchi polynomials 


We also recall from [14] that, for 0 ^ n € Z, 


k + 1 ) G m-fc ) “ G m-k + 1 ) ■ 

For any real number x, we let 

< x >= x — \_x\ G [0,1), 
denote the fractional part of x. 

The Bernoulli polynomials B m (x) are defined by the generating function 


Gtf (x)e 


—27 rinx 


dx 


m— 1 


= -£ 


k =1 


2(m) fc -i 
(27 t in) k 


(V 


(1.4) 


(1.5) 


-e = 


oo 


e l — 1 ' ' 

m —0 


t 771 

B m (x) — . 
m\ 


( 1 . 6 ) 


We are going to use the following facts about Bernoulli functions B m (< x >) 
later: 

(a) for m > 2, 


^m(^ X >) 


OO 

-to! 

n=— oo,n^0 


g2irinx 

(2irin) m ’ 


(1.7) 


(b) for to = 1 , 


OO 

- £ 

n=— oo,n^0 


^277 inx 

2 nin 


Bi{< x >), for x ^ Z, 
0, for 


( 1 . 8 ) 


Here we will consider the following three types of functions a m (< x >),/3 m (< 
x >), and 7 m (< a; >) involving higher-order Genocchi polynomials. We will derive 
their Fourier series expansions and in addition express them in terms of Bernoulli 
functions. 


(1) a m « x>)= EZr 

( 2 ) P m (<X» = EZr 

(3) 7m « X>)= Z7=r 


G g \< x >) < x > m k , (to > r + 1); 
k\{Z-k)\ G k\< x>)<x > m ~ k , (to. > r + 1); 
k(d=k) G k\< x >) < x > m ~ k , (to. > r + 1). 


The reader may refer to any book for elementary facts about Fourier analysis (for 
example, see [1,18,23]). 

As to 7m (< x >), we note that the polynomial identity (1.9) follows immedi¬ 
ately from Theorems 4.1 and 4.2, which is in turn derived from the Fourier series 
expansion of 7m (< x >). 
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3 


m—1 


E 

k=r 


k(m — k) '~' k 


Gu{x)x r ' 


m-s + l m ~ s+1> 

X (Hrn— 1 s) H - -A-m—s+1 ^ {x) 

+ ^(H m _ 1 -H r _ 1 ) £ Q (G&=? ~ m + 1 G%_ s+ 1 ) Bs (x), 

s=m-r -\-1 ' ' 


( 1 . 9 ) 


where H m = j are the harmonic numbers and A; = Y^k= r k(i-k) /■* — 

The obvious polynomial identities can be derived also for a m (< x >) 

and /3 m (< x >) from Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respec¬ 
tively. It is remarkable that from the Fourier series expansion of the function 
Y^k-\ k(m-k) Bk({ x ))B m -k{{x)) we can derive the Faber-Pandharipande-Zagier 
identity (see [7,12,13]) and the Miki’s identity (see [6,9,12,13,19,21]). Recent works 
on Fourier series expansions for analogous functions can be found in the papers 
[10,11,15]. From now on, we will assume that r >2. 


2 . The function a m {< x >) 

Let a m (x) = J2T=rG ( k\x)x rn ~ k , (m > r + 1). Then we will consider the 
function 


a m (< x >) = ^ G^\< x >) < x > 

k=r 


defined on R, which is periodic with period 1. 
The Fourier series of a m {< x >) is 


OO 


E 4r° 


' 2'ninx 


n =—oo 


( 2 . 1 ) 


( 2 . 2 ) 


where 



a m {< x >)e~ 2mnx dx 


[ a m (x)e- 2 * inx dx. 

Jo 


(2.3) 
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4 Fourier series of functions involving higher-order Genocchi polynomials 


Before proceeding further, we need to observe the following. 

m 

<*M = E (kGtUx)x m ~ k + (to - k)G^ (x)x m - k ~ 1 


k=r 


m— 1 




k=r-\-l 
m— 1 


k=r 


= E ( fc + 1 )G£ ) (x)x m - 1 ~ k + E (m - k)G^\x)x m ~ 1 ~ k 

k=r k=r 

= (to + l)a m -i(x). 

From this, we obtain 

f a m+ i(x)\ 


and 


V to + 2 ' 

[ CXrn^X^dx — " — (^m+l(l) ^m+l(0)) • 

Jo m + 2 

For m > r + 1, we put 

m 

= E( G, i r) ( 1 )- G i r) W 


k=r 


2*4E ) -+ r) -+ r) <w 


Now, we see that 
and 


= 5Z( 

k=r 
m 

= ^(2fcGt- 1 ) -4 r) )-G'M. 

k=r 

^m(l) ^m(O) ^ ^ O5 


/ a m (x)da; = 
Jo 


1 

m + 2 


-A. 


m+1 • 


Now, we would like to determine the Fourier coefficients A+. 
Case 1 : n ^ 0. 

+ m) = [ 1 a m (a-)e- 27ri ""dx 

Jo 


1 hUaOe - 2 """] 1 1 1 


27t in 


27rin . 

1 / /lX /r»\\ 771+1/ , x 

— 7, • + “7 • / ^m— l(*£j 

ZlTlTl I'K'lTl J q 

= TO + 1 4 (m-l)_ 

27rin ” 27rm m ’ 


a' m {x)e~ 2ninx dx 


—2'Kinx 


dx 


(2.4) 


(2.5) 

( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 

(2.9) 


( 2 . 10 ) 
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from which by induction on to, we can easily show 


4 m) = -E fm ‘ l)j ' a„, 


m—j -\-1 


“ (2 tt in) 

7 = 1 v 7 

^ m—r 

T2 ^ (2«n)l 

.7 = 1 


(m + 2)j 

— 7-M • 


5 


( 2 . 11 ) 


Case 2 : n = 0. 


4 m) = [ u m (x)dx = —— 
Jo rn + 


X^m+l- ( 2 . 12 ) 

/o III + 2 

a m (< x >), (to > r + 1) is piecewise C°°. Moreover, a m {< x >) is continuous for 
those integers to > r + 1 with A m = 0, and discontinuous with jump discontinuities 
at integers for those integers to > r + 1 with A m ^ 0. 


Assume first that A m = 0, for an integer m > r + 1. Then a m (0) = a m (l). 
Hence a m (< x >) is piecewise C°° , and continuous. Thus the Fourier series of 
a m (< x >) converges uniformly to a m (< x >) , and 


^ OO 

*(< x >) = —-A m ^_i + y ] I 0 . , • 

in + 2 ■=' l m + 2 (2mny 

n=—oo,n+0 \ j = l ' ' 


1 ( "' ; 2) ' a,„ 




1 1 /m + 2 

. K^ m +1 I r) / , . 

m + 2 m + 2 \ j 


-i! E 


00 g27r mx 


n=—oo,n+0 


(27T in) 3 


1 


to + 2 

+ A m x 


1 + 2 \ . , 
+ m + 2 § ( j J Am - J+ i^(< X 


^m+1 

'rri —i— ✓ 

1=2 

l?i(< x >), for £ Z, 
0, for x GZ. 


(2.13) 


Now, we can state our first result. 

Theorem 2.1. For eac/i integer l > r + 1, we put 


A, = E (“GIT, 0 - Of’) - <’• 


k=r 


Assume that A m = 0 , for an integer m> r + 1. T/ien we have the following, 
(a) C+(< x >) < x > m_fc ftas t/ie Fourier series expansion 


E G i r) (< x >) < x > 


m—k 


k—r 


1 x 
—A m+ 1 + E 


1 V" ( TO + 2 )l A I „27rmx 


(2.14) 


m + 2 


_ I o / . /o • \i J + l I e 

■ m + 2 ' (2 -niny 1 

n= —oo,n?10 \ 1 — 1 v ' 
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Fourier series of functions involving higher-order Genocchi polynomials 


for all x G R, where the convergence is uniform. 


{b)Y J Gt ) {<x»<x> m ~ k = 

k—r 


l 

TO + 2 


t, 

7=0,7^1 v J ' 


for all x in R, where Bj(< x >) is the Bernoulli function. 


>). 

(2.15) 


Assume next that A m ^ 0, for an integer m > r + 1. Then a m (0) ^ a m (l). 
Hence a m (< x >) is piecewise C°° , and discontinuous with jump discontinuities 
at integers. 

The Fourier series of a m (< x >) converges pointwise to a m (< x >) , for x (f Z, 
and converges to 

2 ( a m(0) + a m (l)) = ai m (0) + — A m , (2.16) 

for x GZ. 


We now state our second result. 

Theorem 2.2. For each integer l > r + 1, we put 

A i = £(2K*- I >-G< r, )-G< r >. 

k=r 


Assume that A m ^ 0 , for an integer m > r + 1. Then we have the following. 


(a) 


1 


to + 2 


A m+ i + 


Ek=r G k\< X>)<X>' 

» 



1 


m—r 


(to + 2)j 


to + 2 2^ (27rmV m J+1 

1=1 v ' 


2 irinx 


(2.17) 


i—k 


G 


IA 

2 a mi 


/or a; ^ Z, 
/or x GZ. 


(b) 


1 

m + 2 



Am—j+l-Bj (< X >) 


1 

TO + 2 


m—r 


E 

7=o,7#i 


(T) 


^■m—j +1 ^ 


m 

= I] G i r) (<^>) <x> m ~\ forx£ Z; 

k=r 

(2.18) 

>) = G&> + E m , /or x GZ. (2.19) 


3 . The function / 3 m (< x >) 

Let /3 m (x) = fc!(yn_fc)! (x)x m ~g (to > r + 1). Then we will consider 

the function 

m 1 

defined on R, which is periodic with period 1. 
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The Fourier series of (3 m (< % >) is 


E * 


(m) inx 


where 


B^ = f Pm(< x >)e~ 2ninx dx = f p m (x)e~ 2mnx dx. 

Jo Jo 

To proceed further, we need to observe the following. 


_t), 


3'm{ x ) = E 


k=r 


k\(m — k) 


m m— 1 

= V 77-7777- 77 , 4 -i(^ ro “ fe +E 7 T 7 -,-TTT^E) 

(fc — l)!(m — fc)! k 1 k\{m — k — 1 )! *• 


fc=r+l 
m— 1 


k=r 
m— 1 


= Y] 777- — - r -G i ^\x)x m 1 k + V' 777 -t-— G^ r) (a;)a;' 

fc!(m— 1 — &)! *" ^- 7 ^ fc!(m — 1 — fc)! k 


k=r 

= 2/3 m _i(a;). 
From this, we get 


and 


/3 m (x)dx= ^(/3 m +i(l) “/Wi(°))- 


For m > r + 1, we let 

On=/?m(l)-/3m(0) 

1 


= E 


k=r 


k\(m — k)\ 


(G^(l)-G^8 m , k ) 




= E 


1 


k=r 


«( 2 


... M1 i^cL.T’- gL’i - 

fc!(m —fc) ,v 


) - — G (r) . 
/ to! m 


From this, we now see that 

/3m(0) = /3m(1) *=► = 0, 

and 


f 1 1 

/ /3 m (x)dx = -O m+ i. 
Jo 2 


n— fc—1 

1 —fc 

(3-1) 

(3-2) 

(3-3) 

(3-4) 
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We are now ready to determine the Fourier coefficients B 
Case 1 :n ^ 0 


Bir ] = [ P m (x)e- 2 ™ x dx 
Jo 


o 2tt in 


Pm{ x ) e ~ 2ninx dx 


(/U 1) - Pm{ 0)) +^1 Pm-l(x)e- 2 ™ nX dx 


= ff(m-l)_ 

2nin n 2mn m ’ 

from which by induction on to we can easily derive 

m ~ r OJ- 1 

Bi ™ ] = -'52 j^dnjJ Qm - j+1 - 

3 =1 v ' 

Case 2: n = 0 

P 1 1 

Bg m) = J /3 m (x)dx = -fl m+1 . 

P m (< x >), (to > r+1) is piecewise C°°. Moreover, /3 m (< x >) is continuous for 
those integers to > r + 1 with f l m = 0 and discontinuous with jump discontinuities 
at integers for those integers to > r + 1 with ^ 0 . 

Assume first that = 0, for an integer to > r + 1. Then /3 m (0) = /3 m ( 1). Hence 
/3 m {< x >) is piecewise C 00 , and continuous. Thus the Fourier series of /3 m (< x >) 
converges uniformly to /3 m (< x >), and 

/3 m (< x >) 


. oo m—r 

= -n m +i + 52 (- 

n=— oo,n^0 j=l 


w 2J_1 o > 
^ ( 2 rinjj Qm - j+1 ; 


— + 52 j | + J- 52 

7 = 1 


°°^ ^271 inx 


n——oo,n^0 


(27rin)i 


X m-r 2 -i _1 

= vflm+l + ^ ^ j+l-^j ( + >) 


+ Urn Y 


Sl(< X >), for X Z, 
0, for x € Z. 


Now, we are going to state our first result. 

Theorem 3.1. For each positive integer l > r + 1 , we set 


n, = Y. 


k\(l - k) 




Assume that Q m = 0, for an integer m> r + 1 . Then we have the following. 
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(a) fc! (m-k)\ ^k\< x >) < x > m k has the Fourier series expansion 

1 


E 

k=r 


GjT(< x >) < x > 


k\(m — k)\ k 


m—k 


CXJ lit — 7 

= 2^ m +! + E ( _ E 

n=— oo,n^0 j 

for all x € K, where the convergence is uniform. 


2 j ~ 1 N 

f , 77, • 1 

(zmny / 


(3.5) 


(*) E 


G { ,f\< x >) < x >' 


k=r 


k\(m — k)\ k 


%—k 


1 ^ 2J- 1 

= ^f^m+l "1“ / t Tj ^l‘m—j+lBj{^ < 7 X >), 


i =2 


for all x € R, where Bj{< x >) is the Bernoulli function. 


(3.6) 


Assume next that ^ 0, for an integers m > r + 1 . Then, /3 m (0) ^ /3 m (l). 
Hence /3 m (< x >) is piecewise G°° and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of f3 m (< x >) converges pointwise to /3 m (< x >), 
for x Z, and convergence to 

+ /?m(l)) = Pm( 0) + 

for X £ Z. 

Now, we are going to state our second result. 


Theorem 3.2. For each positive integer l > r + 1 , we set 


^ = E 


i 


k=r 


k!(l - fc) 


y (2fcGtT ) -4 r) )-^[ 


Assume that fl m ^ 0, for an integer m> r + 1 . Tfcen we have the following. 


lit — / 

(o) -H m+ i + El El 

n=— oo,n^0 j = l 

EfcU fc!(m L -fc)! < ^i r) (< * >) < * for XCfL, 

T^Gm + |f2 m , for x G Z. 





-1 


(27rin)' 


r ^Irn .— 


ra-j+1 


27rinx 


m-r 1 

(« E -j+i-®j(< ^ - > ) 

j=o 

m 1 

= E fc! ( TO -fc)! G fc r)(< x >) < x >m ~ fc > /° r * i z ; 

m-r 2 j _ 1 

El — f2 m _j+iBj(< a: >) 

j=o,j¥i J ' 

E, 1 ,! 6 '- ' lE-”'- /or x GZ. 


429 


T. KIM ETAL 421-437 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


10 Fourier series of functions involving higher-order Genocchi polynomials 


4. The function j m (< x >) 


Let 7 m(x) = YJk=r k(m-k) G k\ x ) xm *4 > r + 1). Then we will consider 


the function 


m— 1 


i{< x >) = E 


1 —f( r ) [ ^ m ^ \ ^ ^ m—k 


k=r 


k(m — k ) 


G k (< x >)< x > r ‘ 


defined on R, which is periodic with period 1. 
The Fourier series of 7 m (< x >) is 


E c% 


m) g2-jrinx 


where gE = 7 m (< x >)e 2n,nx dx = Jq 7 m(x)e 2mnx dx. Before proceeding 

further, we need to observe the following. 


m— 1 


m —1 


''m{ x )= E (^ m - fc +Er4 r) W 


-t—k—l 


= E 

k=r 

m—2 


k=r +1 


l 


G { k\x)x 


k=r 
m— 1 


m—l—k 


1 ^(r) , x rn—1 —fc 


m—l — k 

1 1 




k=r 


E (—t— r + (x)x m ~ 1 ~ k + — -G^Ux) 

^ \m - 1 — k kJ m— 1 


k=r 


= (m - l)7m-i(a0 + 
from which we see that 


— (7m+i0)- , 1 , ^ 

to m{m + 1) 


^m+lW)! =7m(x)- (4.1) 


This entails that 
r 1 


lm{x)dx — m ^7m+l(l) 7 m +l(0) TO ( m + 1) 0) G^-l)) 

= ~ (7m+l (1) — 7m+l (0) - TO(TO 2 +1) (( TO + 1 ) g E 1) - G ^l))' 


For m > r + 1, we put 


7m(l) 7m (0) 


m— 1 1 

V 1 ( 

Gi r) (l) - G«(5 m>fe ) 

fc(m — fc) ' 

771— 1 1 

V ( 

E-gE 1} - G ( k r) - G\ 

fc(m — /c) ' 

k=r 

m— 1 1 

V 1 ( 

WtE-G^). 

E fc(m — jfe) ' 


(r) 

k Wm 


,k) 
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Note here that 


7m(0) — 7m(l) ^ A m — 0, 


and 


l ^ (x)dx = i ( A -« - ((m+1|cr 11 “ G “+ l) )' 

We are now ready to determine the Fourier coefficients cX\ 

Case 1: n ^ 0 

Ci m) = m(x)e~ 2 * inx dx 
Jo 


1 


2tt in L 

1 

2tt in 

TO — 1 


7 m{x)e 


—2izinx 


i 1 i 


J o 2win . 


7 ' m (x)e- 2 ™*dx 


2tt in 

TO. — 1 


(7m(l) - 7m (0)) + 2^ ((m - l)7n,-i(*) + e~ 2ninx dx 

^A m + — 1 -- [ G^_ x {x)e~^ inx dx 

27 Tin 27 Tinym — 1 ) J 0 


(j(m— 1) _ 




1 


■A - 


1 


2mn 2irin(m — 1) 


e„ 


2tt in 
where 

m— 2 n , ,1 

o _ v 2 ( m ~ G ?7) _ k )n {r ~ 1) - <7 (r) ^ 

- 2^ (2nin) k V k > G rn-k- 1 G m-fcJ • 

fc=l v ’ 

By proceeding induction on ?n we can show that 

(?n - l)j_i v'’’ (m - l)j_i 


c^ = -Z 


(27rin) J 


■A m _j+i 


i=i 


(2mn)i(m — j) 


®m—j+ 1 • 


Here we note that 


m—r / 1 \ 

V" (ra-l)j-i p 

(27t iny(m — j) m • 7+1 


7 

m—r 


_ (to — l)j-i yt 2(m—j)k~i 

( e ).'rri r n\3 (m — H ' 


((to. ~j-k + 1 “ G m-j-fc+l) 


“ (2mny(m — j) (27rm) fc 

m—r m—j — 1 , , 

=e^ e 


m — i z —' (27rm) J ’ +fe 

j=i J fe=i v y 

m-r m-1 0/ \ 

1 n-^ 2(m — l) s -2 


= E— E 

z ^ m — t z ^ 


to—? ' (2irin) s 
j =i J s=i+i v y 


((to - s + 1)G G _^ - G G L s+ i) 


(4.2) 


431 


T. KIM ETAL 421-437 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 
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= E 


2(TO - l) s —2 

(27rm) s 


(( TO - S + 1 - G'm-s+l) (Hm-1 - H m - S ) 


m— 1 


+ E 


s=m— r+1 
m—r 


2(to - l)s —2 
(27rm) s 


((m - s + - g£>_ s+1 ) - +_i) 


_ + ST' 2( m )s (p{r- 1 ) 

m ^ (27rm) s \ m_s 

1 ^ 2(m). 


+ - E 

m L ^ 


m z —' „ (2^ in) 

s=m-r -\-1 


m — 


G: 


r- 1) 


S + 1 {Hm-l Hm-s) 

GL-s+l^j {Hm-1 ~ H r - 1) . 


(4.3) 


m — s + 1 


Also, we note that 


m-r 7™ 1 \ 

53 l!? 


i=i 

m—r 


/Q ■ \ 4 1Y m—j +1 

(27 nny 


(m) 


=1 y 

m ' (27rin) 

S=1 v 7 


-Am.- 


m—s+1 • 


(4.4) 


Putting everything altogether, we have: 


1 m—r / \ 

= _1 y ( w )« 

^ (27rm) s V 1 

S=1 7 

^ (-^m— i H rn — S ) + A m _ s+ i^ 


r—1) 1 

m_s ~~ m — s + 1 


r (r) x 
^ra—s+1/ 


2 (m) B 

to z ' (27rmV 

s=m— r+1 


-- E 

m. L ' 


(4.5) 


(gEP - m _ 1 a + 1 G ! E. + i) i - ^-i) • 


Case 2: n = 0 

c<-'={= i y - +y+D=r'»- *,)). 

7m(< x >), (to > r+1) is piecewise G°°. Moreover, 7 m (< x >) is continuous for 
those integers m > r+1 with A m = 0, and discontinuous with jump discontinuities 
at integers for those integer to > r + 1 with A m ^ 0. 

Assume first that A m = 0, for an integer to. > r+1. Then 7 m (0) = 7 m (l). Hence 
7 m (< x >) is piecewise C°° and continuous. Thus the Fourier series of 7 m (< x >) 
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converges uniformly to J m (< x >), and 

7m(< x >) 


1 

to 


^m+1 - ^ 


m(m + 1) 

-j m—r 

£ {4£ 


1 y~T (m) fl 
m (27rmV 

S = 1 v 7 


(2(g: 


(r-l) 


n=— oo,n^0 

X (i^TTx—i H m - S ) -|- A m _ s+ i J ^6 

m—1 


TO — S + 1 


^m-s+l) 


■)}< 


+ 


£ {“ £ 

n=— oo,n^0 s=m—r 


2(to) s 

to z —' ( 2'KinY 

s=m-r -\-1 


G 


(r-l) 


TO — S + 1 


G 


(r) 

m—s+1 


= — ( A 

m 


*-ra+l 


l 

H- 

m 


m(m + 1) 


((m + llGS-’l-G^,)) 


TO. — S + 1 

A‘=l 

X (-^m—1 H m - S ) A m _ s+ i | ^ s! ^ ^ 




n=— oo,n^0 


(27rm) 


0 


+ I “ 7?r - l) JZ (T) + 


s=m— r+1 
2-Trinx 


(- 


x - 


n=—oo,n^0 


1 

m 

1 

H- 

m 


A, 


m+1 


m(m + 1) 


((to + 1)G^ x) - g£L) 


£(:)+ 


s=2 




_C+) 1 

2 ^m— s+1 / 


m — s + 


^ (Hm—1 Hm—s) A m _ s _|_i ^ B s (<C X >) 

+ |(H m -i-^-i) E (7) } - m _* + 1 G mL + i)^(< *» 

e = m — -r-l-l ' ' 


H - A m x 


s-m—r -\-1 

#i(< X >), for X ^ Z, 
0, for a; G Z 

/ \ 

-i) 


S S (:){2(<:: 

S=0,s#l v 7 


-g: 


(r) 


TO-S+l" m " S+lJ 

Y i^Hrn— 1 Hm—s') d" A m _ s _|_i -B s (< X >) 


d- (Hm-1 ~ H r ~ i) 

m x .—/ 


s=m— r+1 


m 


i(r-l) _ 1 

Im_S TO - S + 1 


Gm-s+l)Bs{< X >) 
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14 Fourier series of functions involving higher-order Genocchi polynomials 


+ A m X 


B 1 (< x >), for x £ Z, 
0 , for iLl 


Now, we get the following theorem. 

Theorem 4.1. For each integer l > r + 1 , we let 


i -1 


Al E k( i _ n ( 


k=r 


k(l - k) 


\2kG^-G^ 


)• 


Assume that A m = 0, for an integer m> r + 1 . Then we have the following, 
(a) Y^kZr k(m-k) x >) < x > m_fe /ias t/ie Fourier series expansion 


E 

k=r 


1 Gi r) (<x>) <x> m ~ k 


k(m — k ) 


= — I A. 


'-m+l 


m(m + 1) 


m—r , \ 

V (-iyiE( 2 ( G , 

^ l m ^ (2mn) s V v 

—oo,n^0 s=l v 


((m+pG^-G^)) 


n—— 00 , 77 . 7^0 


1 p ( r ) 

' m “ 8 m-s + l 


(r-l) 


(4.6) 


Y (-Hm— 1 H m —s) F A m _ s+ 1 ^ j-f 


+ 




1 ^ 2(m) s 


m z —' (27 t in) s 

s—m— r+1 


n=— oo,n^0 

v m rj \ 1 „2ninx 

x \n m - 1 — xLr -1 


(~<(r-l) _ ^ /^(r) 

^m—s _ 1 "I ^m— s+1 

m — S + 1 


for all x € K, where the convergence is uniform. 


m— 1 1 

«» *»<*>' 


i—k 


k=r 

1 

m 

1 

+ — 
m 


A. 


m+1 


to(to + 1) 


((rn+pG^-G^)) 


£ (:)+ 


s =0,s^l 


'f(r-l) 


TO — S + 1 


r'M 'i 
' J ro-s+l/ 


y 1 Fl rn _ s ) 4“ A m _ s _)_i j'lp(< x >) 

+ E Q - m _* + 1 G^ ) _ a+1 )B 8 « a; », 

s=m— r+1 ' ' 


(4.7) 


/or all x € M, where B s (< x >) is t/ie Bernoulli function. 


Assume next that A m 0, for an integer m > r + 1 . Then 7 m ( 0 ) ^ 7 m(p. 
Hence 7 m (< a; >) is piecewise G°°, and discontinuous with jump discontinuities at 
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integers. Thus the Fourier series of J m (< x >) converges pointwise to 7 m (< x >), 
for x ^ Z, and converges to 

2 (7m(0) + 7m(l)) = 7m(0) + ^A m , 

for x € Z. 

Now, we have the following theorem. 

Theorem 4.2. For each integer l > r + 1 , we let 

l -1 


Ai £*(*-*)( 


2 fcGf 1 1) -G fc 


r) 


Assume that A m ^ 0, /or an integer m > r + 1 . TTien we have f/ie following. 


(a) 


m 


A 


-m+l 


z(to + 1) 


((m+l^-^-G^i) 




t—— oo,n^0 


m (2 tt in) 6 

S =1 v ' 


-(>’- 1 )_ 1 

' m ~ s m-s + 1 m ~ s+1 


r M 'i 


Y (H m — 1 H rn — s ) + A m _ s+ i^ 


‘lixinx 


E {- s E 

n=—oo,n^0 


1 ^ 2 (m) 


m z ' (2Trin) s 

s—m-r -\-1 




& ' m - ! ?n — s + 1 LTm_s + 1 


:G 


( r ) 


x - i4 r _!) J-e 2 ””® 

1 

k(m—k) 


E'E fe(^=fc) G i r) (< x >) < x > m k , for x(fL, 

for x £ Z. 


IA 

2 J1 mi 


r , ( r ) ^ 

^ra-s+l/ 


<*> si (:){ 2 < c -‘ : 

s=0 x 7 

X (Hm —1 (<C X >) 


1 

m — s + 1 


2 

— — H r — 1 ) 

m 


m— 1 

E 

s=m— r+1 


5 


/^(r- 1 ) _ 
yyjTm—s 


TO — S + 1 


A?L-s+l)-®s(< 4? >) 


n— 1 


= E M G l r) « *» < * f° r 


1 

TO 


fc(m — /c) Wfe 

m—r / \ 

e : {»«*? 


k=r 

m—r 


tG 


,(r) 


s=0,s#l 


TO-S + l^ m - S+li 

y (H m —i i? m _ s ) -I- A m _ s _)_i j*(< x >) 

m-i ^ s -. 

(Hm-1 — H r -l) £ ( ( G EP-— G« s+1 )i? s (< * >) 

' \ 5 / m — 5 + 1 


2 

m 


s=m— r+1 


= 2 /° r x e z - 
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(/-difference polynomials * 
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Abstract: In this paper, we consider certain types of (/-difference poly¬ 
nomials in the complex plane by using the Nevanlinna’s theory. Some 
results about the value distribution and uniqueness are obtained, which 
are the counterparts of the properties of the general difference polyno¬ 
mials. 

Keywords: Value distribution; (/-Difference; Share fixed-points. 

AMS Mathematics Subject Classification(2010): 30D35; 34A20. 

1. Introduction and Results 

Throughout this paper, we assume f(z), g(z) be non-constant meromorphic (or entire) 
functions in the complex plane and use the basic notations of the Nevanlinna’s theory 
[1,2,12], In particular, the order of growth of f(z) is represented by <r(/) and the exponent 
of convergence of the zeros of f(z) is represented by A(/). In addition, S(r, f ) represents 
any quantify which satisfies S(r, f ) = o(T(r, /))( r —> oo), possibly outside a set of finite 
logarithmic measure. 

If f(z) — 1 and g{z) — 1 assume the same zeros with the same multiplicities, then we 
say that f(z) and g(z) share 1 CM. If f(z) — z and g(z) — z assume the same zeros with 
the same multiplicities, then we say that f(z) and g(z) share z CM, or say that f(z) and 
g(z) have the same fixed-points[9]. 

In the past decade, many scholars have focused on complex difference and difference 
equations and presented many results[3-5] on value distribution theory of meromorphic 
functions. Meanwhile, (/-difference is also becoming an important topic in complex anal¬ 
ysis, so the research of it is very meaningful. The aim of this paper is to investigate the 
value distribution and uniqueness of certain types of (/-difference polynomials. 

We now introduce some related results. Liu and Laine [3] discussed the problem when 
a difference polynomial assumes a nonzero small function, and showed the following result. 
Theorem A Let f(z) be a transcendental entire function of finite order, not of period c, 
where c is a nonzero complex constant, and let s(^) be a nonzero function, small compared 
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to f(z). Then the difference polynomial f(z) n + f(z + c ) — f(z) — s(z) has infinitely many 
zeros in the complex plane, provided that n > 3. 

Chen [4] investigated the value distribution of a certain difference and obtained the 
following theorem. 

Theorem B Let f(z) be a transceiidental entire function of finite order, and let a,c G 
C \ {0} be constants, with such that f(z + c) ^ f(z). Set fi> n (z) = A f(z) — af(z) n , where 
A f(z) = f(z + c) — f(z) and n > 3 is an integer. Then fi> n (z) assumes all finite values 
infinitely often, and for every b e C one has \ ffi n {z) — b) — (x(/). 

Laine and Yang [5] analyzed the difference f(z) n f(z + c), and presented the following 
result. 

Theorem C Let f(z) be a transce?idental entire function of finite order and c be non-zero 
complex constant. Then for n > 2, f(z) n f(z + c) assumes every non-zero value a G C 
infinitely often. 

In this paper, we first prove the analogous results in (/-difference type as follows. 
Theorem 1 Let f(z) be a transcendental meromorphic (entire) function of zero order and 
let a(z) be a non-zero function, small compared to f(z),qisa non-zero complex constant. 
Then for n > 6(n > 2), f(z) n f(qz) — a(z) has infinitely many zeros in the complex plane. 
Corollary 1 Let f(z) be a transcendental meromorphic (entire) function of zero order 
and q is a non-zero complex constant. Then for n > 6 (n > 2), f(z) n f(qz) = 1 has 
infinitely many solutions in the complex plane. 

Corollary 2 Let f(z) be a transcendental meromorphic (entire) function of zero order and 
q is a non-zero complex constant. Then for n > 6(n > 2), the f(z) n f(qz) has infinitely 
many fixed-points in the complex plane. 

Theorem 2 Let f(z) be a transcendental entire function of zero order, and let a(z) be 
a non-zero function, small compared to f{z). q G C \ {0} is a complex constant. Set 
'ifn(z) = f(z) n + A q f(z), where A g f(z) = f(qz) — f(z) and n > 2 is an integer. Then 
'ifn(z) — a(z) has infinitely zeros in the complex plane and \ffi n (z) — ct(z)) = 0. 

We now recall the following Theorem D [6]. 

Theorem D Let f(z) and g(z) be two nonconstant meromorphic (entire) functions, n > 
ll(n > 6) a positive integer. If f(z) n f(z)' and g(z) n g(z)' share z CM, then either f(z) = 
Cie cz , g(z) = C 2 e~ cz , where ci,c 2 and c are three constants satisfying 4(cic 2 ) n+1 c 2 = —1 
or f(z) = tg(z) for a constant such that t n+1 = 1. 

Naturally, we ask whether there is a corresponding uniqueness theorem in (/-difference 
polynomials. In this paper we give an affirmative answer to this question, and obtain the 
following results. 

Theorem 3 Let f(z) and g(z) be two transcendental meromorphic (entire) functions of 
zero order. Suppose that q is a non-zero complex constant and n is an integer n >8 (n > 
4). If f(z) n f(qz) and g(z) n g(qz) share z CM, then f(z) = tg{z) for t n+l = 1. 

Theorem 4 Let f(z) and g(z) be two transcendental meromorphic (entire) functions of 
zero order. Suppose that q is a non-zero complex constant and n is an integer n >8 (n > 
4)- If f(z) n (f(z) - 1 )f(qz) and g(z) n (g(z) - 1 )g{qz) share z CM, then f{z) = g{z). 
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2. Some Lemmas 

In this section, we summarize some lemmas, which will be used to prove our main results. 
Lemma 2.1 [7] Let f(z) be a non-constant zero-order meromorphic function and q G 
\ {0}. Then 

=o(T(r ' / W )) ' I 2 - 1 ) 

on a set of logarithmic density 1. 

Lemma 2.2 [8] Let f(z) be a non-constant zero-order meromorphic function and q G 
C\{0}. Then 

T(r , f(qz)) = (1 + o(l))T(r, f(z)). (2.2) 

on a set of logarithmic density 1. 

Remark 2.1 Equation (2.2) implies that 

T(r , f(qz)) = T(r , / (z)) + S(r , /). (2.3) 

Lemma 2.3 [8] Let f(z) be a non-constant zero-order meromorphic function and q G 
\ {0}. Then 

N(rJ(qz)) = (l + o(l))N(rJ(z)). (2.4) 

on a set of logarithmic density 1. 

Lemma 2.4 Let f(z) be a transcendental entire function of zero order and q be non-zero 
complex constant. Then for n > 2, f(z) n f(qz) is not a constant. 

Proof Let F(z) = f(z) n f(qz). If F(z) is a constant c. Then f(z) n = From the 

Lemma 2.2 and an identity due to Valiron-Mohon’ko [10,11], we get 

nT(r,f(z)) = T (r,f (z) n ) 

= T i r 'ik) 

= T{r , f(z)) + S(r , /), 

which is a contradiction for n > 2. Therefore F(z) is not a constant. 


3. Proof of Theorem 1 


Proof Denote F(z) = f (z) n f (qz). We claim that F(z) — a(z) is transcendental if n > 
2. Otherwise, we suppose that F(z) — a(z) = /3(z), where f3(z) is a rational function. 
Combining Lemma 2.2 and the identity of Valiron-Mohon’ko, we have 


nT(r,f(z )) 


= T(r,f(z) n ) 

a(z) + /3(z) 

f(qz) 


= T r, 


< T(r, a(z)) + T(r , (3(z)) + T(r, f(qz)) + S(r, f) 
= T(r , f(z)) + S(r , /). 
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This contradicts the fact that n > 2. Hence F(z) — ct(z) is transcendental. Then, we 
consider the following two cases. 

Case 1. Suppose that f(z) is a meromorphic function. From Lemma 2.2, Lemma 2.3 
and the second main Theorem for three small targets [2], we get 


nT(r,f(z )) 


v ’ 

< T(r,F(z))+T(r,f(z)) + S(r,f) 
+ T(r,f(z))+S(r,f), 


(3.1) 


and 


N(r,F(z)) = N(r,f(z) n f(qz )) 

< N(r, f(z) n ) + N (r, f(qz)) 
= N(ir,f{z)) + N(r,f{qz)) 

< 2 T(r,f(z)) + S(r,f), 


N ( r > F(z)) N ( r > /(*)»/(?*))) 

S w ( r - m) + w ( r - Tik) 
2 T (’'• fk) + T ('• tLt) 

= 2T(r,/W)+5(r,/). 


(3.2) 


(3.3) 


It follows from (3.1), (3.2) and (3.3) that 

F(z)-a(z) )- (n - 5)T{r ’ f{z)) + S(r ' f >- 
The assertion follows by n > 6. 

Case 2. Suppose that f(z) is an entire function. Applying Lemma 2.1 — 2.3 and the 
second main Theorem for three small targets, we obtain 


N r 


(n+l)T(r,f(z)) 


= T(r , f(z) n+1 ) 

= m(r, f(z) n+1 ) 

< m (r, + m(r, F(z)) + S(r, f) 

= T(r,F(z)) + S(r,f) 

< W(r, F(z)) + N (r, ^) +N (r, + S(r, /), 


(3.4) 


Since f(z) is a zero-order entire function, F(z) = f(z) n f(qz) is an entire function with 
zero-order, then 

N(r,F(z)) = 0. (3.5) 

It follows from (3.3) — (3.5) that 


N r 


+ S(r,f) > (n — l)T(r, f(z)). 


’ F(z) — a(z) < 

This holds for n > 2. The proof of Theorem 1 is completed. 
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4. Proof of Theorem 2 


Proof We claim that if n {z) — a(z) is transcendental if n > 2. On the contrary, we suppose 
that ip n (z) — a(z) = P(z), here (3(z) is a rational function. Then 

f(z) n = a(z ) + P(z) - A q (z). 

An application of Lemma 2.1 and the identity due to Valiron-Mohon’ko yields 


T(r,f(z) n ) = nT(r,f(z)) + S(r,f) 

= T(r,a(z)+P(z) - A q (z)) 

< T(r,a(z)) + T(r,P(z))+T(r,f{qz) - f{z)) + S(r,f) 

< rn + m ( r > f( z )) + S ( r ’ f) 

= T(r , f(z)) + S(r , /). 


This contradicts the fact that n > 2. Hence i^ n (z) — a(z) is transcendental. Thus we 
discuss the following two cases. 

Case 1 . Suppose that a(z) is an entire function. Clearly, ij; n (z) — a(z) is a transcendental 
entire function for n > 2. 

Case 2. Suppose that a(z) is a meromorphic function. Set a(z) = where g(z) and 
h(z) are entire functions with T(r,g(z )) = o(T(r, f(z))) and T(r,h(z )) = o(T(r, f(z))), 
respectively. Then 


'ifniz) ~ a(z) = f(z) n + f(qz) - f(z) - 

9{z) 


(f(z) n + f(qz ) - f(z))g{z) - h(z) 
9{z) 


If 'ifn(z) — a(z) has finitely many zeros, then ( f(z) n + f(qz) — f(z))g(z) — h(z) must 
be a polynomial. Denote by p(z) = (f(z) n + f(qz ) — f(z))g(z) — h(z), where p(z) is a 
polynomial. From Lemma 2.1 , we have 


T(r,f(z)") = nT(r,f(z))+S(r,f) 

= T( r ,AltM- /(92) + /w ) 

< T(r,p(z)) + T(r,g(z)) + T(r,a(z)) + T(r,f(qz) - f{z)) 

< rn (V, + m(r, f(z )) + S(r, f) 

= T(r. , f(z)) + S(r , /), 


which gives a contradiction since n > 2. Hence if n (z) — a(z) has infinitely many zeros in 
the complex plane. 

Moreover, by the fact 0 < A ('f’n(z) — ct(z)) < a(f(z)) = 0, it follows that \fif n (z) — 
a(z)) = 0. We finish the proof of Theorem 2. 
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5. Proof of Theorem 3 


Proof From f(z) n f(qz ) and g(z) n g(qz ) share z CM, we know that -C-) anc [ g(-) 9(q-) 
share 1 CM. 

By the assumption of Theorem 3, there exists an entire function p(z) such that 


f(z) n f(qz) 


- 1 


g(z) n g(qz) 


- 1 


= e p{z) . 


(5.1) 


Since the order of f(z) and g(z) is of zero, then e p C) i s a non-zero constant, let it be c. 
Rewriting the equation (5.1), it follows that 


j{z) n g{qz) = f (z) n f (qz) _ 1 + c 


(5.2) 


Denote F(z) = —- and G(z) = g C) ff(qz) . 

First, assume that 1. We take into account the following two cases. 

Case 1. Suppose that f(z) and g(z) are meromorphic functions. Combing Lemma 2.2, 
Lemma 2.3 and equation (5.2), we obtain 


T(r, F(z )) < N(r, F(z)) +N r, 


F(z) 


+ N r, 


F(z) — 1 + c 


+ S(r,f), (5.3) 


N(r,F(z)) = N (r, f ^ n / (qz) 

< N(r, f(z) n ) + N (r, f(qz)) + N (r, \) 
= N(r,f(z)) + N(r,f(qz)) + S(r,f) 

< 2 T(r,f(z)) + S(r,f), 


(5.4) 


and 




= Nir 
< N | r. 


’ f(z) n f(qz ) 


1 


/(*)" 


+ N (D ) + N(r, z) 


= N ( r > fk) + N ( r ’ 7(fc)) 

< 2 T(r,f(z)) + S(r,f). 


(5.5) 


Similarly, 


AT r 


= IV r, 


cG(s) 


< 2T(r,g(z)) + S{r,g). 


' F{z)~ 1 + c, 

By substituting (5.4) — (5.6) into (5.3), it follows that 

T(r, F(z)) < 4T(r, f(z)) + 2T(r, g(z )) + 5(r, /) + 5(r, <?)• 


(5.6) 


(5.7) 
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On the other hand, from Lemma 2.2, we have 


T(r, f(z) n ) = nT(r , f(z)) + S(r , /) 

zF(z) 


= T r. 


’ f(qz) 


< T(r,z) + T(r,F(z)) + T[r i 


f(qz) 


= T(r,f (qz)) + T(r , F(z)) + S(r , /) 
= T(r,f(z)) + T(r,F(z)) + S(r,f), 


which means 


(n ~ 1 )T(r, f(z)) < T(r , F(z)) + S(r, /). (5.8) 

Substituting (5.8) into (5.7), we have 

(n - 5)T(r, f(z)) < 2T(r,g(z)) + S(r, f ) + S(r, <?). (5.9) 

Similarly, we can get 

(n - 5)T(r, < 7 ( 2 )) < 2T(r, /(*)) + 5(r, /) + S(r, <?). (5.10) 

Combining the above two inequalities (5.9) and (5.10), we obtain 

(n-r)(T(r,f(z)) + T(r,g(z))) < S(r,f) + S(r,g ), 

which contradicts with the assumption n > 8. 

Case 2. Suppose that /(z) and g(z) are entire functions. From N(r, f(z)) = N(r,g(z)) = 
0, then we have 

N(r,F(z))^N{r J (z) " f z (qz) \ < N(r ,/(*)") + N(rJ(qz)) + N b, 0 = S(r,/). 

(5.11) 

Substituting (5.11), (5.5), (5.6) into (5.3), we obtain 

T(r, F(z)) < 2T(r , /(*)) + 2T(r, </(*)) + S(r, f ) + 5(r, <?)• (5.12) 

On the other hand, by using Lemma 2.1 to obtain 

T(r, f(z) n+1 ) = (n+l)T(r,f(z)) + S(r,f) 


= m(r,f(z) n+1 ) 

/(* 


= m r 


’ f(qz) 


zF(z) 


< m(r, F(z)) + m ( r, 


M 

f(qz) 


S(r, f) 


which implies 


< T(r, F(z)) + S(r, /), 

(n + l)T(r,f(z))<T(r,F(z))+S(r,f). 


(5.13) 
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By substituting (5.13) into (5.12), we get 

(n - 1 )T(r, f(z)) < 2 T(r,g(z)) + S(r , /) + S(r, g). (5.14) 

Similarly, we can obtain 

(n - l)T(r , g(z)) < 2T(r, /(*)) + 5(r, /) + 5(r, <?). (5.15) 

Combining (5.14) and (5.15) yields 

(n ~ 3)(T(r, /(*)) + T(r, </(*))) < S(r, f ) + 5(r, <?), 

this is impossible when n > 4. 

Then, assume that c = 1. From (5.2), we can get 

f(z) n f(gz) _ g{z) n g{qz ) 

Let /i( 2 r) = then we have 

h{z) n h(qz) = 1. (5.16) 

From Lemma 2.2, we obtain 

T(r, h(z) n ) = nT (r, /i(*)) + 5(r, h) — T (V, ^ry^) = T{r, h(z )) + S(r, h ). 

So h(z) must be constant from n > 4. Suppose that h(z) = t. We conclude that f n+1 = 1 
from (5.16). Thus, Theorem 3 is proved. 


6. Proof of Theorem 4 


Proof From f(z) n (f(z) — l)f(qz) and g(z) n (g(z) — 1 )g(qz) share z CM, we know that 

f(znf(z)-l)f( gz ) and g(zn 9 (z)~l)g( q z) ghare x CM 
z z 

Denote 


F(z) 


Z 


It follows from Lemma 2.1 that 


T(r,f(z) n+1 (f(z)- 1)) = 


< 

< 


and G(z) 


g(z) n (g(z) - 1 )g(qz) 

z 


(n + 2)T(r , f(z)) + S(r , /) 

™(c/(-) n+1 (/(-) -1)) 
m ( r - 

m(r, F(z)) + m ^r, + S{r, f ) 

T(r,F(z)) + S(r,/), 
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which implies 

(n + 2)T(r,f(z))<T(r,F(z)) + S(r,f). ( 6 . 2 ) 

Since F(z) and G(z) share 1 CM, then by the same arguments in the proof of Theorem 
3, there exists a non-zero constant c such that 

F(z) - 1 = c(G(z) - 1). (6.3) 

Assume that 1. By using Lemma 2.2, Lemma 2.3, (6.1), (6.3) and the second main 
theorem to F(z), we deduce that 


T(r, F(z)) < N(r, F(z)) + N (r, 1 


N(r,F(z)) = N (r, 


F{z) 


Hz) n (f(z)-l)f(qz) 


+ N r, 


F(z) — 1 + c 


+ S(r,f), 


< N (r, f(z ) n ) + N(r, f(z ) - 1) + N(r, f{qz )) + N (r, \) 
= S{r,f), 


and 




N ( C f{z) n (f{z)-l)f(qz) 

< N (r, + N (r, jfa) + N(r, z) + N (r, j 5 ^) 

< 3T(r , f(z)) + S'(r, /). 


Similarly, we can get 


N r, 


F(^) — 1 + c 


= N r, 


cG(z) 


< 3 T(r,g(z)) + S(r,tf). 


Substituting (6.5) — (6.7) into (6.4), we have 

T(r, F(z)) < 3T(r, /(*)) + 3T(r, (/(z)) + A(r, /) + S(r, s). 
It follows from (6.2) and ( 6 . 8 ) that 

(n — l)T(r, f(z)) < 3 T(r, g(z)) + S(r, f) + S(r, g). 

Similarly, 

(n - l)T(r, g(z)) < 3T(r, f(z)) + S(r, f ) + S(r,#). 
Combing (6.9) and (6.10) yields 

(n-4)(T(r,f(z)) + T(r,g(z))) < S(r,f) + S(r,g). 


(6.4) 

(6.5) 

( 6 . 6 ) 

(6.7) 

( 6 . 8 ) 

(6.9) 

( 6 . 10 ) 


Clearly, it isn’t established for n > 6 . 
Assume that c = 1, this means 


f(z) n (f(z) ~ !)/(?*) ^(-) n (^(-) - l)^(^) 
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Denote h{z) = ^7y, we obtain 

g(z)(h(z) n+1 h(qz) - 1) = h(z) n h(qz) - 1. (6.11) 

Assume h(z) is not a constant. By using Lemma 2.4, we know that h(z) n+1 h(qz ) is 
also not a constant. If there exists a point zq such that h(zo) n+1 h(qzo) = 1. Combing 
(6.11) and g(z) is an entire function, we obtain h(z 0 ) n h(qz 0 ) = 1. Hence h(z 0 ) = 1, then 
it follows that 


N r, 


h(z) n+l h(qz) — 1 


= N r, 


9{z) 


h(z) n h(qz ) — 1 

< N(r, g{z)) + N (r, 

< N (r, 


h(z) n h(qz ) — 1 


h(z) — 1 / 

< T(r,h(z)) + S(r,h ), 


i.e., 


N r, 


<T(r,h(z)) + S(r, h). 


h{ z y+'h{qz) -1' 1 (6 - 12) 

We now set H(z) = h(z) n+1 h(qz). Applying the second main Theorem to H(z), we 
have 

+ N (r, 


T(r,H(z)) < N(r,H(z)) + N (r, 1 


H(z) 


H(z) - 1 


Combing Lemma 2.2 and Lemma 2.3 yields 

N(r, H(z )) < 2 T(r, h(z )) + S(r, h) 

and 

N (r, < 2T(r, h(z)) + S(r, h ). 


'H{z) 

Substituting (6.12), (6.14), (6.15) into (6.13), we get 

T(r, H(z)) < 5T(r, h(z)) + A(r, h). 

It follows from Lemma 2.2 and (6.16) that 

T(r,h(z) n+1 ) = (n + l)T(r,h(z)) + S(r,h) 
= T [ r. H W 


+ A(r,/r). (6.13) 

(6.14) 

(6.15) 

(6.16) 


’ Hq z ) 

< T(r, H-(z)) + T(r, h(z)) + S(r, h) 

< 6 T{r,h{z))+S{r,h). 


Obviously, it is a contradiction with the assumption n > 6 . Thus, h(z) is a constant, let 
it be t. Then, substituting it into (6.11), we have 

g{z)(t n+2 - 1) = t n+l - 1. (6.17) 

Since g{z) is a transcendental entire function, from (6.17), we know that t n+2 = 1 and 
t n+ 1 = 1, which means t — 1. Consequently, f(z) = g(z). The proof of Theorem 4 is 
completed. 
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New Exact Penalty Function Methods with 
e-approximation and Perturbation Convergence for 
Solving Nonlinear Bilevel Programming Problems 
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Abstract. In this paper, in order to solve a class of nonlinear bilevel programming 
problems, we equivalently transform the nonlinear bilevel programming problem- 
s into corresponding single level nonlinear programming problems by using the 
Karush-Kuhn-Tucker optimality condition. Then, based on penalty function theo¬ 
ry, we construct a smooth approximation method for obtaining optimal solutions 
of classic d-exact penalty function optimality problems, which is equivalent to the 
single level nonlinear programming problems. Furthermore, using e-approximate 
optimal solution theory, we prove convergence of a simple e-approximate optimal 
algorithm. Finally, through adding parameters in the constraint set of objective 
function, we prove some perturbation convergence results for solving the nonlinear 
bilevel programming problems. 

Key Words and Phrases: Nonlinear bilevel programming problem, new exact 
penalty function method, smooth approximation, e-approximate algorithm, pertur¬ 
bation convergence. 

AMS Subject Classification: 49K30, 65K05, 90C30, 90C59. 

1 Introduction 

Since 1980s, bilevel programming problems had been very widely used in supply chain management, 
engineering design, network planning and other fields [1]. The theory and algorithms for bilevel 
programming problems have been deeply explored by many researchers. See, for example, [2, 3] and 
the reference therein. Recently, there are quite mature theoretical support and algorithm design on 
how to solve bilevel programming problems. For instance, by using the most famous pole search 
method, the global optimal solution of the problems can ultimately be obtained (see [4]). Zheng 
et al. [5] pointed out that a class of exact penalty function methods to solve the weak linear 
bilevel programming problem is feasible. But the present research to nonlinear bilevel programming 
problems is mainly focused on some special structure problems, and the proposed methods for solving 
the problems are mostly applied to aim at some particular examples which are of special properties 
or structure. In 2010, replacing the lower level problem with its Kuhn-Tucker optimality condition, 
Pan et al. [6] transformed a class of nonlinear bilevel programming problems into normal nonlinear 
programming problems with the complementary slackness constraint condition, and introduced and 
studied a penalty function method to solve the problems. Through appending the duality gap of the 
lower level problem to the upper level objective with a penalty and obtaining a penalized problem, 
Lv [7] presented an exact penalty function method for finding solutions of a class of special nonlinear 
bilevel programs, i.e. the lower level problem is linear programs. Gupta et al. [8] provided a fuzzy 
goal programming approach to solve a multivariate stratified population problem which was turned 
out to be a non-linear bilevel programming problem. 

*The corresponding author: hengyoulan@163.com (H.Y. Lan) 
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Very recently, based on definition of partial calmness for a single level optimization problem, 
Lu and Wan [9] constructed an exact penalized problem of a semi-vectorial bilevel programming 
problem by using the dual theory of linear programming. Based on approximate approach, Hos- 
seini [10] attempted to develop an effective method for solving a nonlinear bilevel programming 
problem in virtue of transforming the nonlinear bilevel programming problem into a smooth single 
problem via using the Karush-Kuhn-Tucker conditions and Fischer-Burmeister functions. Hosseini 
and Kamalabadi [11] proposed a modified genetic algorithm combining particle swarm optimization 
using a heuristic function and constructed an effective hybrid approach, which is a fast approximate 
method for solving the non-linear bilevel programming problems. Based on a novel coding scheme, 
Li [12] developed a genetic algorithm with global convergence to solve a class of nonlinear bilevel 
programming problems where the follower is a linear fractional program. Moreover, Miao et al. 
[13] introduced and studied a bilevel genetic algorithms to solve a class of particular mixed integer 
nonlinear bilevel programming problems, which have been widely appeared in product family prob¬ 
lems. Based on exact penalty function method, Di Pillo [14] proposed an efficient derivative-free 
unconstrained global minimization technique and proved that for every global minimum point, there 
exists a neighborhood of attraction for the local search under suitable assumptions. By using a 
simple exact penalty function method, Gao [15] studied an optimal control problem subject to the 
terminal state equality constraint and continuous inequality constraints on the control and the state. 
However, a general method to solve nonlinear bilevel programming problems has not yet been dealt 
with in the literature. 

Motivated and inspired by the above works and this work is organized as follows: In Section 2, 
a class of nonlinear bilevel programming problems are equivalently transformed into corresponding 
single level nonlinear programming problems by using the Karuslr-Kuhn-Tucker optimality condi¬ 
tion. Further, based on penalty function theory, we construct a smooth approximation method 
for obtaining optimal solutions of classic ^i-exact penalty function optimality problems. By using 
e-approximate optimal solution theory, convergence of a simple e-approximate optimal algorithm is 
proved in Section 3. In Section 4, by adding parameters in the constraint set of objective function, 
we discuss some perturbation convergence results for solving the nonlinear bilevel programming 
problems. 


2 Smooth approximation method 

In this section, by using penalty function theory and Karush-Kuhn-Tucker optimality condition, we 
shall construct a smooth approximation method for solving a class of nonlinear bilevel programming 
problems. 

In this paper, we consider the following nonlinear bilevel programming problem: 

min f(x,y ) 

min F(x,y) (2.1) 

(x,y)£R™+ m 

s.t. gi(x,y ) <0, i = 1,2,-•• ,1, 

where f(x, y),F(x, y), gi(x, y) : R n + m — >. R are continuously differentiable mappings for i = 1 , 2 , • • ■ ,1. 
By using Karush-Kuhn-Tucker optimality condition (see [16]), the lower level programming problem 
in (2.1) can be rewritten as follows: 

i 

W v F(x,y) + '^2\iVyg i (x,y) = 0, 

i =1 

l 

^2,\igi{x,y) = 0, 

i =1 

9 i{x,y) <0, i = l,2,--- , Z 
Ai>0, i= 1,2, 
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Thus the problem (2.1) can be expressed as the following single level nonlinear programming problem: 

min f(x, y) 

(x,y)GR n + m 

s.t. gi(x,y) <0, i = 1,2, ••• 

/ 

V v F{x,y) +'^2x i V y g i (x,y) = 0, ( 2 - 2 ) 

2=1 

Xi9i{x,y) = 0 , * = 1 , 2 , ■■■ ,1, 

- Xi < 0 i = 1,2, ••• ,1. 

Let z = (x,y,Xi,\ 2 ,...Xi) £ Rp+m+i Then we have 


/ 

hi(z) : = X7 y F(x,y) + y^ j X i V y g i (x,y) = 0, 
2=1 

hi+i(z) : = X l g i (x,y ) =0, *=1,2,--- , Z 

hi+i+i{z) : = 9i{x, y) < 0, * = 1,2,--- ,1 

hi-\- 2 i-\-i(z') • — Xj <0, i 1,2, * • • , l. 

It follows from (2.3) that the problem (2.2) can be stated as 


min 

zGR n + m + l 


m 


s.t. hi(z) = 0, 
hj{z) < 0, 


* — 1 , 2 ,--- ,1 + 1 , 
3 = 1 , 2 ,--- , 21 , 


(2.3) 


(2.4) 


where f(z) : R n+m + l -+ R is a continuously differentiable mapping. Let D = {z\hj(z) < 0} be 
the feasible set of the single level nonlinear programming problem (2.4). According to theory of the 
penalty function, we give the following Zi-exact penalty function programming problem: 


min 

( z,fj,)eR n + m + l xR+ 


h(z, g) 


/(*) 


1 + 3 1 

g E [ h j(z)Y 

1=i 


(2.5) 


where g is called a penalty factor and [hj(z)] + = max{0, hj(z)} for j = 1, 2, • • • , 1 + 3 1. 

Now we prove that the problem (2.5) is equivalent to the problem (2.4). 

Theorem 2.1 Suppose that (z*, g) £ Rn+m+l x j^+ ^ 0 p^ ma i solution of the l±-exact penalty 
function programming problem (2.5), where R + = (0, +oo) and g is large enough. Then, z* must be 
the optimal solution of the single level nonlinear programming problem (2.4). 

Proof. Let z* be an optimal solution of the problem (2.4), and ( z^,g z *) be an optimal solution of 
the problem (2.5), where penalty parameter g z * £ R + must exist. Then we get 

[hj(z D] + = 0 , (2.6) 

and 

li(zh^)<li(zi,tizi). (2.7) 

By (2.7) and (2.5), now we know that 

1+3/ 1+3/ 

H4) + E m < nz i) + E ^ i h M)} + , 

i=i 1=1 


and so it follows from (2.6) that 


/(* 2 ) < /(**)■ 


( 2 . 8 ) 
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If z\ € D, then we have 

/+*) < /+*)• (2.9) 

Otherwise, there must exists a j £ J such that /y (,z|) > 0 holds. Thus, we have /z/y (z|) —> +oo 
with n —> +oo. Hence, may not be an optimal solution of the single level nonlinear programming 
problem (2.4). Therefore, € D must be satisfied. 

Combining (2.8) and (2.9), we know that the result of Theorem 2.1 is right. It completes the 
proof. ■ 

Next, we establish a new smooth function for equivalently approximating the Zi-exact penalty 
function in (2.5). 


Theorem 2.2 Give the following programming problem: 


min L(z,p,r) 

(z,n,r)€R n +‘ rn + l X R+ X R+ 


1+3/ 


f ( z ) + ln 


j =i 


ph; (z) 


( 2 . 10 ) 


where /z, r > 0 are two parameters. Then smooth approximation of optimal solution for the L-exact 
penalty function programming problem (2.10) is the optimal solution of the l\-exact penalty function 
programming problem (2.5) as r —> 0. 


Proof. For all j = 1, 2, • • • , 31, if hj(z) < 0, then 


[hj(z)] + = 0, 


( 2 . 11 ) 


where [hj(z)] + is the same as in (2.5). Further, letting t = -, then we have t —> +oo as r —> 0 + and 


lim In 
r—>■()+ 


1 + e 


Mfoj (z) 


= lim 

£—>•+00 


In [l + e^hjG)' 


= 0. 


( 2 . 12 ) 


By (2.11) and (2.12), one can see that the optimal solution of the problem (2.10) is equivalent to 
the optimal solution of the problem (2.5) as r —> 0 + . 

If hj(z) > 0, then taking r = \, and we get 


fxhj(z) 

lim In 1 + e r 

r—> 0+ 


In [1 + 

= lim — - -- 

t—t 


Vhj(z)- t l irn |l 


= iahj(z) > 0. 


1 

l e tiihj(z) 


(2.13) 


Thus, it follows from (2.13) that In |^1 

in (2.5), and so lim r _ >0 + L(z,fj,,r) = li(z,p). 
From the above, it completes the proof. 


/zh,.- O) 


= T \hj] + as r —> 0 + , where [hj] + is the same as 


3 e-approximation algorithm 

In this section, we shall construct an e-approximation algorithm to solve the nonlinear bilevel pro¬ 
gramming problem (2.1) via using e-approximate optimal solution theory. 

Definition 3.1 Let z be an optimal solution of the nonlinear bilevel programming problem (2.1). 
Then a point zq is called e-approximate optimal solution of the problem (2.1), if for given constant 
e > 0, the following inequality holds: 

fi z ) - /(so) < e, (3.1) 

where f(z) is defined as in (2.4) for any z £ i? n+TO+ . 
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Lemma 3.2 Let ip(z, p) = lining + 


1 + e 


fzhj(z) 


be a nonlinear function for all z £ 


jjn+m+i anc j ^ g i?+, and let ( z,p ) be an optimal solution of the l\-exact penalty function pro¬ 
gramming problem (2.5) with enough large jl. If there exists (z*,n*) £ R n + m + l x R + such that for 
each e > 0, 

<p(z*,p*)<e, (3.2) 

then z* must be an e-approximate optimal solution of the nonlinear bilevel programming problem 

( 2 . 1 ). 

Proof. Since (z,p) is an optimal solution of the problem (2.5), we have 

h(z,p) < li(z*,p*), 


i.e., 


1+3/ 1+3/ 

m+ pJ2 m*)] + < /(«*)++E • 

1=1 1=1 


By Theorem 2.1, we have 


1+3/ 

p E [ /i i(^)] + = °- 

1=1 


Thus, it follows from Theorem 2.2 and (3.2) that 


1+3/ 


1+3/ 


h* E \- h A z *)} + = lim , E ln 

— r—¥ 0 + — 

J=1 j=l 


1 + e“ 


pi*hj(z*) 


= ¥+*,+) < e. 


Combining (3.4) and (3.5) into (3.3), we get 

f(z) ~ f( z *) < C 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


which implies that the point z* is an e-approximate optimal solution of the nonlinear bilevel pro¬ 
gramming problem (2.1). ■ 

By Lemma 3.2, now we propose the following e-approximation algorithm. 

Algorithm 3.3 Stepl. Give a constant e > 0, initial points p 1 > 0 and r 1 € (0,0.01), a positive 
integer N > 1, k := 1. 

Step 2. Find optimal solution of the following smooth programming problem with the gradient 
descent method for ( p k ,r k ), and denote by (z k , p k ,r k ): 


(z,n,r)£R n + rn + l X R+ X R+ 


1+3 1 

L{z, p k , r k ) = f(z) + E ln 
l=i 


1 + e" 


M 'MO) 


(3.7) 


Step 3. Let <p(z, p,r) i* 


M h j (z) “I r 

1 + e r 


If the point ( z k ,p k ,r k ) satisfies 


ip(z k ,p k ,r k )-ip(z,p k ,r k )<e, V 2 € D, 

then stop. Otherwise, let r fc+1 = (r k ) N and p k+1 = Np k , k := k + 1, and go to Step 2. 

Theorem 3.4 Assume that {(z k , p k , r k )} is a sequence generated by Algorithm 3.3, and the feasible 
region D = {z\hj(z) < 0, j = 1,2,..., 1 + 3/} of the single level nonlinear programming problem (2.4) 
is nonempty. Then the following results hold: 

(i) If z k £ D, then 

L(z k , p k , r k ) > L{z k+1 ,p k+1 ,r k+1 ). 

(ii) when z k ^ D, we have 

lim L{z k ,p k ,r k ) -> + 00 . 

k —> 00 
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Proof. By Algorithm 3.3, we know that z k and z k+1 are the minimum points of the L-exact penalty 
function (3.7) with respect to (p k ,r k ) and (p k+1 ,r k+1 ), respectively. Thus, we have 


1+31 


L(z k+1 ,p k+1 ,r k+1 ) = f(z k+1 ) + In 

1=i 

1+31 

</(+ + £ In 11 + e <- fc + x 


lz k + 1 h j (z k + 1 ) 1 r 

1 + e - fc + 1 


fc= i 


» k + 1 h j (z k ) 1 T 


1+3/ 


= f{z k ) + r k+1 Y J ln 

1=i 


A +1 M zfc > 

1 + e r^+l 


1 i o / li ( 2 ) 

Let 1 ^( 2 , /x, r) = J2j=i Ml + e F ] r - F° r z € .D, it follows that — M M > 0 and 


l±hj (z 


d>p(z,fi,r) 

dr 


1 + e 


MfcjO) 1 


In 


1 + e r — +wl e H: 


1 + e~ 


(***< ( 2 ) 


> 0. 


(3.8) 


(3.9) 


Further, if 2 fe G D, then it follows from r fc+1 < r k , (3.9) and p k+1 > p k that for any j = 1, 2, • • • , 1 + 
3 1, hj(z k ) < 0, n k+1 hj{z k ) < n k hj(z k ) and 


1+3/ 

f(z k ) + r k+1 ^ 

1=1 
1 + 3 / 

< /(**) + r k J2 ln 

i =1 
1 + 3 / 

< f(z k ) +r k J2 ln 

1= 1 

= L(z k , fi k ,r k ). (3.10) 

Thus, by (3.8) and (3.10), we know that for G 

L(« fc+1 ,/i fc+1 ,r fc+1 ) < L{z k ,n k ,r k ). (3.11) 

Moreover, if ^ H, then there must exists a positive integer j a G {1,2,..., 1 + 31} such that 
hj a (z k ) > 0. It follows from Theorem 2.2 that r k —> 0 and p k -+ +00 as k —> 00 , and 


iz k + 1 h j (z k )' 

1 + e t*+t 

M+MM) 


1 + e- 


1 + e 




lim L(z k ,p k ,r k ) 


1 + 3 / 

= 1 + (/+> +£'» 
i=i 


(++■(+)" 

r k \ 

1 + e ^ 

\ 

1 


1 + 3 / 


= lim f(z k ) + lim V In 

k —>00 k—>oo ‘ ^ 

k 


1 + e" 




1=1 

> lim /(2 fe )+ lim M/i+M)] 
fc-> 00 fc->oo L J 

= +OO. 


It completes the proof. ■ 

From Theorem 3.4, we have the following result. 


(3.12) 


Theorem 3.5 Let the feasible region of the single level nonlinear programming problem (2.4) denoted 
by D = {z\hj(z) < 0} be nonempty. Let {(z k ,p k ,r k )} be a sequence generated by Algorithm 3.3. 
Then there must exists a subsequence of sequence {(z k ,p k ,r k )} to converge to an optimal solution 
of the nonlinear bilevel programming problem (2.1). 
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Proof. Let f(z) > 0 always hold. Otherwise, let f(z) := + 1. Let {(z kt , p kt , r kt )} be a 

subsequence of the sequence {(z k , [i k , r k )} with z kt £ D. Thus, from Theorem 3.4, it follows that 
L(z kt , p, kt ,r kt ) is monotone and bounded. Let z* be an optimal solution of the nonlinear bilevel 

» kh i o fc ) 

programming problem (2.1). Since r k > 0 and ln[ 1 + e ^ ] > In 1 = 0 for every k > 1 and 

j = 1, 2, • • • , 1 + 3Z, we have r k ln[ 1 + e ^ ] > 0 and 


1+3J 


L{z kt ,n kt ,r kt ) = f(z kt ) + rktln 

j =i 

> /(***) > /(**)• 

From (2.12), we have for r kt —>■ 0 + as k t —> +oo and 


1 + e 


l*. K thAz K t) 


(3.13) 


1+31 


hrn \ In 

fe t—>• 0+ 

3 = 1 


1 + e" 


„ k th Az k t)T r 


= 0. 


(3.14) 


It follows from (i) of Theorem 3.4 that L(z kt , fi kt ,r kt ) is monotone decreasing and bounded for all 
z kt £ D. Combining (3.13) and (3.14), we get 


1+3J 


lim L(z kt ,u kt ,r kt ) = lim f(z kt ) + lim In 

kt—too kt—too r k t—t 0 + — J 


3 =1 


1 + e 




= lim f{z kt ) = f{z*). 

Kt~> OO 


(3.15) 


Thus, from the above, we have that L(z kt , [i kt ,r kt ) and z kt converge to f{z*) and z* as k t —> oo, 
respectively. Combining the equivalence relation between the single level nonlinear programming 
problem (2.4) and the nonlinear bilevel programming problem (2.1), it completes the proof. ■ 


4 Perturbation theorem 

By adding parameters in the constraint set of objective function, we will discuss some perturbation 
convergence results for solving the nonlinear bilevel programming problems (2.1) in this section. Let 
O a be a set defined by 

n a = {z£R n+m+l \h j (z)<a}, (4.1) 

where a > 0. If a = 0, we can obtain that Qq is a feasible set of the single level nonlinear program¬ 
ming problem (2.4). Let <j>f(cx) be perturbation function of the single level nonlinear programming 
problem (2.4) defined as follows 


4>f{a) = inf f{z),Va > 0, (4.2) 

Z £ a 2 q. 

where f is the same function as in (2.4). By (4.2), we know that 4>f{ot) is monotone decreasing at 
a > 0, and so </>/(«) is a upper semi-continuous function at a = 0 + . Denote 

<t>f(0) = inf f(z), (4.3) 

2o 

and 

^/(°) = min f(z). (4.4) 

It is easy to see that the optimization problem (4.4) is equivalent to the single level nonlinear 
programming problem (2.4). 

Theorem 4.1 If defined in (4.2) is a lower semi-continuous function at a = 0 + , then (4.3) 

is equivalent to the nonlinear bilevel programming problem (2.1). 
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Proof. From (4.1) and (4.2), it follows that <f>f(a) is a upper semi-continuous function at a = 0 + . 
If <t>f(a) is also a lower semi-continuous function at a = 0 + , then <j)f(a) is continuous at a = 0 + . 
Hence, </>/(0) = ipf( 0). 

On the other hand, the optimization problem (4.4) is equivalent to the single level nonlinear 
programming problem (2.4). Combining the equivalence relation between the nonlinear bilevel pro¬ 
gramming problem (2.1) and the single level nonlinear programming problem (2.4), we know that 
(4.3) is equivalent to the original programming problem (2.1). It completes the proof. ■ 


Theorem 4.2 Let {(+++)} be a sequence generated by Algorithm 3.3. Assume that feasible 
set D = {z R | hj(z) < 0} of the single level nonlinear programming problem (2.4) is nonempty. 

Then, there must exists a subsequence {(z kp , p kp , r kp )} of the sequence {(+++)} such that for 
z kp £ D 


lim 

kp —y oo 


1 + 3 1 

Y In 

l=i 


V kp h.pz k P) 

1 + e 7*7 


r k p 


= o. 


(4.5) 


Proof. By (3.9), we know that for z £ D, 


d<p(z,n,r) 

dr 


> 0. 


(4.6) 


Let {(z kp , fi kp , r kp )} be a subsequence of the sequence {( z k , + , r k )} generated by Algorithm 3.3 with 
z kp £ D. From (4.6), one can know that for each z kp , 


1 + 3 / 




= Y ln 

i=i 

1 + 3 / 


1 + e“ 


>Y ln 

l=i 

k p fc+1 fc+1 




1 + e ^+r 
= (p(z kp , n k+1 , r k+1 ). 


Since ip(z kp , fi k+1 , r k+1 ) > 0 holds invariably, it follows from (4.7) that 

lim ip(z kp , p, k ,r k ) = 0. 

k—yoo 


Taking + := p kp and r k := r kp , then it follows from (4.8) that 

lim (p(z kp , yL kp ,r kp ) = 0, 

kp —yoo 


(4.7) 


(4.8) 


and so 


It completes the proof. ■ 


lim 

kp—>oo 


1 + 3 1 

Y ln 

1=1 



= 0. 


Theorem 4.3 If <pf(a ) defined in (4.2) is a lower semi-continuous function at a = 0 + , and a 
subsequence {+, fi kp , r kp } is the same as in Theorem 4.2, then z kp converges to an optimal solution 
of the nonlinear bilevel programming problem (2.1). 

Proof. If there exists a subsequence {z kp , p, kp ,r kp } satisfying (4.5), then we know that for each 
z G D, 

lim tp(z kp ,n kp ,r kp ) = lim (p(z, p. kp ,r kp ) = 0, 

k p —>-oo k p —> oo 

and so for any positive number e, there exists a positive integer M such that when k p > M, we have 

<p(z,p kp ,r kp ) - ip(z kp ,p kp ,r kp ) < e. (4.9) 

8 


456 


Qiang Tuo ET AL 449-458 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


By (3.7), we know for each z € D 


L(z 


k \R kp 


r kp ) < L(z,n kp ,r k ”), 


i.e., 

f(z kp ) + v(z kp ,/a kp ,r kp ) < f{z) + Cp(z,n kp ,r kp ). (4.10) 

Combining (4.9) into (4.10), we have for k p > M, 

f(z kp ) < f{z) + <p(z,n k *,i Jt ’)-'p(z k *,fi k ’,r k *) 

<f(z) + e. (4.11) 

If <j>f{cx) is a lower semi-continuous function at a = 0 + , from Theorem 4.1, it follows that inf z e-D f(z) = 
<f>f( 0). Let f(z) = <j>f( 0). By (4.11), now we know that 

f(z kp )<M 0) + c 

which implies 

<j> f (0)<f(z kp )<cj> f (0)+e. (4.12) 

Thus, when e —> 0, it follows from (4.12) that there exists an accumulation z for the sequence {z kp } 

such that f(z) = 4>f(0). Hence, from Theorem 4.1, we know that z kp converges to an optimal 
solution of the nonlinear bilevel programming problem (2.1). ■ 
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APPROXIMATE n-JORDAN ^-DERIVATIONS ON INDUCED FUZZY 

C*-ALGEBRAS 

GANG LU, JINCHENG XIN, CHOONKIL PARK*, AND YUANFENG JIN 


Abstract. Using the fixed point alternative theorem, we investigate the Hyers-Ulam stability of 
of n-Jordan *-derivations on induced fuzzy C*-algebras associated with the following functional 
equation f (x — y + z) + / (x — z) + f ( 2x + y) = / (4*). 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ularn [39] concerning 
the stability of group homomorphisms. Hyers [19] gave a first affirmative partial answer to the 
question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive 
mappings and by Rassias [34] for linear mappings by considering an unbounded Cauchy difference. 
Those results have been recently complemented in [7]. A generalization of the Aoki and Rassias 
theorem was obtained by Gavruta [18], who used a more general function controlling the possibly 
unbounded Cauchy difference in the spirit of Rassias’ approach. The stability problems for several 
functional equations or inequalities have been extensively investigated by a number of authors and 
there are many interesting results concerning this problem (see [6, 12, 13], [20]—[28], [35]-[37]). 

We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : X x X —> [0, oo] is called a generalized metric on X if d satisfies 

(1) d(x , y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) for all x, y 6 X; 

(3) d(x, z) < d(x , y) + d(y , z) for all x,y,z £ X. 

Theorem 1.1 (see [11, 15]). Let (X,d) be a complete generalized metric space and let J : X —»• X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x e X, either 

d(J n x, J n+1 x ) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x , J n+l x) < oo, for all n > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X\d(J n °x, y) < oo}; 

(4) d(y , y*) < j^diy, Jy ) for all y <E Y. 


2010 Mathematics Subject Classification. Primary 39B62, 39B52, 47H10, 46B25. 

Key words and phrases. Fuzzy normed space; additive functional equation; Hyers-Ulam stability; fixed point 
alternative; induced fuzzy C*-algebra. 
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By using the fixed point method, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [ 8 , 10, 11, 9, 16, 25, 29, 30, 33, 42]). 

In 1984, Katsaras [24] defined a fuzzy norm on a linear space and at the same year Wu and Fang 
[40] also introduced a notion of fuzzy normed space and gave the generalization of the Kolmogoroff 
normalized theorem for fuzzy topological linear space. In [5], Biswas defined and studied fuzzy 
inner product spaces in linear space. Since then some mathematicians have defined fuzzy metrics 
and norms on a linear space from various points of view [4, 17, 27, 38, 41], In 1994, Cheng 
and Mordeson introduced a definition of fuzzy norm on a linear space in such a manner that 
the corresponding induced fuzzy metric is of Kramosil and Michalek type [26]. In 2003, Bag and 
Samanta [4] modified the definition of Cheng and Mordeson [14] by removing a regular condition. 
They also established a decomposition theorem of a fuzzy norm into a family of crisp norms and 
investigated some properties of fuzzy norms (see [3]). Following [2], we give the employing notion 
of a fuzzy norm. 

Let X be a real linear space. A function N : X x R. -A [0,1] (the so-called fuzzy subset) is said 
to be a fuzzy norm on X if for all x, y £ X and all a, b 6 R: 

(Ni) N(x,a ) = 0 for a < 0; 

(N- 2 ) x = 0 if and only if N(x, a) = 1 for all a > 0; 

(N 3 ) N(ax, b) = N(x, j^|) if a / 0; 

(IV 4 ) N(x + y,a + b) > min{N(x , a),N(y, 6 )}; 

(IV 5 ) N(x, .) is a non-decreasing function on ffi. and lim^oo N(x, a) = 1; 

(Nq) For x / 0, N(x ,.) is (upper semi) continuous on M. 

The pair (X, N) is called a fuzzy normed linear space. One may regard N(x, a) as the truth value 
of the statement the norm of x is less than or equal to the real number a . 


Definition 1.2. Let (X,N) be a fuzzy normed linear space. Let x n be a sequence in X. Then x n 
is said to be convergent if there exists x € X such that lim, woo N(x n — x, a) = 1 for all a > 0. In 
that case, x is called the limit of the sequence x n and we denote it by A T -lirn n ^ oc . x n = x. 

Definition 1.3. A sequence x n in X is called Cauchy if for each e > 0 and each a > 0 there exists 
no such that for all n > no and all p > 0, we have N(x n+P — x n , a) > 1 — e. 

It is known that every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy 
sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is 
called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector space X, Y is continuous at 
point x 0 GXif for each sequence {x n } converging to xq in X, then the sequence {f(x n )} converges 
to f(x 0 ). If / : X —> Y is continuous at each i£l, then / : X —> Y is said to be continuous on 
X (see [2]) 

Definition 1.4. [32] Let A be a ^-algebra and (X,N) a fuzzy normed space. 

(1) The fuzzy normed space (X,N) is called a fuzzy normed ^-algebra if 

N(xy,st) > N(x,s) ■ N(y,t) and N(x*,t) = N(x,t). 

(2) A complete fuzzy normed ^-algebra is called a fuzzy Banach *-algebra. 
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Example 1.5. Let ( X , ||.| 


be a normed *-algebra. Let 
N(x,a) = \ “+P1P ° >0 ’ xe ^ 

\ o, a<o,iei, 


Then N(x,t ) is a fuzzy norm on X and (X,N(x,t)) is a fuzzy normed *-algebra. 


Definition 1.6. Let ( X , || • ||) be a C*-algebra and N a fuzzy norm on X. 

(1) The fuzzy normed *-algebra (X, X) is called an induced fuzzy normed *-algebra. 

(2) The fuzzy Banach *-algebra ( X , N) is called an induced fuzzy C*-algebra. 


Definition 1.7. Let (X , || • ||) be an induced fuzzy normed *-algebra. Then a C-linear mapping 
D : (X, N) -» (X, N ) is called a fuzzy n-Jordan *- derivation if 

D(x n ) = D(x)x n ~ 1 + xD(x)x n ~ 2 + • • • + x n ~ 2 D(x)x + x n ~ 1 D(x), 

D(x*) = D(x)* 

for all x € X. 


Throughout this paper, assume that (X, N) is an induced fuzzy (7*-algebra. 


2. Main results 

Lemma 2.1. Let (Z. N ) be a fuzzy normed vector space and f : X -» Z be a mapping such that 
N(f(x-y + z) + f(x~z) + f (2s + y ), t) > N (Ax), 0 (2.1) 

for all x,y,z G X and all t > 0. Then f is additive. 

Proof. Letting x = y = z = Oin (2.1), we get 

X( 3 /(O),f) = x(V(O),0 >n(j( O),0 

for all t > 0. By (X 5 ) and (Nq), N(f(0),t) = 1 for all t > 0. It follows from (IV 2 ) that /(0) = 0. 
Letting x = y = 0 in (2.1), we get 

X(/(z) + /(-z) + /(0), t) > N (j( 0), 0 = 1 

for all t > 0. It follows from (N 2 ) that f(—z) + f(z) = 0 for all z£X. Thus 

f(-z) = -f(z ) 


for all z G X. 

Letting x = 0 in (2.1), we get 

N(/(* - y) + f(~z) + f(y),t ) > X ^/(0), 0 
for all t > 0. It follows from (IV 2 ) that 

/(y) + /(-*) + /(—2/ + «) = 0 


for all y, z G X. Thus 


= 1 


/(y + z) = /(y) + /(*) 


for all y, z G X, as desired. 


□ 
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Theorem 2.2. Let 4> : X 3 -A [0, oo) be a function such that there exists an L < 1 with 

for all x,y, z G X. Let f : X —> X be a mapping such that 

N (/ (n(x — y + z)) + f (y(x -z)) + f (n(2x + y)) - [if (4x), t) 
t 

> 


t + <t>{x,y,z)' 
w n ) - f{w)w n ~ 
+f(v*)~ f(y)*,t) > 


N ( f{w n ) - f(w)w n ~ 1 - wf(w)w n ~ 2 - w n ~ 2 f(w)w - w n ~ l f(w) 

t 


( 2 . 2 ) 


(2.3) 


(2.4) 


t + <t>(w,v,0) 

for all x,y,z,w,v G X, all t > 0 and all y G T 1 := {c G C : |c| = 1}. Then the limit A(x) = 
N — lim n _ ) . 0O 2 n f (^) exists for each x G X and the mapping A : X —> X is a fuzzy n-Jordan 
*-derivation satisfying 

2(1 - L)t 


N( !^)-A(x),t)>- {1 _ L)t + LHxM 
for all x G X and all t > 0. 

Proof. Letting /j = 1, y = 0 , 2 = x in (2.3), we have 

IV (2/ {x)-f{2x),t)> 

and so 


(2.5) 


t 


N ( 2 ^ (?) “ 


> 


t + <t> (f , 0 , f) 

t t 


( 2 . 6 ) 


> 


t + ^(|, 0 ,|) t. + j(j)(x,0,x) 


for all x G X. Thus 


w( 2 / (f)- /( *>,lt)> 


k i 
4 6 


£t+^(s, 0 ,®) t + ^(x, 0 ,x) 


(2.7) 


-} 


for all x G X. 

Consider the set 

G := {g : X —)■ X} 

and introduce the generalized metric on G: 

d(g, h) := inf {a G M + : N(g(x) - h(x),at ) > A ^ 

t ~r <P { 2 ’ 2 / 

for all x G X and all t > 0, where inf cf = +oo. It is easy to show that ( S , d) is complete (see the 
proof of [?, Lemma 2.1] 

Now, we consider the linear mapping Q : G —^ G such that 

Qg(x) := 2 g 

for all x & X. 

Let g, h G G be given such that d(g,h ) = e. Then 

t 


N(g(x) — h(x),et ) > 


t + cf (x, 0 , x) 
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for all x E X and all t > 0. Hence 

N(Qg{x) - Qh(x), Let) = N (2g - 2 h , Let) = N (^g - h , ^et'j 

Lt Lt 

> _?_ > _ 2 _ 

¥ + ^ + ^(x,0,x) 

t 

t + 4> (x, 0, x) 

for all x £ X and all t > 0. Thus d(g, h) = e implies that d(Qg, Qh ) < Le. This means that 

d(Qg, Qh) < Ld(g,h) 


for all g, h G G. 

It follows from (2.7) that d(f, Qf ) < j. 

By Theorem 1.1, there exists a mapping A : X —> X satisfying the following: 

( 1 ) A is a fixed point of Q, i.e., 

A (!)-?*« ‘ 2 ' 8 > 
for all x G X. The mapping A is a unique fixed point of Q in the set 


M = {g eG : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.8) such that there exists an a G (0, oo) 
satisfying 

N(f(x) — A(x), at) > 1 


t + 4> {x, 0, x) 

for all x G X. 

( 2 ) d(Q k f , A) —> 0 as k -> oo. This implies the equality 


N -^ f (¥) =A{x) 


for all x G X] 

(3) d(f,A) < jzrzd(f,Qf), which implies the inequality 


d{f, A) < 


L 


4(1 — L) ’ 

This implies that the inequality (2.5) holds. 

Next we show that A is additive. It follows from (2.2) that 


k =0 


x y z 
P’ 22 


+ 


< 4>(x, y, z) + L(j)(x, y, z) + L 2 cj)(x, y, z) + 

1 

<t>{x,y,z) < oo 


1 — L 


for all x,y,z G X. 
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By (2.3), 


N 2 k f y 


x — y + z 


2 k 


+ 2*7 (y 


x — z 


2 k 


+ f\V- 


2 x + y 
~2 k 


-2 k »f[ ¥ x),2 k t 


> 


t 


t + ( t ) {§;, ^k) 


and so 


N 2 k f ( y 


x — y + z 


2 k 


+ 2 k f y 


x — z 


> 


2 k 


2 k 

t 


+ 2 k f y 


2 x + y 
~2 k 


- 2 V I jk*) 


"£+*(£,£,£) t + 2‘* (£•£,*) 

for all x,y,z G X, all t > 0 and all y G T 1 . Since lim/^^ 
and all t > 0, 




= 1 for all x,y, z G X 


N (A (y(x -y + z)) + A (y(x - z)) + A (y(2x + y)) - yA (Ax ), t) = 1 

for all x,y,z G X, all £ > 0 and all y G T 1 . So 

A (y(x -y + z)) + A (y(x - z)) + A (y(2x + y)) = yA (Ax) (2.9) 

for all x , y, z G X, all t > 0 and all y G T 1 . Letting rr = y = 2 ; = 0in (2.9), we have A(0) = 0. Let 
y = 1, x = 0 in (2.9), by the same reasoning as in the proof of Lemma 2.1, one can easily show 
that A is additive. Letting y = 2x, z = 0 in (2.9), we get 

yA(x) = 2A (m|) = A(yx) 

for all x G X and y & T 1 . The mapping A : X —> X is C-linear by [31, Theorem 2.1], 

By (2.4) and letting v = 0 in (2.4), we get 


N 2 nk f 


(— \ _ 2 nk f ( — ) f ™ V” 1 - 2 nk — f (—) ( — X n “ 2 

2 k ' \ 2 k ) \ 2 k . 


\ 2 nk 


-2 


nk 




2 k 


V2 k ) 


\2 k ) \2 k 
w-2 


2 k 


n— 1 


W 


f( ¥ )X k t)> 


t 


t + ^(|l) o, o) 


for all w G X and all t > 0. Thus 


^( 2nfc /(^J-2^/^j ( ¥ 

w-2 


w 


■\nk . 


W \ / W 


n— 1 


2>lk 2 kf [ 2 k) { 2 k 


w „ / w 


w 


-2 


> 


nk 


^y t_2 f (z\ w ~ 2 nk (z 


2 k 


\2 k 


2 k 


n— 1 / in 

/(^M) > 


n —2 


<2nk 


2nk + ^(|l) 0, 0) 


t + (2 n l L) k cj)(w, 0, 0) 

for all re G X and all t > 0. Since lim/ c _ 5 . oc t+{ 2 n - 1 L) k 4 ,(w o o) = ^ f° r a ^ w ^ an d t > 0, we get 

N(D(w n ) - D(w)w n ~ l - wD(w)w n ~ 2 - w n ~ 2 D(w)w - w n - 1 D(w),t) = 1 

for all x G X and all t > 0. So 

D(w n ) - D(w)w n ~ 1 - wD(w)iu n ~ 2 - w n ~ 2 D(w)w - w n ~ 1 D(w) = 0 
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for all w G X. 

Letting w = 0 in (2.4), similarly, we get D(v*) — D(v)* = 0 for all v G X. 
Therefore, the mapping D : X -A X is a fuzzy n-Jordan ^-derivation. 


□ 


N{f(x) - A[x),t) > 


Corollary 2.3. Let p be a real number with p > 1 , 8 > 0, and X be a normed vector space with 
norm || ■ ||. Let f : X -A X be a mapping satisfying 

N (/ (y(x -y + z)) + f {y(x -z)) + f (y(2x + y)) - yf (4x), t) 

> _ t _ (2.10) 

“ t + 6(\\x\\P + \\y\\P + ||«||p)’ 

N (/( w n ) - f(w)w n - 1 - wf{w)w n ~ 2 - w n ~ 2 f(w)w - /“VW 

+/K) - /( w )*^) > 7 , X7|T 1 , I, |,px ^ 2 ’ 11 ' ) 

t + t/(||ui|| p + ||u|| p ) 

/or all x , y,w,v G X, all t > 0 and all £ T 1 . TTien the limit A(x) = N — lim n ^.oo 2 n / (^) exists 
/or eac/i i£l and the mapping A : X —>■ X is a fuzzy n-Jordan *-derivation satisfying 

(2 p - 2)t 
(2p - 2)t + 0||x||P 

/or all x G X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking 

^(x,j/,z) = 0(iixf+iii,r+iizin 

and L = 3 ^. □ 

Theorem 2.4. Let <f> : X 3 —>• [0, oo) 6 e a function such that there exists an L < 1 with 

3L </> (|» |) < <!>{x,y,z) 

for all x,y,z G X. Let / : X -A X be a mapping satisfying (2.3) and (2.4). Then the limit 
A{x) = N — lim rwoc A-f (2 n x) exists for each x G X and the mapping A : X -A X is a fuzzy 
n-Jordan *-derivation satisfying 

2(1 - L)t 


N(f(x) — A(x),t) > 


2(1 — L)t + <f (x, 0, x) 


( 2 . 12 ) 


for all x G X and all t > 0. 


Proof. Let (G, d) be a generalized metric space defined in the proof of Theorem 2.2. Consider the 
linear mapping Q : G —>• G such that 


Qg(x) ■= ^g{“2x) 


for all x G X. 

It follow from (2.6) that 


N ( f(x )-/( 2x), -t ) > -—-r 

2 Jy h 2 ) - t + cj)(x, 0, x) 


for all x G X and all t > 0. Thus d(f, Qf) < } 2 . Hence 

d(f,A)< 


2(1 -LY 
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which implies that the inequality (2.12) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 6 > 0 and let p be a positive real number with p < 1. Let X be a normed 
vector space with normed || • |j. Let f : X -A X be a mapping satisfying (2.10) and (2.11). Then 
A(x ) = N — lim n _ ) . 0o g^/(3 n .x) exists for each x G X and defines a fuzzy n-Jordan *-derivation 
A : X —> X such that 


N(f(x) - A(x),t) > 


(2 - 2 P)t 
(2 - 2P)t + 9 \\x\\p 


for all x G X and all t > 0. 


Proof The proof follows from Theorem 2.4 by taking 

fi(x,y,z) = 6(\\xr + \\yr + \\z\n 

and L = 3 P_1 . □ 


Acknowledgments 

G. Lu was supported by the Project Sponsored by Natural Science Foundation of Liaon¬ 
ing Province (No.201602547). Y.jin was supported by National Natural Science Foundation of 
China(11361066); and the Department of Science and Technology of JiLin Province(No.20170101052JC) 
and the Education Department of Jilin Province. 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces , J. Math. Soc. Japan 2 (1950), 64-66. 

[2] T. Bag and S .K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math. 11 (2003), 687-705. 

[3] T. Bag and S. K. Samanta, Fuzzy bounded linear operators, Fuzzy Sets Syst. 151 (2005), 513-547. 

[4] V. Balopoulos, A. G. Hatzimichailidis and B. K. Papadopoulos, Distance and similarity measures for fuzzy 
operators, Inform. Sci. 177 (2007), 2336-2348. 

[5] R. Biswas, Fuzzy inner product spaces and fuzzy norm functions, Inform. Sci. 53 (1991), 185-190. 

[6] N. Brillouet-Belluot, J. Brzd§k and K. Cieplinski, On some recent developments in Ulam’s type stability, Abs. 
Appl. Anal. 2012, Article ID 716936 (2012). 

[7] J. Brzdek, Flyperstability of the Cauchy equation on restricted domains, Acta Math. Hungarica 141 (2013), 
58-67. 

[81 J. Brzdek, J. Chudziak and Zs. Pales, A fixed point approach to stability of functional equations, Nonlinear 
Anal.-TMA 74 (2011), 6728-6732. 

[9] K. Cieplinski, Applications of fixed point theorems to the Hyers-Ulam stability of functional equations-a survey, 

Ann. Funct. Anal. 3 (2012), 151 164. 

[10] L. Codariu, L. Gavruta and P. Gavruta, Fixed points and generalized Hyers-Ulam stability, Abs. Appl. Anal. 
2012, Article ID 712743 (2012). 

[11] L. Cadariu and V. Radu, Fixed points and the stability of Jensen’s functional equation, J. Inequal. Pure Appl. 
Math. 4 (2003), No. 1, Article ID 4. 

[12] A. Chahbi and N. Bounader, On the generalized stability of d’Alembert functional equation, J. Nonlinear Sci. 
Appl. 6 (2013), 198-204. 

[13] I. Chang, M. Eshaghi Gordji, H. Khodaei and H. Kim, Nearly quartic mappings in ft-homogeneous F-spaces, 
Results Math. 63 (2013), 529-541. 

[14] S. C. Cheng and J. N. Mordeson, Fuzzy linear operator and fuzzy normed linear spaces, Bull. Calcutta Math. 

Soc. 86 (1994), 429-436. 

[15] J.B. Diaz and B. Margolis, A fixed point theorem of the alternative for contractions on a generalized complete 
metric space, Bull. Amer. Math. Soc. 44 (1968), 305-309. 

[16] M. Eshaghi Gordji, H. Khodaei, Th. M. Rassias and R. Khodabakhsh, J*-homomorphisms and J* -derivations 
on J* -algebras for a generalized Jensen type functional equation, Fixed Point Theory 13 (2012), 481-494. 


466 


GANG LU ET AL 459-468 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


APPROXIMATE n-JORDAN ^-DERIVATIONS ON INDUCED FUZZY C*-ALGEBRAS 

[17] C. Felbin, Finite dimensional fuzzy normed linear space, Fuzzy Sets Syst. 48 (1992), 239-248. 

[18] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings, J. Math. 
Anal. Appl. 184 (1994), 431-436. 

[19] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941), 222-224. 

[20] D. H. Hyers, G. Isac and Th. M. Rassias, Stability of Functional Equations in Several Variables, Birkhauser, 
Basel, 1998. 

[21] G. Isac and Th.M. Rassias, On the Hyers-Ulam stability of ip-additive mappings, J. Approx. Theory 72 (1993), 
131 137. 

[22] W. Jablonski, Sum of graphs of continuous functions and boundedness of additive operators, J. Math. Anal. 
Appl. 312 (2005), 527-534. 

[23] S. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Nonlinear Analysis, Springer, New York, 
2011 . 

[24] A. K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets Syst. 12 (1984), 143-154. 

[25] H. Khodaei, R. Khodabakhsh and M. Eshaghi Gordji, Fixed points, Lie *-homomorphisms and Lie *-derivations 
on Lie C*-algebras, Fixed Point Theory 14 (2013), 387-400. 

[26] I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica 11 (1975), 326-334. 

[27] S. V. Krishna and K. K. M. Sarma, Separation of fuzzy normed linear spaces, Fuzzy Sets Syst. 63 (1994), 
207-217. 

[28] G. Lu and C. Park, Hyers-Ulam stability of additive set-valued functional equations, Appl. Math. Lett. 24 
(2011), 1312-1316. 

[29] F. Moradlou and M. Eshaghi Gordji, Approximate Jordan derivations on Hilbert C* -modules, Fixed Point 
Theory 14 (2013), 413-425. 

[30] C. Park, Fixed points and Hyers-Ulam-Rassias stability of Cauchy-Jensen functional equations in Banach alge¬ 
bras, Fixed Point Theory Appl. 2007, Article ID 50175 (2007). 

[31] C.Park, Homomorphisms between Poisson JC*-algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97. 

[32] C. Park, K. Ghasemi and S. Glialeh, Fuzzy n-Jordan *-derivations on induced fuzzy C*-algebras, J. Comput. 
Anal. Appl. 16 (2014), 494-502. 

[33] C. Park and J. M. Rassias, Stability of the Jensen-type functional equation in C*-algebras: A fixed point approach, 
Abs. Appl. Anal. 2009, Article ID 360432 (2009). 

[34] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 
297-300. 

[35] Th. M. Rassias (Ed.), Functional Equations and Inequalities, Kluwer Academic, Dordrecht, 2000. 

[36] Th. M. Rassias, On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000), 
264-284. 

[37] Th .M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Math. Appl. 62 (2000), 
23-130. 

[38] B. Shieh, Infinite fuzzy relation equations with continuous t-norms, Inform. Sci. 178 (2008), 1961-1967. 

[39] S.M. Ulam, Problems in Modern Mathematics, Chapter VI, Science ed., Wiley, New York, 1940. 

[40] C. Wu and J. Fang, Fuzzy generalization of Klomogoroff’s theorem, J. Harbin Inst. Technol. 1 (1984), 1-7. 

[41] J. Z. Xiao and X.-H. Zhu, Fuzzy normed spaces of operators and its completeness, Fuzzy Sets Syst. 133 (2003), 
389-399. 

[42] T. Z. Xu, J. M. Rassias and W. X. Xu, A fixed point approach to the stability of a general mixed additive-cubic 
functional equation in quasi fuzzy normed spaces, Internat. J. Phys. Sci. 6 (2011), 313-324. 


467 


GANG LU ET AL 459-468 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


G. LU, J.XIN, C. PARK, AND Y. JIN 


Gang Lu 

Department of Mathematics, Zhejiang University, Hangzhou 310027, People’s Republic of China 
Department of Mathematics, School of Science, ShenYang University of Technology, Shenyang 
110178, People’s Republic of China 
E-mail address: lvgangl234@hanmail.net 

Jincheng Xin 

DDepartment of Mathematics, School of Science, ShenYang University of Technology, Shenyang 
110178, People’s Republic of China 
E-mail address: 1146196932@qq.com 

Choonkil Park 

Department of Mathematics, Research Institute for Natural Sciences, Hanyang University, Seoul 
04763, Republic of Korea 

E-mail address: baak@hanyang. ac. kr 

Jincheng Xin 

Department of Mathematics, Yanbian University , Yanji 133001, People’s Republic of China 
E-mail address: yfkim@ybu.edu.cn 


468 


GANG LU ET AL 459-468 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


RECURRENCE FORMULAS FOR EULERIAN POLYNOMIALS 
OF TYPE B AND TYPE D 

DAN-DAN SU AND YUAN HE 


Abstract. We perform a further investigation for the Eulerian polynomials 
of type B and type D. By making use of the generating function methods and 
Pade approximation techniques, we establish some new recurrence formulas for 
the Eulerian polynomials of type B and type D. Some of these results presented 
here are the corresponding extensions of some known formulas. 


1. Introduction 

When computing values of the alternating ([-function (also called Dirichlet eta 
function) 


V (s) = E 

n—1 


n s 



1 

3 * 



(Re(s) > 0) 


( 1 . 1 ) 


at negative integers, Leonhard Euler introduced the Eulerian polynomials A n (t) 
given by the following generating function 


t- 1 
t - 


E-U‘4. 


n—0 


( 1 . 2 ) 


and determined r)(—n) = 2 n 1 A n (— 1) for positive integer n. It is interesting to 
point out that the Eulerian polynomials can be computed by the recurrence relation 
(see, e.g., [7]) 

Ao{t) = 1, A n (t) = [1 + (n - l)t\A n _i(t) + t(l - t)^(A„_i(t)) (n>l), (1.3) 

and some classical polynomials and numbers can be expressed by the Eulerian 
polynomials (see [15] for details). The Eulerian polynomials are also called the 
Eulerian polynomials of type A, and various combinatorial identities for them have 
been explored by many authors (see, e.g., [8, 10, 12, 13, 14, 15, 16, 20]). Perhaps 
the best known result is Leonhard Euler’s recurrence formula (see, e.g., [7]) 


Mt) = i, 


A n (t) = 


n—1 

E 

k=0 


A k (t)(t-l) 


n—l—k 


(n > 1). 


(1.4) 


2010 Mathematics Subject Classification. 11B83; 05A19. 

Keywords. Eulerian polynomials of type B; Eulerian polynomials of type D; Pade approxi- 
mants; Recurrence formulas. 
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We now turn to the Eulerian polynomials of type B and the Eulerian polynomials 
of type D, which are defined by means of the generating function (see, e.g., [3, 6]) 


fl _ x n 

’ nr = 

n—0 


and 


1 - te 2 ^ 1 

(1 - t)e x ^~^ - xt( 1 - t) e 2x ( 1 - t ) 
1 - te 2 ^ 1 -^ 


= J2 D n(t) 


n —0 


X 

n ! 


(1.5) 


( 1 . 6 ) 


respectively. Like the recurrence relation (1.3) of the Eulerian polynomials of type 
A, the Eulerian polynomials of type B satisfy the recurrence relation (see, e.g., [3]) 

B 0 {t) = 1, B n {t) = [l + (2n-l)t]B n _ 1 (t) + 2(t-t 2 )^ t (B n _ 1 (t)) (n > 1), (1.7) 

and the Eulerian polynomials of type D obey the recurrence relation (see, e.g., [6]): 

A>(t) = 0i(t) = i, 

D n+2 (t) = [n(l + 5t) + 4t\D n+ \(t) + 4f(l — t)^_{D n+ \{t)) 

+ [(1 — t) 2 — n(l + 3f) 2 — 4 n(n — l)t(l + 2 t)\D n (t) 

-[4nt(l - i)( 1 + 3 1) + 4i(l - t) 2 ]-(D n (t)) - 4f 2 (l - i) 2 — (D n {t)) 

+ [2 n(n — l)f(3 + 2 t + 3 1 2 ) — 4 n(n — 1 )(n — 2)t 2 (l + t)\D n _\{t) 

d 


+ [2nt(l - t ) 2 (3 + t) + 8 n(n - l)t (1 - t)(l + t)]-(D n _i(f)) 


at' 


+4nt 2 (l - f) 2 (l + t)^(D„_i(t)) (n > 1) 


( 1 . 8 ) 


In the year 2016, Hyatt [11] discovered the corresponding recurrence formulas anal¬ 
ogous to (1.4) for the Eulerian polynomials of type B and type D, as follows, 


n— 1 


k=0 


n— 1 


b n(t) = E , ) B k m-i) n - 1 - k +t n Y J 


= P n (t)+t n P n (l/t) (n > 1), 


and 


n— 1 


^n(t) = E 


fc=0 


n—1 


^(^(t-ir-^+rE 

fc =0 fe =0 

= Q„(t)+ t"Q„(l/t) (n>2), 


Hz, - 


A-(t 


1-1 

t 


1-1 

t 


n— 1 — k 


(1.9) 


n—l—k 


( 1 . 10 ) 


say, and interpreted them combinatorially. It is worth mentioning that the polyno¬ 
mials P n (t), t n P n (l/t), Q n (t), t n Q n (l/t) were introduced by Savage and Visontai 
[21] and used to prove Brenti’s [3] conjecture that the Eulerian polynomials of type 
D have only real roots. See also [11] for a further exploration for P n (t), t n P n (l/t), 
Qn(t), t n Qn(l/t). 

Motivated and inspired by the work of Hyatt [11], in this paper we establish 
some new recurrence formulas for the Eulerian polynomials of type B and type 
D by making use of the generating function methods and Pade approximation 
techniques. Some of these results presented here are the corresponding extensions 
of Hyatt’s recurrence formulas (1.9) and (1.10). 
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This paper is organized as follows. In the second section, we recall Pade approxi¬ 
mation to general series and their expression in the case of the exponential function. 
In the third section, we give some recurrence formulas for Eulerian polynomials of 
type B, and show the recurrence formula (1.9) is obtained as a special case. In the 
fourth section, we establish some recurrence formulas for Eulerian polynomials of 
type D, by virtue of which the recurrence formula (1.10) is deduced. 


2. Pade APPROXIMANTS 


It is well known that Pade approximants provide rational approximations to 
functions formally defined by a power series expansion, and have played important 
roles in many fields of mathematics, physics and engineering (see, e.g., [4, 17]). 
We here recall the definition of Pade approximation to general series and their 
expression in the case of the exponential function. 

Let m, n be non-negative integers and let Vk be the set of all polynomials of 
degree < k. Given a function / with a Taylor expansion 

OO 

f{t) = Y J Cki k (2.1) 

k —0 

in a neighborhood of the origin, a Pade form of type ( m,n ) is a pair (P, Q) such 
that 

m n 

p = Y,p kt - k Q = Y, ( i ktk eVn ( 2 - 2 ) 

k—0 k =0 

and 

Qf-P = 0{t m+n+1 ) as f —» 0. (2.3) 

It is clear that every Pade form of type ( m,n ) for /(f) always exists and satisfies 
the same rational function, and the uniquely determined rational function P/Q is 
called the Pade approximant of type (■ m,n) for /(f); see for example, [1, 5]. For 
nonnegative integers m, n, the Pade approximant of type (m, n) for the exponential 
function e t is the unique rational function (see, e.g., [9, 18]) 

Pm,n(i) = §7^ (PmeVm,Q n eV n ,Qn( 0) = 1), (2.4) 

Wn\*) 

which obeys the property 

e* - P m>n (£) = 0(t m+n+1 ) as £ —» 0. (2.5) 


In fact, the explicit formulas for P m and Q n can be expressed as follows (see, e.g., 
[2, 19]): 


(to + n — k)\ ■ m\ 
m(t ’ = (to + n)! • (to — fc)! 


t k 

w 


( 2 . 6 ) 


-A (to + n — fc)! • n! {-t) k 

^ n{ > ^ (to+ «)!•(«-*)! ‘ fc! 


(2.7) 


and 


y.m+n+1 p 1 

Q n (t)e* - P m {i) = (-l) n 7 -—. / x n (l - x) m e xt dx, (2.8) 

(m +n)\ J Q 

where P m (t) and Q n (t) is called the Pade numerator and denominator of type 
(to, n) for e*, respectively. 
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We shall use the above properties of Pade approximants to the exponential func¬ 
tion to establish some new recurrence formulas for the Eulerian polynomials of type 
B and type D in next sections. 


3. Recurrence formulas for Eulerian polynomials of type B 

Let m, n be non-negative integers. It is easily seen that if we denote the right 
hand side of (2.8) by S m ^ n {t) then we have 

t Pm(t) + S mn (t) /'oil 

' =- QJf) -' (3 ' 1) 

By multiplying the numerator and denominator in the left hand side of (1.5) by 
eRt—i) anc j then respectively substituting x(t — 1) and x(l — t) for t in (3.1), we 
discover 


P m {x(t - 1 )) + S m , n {x(t - 1 )) 

Qn(x(t - 1)) 

_ Pm(x{ 1 - *)) + S m , n (x( 1 ~ t)) 

Qn(x{ 1 - t)) 


= (3.2) 


which means 


[P m (x(t - 1)) + Sm f n(x(t - l))]Qn(x(l - t)) V" B n (t)^-j 

' n! 

n—0 

00 n 

- t[P m (x{l - t)) + S m n (x(l - t))}Qn(x(t - 1)) Y] B n (t) —— 

n - 

n—0 

= (1 - t)Q n {x(t - l))Q n (x(l - t)). (3.3) 

We now apply the exponential series e xt = J2T=o xk ^ k /^- ' n the right hand side of 
(2.8). With the help of the beta function, we obtain 

y.m+n+1 00 4-k r 1 

Sm,n(t) = (-irrW^En x n+k (l — x) m dx 
(m + n )! ^ k\ J Q 


= E 


(—l) n • to! • (n + k)\ t m+n+k+1 

(m +n)\• (m +n +k + 1)! k\ 


Let p m ,n;k , Qm,n;k and s TO;n; fc be the coefficients of the polynomials P m (t),Qn(t) 
and S m , n (t) given by 


Pjn (t) ^ ^ Pm,n;kt \ QniP) — ^ ' 1/ rn ,n; k t ^ ' Sm,n;kt 


m+n+fe+1 


It follows from (2.6), (2.7) and (3.4) that 

m! • (to + n — fc)! (—l) fc • n\ ■ (m + n — k)\ . . 

Pm,n,k + n)! • (to — fc)! ’ ft! • (to + n)\ ■ (n — k)\ 


Sm,n;k — 


(—l) n • to! • (n + ft)! 
ft! • (to + n)! • (to + n + k + 1)! 
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If we apply (3.5) to (3.3) then we get 

( mo o \ 

Y, Pm,n-iX\t - 1)* + Y, Sm,u-,iX m+n+i+1 {t - l)™+«+*+l j 
2=0 o'-n ' 


i=0 


OO h , 

X K 


x 'Y. Qm,n\jX? (\ ty Bk(t) 


3=0 


k=0 

OO 


( m oo \ 

YPm,n;iX\ 1 - t)‘ + £ S m ,n;iX m+ "+ i+1 (1 - t ) m+n+i+1 J 
2=0 2—0 ' 

n oo 

x X! qm.n-jx 3 {t - 1) J ^ Sfc(t)|y 

j=0 /c—0 

= (!-*) (^y^gm,n;i^(f - 1)*^ qm,n-jX 3 (1 - f) J ^, 


0=0 


(3.8) 


which together with the Cauchy product yields 


Y Y Prn,n;i(t-l) l q m ,n-,j(l-ty— |y-U* 

l —0 i-\-j-\-k=l 
i,j,k>0 

+Y Y s m , n 4t-i) m+n+i+i q m , n .j(i-ty^-x l 

1=0 i-\-j-\-k—l—m—n— 1 
i,j,k>0 

~tY Y Pm,n-,i0-tyq m ,n-,j(t- l) 3 ^^-X l 

1=0 i-\-j-\-k=l 
i,j,k>0 

-tjr Y s m , n .4i-t) m + n + i+ \ m>n .j(t-iy^-x l 

1=0 i-\-j-\-k—l—m—n— 1 
i,j,k>0 

oo 

= (l-t,)Y Y Qm,n-,i{t-l) l qm, n -,jO--tyx l . (3.9) 

1=0 

i,j> 0 


Comparing the coefficients of x 1 in (3.9) gives that for non-negative integer l with 
0 < l < m + n, 

Y Pm,n;i{t - l) l q m , n ,j0 ~ 0° 

i-\-j-\-k—l 

i,j,k>0 

-t Y Prn,nyiO-tyqrn,n-j{t-l) jI3 J^ 

i-\-j+k=l 

i,j,k>0 

= 0-~t) Y <lm,n-,i(t-iyq m ,nd0-ty- (3.10) 

i+j=l 

i,j> 0 
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(1 — t)e x ^~^ 

l-te 2 ^ 1 -*) _ 1 _ i e 2xt(i-i) • 


It follows from (1.5) and (3.11) that 


B n {t) = t n B n (~) (n> 0). 


By applying (3.12) to (3.10), we get 


E (-1 ) J 'Pm,n;i«m,ny(t ~ l)^^lE 


i-\-j-\-k=l 

i,j,k>0 


t ^ ^ Pm,n-,iQm,n;j ( , 1 


i-\-j+k=l 

i,j,k>0 


k\ 


i ,\ i+j b,a !) 


k\ 


= -(t-i) i+i y (- 1 )" 


Qm,n;iQm,n;j • 


i+j=l 
i,3> 0 


(3.11) 


(3.12) 


(3.13) 


Thus, applying (3.6) to (3.13) gives the following result. 

Theorem 3.1. Let m,n be non-negative integers. Then, for non-negative integer 
l with 0 < l < m + n, 


Y {m + n — i)\ ■ (to + n — j)\ ■ {t — l) i+J 


i B k {t) 


i-\-j-\-k=l 

i,j,k>0 


- t l+1 E 


i+j+k=l 

i,j,k>0 


m \ in 


* / \j 


k\ 


1 


I (to + n — i)l ■ (to + n — j)\ ■ -1 


*+•? n. 1 1 


M\) 

k\ 


= -(*- i) l+1 E 


i=0 


l- 


. I (— l)*(m + n — i)\ ■ {m +n + i — l)\. (3.14) 


We next discuss some special cases of Theorem 3.1. By taking l = m + n in 
Theorem 3.1, we have 

Corollary 3.2. Letm,n be non-negative integers. Then 


E 


i -\-j + k=m+n 
i,j,k>0 


m \ in 


V \J 


{m + n — *)! ■ {m + n — j)\ ■ {t — T) l+ i 


B k {t) 

k\ 


-1 


m+n+1 


E 


i + j + k=m+n 
i,j,k>0 


rri \ in 

* J Vi 


(to + n — i)\ ■ (to + n — j)\ ■ ( — 1 


i+J B k {\) 

k\ 


m+n 


= -{t- i) m +"+! y 


i =0 


n 


i J\m + n — i 


.) (— l) l (m + n — i)! • i\. (3.15) 


If we take n = 0 in Theorem 3.1 then we have 
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Corollary 3.3. Let m be non-negative integer. Then, for non-negative integer l 
with 0 < l < m, 


E (7)("*->)' E r;>-‘M7-i 


1 XB k (\) 


1+1 ( m ~ 


= -(«- 1) 


In particular, by taking l = m and substituting n for m in Corollary 3.3, we have 
Corollary 3.4. Let n be a positive integer. Then 




k \t \t 


The above Corollary 3.4 can be easily used to give Hyatt’s recurrence formula 
(1.9). For example, by multiplying the both sides of (3.17) by 1 /{t — 1), we get 
that for positive integer n, 


E(;:)^)«-ir-‘ = -‘"E( t >d) (-1 


1 \ 71 


which means 


t+E( t) B ‘ ( ‘><‘- 1 >”- 1 - 

L—n \ / 




i \ /1 


t \t 


t n+1 „ /1 


-1 +-- -B 


t- 1 "V t 


Hence, applying (3.12) to (3.19) gives the recurrence formula (1.9) immediately. 

We next consider the case l being a positive integer with l > m + n + 1 in (3.9). 
By comparing the coefficients of x l in (3.9), we obtain 


Pm,n;i(f 1) ^) 




i,j,k>0 


Sm,n;i(t-l) m+n+i+ 1 q m ,nAl-ty- 


i-\-j-\-k=l—m—n— 1 
i,j,k> 0 


t ^ ^ Pra,n;i(l t)' Qm,n",j(t 1)^'' 


i-\-j-\-k—l 

i,j,k>0 


-t Y. W;i(l-0 ro+n+i+1 9m,„p(i-l) j 


i-\-j-\-k=l—m—n— 1 
i,j,k>0 


— (1 ^ ^ (Zra,n;i(^ 1) Qm,n;j{^- 
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which together (3.12) gives 

E 1)* +J 

i+j+k=l 

i,j,k>0 


Bkit) 

kl 


+ (t - l) m+n+1 Y, (“I ) j Sm,n;iqm,n-At - 1) 

i-\-j-\-k—l—m—n— 1 
i>j)k> 0 

\ c>_ / 1 


_ 1 \i+j Bk W 


fc! 


^ ^ ' ( 1 yPm,n\iQm,,n;j ( ^ 1 

i+j+fe=Z 
i,j,k>0 


M\) 

k\ 


-t l+1 ( - - 1 


m+n+1 


£ (- 1 )' 




2+/+/c—Z—m—n— 1 
i,j,k>0 


i+j 


Mj) 

kl 


— 1 ) ^ ( ( 1 )^ Qm,n;iQm,n;j • 


(3.21) 


i+j=l 

i,j> 0 


Thus, by taking l = m + n + 1 and applying (3.6) and (3.7) to (3.21), in view of 
f?o(i) = 1, we get the following result. 

Theorem 3.5. Let m.,n be non-negative integers with m > n. Then 
Y ( 7 ) (”) (m + n - *)! • (m + n - j)! ■ (t - 1)*+' Bk(t) 


i-\- j -\-k=m-\-n -\-1 
i,j,k>0 


k\ 


- t 


.m+n+2 


E fE (to + n — i)l • (to + n — j)! • E — l'j 




i+j+fc=m+n+l 
i,j,k>0 


Mi) 

kl 


TYl * • 77 * 

= -[(-l) m f + (-l) n ](f - l) m+ " +1 -1. (3.22) 

m + n + 1 

If we take n = 0 and substitute n for to. in Theorem 3.5, we have 
Corollary 3.6. Let n be a non-negative integer. Then 




k—0 


k =0 


B k+ M)fl_ 1 


n—k 


k ) k + 1 \ t 


=-[(-!)"* + !] 


_ I'lra+l 


(*~1) 

n+1 


(3.23) 


If we multiply the both sides of (3.23) by 1/(7 — 1), we get that for non-negative 
integer n, 


E 

k—0 


n \ B M\t) ^ _ ^ n -i-k + t n+ 1 ^ 


*7 fc + 


fc =0 


£+i(f)/l 


- 1 


t—1 — k 


k) k +1 \t 


= -[(-irt + l] ( ^f, (3.24) 
n+1 
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which implies 


k =0 x 7 k =0 x 7 x 


n—l — k 


r+2 B n+1 {\) 1 B w+1 (t) (t-Tf 

t - 1 n + 1 i - 1 n + 1 K ’ n + 1 ’ 


(3.25) 


It follows from (3.12) and (3.25) that 


B n +i(t) _ST' f n \ Bk+i(t) , _ .,„_i_ fc 

n + 1 ^ jfc + 1 1 j 

/c—0 x 7 



+ [(-l)"i+l]E-^ (n > 1), (3.26) 
which can be regarded as an analogous version to Hyatt’s recurrence formula (1.9). 


4. Recurrence formulas for Eulerian polynomials of type D 

We now multiply the numerator and denominator in the left hand side of (1.6) 
by e x ( t ~ 1 ' > , we have 


(1 - t) - xt( 1 - t)e x P~^ 

gX(t— 1) -f-gX(l — t) 

which together with (3.1) gives 

' P m {x{t - 1)) + S m>n (x(t - 1)) 

Qn(x{t - 1)) 


= 5>(‘>!r 


n—0 


(4.1) 


-f 


5>(o^ 


n—0 


P m (cr(l - f)) + 5 m;Tt (a:(l - f)) 

Qn(a;(l - 1 )) 

(~\ + i j./! ^Pm{x(l — t)) + S mn (x(l — t)) f AO \ 
= {l-t)-xt{l-t) - , - 7 +-• ( 4 - 2 ) 


It is obvious that (4.2) can be rewritten as 


GXD n 

[P m (x(t - 1)) + S m>n (x(t - l))]Q„(a;(l - t)) V D n (t)— 

' n\ 

n— 0 

oo n 

- t[P TO (x(l - t)) + S m ,n(x{ 1 - t))\Qn(x(t - 1)) Y] D n (t) 2 — 

z ' n! 

n=0 

= (1 - t)Q n (x(t - l))Q n (x(l - t)) 

- xt( 1 - t)[P m (x(l - t)) + S m>n (x( 1 - t))]Q n (x(t - 1)). (4.3) 
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If we apply (3.5) to (4.3) then we have 


Y,Prn,n;iX\t - 1)* + £ S m,u-,iX m+n+i+1 (t - 1)"' " ' j 

0 i —0 

n oo ^ 

X Y q m ,n-,jX J (l - ty Y Dk ^yj\ 

j—0 k—0 

( m oo \ 

1 - ty + Y Sm,u-iX m+n+l + \ 1 - t ) m+n+i+1 J 

i =0 2=0 ' 

n oo 

x Y Qrn,n-,jX J (t - 1) J Y D k{t)‘ 

j—0 k— 0 

= (i - t) (Y,Qm,n-,i xt {t - 1)*^ (jY qm ’ n -,iX 3 (1 - t)A 

M=0 ' 'n=n ' 


. X 
¥ 


j=0 


( m oo \ 

^Pm,„/(l - ty + Y Sm,n;iX m+n+i+1 { 1 - t) m+n+i+1 J 
2=0 2—0 ' 


xY«m,n;jX 3 (t 1 )h 
3=0 


(4.4) 


It follows from (4.4) and the Cauchy product that 


Y E P™,n\i(t - lOVm.nyO - t) J — 

l— 0 i-\-j-\-k=l 
i,j,k>0 

+Y E s m , n 4t-ir +n+i+i q m}n , J (i-ty I ^x i 

1=0 i-\-j-\-k=l—m—n— 1 
i,j,k>0 

~tY Y Pm,n;iO-tyq m , n -,j(t-iy^p-X l 

1=0 i-\-j-\-k—l 
i,j,k>0 

-tY E 

/—0 i-\-j+k=l—m—n—l 
i,j,k>0 

oo 

= (1 ^ ^ ^ ^ Qm,rr,i(j' 1 ) ’Qm,n;j{^ t)^X 

1=0 

i,j> 0 

oo 

-i(!-t)E E Pm,«!:?(* 

1=0 i~\~j—l — 1 

i,j>0 

OO 

-t(l-t)E) E s m; „; i (l-t) m +"+ i + 1 g ro;n;j (t-l)^'. (4.5) 

1=0 ij-j=l—m—n—2 
i,j,k>0 
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By comparing the coefficients of x l in (4.5), we get that for non-negative integer l 
with 0 < l < m + n, 

i D k{t ) 




i-\-j-\-k=l 


k\ 


t ^ \ ^) Qm,n;j{t 1 ) 

i+j+k=l 
i,j,k>0 

= (1 f ^ 1) Qm,n;j(^- Y* 


■i+j=l 
i,j> 0 


f(l f ^ ( Pm,n;i{ 1 t) Qm,n;j(t 1)^* 


— xf- 


t - 1 


*+i=;-i 
i,j>0 

Observe that 

(1 - t)e x ( 1 ~ t '> - xt( 1 - t) e 2x ( 1 - t ) _ (1 - 

^ _ £ e 2x(l—t) 2 _ £g2x(l —*) _ g2x(t—1) ' 

Applying (1.2), (1.5) and (1.6) to (4.7) gives 

D n (f) = B n {t) - n2" _1 fA„_i(f) (?r > 0). 

It follows from (3.12) and (4.8) that 


(4.6) 

(4.7) 

(4.8) 


D n (t) = t n D n ^-)+n2 n - i t n - L A n - 1 ^-)-n2 n - L tA n _ 1 (t) (n > 0). (4.9) 

Hence, in light of (4.9), we can rewrite (4.6) as 

i D k{t) 


E (-iyp m ,n;iqm,n;j(t-l) l+:,: 


i-\-j-\-k=l 

i,j,k>0 


k\ 


t ^ ^ ( 1 ^Prn,n;iQrn,n;j ( , 1 


i+j+k—l 

i,j,k>0 


*+J n, (I 


fc! 




i,j,k>0 


i+i k2 k - 1 (t k - 1 A k _ 1 {±) - 
k\ 


-(*- i) z+1 E (- 1 ) 


*-h?=I 

i,j>0 


^qm,n‘,iQm,n;j ^(1 1) ^ ( ( 1 

*+j=J-l 
i,j> 0 




i+j+fc=Z— 1 


Jfc! 


(^ 1) ^ , ( 1 Y qm,n;iQm,n;j 


i+j=l 

i,j> 0 


^(1 0 ^ ( ( 1 Y Pm^n\iQm^n\j' 


(4.10) 


i+j=l-l 
i,j> 0 
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Noticing that from (1.2) we have 

(1 — f)e x (* -1 ) t{ 

gx(t— i) te x 0-—t) gx{t— i) -f-gx(i—t) 


1 -t = 


= E 


n —0 L 


(2 t) n A n ( i )-2 n tA n (t) 


n\ 


(4.11) 


which implies 


2 U 7 -i+>(t) ) = 1 — t, 2" - -tA n (t) = 0 (n > 1). (4.12) 


So from (4.10) and (4.12), we obtain 


E (-l)' 7 Pm,n;i5m,nu(i - 1)* +J 


2+.?+&=/ 
i,j,k>0 


D k (t ) 

fc! 




2+.7+/c=J 

i,j,k>0 


i+j 


Ml 

fc! 


— (f 1) ^ ( ( 1 )+m,n;iQm,n;j • 


(4.13) 


i+j=l 

i,j> 0 


Thus, applying (3.6) to (4.13) gives the following result. 

Theorem 4.1. Let m, n 6e non-negative integers. Then, for non-negative integer 
l with 0 < l < m + n, 


Y f (m + n — i)\ ■ (m + n — j)\ ■ (t — 1)* +J 

wvj/ 


i+j+k=l 

i,j,k>0 


j D k{t) 

k\ 


— t' 


/ + 1 


E 

i-\-j-\-k=l 

i,j,k>0 


(m + n — i)! • (m + n — j)\ • ( - — 1 


i+j 


Dk(\) 

k\ 


= -(*- i) i+1 E 


i=0 


n \ / n 


« / \Z — i 


(—1 Y(m + n — i)! • (m + n + i — 1)1. (4.14) 


It becomes obvious that taking l = m . + n in Theorem 4.1 gives the following 
result. 


Corollary 4.2. Let m,n be non-negative integers. Then 


E 


i+j+k=m+n 
i,j,k>0 


m \ in 


. )(m +n —i)\ • (m + n — j)\ • (t — 1)* +J 


T>k(t) 

k\ 


— t 


m+n+1 


E 


i-\-j-\-k=m-\-n 
i,j,k>0 


m \ In 


= -(*-1) 


m+n+1 


3 

m+n 

E 

2—0 


(m + n — i)\- (m + n — j)\ • ( — — 1 


i+j 


D k ( 


k\ 


n 


i J\m + n — i 


.)(—1 ) l (m + n — i)\ ■ il. (4.15) 
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If we take n = 0 in Theorem 4.1 then we have 

Corollary 4.3. Let m be non-negative integer. Then, for non-negative integer l 
with 0 < l < m, 


i-\-k—l 
i,k> 0 




k\ 


i-\-k—l 
i,k> 0 


l 


= -(*-i) 


Z+l 


'D^j) 

k\ 


(m — l)\. (4.16) 


In particular, by taking l = m and substituting n for m in Corollary 4.3, we have 
Corollary 4.4. Let n be a positive integer. Then 


£((><(!-> 

k —0 k —0 

We now use Corollary 4.4 to give Hyatt’s recurrence formula (1.10). By multi¬ 
plying the both sides of (4.17) by l/(t — 1), we get that for positive integer n, 

n—l — k 


i—k 


(4.17) 


5;i in 


n 
s k 

k =o 

which is equivalent to 


fc=o 


1 


t \t 


- 1 


(4.18) 


Dn(t) 

t~ 1 


k =0 


E 


n—l—k 


k =0 


&(;)■ (*■«) 


t \t 


i—l — k 


t n+1 „ (i 


t-i 


Noticing that from (4.9) and (4.12) we have 


D n (t)=t n D n [ -) (n > 2). 


(4.20) 


Hence, applying (4.20) to (4.19) gives Hyatt’s recurrence formula (1.10) immedi¬ 
ately. 

We next consider the case l = m + n + 1 in (4.5). By taking l = m + n + 1 in 
(4.5), in view of D 0 (t) = 1, we discover 

i D k(t) 

k\ 


E - l)^m,n ;J (l - t) J ' + (t - l) m+ ” +1 S m>rl ;og m ,„;0 


i-\-j-\-k=m-\-n -\-1 
i,j,k>0 


i D k{t ) 


~t E Pm,n;i{ 1 - ~ 1) J - *(1 - t) m+n+1 S m ,n ;0 g m ,n;0 


i4-j+ k=m + n +1 
i,j,k>0 




i+j=m+n+l 




(4.21) 


i+j'=m+n 

ij>0 
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So if we apply (4.9) to (4.21), in light of (4.12), we get 


y, ~ 1)* +J 


i,j,k>0 


Dk(t) 

k\ 


—t' 


m+n+2 


^ ^ ( 1 ^Pm,n-,iQm,n;j ( , 1 


i+ t ?+/c=m+n+l 

i,j,k>0 


i+j 


Ml 

kl 


= -(t - l) m +"+ 2 y ( - 1 

i+j^m+n+l 

i,j>0 

+t{ 1 - t) m+ " +1 S m , n; og m ,„;0 - (t - l) m+ " +1 Sm,n;09m,r l ;0. (4.22) 

Thus, applying (3.6) and (3.7) to (4.22) gives the following result. 

Theorem 4.5. Let m,n 6e non-negative integers with m > n. T/ien 


y C ? 0 n ~ ' ( TO + n — i)! • (i — 1)* +J 


i+j+fc=m+n+l 


-Dfc(l) 

k\ 


— i 


m+n+2 


E 


i+j+/c=m+n+1 
i,j,k>0 


. ) (m + n — i)! • (m + n — j)\ •-1 




= -[(-ir*+(-i) n ](t-i) 


m+n+i to! • n! 


m + n + 1 

If we take n = 0 and substitute ?i for m in Theorem 4.5, we have 


k\ 


(4.23) 


Corollary 4.6. Tef n he a non-negative integer. Then 


k—Q V 7 fc=0 X 7 


>+-i 

t 


n—k 


= -[(-l)"t+l] 


(*~1) 
n + 1 


n+1 


(4.24) 


We now multiply the both sides of (4.24) by 1/it — 1) to obtain that for non¬ 
negative integer n, 


k =0 v 7 k =0 v 7 


A -Dfc+id) /1 


k + 1 W 


- - 1 


n— 1 —/c 


1^.a ! ±i(i)_^_.5 = ± ! (<)_ [( _ 1) » t + 11 (L4r. ( 4 . 25 ) 

f-1 n+1 i-1 n+1 LV ' n + 1 V ' 


It follows from (4.20) and (4.25) that 


/c—0 X 7 k—0 x 7 x 7 

+ [(-i )Bt +i ] ^rrf (n - 1} ’ (426) 

which is very analogous to Hyatt’s recurrence formula (1.10). 
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CERTAIN SUBCLASSES OF BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER 
ASSOCIATED WITH THE GENERALIZED MEIXNER-POLLACZEK 

POLYNOMIALS 

C. RAMACHANDRAN 1 , T. SOUPRAMANIEN 2 , AND NAK EUN CHO 3 


Abstract. In the present paper, we introduce and investigate two new subclasses of the func¬ 
tion class E of bi-univalent functions of complex order defined in the open unit disk, which are 
associated with the one of the orthogonal polynomial namely Generalized Meixner-Pollaczek 
polynomials, and satisfying subordinate conditions. Taylor-MacLaurin coefficients | a-2 1 and | <3,3 1 
were estimated for functions in new subclass. Furthermore, several known consequences are also 
investigated. 


1. Introduction 

Let A denote the class of all functions f(z ) of the form 

OO 

f(z) = z + '£a n z" ( 1 . 1 ) 

n =2 

which are analytic in the open unit disk U = {;zeC:|;z|<l}. 

Let S be the class of functions which are subclass of A and is univalent in U. Some of the 
essential and well-scrutinized subclasses of the class S include, for example, the class 5*(ct) of 
starlike functions of order a in U, and the class /C(ct) of convex functions of order a in U, with 

0 < ct < 1. 

It is prominent that every function / e S has an inverse / -1 , defined by 

f-\f(z)) = Z (ze U) 

and 

/(/ _ 1 H) = w (Vl< r Q (/), r o(/) > ^ , 

2010 Mathematics Subject Classification. Primary 30C45, 33C50; Secondary 30C80. 

Key words and phrases. Analytic functions. Univalent functions. Bi-univalent functions, Bi-starlike functions, 
Bi-convex functions. Generalized Meixner-Pollaczek polynomials, Gaussian hypergeometric function. 
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where 

g(w) = f~ x (w) = w — a 2 W 2 + {2a\ — af)w 3 — (5al — 5a 2 a3 + af)w 4 + • • • (1.2) 


A function / e A is said to be bi-univalent in U if f(z) and / 1 (w) are univalent in U, and let 
E denote the class of bi-univalent functions in HJ. 


The convolution or Hadamard product of two function f, h e Ais denoted by f * h, and is 
defined by 

OO 

(/ *h)(z) '■= Z + Yl a n b nZ n , 

n =2 
oo 

where / is given by (1.1) and h(z) = z + ^ b n z n . 

n =2 


For complex numbers a* (i — 1, 2,... ,p) and f3j (j — 1,2,, q ) where /3j f 0, —1, —2,...; 
j = 1, 2,..., q, the generalized hypergeometric function p F q (z ) is defined by 


P F q(z) 


OO 

p F q(oi i, . . • , Oip, f i, . . . , (3q, zd) ^ ^ 

n =0 


(o ; l)n • • • Z 

(A)n • • • (A?)n '«! ’ 


(1.3) 


where p < q + 1, 


(A) 


r(A + n) 
r (n) 


1 if n = 0 

A(A + 1)(A + 2)... (A + n — 1) if n e N = {1,2,...}. 


The series given by (1.3) converges absolutely for |^|< ooifp < q + 1 and for y in the 
open unit disk U = {z : \z\< 1} if p — q + 1. For relevant values a, and /3j, the class 
of hypergeometric functions p F q is proximately cognate to classes of analytic and univalent 
functions. It is well-known that hypergeometric and univalent functions play significant roles 
in a large variety of problems undergone in applied mathematics, probability and statistics, 
operations research, signal theory, moment problems, and other areas of science (e.g., see Exton 
[6, 7], Miller and Mocanu [16] and Ronning [23]). In this sequel, we construct a new pathway 
for studying the connection between classes of hypergeometric and analytic univalent functions 
and also derive some new bounds for their respected Fekete-Szego coefficients. 


2. PRELIMINARIES 


For p = q + 1 = 2, the series defined by (1.3) gives rise to the Gaussian hypergeometric series 
2 Fi(a, b; c; z). This reduces to the elementary Gaussian geometric series 1 + z + z 2 + • • • if (i) 
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a = c and b 


1 or (ii) a = 1 and b 

2 Fi(a,b; c; z) ~- 


■ c. For 9ft(c) > 9ft(6) > 0, we obtain 

r(c) r 1 t h - 1 (i-t) c ~ b - 1 
r(6)r (c-b) J 0 (i -tzY 1 


As a special case, we observe that 


r 1 t b ~ l (l — t) a ~ 2 

2-^1 (1) 1; a; z) = (a — 1) y - - _ — - dt 

and 

2 Fi(a, l;l;z) = — — a 

so that 

2 Fi(a, 1; 1; t) * 2 F\(a, 1; 1; z) = = 2 Fi(1, 1; 1; 2 :). 


3 


The classical Koebe function is a function holomorphic in U = {z G C : |^|< 1} and given by 
the formula 

k ^ z ) = (1 _ z y = 4 | -l| =- + 2^ 2 + 32 3 + ..., £GU. 

The important function k 2 (z) follows from extremality for the famous Bieberbach conjecture. 
The Koebe function is univalent and starlike in U and maps the unit disk U onto the complex 
plane minus a slit (—00, — . 

Certain generalizations of k 2 were appeared in the literature. Robertson [22] proved that 

*2(1—«)(*)= (1 _/) 2(1 -a) (0<«<1) 

is the extremal function for the functions starlike of order a. The function 

LW = T{(1±t)”- 1 } („a\{«L6«) 

was widely studied by Pommerenke [21], who investigated a universal invariant family U a . 

The definition of k a was extended for a non-zero complex number a by Yamashita [27]. From 
the classical result of Hille [11], we see that k a is univalent in U if and only if a ^ 0 is the 
union A of the closed disks {\z + 1|< 1} and {\z — 1|< 1}. Making use of the geometric 
properties, Yamashita [27] described how k a tends to be univalent in the whole U as a tends to 
each boundary point of A from outside. 

On the other hand. The properties of log k' c , where 

k c (z) = l { (0) -lj (c G C\{0}) and k 0 (z) = ^ log ( z e u )> C 2 - 1 ) 
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were studied by Campbell and Pflatzgraff [4]. Pommerenke [21] studied the special case of 
( 2 . 1 ), that is, 


for which 




K^ z ) = 


I'y 


i > (7 > 0, z e U), 


47 w (l + z) 1 -^!-*) 1 -*' 

An obvious and consequential extension of (2.1) was given by the following formula. 


k c (9,ip-,z) = 


1 — ze l 


— e td ) c ( \ 1 — ze 1 ^ 

and for the case when c = 0 , 


iG 




We have 


K( 9 ^^ z ) = 


1 (ce C\{0}, e ie ± e^, 9, ^ e R, z G U) 


(e id ± e^, 9,ij) e R, z G U). 


(ceC). 


Comparing 




(1 - ze ie ) x C (1 - ze^) 1+c 

1 


(1 — ze ie ) 1 ~ il (1 — ze ^) 1+ * 7 

with the generating function for Meixner-Pollaczek polynomial P x (x: : 9) [13], we obtain 

1 


G x (x;9,-9;z) = 


E^miy\ 


(1 - (1 - ze-") A+i7 ,„ 0 

where A > 0, 9 e (0, n) and 16 R. 

Definition 2.1. For A > 0, 9 e (0, n) and 16 R 

OO 

--- E p n (*; «) 2 ” +1 


zG x (x]9,—9-,z) = 


v n+l 


(1 - ze ie ) X ~ h (1 - ze~ ie ) X+il n=0 
£ { ^e in6 2 F 1 (—n, A + ix, 2A; 1 - e~ 2ie ) 

n =0 
00 

Fn + iz 

n =0 

00 

E F " z ”> 

n =2 

where F n+i = ^pe m0 2 Pi (— n, A + ix, 2A; 1 — e" 2 * 61 ) and z6ll 


-2i6> A i „n+l 


= z 


( 2 . 2 ) 
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To note the significance of the class, we list the following special cases for various values of A, 
x and 9: 


0) CM 

(2) H„{x) 

(3) U n (x) 

(4) P”(x) 


CX +1 

lim P n 2 

</>-3 o 


X 


- (p , called the Laguerre polynomial. 

2 (p 


lim n! A 2 p x 


xV\ — A cos 4> 


X —>00 


S1I1( 


, called the Hermite polynomial. 


X (f) 


lim /„ 1^ —, —J, called the symmetric Meixner-Pollaczekpolynomial. 

Pn (t), shows that these polynomials are orthogonal polynomials in a strip 

A—30 


— 1 < 9 : (^) < 1 . 

3 / x 7T\ 

(5) W n {x) = lim Pn arises as the the Mellin transform of the odd Hermite orthog- 

A-30 V 2 2 / 
onal functions. 


For A > 0, 9 e (0, 7 r) and x e E, using the Generalised Meixner-Pollaczek polynomial (2.2), 
we introduce convolution operator P^ e : A —* A, by 

OO 

Fxfifi*) '■= {zG x (x-, 9, -9 ; z) * f(z )) = 2 + ^ F n a n z n , (2.3) 

n =2 


where 

Fn = ^ ) ^~S i ^ e 2 F l (— (n - 1), A + ix, 2A; 1 - e~ 2W ) (z G U). (2.4) 

Let () be the class of analytic functions w, normalized by «’(0) = 0, satisfying the condition 
\w(z)\< 1. For analytic functions / and g, we say that / is subordinate to g in U, denoted by 
f F g, if there exists a function w G 13 so that f(z) = g{w{z)) in U. In particular, if g is 
univalent in U, then / -< g <^> /(0) = g(0) and /(U) C g(U). 

Recently there has been triggering interest to study bi-univalent function class E and obtained 
non-sharp coefficient estimates on the first two coefficients \a 2 \ and |a 3 | of (1.1). But the coef¬ 
ficient problem for each of the following Taylor-MacLaurin coefficients a n {{n > 3) is still an 
open problem (see [2, 1, 3, 14, 17, 26]). Many researchers (see [ 8 , 10, 15, 24]) have recently 
introduced and investigated several interesting subclasses of the bi-univalent function class E 
and they have found non-sharp estimates on the first two Taylor-MacLaurin coefficients \a 2 \ and 

M- 


In [18], the authors defined the classes of functions V m (l3) as follows: 
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Definition 2.2. [18] Let V m (j3), with m > 2 and 0 < 0 < 1, denote the class of univalent 
analytic functions P, normalized with P(0) = 1, and satisfying 


/»27T 

ReP(z) - 0 

lo 

1-0 


(16 < mn , 


where z = re l6 £ U. 


For 0 = 0, we denote V rn : = V m ({)). hence the class V rn represents the class of functions p 
analytic in U, normalized with p( 0 ) = 1 , and having the representation 


r* 2n 


p(z) = 


ze 


dp(t), 


1 + ze u 

where p is a real-valued function with bounded variation, which satisfies 


2-it 


dp(t ) = 2it and 


2 t r 


\dp(t)\< m, m> 2 . 


Jo Jo 

Remark that V := V 2 is the well-known class of Caratheodory functions, i.e. the normalized 
functions with positive real part in the open unit disk LJ. 


Motivated by the earlier work of Deniz [5], Peng et al. [20] (see also [19, 25]) and Goswami 
et al. [9], in the present paper, we introduce new subclasses of the function class S of complex 
order 7 £ C* := C\{0}, involving Generalised Meixner-Pollaczek polynomial operator P^ 0 , 
and we find estimates on the coefficients |a 2 | and |a 3 | for the functions that belong to these 
new subclasses of functions of the class E. Several related classes are also considered, and 
connection to earlier known results are made. 


Definition 2.3. For 0 < a < 1 and 0 < f3 < 1, a function / £ E is said to be in the class 
Sy xM (z, a , (1) if the following two conditions are satisfied: 


1 + 


1 

7 


(1 - a)z + aF* e f(z) 


e V m {P) 


(2.5) 


and 


1 

1 + - 

7 




(1 — a)w + alF^ e g(w] 


- 1 


e VM, 


where 7 £ C*, the function g is given by ( 1 . 2 ), and z, w £ U. 


( 2 . 6 ) 


Definition 2.4. For 0 < a < 1 and 0 < f3 < 1, a function / £ E is said to be in the class 
(7, ot, (5) if the following two conditions are satisfied: 


1 + 


1 

7 


z(PYef(z)Y + z 2 

(1 — a)z + az 


e V m {p) 


(2.7) 
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i + i _ d e PmW) , 

7 [ (1 — a)w + aw {^x,e9\ w )) 


where 7 E C*, the function g is given by (1.2), and z, w E U. 


On specializing the parameters a, one can state the various new subclasses of E as illustrated 
in the following examples. Thus, taking a = 1 in the above two definitions, we obtain: 

Example 2.1. Suppose that 0 < f3 < 1 and 7 E C*. 

(i) A function f E E is said to be in the class S^' x ' e ( 7 , (5) if the following conditions are satisfied: 

1 \z (j 7 *af(z)Y 1 1 \w (J 7 ^ e g(w)\ 

1 + - Va f \ - 1 G 'Pmifi) and 1 +- Vw \ 1 

where g = f l and z, w E U. 

(ii) A function / e E is said to be in the class /C^’ ( 7 ,/?) if the following conditions are 
satisfied: 

1 , 1 , a \ a 1 , 1 \ w { jr xA w )Y] ^ 

1 + 7 [“TvwtJ e PmW and 1+ 7 e ™ 

where g = f l and z,w E U. 


Taking a = 0 in the previous two definitions, we obtain the next special cases: 

Example 2.2. Suppose that 0 < f3 < 1 and 7 E C*. 

(i) A function / E S is said to be in the class 7 , /3) if the following conditions are satis¬ 

fied: 

1 + 7 (^/(z))'- 1 e V m {P) and 1 + ^ {T^ e g{w))'-l E V m {P) 
where g = / _1 and z,w E U. 

(ii) A function f E E is said to be in the class Q^ x ’ ( 7 ,/?) if the following conditions are 
satisfied: 

1 + i [(7,»/(*-))' + * GaVM)" - 1 ] 6 A,U), 

and 

1 + ^ (F^ e g(w))' + w (F^ e g{w))" -1 E V m {0) 
where g = / _1 and z,«j6 U. 
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In order to derive our main results, we shall need the following lemma. 

OO 

Lemma 2.1. [9] Let the function <f>(z) = 1 + ^ h n z n (z £ U), such that <f> £ V m {(3). Then, 

n =1 

\h n \< m(l - (3) (n > 1). 


By employing the techniques which used earlier by Deniz [5], in the following section, we 
find estimates of the coefficients |a 2 | and |a 3 | for functions of the above-defined subclasses 

S^’ x ’ e ( 7 , /3) and IC^ x,e ( 7 , a, (3) of the function class E. 


3. Coefficient Bounds for the Function Class S^ x,e ( 7 , a, (3) 


We begin by finding the estimates on the coefficients « 2 and a 3 for the functions / given by 
(1.1) belonging to the class S^’ x,9 ( 7 , a,/3). 

Supposing that the functions p, q £ V m (/3), with 

OO 

p(z) = l + ^p k z k (z £ U) (3.1) 

k =1 

and 

OO 

q(w) = l + ^q k w k (weU), (3.2) 

k =1 

from Lemma 2.1, it follows that 

\pk\ < m(l — (3) and (3.3) 

\q k \ < m(l — j3) (for all k > 1). (3.4) 

Theorem 3.1. If the function / given by (1.1) belongs to the class S^ x ’ e ( 7 , a, (3), then 

m| 7 |(l -/3) 


a 2 < min 


and 


. m|7|(l — ( 3 ) 

|a 3 | < nrin <! x ^ + 


m|7|(l -13) _ 

| (a 2 - 2 a)F$ + (3 - a)F 3 \ ’ (2 - a)F 2 

777.171 (1 — (3) 


(3.5) 


(3 - a)F 3 

™\lf\0--P) 

(3 - a)F 3 

where F> and F : > are given by (2.4). 


(3 -a)F 3 (a 2 — 2a)F| + (3 — a)F z \■ 

~ ^ (1 + rnmi - P) “ 


1 + m| 7 |(l — (3) 


2 — a J 1 

a 2 — 2 a)F 2 + 2(3 — a)F 3 \ 


(2 - a) 2 F 2 


(3.6) 
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Proof. Since / € S^ x ' e { 7 , a, (5), from the definition relations (2.5) and (2.6), it follows that 

7 _(1 -a)z + aF* g f(z) 

= 1 + -— -F 2 a 2 z + —- —F 2 a\ + -— -F 3 a 3 z 2 H-=: p(z) (3.7) 

7 L 7 7 J 

and 

1+ 1 w (T^gjw))' i 
7 (1 - a)w + aF^ g g(w) 

2 cy cy 2 0 9 9 3 0 .9 . 9 , 

= 1- F 2 a 2 w + -F 2 2 a 2 H-F 3 (2a 2 - a 3 ) w 2 4- =: q(w), (3.8) 

7 L 7 7 

where V rn {fi), and are of the form (3.1) and (3.2), respectively. 



(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 


492 


C. RAMACHANDRAN ETAL 484-498 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


10 C. RAMACHANDRAN, T. SOUPRAMANIEN, AND NAK EUN CHO 

which gives the bound on |a 2 | as asserted in (3.5). 

Next, in order to find the upper-bound for |a 3 |, by subtracting (3.12) from (3.10), we get 

2(3 - a)F 3 a 3 = 7 (p 2 - ft) + 2(3 - a)F 3 a\. (3.15) 

It follows from (3.3), (3.4), (3.14) and (3.15), that 

I rnWjl-P) m\'y\(l~P) 

1 3U (3 — a)F 3 ' |(a 2 — 2a)Ff + (3 — a)F 3 \' 

From (3.9) and (3.10), we have 


a 3 — 


(3 - a)F 3 


IP 2 


7 2 (a 2 — 2 a)p\ 
(2 - a ) 2 


and hence 


m|7|(l — 8) / ... a 

M< -77 - —77^ 1 + rrz|7|(l - p) 


(3 - a)F 3 

Further, from (3.9) and (3.12) we deduce that 


(2-a) 

|(a 2 — 2a)F| 4 - 2(3 — a)F 3 \ 
(3 -a)F 3 (2 - aY FI 

and thus we obtain the conclusion (3.6) of our theorem. 


□ 


For the special cases a = 1 and a = 0, Theorem 3.1 reduces to the following corollaries, 
respectively: 


Corollary 3.1. If the function / given by (1.1) belongs to the class S^’ x ’ ( 7 , P), then 

| a- 2 1 < min 

and 


/ ?TZ 171 (1 — P) _ 7TZ171 (1 — P) 


10 . 31 < min 


2F 3 -F||’ F 2 

HtI(1 - P) ra|7|(l - P) _ 'm.1 7 1(1 — P) 

\2F :i - F|| + 2 F 3 ’ 2 F 3 


(1 + m|7|(l - P)) 


fn\^\{l-p) f 1 | m| 7 |( l - P)\AF 3 - F| 


2 F 3 


n 


where F> and F 3 are given by (2.4). 

Corollary 3.2. If the function / given by (1.1) belongs to the class ( 7 , P), then 


|a 2 |< min 


lm\i\{l-P) m1 7 1 (1 — P) 


3 F 3 


2 Fo 
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and 


|a 3 |< min < 2 


Mi\if -P) wi|tI(i -P) HtI(i -P) 


3 F 3 3 F 3 

where F> and F : > are given by (2.4). 


3 Ft 


1 + mm-fi)-^ 


4. Coefficient Bounds for the Function Class JC^ x,9 ( 7 , a , (3) 


Theorem 4.1. If the function / given by (1.1) belongs to the class JC^ X ' ( 7 , a, (3), then 

m\~f\(l-f3) _m|7|(l-/3) 


o 2 < min 


and 


I a 3 1 < min 


|4(a 2 - 2a) F. 2 + 3(3 - a)F 3 | ’ 2(2 - a)F 2 
- 0 ) 


3(3 - a)F 3 


1 + m|7|(l — f3) 


a 


+ 


2 — a t 
m|7|(l -/3) 


3(3 -a)F 3 |4(a 2 - 2a)Ff + 3(3 - a)F 3 | ’ 

' m l7l(l - /?) + m 2 | 7 | 2 (l ~/3) 2 / a + 3(3 - a)F 3 


3(3 -a)F 3 ' 3(3 -a)F 3 \2-a' 2(2 - a) 2 Ff 

where F- 2 and F 3 are given by (2.4). 


(4.1) 


(4.2) 


Proof. Since / € a, f3), from the definition relations (2.7) and (2.8), it follows that 


1 

1 + - 

7 


* {-Fx.efjz))' + 

(1 — a)z + az {F* e f(z))' 


- 1 


2(2 - a) ^ 

— 1 H- F 2 a 2 z + 

7 


4(a 2 - 2a) 2 2 3(3 - a) 


7 


F 2 a 2 + 


7 


F 3 ci 3 


z 2 4 -=: p(z) (4.3) 


and 


1 + - 

7 


= 1 - 


w + w2 


(1 - a)w + aw (F^ e g(w))' 


- 1 


2(2-a) 

7 


F 2 a 2 w + 


4(a 2 — 2a) 

7 


3(3 - a) 


Ffat + ——— F 3 {2a\ — a 3 ) w 2 H- =: q(w), 


7 


(4.4) 


where p, q E V m (f3), and are of the form (3.1) and (3.2), respectively. 
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Now, equating the coefficients in (4.3) and (4.4), we get 

2(2 - a) 

7 


F 2 a 2 = Pi, 


- 4(a 2 — 2a)F 2 a 2 + 3(3 — a)F 3 a 3 ] = p 2 , 


7 


2(2 - a) 

7 


F 2 a 2 = q u 


7 

From (4.5) and (4.7), we find that 


— 4(a 2 — 2a)F 2 a\ + 3(3 — a)F 3 {2a\ — a 3 ) = q 2 . 


a 2 — 


1P\ 


-79i 


which implies 


2(2 -a)F 2 2(2 — a)F 2 ’ 

|a 2 |< lT-Wl-« 


2(2 - a)F 2 

Adding (4.6) and (4.8), by using (4.9), we obtain 

[ 8 (a 2 - 2a)F 2 + 6(3 - a)F 3 ] a| = 7 (p 2 + q 2 ). 

Now, by using (3.3) and (3.4), we get 


and hence 


|a 2 | 2 = 


|a 2 |< 


TTZ171 (1 — /3) 


|4(a 2 — 2a)F 2 + 3(3 — a)F 3 \ ’ 


-m. 1 7 1 (1 — P) 


|4(a 2 — 2a)F 2 + 3(3 — a)F 3 \ ’ 

which gives the bound on |a 2 | as asserted in (4.1). 


(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 


Next, in order to find the upper-bound for |a 3 |, by subtracting (4.8) from (4.6), we get 

6(3 - a)F 3 a 3 = 7 (p 2 - q 2 ) + 6(3 - a)F 3 a 2 2 . (4.11) 

It follows from (3.3), (3.4), (4.10) and (4.11), that 

I ^ ra|7|(l -P) _ ~m.1 7 1(1 — {3) _ 

|a3| “ 3(3 — a)F 3 |4(a 2 - 2a)F 2 + 3(3 - a)F 3 |' 

From (4.5) and (4.6), we have 


and hence 


a 3 — 


M< 


3(3 - a)F 3 

- m. 1 7 1 (1 — / 3 ) 
3(3 - a)F 3 


IP 2 


7 2 (a 2 — 2 a)p\ 
(2 - a ) 2 


1 + m|7|(l — 0) 


a 


2 — a 
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Further, from (4.5) and (4.8), we deduce that 


M< 


ra|7|(l - P) 
3(3 - a)F 3 


1 + 171^1(1-/3) 


a 


2 — a 


and thus we obtain the conclusion (4.2) of our theorem. 


3(3 -a)F 3 \\ 

2(2 -a)*F*))' 


13 


□ 


For the special cases a = 1 and a = 0, the Theorem 4.1 reduces to the following corollaries, 
respectively: 

Corollary 4.1. If the function / given by (1.1) belongs to the class ( 7 , (5), then 


I a- 21 < min 


/ ?rz 171(1 — P ) . m | 7 l(l ~/ 3 ) 
|6F 3 -4F 2 2 |’ 2 F 2 


and 


Kl - 111111 ( 16F 3 -4F|' + ^ ^ + 


6 F, 


6 F 3 


777.171 ( 1 — 0) 

6 F 3 


1 + m| 7 |(l - P) ( 1 + 


6 F 3 

2 n 


where F 2 and F : > are given by (2.4). 

Corollary 4.2. If the function / given by (1.1) belongs to the class Q^ x ' ( 7 , /3), then 


I ci 2 1 min 


/m|7|(l-/3) m. 1 7 1( 1 — /3) 


9 F 3 


af 2 


|a 3 |< min < 2 


Ml\0- ~P) — p) m|7|(l -p) 


and 


9F 3 9F 3 

where F 2 and F 3 are given by (2.4). 


9 F 3 


m \ tK 1 


Remark that, various other interesting corollaries and consequences of our main results, which 
are asserted by Theorem 3.1 and Theorem 4.1 above, can be derived similarly. The details 
involved may be left as exercises for the interested reader. 
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Abstract 

In the paper, the authors introduce a new concept “strongly extended (s, m)-convex func¬ 
tion” and establish some integral inequalities of Simpson’s type for strongly extended ( s , m)- 
convex functions. 
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1 Introduction 

The following definitions are well known in the literature. 

Definition 1.1. A function f : I CK = (—oo, oo) —i M is said to be convex if the inequality 

f(tx + (1 - t)y) < tf(x) + (1 - t)f{y) 
holds for all x,y £ I and t £ [0,1]. 

Definition 1.2 ([T3]). For / : [0, b] —> R with b > 0 and m £ (0,1], if 

f(tx + m(l - t)y) < tf{x) + m(l - t)f(y) 

is valid for all x, y £ [0, b] and t £ [0,1], then we say that / is an m-convex function on [0, b\. 

Definition 1.3 ([6j ). Let s £ (0,1] be a real number. A function / : R —► Ro = [0: oo) is said to 
be s-convex (in the second sense) if the inequality 

f{Xx + (1 - A )y) < A s f{x) + (1 - A ) s f{y) 

holds for all x,y £ I and A £ [0,1]. 
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If s = 1, the s-convex function becomes a convex function on Ko- 

Definition 1.4 ( [15] )- For some s G [—1,1], a function f : I C R -> K is said to be extended 
s-convex if 

/(Ax + (1 - A )y) < A s f{x) + (1 - A ) s f(y) 
is valid for all x,y G / and A G (0,1). 

Definition 1.5 ([5]). A function / : [a, b] —> M. is said to be strongly convex with modulus c > 0 if 
f(tx + (1 - t)y) < t,f(x) + (1 - t)f(y) - ct( 1 - t)(x - y) 2 
is valid for all x. y G [a, b] and t G [0, 1]. 

Definition 1.6 (El). A function f : / C 1 -) I 0 is said to be strongly s-convex with modulus 
c > 0 and s G (0,1] if 

f(tx + (1 - t)y) < t s f(x) + (1 - t) s f(y) - ct{ 1 - t)(x - y) 2 


is valid for all x,y G / and t G [0,1]. 

The following theorems for some kinds of convex functions were obtained in recent years. 

A R be a differentiable mapping on 1° and 


Theorem 1.1 ([5, Theorem 2.2]). Let / : J° C I 
a, b G 1° with a < b. If |/'| is convex on [a, b], then 


/(«) + f(b) 


b — < 


f{x)dx 


< 


(6-a)(|/'(a)|+ ]/'(&)]) 


Theorem 1.2 ([8J Theorems 1 and 2]). Let f : I C 
a < b. If l/'l 9 is convex on [a, b] and q > 1, then 


f(a) + m 1 


and 


b — a , 


b 


f(x) d; 


f(x)d: 


< 


S —>• R be differentiable on 1° and a,b G I with 
b— a f\f'(a)\ q + \f'(b)\ q \ 1/q 


< 


b — a f\f'(a)\ q + \f(b)\ q \ 1/9 


Theorem 1.3 (jU Theorems 2.2 to 2.3]). Let / :JC1- 
a < b, and f G Li([a, b\). 

1. If |/'| is s-convex on [a, b] for some s G (0,1], then 


be differentiable on 1°, a,b G I with 


b — a 


f(x)d: 


< 


b — i 


4(s + l)(s + 2) [ 


< 


\f'( a )\ + \ f'(b)\ + 2(s + 1) 
(2 2 ~ s + l)(6 — a) . 


,f a + b 
2 


4(s + l)(s + 2) 


[\f(a)\ + \nb)\\. 
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2. //|/ , | p/(p - 1) is s-convex on [a, 6] for p > 1 and some fixed s £ (0,1], then 


a + h 


b — a 


f(x)dx 


< 


b — a ( 1 




+ 2 1_s |/ , (6)| 9 ] 1/9 + [2 1-s |/ , (a)| 9 + (2 1_,s + s + l) |/ , (6)| 9 ] v<z j 


1/9 \ 


where ^ ^ = 1. 

Theorem 1.4 ( j5j Theorems 3.1]). Let / : 7 C 1 —>1 fe a 2-times differentiable function on 1° 
and a,b £ 1° with a < b such that f" £ Li([a, 6]). If \f'\ q is strongly s-convex on [a,b] for q > 1 
and s £ (0,1], then 


1 

6 


/(«) + 2 / 


2 a + b 


2 / 


a + 2b 


+m 


b — a 


f(x)dx 


< 


&l q {b-af 
324 

c(b — a) 2 ] 1/9 
45 


l/"(a)| 9 + 


1 


(s + 2)(s + 3)3 ; 


(s - 3)3 S+2 + (s + 7)2 S+2 
(s + l)(s + 2)(s + 3)3 s 

(s- 1)2 s+2 + s + 5 
(s + l)(s + 2)(s + 3)3 ; 

|q , ( 3 - 3)3 S + 2 + (a + 7)2 S + 2 


:l f"{b)\ q 


(l/ ,/ ( a )l 9 + \f"(b)\ q ) — 


(s + 2)(s + 3)3 S 

llc(6 — a) 2 ] 1/9 


■irwr 


(s + l)(s + 2)(s + 3)3 s 


l/"(6)l 9 - 


270 
c[b — a ) 2 ] 1/9 


45 


For more information on this topic, please refer to the papers ia in ei 13 uni nu H2i nn eh 113 
and the closely related references therein. 

In this paper, we will introduce a new concept “strongly extended (s, m)-convex function” and 
establish some integral inequalities of the Hermite-Hadamard type for strongly extended (s, m)- 
convex functions. 


2 Definition and Lemmas 

Now we give a definition of strongly extended (s, m)-convex functions. 

Definition 2.1. A function / : [0,6*] C I 0 -) 1 0 is said to be strongly extended (s, m)-convex 
with modulus c > 0 and (s, m) £ [—1,1] x (0,1] if 

f(tx + m(l - t)y) < t s f{x) + m( 1 - t) s f(y) - ct( 1 - t)(x - y ) 2 

is valid for all x, y £ [0, 6*] and t £ (0,1). 

Remark 1. If / is strongly extended (s,m)-convex on [0,6*] and m = 1, then we say that / is 
strongly extended s-convex on [0,6*]. 

If / is strongly extended s-convex on [0,6*] and s £ (0,1], then it is strongly s-convex on [0, 6*]. 

To establish new Hermite-Hadamard type inequalities for strongly extended (s, m)-convex func¬ 
tions, we need the following lemmas. 
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Lemma 2.1. Let f : I C R. —► R be n-times differentiable function on 1°, a,b £ 1° with a < b , and 
n£ N+. If £ Li([a, b\), then 


b — a . 


fix) dx- Y 


(b - a) k ~ 1 [/ (fc - 1} («) + (~l) fc “ 1 / (fc “ 1) (6)] 


k=1 


W) 

{b — a) n rl 


2 (n!) 


[ [t n + {t- 1 )"] /("> (ta + il-t)b)d t. 
Jo 


Proof. By integration by parts, it follows that 

0 b-a) n+1 r 1 


2 (n!) 


f t n f M ita+il-t)b)dt 
Jo 


{b ° )W / ( "- 1 ) (o)+ Q) " [\ n ^f^- x \ta + il-t)b)dt 

2[(n- 1)!] Jo 


2(n!) 


= - W +wYwi l + a - tmt 


= -£ 


fc=l 


and 


(b - a) k f^-^ia) 1 

2(fc!) + 2 

(6 — a ) n+1 ^ 


/(a:) da; 


f {t-l) n f( n \ta+il-t)b)dt 

Jo 

(-1)"/(»—1)(6) + J 6 ~ ffl) " f\t - + (1 - i)6) dt 

2[(n- 1)!] Jo 


2(n!) 
2(n!) 

(&-«r 




(6 — a) r 


2 (n!) 

(6 — a)" -1 ^ 

' 2[(n — 2)!] J 0 


r (-l) n-1 / (n_2) (&) 


2[(n-l)!] 

|J it ~ l)"- 2 / (n_2) (to + (1 - t)b)dt 


= £ 


fc=i 


(—l) fe (6 — a) fc / (fc_1) (6) 1 

2(fc!) + 2 


fix)dx. 


Adding these two equations leads to Lemma [271] 


□ 


Lemma 2.2. Let f : I C 1 — y I be n-times differentiable function on 1°, a, b £ 1° with a < b, and 
ra€N+. If f^ £ Lii[a,b\), then 


b-> 


fix)dx~Y 


[l + (-l )fc- 1 ](6-q)fc- 1 ^ (fc _ 1) f a + b 


k =1 


2 fc_1 (fc!) 


ib -a) r 


n\ 


r r \/2 r i 

/ (-t)"/ (n) ((l-i)a + ^)d^+ / (l-t) n / (n) (fa+(l-t)&)di 

.Jo J 1/2 
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Proof. This follows from integration by parts immediately. 


□ 


3 Some new integral inequalities of Simpson’s type 

In this section, we establish integral inequalities of Simpson’s type for strongly extended (s, m)- 
convex functions. 

Theorem 3.1. Let f : [0,6*] C K 0 —)• M 0 be n-times differentiable on [0,6*], a, 6 e [0,6*] with 
a <6, and /(») G Li([a,6]). If |/<">|« is strongly extended (s,m)-convex on [0, -M for c > 0, 
(s, m) £ (—1,1] x (0,1], and q > 1, then 


6 — a , 


f(x)dx- Y 


(6 - a) fc_1 [/( fe - 1 )(a) + (-l) fe - 1 / (fe - 1) (6)] 


k =1 


1 — nB(n, s + 1) 
n + s + 1 


m 

|/ (n) (a )| 9 + m 


< 


f (n) ( - 


m 


(6 - a) r 
2 (n!) ^n+1 


( b --. 


2c 


(n + 2)(n + 3) \m 


1-1/9 


2> 1/9 


where B(a,/3) denotes the well known beta function which can be defined by 


B(a,j3)= j t a 1 (1 — t)^ 1 dt, a,/3>0. 
Jo 


Proof. Since \f^\ q is strongly extended (s, m)-convex on [0, —], from Lemma 
integral inequality, it follows that 


2.1 


and Holder’s 


1 


< 


< 


< 


6 - a J c 

(6 - a) r 
2 (n!) 

(6 — a) r 

2 (n\) 

(6 — a) r 
2 (n!) \n+ 1 


f(x)dx~Y 


(6- a )fe- 1 [/(fc-D( a ) + (—l) fc -i/( fc -i)(6)] 


k =1 


2(*I) 


f 1 [t n + (1 - t) n ] | / (n > (ta + (1 - t)b) | d t 

Jo 


pi- “ 1 1—1/9 r /“l 

/ [r + (l-t) n ]di / [i" + (l-i)"]|/ ( " ) (6a+(l-i)6)| q df 

io J l_J0 


1/9 


1-1/9 ( r \ 


+ m( 1 — 


(n)/ y 

m 


[ [t" + (l-t) n ] 
Jo 

—c£(l — i) r- a 


t s |/ (n) (a)|' 

2-| 1/9 

d f 


(6 —a)"/ 2 X 1 1/19 f 1 — nB(n, s + 1) 


2(n!) \n+l 
2c 

(n + 2)(n + 3) \^m 


ri¬ 


nd- s + 1 

2> 1/9 




91 


The proof of Theorem |3.1| is thus completed. □ 

Corollary 3.1.1. Under conditions of Theorem\3.1\ 


503 


Jun Zhang ET AL 499-508 








































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


1. when q = 1, we have 


b — a 


f{x)dx-^2 


(6 - a) k ~ l [/ (fc_1) (a) + (—l) fe_1 / Cfc_1) (6)] 


k= 1 


2(fc!) 


< 


(b — a) 71 f 1 — nB{n , s + 1) 
2 (n!) \ n + s + 1 


|/ (n) (a)| 


/ (n) ( - 
m, 


2c 




(n + 2)(n + 3) \m 


2. when q = 1 and to = 1, we have 


b — a 


f{x)dx~Yl 


(6 - a) fc_1 [/ (fe_1 )(a) + (—l) fe - 1 / (fc - 1) (6)] 


fc=i 


< 


(6 — a) n ( 1 — nB(n, s + 1) 

2 («!) 


2(fc!) 

[|/ (n) («)|+l/ (n) (6)|]- 


2c 


n + s + 1 Ll "' ' 1 |J v 'u (n + 2)(n + 3) 

Corollary 3.1.2. Under conditions of Theorem \3.1\ 

1. when s = 1, we have 

rb " (6 — a) fe_1 [/( fe_1 )(a) + (—l) fe_1 /( fe_1) (6)] 

k —1 


(6- a)^ 


1 

b — a 


f(x)dx~Y^ 


2(fc!) 


< 


(6-a)" 


2 1 /?[(n+ 1)!] 


|/'( a )| 9 + to 


/' - 
m 


2 c(n + 1) / b 

(■n + 2)(n + 3) \m 


1/9 


2. w/ien s = 0, we 6.are 


b - i 


f(x)dx~Y^ 


(,b - a) k ~ l [/( fc_1 )(a) + (-l) fe - 1 /( fc - 1 )(6)] 


fc = l 


2(fc!) 


< 


(b-a) n 
{n + 1)! 


I/»I 9 + to 




z{n + 1) / b 


(■n + 2)(n + 3) \m 


Theorem 3.2. Lei / : [0,6*] C K 0 —>• R 0 6e n-times differentiable on [0,6*], a, 6 € [0,6*] with 
a < b, and /W £ Li([a,6]). If |/(»>|« is strongly extended (s,m)-convex on [0, ^] /or c > 0, 
(s, to) £ (—1,1] x (0,1], and q > 1, then 

' " (6 - a )^- 1 [/^ ( a ) + (— l ) fc - 1 /( fc ~ 1 ) ( 6 )] 


6 -, 


fc=i 


< 


(6 — a) n / 2 \ 1 “ 1/9 [|/ (n) (a)| 9 +TO|/W( ? |)| 9 c/6 \ 2 l 1/? 


2(n!) \n + l 


s + 1 


6 Vto “ 


• (3-1) 


Proof. From Lemma |2.1| and Holder’s integral inequality, it follows that 


6 — i 


fix) da; - 


(6 - a) fc_1 [/( fe - 1 )(a) + (—l) fc - 1 / (fc - 1) (6)] 


fe = l 


2(fc!) 
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< 


< 


(b-ay 

2 (n!) 

C b-ay 

2 (n!) 


[ 1 [t n + (l-t) n ]\f^(ta+(l-t)b)\dt 
Jo 

/*1 " 1 —I/q ’ r 1 

/ [f + (l-i)f /(,_1) d( / |/^ } (£a + (l-£)6)| 9 di 

VO J Uo 


1/9 


Since £ ra + (1 — £)" < 1 for t £ [0,1], we have 

/ [£" + (l-£)"] 9/(9_1) di < / [t n + (1 - t) n ] d£ = 

Vo Vo 

Since l/^l 9 is a strongly extended (s, m)-convex function, it follows that 

£ \f {n \ta+(l - t)b)\ q dt < jf 1 £ s |/ (n) («)r + TO (! - ty f {n) (^) 

J/W( a )| 9 + m |/W(A)| 9 c/6 


n + 1 


—c£(l — t) — a 


dt 


s + 1 6 V rn 

Substituting the last two inequalities into the first inequality above and rearranging yield the 
inequality (3.11. The proof of Theorem 3.2 is thus complete. □ 

Corollary 3.2.1. Under the assumptions of Theorem \3.2\ we have 
1. if s = 1, then 

r b n (6 — a) fe- i [/( fe- i)(a) + (— 1 ) fe-1 / (fe ~i ) (&)] 

fc=i W 

(h-a) 


1 

b — a 


f( x ) dx ~Y 


< 


( n + 1 )! 


( n + l) 


1/9 


|/<">(o)|' + m|/W(-)| 




m 1 3 \m 


1/9 


2. if s = 0, then 


1 


b — a 


f(x)dx~Y^ 


(6 - a)^ 1 [/( fe_1 ) (a) + (—l) fc - 1 /C fe - 1) (6)] 


< 


k =1 

(b-ay 

2 (n!) \^n + 1 


2(fc!) 


1-1/9 r 


|/t-)(a)|' + TO|/(-)(A)|'-H(l- a 


2-, 1/g 


Theorem 3.3. Let f : [0,6*] C K 0 —> M 0 be n-times differentiable on [0,6*] , a, 6 £ [0,6*] with 
a < b, and f ^ £ Li([a, 6]). If \f^\ q is strongly extended (—1 ,m)-convex on [0, ^] for c > 0, 
to £ (0,1] and q > 1, then 


6 — ! 


f(x) dx — 


(6 - a )^ 1 [ y k ~ 1) (a) + (-1 ) fc - 1 / (fe - 1) ( 6 )] 


k =1 


2(fe!) 


< 


2(6 — a) r 


2 Ii + 1 (n + 1)_ 


1-1/9 


£,5ra(TTI) +1,,2 ) |/l ” ,( “ )l< 
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m- 


2 n n 
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(b__ ^ 
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Proof. Using Lemma 2.2 and Holder’s integral inequality and considering that I/*-"-* | 9 is the strongly 
extended (—1, m)-convex function, it follows that 


1 


< 


< 


b — a J c 
0b-a) 7 

n\ 

C b-aY 


f(x)dx — ^2 
1/2 


[f + (~l)^'- 1 ] (b ~ a ) 1 *- 1 f (k-i) ( a + b 


k =1 


2 k ~ 1 (k!) 


fl/Z pi 

/ t n \f M ((l-t)a + tb)\dt + / (l-i)"|/W(ia + (l-t)&)|dt 

JO J 1/2 

1/2 \ 1-1/9 r f 1/2 / 

t n dtj *”K1-t)- 1 |/ ( ” ) (a)|* 


d£ 


+ mt 


-l 


/<"> - 


-cta-O^-a 

1-1/9 


d£ 


1/9 


/•l “I i — 1/<? r pi / 

+ / (l-i) n dt / (l-t)"(r 1 |/ ( " ) (a)| 

.J 1/2 J L7l/2 V 


'1/2 
+ m(l — f)^ 1 
2(6 — a) 


/(")(- 


1 


n! \2 n+1 (n + !) 


+ TO 


1 

2 n 71 


/(")[- 


- -a 


1—1/qr /n—1 

£ 

\k =0 

c(n + 4) 


2 k+1 (k + 1) 

Y‘-, 


2\ n 1/9 
dt 


+ In 2 


2\ n 1/9 


2”+ 3 (n + 2)(n + 3) \to 


□ 


The proof of Theorem |3.3| is thus complete. 

Theorem 3.4. Let f : [0,6*] C R 0 -a K 0 be n-times differentiable on [0,6*], a, 6 G [0,6*] with 
a < b, and € Li([a, 6]). If \ f^\ q is strongly extended (—1 ,m)-convex on [0, ^] for c > 0, 

to £ (0,1], and q > 1, then 


6 — a 


f{x)dx~Yl 


(6 - a) fe_1 [f (k ~ x) (a) + (-l)^- 1 /^- 1 ) (6)] 


k =1 


2(fc!) 


< 


2(6 — a)” 


9-1 


1-1/9 r 


(n+l)q-2 

,2 [(n + l)q — 2], 


In 4 — 1 


i/ w («)r+f|/'"'(^) 


n\ 

192 V to 


2“] 1/9 


Proof. Using Lemma 2.2 and Holder’s integral inequality and considering that \f^\ q is strongly 

f ( k - 


extended (—1, TO)-convex, it follows that 

rb n 


1 


< 


b-a J c 

(6 — a) r 
n\ 


f{x)dx~Yl 

k-i 

rl/2 \ 1-1/9 r r l/2 


[l + ( l) fc *] (6 q) fc 1 ^ a + 6 
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2 fc_1 (A;!) 

, \ i-J/9 r /*i/2 / 

t^d/J l t^(l - t) _1 |/ ( " ) (a)| 


+ mt 


/(")(- 


—c*(i — «)( - -a 
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' 1/2 
+ m( 1 — tff 1 

2(6- a) 71 ( 


(1 — t) a- 1 df 


1-1/9 r /-l / 

y 1 /2 (i - t) ri /(B>(o) i 


/(n)| 21 
m 


9 / 5 \2\ ll/9 

—c£(l — i) I- a 1 |d/ 


9-1 


m 

1-1/9 


(r.+l)g-2 


2 9 - 1 [(71 + 1)9-2], 


In 4 — 1 1 


771 


2 + f 

The proof of Theorem |3(4| is thus completed. 
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FIXED POINTS OF MULTIVALUED NONEXPANSIVE 
MAPPINGS IN KOHLENBACH HYPERBOLIC SPACE 

BIROL GUNDUZ, EBRU AYDOGDU, AND HALIS AYGUN 


Abstract. In this paper, we give a multivalued version of Picard-Mann hybrid 
iterative process of Khan [4] in Kohlenbach hyperbolic space. This process 
converges faster than all of Picard, Mann and Ishikawa iterative processes. 
By using an idea of Shahzad and Zegeye [8] which removes a restriction on 
the mapping and the method of direct construction of Cauchy sequence as 
illustrated by Song and Cho [9], we obtain strong and A-convergence theorems 
of this process for a multivalued mapping. Our results improve corresponding 
results of Shazad and Zegeye [8], Song and Cho [9] and many other in the 
contemporary literature in terms of faster iteration, more general space and 
weaker condition on mapping T. 


1. Introduction and Preliminaries 

Throughout the paper, we denote the set of positive integers by N. Let ( E , d ) 
be a metric space and K be a nonempty subset of E. Then K is called proximinal 
if for each x £ E, there exists an element k £ K such that 

d{x, k) = inf{d(a:, y) : y £ K} = d{x, K ) 

We shall denote the closed and bounded subsets, compact subsets and proximinal 
bounded subsets of K by CB(K), C{K) and P{K), respectively. Let H be a 
Hausdorff metric induced by the metric d of E, that is 

H(A , B) = maxjsup d(x , B), sup d(y, A)} 

xe A y£B 

for every A,B£ CB(E). A multivalued mapping T : K —> P(K) is said to be a 
contraction if there exists a constant k £ [0,1) such that for any x,y £ K , 

H(Tx, Ty) < kd(x,y), 
and T is said to be nonexpansive if 

H(Tx, Ty) < d(x,y) 

for all x,y £ K. A point x £ K is called a fixed point of T if x £ Tx. Denote the 
set of all fixed points of T by F[T ) and Pt(x) = {y £ Tx : d(x,y) = d(x,Tx)}. 

Markin [1] started the study of fixed points for multivalued contractions and 
nonexpansive mappings using the Hausdorff metric (see also [2]). Moreover, Lim 
[26] proved the existence of fixed points for multivalued nonexpansive mappings un¬ 
der suitable conditions in uniformly convex Banach spaces. Later on, an interesting 
and rich fixed point theory for such maps was developed which has applications in 
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Key words and phrases, common fixed point, hyperbolic space, multivalued nonexpansive map, 
strong convergence, A-convergence. 
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control theory, convex optimization, differential inclusion and economics (see, [3] 
and references cited therein). Since then different authors have discussed on the 
existence and convergence of fixed points for this class of maps in convex metric 
spaces. For example, Shimizu and Takalrashi [18] generalized result of Lim [26] 
given above from uniformly convex Banach spaces to convex metric spaces. 

On the other hand, given x$ in K (a subset of Banach space), we know that 
Picard, Mann and Ishikawa iteration processes for a single valued map T : K —> K 
defined as follows: 

(Picard) x n+ i = Tx n , 


(Mann) 

and 

(Ishikawa) 


2-Yi+l — (1 O^n) x n 4“ 


x n+ 1 — (1 G^n) x n 4“ OtnTyn 
Vn = (1 - P n ) x n + P n Tx n 


where {a n } and {/?„} are in (0,1). 

Very recently, Khan [4] introduced a new iterative process which can be seen 
as a hybrid of Picard and Mann iterative processes. He also proved that the new 
process converges faster than all of Picard, Mann and Ishikawa iterative processes 
for contractions. Iteration scheme of Khan [4] defined as follows: 


(1.1) ^+i- Ty n 

Vn (1 “1“ 

where {a n } is a sequence in (0,1). 

It is well know that the theory of multivalued nonexpansive mappings is harder 
than according to the theory of single valued nonexpansive mappings. Sastry and 
Babu [5] defined Mann and Ishikawa iterative processes for a multivalued mapping 
as follows: 

Let K be a nonempty convex subset of E and T : K —> P(K) a multivalued 
mapping with p £ Tp. 

(i) Mann iterate sequence is defined by X\ € K, 

x n +1 — (1 CLn) x n 4"" ^nUm 

where y n € Tx n is such that ||y n — p\\ = d(p,Tx n ), and {a„} is a sequence in (0,1) 
satisfying lim a n = 0 and ^ a n = oo. 

(ii) Ishikawa iterate sequence is defined by aq € K , 

j Vn = (1 b n )x n V bn Xn • 
y '^n+1 = (1 G n )x n -|- a n u n , 

where z n € Tx n , u n £ Ty n are such that || 2 n — p|| = d(p,Tx n ) and \\u n — p|| = 
d(p, Ty n ), and {a„}, {b n } are real sequences with 0 < a n , b n < 1 satisfying lim b n = 

oo 

0 and Y2 CL n b n = oo. 

Sastry and Babu [5] proved that these iterates converge to a fixed point q of 
T under certain conditions. Moreover, they illustrated that fixed point q may be 
different from p. 

The following is a useful Lemma due to Nadler [2], 


Lemma 1.1. Let A,B£ CB (E) and a £ A. Ifri> 0, then there exists b £ B such 
that d (a, b) < H (A, B ) + rj. 
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In 2007, Panyanak [6] proved a convergence theorem of Mann iterates for a 
mapping defined on a noncompact domain and generalized results of Sastry and 
Babu [5] to uniformly convex Banach spaces. Furthermore, he gave an open question 
which was answered by Song and Wang [7]. 

Later, Shahzad and Zegeye [8] proved strong convergence theorems for the Islrikawa 
iteration scheme involving quasi-nonexpansive multivalued maps. They also re¬ 
moved compactness of the domain of T and constructed an iteration scheme which 
removes the restriction of T, namely, Tp = {p} for any p G F(T). 

To achieve this, they defined Pt{x) = {y G Tx : d(x,y) = d(x,Tx)} for a multi¬ 
valued mapping T : K —» P{K). They also proved strong convergence results using 
Islrikawa type iteration process. 

In this paper, we first define a multivalued version of the faster iteration scheme of 
Khan (1.1) in Kolrlenbaclr hyperbolic spaces and then use weaker condition Pt(x) = 
{y GTx : d(x, y) = d{x , Tx)} instead of Tp = {p} for any p € F(T) due to Shahzad 
and Zegeye [8] to approximate fixed points of a multivalued nonexpansive mapping 
T. Moreover, we use the method of direct construction of Cauchy sequence as 
indicated by Song and Cho [9] (and opposed to [8]) but used also by many other 
authors including [10],[11] and [13]. The algorithm we use in this paper read as 
under. 

Let £ be a Kohlenbach hyperbolic space and K be a nonempty convex subset 
of E. Let T : K —> P(K) be a multivalued map and Pt(x) = {y £ Tx : d(x,y) = 
d(x,Tx)}. Choose Xq G K and define {x n } as 


( 1 . 2 ) 


^n+1 — V n 

y n = W(u n ,x n ,a n ) 


where u n £ P T {x n ), v n G Pr(y n ) = PT(W(u n ,x n ,a n )) and {«„} is a real se¬ 
quence such that 0 < a < a n < b < 1 for all n G N. The iterative sequence 
(1.2) is called the modifed Picard-Mann hybrid iterative process for a multivalued 
nonexpansive mapping in a Kohlenbach hyperbolic space. In this way, we com¬ 
pute fixed points of a multivalued nonexpansive mapping by modifed Picard-Mann 
hybrid iterative process in a Kohlenbach hyperbolic space. Our results improve 
corresponding results of Shazad and Zegeye [8], Song and Cho [9] and many other 
in the contemporary literature in terms of faster iteration, more general space and 
weaker condition on mapping T. 

Different definitions of hyperbolic space can be found in the literature, we refer 
the readers to [14] for a detailed discussion. We will study under more general setup 
Kohlenbach hyperbolic spaces which introduced by Kohlenbach [15] as follows: 

Definition 1.2. A metric space ( E,d ) is said to be Kohlenbach hyperbolic space 
if there exists a map W : E 2 x [0,1] —> E satisfying: 

Wl. d ( u , W (x, y, a)) < (1 — a) d (u, x) + ad (u, y) 

W2. d (W (x, y,a),W (x, y, /3)) = \a - jd\ d (x, y) 

W3. W (x, y,a) = W {y, x, (1 - a)) 

W4. d (W (x, z, a ), W ( y , w, a)) < (1 — a)d [x, y) + ad (z, w) 
for all x,y : z,w G E and a, f3 G [0,1], 

A metric space (E, d) is called a convex metric space introduced by Takahashi 
[16] if it satisheses only Wl. Every normed space (and Banach space) is a special 


511 


BIROL GUNDUZ ET AL 509-519 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


4 BIROL GUNDUZ, EBRU AYDOGDU, AND HALIS AYGUN 

convex metric space, but the converse of this statement is not true, in general (see 
[11])- 

In the sequel, we shall use the term hyperbolic space instead of Kolrlenbach 
hyperbolic space in view of simplicity. The class of hyperbolic spaces includes 
normed spaces and convex subsets thereof, the Hilbert ball (see [17] for a book 
treatment) as well as CAT (O)-spaces. 

A hyperbolic space (A, d, W) is said to be uniformly convex [18] if for all u,x,y € 
E, r > 0 and e £ (0, 2], there exists a 6 £ (0,1] such that 

d (x, u) < r ) / , x x x 

d (y, u) <r S =>d(W ,u\ <{l-d)r. 

d(x,y) > er J ' ' ' ' 

A map rj : (0, oo) x (0,2] —> (0,1] which provides such a 5 = tj (r, e) for given 
r > 0 and e £ (0, 2], is called modulus of uniform convexity. We call rj monotone if 
it decreases with r (for a fixed e). A subset K of a hyperbolic space E is convex if 
W(x, y, a ) £ K for all x, y £ K and a £ [0,1]. 

Now, we discourse concept of A-convergence which coined by Lim [19] in general 
metric spaces. To give the definition of A-convergence, we first recall the notions 
of asymptotic radius and asymptotic center. Let {x n } be a bounded sequence in a 
metric space E. For x £ E, define a continuous functional r (., {x n }) : E —► [0, oo) 
by r(x,{x n }) = limsup^^QQ d (x, x n ) . Then the asymptotic radius p = r ({x n }) 
of {x n } is given by p = inf {r (x, {x n }) : x £ E} and the asymptotic center of a 
bounded sequence {x n } with respect to a subset K of E is defined as follows: 

A k ({^n}) = {x £ E : r (x, {x n }) < r (y, {x n }) for any y £ K} . 

The set of all asymptotic centers of {x n } is denoted by A({x n }). 

It has been shown in [22] that bounded sequences have unique asymptotic center 
with respect to closed convex subsets in a complete and uniformly convex hyperbolic 
space with monotone modulus of uniform convexity. 

A sequence {x n } in E is said to A-converge to a; £ A 1 if a: is the unique asymptotic 
center of {u n } for every subsequence {u„} of {x n } [20]. In this case, we write A 
-lim„ x n = x. 

We want to point out that A—convergence coincides with weak convergence in 
Banach spaces with Opial’s property [23]. 

Kirk and Panyanak [20] specialized this concept to CAT(0) spaces and showed 
that many Banach space results involving weak convergence have precise analogs 
in this setting. Dhompongsa and Panyanak [21] continued to work in this direction 
and studied the A-convergence of Picard, Mann and Ishikawa iterates in CAT( 0) 
spaces (Theorems 3.1, 3.2 and 3.3 respectively in [21]). Khan et al. [24] was studied 
this concept in hyperbolic spaces and they gave a couple of helpful lemma as follows. 

Lemma 1.3. [24] Let (A, d, W) be a uniformly convex hyperbolic space with monotone 
modulus of uniform convexity rj. Let x £ A and {a n } be a sequence in [6, c] for some 
b, c £ (0,1). If {x n } and {y n } are sequences in A such that limsup„_ >00 d(x n , x) < 
r, lim sup n ^ OQ d (y n , x) < r and lim^oo d (W (x n , y n , a n ), x) = r for some r > 0, 
then liirin^oc d (x n , y n ) = 0. 

Lemma 1.4. [24] Let K be a nonempty closed convex subset of a uniformly convex 
hyperbolic space and {a:„} be a bounded sequence in K such that A ({i n }) = {y} and 
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r ({xn}) = p. If {Um.} is another sequence in K such that linim^oo r (■ y m , {x n }) = P, 
then y m =y- 

The following useful lemma can be found in [9] gives some properties of Pt in 
metric (and hence hyperbolic) spaces. 

Lemma 1.5. [9] Let T : K —> P(K) be a multivalued mapping and Pt{x) = 
{y £ Tx : d(x,y) = d(x,Tx)} .Then the following are equivalent. 

(1) x £ F(T), that is, x £ Tx, 

(2) Pt{x) = {a;}, that is, x = y for each y £ Pt(x), 

(3) x £ F{Pt), that is, x £ Pr(x). 

Moreover, F(T) = F(Pt). 


2. Main Results 

Before giving our main results, we show that the modifed Picard-Mann hybrid 
iterative process (1.2) can be employed for the approximation of fixed points of a 
multivalued nonexpansive mapping in hyperbolic spaces. 

Define / : K —> K by f(x) = v for some v £ Pr(y) = Pt{W(u,x o,ao)) and 
for some u £ Pt(x). Suppose that Pt is nonexpansive multivalued mappings on 
K. Existence of X\ is guaranteed if / has a fixed point. For any m, n £ K, let 
z £ Pt(iti), z' £ Prin) such that d(z,z') = d(z,Tn), and y £ Pp(W(z, x 0 , a 0 )), 
y' £ P T {W{z',x 0 ,a 0 )) such that d{y,y') = d{y,T(W(z',x 0 ,a 0 ))). 

On using definition of condition W4 in hyperbolic sapaces, we have 


= 

d(y,y') 


< 

H 

O 

Q 

o 

J 

,P T (W(z',x 0 ,a 0 ))) 

< 

d(W(z,x 0 ,a 0 ),W(z', 

i ^0 5 <*o)) 

< 

(1 

- a 0 )d(z,z') 


= 

(1 

- a 0 )d(z,Tn) 


< 

(1 

- a 0 )d(z, P T (n)) 


< 

(1 

- a 0 )H(P T (m), P T (n)) 

< 

(1 

— ao)d(m, n). 



Since a n £ (0,1), / is a contraction. By Banach contraction principle, / has a 
unique fixed point. Thus the existence of x\ is established. Similarly, the existence 
of £ 2 , X 3 ,... is established. Thus the modifed Picard-Mann hybrid iterative process 

(1.2) is well defined. 

We start with the following couple of important lemmas. 

Lemma 2.1. Let K be a nonempty closed convex subset of a hyperbolic space E 
and let T : K —> P{K) be a multivalued map such that Pt is a nonexpansive map 
and F 0. Then for the modifed Picard-Mann hybrid iterative process {x„} in 

(1.2) , lim n — .oq d (x n ,p) exists for each p £ F. 
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Proof. Let p € F. Then p € Pt (p) = {p}. Using (1.2) and Lemma 1.5, we have 


( 2 . 1 ) 


d(x n+ i,p) 


= 

d{v n ,p ) 



< 

H{Fr{y n ),Pr(p )) 



< 

d(Vn,P ) 



= 

d(W(un,x n ,a n ),p) 



< 

a n d (p, u n ) + (1 - a n ] 

1 d(p. 

X n ) 

< 

a n d (x n ,p) + (1 - a n ) 

1 d (x, 

n.,P) 

= 

d(x n ,p) 




That is, 


d(x n+1 ,p ) < d(x n ,p). 


Hence linin^t*, d (x n ,p) exists. 


□ 


Lemma 2.2. Let K be a nonempty closed convex subset of a uniformly convex 
hyperbolic space E with monotone modulus of uniform convexity rj and let T : K —> 
P(K) be a multivalued map such that Pt is a nonexpansive map and F ^ 0. Let 
{a n } satisfy 0<a<a n <b<l. Then for the modifed Picard-Mann hybrid itera¬ 
tive process {x n } in (1.2), we have lim n ^ 00 ( x ni P T ( x n )) = lim, woo (x n , P T ( y n )) = 
0 . 


Proof. By Lemma 2.1, liuin^oo d (x n ,p) exists for each p £ F. Assume that 
lim d (x n ,p) = c for some c > 0. For c = 0, the result is trivial. Suppose c > 0. 

n —xx) 

Now lim n — .oq d (x n +\,p) = c can be rewritten as limn^oo d {v n ,p) = c. 

Since Pt is nonexpansive, we have 


Hence 

( 2 . 2 ) 

Next 


and so 


d (u n ,p) = d(u n ,P T (p )) 

< H(P T (x n ),P T (p)) 

< d(x n ,p). 


lim sup d ( u n ,p) < c 

n —>oo 


d{v n ,p) = 
< 
< 

< 

< 

< 


d (v n , P T (p)) 

H(P T (yn),P T (p )) 
d(y n ,p ) 

d{W (u n ,x n ,a n ) ,p) 

(1 - a n ) d (u n ,p) + a n d(x n ,p ) 

(1 - a n ) H ( P T ( x n ), P T (p)) + a n d (x n ,p) 
(1 - a n ) d ( x ni p ) + a n d ( x n ,p) 
d(x ni p) 


lim sup d ( v n , V ) < c. 

n —MDO 
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Further 


d{W{u n ,x n ,a n ),p) < 
< 


(1 - a n )d(u n ,p ) + a n d{x n ,p) 
(1 - a n )d(x n ,p) + a n d (x n ,p) 
d (x n ,p) . 


Taking lim sup, we have 


lira sup d(W(u n ,x n ,a n ),p) < c. 

n —>-oo 

Now (2.1) can be rewritten as 

d{x n+ i,p) < d {W ( u n ,x n ,a n ) ,p) 


and so 

c < lim inf d ( W (u n , x n , a n ) , p). 

n—> oo 

Hence 

(2.3) lim d(W (u n ,x n ,a n ) ,p) — c. 

n—> oo 

From liiUn^oo d (x n ,p) = c, (2.2), (2.3) and Lemma 1.3, it follows 

lim d (a:„,«„) = 0. 

n—> oo 

Similarly we can show that 

lim d(x n ,v n ) = 0. 

n —»oo 

Since d (x, Pt {x)) = inf zg p r ( x ) d (x, z) , therefore 

d (x„, P T (x n )) < d (x n , u n ) ->■ 0. 

Similarly 

d (x n , P T {yn)) < d (x n , v n ) -> 0. 


□ 


Now we approximate fixed points of the mapping T through A-convergence of 
the modifed Picard-Mann hybrid iterative process defined in (1.2). 

Theorem 2.3. Let K be a nonempty closed and convex subset of a uniformly convex 
hyperbolic space E with monotone modidus of uniform convexity rj. Let T, Pt and 
{a n } be as in Lemma 2.2. Then the modifed Picard-Mann hybrid iterative process 
{a;„} A -converges to a fixed point ofT {or Pt). 

Proof. Let p £ F{T ) = F{Pt)■ From the proof of Lemma 2.1, lim d{x n ,p) ex- 

n —xx) 

ists and {£„} is bounded. Thus { x n } has a unique asymptotic center. Therefore 
A{{x n }) = {x}. Let {u„} be any subsequence of {x n } such that H({n„}) = {w}. 
By Lemma 2.2, we have lim-n^oo (x n , Pt (x n )) = 0. We claim that v is a fixed point 
of P T . 
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To prove this, take {z m } in Pt{v). Then 


r{z m , {«„}) 


= lim sup d(z m , v n ) 

n—> oo 

< lim sup { d(z m , Pt {v n )) + d(P T ( v n ), v n )} 

n—> oo 

< lim sup H(P T (v), P T (v„)) 

n—> oo 

< lim sup d(v,v n ) 

n—> oo 


= r(v,{v n }). 

This gives \r(z m , {u n } — r (v, {u n })| —> 0 as m —> oo. By Lemma 1.4, we get 
lincim^oo z m = v. Note that Tv £ P(K) being proximinal is closed, hence Pt(v ) 
is closed. Moreover, P T (u) is bounded. Consequently lim„ woo z m = v € Pt{v). 
Hence v £ F{Pt ) and so v € F(T). Since \vcn. n ^ oa d(x n ,v) exists from Lemma 2.1, 
therefore by the uniqueness of asymptotic center, we have 


lim sup d(v n ,v) < 

n—>o o 

< 

< 


lim sup d(v n ,x) 

n—> oo 

lim sup d (x n , x) 

n—> oo 

lim supd(a; n ,u) 

n—>o o 

lim sup d(v n ,v) 

n—>o o 


a contradiction. Hence x = u. Therefore A({v n }) = {v} for every subsequence 
{u ra } of {x n }. Hence {x n } A-converges to a fixed point of T (or Pt). □ 


We now prove some strong convergence theorems. Our first strong convergence 
theorem is valid in a complete hyperbolic space. Then we apply this theorem to 
obtain two results in a complete and uniformly convex hyperbolic space. We also 
use the method of direct construction of Cauchy sequence as indicated by Song and 
Cho [9] (and opposed to [8]) but used also by many other authors including [10],[11] 
and [13]. 


Theorem 2.4. Let K be a nonempty closed and convex subset of a complete hy¬ 
perbolic space E and, T,Pt and {a n } be as in Lemma 2.2. Let {x n } be the mod- 
ifed Picard-Mann hybrid iterative process as defined in (1.2), then {x n } converges 
strongly to a point of F(T) if and only if liminfn^oo d{x n ,F{T)) = 0. 


Proof. The necessity is obvious. Conversely, suppose that lim infn^oo d(x n , F(T )) = 
0. By similar methot in Lemma 2.1, we get 

d(x n+1 ,p) < d(x n ,p), 

which implies 

d(x n+1 ,F(T)) < d(x n ,F(T)). 

This gives that lim d(x n , F(T)) exists and so by the hypothesis of our theorem, 

n—> oo 

liminf d(x n , F(T)) = 0. Therefore we must have lim d(x„, F(T)) = 0. 

n —>oo n—> oo 

We now we prove that {x n } is a Cauchy sequence in K. Let m,n £ N and 
assume m > n. Then it follows (along the lines similar to Lemma 2.1) that 

d(x m ,p) < d (x n ,p) 

for all p £ F. Thus we have 

d(x m , x n ) < d (x m ,p) + d (p, x n ) < 2 d{x n ,p). 
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Taking inf on the set F, we have d(x m ,x n ) < d (x n , F (T)). On letting m —> 
oo, n —y oo the inequality d(x m ,x n ) < d(x n ,F (T)) shows that {x n } is a Cauchy 
sequence in K and hence converges, say to q € K. Now it is left to show that 
q £ F (T). Indeed, by d(x„,F(Pr)) = inf yeF (p T ) d (x n , y). So for each e > 0, 
there exists p„^ £ F (Pt) such that, 

d(x n ,p.<d(x n ,F(P T )) + ^. 

This implies lim„^ 00 d ( x n ,Pn ^ < §• From d (pn\q^ < d (x n ,Pn^ + d (x n , q) it 
follows that 

lirn d (p { n\q) < l- 

n—»oo V / Z 

Finally, 

d ( Pt ( q ) ,q) < d (q, p^ + d (p^ , P T (q)) 

< d(q,pV)+B(p T (pV),P T (q)) 

< 2 d(p ( n e) ,q) 

yields d ( Pt (g) ,q) < e. Since £ is arbitrary, therefore d (Pt (q ), q) = 0. Since F is 
closed, q £ F as required. □ 


As appropriate our goal, we give the following definitions. The first is the multi¬ 
valued version of condition (I) of Senter and Dotson [25] and second is semi-compact 
map. 


Definition 2.5. A multivalued nonexpansive mappings T : K —> CB(K) where 
K a subset of E, are said to satisfy condition (I) if there exists a nondecreasing 
function / : [0, oo) —> [0, oo) with /(0) = 0, f(r) > 0 for all r £ (0, oo) such that 
d(x,Tx) > f(d(x,F)) for all x £ K. 

Definition 2.6. A map T : K —> P(K) is called semi-compact if any bounded 
sequence {x n } satisfying d(x n ,Tx n ) —> 0 as n —► oo has a convergent subsequence. 

We now obtain the following theorem by applying the above theorem in a com¬ 
plete and uniformly convex hyperbolic space where T : K —> P(K) satisfies condi¬ 
tion (J). 


Theorem 2.7. Let K be a nonempty closed convex subset of a complete and uni¬ 
formly convex hyperbolic space E with monotone modulus of uniform convexity ?y 
and, T,Pt and {a n } be as in Lemma 2.2. Suppose that Pt satisfy condition (I), 
then the modifed Picard-Mann hybrid iterative process {Xn} defined in (1.2) con¬ 
verges strongly to p £ F. 


Proof. By Lemma 2.1, lim n ^^ d(x n ,p) exists for all p £ F(T). We call it c for 
some c > 0. 

If c = 0, there is nothing to prove. 

Assume c > 0. Now d(x n +\,p) < d(x n ,p) gives that 


inf 

peF(T) 


d(x n +l,p) < 


inf d(x n ,p). 

peF(T) 
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which means that d(x n +i,F(T)) < d(x n , F(T)). Hence lim d(x n ,F(T)) exists. 

n —»oo 

By using condition (/) and Lemma 2.2,we get 

lim f(d(x n ,F(T))) < lim d(x n , Tx n ) = 0. 

n —>-oo n—> oo 

and so 

lim f(d(x n ,F(T))) = 0. 

n—> oo 

By properties /, we obtain that lim d(x n , F(T)) = 0. Finally applying Theorem 

n—> oo 

2.4, we get the result. □ 

The proof of follow theorem is also easy and omitted. 

Theorem 2.8. Let K be a nonempty closed convex subset of a uniformly convex 
hyperbolic space E with monotone modulus of unifoi'm convexity p and, T, Pt and 
{a n } be as in Lemma 2.2. Suppose that Pt is semi-compact, then the modifed 
Picard-Mann hybrid iterative process {x n } defined in (1.2) converges strongly to 
p € F. 

Remark 2.9. (1) Theorem 2.4 and Theorem 2.7 extends the corresponding results 
Khan [4] in three ways: (i) from single valued maps to multivalued maps (ii) from 
bounded domain to unbounded domain (ii) from uniformly convex Banach space 
to general setup of uniformly convex hyperbolic spaces. 

(2) Our theorems sets analogue corresponding results of Khan [4], for multivalued 
nonexpansive maps on unbounded domain in a uniformly convex hyperbolic space 
X. 

(3) Since Picard-Mann hybrid iterative process converges faster than Mann and 
Islrikawa iterative processes, our theorems are better than results of Fukhar-ud-din 
et al. [27]. 

(4) Since CAT(0)-spaces are uniformly convex hyperbolic spaces with a ’nice’ 
monotone modulus of uniform convexity i](r,e) := then our results valid in 
CAT(0) spaces besides Banach spaces. 

(5) Iteration process (1.2) has not been studied in CAT(0) spaces and Banach 
spaces for multivalued nonexpansive map so far. Due to hyperbolic spaces are more 
general than CAT(0) spaces as well as Banach spaces, the iteration process (1.2) 
does not need to be studied for this class of mappings in CAT(0) spaces or Banach 
spaces. 


References 

[1] J. T. Markin, Continuous dependence of fixed point sets, Proc. Amer. Math. Soc., 38 (1973), 
545-547. 

[2] S. B. Nadler, Jr., Multivalued contraction mappings, Pacific J. Math., 30 (1969), 475-488. 

[3] L. Gorniewicz, Topological fixed point theory of multivalued mappings, Kluwer Academic 
Pub., Dordrecht, Netherlands, 1999. 

[4] S.H. Khan, Picard-Mann hybrid iterative process, Fixed Point Theory and Applications, 
2013, 2013:69. 

[5] K. P. R. Sastry and G. V. R. Babu, Convergence of Ishikawa iterates for a multivalued 
mapping with a fixed point, Czechoslovak Math. J., 55 (2005), 817-826. 

[6] B. Panyanak, Mann and Ishikawa iterative processes for multivalued mappings in Banach 
spaces, Comp. Math. Appl., 54 (2007), 872-877. 

[7] Y. Song and H. Wang, Erratum to "Mann and Ishikawa iterative processes for multivalued 
mappings in Banach spaces", [Comp. Math. Appl., 54(2007), 872-877]. Comp. Math. Appl., 
55(2008), 2999-3002. 


518 


BIROL GUNDUZ ET AL 509-519 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


FIXED POINTS OF MULTIVALUED NONEXPANSIVE MAPPINGS 11 


[8] N. Shahzad and H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued maps 
in Banach spaces, Nonlinear Anal. 71 (2009), no. 3-4, 838-844. 

[9] Y. Song and Y.J. Cho, Some notes on Ishikawa iteration for multivalued mappings, Bull. 
Korean. Math. Soc., 48 (2011), No. 3, pp. 575-584. DOI 10.4134/BKMS.2011.48.3.575 

[10] S. H. Khan, M. Abbas and B.E. Rhoades, A new one-step iterative scheme for approximating 
common fixed points of two multivalued nonexpansive mappings, Rend, del Circ. Mat., 59 
(2010), 149-157. 

[11] B. Gunduz and S. Akbulut, Strong convergence of an explicit iteration process for a fi¬ 
nite family of asymptotically quasi-nonexpansive mappings in convex metric spaces, Miskolc 
Mathematical Notes, 14 (3) (2013), 905-913. 

[12] B. Gunduz, S. H. Khan, S. Akbulut, On convergence of an implicit iterative algorithm for 
non self asymptotically non expansive mappings, Hacettepe Journal of Mathematics and 
Statistics, 43 (3) (2014), 399-411. 

[13] B. Gunduz and S. Akbulut, Strong and A-convergence theorems in hyperbolic spaces, Miskolc 
Mathematical Notes, 14 (3) (2013), 915-925. 

[14] U. Kohlenbach and L. Leustean, Applied Proof Theory: Proof Interpretations and Their Use 
in Mathematics, Springer Monographs in Mathematics. Springer, Berlin, 2008. 

[15] U. Kohlenbach, Some logical metatheorems with applications in functional analysis, Trans. 
Amer. Math. Soc., 357 (2005), 89-128. 

[16] W. Takahashi, A convexity in metric spaces and nonexpansive mappings, Kodai Math Sem 
Rep. 22 (1970), 142-149. 

[17] K. Goebel, S. Reich, Uniform convexity, hyperbolic geometry, and nonexpansive mappings, 
Monographs and Textbooks in Pure and Applied Mathematics, vol. 83, Marcel Dekker Inc., 
1984. 

[18] T. Shimizu and W. Takahashi, Fixed points of multivalued mappings in certain convex metric 
spaces, Topol Methods Nonlinear Anal. 8 (1996), 197-203. 

[19] T.C. Lim, Remarks on some fixed point theorems, Proc. Amer. Math. Soc. 60 (1976), 179-182, 

[20] W.A. Kirk and B. Panyanak, A concept of convergence in geodesic spaces, Nonlinear Anal. 
68 (2008), 3689-3696. 

[21] S. Dhompongsa and B. Panyanak, On A-convergence theorems in CAT(0) spaces, Comput. 
Math. Appl. 56 (2008), 2572-2579. 

[22] L. Leu§tean, Nonexpansive iterations in uniformly convex W-hyperbolic spaces, Contemp. 
Math., 513 (2010), 193-210. 

[23] T. Kuczumow, An almost convergence and its applications, Ann. Univ. Mariae Curie- 
Sklodowska, Sect. A, 32 (1978), 79-88. 

[24] A.R. Khan, H. Fukhar-ud-din and M.A.A. Khan, An implicit algorithm for two finite families 
of nonexpansive maps in hyperbolic spaces, Fixed Point Theory and Applications 2012, 54 
( 2012 ). 

[25] H.F. Senter and W.G. Dotson, Approximatig fixed points of nonexpansive mappings, Proc. 
Amer. Math. Soc., 44(2) (1974), 375-380. 

[26] T.C. Lim, A fixed point theorem for multivalued nonexpansive mappings in a uniformly 
convex Banach spaces, Bull. Amer. Math. Soc., 80 (1974), 1123-1126. 

[27] H. Fukhar-ud-din, A.R. Khan and M. Ubaid-ur-rehman, Ishikawa type algorithm of two 
multi-valued quasi-nonexpansive maps on nonlinear domains, Ann. Funct. Anal. 4 (2) (2013), 
97-109. 

Department of Mathematics, Faculty of Science and Art, Erzincan University, Erz- 

incan, 24000, Turkey. 

E-mail address : birolgndz@gmail.com 

Department of Mathematics, Kocaeli University, Kocaeli, Turkey. 

E-mail address: ebrudiyarbakirli@gmail.com 

Department of Mathematics, Kocaeli University, Kocaeli, Turkey. 

E-mail address: halis@kocaeli.edu.tr 


519 


BIROL GUNDUZ ET AL 509-519 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Double-framed soft sets with applications in BE -algebras 
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Abstract. 

The notions of double-framed soft subalgebras/filters in EE-algebras are introduced and related properties are 
investigated. We consider characterizations of double-framed soft subalgebras/filters, and establish a new double- 
framed soft subalgebra/filter from old one. Also, we show that the int-uni double-framed soft of two double framed 
soft subalgebras/filters is a double framed soft subalgebra/filter. 


1. Introduction 

In 1966, Imai and Iseki [3] and Iseki [4] introduced two classes of abstract algebras: BCK- 
algebras and BCI-algebras. It is known that the class of BCK-algebras is a proper subclass of 
the class of BCI-algebras. As a generalization of a BCK-algebra, Kim and Kim [10] introduced 
the notion of a BE- algebra, and investigated several properties. In [2], Ahn and So introduced 
the notion of ideals in AA-algebras. They gave several descriptions of ideals in BE- algebras. 

Molodtsov [12] introduced the concept of soft set as a new mathematical tool for dealing with 
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. 
Molodtsov pointed out several directions for the applications of soft sets. Worldwide, there has 
been a rapid growth in interest in soft set theory and its applications in recent years. Evidence 
of this can be found in the increasing number of high-quality articles on soft sets and related 
topics that have been published in a variety of international journals, symposia, workshops, and 
international conferences in recent years. Maji et al. [11] described the application of soft set 
theory to a decision making problem. Jun and Park [9] studied applications of soft sets in ideal 
theory of BCK/BCI- algebras. Jun et al. [8] introduced the notion of intersectional soft sets, and 
considered its applications to BCK/BCI- algebras. Also, Jun [5] discussed the union soft sets 
with applications in BCK/BCI- algebras. Jun et al. [6] introduced the notion of double-framed 
soft sets, and applied it to BCK/BCI- algebras. They discussed double-frame soft algebras and 
investigated related properties. Jun et al. [7] studied applications of soft sets in £>A-algebras. 
Ahn et al. [1] introduced the notion of int-soft hlters of BA-algebras and investigated related 
properties. 


°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

°Keywords: Double framed soft set, Double framed soft subalgebra (filter), Int-uni double framed soft subal¬ 
gebra (filter), EE-algebra. 

* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409 

°E-mail: h.an@hanyang.ac.kr (J. S. Han); sunshine@dongguk.edu (S. S. Ahn) 
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Jeong Soon Han and Sun Shin Ahn 

In this paper, we introduce the notions of double-framed soft subalgebras/filters in D E-algebras 
and investigated related properties. We consider characterizations of double-framed soft subal¬ 
gebras/filters, and establish a new double-framed soft subalgebra/filter from old one. Also, we 
show that the int-uni double-framed soft of two double framed soft subalgebras/filters is a double 
framed soft subalgebra/filter. 


2. Preliminaries 

We recall some definitions and results discussed in [10]. 

An algebra (X; *, 1) of type (2, 0) is called a BE-algebra if 

(BE1) x * x — 1 for all x E X] 

(BE2) x*l = l for all x E X] 

(BE3) 1 * x = x for all x E X\ 

(BE4) x * (y * z) = y * (x * z) for all x,y, z E X (exchange ) 

We introduce a relation “<” on a BE- algebra X by x < y if and only if x * y — 1. A non-empty 
subset S of a EE-algebra X is said to be a subalgebra of X if it is closed under the operation 
“ * Noticing that x * x = 1 for all x E X, it is clear that 1 G S. 

Definition 2.1. Let (X; *, 1) be a EE-algebra and let F be a non-empty subset of X. Then F 
is called a filter of X if 

(FI) 1 e F ; 

(F2) x * y E F and x E F imply y E F for all x,y E X. 

Proposition 2.2. Let (X; *, 1) be a BE-algebra and let F be a filter of X. If x < y and x E F 
for any y E X, then y E F. 

A soft set theory is introduced by Molodtsov [12]. In what follows, let U be an initial universe 
set and X be a set of parameters. Let &{U) denotes the power set of U and A, B,C : - ■ ■ C X. 

Definition 2.3. A soft set (/, A) of X over U is defined to be the set of ordered pairs 

(/, A) := {(*, /(*)) : x E X, f(x) E 0>{U)} , 

where / : X —>• &(U) such that f(x) = 0 if x ^ A. 

3. Double-framed soft subalgebras 

In what follows, we take E = X, as a set of parameters, which is a EE-algebra unless otherwise 
specified. 

Definition 3.1. A double-framed pair ((a,/3);X) is called a double-framed, soft set over U, where 
a and ft are mappings from X to &(U). 
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Definition 3.2. A double-framed soft set ((a, (3)] X) over U is called a double-framed, soft 
subalgebra over U if it satisfies : 

(3.1) (\fx,y G X) (, a(x*y) D a(x) n a(y), j9(x*y) C (3(x) U (3(y)). 

Example 3.3. Let X be the set of parameters where X : = {1, a, b, c, d} is a D E-algebra [7] with 
the following Cayley table: 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

1 

d 

1 

1 

1 

1 

1 


Let ((a,(3)] X) be a double-framed soft set over U defined as follows: 


and 


a : X -7 x ^ 


r 3 if x = 1 , 

T\ if x G {a, c, d}, 
r 2 if x — b , 


f 73 if X = 1, 

(3 : X —¥ &(U), x i— y \ 71 if x G {a, c, d}, 

[72 if x = b 


where Ti, t 2 , t 3 , 71 , 7 2 and 7 3 are subsets of U with 77 C r 2 C r 3 and 71 2 72 2 73 It is routine to 
verify that ((a, (3)] X) is a double-framed soft subalgebra over U. 


Lemma 3.4. Every double-framed soft subalgebra ((a,(3)]X) over U satisfies the following 
condition: 


(3.2) (Vx G X) (a(x) C a(l), (3(x) D (3(1)). 


Proof. Straightforward. □ 

Proposition 3.5. For a double-framed soft subalgebra ((a,/3);X) over U, the following are 
equivalent: 

(i) (Vx G A") (a(x) = a(l), (3(x) = (3(1)). 

(ii) (Vx,y G A") (a(y) C a(y*x), (3(y) D (3(y*x)). 

Proof. Assume that (ii) is valid. Taking y 1 in (ii) and using (BE3), we have a(l) C a(l*x) = 
a(x) and /3(1) D (3(1 * x) = (3(x). It follows from Lemma 3.4 that a(x) = a(l) and (3(x) = (3(1). 
Conversely, suppose that a(x) = a(l) and (3(x) = (3(1) for all x G X. Using (3.1), we have 

a(y) = a(y) D a(l) = a(y) D a(x) C a(y * x), 

P(y) = P(y) U (3(1) = (3(y) U (3(x) D (3(y*x) 

for all x, y G X. This completes the proof. □ 
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For two double-framed soft sets ((a,/3);X) and ((/, g); X) over U, the double-framed soft int- 
uni set of {(a,/3);X) and ((f,g)]X) is defined to be a double-framed soft set ((anf,pOg)]X) 
where 


af)f : X -A &(U), x i —y a(x) fl f(x), 
f3Cig : X —> &{U), x ha f3(x) U g(x). 

It is denoted by ((a, P)\ X) n ((/, g ); X) = {(afl/, pO g)\ X). 

Theorem 3.6. The double-framed soft int-uni set of two double-framed soft subalgebras ((a, /3); X) 
and ((f,g);X) over U is a double-framed soft, subalgebra over U. 


Proof. For any x,y E X, we have 

(an/)(x * y) =a(x * y) n f(x * y) D (a(x) n a(y)) n (f(x) n f(y)) 

= {a(x) n f(x)) n (a(y) D f(y)) = ( af)f)(x ) n (ali/)(y) 

and 

(/3Qg)(x * y) =/3(x *y) U g(x * y) C U 0(y)) U (g(x) U g{y)) 

=(P( X ) u 9(x)) U {fi{y) U g{y)) = (/?G. g)(x) U {P0g)(y). 

Therefore {(a,/3); X) fl {(f,g)', X) is a double-framed soft subalgebra over U. 


□ 


For two double-framed soft sets (( a,/3);X ) and ((f,g)]X) over U, the double-framed soft uni- 
int set of ((a,/3); X) and ((f,g);X) is defined to be a double-framed soft set {(aOf, f3f)g)', X) 
where 


aUf : X -A &(U), x ha a{x) U f(x), 

/3f]g : X -A &(U), x ha f3(x) fl g{x). 

It is denoted by ((a, (3)] X) U ((/, g); X) = {{aOf, png)] X). 

The following example shows that the double-framed soft uni-int set of two double-framed soft 
subalgebras {(a,P)]X) and {(f,g)] X) over U may not be a double-framed soft subalgebra over 
U. 

Example 3.7. Let X be the set of parameters where X := {1, a, b, c, d} is a BE- algebra [2] with 
the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

1 

a 

1 
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Let ((a, (3)] X) and ((/,<?); X) be double-framed soft sets over U defined, respectively, as follows: 


and 


ct : X -> &{U), x hg 


r 5 if x = 1 , 

r 2 if x = a, 

7 "i if x — b , 

r 3 if x = c, 


(3 : X -> &{U), x hg 


75 if x = 1 , 

72 if re = a, 

7 i if re = b, 

73 if re = c, 


f:X-> &{U), x ^ 


T 4 if re = 1 , 

r 2 if re = a, 

r 3 if re = 6 , 

Ti if x = c, 


g : X -)> re ^ 


74 if re = 1 , 

7 2 if re = a, 

7 3 if re = b, 

7 i if re = c, 


where 71 , 72,73,74,75,ti, r 2 ,t 3 ,74 and 77 are subsets of U with ri C t 2 C r 3 C r4 C 7-5 and 
71 D 72 D 73 D 74 D 75. It is routine to verify that ((a,/ 3 );X) and ((f,g);X) are double-framed 
soft subalgebras over U. But ((«, j 3 ); X)l_l((/, g)\ X) = ((aU/, / 3 fig); X) is not a double-framed soft 
subalgebra over U, since (aClf)(c*b) = (aO/)(a) = a(a)U/(a) = r 2 r 3 = (aO/)(c) fl (aU/)(6) 
and/or (/ 3 n^)(c * 6) = (/?n#)(a) = / 3 (a) fl g(a) = 72 ^ 73 = (/ 3 n^)(c) U (/ 3 fl#)(&). 


For a double-framed soft set ((«, (3)] X) over U and two subsets 7 and 5 of U, the 7 -inclusive set 
and the 5-exclusive set of {(a, /3); X) , denoted by ix(ot; 7 ) and ex(/3',5), respectively, are defined 
as follows: ix(ot] 7 ) := {x G X | 7 C a(rc)} and ex(/3; 5) := {rc G A" | h D ^(rr)} , respectively. 
The set DF X (ct,/3)^ t ^ {x G X | 7 C a(x), 5 D (3(x)} is called a double-framed including set 
of ((a, f 3 )] X) . It is clear that DFx (a, (3)^ ^ = ix(or, 7 ) Fl ex((3', 5). 

Theorem 3.8. For a double-framed soft set ((a, (3)\ X) over U, the following are equivalent: 

(i) {(a,f3);X) is a double-framed soft subalgebra over U. 

(ii) For every subsets 7 and 5 of U with 7 G Im(a) and 5 G Im((3), the 7 - inclusive set and 
the 5-exclusive set of ((a, (3)] X) are subalgebras of X. 


Proof. Assume that {(a,/3);X) is a double-framed soft subalgebra over U. Let x,y G X be such 
that x,y G ix(ot; 7 ) and x,y G ex(/3;5) for every subsets 7 and 5 of U with 7 G Im(a ) and 
h G Im(/3). It follows from (3.1) that 

a(x * y) A a(x) fl a(y) D 7 and f3(x * y) C f3(x) U (3(y) C 5. 
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Hence x * y G ixipr, 7 ) and x * y G e x (/?; 8), and therefore 7 ) and ex{/3', 5) are subalgebras 
of A. 

Conversely, suppose that (ii) is valid. Let x, y G X be such that a{x) = 7 X , a(y) = 7 y , (3(x) = S x 
and (3(y) = S y . Taking 7 = 7 X D 7 y and 5 = 5 X U S y imply that x, y G ix(or, 7 ) and x, y G ex(/3; 5). 
Hence G 7x(cb7) and x *y G e x (/3;S), which imply that a(x*y ) 7 = 7 ^ 717 ^ = a(a;)na:(y) 
and /3(x*y) <7 5 = 8 X U5 y = (3(x)Uf3(y). Therefore (( a,(3);X) is a double-framed soft subalgebra 
over U. □ 


Corollary 3.9. If ((a,/3); X) is a double-framed soft subalgebra over U, then the double-framed 
including set of ((a, /3); A") is a subalgebra of X. 

For any double-framed soft set ((a,/?); A) over U, let ((«*,/?*); X) be a double-framed soft set 
over U defined by 


a* : X —>■ &{U), xe^ 
f3* : X -A xe^ 


a(x) if x G ix(or, 7 ), 

77 otherwise, 

j3(x) if x G e x (/3;S), 
p otherwise, 

where 7 , 5, 77 and p are subsets of U with 77 C a{x) and p D f3(x). 

Theorem 3.10. If (( a , /3); X) is a double-framed soft subalgebra over U, then so is ((a*, /?*); X). 

Proof. Assume that ((a,/?); X) is a double-framed soft subalgebra over U. Then ix(or, 7) and 
ex(/d; 5) are subalgebras of X for every subsets 7 and S of U with 7 G Im(a) and 5 G Im((3 ), by 
Theorem 3 . 8 . Let x, y G X. If x, y G ix(<*', 7), then x * y G ix(&; 7). Thus 

cC(a; * y) = a(x * y) a(x) fl a(y) = a*(a;) fl a*(y). 

If x (f ix(or, 7) or y ^ fx(«;7), then a* (A) = 77 or a* (y) = 77. Hence 

a* (a; * y) 77 = a* (a;) fl a* (y). 

Now, if a:, y G ex(/ 3 ; 5 ), then a; * y G e x (/3)8). Thus 

* y) = / 3 (a; * y) C 0 (x) U /%) = / 3 *(x) U /?*(y). 

If a: ^ ex(/ 3 ; 5) or y e x (/3]S), then / 3 *(a;) = p or / 3 *(y) = p. Hence 

(3*(x*y) C p = (3*(x) up*(y). 

Therefore {(a*,/3*)-, X) is a double-framed soft subalgebra over U. □ 

Let ((a, (3)] X) and ((a, /3); Y) be double-framed soft sets over U, where A, Y are B E-algebras. 
The (a A , fly) -product of ((a,j3)]X) and (( a,/3);Y ) is defined to be a double-framed soft set 
{(«xa y, Pxvy)', X x Y) over U in which 

a X /\Y : X x Y -A 3*(U), (a ;,y) ha a(x) n a(y), 

Axvy : A x y —>■ fP(U), (a;, y) ha / 3 (z) U / 3 (y). 
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Theorem 3.11. For any BE-algebras X and Y as sets of parameters, let ((a,/3);X) and 
(( a,/3)]Y) be double-framed soft, subalgebras over U. Then the (ct A , j3\j)-product, of ((a, f3)] X) 
and ((a?,/ 3 ); Y) is also a double-framed soft subalgebra over U. 

Proof. Note that (X x Y, ©; (1,1)) is a E-algebra. For any (x,y), ( a,b ) G X x Y, we have 

ax ay {(x, y) © (a, b )) = a x A y ( x*a,y*b ) 

= a(x * a) fl a(y * b) D (a(x) D a(a)) fl (a(y) D a(b)) 

= (a(x) D a(y)) fl (a(a) fl a(b)) 

= y (x, y) fl a X /\Y (a, b) 

and 

fixvY (Of y) © (a, b)) = /3 XwY (x * a, y*b) 

= (3(x *a) U /3(y * b) C (/3(x) U (3(a)) U (/3(y) U /3(b)) 

= (fi(x) U P(y)) U (/ 3 (a) U /3(b)) 

= Pxvy {x,y) U /3 X \/y (a, b) 

Hence ((ax a y,/3 X vy)', E x F) is a double-framed soft subalgebra over U. □ 


4. Double-framed soft filters 


Definition 4.1. A double-framed soft set X) over U is called a double-framed, soft filter 

over U if it satisfies : 


(4.1) (Vx G A") (a(l) D a(x), /3( 1) C /3(x)). 

(4.2) (\/x,y E X) ( a(x*y ) fl a(x) C a(y), /3(y) C f3(x*y) U/ 3 (x)). 


Example 4.2. Let E = X be the set of parameters where X := {l,a, 6 , c} is a B E-algebra [1] 
with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

a 

a 

1 


Let ((ct,/ 3 ); X) be a double-framed soft set over U defined, respectively, as follows: 


a : X &{U), x ^ 


72 if x G ( 1 , c}, 
7i if x G (a, b}, 


and 


(3 : X -> fP(U), x ^ 


r 2 if x G {1, c}, 
r i if x G {a, 6}, 


where 71,72,© and r 2 are subsets of X with 71 C 72 and r 2 C T\. Then ((a,/3);X) is a double- 
framed soft filter of X over U. 
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Example 4.3. Let E — A be the set of parameters where A := {1, a, b, c} is a BE- algebra with 
the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

c 

c 

1 

a 

b 

1 


Let ((a,(3)] X) be a double-framed soft set over U defined as follows: 


and 


a : X -A &{U), x eA 


r 2 if x G { 1 , a}, 
T\ if x G {b, c}, 


P : X -G &(U), x 


hi if x G {1, a}, 
h 2 if x G {b,c}, 


where ri,r 2 ,hi and h 2 are subsets of U with T\ C r 2 and hi C h 2 . Then ((a,/3); A") is a double- 
framed soft subalgebra over U. But ((cy/3); A) is not a double-framed soft filter of X over U, 
since a(a *b) C\ a (a) = r 2 ^ t\ = a(b) and/or /3(b) = h 2 ^ hi = /3(a * 6 ) U /3(a). 


Theorem 4.4. For a double-framed soft set ((a,/3); X) over U, the following are equivalent: 

(i) ((a, f3)',X) is a double-framed soft filter over U. 

(ii) For every subsets 7 and 5 of U with 7 G Im(a) and h G Im((3), the y-inclusive set and 
the 6-exclusive set of ((a, /3); X) are filters of X. 


Proof. Assume that {(a,(3)]X) is a double-framed soft filter over U. Let x,y G X be such that 
x * y,x G ix(ot] 7 ) and x * y,x G ex(/3]5) for every subsets 7 and h of 17 with 7 G Im(a) and 
h G Im(/3). It follows from Definition 4.1 that 

a(l) D a(x) D 7 , h D /3(a;) D /3(1), 

a(y) D a(x * y) D a(x) D 7 and j3(y) C /3(x * y) U /3(ar) C h. 

Hence l,y G fx(«; 7 ) and 1 , 7 / G ex(/3;6), and therefore fx(«; 7 ) and ex((3]5) are Liters of A7 
Conversely, suppose that ix(ot; 7 ) and e_v(/3;h) are Liters of A" for all 7 , h G &(U) with 
ix(o:; 7 ) 7 ^ 0 and ex(J3] h) 7 ^ 0. Put a (a;) = 7 for any a; G A. Then a; G ix(«; 7 )- Since 
*x(o:; 7 ) is a Liter of X, we have 1 G ix(w, 7 ) and so a (a;) = 7 C a(l). For any a:, 7 / G A, let 
a (a; * 7 /) = 7 x * y and a(x) = y x . Take 7 = y x * y fl y x . Then x * y G ix(ot; 7 ) and x G ix(ot] 7 ) which 
imply y G 7x(«; 7 )- Hence a ( 7 /) D 7 = 7 ^ C 7 * = a (a; * y) fl a(x ). 

For any a; G A", let f3(x) = h. Then a; G ex(/3]6). Since ex((3',S) is a Liter of A, we have 
1 G ex(/3',S) and so (3(x) = h 3 /3(1). For any ay 7/ G A, let /3(a; * 7 /) = h x *. y and (3(x) = h x . 
Take h = h x * y U h x . Then x * y G ex(/3',S) and a: G ex(/3]5) which imply y G ex(/3',5). Hence 
(3(y) C h = ha,* y Uh x = /3(a; * y) U f3(x). Therefore {(a,/3); X) is a double-framed soft Liter over 
U. □ 
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Proposition 4.5. Every double-framed soft filter ((a,0)]X) over U satisfies the following con¬ 
dition: 

(i) (Vx,ye X) (x<y=> a(x) C a(y), 0(x) D 0(y )), 

(ii) (Va, x E X) (a(a) C a ((a * x) * x), /3(a) D 0((a * x) * x)). 

Proof, (i) Assume that x < y for all x,y E X. Then x * y — 1. Hence we have a(x) = 
a(l) fl a(x) = a(x * y) D a(x) C a(y) and 0(x) = 0(1) U 0(x) = 0(x * y) U 0(x) D 0(y). 

(ii) Taking y := (a*x)*x and x := a in Definition 4.1, we have a((a*x) *x) D a(a*((a*x)*x)) fl 
a(a) = a((a*x)*(a*x))Ha(a) = a(l)fla(o) = a (a) and 0((a*x)*x) C 0(a* ((a*x) *x))U 0(a) = 
0((a * x) * (a* x)) U 0(a) = 0(1) U 0(a) = 0(a). □ 

Theorem 4.6. Let ((a,0)\X) be a double-framed soft, set over U. Then (( a,0);X) is a double¬ 
framed soft filter over U if and only if it satisfies the following condition: 

(4.3) (Vx, y,z E X)(z < x * y =>• a(y) D a(x) fl a(z) and 0(y) C 0(x) U 0(z)). 


Proof. Assume that ((a,0);X) is a double-framed soft filter over U. Let x,y, z E X be such 
that z < x * y. By Proposition 4.5(i), we have a(y) D a(x * y) P\ a(x) D a(z) fl a(x) and 
0(y) C 0(x *y) U 0(x) C 0(z) U0(x). 

Conversely, suppose that ((a,0)]X) satisfies (4.3). By (BE2), we have x < x * 1 — 1. Using 
(4.3), we obtain a(l) D a(x) and 0(1) C 0(x) for all x E X. By (BE1) and (BE4), we get 
x < (x * y) * y for all x,y E X. It follows from (4.3) that a(y) D a(x * y) fl a(x) and 0(y) C 
0(x * y) fl 0(x). Therefore ((a, 0); X) is a double-framed soft filter over U. □ 


For any double-framed soft set ((a,0)]X) over U, let ((a*, 0*)] X) be a double-framed soft set 
over U defined by 


a* : X -E &(U), x eE 
0* : X -E 0*(U), xe^ 


a(x) if x E ix(or, l), 
0 otherwise, 

0(x) if x E e x (0\$), 
U otherwise, 


where 7 , 5 are nonempty subsets of U. 


Theorem 4.7. If ((a, 0); X) is a double-framed soft filter over U, then so is ((a*, 0*); X) . 

Proof. Assume that ((a,0);E) is a double-framed soft filter over U. Then i x (cc, 7 ) ( 7 ^ 0) and 
e x (0',S)( 7 ^ 0) are filters of X for every subsets 7 and 5 of U with 7 E Im(a) and 5 E Im(0), 
by Theorem 4.4. Hence 1 E ix(oc, 7 ), 1 E e x (0',S) and so a*(l) = a(l) D a(x) = a*(x),0*( 1) = 
0(1) C 0(x) = 0*(x) for all x E X. Let x, y E X. If x * y E i x ((*', 7 ) and x E i x (<x] 7 ), then 
y E i x (or, 7 ). Hence a*(y) = a(y) D a(x * y) P\ a(x) = a*(x * y) H a*(x). If x * y 0 i x (or, 7 ) or 
x 0 i x (a; 7), then a*(x * y) = 0 or a*(x) = 0. Therefore 

a*(y) 5 0 = a*(i*!/)n a*(x). 
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Now, if x * y,x G ex(/3',S), then y G ex((3',5). Thus 

p*{y) = P(y) Q *y) U P(x) = (3*(x*y) U /3*(x). 

If x * y <£ ex(/3] 5) or x ex((3] 5), then (3*(x *y) = U or (3*(x) = U. Hence 

P*{y) Q P*(x*y) u/3*(x). 

Therefore ((a*, (3*)] X) is a double-framed soft filter over U. □ 

Theorem 4.8. A double-framed soft set {(a,/3); X) over U is a double-framed soft filter over U 
if and only if it satisfies the following conditions: 

(i) (Vx,y G X)(a(y*x) D a(x),/3(y*x) C /3(x)), 

(ii) (Vx, a,b E X)(a((a * (b * x)) * x) D a (a) fl a(b), /3((a * (b * x)) * x) C /3(a) f1 /3(b)). 

Proof. Assume that ((a,(3)]X) is a double-framed soft filter algebra over U. It follows from 
Definition 4.1 that a(y * x) D a(x * (y * x)) fl a(x) = a(l) fl a(x) = a(x) and (3(y * x) C 
(3(x * (y * x)) U f3(x) = (3(1) U (3(x) = (3(x) for all x,y G X. Using Proposition 4.5(h), we have 
a((a * (b* x)) * x) D a(b * ((a * (b* x)) * x)) fl a(b) = a((a * (b* x)) * (b* x)) fl a(b) D a (a) fl a(b) 
and /3((a*(b*x))*x) C (3(b*((a*(b*x))*x))U/3(b) = (3((a*(b*x)) * (b*x))U(3(b) C /3(a)U/3(b) 
for any a, b, x G X. 

Conversely, let ((a,/3)]X) be a double-framed soft set over U satisfying conditions (i) and (ii). 
If y x in (i), then a(l) = a(x * x) D a(x) and (3(x * x) = (3(1) C (3(x) for all x G X. Using 
(ii), we have a(y) = a(l * y) — a(((x * y) * (x * y)) * y) ~D a(x * y) fl a(x) and (3(y) = (3(1 * y) = 
(3(((x * y) * (x * y)) * y) C (3(x * y) n a(x) for all x, y G X. Hence ((a, (3); X) is a double-framed 
soft filter of X. □ 

Theorem 4.9. The double-framed soft int-uni set of two double-framed soft filters ((a,(3);X) 
and ((/, g); X) over U is a double-framed soft, filter over U. 

Proof. For any i,i/G X, we have (aH/)(l) = a(l) D/(l) D a(x) flf(x) = (aT\f)(x), (j3Qg)(l) = 
^(1) U g(l) C /3(x)U g(x) = (0Qg)(x) and 

(anf)(y) =a(y)nf(y) 

2(a(x *y) fl a(x)) n (f(x * y) (1 f(x)) 

=(a(x *y) fl f(x * y)) n (a(x) n f(x)) 

= (aT\f)(x*y) n (af]f)(x) 

and 

((3Ug)(y) =(3(y) U g(y) 

Q(P(x * y) U /3(x)) U (g(x *y) U g(x)) 

=((3(x *y) U g(x * y)) U (j9(x) U g(x)) 

=((3Ug)(x*y) U (j9Ug)(x). 

Therefore ((a,/3)]X) fl ((f,g);X) is a double-framed soft filter over U. □ 
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The following example shows that the double-framed soft uni-int set of two double-framed soft 
filter ((a;,/?);X) and ((f,g); X) over U may not be a double-framed soft filter over U. 


Example 4.10. Let E = X be the set of parameters where X := {1, a, b, c, d, 0} is a D E-algebra 
[ 2 ] with the following Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

a 

c 

c 

d 

b 

1 

1 

1 

c 

c 

c 

c 

1 

a 

b 

1 

a 

b 

d 

1 

1 

a 

1 

1 

a 

0 

1 

1 

1 

1 

1 

1 


Let ((a,/ 3 );X), ((/, p);X) be double-framed soft sets over U defined as follows: 


a : X ->• &{U), x 


73 ifxe{l,c}, 

7 i if x G {a, b, d, 0}, 


and 


/ 3 :X^ &{U), x ^ 


f:X-> x 


g:X ^ x^ 


r 3 if x G {1, c}, 

T\ if x G {a, b, d, 0 }, 

74 if x G { 1 , a, d}, 
72 if x e {c, d, 0 }, 

r 4 if a; 6 { 1 , a, b}, 
r 2 if x G {c, d, 0 }, 


where 7 i, 72,73, 74 , Ti, r 2 , r 3 and r 4 are subsets of U with 71 C 72 C 73 C 74 and 77 2 r 2 2 r 3 2 r 4 - 
Then ((a, / 3 );X), ((/, <7); X) are double-framed soft Liters over U. But ((cc, /3); X) U ((/, <7); X) = 
((aO f,/3C]g)]X) is not a double-framed soft Liter over U, since 


(aU/)(c *d) n («U/)(c) =(aU f)(a) n (aOf)(c) 

= (a(a) U /(a)) n (a(c) U /(c)) 


=74 n 73 = 73 £ 72 = 71 U 72 
—a(d) U /(d) = (aO/)(d) 


and/or 


(^n#)(c * d) u (^fisO(c) =(/3n5f)(a) u (pf\g)(c) 

={/ 3 (a) n g(a)) U (/ 3 (c) n g(c)) 

= (r 4 n r 4 ) U (r 3 n r 2 ) = r 4 U r 3 = r 3 
^r 2 = Ti fl r 2 = /3(d) fl #(d) = (f 3 C\g)(d). 
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HYERS-ULAM STABILITY OF ADDITIVE FUNCTION EQUATIONS IN 

PARANORMED SPACES 

CHOONKIL PARK, SU MIN KWON, AND JUNG RYE LEE* 


Abstract. In this paper, we prove the Hyers-Ulam stability of the following additive functional 
equations 

/(^y^+« + w) = ^f{x) + ^f(y) + f(z) + f{w), 

/ ( X + 3 + Z + w) = \f( x ) + \f(y)+ \f(z) + f(w) 

in paranormed spaces. 


1. Introduction and preliminaries 

The concept of statistical convergence for sequences of real numbers was introduced by Fast 
[5] and Steinhaus [23] independently and since then several generalizations and applications of 
this notion have been investigated by various authors (see [6, 9, 11, 12, 18]). This notion was 
defined in norrned spaces by Kolk [10]. 

We recall some basic facts concerning Frechet spaces. 

Definition 1.1. [25] Let A be a vector space. A paranorm P : X —> [0, oo) is a function on X 
such that 

(1) P(0) = 0; 

(2) P(-x) = P(x) ; 

(3) P(x + y) < P(x) + P(y) (triangle inequality) 

(4) If {t n } is a sequence of scalars with t n —> t and {x n } C X with P(x n — x) —> 0, then 
P{t n x n — tx) —> 0 (continuity of multiplication). 

The pair (X , P) is called a paranormed space if P is a paranorm on X. 

The paranorm is called total if, in addition, we have 

(5) P(x) = 0 implies x = 0. 

A Frechet space is a total and complete paranormed space. 

The stability problem of functional equations originated from a question of Ularn [24] con¬ 
cerning the stability of group homomorphisms. Hyers [8] gave a first affirmative partial answer 
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for 
additive mappings and by Th.M. Rassias [16] for linear mappings by considering an unbounded 
Cauchy difference. A generalization of the Th.M. Rassias theorem was obtained by Gavruta 
[7] by replacing the unbounded Cauchy difference by a general control function in the spirit of 
Th.M. Rassias’ approach. See [2, 3, 4, 13, 14, 15, 17, 19, 20, 21, 22] for more information on 
the stability problems of functional equations. 


2010 Mathematics Subject Classification. Primary 35A17; 39B52; 39B72. 

Key words and phrases. Hyers-Ulam stability, paranormed space; functional equation. 
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Using the direct method, we prove the Hyers-Ulam stability of the following additive func¬ 
tional equations 

f{~^~ + z + w ) = \f( x ) + \f(y) + f( z ) + /H> ( L1 ) 

/ ( a + 3 + " +w ) = lf( x ) + \f(y) + \f( z ) + f( w ) ( L2 ) 

in paranormed spaces. 

Throughout this paper, assume that ( X , P ) is a Frechet space and that (Y, || • ||) is a Banach 
space. 

2. Hyers-Ulam stability of the functional equation (1.1) 

In this section, we prove the Hyers-Ulam stability of the functional equation (1.1) in para¬ 
normed spaces. 

Note that P(3x) < 3 P(x) for all x £ Y. 

Theorem 2.1. Let r,9 be positive real numbers with r > 1, and let f : Y —> X be an odd 
mapping such that 

p [f + z + w^j - ^f(x) - ^f(y ) - f(z) - /h) 

< wr+iiyir + w r +wn (2- 1 ) 

for all x, y,w,z € Y. Then there exists a unique additive mapping A : Y X such that 

P(f(x)-A(x))<XU ]|x|r (2.2) 


for all x e Y. 

Proof. Letting w = z = y = x in (2.1), we get 

P(f(3x)-3f(x))<40\\x\\ r 


for all x G Y. So 

p (/(*)-3/(|)) <^e\\x 

for all x £ Y. Hence 



for all nonnegative integers m and l with m > l and all x £ Y. It follows from (2.3) that the 
sequence {3 n /(jpr)} is a Cauchy sequence for all x £ Y. Since X is complete, the sequence 
{3 n /(jpr)} converges. So one can define the mapping A : Y — > X by 

A(x) := lim 3 n /( —) 

for all x £ Y. Moreover, letting l = 0 and passing the limit m —> oo in (2.3), we get (2.2). 
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It follows from (2.1) that 


P 


0 4 z + w ) - - \ A (v) - A ( z ) - 


= lim P ( 3 n ( / 

n—>• oo 


x + y z + w 
2 • 3 n + 3 n 




O'* \ On / O •’ \ On / V l On / l On 




< lim 3 n P / 

3 n 0 /n 

< lim -( x 

— n—loo 3«r 1 


x + y z + w 
2•3 n + 3 n 






-/ 


-/ 


+ iizir + inn = o 


for all x, y,z,w G T. Hence H + z + = ^.A(x)+^.A(y)+.A(z)+.A(u;) for all x,y, z,w £ Y 

and so the mapping H : Y" —)• X is additive. 

Now, let T : Y" -A X be another additive mapping satisfying (2.2). Then we have 


W-M = P ( 3 ”(' 4 (|f)- T (^))) 


< 3 n P ( H ( — ) - T ( — 

i *3 n ' 1 


< 3” ( P ( A 

< 


(3 r - 3)3" 


-/ 

Elixir, 


X 

3 n 

x 

3" 


+ P T 




which tends to zero as n -> oo for all x G Y\ So we can conclude that H(x) = T(x) for all 
x 6 y. This proves the uniqueness of A. Thus the mapping A : Y —> X is a unique additive 
mapping satisfying (2.2). □ 

Theorem 2.2. Let r be a positive real number with r < 1, and let f : X Y be an odd 
mapping such that 


f + z + w^j - ^/(x) - ^f(y) - f(z) - f(w ) 


< P(x) r + P(y) r + P(z) r + P(w) r (2.4) 


for all x,y,w,z G X. Then there exists a unique additive mapping A : X -A Y such that 


||/(x)-A(x)||< 


P(x) 


3 — 3 r 

for all x G X. 

Proof. Letting w = z = y = x in (2.4), we get 

II3/0*0 - /(3x)|| < 4P(x) 

and so 


(2.5) 


f{x) ~ ^/(3x) 


< |p(x) 


for all x G X. Hence 


- T/(3”x) 


m— 1 


4 3 r i 


£ E ff(v-) - ^nf(v + T £ i E yp) 

3=1 3=1 


( 2 . 6 ) 
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for all nonnegative integers m and l with m > l and all x £ X. It follows from (2.6) that the 
sequence f(3 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{-^ f(3 n x)} converges. So one can define the mapping A : X —> Y by 

A(x) := lim —/( 3 n x) 

y ’ n—too 3« J V ’ 

for all x € X. Moreover, letting l = 0 and passing the limit m —> oo in (2.6), we get (2.5). 

It follows from (2.4) that 

A _+» + 2 + „,) _ I A(x) - \a(v) ~ A(z) - A(w) 

= & ||/ ( 3 ” (^ir +2+ “)) _ \ f <3 ” 1 ' ) ~ \ ! {ry) -' (3 ” 2) _; (3 ”'" , | 

o nr 

< lim —(P(x) r + P(y) r + P(z) r + P(w) r ) = 0 

n—> oo <f n 

for all x, y, z,w £ X. Thus A + z + w^J = \A{x)+^Afy)+A{z)-\-A{w) for all x,y,z,w£X 
and so the mapping A : X — y Y is additive. 

Now, let T : X —> Y be another additive mapping satisfying (2.5). Then we have 

\\A(x)-T(x) II = i|H(3”i)-r(3 n i)|| 

< 4; (M(3"i) - /(3"i)|| + ||T (3”x) - /(3"i)||) 

o nnr 

< _*_ P(xY 

~ (3 - 3 r )3 n 1 ’ ’ 

which tends to zero as n —> oo for all x £ X. So we can conclude that A(x) = T(x) for all 
x £ X. This proves the uniqueness of A. Thus the mapping A : X -A Y is a unique additive 
mapping satisfying (2.5). □ 

Similarly, one obtains the following. 

Theorem 2.3. Let r,9 be positive real numbers with r > \, and let f : Y —> X be an odd 
mapping such that 

p (7 +z+w^j - ^f(x) - ^f(y ) - f( Z ) - f( W )j < 0iixiniyinizirii«;ir 

for all x,y,z,w £ Y. Then there exists a unique additive mapping A : Y —»• X such that 

P(f(x) - A{x)) < J_ 3 ||x|| 4r 

for all x £ Y. 

Theorem 2.4. Let r be a positive real number with r < \, and let f : X -A Y be an odd 
mapping such that 

f (YY + Z + W ) - ±f(x) - 1 f(y ) - f(z) - f(w) < P{x) r P{y) r P{z) r P(w) r 
for all x,y,w,z £ X. Then there exists a unique additive mapping A : X —*■ Y such that 

ll/M - AWII < X^-P(x) lr 

for all x £ X. 
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3. HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (1.2) 

In this section, we prove the Hyers-Ulam stability of the functional equation (1.2) in para- 
normed spaces. 

Note that P{2x) < 2 P(x) for all x G Y. 

Theorem 3.1. Let r,9 be positive real numbers with r > 1, and let f : Y —> X be an odd 
mapping such that 

'x + y + z 


P[f 


+ «>) - \f( x ) - \ f(v) - \ f( z ) - /h) 


< Wr + lly|| r + W r + IHI r ) (3.i) 

for all x,y,w,z G Y. Then there exists a unique additive mapping A :Y -A X such that 


P(f(x) - A(x)) < 


4 9 


2 r - 2 " 

for all x G Y . 

Proof. Letting w = z = y = x in (3.1), we get 

P(/(2x)-2/(x)) <40||x[ 

for all x G Y. So 


P (/(*)-2/ <^9\\x\ 


for all x G Y. Hence 


m— 1 




3=1 


X 


23 


23+ 1 


4 '^-i 1 2 3 
< — y — 9\\x\ 

- 9 r Z_/ o r 3 


3=1 


□ 


for all nonnegative integers m and l with rn > l and all x G Y. 

The rest of the proof is similar to the proof of Theorem 2.1. 

Theorem 3.2. Let r be a positive real number with r < 1, and let f : X -A Y be an odd 
mapping such that 

x + y + z 


f ( ' t + 3 + " + wj - */(z) - \ f(y) - ^f( z ) - fH 


< P(x) r + P(y) r + P(z) r + P(iu)\ 3.2) 


for all x,y,w,z G X. Then there exists a unique additive mapping A : X —>Y such that 


||/(x)-A(x)||< 


P(x) 


2 - 2 r 

for all x G X . 

Proof. Letting w = z = y = x in (3.2), we get 

||2/(x)-/(2x)|| <4P(x. 

and so 


/(*) - \f( 2x ) 


< 2P(x) 


for all x G X. Hence 


|/(2'*) - ^/(2™*) 


m—1 

<E 

3=1 


l/PA) - —L T /(2J+ I a =; 


m—1 eyrj 

< 2 E 


3=1 


for all nonnegative integers m and l with m > l and all x G X. 
The rest of the proof is similar to the proof of Theorem 2.2. 


□ 
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Similarly, one obtains the following. 

Theorem 3.3. Let r,9 be positive real numbers with r > \, and let f : Y —> X be an odd 
mapping such that 

p (f ( x + l + z + - \f( x ) ~ \f(v) - \f( z ) ~ /m) < e\\x\\ r \\y\n\z\\ r \\w\\ r 

for all x, y,z,w G Y. Then there exists a unique additive mapping A : Y —>■ X such that 

P(f(x) - A(x)) < i( ,f_ | |M| 4r 

for all 

Theorem 3.4. Let r be a positive real number with r < \, and let f : X -A Y be an odd 
mapping such that 

f ( x + 3 + ~ + w) ~ \f( x ) - \ f(y) ~ ^/O) - /M 

< P(x) r P(y) r P(z) r P(w) r 

for all x,y,w,z G X. Then there exists a unique additive mapping A : X —> Y such that 

for all x € X. 
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New Uzawa-type method for nonsymmetric saddle point problems 


Shu-Xin Miao 1 Juan Li 

College of Mathematics and Statistics,Northwest Normal University, Lanzhou, 730070, China 


Abstract 

In this paper, based on the Hermitian and skew-Hermitian splitting of the non-Hermitian positive definite (1, 1)- 
block of the saddle point matrix, a new Uzawa-type iteration method is proposed for solving a class of nonsymmetric 
saddle point problems. The convergence properties of this iteration method are analyzed. Numerical results verify the 
effectiveness and robustness of the proposed method. 

Keywords: Saddle-point problem, Uzawa-type iteration method. Convergence 
2000 MSC: 65F10, 65F50 


1. Introduction 


Consider the nonsymmetric saddle point problems of the form 


Jiu - 


A 

B 

X 


/ 

B* 

0 

. J . 


. 8 _ 


= b. 


( 1 ) 


where A e C” x " is a non-Hermitian positive definite matrix, B e C" x '" is a rectangular matrix of full column rank, 
/ e C" and g e C m are given vectors, with m < n. 

The saddle point problem (1) arises in a variety of scientific and engineering applications, such as computational 
fluid dynamics, constrained optimization, optimal control, weighted least squares problems, electronic networks and 
computer graphics, and typically result from mixed or hybrid finite element approximation of second-order elliptic 
problems or the Stokes equations; see [1, 12] and the references therein. 

Since matrix blocks A and B are large and sparse, (1) is suitable for being solved by the iterative methods. Most 
efficient iterative methods have been studied in many literatures, including Uzawa-type methods [10, 11, 14, 16], Her¬ 
mitian and skew-Hermitian splitting (HSS) iterative method and its variant schemes [3, 5, 6, 7, 9, 17], preconditioned 
Krylov subspace iterative methods [3, 15] and so on. See [1, 12] and the references therein for a comprehensive survey 
about iterative methods and preconditioning techniques. 

Within these methods, Uzawa method received wide attention and obtained considerable achievements in recent 
years. The iteration scheme of Uzawa method can be described, for a positive parameter r, as 


f x k+1 = A 1 (/ - By k ), 

\ }’k+\ =yk + T ( B * x k+ 1 - g ). 

Note that there is a linear system Ax = q needs to be solved at each step of Uzawa method, we prefer to use iterative 
method to approximate its solution since matrix A is always large and sparse. When A is Hermitian positive definite, 
by using classical splitting iteration to approximate x k+ \ in each step of Uzawa method, a class of Uzawa-type iteration 
methods for solving the Hermitian saddle-point problems are studied in [21, 22], When A is no-Hermitian positive 
definite, we can split A as 

A = H + S, with H = ] -(A+ A *), S = ] -(A - A*), (2) 


'Corresponding author. Email: shuxinmiao@gmail.com. 
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and then approximate x k+ \ in each step of Uzawa method by using the efficient HSS method [7], then the Uzawa-HSS 
method for solving nonsingular non-Hermitian saddle point problem is propsed; see [19, 20], 

The HSS method received much attentions as it is an efficient and robust method for solving non-Hermitian 
positive definite systems of linear equations; see for example [2, 4, 7, 8, 9, 13, 18], There are two linear subsystems 
with al„ + H and al„ + S needs to be solved at each step of the HSS method. Here and in the sequence of the paper 
/, denotes the identity matrix with order i. The solution of linear subsystem with al„ + H can be easily obtained by 
CG method, however, the solution of linear subsystem with al n + S is not easy to obtain. To avoid solving a shift 
skew-Hermitian linear subsystem with al„ + S , based on the splitting (2), a new iteration method is presented for 
solving non-Hermitian positive definite system of linear equations [18] recently. The iteration scheme of new method 
used for solving Ax = q can be written as 

( Hx k+ 1 /2 = -Sx k + q, 

\ (al„ + H)x k +1 = (aln -S)x k +U 2 + q. 

Theoretical analysis as well as numerical experiments show that the new method (3) is also an efficient and robust 
method for solving non-Hermitian positive definite and normal linear system with strong Hermitian parts [18], 

In this paper, to avoid solving a shift skew-Hermitian linear subsystem at each step of Uzawa method, we use 
the iteration (3) to approximate x k +u then a new Uzawa-type method is established. The convergence properties 
of this novel method for saddle point problem (1) will be carefully analyzed. In addition, we test the effectiveness 
and robustness of the proposed method by comparing its iteration number and elapsed CPU time with those of the 
Uzawa-HSS [19, 20] and the GMRES methods. 


2. A Uzawa-type method 

The iteration scheme (3) in [18] used for solving non-Hermitian positive definite and normal linear system Ax = q 
can be written equivalently as 

x k +i = T(a)x k +N(a)q , 

here a is a positive iteration parameter, 

T(a) =(aI n +H)- 1 (aI n -S)H- l (-S ) 

= (aI„+H)- 1 H- 1 (jaI n -S)(-S) 

N(a ) =(al n + H)-'(l n + (aI n -S)H-') 

= ( al n + II) '// 'Or/,, +H-S). 

In this paper, we assumption that the (1, l)-block matrix A of (1) is normal, i.e., AA* = A*A. 

Introducing a Hermitian positive definite preconditioning matrix Q for the iteration scheme, and using iteration 
(3) to approximate x k +\, then we present the following Uzawa-type method for solving the saddle point problem (1): 

Method 2.1. [New Uzawa-type method). Given initial guesses xg e C" and yo e C m , for k = 0, 1, 2 • • •, until x k and 
y k convergence 

(i) compute x k+ \ from iteration scheme x k+ \ = T(a)x k + N(a)(f - By k ); 

(ii) compute y k +\ from iteration scheme y k+ \ = y k + tQ~ 1 ( B * x k+ 1 - g). 


The Method 2.1 can be equivalently written in matrix-vector form as: 


%k +1 

yk +1 


= G(a, t) 


x k 

yk 


+ M{a, f) 


f 

g 


where 


G(a, t ) 

i n the iteration matrix of Method 21 and 

M(a, t) - 


T(a) - N(a)B 

rQ 1 B*T(a) /,„ - tQ ] BN (a) B 


N(a ) 0 

TQr l B*N(a) - tQ 1 


(4) 

(5) 
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Notice that Method 2.1 possess the same iteration scheme as the Uzawa-HSS method [20, 19], hence the efficiency 
and robustness of the Uzawa-HSS method may be followed by Method 2.1. Moreover, Method 2.1 use iteration (3) to 
approximate x^+i, the solution of the shift skew-Hermitian subsystem is avoided, we may hope that Method 2.1 uses 
less CPU time and iteration number comparing with the Uzawa-HSS method. 


3. Convergence of Method 2.1 

In this section, we study the convergence of Method 2.1 used for solving saddle-point problem (1). It is well 
known that Method 2.1 is convergent if and only if the spectral radius of G(a,r ) is less than 1, i.e., p(G(a, t)) < 1. 
Let A be an eigenvalue of G(a, r) and [m*, v*]* be the corresponding eigenvector. Then we have 

/ ( al n -S)(-S)u - (al„ + // - S)Bv = AH(al n + H)u, 

\ AB*u- \Qv = -\Qv. (6) 

To study the convergence of Method 2.1, a lemma is given first. 

Lemma 3.1. [11] Both roots of the complex quadratic equation A 2 - <pA + fi = 0 have modulus less than one if and 
only if\(f> - ff\ + \f\ 2 < 1, where <p denotes the conjugate complex off. 

For the convergence of Method 2.1, we have the following results. 

Lemma 3.2. Let A be non-Hermitian positive definite and normal, and B be of full column rank. If A is an eigenvalue 
of iteration matrix G(a, t), and [u*, v*]* is the corresponding eigenvector with u € C" and v e C'", then A A 1 and 
u A 0. 


Proof. If A = 1, noticing that r is a positive parameter, then from (6) we have 


Au + Bv = 0, 
B*u = 0. 


It is easy to see that the coefficient matrix 


A 

B* 


B 

0 


is nonsingular, hence we have u — 0 and v = 0, which contradicts 


the assumption that [u* , v*]* is an eigenvector of the iteration matrix G(a, t), so A A 1. 

If u = 0 then the first equality in (6) reduce to Bv - 0. Because B is a matrix of full column rank, we can obtain 
v ; = 0, which is a contradiction. Hence u A0. □ 


Theorem 3.1. Let A be non-Hermitian positive definite and normal, B be of full column rank, Q be Hermitian pos¬ 
itive definite. Then Method 2.1 used for solving nonsingular saddle-point problem (1) is convergent if and only if 
parameters a and r satisfy 


a > max 1 


-a>\ + 




M 4 i) 


A 


, when a) 2 > p 2 


or 


or 


0 < a < 


a> j + 




2 2 

■ ^ ■ 


■iA) 


9 2 

p- - OJ- 


when to 2 < p 2 


a > 0, when a? — p 2 


and 

< < 2[(<m>i + u/f) 2 - a 2 p 2 - p A n ][u)fa + caff + anp\] 

t n a> 2 [(a + m n ) 2 + pf\ 2 + t n p 2 [a 2 + p 2 t - co 2 ] 2 

where a> = ‘fpp-, t = " B f lUl B and ip — " ( \ S>U , i is the imaginary unit, p\ andp n are the minimum and the maximum 
value of p, a>i and a>„ are the minimum and the maximum value of to, t\ and t n are the minimum and the maximum 
value oft, respectively. 
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Proof Due to the result of Lemma 3.2 that A A 1 and the assumption Q is Hermitian positive definite, solving v 
from the second equality of (6) and then taking it into the first equality of (6), we have 

(al„ -S)(-S)i< + -^—(aln + H- S)BQ x B*v = AH(aI n + H)u. (7) 

1 — A 

From Lemma 3.2, we known that u A 0. Multiplying u*/(u*u) to the both sides of (7) from left gives 


u*(al„ — S)(—S)u At u*(al„ + H - S)BQ l B*u ^u*H(aI„ + H)u 
u*u 1-/1 u*u u*u 


Denote 

u*Hu u*BQ l B*u u*(—S)u 

<o - -, t = -, i/r = -, 

u*u u*u u*u 

where i is the imaginary unit. It is easy to see that a>,t > 0, and (8) can be rewritten as 


A 2 - (f)A + t/r = 0, 


( 8 ) 


(9) 


where 


0 = 


aco + u> 2 - n 2 - art - loti + (a/u - Tf.it )i 
aco + to 2 


. * = 


a/ui - fi 2 
aco + co 2 


It follows from Lemma 3.1 that |/1| < 1 if and only if \tf> - (fnp\ + \4>\ 2 < L After some careful calculations we have 


\<p - <fnj/\ + \i//\ 2 


(i(a)+ y/&(a,T) 

6 (a) 


where 

ft (a) = (a/u ) 2 + (/j 2 ) 2 , 

f 2 ( o ', t) = [( aco + lj 2 ) 2 - 1 u 4 - a 2 fr - (cm + coTt)(aco + co 2 ) - frcoTt ] 2 

+ [cTflTt - (XTfUTt + fr'Tt] 2 , 

&(a) = (aco + co 2 ) 2 . 

Therefore, | cf> - <p\]j\ + \i//\ 2 < 1 if and only if 


f 3 (a) - fi(cr) > 0, 
f 2 (ff, r) < [^(cr) - fi(a)] 2 . 


Solving (10) yields 


a > max < 


>\ + + ~ ^ 1 ) 


2 2 

- Bn 


, 0 


, when co 2 > fi 2 


0 < a < 


j 2 + JW + w i^i ~ 

-, when (j)\ < n n 


or 


? 2 


a > 0, when a> 2 = fi 2 


and 

0 < < 2 [(aiD\ + co\) 2 - a 2 nl - ^][cui(a + cm) 2 + co X fi\] 

t n co%[(a + u> n ) 2 + fi 2 ] 2 + tfi 2 [a 2 + fi 2 - co]] 2 

where fi\ and /./„ are the minimum and the maximum value of/./, co\ and co„ are the minimum and the maximum value 
of l 0 , t\ and t„ are the minimum and the maximum value of t, respectively. 

Noticing that a, t > 0, the proof is completed. □ 
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4. Numerical results 


In this section, we verify the feasibility and efficiency of the Method 2.1 used for solving nonsingular saddle point 
problems. In the implementation, all the tested methods are started from zero vector and terminated once the current 
iterate x* satisfies 


RES = 


11/-Ax*- 


' By k \\\ ■ 


IL? - B*x k \\l 


\\m + \m 


< 10 “ 


( 11 ) 


All codes were run in MATLAB [version 7.11.0.584 (R2010b)] in double precision and all experiments were per¬ 
formed on a personal computer with 3.10 GHz central processing unit [Intel(R) Core(TM) i5-2400] and 4.00G mem¬ 
ory. 


To test the efficiency of Method 2.1, we compare the numerical results including iteration steps (denoted as IT), 
elapsed CPU time in seconds (denoted as CPU) and relative residuals (denoted as RES) of Method 2.1 with those of 
the Uzawa-HSS method and the GMRES method. The parameters a and r involved in the Uzawa-HSS method and 
Method 2.1 are chosen to be the experimentally found optimal ones, which result in the least number of iteration steps 
of iteration methods. In actual computations, we choose right-hand-side vector [/*,#*]* such that the exact solution 
of (1) is x* with all elements 1. 


Example 4.1. Let us consider the nonsingular saddle-point problem (1) with coefficient matrix as 

td)2/ 2 x2/ 2 


and 


where 


A = 


I, ®T + T ® Ii 0 

0 I i ® T + T ® 7/ 


B = 


/; ® F 
F ® 11 


d2/ 2 x/ 2 


T = -Uridiag(-1,2,1) + — tridiag(-l,0,1) e K /x/ , F = — tridiag(—1,1,0) e R lxl , 
h 1 2 h h 

> denotes the Kronecker product symbol and h — 1/(1 + 1) is the discretization mesh-size, see [10]. 


Table 1: Numerical results for Example 4 with Q = tridiag(B*diag(A) 1 B) 



Method 

a 

T 

IT 

CPU 

RES 

1= 16 

Method 2.1 

2.33 

0.55 

75 

0.2184 

9.7244e-7 


Uzawa-HSS 

466.67 

0.35 

130 

0.2184 

9.2829e-7 


GMRES 

- 

- 

140 

0.2184 

9.3640e-7 

l = 32 

Method 2.1 

0.33 

0.50 

126 

0.9204 

9.6381e-7 


Uzawa-HSS 

966.67 

0.20 

363 

2.1060 

9.923 le-7 


GMRES 

- 

- 

280 

5.7720 

9.1950e-7 

Z = 64 

Method 2.1 

Uzawa-HSS 

0.33 

0.50 

191 

> 1000 

5.1012 

9.7577e-7 


GMRES 

- 

- 

579 

63.2116 

9.9990e-7 


In Table 1, we report the numerical results for Example 4, respectively. The experimentally optimal parameters, 
a and r of Method 21 and Uzawa-HSS method, the iteration steps, the elapsed CPU time in seconds and the relative 
residuals, of Method 21, the Uzawa-HSS method and GMRES methods are listed. 

From Table 1, we see that all of the three testing methods can converge to the approximate solution of saddle point 
problem (1). The Uzawa-HSS and GMRES methods needs more iteration steps and CPU time than Method 2.1 to 
converges. The proposed method, i.e.. Method 2.1, is the most efficient one, which use least iteration steps and CPU 
times than the Uzawa-HSS and GMRES methods to achieve stopping criterion (11). 
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5. Conclusions 

In this work, based on the Hermitian and skew-Hermitian splitting of the non-Hermitian positive (1,1 )-block of the 
saddle point matrix, we propose a new Uzawa-type iteration method to solve nonsymmetric saddle point problems (1). 
We demonstrate the convergence properties of the proposed method for saddle point problem (1) when the parameters 
satisfy some moderate conditions. Numerical results verified the effectiveness of the proposed method. 

However, the proposed method involves two iteration parameters a and r. The choices of the two parameters 
was not discussed in this work since it is a very difficult and complicated task. Considering that the efficiency of the 
proposed method largely depends on the choices of the two parameters, how to determine efficient and easy calculated 
parameters should be a direction for future research. 
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FUZZY HYERS-ULAM STABILITY FOR GENERALIZED ADDITIVE 

FUNCTIONAL EQUATIONS 

SUNG JIN LEE, HASSAN AZADI KENARY AND CHOONKIL PARK* 


Abstract. In this paper, we prove the Hyers-Ulam stability of the following additive functional 
equation 


E / 

1 <i<j<m 


Xi + Xj 


+ E xk i 


(m- l) 2 


in fuzzy Banach spaces, where m is a positive integer greater than 3. 


E^o*) 

i=1 


1. Introduction 


The stability problem of functional equations originated from a question of Ulam [35] concerning the 
stability of group homomorphisms. Hyers [11] gave a first affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers’ Theorem was generalized by Th. M. Rassias [28] for linear mappings 
by considering an unbounded Cauchy difference. 


Theorem 1.1. ([28]) Let f : E E' be a mapping from a normed vector space E into a Banach 
space E' subject to the inequality 


ll/(® + y)~ fix) - /(y)ll < <\\x\\ p + IlylD 

for all x,y e E, where e and p are constants with e > 0 and 0 < p < 1. Then the limit L(x) = 

f(2 n x) / 

lim n _ > . 00 1 y 2n ’’ exists for all x € E and L : E —>• E is the unique additive mapping which satisfies 

2e „ „„ 


||/(x)-L(x)||< 


x 


2 — 2P 

for all x € E. Also, if for each x € E the function f(tx) is continuous in t € M , then L is linear. 


In this paper, we consider the following functional equation 

Y /Np+ E = (i) 

l<i<j<m \ l=l,ki^i,j J i=l 

and prove the Hyers-Ulam stability of the functional equation (1) in fuzzy Banach spaces. 

First, we introduce the following lemma due to Najati and Ramjbar [20] with n = 3 in (1). 

Lemma 1.2. Let X and Y be linear spaces. A mapping f : X -» Y satisfies the equation 

! + *) +' + y ) + / + *) - mo + m + no i 

for all x,y,z € X if and only if f is additive. 


2010 Mathematics Subject Classification: 39B52; 46S40; 26E50 

Key words and phrases: Hyers-Ulam stability; Cauchy-Jensen additive functional equation; fuzzy normed space. 
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It is noted that the following equation with z = 0 in (2) 

/ + * (f + y ) + f { x + 1) = + 

is equivalent to f(x + y) = f(x) + f(y) for all x, y G X. 

We introduce the following lemma due to J.M. Rassias and Kim [27]. 

Lemma 1.3. Let X and Y be linear spaces and let m > 3 be a fixed positive integer. A mapping 
f : X —>• Y satisfies the functional equation 

E /Np+ E ^Y^E^ 

\ l=l,ki^i,j J i= 1 

for all xi,X 2 , ■ ■ • , x m € X if and only if f is an additive mapping. 

The stability problems of several functional equations have been extensively investigated by a 
number of authors, and there are many interesting results concerning this problem (see [5]—[7], [9, 
10, 12, 19], [21] [25], [29]—[31], [32]-[34]). 

Katsaras [14] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view (see [ 8 ], [15]—[18], [26]). In particular, Bag and Samanta [1], following Cheng 
and Mordeson [3], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Karmosil and Michalek type [13]. They established a decomposition theorem of a fuzzy norm 
into a family of crisp norms and investigated some properties of fuzzy normed spaces [ 2 ]. 


2. Preliminaries 


Definition 2.1. ([1, 17, 18]) Let X be a real vector space. A function N : X x M —>• [0,1] is called 
a fuzzy norm on X if for all x, y £ X and all s,t € M, 

(All) N(x, t) = 0 for t < 0; 

(M2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(M3) N(cx, t) = N ( x , if c 7 ^ 0; 

(M4) N(x + y,c + t) > min{N(x , s),N(y, f)}; 

(N 5) N(x, .) is a non-decreasing function of M and lim^oo N(x,t ) = 1; 

(N 6 ) for x 0, N(x, .) is continuous on M. 


The pair ( X , N) is called a fuzzy normed vector space. The properties of fuzzy normed vector 
space and examples of fuzzy norms are given in [17, 18]. 


Example 2.2. Let (X, ||.||) be a normed linear space and a, (3 > 0. Then 


N(x, t ) 


at 

at+f3\\x\ 

0 


t > 0, x € X 
t < 0, x € X 


is a fuzzy norm on X. 


Definition 2.3. ([1, 17, 18]) Let (X,N) be a fuzzy normed vector space. A sequence {x n } in X 
is said to be convergent or converge if there exists an x € X such that Hindoo N(x n — x,t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } in X and we denote it by 
N - lim^oo x n = x. 
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Fuzzy Hyers-Ulam stability for generalized additive functional equations 


Definition 2.4. ([1, 17, 18]) Let (A, A) be a fuzzy normed vector space. A sequence {x n } in X is 
called Cauchy if for each e > 0 and each t > 0 there exists an no G N such that for all n > no and all 
p > 0, we have N(x n + P — x n , t) > 1 — e. 

It is well known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each 
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed 
vector space is called a fuzzy Banach space. 

We say that a mapping / : X —> Y between fuzzy normed vector spaces X and Y is continuous at 
a point x G X if for each sequence {x n } converging to x$ G X , then the sequence {f(x n )} converges 
to f(x o). If / : X —> Y is continuous at each x G X, then / : X —>• Y is said to be continuous on X 
(see [ 2 ]). 

Definition 2.5. Let A be a set. A function [0,oo] is called a generalized metric on X 

if d satisfies the following conditions: 

(1) d(x, y) = 0 if and only if x = y for all x, y G A; 

(2) d(x,y) = d(y,x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y , z) for all x,y,z G X. 

Theorem 2.6. ([4]) Let (X, d) be a complete generalized metric space and J : X —>• X be a strictly 
contractive mapping with Lipschitz constant L < 1. Then, for all x G X, either 

d(J n x , J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+l x) < oo for all no > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X : d(J n °x, y) < oo}; 

(4) d(y,y*) < Y ^ z d{y,Jy) for all y G Y. 


3. Fuzzy stability of the functional equation (1): a direct method 


In this section, using the direct method, we prove the Hyers-Ulam stability of the functional 
equation (1) in fuzzy Banach spaces. Throughout this section, we assume that A is a linear space, 
(Y, N ) is a fuzzy Banach space and ( Z , N') is a fuzzy normed space. Moreover, we assume that 
N(x ,.) is a left continuous function on M. 


Theorem 3.1. Assume that a mapping f : X —x Y satisfies the inequality 

_ „ TO— 2 

"I E /" " 


Xi + Xj 


+ E /(*<),* 




l=l,ki^i,j 


i —1 


> N'{ip{x i, • • • ,x m ),t) 


(3) 


for all xi, ■ ■ ■ ,x m G X, t > 0 and tp : X m — x Z is a mapping for which there is a constant r G 
satisfying 0 < |r| < such that 


N'ip 


X\ X2 %m 

T 5 7 5***5 7 

m — Ira— 1 m — 1 


V t \ >N' (ip(xi, • • • , x m ), 


(4) 


for all xi, ■ ■ ■ , x rn G A and allt > 0. T/ien t/iere is a unique additive mapping A : X —> Y satisfying 
(1) and the inequality 

2\r\p{x, x, ■ ■ ■ ,x) 


N(f(x) — A(x),t) > N' 


m(m — 1)(1 — |r|(m — 1 )) 


, t 


(5) 
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for all x € X and all t > 0. 

Proof. It follows from (4) that 

= N' (^p(x 1 ,x 2 ,- ■ ■ , x 7n),J^j] 


and so 


N'lip 


\ \ (to — l)i ’(m — l)i ’ ’ (to — 1 )-? / ’ 

for all x\, ■ ■ ■ , x m € X and all t > 0. 

Substituting x\ = X 2 = • • • = x m = x in (3), we obtain 

f m(m — 1 ) ,,, , m(m — l ) 2 _ 


rP’t) > N' (cp(x i ,x 2) - • • , M) 


/ m(m — 1 ) . m(m — l ) 2 . \ . . , . 

(- 2 - ~ 1 ) x )- 2 - J - N 


and so 


N f( x ) ~(m- 1 )/ 


m — 1 / m{m — 1 ) 


> JV' (y ( 


XX X 

T ’ 7 ’ * * * > 7 

m — Ira — 1 m — 1 


for all x G X and all t > 0. Replacing x by in ( 8 ), we have 


N^(m-iy + 1 f^ 

> N' (<p( 7 - 


( m — 1 )J +1 


(to l)- 7 / 


x \ 2 (m — l )- 7 

(m — l)- 7 J ’ to 


(m - iy +1 ’ (to - 1 )-1 +1 ’ ’ (to - l)i +1 


for all x € X, all t > 0 and all integer j > 0. So 


,t \ > N 1 (w{x, x, ■ ■ ■ ,x), 


N f(x) - (m - 1)”/ 


yi 2 (to — l)- 7 |r|- 7+1 t 

7 ^ m ( m — ii 


(m — l) n y ^ m(m — 1) 


N ( m ~ 1 ) J+1 / 


(to — 1)j ,+1 


- (m - l)- 7 / 


(m — l)i 


2(m — l)- 7 |rp +1 t 
m{m — 1 ) 


> min | A 7 f{m — 1 )- 7+1 / ^ 

> N\ip(x, x, ■ ■ ■ , x),t) 


(m — l )-? +1 


- ( m - 1 ) 3 f 


x \ 2 (m — l)' 7 |r|- 7+1 f 

(to — l )- 7 / ’ m(m — 1 ) 


which implies 


N ^(to - l) n+p f ^ 
> N' (<p ( 7 — 


(m - 1 ) n+ P 


-{rn - 1 ) p f 


x \ ^ 2{m - iy+P\r\i +1 t 
(to — 1 ) p ) ' " m{m — 1 ) 


(to — l) p ’ (to — 1)p ’ ’ (to — 1)p 


'j ,t) > N ' (<p{x, x, ■ ■ ■ , x), 1 7^ 
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for all x € X, t > 0 and all integers n > 0, p > 0. So 


- (m - Iff 


x 


\(m-l) n+ Pj v m(m — 1) 


n —1 


N ^(m - 1 ) n+p f ^ 

> N\ip(x, x, ■ ■ ■ , x),t) 

for all x G X, t > 0 and all integers n > 0, p > 0. Hence one obtains 


.£ 

j =o 


2 (m - iy+P\ r \j++P+H 


(m - 1 )p 


N ((n.-ir/( (m _y, +p ) -(m-lff 

> N I (p(x, X, ■ ■ ■ ,x), 2 ( m _i)p-l| r |p+l 1 ( 1V) '| I,- ) 

V -- L nT LA Ei=o( m - 1 ) J M 3 ) 


( 10 ) 


for all x € X, t > 0 and all integers n > 0, p > 0. Since the series Ej^=o( m ” l) J l r l' ? i s a convergent 
series, we see by taking the limit p —>• oo in the last inequality that a sequence |(m — l) n f ^ ^ | 

is a Cauchy sequence in the fuzzy Banach space ( Y. , N ) and so it converges in Y. 

Therefore, a mapping A : X —>• Y defined by A{x) := N — lim n _ MX) (m — l) n / is well 

defined for all x € X. It means that 


lim N i A{x) — (m — Iff 


(■ m — 1 ) 

for all x € X and all t > 0. In addition, it follows from (10) that 

N (V 0) - ( rn - !) n / ( jffl ^ > N ' X,--- ,x), 

for all x € X and all t > 0. So 


,t =1 


(ii) 




m(m 


N(f(x) - A(x),t) 

> min In f f(x) — (m — Iff 


> N' tp(x, x, ■ ■ ■ ,x), 


(■m — l) r 
t 


(1 - e)t , N [ A(x) - (m - Iff 


(m — l) r 


,et 


N‘ L(x, x,• ■ ■ ,x), m(m ~ 1)(1 ~ l . r|(m ~ 1))rt ) 


> 


for sufficiently large n and for all x G X, t > 0 and e with 0 < e < 1. Since e is arbitrary and N' is 
left continuous, we obtain 


N(f(x) - A(x),t) > N’ (v(x, x, ■ ■ ■ ,x), 


m{m — 1)(1 — \r\(m — 1 ))t 

2 H 
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for all x € X and t > 0. It follows from (3) that 


N |(m — 1) 
> N' (<p 


m —2 


E / 


+ E 


Xfc/ 


Xi + Xj 

2 (m — l) n ' (m — l) r 


(m — l ) 2 





Xl 


x 2 x„ 

5 * * * ? 


t 


(m — l) n ’ (m — l) n ’ ’ (m- 1)" / ’ (m - 1) T 
t 


> N' (v( Xl ,X 2 , • • • , X m ), ( m _i)n| r |n ) 
for all xi, x 2 , • • • , x m £ X, t > 0 and all n € N. Since 


lim N' f <p(xi,X2, ■ ■ ■ , Xm), t- , , | 

n—ux> y y ’ h (m-l) n \r\ n ) 


= 1 , 


N[ (m-l) r 


E / 

l<i<j<m 


m—2 


+ E 


X kj 


Xi + Xj 

2(m— l) n ■' (m — 1) T 

V ' l=l,h¥=i,j y ’ 


(m — 1 ) 


2 m 


E / 

2=1 


(m — l) r 



, t — 1 


for all xi, x 2 , • • • , x m € X and all t > 0. Therefore, we obtain, in view of (11), 


N [ E A 

> l< 2 <j<m 


Xj + Xj 


m—2 






i —1 


> min< iV 



1 <i<j<m \ l=l,ki^i,j f i =1 


— (m — 1 ) 

n( (m — 1 ) 


E / 


Xi + Xj 


m—2 


+ E 


Xfc, 


' \2(m— l) n ' (m — 1 ) 

l<i<j<m V v ’ l=l,k t ^i,j y ’ 


m—2 


E / 


/ /1^ 

Xi + Xj Xfcj 

2 ( m " 1 ) n *=l^ij( m ~ 1)r 


(m — 1) 

2 

(m — 1 ) 


2 m 


E / 

2=1 

2 


(m — 1) T 


\(m- l) r 
2=1 x x 7 


’ 2 *’ 


t 

’ 2 


m—2 


E / 

l< 2 <j<m 


= iV^(m — 1) 

> IV' ^(xi,x 2 , • • • ,x m ), 
which implies 


+ E 


Xfc, 


Xi + Xj 

2 (m — l) n ' ^ (m-l) r 

* ■ i 

1 as n -» oo 


<^E/ 


2=1 


x 7 - 


(m — l) r 


t 

’ 2 


2 (m — l) n |r| 


m—2 


E ^ E 


Xfc, = 


(m — 1 ) 2 


l<2<7<m 


l =1 ,ki¥=i,j 


E*< 

2=1 




for all xi, x 2 , • • • , x m G X. Thus x4 : X —»• E is a mapping satisfying (1) and (5). 
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To prove the uniqueness, assume that there is another mapping L : X —>• Y which satisfies the 
inequality (5). Since L((m — l) n .T) = (to — 1 ) n L(x) for all x € X, we have 


N(A(x) — L(x),t) 

= N f(m~ 1 ) n A 


(m — l) r 


- (to - 1 ) n L 


(■ m — l) r 


> min| N ^(to — 1 ) n A 
N((m-l) n f 


( m — 1 ) 

>n'L( 11 


( m — 1) 

- (to - l) n L 




x 


(m - l) n y ’ 2 

t 


Xn 


> N (p(x, x 


{m — l) n ’(m — l) n ’ ’ (m — 1) 

m(m — 1)(1 — |r|(m — 1 ))t 


5 5 


(m — l) n / ’ 2 

m(m — 1)(1 — |r|(m — 1 ))t 
4|r|(m — l) n 

> 1 as n -> oo by (N5) 


4|r| n+1 (m — l) n 

for all t > 0. Therefore, A(x) = L(x) for all which completes the proof. 


□ 


Corollary 3.2. Let X be a normed spaces and (M, N') a fuzzy Banach space. Assume that there 
exist real numbers 6 > 0 and 0 < p < 2 such that a mapping f : X —>• Y with /(0) = 0 satisfies the 
following inequality 


N 


E / 

1 <i<j<m 


Xi + Xj 


m —2 


+ Xk i \ ~ 

l=l,ki¥=i,j 


(m ^E/fe),*j >"'ME 




for all xi,X 2 ,--- ,x m € V and t > 0. Then there is a unique additive mapping A : X —>• Y that 
satisfying (1) and the inequality 

29\\x\\p 


N(f(x) - A(x),t) > N' 


m 3 — 4m 2 + 5 m — 2 




Proof. Let <p(xi,X 2 ,--- , x rn ) := 6 (YfjL l lkj|| p ) an d |r| = Applying Theorem 3.1, we get 

the desired result. □ 

Theorem 3.3. Assume that a mapping f : X —>• Y with /( 0) = 0 satisfies the inequality (3) and 
Lp : X m —>• Z is a mapping for which there is a constant r € M satisfying 0 < |r| < rn — 1 such that 


N' (cp(x i,--- , x m ), \r\t) > N' fcp ( Xl X2 ■ 

\ \ m — 1 m — 1 


5 1 

to — 1 


( 12 ) 


for all xi, ■ ■ ■ , x rn G A and all t > 0. T/ien t/iers is a unique additive mapping A : X Y that 
satisfying (1) and the following inequality 

2 ip(x, x, ■ ■ ■ ,x) 


N{f{x) — A(x),t) > N' 

for all x € X and all t > 0. 

Proof. It follows from (7) that 

'/((to - l)x) 


to.(to — 1) (to. — 1 — |r| 




(13) 


N 


TO — 1 


2 1 \ 

- f(x), - — 72 > N'(ip(x, x, ■ ■ ■ , x),t) 

771 (TO. — l) z / 


(14) 
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for all x € X and all t > 0. Replacing x by (m — l) n x in (14), we obtain 

N ( f((m - l) n+1 x) _ /((m - l) n x) 21 \ 

V (m- l) n+1 (m — l) n ’ m(m — l) n+2 y 

> — l) n x, ( m — l) n x, • • • ,(m — 1 ) n x),t.) > N' (x>{x,x, ■ ■ ■ ,x), -p 

and so 

/((m-l) n+1 x) f({m- l) n x) 2\r\ n t \ , 

(m- l) n+1 (m- l) n m(m-l) n+2 J~ y y ’ ’ 

for all x € X and all t > 0. Proceeding as in the proof of Theorem 3.1, we obtain that 


( 15 ) 


N 


(16) 


N f{x) - 


f((m — l) n x) 


n— 1 

■E 


2\r\H 


(m — l) n ’ m(m — 1)^ +2 


> N'(ip(x, x, ■ ■ ■ , x),t) 


for all x € X, all t > 0 and any integer n > 0. So 
f((m — l) n x) 


N /(*)- 


(m — i) n y \ yyr,! 

> N' (tp(x,x, ■■■ ,x), 


sr-in —1 2]rj£ 

2-tj =o m(m— lp+ 2 

m{m — 1 )(m — 1 — |r|)f 


The rest of the proof is similar to the proof of Theorem 3.1. 


(17) 

□ 


Corollary 3.4. Let X be a normed spaces and (M, N') a fuzzy Banach space. Assume that there 
exist real numbers 6 > 0 and 0 < p = J2jLi Pj < 2 such that a mapping f : X —> Y satisfies the 
following inequality 


"( E / 

l<i<j<m 


Xi + Xj 


m —2 


+ 1] x h 

l=l,ki^=i,j 


(m — vy 


i=i 




i =1 


for all xi,X 2 ,--- , x rn G X and t > 0. Then there is a unique additive mapping A : X Y that 
satisfying (1) and the inequality 


N(f(x) — A(x),t ) > N' 


, ( 26\\xr 

m(m — 1) 




Proof. Let <p(x i, x 2 , • • • , x m ) := 9 (n"Li ii Xj\\ pj ^J and r = m — 2. Applying Theorem 3.3, we get the 
desired result. □ 


4. Fuzzy stability of the functional equation (1): a fixed point method 

In this section, using the fixed point alternative approach, we prove the Hyers-Ulam stability of 
the functional equation (1) in fuzzy Banach spaces. Throughout this paper, assume that X is a 
vector space and that (Y, N) is a fuzzy Banach space. 

Theorem 4.1. Let : X m —»• [0, oo) be a function such that there exists an L < 1 with 

( Xl x 2 X m \ Lip(xi,x 2 ,- ■ ■ ,x m ) 

1 5 1 5 ’ * * 1 -|)^ -| 

\m — 1 m — 1 m—Y m — 1 
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for all X\,X 2 , • • • , x m € X. Let f : X —> Y with /(0) = 0 be a mapping satisfying 


"( £ / 

1 <i<j<m 


Xi + Xj 


m —2 


+ xk i 

l=l,ki^i,j 


{m — 1 ) 


2 m 


■J2f(xi),t > 


t 


i= 1 


t + <p(xl,X 2 , ■ ■ ■ ,x m ) 


( 18 ) 


for all X\,X 2 , • • • , x m € X and all t > 0. Then the limit 


A(x) := N- lim (m — 1 ) n f 

n—>-oo 


X 


(m — 1 )' 

exists for each x € X and defines a unique additive mapping A : X —>• Y such that 

( m(m — l ) 2 — m(m — 1 ) 2 L)t 


N(f(x) — A(x),t) > 


(m(m — l ) 2 — m(m — 1 ) 2 L)t + 2Lip(x, x, ■ ■ ■ ,x) 
Proof. Putting x\ = X 2 = • • • = x m = x in (18), we have 


N 


m{m — l)/((m — l)x) m(m — l) 2 f(x) 


,t > 


t 


(19) 


( 20 ) 


2 2 J t + </?(x, x, • • • ,x) 

for all x G V and t > 0. Consider the set S := {g : X — > Y ; g(0) = 0} and the generalized metric d 
in S defined by 

d(f,g) = inf £ M + : N(g(x) - h(x),/j,t) > , ___ v 

where inf 0 = +oo. It is easy to show that (S, d) is complete (see [16, Lemma 2.1]). Now we consider 
a linear mapping J : S —>• S such that 

Jg(x) := (m - 1 )g 


-, Vx G V, t > o|, 


ym — 1 

for all x £ X. Let 5 , h G 5 be such that d(g, h) = e. Then 

t 


N(g(x) - h(x),et) > 


t + <p(x, x, • • • , x) 


for all x G X and t > 0. Hence 


N(Jg(x) — Jh(x),Let) = N ( (m — 1 )g 


x 


= Nig 


m — 1 


m — 1 


-h 


Lt 


— [m — \)h 


Let 


m — 1 


, Let 


m — 1 / ’ m — 1 


> 


> 


— 

71—1 r 


771—1 
X X 


771—1 ’ 771—1 ’ ’ 771—1 

Lt 


771—1 




X, x, • • • , XJ 


Lt 1 Ly(xi,a;2,— ,x m ) J _|_ (pt a 

71—1 771—1 

for all x G X and t > 0. Thus d(g, h) = e implies that d(.Jg, Jh) < Le. This means that d( Jg, J7i) < 
Ld(g , /i) for all < 7 , h G 5. It follows from (20) that 

'm(m — 1 ) [/((m — l)x) — (m — 1 )/(x)] 




> 


t + <^(x, x, • • • , x) 
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So 


N f(x) - (to - 1)/ 


2 1 


m — l) ’ m(m — 1)/ > t + (p ( 


X X ' ' ' X 

m—l’ m—l’ ’ m—l 


( 21 ) 


> 


, (rn—l)t 

1 _ _ _ L 

L(f(x,x,--- ,x) 


Therefore, 


N f(x) - (to - 1)/ 


t 4 - 777^1 

2Lt 

> 


+ <p(x,x, ■ ■ ■ ,x) 


t. 


This means that 


TO — 1 / to(to — l ) 2 J t + (p(x, X, ■ ■ ■ ,x) 

9 T 


( 22 ) 


(23) 


to(to — l ) 2 

By Theorem 2.6, there exists a mapping A : X —>• y satisfying the following: 

(1) is a fixed point of J, that is, 

A ( X ") = A ^ 

\m — 1 / to — 1 

for all x G X. The mapping A is a unique fixed point of J in the set = {h G S : d(g,h) < oo}. 
This implies that A is a unique mapping satisfying (23) such that there exists g, G (0, oo) satisfying 

N(f(x) - A(x),fit) > * -t 

t + ip{x, x, ■ ■ ■ ,x) 

for all x G X and t > 0. 

(2) d(J n f, A) -A 0 as n —> oo. This implies the equality 

x 


N- lim (to. — 1 ) n f 


(to — 1)' 


= A{x) 


for all x G X. 

(3) d(f, A) < ^jzrjp- with / G fi, which implies the inequality 

d(f,A)< 2L 


m{m — l) 2 — to(to — 1 ) 2 L 
This implies that the inequality (19) holds. Furthermore, since 


m—2 


N 


E E 


X)k, - 


(to — l) s 


E A-(xi),t 


^1 <i<j<m 

= N — lim ( (to. — 1 ) r 




i =1 
m—2 


E / 

l<i<j<m 


(to — l ) 2 


> lim - 

n —>oo t i 

(m—l)™ + 9? 


^ / V(TO-!y 


Xi + 

2(ro — !) n ^..(m-iy 




(m—l) 72 


X\ X2 


(m—l) 71 ’ (m—l) 71 ’ ’ (m—l) 71 


> lim 


(m- 1 )™ 


n-Eoo t _|_ L ? V(3-i,x 2 ,--- ,z m ) 


(m—l)™ 


(m—l)™ 


554 


SUNG JIN LEE ET AL 545-558 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Fuzzy Hyers-Ulam stability for generalized additive functional equations 


for all xi,X 2 , • • • , x m € X, t > 0 and all n € N. Since 

t 

(m—l) n 


lim - 

n—> oo t 


+ 


L n ip(x 1,I2|- ,Xm) 


= 1 


(m— l) n ^ (m— l) r 

for all xi, X 2 , • • > , x m € V and all t > 0, we deduce that 

m —2 




E -4 p±s + E 


x h ~ 


(m — l)'~ 


^2A(xi),t =1 


l<i<j<m 


l=\,ki^i,j 


2=1 


for all xi, # 2 , ■ ■ ■ , x m € V and all t > 0. Thus the mapping A : X -» Y" is additive, as desired. □ 

Corollary 4.2. Let 9 > 0 and let p be a real number with p > 1. Let X be a normed vector space 
with norm ||.||. Let f : X —>Y with /( 0) = 0 be a mapping satisfying the following inequality 


N 


E / 

, 1 


Xi + Xj 


m—2 


+ Xk ‘ 
l=l,ki¥=ij 


( m — 1 ) 


2 m 




> 


2=1 


* + IMI P ) 


/or all xi, X 2 , • • • , x m € V and all t > 0. Then the limit 

A(x) := N- lim (m — 1 ) n f 


x 

(m - iy\ 

exists for each x £ X and defines a unique additive mapping A : X —>• Y" such that 

((m — l) p — l)t 


N(/(x) - A(x),t) > 


((m — 1 )p — 1 )t + 2 (m — l) _2 0||x|| p 


/or all x £ X. 


Proof. The proof follows from Theorem 4.1 by taking ip(x i,X 2 , ■■■ , x m ) := 9 (YliL i ||xi|| p ) f° r 
xi, X 2 , • • • , x m € V. Then we can choose L = (m — l) _p and we get the desired result. □ 

Theorem 4.3. Let —>• [0, oo) be a function such that there exists an L < 1 with 

X 2 %m 


<p(xi,x 2 , ■■■ , x m ) <{m- 1 )L<p 


X 


m — 1 m — 1 m. — l / 

for all xi,X 2 , • • • , x m € V. Let / : X -^Y be a mapping with /(0) = 0 satisfying (18). Then 

... /((m — l) n x) 

n—>oo (rn — l) n 

exists for each x £ X and defines a unique additive mapping A : X —>• Y such that 

m{m — 1) 2 (1 — L)t 


N(f(x) - A(x),t) > 


m(m — 1) 2 (1 — L)t + 2ip(x, x, • • • , x) 


(24) 


/or all x £ X and all t > 0. 


Proof. Let (S', o?) be the generalized metric space defined as in the proof of Theorem 4.1. Consider 
the linear mapping J : S —>• S’ such that Jg(x) := f° r x £ X. Let g, h £ S be such that 

d(g, h) = e. Then 

N(ff(s) - h(x), et) > * -r 

t + y>(x, x, • • • , x) 
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for all x G X and t > 0 . Hence 

N(Jg(x) — Jh(x), Let) = N 


g((m — l)x) h{{m — l)x) 


, Let 


m — 1 m — 1 

N^g{(m — l)x) — h((m — l)x), (m — l)Le7j 
(m — 1 )Lt 

(m — l)Lt + (p((m — l)x ,, (m — l)x, ■ ■ ■ ,(m — l)x) 

(m — 1 )Lt t 

(■m — l)Lt. + (m — 1 )L(p(x, x, ■ ■ ■ , x) t + <p(x, x, ■ • 
for all a; G X and t > 0. Thus d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d( Jg, Jh) < Ld(g , /t) 
for all g,h € S. It follows from (20) that 


> 


> 


,x 


N 


m(m — 1 )- 


f((m - 1 ).t) 
m — 1 


- /(*) 


for all x € X and t > 0. So 

f{(m — 1 » 


iV 


m — 1 




2t 


,t > 


> 


t 


t + <y?(a:, x, • • • ,x) 


t 


(25) 


Therefore, 


m(m — l) 2 J t + <p(x, x, ■ ■ ■ ,x) 
2 




m{m — l ) 2 

By Theorem 2.6, there exists a mapping A : X —> Y satisfying the following: 

( 1 ) A is a fixed point of J, that is, 

(m — l)A(x) = A((m — l)x) (26) 

for all x G X. The mapping A is a unique fixed point of J in the set 

ft = {h G S : d{g , h) < oo}. 

This implies that A is a unique mapping satisfying (26) such that there exists g G (0, oo) satisfying 

N(f(x) - A(x),fit) > T—j—~ -T 

t + (p[X, x, ■ ■ ■ ,x) 

for all x G X and t > 0. 

(2) d(J n f, A) — y 0 as n —>• oo. This implies A{x) = N- lim n _ ) . 00 for all iGl. 

(3) d(f,A) < with / G O, which implies the inequality 

d(f,A)< 2 


m(m — 1) 2 (1 — L)' 

This implies that the inequality (24) holds. 

The rest of the proof is similar to that of the proof of Theorem 4.1. 


□ 


Corollary 4.4. Let 9 > 0 and let p be a real number with 0 < p < ’ . Let X be a normed vector 
space with norm ||.||. Let f : X —> Y be a mapping with /(0) = 0 satisfying 

~ ™ m—2 

E 


N 


Xi + Xj 


+ E **,) - i! ^E/P.).i 


> 


t 


1 <i<j<m 


l=l,kiji,j 


i= 1 


t +o(I17=i Iki 
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for all x\,X 2 , ■ ■ • , x m € X and all t > 0. Then 

A{x) := N- lim 

n—too (m 


l) n x) 

l) n 


exists for each and defines a unique additive mapping A : X —>• Y such that 


N{f(x) - A(x),t ) > —— 


m((m — l) p+2 — (m — 1 ) 2 )t 
l) P +2 _ ( m _ l)2y + 2 (m- l)P6»||x|| m P' 


/or all x £ X. 


Proof. The proof follows from Theorem 4.2 by taking <p(x - ,x m ) : = * (n;= x ||xi||P) for all 
xi, X 2 , • • • , x m G X. Then we can choose L = (m — l) _p and we get the desired result. □ 


References 

[1] T. Bag and S.K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math. 11 (2003), 687-705. 

[2] T. Bag and S.K. Samanta, Fuzzy bounded linear operators, Fuzzy Sets and Systems 151 (2005), 513-547. 

[3] S.C. Cheng and J.N. Mordeson, Fuzzy linear operators and fuzzy normed linear spaces, Bull. Calcutta Math. 1 Soc. 
86 (1994), 429-436. 

[4] J. Diaz and B. Margolis, A fixed point theorem of the alternative for contractions on a generalized complete metric 
space, Bull. Amer. Math. Soc. 74 (1968), 305-309. 

[5] M. Eshaghi Gordji and M. B. Savadkouhi, Stability of mixed type cubic and quartic functional equations in random 
normed spaces, J. Inequal. Appl. 2009 (2009), Article ID 527462, 9 pages. 

[6] M. Eshaghi Gordji and M. B. Savadkouhi and C. Park, Quadratic-quartic functional equations in RN-spaces, J. 
Inequal. Appl. 2009 (2009), Article ID 868423, 14 pages. 

[7] M. Eshaghi Gordji, S. Zolfaghari, J.M. Rassias and M.B. Savadkouhi, Solution and stability of a mixed type cubic 
and quartic functional equation in quasi-Banach spaces, Abst. Appl. Anal. 2009 (2009), Article ID 417473, 14 
pages. 

[8] C. Felbin, Finite-dimensional fuzzy normed linear space, Fuzzy Sets and Systems 48 (1992), 239-248. 

[9] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings, J. Math. 
Anal. Appl. 184 (1994), 431-436. 

[10] M.B. Ghaemi, M. Choubin, R. Saadati, C. Park and D. Shin, A fixed point approach to the stability of Euler- 
Lagrange sextic (a, b)-functional equations in Archimdean and non-Archimedean Banach spaces, J. Comput. Anal. 
Appl. 21 (2016), 170-181. 

[11] D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A. 27 (1941), 222-224. 

[12] S. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic Press, Palm 
Harbor, 2001. 

[13] I. Karmosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica 11 (1975), 326-334. 

[14] A.K. Katsaras, Fuzzy topological vector spaces, Fuzzy Sets and Systems 12 (1984), 143-154. 

[15] S.V. Krishna and K.K.M. Sarma, Separation of fuzzy normed linear spaces, Fuzzy Sets and Systems 63 (1994), 
207-217. 

[16] D. Mihet and V. Radu, On the stability of the additive Cauchy functional equation in random normed spaces, J. 
Math. Anal. Appl. 343 (2008), 567-572. 

[17] A.K. Mirmostafaee, M. Mirzavaziri and M.S. Moslehian, Fuzzy stability of the Jensen functional equation, Fuzzy 
Sets and Systems 159 (2008), 730-738. 

[18] A.K. Mirmostafaee and M.S. Moslehian, Fuzzy versions of Hyers-Ulam-Rassias theorem, Fuzzy Sets and Systems 
159 (2008), 720-729. 

[19] E. Movahednia, M. Eshaghi Gordji, C. Park and D. Shin, A quadratic functional equation in intuitionistic fuzzy 
2-Banach spaces, J. Comput. Anal. Appl. 21 (2016), 761-768. 

[20] A. Najati and A. Ranjbari, Stability of homomorphisms for a 3 D Cauchy-Jensen functional equation on C*-ternary 
algebras, J. Math. Anal. Appl. 341 (2008), 62-79. 

[21] C. Park, On the stability of the linear mapping in Banach modules, J. Math. Anal. Appl. 275 (2002), 711-720. 

[22] C. Park, Modefied Trif’s functional equations in Banach modules over a C*-algebra and approximate algebra 
homomorphism, J. Math. Anal. Appl. 278 (2003), 93-108. 

[23] C. Park, Generalized Hyers-Ulam-Rassias stability of n-sesquilinear-quadratic mappings on Banach modules over 
C*-algebras, J. Comput. Appl. Math. 180 (2005), 279-291. 


557 


SUNG JIN LEE ET AL 545-558 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


S. Lee, H. A.Kenary, C. Park 

[24] C. Park, Fixed points and Hyers-Ulam-Rassias stability of Cauchy-Jensen functional equations in Banach algebras, 
Fixed Point Theory Appl. 2007, Art. ID 50175 (2007). 

[25] C. Park, Generalized Hyers-Ulam-Rassias stability of quadratic functional equations: a fixed point approach, Fixed 
Point Theory Appl. 2008, Art. ID 493751 (2008). 

[26] C. Park, Fuzzy stability of a functional equation associated with inner product spaces, Fuzzy Sets and Systems 160 
(2009), 1632-1642. 

[27] J. M. Rassias and H. Kim, Generalized Hyers-Ulam stability for grnrral additive functional equations in quasi-fi- 
normed spaces, J. Math. Anal. Appl., 356 (2009), 302-309. 

[28] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 297-300. 

[29] Th.M. Rassias, On the stability of the quadratic functional equation and it’s application, Studia Univ. Babes-Bolyai 
XLIII (1998), 89-124. 

[30] Th.M. Rassias, On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000), 264-284. 

[31] Th.M. Rassias and P. Semrl, On the Hyers-Ulam stability of linear mappings, J. Math. Anal. Appl. 173 (1993), 
325-338. 

[32] R. Saadati and C. Park, Non-Archimedean C-fuzzy normed spaces and stability of functional equations (in press). 

[33] R. Saadati, M. Vaezpour and Y. Cho, A note to paper “On the stability of cubic mappings and quartic mappings 
in random normed spaces”, J. Inequal. Appl. 2009 (2009), Article ID 214530, doi: 10.1155/2009/214530. 

[34] R. Saadati, M. M. Zohdi and S. M. Vaezpour, Nonlinear L-random stability of an ACQ functional equation, J. 
Inequal. Appl. 2011 (2011), Article ID 194394, 23 pages, doi:10.1155/2011/194394. 

[35] S.M. Ulam, Problems in Modern Mathematics, John Wiley and Sons, New York, NY, USA, 1964. 

Sung Jin Lee, Department of Mathematics, Daejin University, Kyunggi 11159, Korea 
E-mail address : hyperOdaejin.ac.kr 

Hassan Azadi Kenary, Department of Mathematics, College of Sciences, Yasouj University, Yasouj 

75914-353, Iran 

E-mail address: azadiOyu.ac.ir 

Choonkil Park, Research Institute for Natural Sciences, Hanyang University, Seoul 04763, Korea 
E-mail address: baakOhanyang. ac. kr 


558 


SUNG JIN LEE ET AL 545-558 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


n-JORDAN *-DERIVATIONS ON INDUCED (7*- ALGEBRAS 

YINHUA CUI, GANG LU, XIAOHONG ZHANG, AND CHOONKIL PARK* 

Abstract. Using the fixed point alternative theorem, we investigate the Hyers-Ulam stability of 
of n-Jordan *-derivations on induced fuzzy C*-algebras associated with the following functional 
equation f (my — x) + f (x — mz) + mf (x — y + z) = f ( mx ), where m is a fixed integer greater 
than 1. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ularn [42] con¬ 
cerning the stability of group homomorphisms. Hyers [16] gave a first affirmative partial answer 
to the question of Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [1] for 
additive mappings and by Rassias [33] for linear mappings by considering an unbounded Cauchy 
difference. A generalization of the Aoki and Rassias theorem was obtained by Gavruta [15], 
who used a more general function controlling the possibly unbounded Cauchy difference in the 
spirit of Rassias’ approach. The stability problems for several functional equations or inequalities 
have been extensively investigated by a number of authors and there are many interesting results 
concerning this problem (see [8, 9], [17]—[25], [30, 31], [34]—[38], [40, 41]). 

We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : X x X —> [0, oo] is called a generalized metric on X if d satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) for all x, y E X; 

(3) d(x, z) < d(x, y) + d(y , z) for all x,y,z G X. 

Theorem 1.1 (see [7, 12]). Let (X,d) be a complete generalized metric space and let J : X —>• X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x G X, either 

d(J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, for all n > no; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y € X\d(J n °x,y) < oo}; 

(4) d(y, y*) < jhzd(y, Jy ) for all y € Y. 

By using the fixed point method, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [6, 7, 11, 13, 22, 27, 32]). 

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 

Key words and phrases. Fuzzy normed space; additive functional equation; Hyers-Ulam stability; induced fuzzy 
C*-algebra. 
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In 1984, Katsaras [21] defined a fuzzy norm on a linear space and at the same year Wu and 
Fang [43] also introduced a notion of fuzzy normed space and gave the generalization of the 
Kolmogoroff normalized theorem for fuzzy topological linear space. In [5], Biswas defined and 
studied fuzzy inner product spaces in linear space. Since then some mathematicians have defined 
fuzzy metrics and norms on a linear space from various points of view [4, 14, 24, 39, 44], In 
1994, Cheng and Mordeson introduced a definition of fuzzy norm on a linear space in such a 
manner that the corresponding induced fuzzy metric is of Kramosil and Michalek type [23]. In 
2003, Bag and Samanta [4] modified the definition of Cheng and Mordeson [10] by removing a 
regular condition. They also established a decomposition theorem of a fuzzy norm into a family 
of crisp norms and investigated some properties of fuzzy norms (see [3]). Following [2], we give 
the employing notion of a fuzzy norm. 

Let X be a real linear space. A function N : A x R —> [0, l](the so-called fuzzy subset) is said 
to be a fuzzy norm on X if for all x, y £ A and all a, b 6 R: 

(A r i) N(x,a) = 0 for a < 0; 

(IV 2 ) x = 0 if and only if N(x , a) = 1 for all a > 0; 

(1V 3 ) N(ax, b) = N(x, j^y) if a + 0; 

(1V 4 ) N(x + y, a + b) > min{N(x, a),N(y, 6)}; 

(IV 5 ) N(x, .) is a non-decreasing function on R and lim a _ s . 0O N(x, a) = 1; 

(Nq) For x / 0, N(x, .) is (upper semi) continuous on R. 

The pair (A, N) is called a fuzzy normed linear space. One may regard N(x, a) as the truth value 
of the statement the norm of x is less than or equal to the real number a . 


Definition 1.2. Let (A, A) be a fuzzy normed linear space. Let x n be a sequence in X. Then 
x n is said to be convergent if there exists x 6 X such that lim n _ >0O N(x n — x,a) = 1 for all a > 0. 
In that case, x is called the limit of the sequence x n and we denote it by N-liuin^oo x n = x. 


Definition 1.3. A sequence x n in X is called Cauchy if for each e > 0 and each a > 0 there 
exists no such that for all n > no and all p > 0, we have N(x n+P — x n , a) > 1 — e. 

It is known that every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy 
sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space 
is called a fuzzy Banach space. 

We say that a mapping / : X —> Y between fuzzy normed vector space X, Y is continuous 
at point xq £ X if for each sequence {x n } converging to xq in X, then the sequence {f(x n )} 
converges to f(x 0 ). If / : X —>• Y is continuous at each x £ X, then / : X -A Y is said to be 
continuous on A (see [ 2 ]). 

Definition 1.4. [29] Let X be a =t=-algebra and (X,N) a fuzzy normed space. 

(1) The fuzzy normed space (X,N) is called a fuzzy normed ^-algebra if 

N(xy,st) > N(x,s) ■ N(y,t) and N(x*,t) = N(x,t). 

(2) A complete fuzzy normed *-algebra is called a fuzzy Banach *-algebra. 


Example 1.5. Let (A, ||.||) be a normed *-algebras. Let 


N(x, a) 


a 

a+||x|| ’ 


0 , 


a > 0 , x e A, 
a < 0, x € X. 


Then N(x,t ) is a fuzzy norm on X and (A, N(x,t)) is a fuzzy normed *-algebra. 
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Definition 1.6. Let (X , || • ||) be a C*-algebra and X a fuzzy norm on X. 

(1) The fuzzy normed ^-algebra (X, X) is called an induced fuzzy normed *-algebra. 

(2) The fuzzy Banach ^-algebra ( X , N ) is called an induced fuzzy C'*-algebra. 

Definition 1.7. Let (X, |j • ||) be an induced fuzzy normed ^-algebra. Then a C-linear mapping 
D : (X, N) -A (X, N ) is called a fuzzy n-Jordan *-derivation if 

D(x n ) = D(x)x n ^ 1 + xD(x)x n ~ 2 + • • • + x n ~ 2 D(x)x + x n ~ 1 D(x), 

D(x*) = D(x)* 

for all 

Throughout this paper, assume that ( X , N ) is an induced fuzzy C*-algebra and that m is a 
fixed integer greater than 1. 


2. Main results 

Lemma 2.1. Let ( Z,N) be a fuzzy normed vector space and f : X —> Z be a mapping such that 
N (/ (my — x) + / (x — mz ) + mf (x — y + z) , t) > N ( mx ), (2.1) 

for all x,y,z G X and all t. > 0. Then f is additive. 

Proof. Letting x = y = z = Oin (2.1), we get 

N((m + 2)f(0),t) = N (Vo0), > N (/(0), 0 

for all t > 0. By (X 5 ) and (Nq), N(f(0),t) = 1 for all t > 0. It follows from (X 2 ) that /(0) = 0. 
Letting x = 0 and y = z in (2.1), we get 

N(f(my) + f(—my),t) > N 0(0), 0 = 1 

for all t > 0. It follows from (N 2 ) that f(my) + f(—my) = 0 for all y G X. Thus 

f(-y) = -f{y ) 

for all y & X. 

Letting 2 = 2 = 0 in (2.1), we get 

N(f(my) - mf(y),t) = N(f(my) + mf(-y),t ) > X 0(0), 0 = 1 

for all t > 0. So f(my ) = mf(y) for all y G X. 

Letting 2 = 0 and replacing z by —z in (2.1), we get 

N(f(my) + /(mz) + mf(-y - z),t) = N(mf(y) + m.f(z) - mf(y + z),t) > X 0(0), 0 = 1 

for all t > 0. It follows from (X 2 ) that 

m f(y) + m f(z) - mf(y + z) = 0 

for all y, z E X. Thus 


for all y, z £ X, as desired. 


/(y + z) = /(y) + /(z) 


□ 
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Theorem 2.2. Let 4> : X 3 -A [0, oo) be a function such that there exists an L < 1 with 

< —4>{x,y,z) 

\m m mJ m 

for all x,y, z G X. Let f : X -A X be an odd mapping such that 

t 

N (/ (y(my — x)) + / (y(x — mz )) + mf (/. i(x — y + z)) — nf (mx ), t) > 


t + 4>(x, y, z) 


N ( f{w n ) - f(w)w n ~ l - wf(w)w n ~ 2 - w n ~ 2 f{w)w - w^fiw) 

+f(v*)-f(v)*,t)> 1 


( 2 . 2 ) 


(2.3) 


(2.4) 


t + 4>(w,v, 0 ) 

for all x,y,z,w,v € X, all y £ T 1 := {c € C : |c| = 1} and all t > 0. Then the limit 
D(x) = N — linin^oo m n f (^r) exists for each x G X and the mapping D : X -a X is a fuzzy 
n-Jordan *-derivation satisfying 

m( 1 — L)t 


N(f(x) - D(x),t) > 


m( 1 — L)t + Lcj) (x, 0, 0) 


(2.5) 


for all x €E X and all t > 0. 


Proof. Since / is odd, /(0) = 0 and f(—x) = —f{x) for all X. 
Letting /./ = 1 and y = z = 0 in (2.3), we have 

t 


N (mf (x) — f(mx),t) > 


and so 


t + (f(x, 0 , 0 ) 

N ( m/ (£) - /(„,*) > t + ^ ( l 0 , 0) - TTikxL) 


( 2 . 6 ) 


for all x G X and all t > 0. Thus 


N fmf (—) - f(x), —t) > 
\ V m / my 


-t 

m 


jft + £-(j)(x, 0,0) t + y>(x,o,o) 


(2.7) 


;} 


for all x G X and all t > 0. 

Consider the set 

G:={ 5 :X^X} 

and introduce the generalized metric on G: 

d(g,h ) := inf {a G M + : iV(s<a;) - h(x),at ) > / 

t + <p(x, 0, 0) 

for all x G X and all t > 0, where inf <p = +oo. It is easy to show that ( S , d) is complete (see the 
proof of [26, Lemma 2.1] 

Now, we consider the linear mapping Q : G —> G such that Qg(x) := mg ()|) for all i£l. 
Let g,h € G be given such that d(g,h ) = e. Then 

N(g(x) — h(x),et ) > -—-- 

m y h J ~ t + (j)(x, 0,0) 
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for all x E X and all t > 0. Hence 

N(Qg(x ) — Qh(x), Let) = N (mg (—) — rnh ( —) , Let) = N (g ( —) — h ( —) , — et ] 

V \m / V m / / \ \mJ \mJ m ) 


> 


Lt 

m 


> 


Lt 

m 


t 


^ + £ + £*(*, 0 , 0 ) t + </>{x, 0 , 0 ) 

for all x G X and all t > 0. Thus d(g, h) = e implies that d(Qg, Qh ) < Le. This means that 

d(Qg , Qh) < Ld(g, h) 

for all g , h £ G. 

It follows from (2.7) that d(f, Qf) < 

By Theorem 1.1, there exists a mapping D : X —> X satisfying the following: 

( 1 ) D is a fixed point of Q, he., 




1 


( — ) = — D(x) 
\ m / m 


( 2 . 8 ) 


for all i£l. The mapping D is a unique fixed point of Q hr the set 

M = {g <E G : d(f,g) < oo}. 

This implies that D is a unique mapping satisfying (2.8) such that there exists an a G (0, oo) 
satisfying 


!V(/(x) - D(x), at) > 


t 


t + 4>(x, o, o) 

for all x E X. 

( 2 ) d{Q k f , D) —»• 0 as k —> oo. This implies the equality 


N — lim m k f = D(x) 

k —¥oo \m K / 


for all x G X; 

(3) d(f,D) < i^d(f,Qf), which implies the inequality 

d(f,D)< L 


m( 1 — L)' 

This implies that the inequality (2.5) holds. 

Next we show that D is additive. It follows from (2.2) that 


k =0 


^2 mk (j) (—£, -^ 7 , = (l>(x,y,z) + m(f> ( —, —, —) +m 2 0 ( ^, + 

z —j \ m h TYl™ ’ \ m m m / \ m z m z / 


X y Z 
m ’ m ’ m 


x y z 

9 > 0 ! C 

m- 


1 


< y, *0 + L(j>(x, y, z) + L 2 <p(x, y, z) H-= ---0(x, y,z) <oo 


1 - L 


for all x,y,z E X. 
By (2.3), 


IV m k f f-t 


my — x 

k 

rrr 


+ m k f(ii 


x — mz 


m n 


+ m k+l f ( y 


x — y + z 


mr 


m 


~ m k yf i—rx) ,m k t 


mr 


> 


f+ </>(-%, A, A) 

' \ 7 m K 7 / 
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and so 


N • m k f n 


my — x 
m k 


+ m k f n 


x — mz 


mr 


>~ 


+ m ■ m f ( /.x 
t 


x — y + z 


mz 


m 


— m '/if \ —zx) ,t 


mr 


+ A, A) t + 

” V mr 1 m K 7 m K / “V m K m K 1 mr / 

for all X,y, z £ X, all /x £ T 1 and all t > 0. Since lim^oc, 
and all t > 0, 




= 1 for all x,y,z £ X 


N (D {n(my — x)) + D (/x(x — mz)) + ml? (/i(x — y + z)) — yD [mx) ,t) = 1 

for all x, y, z £ X, all /x £ T 1 and all t > 0. So 

I? ( n(my — x)) + I? (/x(x — mz) + m,D (/x(x — y + 2 )) = fiD (mx)) (2.9) 

for all x,y,z £ X and all (i £ T 1 . Let /x = 1 in (2.9). By the same reasoning as in the proof of 
Lemma 2.1, one can easily show that D is additive. 

Since / is odd, it is easy to show that D is odd. Letting /.x = 1 and y = z = 0 in (2.9), we get 
mD(x) = D(mx) for all x £ X. Letting y = z = 0 in (2.9), we get mD(/xx) = fiD(mx) = m/j,D(x) 
and so 

D(nx) = f-iD(x) 

for all x £ X and all /.x £ T 1 . Thus the mapping Z? : X —> X is C-linear by [28, Theorem 2.1]. 

By (2.4) and letting v = 0 in (2.4), we get 



for all w £ X and all t > 0. Thus 



t 

~ t + ( m n ~ 1 L) k (j)(w , 0,0) 


for all w £ X and all t > 0. Since lim^oo n 0 0 ) = ^ ^ or w ^ X and all t > 0, we 
get 

N(D(w n ) - DHu/ 1 " 1 - ulDMu/ 1 " 2 - w n ~ 2 D(w)w - w n ~ 1 D(w),t) = 1 


for all x £ X and all t > 0. So 

D(w n ) - D(w)w n ~ 1 - wD(w)w n ~ 2 - w n ~ 2 D(w)w - w n ~ l D(w) = 0 


for all w £ X. 

Similarly, letting w = 0 in (2.4), we get D(v*) — D(v)* = 0 for all v £ X. 

Therefore, the mapping Z? : X —> X is a fuzzy n-Jordan ^-derivation. □ 
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Corollary 2.3. Let p be a real number with p > 1, 9 > 0 ; and X be a normed vector space with 
norm || • ||. Let f : X — > X be an odd mapping satisfying 

N (/ (/ u(my - x)) + / (p(x - mz )) + mf (p(x - y + z)) - pf (mx), t ) (2.10) 

> * 


t + 6 (\\x\\p + \\y\\P + \\z\\Py 
~ f(w)w n ~ 
+f(v*)-f(v)*,t)> 


N ( f{w n ) - f{w)w n ~ 1 - wf(w)w n ~ 2 - w n ~ 2 f{w)w - w n ~ l f{w) 

t 


( 2 . 11 ) 


t + 9(\\w\\P+ ||v||p) 

for all x,y,w,v G X, all /i 6 T 1 and all t > 0. Then the limit D(x) = N — linx^oo m n f (^n) 
exists for each x G X and the mapping D : X —> X is a fuzzy n-Jordan *-derivation satisfying 

for all x G X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking 

H x ,y,z) = 6{\\x\\ p + \\y\\ p + II^IH 

and L = m 1 ~ p . □ 

Theorem 2.4. Let f> : X 3 -A [0, oo) be a function such that there exists an L < 1 with 

mLtj) y, z) (2.12) 

V m m m / 

for all x,y,z G X. Let f : X -a X be an odd mapping satisfying (2.3) and (2.4). Then the limit 
D(x) = N — linin^oo ^r/ ( m n x ) exists for each x G X and the mapping D : X -A X is a fuzzy 
n-Jordan *-derivation satisfying 

m{ 1 — L)t 


N(f(x) - D(x),t ) > 


m(l — L)t + (j) (x, 0,0) 


(2.13) 


for all x G X and all t > 0. 


Proof. Let (G, d) be generalized metric space defined in the proof of Theorem 2.2. Consider the 
linear mapping Q : G -A G such that 


Qg{x) := — g(mx ) 
m 


for all x G X. 

It follow from (2.6) that 


N (fix) —— f(mx ), — t ) > -—--r 

\ m J m J t + (f(x,0,0) 

for all x G X and all t > 0. Thus d(f, Qf) < ^. Hence 

d(f,D)< 1 

m(l — L) 

which implies that the inequality (2.13) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 
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Corollary 2.5. Let 0 > 0 and letp be a positive real number withp < 1. Let X be a normed vector 
space with normed || • ||. Let f : X — > X be an odd mapping satisfying (2.10) and (2.11). Then 
D(x ) = N — lirri n ^ oc ^ f(m n x ) exists for each x € X and defines a fuzzy n-Jordan *- derivation 
D : X —> X such that 


N(f(x) - D(x),t) > 


(■m — mP)t 
(m — mP)t + 9\\x\\p 


for every x € X and all t > 0. 


Proof. The proof follows from Theorem 2.4 by taking 

cf(x,y,z) = 9(\\xr + \\yr + \\z\n 

and L = m p ~ 1 . □ 


References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 (1950), 64-66. 

[2] T. Bag and S .K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math. 11 (2003), 687-705. 

[3] T. Bag and S. K. Samanta, Fuzzy bounded linear operators, Fuzzy Sets Syst. 151 (2005), 513-547. 

[4] V. Balopoulos, A. G. Hatzimichailidis and B. K. Papadopoulos, Distance and similarity measures for fuzzy 
operators, Inform. Sci. 177 (2007), 2336-2348. 

[5] R. Biswas, Fuzzy inner product spaces and fuzzy norm functions, Inform. Sci. 53 (1991), 185-190. 

[6] L. Cadariu, L. Gavruta and P. Gavruta, Fixed points and generalized Hyers-Ulam stability, Abs. Appl. Anal. 
2012, Article ID 712743 (2012). 

[7] L. Cadariu and V. Radu, Fixed points and the stability of Jensen’s functional equation, J. Inequal. Pure Appl. 
Math. 4 (2003), No. 1, Article ID 4. 

[8] A. Chahbi and N. Bounader, On the generalized stability of d’Alembert functional equation, J. Nonlinear Sci. 
Appl. 6 (2013), 198-204. 

[9] I. Chang, M. Eshaghi Gordji, H. Khodaei and H. Kim, Nearly quartic mappings in ft-homogeneous F-spaces, 
Results Math. 63 (2013), 529-541. 

[10] S. C. Cheng and J. N. Mordeson, Fuzzy linear operator and fuzzy normed linear spaces, Bull. Calcutta Math. 
Soc. 86 (1994), 429-436. 

[11] K. Ciepliriski, Applications of fixed point theorems to the Hyers-Ulam stability of functional equations-a survey, 
Ann. Funct. Anal. 3 (2012), 151 164. 

[12] J.B. Diaz and B. Margolis, A fixed point theorem of the alternative for contractions on a generalized complete 
metric space, Bull. Amer. Math. Soc. 44 (1968), 305-309. 

[13] M. Eshaghi Gordji, H. Khodaei, Th. M. Rassias and R. Khodabakhsh, J* -homomorphisms and J*-derivations 
on J*-algebras for a generalized Jensen type functional equation, Fixed Point Theory 13 (2012), 481-494. 

[14] C. Felbin, Finite dimensional fuzzy normed linear space, Fuzzy Sets Syst. 48 (1992), 239-248. 

[15] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings, J. Math. 
Anal. Appl. 184 (1994), 431-436. 

[16] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941), 222-224. 

[17] D. H. Hyers, G. Isac and Th. M. Rassias, Stability of Functional Equations in Several Variables, Birkhauser, 
Basel, 1998. 

[18] G. Isac and Th.M. Rassias, On the Hyers-Ulam stability of if-additive mappings, J. Approx. Theory 72 (1993), 
131 137. 

[19] W. Jablonski, Sum of graphs of continuous functions and boundedness of additive operators, J. Math. Anal. 
Appl. 312 (2005), 527-534. 

[20] S. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Nonlinear Analysis, Springer, New York, 
2011 . 

[21] A. K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets Syst. 12 (1984), 143-154. 

[22] H. Khodaei, R. Khodabakhsh and M. Eshaghi Gordji, Fixed points, Lie *-homomorphisms and Lie *- 
derivations on Lie C*-algebras, Fixed Point Theory 14 (2013), 387-400. 

[23] I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica 11 (1975), 326-334. 


566 


YINHUA CUI ET AL 559-567 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


n-JORDAN ^-DERIVATIONS ON FUZZY C*-ALGEBRAS 

[24] S. V. Krishna and K. K. M. Sarnia, Separation of fuzzy normed linear spaces , Fuzzy Sets Syst. 63 (1994), 
207-217. 

[25] G. Lu and C. Park, Hyers-Ulam stability of additive set-valued functional equations, Appl. Math. Lett. 24 
(2011), 1312-1316. 

[26] D. Mihet and V. R.adu, On the stability of the additive Cauchy functional equation in random normed spaces, 
J. Math. Anal. Appl. 343 (2008), 567-572. 

[27] F. Moradlou and M. Eshaghi Gordji, Approximate Jordan derivations on Hilbert C* -modules, Fixed Point 
Theory 14 (2013), 413-425. 

[28] C. Park, Homomorphisms between Poisson JC*-algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97. 

[29] C. Park, K. Ghasemi and S. Ghaleh, Fuzzy n-Jordan *-derivations on induced fuzzy C*-algebras, J. Comput. 
Anal. Appl. 16 (2014), 494-502. 

[30] C. Park, S. Kim, J. Lee and D. Shin, Quadratic p-functional inequalities in -homogeneous normed spaces, 
Int. J. Nonlinear Anal. Appl. 6 (2015), no. 2, 21-26. 

[31] C. Park and A. Najati, Generalized additive functional inequalities in Banach algebras, Int. J. Nonlinear Anal. 
Appl. 1 (2010), no. 2, 54-62. 

[32] C. Park and J. M. Rassias, Stability of the Jensen-type functional equation in C*-algebras: A fixed point 
approach, Abs. Appl. Anal. 2009, Article ID 360432 (2009). 

[33] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 
297-300. 

[34] Th. M. Rassias (Ed.), Functional Equations and Inequalities, Kluwer Academic, Dordrecht, 2000. 

[35] Th. M. Rassias, On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000), 
264-284. 

[36] Th .M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Math. Appl. 62 (2000), 
23-130. 

[37] S. Shagholi, M. Bavand Savadkouhi, M. Eshaghi Gordji, Nearly ternary cubic homomorphism in ternary 
Frechet algebras, J. Comput. Anal. Appl. 13 (2011), 1106-1114. 

[38] S. Shagholi, M. Eshaghi Gordji and M. B. Savadkouhi, Stability of ternary quadratic derivation on ternary 
Banach algebras, J. Comput. Anal. Appl. 13 (2011), 1097 1105. 

[39] B. Shieh, Infinite fuzzy relation equations with continuous t-norms, Inform. Sci. 178 (2008), 1961-1967. 

[40] D. Shin, C. Park and Sh. Farhadabadi, On the superstability of ternary Jordan C*-homomorphisms, J. Comput. 
Anal. Appl. 16 (2014), 964-973. 

[41] D. Shin, C. Park and Sh. Farhadabadi, Stability and superstability of J*-homomorphisms and J*-derivations 
for a generalized Cauchy-Jensen equation, J. Comput. Anal. Appl. 17 (2014), 125-134. 

[42] S.M. Ulam, Problems in Modern Mathematics, Chapter VI, Science ed., Wiley, New York, 1940. 

[43] C. Wu and J. Fang, Fuzzy generalization of Klomogoroff’s theorem, J. Harbin Inst. Technol. 1 (1984), 1-7. 

[44] J. Z. Xiao and X.-H. Zhu, Fuzzy normed spaces of operators and its completeness, Fuzzy Sets Syst. 133 (2003), 
389-399. 

Yinhua Cui 

Department of Mathematics, Yanbian University, Yanji 133001, P.R. China 
E-mail address: cuiyh@ybu.edu.cn 

Gang Lu 

Department of Mathematics, Zhejiang University, Hangzhou 310027, People’s Republic of China; 

Department of Mathematics, School of Science, ShenYang University of Technology, Shenyang 

110178, P. R. China 

E-mail address: lvgangl234@hanmail.net 

Xiaohong Ziiang 

Department of Mathematics, Shanghai Maritime University, Shanghai 201306, P. R. China 
E-mail address: zhangxh@shmtu.edu.cn 

Choonkil Park 

Department of Mathematics, Research Institute for Natural Sciences, Hanyang University, Seoul 

04763, Republic of Korea 

E-mail address: baak@hanyang. ac. kr 


567 


YINHUA CUI ET AL 559-567 



568 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL 26, NO. 3, 2019 


Nonlinear evolution equations with delays satisfying a local Lipschitz condition, Jin-Mun Jeong 
and Ah-ran Park,.393 

Investigation of a-C-class functions with applications, Aftab Hussain, Arslan Hojat Ansari, 
Sumit Chandok, Dong Yun Shin, and Choonkil Park,.404 

Generalizations of Hua's inequality in Hilbert C*-modules, F. G. Gao and G. Q. Hong,.415 

Fourier series of functions related to higher-order Genocchi polynomials, Taekyun Kim, Dae San 
Kim, Gwan-Woo Jang, and Jongkyum Kwon,.421 

Value distribution and uniqueness of certain types of q-difference polynomials, Yunfei Du, 
Zongsheng Gao, Minfeng Chen, and Ming Zhao,.438 

New Exact Penalty Function Methods with e-approximation and Perturbation Convergence for 
Solving Nonlinear Bilevel Programming Problems, Qiang Tuo and Heng-you Lan,.449 

Approximate n-Jordan *-derivations on induced fuzzy C*-algebras, Gang Lu, Jincheng Xin, 
Choonkil Park, and Yuanfeng Jin,.459 

Recurrence fonnulas for Eulerian polynomials of type B and type D, Dan-Dan Su and Yuan 
He,.469 

Certain subclasses of bi-univalent functions of complex order associated with the generalized 
Meixner-Pollaczek polynomials, C. Ramachandran, T. Soupramanien, and Nak Eun Cho,.. .484 

Integral Inequalities of Simpson's Type for Strongly Extended (s,m)-Convex Functions, Jun 
Zhang, Zhi-Li Pei, and Feng Qi,.499 

Fixed points of multivalued nonexpansive mappings in Kohlenbach hyperbolic space, Birol 
Gunduz, Ebru Aydogdu, and Halis Aygun,.509 

Double-framed soft sets with applications in BE-algebras, Jeong Soon Han and Sun Shin 
Ahn,.520 

Hyers-Ulam stability of additive function equations in paranormed spaces, Choonkil Park, Su 
Min Kwon, and Jung Rye Lee,.532 


New Uzawa-type method for nonsymmetric saddle point problems, Shu-Xin Miao , Juan Li,539 















TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL 
ANALYSIS AND APPLICATIONS, VOL. 26, NO. 3, 2019 

(continued) 


Fuzzy Hyers-Ulam stability for generalized additive functional equations, Sung Jin Lee, Hassan 
Azadi Kenary, and Choonkil Park,.545 

n-Jordan *-derivations on induced C*-algebras, Yinhua Cui, Gang Lu, Xiaohong Zhang, and 
Choonkil Park,.559 





Volume 26, Number 4 April 2019 

ISSN: 1521-1398 PRINT, 1572-9206 ONLINE 



Journal of 
Computational 
Analysis and 
Applications 


EUDOXUS PRESS,LLC 




Journal of Computational Analysis and Applications 
ISSNno.’s: 1521-1398 PRINT,1572-9206 ONLINE 
SCOPE OF THE JOURNAL 
An international publication of Eudoxus Press, LLC 
(fifteen times annually) 

Editor in Chief: George Anastassiou 
Department of Mathematical Sciences, 

University of Memphis, Memphis, TN 38152-3240, U.S.A 
ganastss@memphis.edu 

http://www.msci.memphis.edu/~ganastss/jocaaa 

The main purpose of "J.Computational Analysis and Applications" 
is to publish high quality research articles from all subareas of 
Computational Mathematical Analysis and its many potential 
applications and connections to other areas of Mathematical 
Sciences. Any paper whose approach and proofs are computational,using 
methods from Mathematical Analysis in the broadest sense is suitable 
and welcome for consideration in our journal, except from Applied 
Numerical Analysis articles. Also plain word articles without formulas and 
proofs are excluded. The list of possibly connected 
mathematical areas with this publication includes, but is not 
restricted to: Applied Analysis, Applied Functional Analysis, 

Approximation Theory, Asymptotic Analysis, Difference Equations, 

Differential Equations, Partial Differential Equations, Fourier 
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities, 

Integral Equations, Measure Theory, Moment Theory, Neural Networks, 
Numerical Functional Analysis, Potential Theory, Probability Theory, 

Real and Complex Analysis, Signal Analysis, Special Functions, 

Splines, Stochastic Analysis, Stochastic Processes, Summability, 

Tomography, Wavelets, any combination of the above, e.t.c. 

"J.Computational Analysis and Applications" is a 
peer-reviewed Journal. See the instructions for preparation and submission 
of articles to JoCAAA. Assistant to the Editor: 
Dr.Razvan Mezei,mezei_razvan@yahoo.com, Madison,WI,USA. 

Journal of Computational Analysis and Applications(JoCAAA) is published by 

EUDOXUS PRESS,LLC, 1424 Beaver Trail 

Drive,Cordova,TN3 8016,USA, anastassioug@yahoo.com 

http://www.eudoxuspress.com. Annual Subscription Prices:For USA and 

Canada,Institutional:Print $800, Electronic OPEN ACCESS. IndividuakPrint $400. For 

any other part of the world add $160 more(handling and postages) to the above prices for 

Print. No credit card payments. 

Copyright©2019 by Eudoxus Press,LLC, all rights reserved.JoCAAA is printed in USA. 

JoCAAA is reviewed and abstracted by AMS Mathematical 
Reviews,MATHSCI,and Zentralblaat MATH. 

It is strictly prohibited the reproduction and transmission of any part of JoCAAA and in 
any form and by any means without the written pennission of the publisher.lt is only 
allowed to educators to Xerox articles for educational purposes.The publisher assumes no 
responsibility for the content of published papers. 


572 



Editorial Board 

Associate Editors of Journal of Computational Analysis and Applications 


Francesco Altomare 

Dipartimento di Matematica 
Universita' di Bari 
Via E.Orabona, 4 
70125 Bari, ITALY 
Te1+39-080-5442690 office 
+39-080-3944046 home 
+39-080-5963612 Fax 
altomare@dm.uniba.it 
Approximation Theory, Functional 
Analysis, Semigroups and Partial 
Differential Equations, Positive 
Operators. 

Ravi P. Agarwal 

Department of Mathematics 

Texas A&M University - Kingsville 

700 University Blvd. 

Kingsville, TX 78363-8202 
tel: 361-593-2600 
Agarwal@tamuk.edu 

Differential Equations, Difference 
Equations, Inequalities 

George A. Anastassiou 

Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152,U.S.A 
Tel.901-678-3144 
e-mail: ganastss@memphis.edu 
Approximation Theory, Real 
Analysis, 

Wavelets, Neural Networks, 
Probability, Inequalities. 

J. Marshall Ash 

Department of Mathematics 
De Paul University 
2219 North Kenmore Ave. 

Chicago, IL 60614-3504 
773-325-4216 

e-mail: mash@math.depaul.edu 
Real and Harmonic Analysis 

Dumitru Baleanu 

Department of Mathematics and 
Computer Sciences, 

Cankaya University, Faculty of Art 
and Sciences, 

06530 Balgat, Ankara, 

Turkey, dumitru@cankaya.edu.tr 


Fractional Differential Equations 
Nonlinear Analysis, Fractional 
Dynamics 

Carlo Bardaro 

Dipartimento di Matematica e 
Informatica 
Universita di Perugia 
Via Vanvitelli 1 
06123 Perugia, ITALY 
TEL+390755853822 
+390755855034 
FAX+390755855024 
E-mail carlo.bardaro@unipg.it 
Web site: 

http://www.unipg.it/~bardaro/ 
Functional Analysis and 
Approximation Theory, Signal 
Analysis, Measure Theory, Real 
Analysis. 

Martin Bohner 

Department of Mathematics and 
Statistics, Missouri S&T 
Rolla, MO 65409-0020, USA 
bohner@mst.edu 
web.mst.edu/~bohner 
Difference equations, differential 
equations, dynamic equations on 
time scale, applications in 
economics, finance, biology. 

Jerry L. Bona 

Department of Mathematics 
The University of Illinois at 
Chicago 

851 S. Morgan St. CS 249 
Chicago, IL 60601 
e-mail:bona@math.uic.edu 
Partial Differential Equations, 
Fluid Dynamics 

Luis A. Caffarelli 

Department of Mathematics 
The University of Texas at Austin 
Austin, Texas 78712-1082 
512-471-3160 

e-mail: caffarel@math.utexas.edu 
Partial Differential Equations 

George Cybenko 

Thayer School of Engineering 


573 



Dartmouth College 
8000 Cummings Hall, 

Hanover, NH 03755-8000 
603-646-3843 (X 3546 Seer.) 
e-mail:george.cybenkoSdartmouth.edu 
Approximation Theory and Neural 
Networks 

Sever S. Dragomir 

School of Computer Science and 
Mathematics, Victoria University, 

PO Box 14428, 

Melbourne City, 

MC 8001, AUSTRALIA 

Tel. +61 3 9688 4437 

Fax +61 3 9688 4050 

sever.dragomir@vu.edu.au 

Inequalities, Functional Analysis, 

Numerical Analysis, Approximations, 

Information Theory, Stochastics. 

Oktay Duman 

TOBB University of Economics and 
Technology, 

Department of Mathematics, TR- 
06530, 

Ankara, Turkey, 
oduman@etu.edu.tr 
Classical Approximation Theory, 
Summability Theory, Statistical 
Convergence and its Applications 

Saber N. Elaydi 

Department Of Mathematics 
Trinity University 
715 Stadium Dr. 

San Antonio, TX 78212-7200 
210-736-8246 

e-mail: selaydi@trinity.edu 
Ordinary Differential Equations, 
Difference Equations 


J .A. Goldstein 

Department of Mathematical Sciences 

The University of Memphis 

Memphis, TN 38152 

901-678-3130 

j goldsteSmemphis.edu 

Partial Differential Equations, 

Semigroups of Operators 

H. H. Gonska 

Department of Mathematics 
University of Duisburg 
Duisburg, D-47048 
Germany 


011-49-203-379-3542 
e-mail: heiner.gonska@uni-due.de 
Approximation Theory, Computer 
Aided Geometric Design 

John R. Graef 

Department of Mathematics 
University of Tennessee at 
Chattanooga 

Chattanooga, TN 37304 USA 
John-Graef@utc.edu 
Ordinary and functional 
differential equations, difference 
equations, impulsive systems, 
differential inclusions, dynamic 
equations on time scales, control 
theory and their applications 

Weimin Han 

Department of Mathematics 
University of Iowa 
Iowa City, IA 52242-1419 
319-335-0770 

e-mail: whan@math.uiowa.edu 
Numerical analysis. Finite element 
method. Numerical PDE, Variational 
inequalities. Computational 
mechanics 

Tian-Xiao He 

Department of Mathematics and 
Computer Science 

P.O. Box 2900, Illinois Wesleyan 
University 

Bloomington, IL 61702-2900, USA 
Tel (309)556-3089 
Fax (309)556-3864 
the@iwu.edu 

Approximations, Wavelet, 
Integration Theory, Numerical 
Analysis, Analytic Combinatorics 

Margareta Heilmann 

Faculty of Mathematics and Natural 
Sciences, University of Wuppertal 
GauBstrafie 20 

D-42119 Wuppertal, Germany, 
heilmann@math.uni-wuppertal.de 
Approximation Theory (Positive 
Linear Operators) 

Xing-Biao Hu 

Institute of Computational 
Mathematics 

AMSS, Chinese Academy of Sciences 
Beijing, 100190, CHINA 
hxb@lsec.cc.ac.cn 


574 



Computational Mathematics 

Jong Kyu Kim 

Department of Mathematics 
Kyungnam University 
Masan Kyungnam,631-701,Korea 
Tel 82-(55)-249-2211 
Fax 82-(55)-243-8609 
jongkyuk@kyungnam.ac.kr 
Nonlinear Functional Analysis, 
Variational Inequalities, Nonlinear 
Ergodic Theory, ODE, PDE, 

Functional Equations. 

Robert Kozma 

Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA 
rkozma@memphis.edu 

Neural Networks, Reproducing Kernel 
Hilbert Spaces, 

Neural Percolation Theory 

Mustafa Kulenovic 

Department of Mathematics 
University of Rhode Island 
Kingston, RI 02881,USA 
kulenm@math.uri.edu 
Differential and Difference 
Equations 

Irena Lasiecka 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152 

PDE, Control Theory, Functional 

Analysis, lasiecka@memphis.edu 

Burkhard Lenze 

Fachbereich Informatik 
Fachhochschule Dortmund 
University of Applied Sciences 
Postfach 105018 
D-44047 Dortmund, Germany 
e-mail: lenze@fh-dortmund.de 
Real Networks, Fourier Analysis, 
Approximation Theory 

Hrushikesh N. Mhaskar 

Department Of Mathematics 
California State University 
Los Angeles, CA 90032 
626-914-7002 

e-mail: hmhaska@gmail.com 
Orthogonal Polynomials, 
Approximation Theory, Splines, 
Wavelets, Neural Networks 


Ram N. Mohapatra 

Department of Mathematics 
University of Central Florida 
Orlando, FL 32816-1364 
tel.407-823-5080 
ram.mohapatra@ucf.edu 
Real and Complex Analysis, 
Approximation Th., Fourier 
Analysis, Fuzzy Sets and Systems 

Gaston M. N'Guerekata 

Department of Mathematics 

Morgan State University 

Baltimore, MD 21251, USA 

tel: 1-443-885-4373 

Fax 1-443-885-8216 

Gaston.N'Guerekata@morgan.edu 

nguerekata@aol.com 

Nonlinear Evolution Equations, 

Abstract Harmonic Analysis, 

Fractional Differential Equations, 

Almost Periodicity & Almost 

Automorphy 

M.Zuhair Nashed 

Department Of Mathematics 
University of Central Florida 
PO Box 161364 
Orlando, FL 32816-1364 
e-mail: znashed@mail.ucf.edu 
Inverse and Ill-Posed problems. 
Numerical Functional Analysis, 
Integral Equations, Optimization, 
Signal Analysis 

Mubenga N. Nkashama 

Department OF Mathematics 
University of Alabama at Birmingham 
Birmingham, AL 35294-1170 
205-934-2154 

e-mail: nkashama@math.uab.edu 
Ordinary Differential Equations, 
Partial Differential Equations 

Vassilis Papanicolaou 

Department of Mathematics 
National Technical University of 
Athens 

Zografou campus, 157 80 

Athens, Greece 

tel:: +30 (210) 772 1722 

Fax +30(210) 772 1775 

papanico@math.ntua.gr 

Partial Differential Equations, 

Probability 


575 



Choonkil Park 

Department of Mathematics 
Hanyang University 
Seoul 133-791 

S. Korea, baak@hanyang.ac.kr 
Functional Equations 

Svetlozar (Zari) Rachev, 

Professor of Finance, College of 
Business, and Director of 
Quantitative Finance Program, 
Department of Applied Mathematics & 
Statistics 

Stonybrook University 

312 Harriman Hall, Stony Brook, NY 

11794-3775 

tel: +1-631-632-1998, 
svetlozar.rachev@stonybrook.edu 

Alexander G. Ramm 

Mathematics Department 
Kansas State University 
Manhattan, KS 66506-2602 
e-mail: ramm@math.ksu.edu 
Inverse and Ill-posed Problems, 
Scattering Theory, Operator Theory, 
Theoretical Numerical Analysis, 

Wave Propagation, Signal Processing 
and Tomography 

Tomasz Rychlik 

Polish Academy of Sciences 
Instytut Matematyczny PAN 
00-956 Warszawa, skr. poczt. 21 
ul. ^niadeckich 8 
Poland 

trychlik@impan.pi 
Mathematical Statistics, 
Probabilistic Inequalities 

Boris Shekhtman 

Department of Mathematics 
University of South Florida 
Tampa, FL 33620, USA 
Tel 813-974-9710 
shekhtma@usf.edu 
Approximation Theory, Banach 
spaces. Classical Analysis 

T. E. Simos 

Department of Computer 

Science and Technology 

Faculty of Sciences and Technology 

University of Peloponnese 

GR-221 00 Tripolis, Greece 

Postal Address: 

26 Menelaou St. 


Anfithea - Paleon Faliron 
GR-175 64 Athens, Greece 
tsimos@mail.ariadne-t.gr 
Numerical Analysis 

H. M. Srivastava 

Department of Mathematics and 
Statistics 

University of Victoria 

Victoria, British Columbia V8W 3R4 

Canada 

tel.250-472-5313; office,250-477- 
6960 home, fax 250-721-8962 
harimsri@math.uvic.ca 
Real and Complex Analysis, 
Fractional Calculus and Appl., 
Integral Equations and Transforms, 
Higher Transcendental Functions and 
Appl.,q-Series and q-Polynomials, 
Analytic Number Th. 

I. P. Stavroulakis 

Department of Mathematics 
University of Ioannina 
451-10 Ioannina, Greece 
ipstav@cc.uoi.gr 
Differential Equations 
Phone +3-065-109-8283 

Manfred Tasche 

Department of Mathematics 
University of Rostock 
D-18051 Rostock, Germany 
manfred.tasche@mathematik.uni- 
rostock.de 

Numerical Fourier Analysis, Fourier 
Analysis, Harmonic Analysis, Signal 
Analysis, Spectral Methods, 
Wavelets, Splines, Approximation 
Theory 

Roberto Triggiani 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152 

PDE, Control Theory, Functional 

Analysis, rtrggani@memphis.edu 

Juan J. Trujillo 

University of La Laguna 
Departamento de Analisis Matematico 
C/Astr.Fco.Sanchez s/n 
38271. LaLaguna. Tenerife. 

SPAIN 

Tel/Fax 34-922-318209 
Juan.Trujillo@ull.es 


576 



Fractional: Differential Equations- 
Operators-Fourier Transforms, 

Special functions. Approximations, 
and Applications 

Ram Verma 

International Publications 
1200 Dallas Drive #824 Denton, 

TX 76205, USA 

Verma99@msn.com 

Applied Nonlinear Analysis, 

Numerical Analysis, Variational 
Inequalities, Optimization Theory, 
Computational Mathematics, Operator 
Theory 

Xiang Ming Yu 

Department of Mathematical Sciences 
Southwest Missouri State University 
Springfield, MO 65804-0094 
417-836-5931 

xmy944f@missouristate.edu 
Classical Approximation Theory, 
Wavelets 

Xiao-Jun Yang 

State Key Laboratory> for Geomechanics 
and Deep Underground Engineering, 

China University of Mining and Technology, 
Xuzhou 221116, China 

Local Fractional Calculus and Applications, 
Fractional Calculus and Applications, 
General Fractional Calculus and 
Applications, 

Variable-order Calculus and Applications, 
Viscoelasticity and Computational methods 
for Mathematical 
Physics, dyangxiaoiun@163.com 


Richard A. Zalik 

Department of Mathematics 
Auburn University 
Auburn University, AL 36849-5310 
USA. 

Tel 334-844-6557 office 
678-642-8703 home 
Fax 334-844-6555 
zalik@auburn.edu 

Approximation Theory, Chebychev 
Systems, Wavelet Theory 


Ahmed I. Zayed 

Department of Mathematical Sciences 
DePaul University 
2320 N. Kenmore Ave. 

Chicago, IL 60614-3250 
773-325-7808 

e-mail: azayed@condor.depaul.edu 
Shannon sampling theory. Harmonic 
analysis and wavelets. Special 
functions and orthogonal 
polynomials. Integral transforms 

Ding-Xuan Zhou 

Department Of Mathematics 
City University of Hong Kong 
83 Tat Chee Avenue 
Kowloon, Hong Kong 
852-2788 9708,Fax:852-2788 8561 
e-mail: mazhou@cityu.edu.hk 
Approximation Theory, Spline 
functions. Wavelets 

Xin-long Zhou 

Fachbereich Mathematik, Fachgebiet 
Informatik 

Gerhard-Mercator-Universitat 

Duisburg 

Lotharstr.65, D-47048 Duisburg, 
Germany 

e-mail:Xzhou@informatik.uni- 
duisburg.de 

Fourier Analysis, Computer-Aided 
Geometric Design, Computational 
Complexity, Multivariate 
Approximation Theory, Approximation 
and Interpolation Theory 

Jessada Tariboon 

Department of Mathematics, 

King Mongkut's University of 
Technology N. Bangkok 
1518 Pracharat 1 Rd., Wongsawang, 
Bangsue, Bangkok, Thailand 10800 
jessada.t@sci.kmutnb.ac.th, Time scales, 
Differential/Difference Equations, 
Fractional Differential Equations 


577 




Instructions to Contributors 
Journal of Computational Analysis and Applications 

An international publication of Eudoxus Press, LLC, of TN. 


Editor in Chief: George Anastassiou 

Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152-3240, U.S.A. 


1. Manuscripts files in Latex and PDF and in English, should be submitted via 
email to the Editor-in-Chief: 

Prof.George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152, USA. 

Tel. 901.678.3144 

e-mail: ganastss@memphis.edu 

Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 

Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 


2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to 
save a copy of the style file.)They should be carefully prepared in all respects. 
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten 
point type size and in 8(1/2)xll inch area per page. Manuscripts should have generous 
margins on all sides and should not exceed 24 pages. 

3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright,which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 


578 




4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 

The following items, 5 and 6, should be on page no. 1 of the paper. 

5. An abstract is to be provided, preferably no longer than 150 words. 

6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 

The main body of the paper should begin on page no. 1, if possible. 

7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION). 

Subsections should be identified with section and subsection numbers (such as 6.1. 
Second-Value Subheading). 

If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 

8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right, and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 

9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 

Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table. 

10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline. 

References should include (in the following order): 
initials of first and middle name, last name of author(s) 
title of article, 


579 



name of publication, volume number, inclusive pages, and year of publication. 
Authors should follow these examples: 

Journal Article 

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory , 62,170-191(1990). 

Book 

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986. 
Contribution to a Book 


3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 

11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit via email Latex and PDF files 
of the revised manuscript, including the final one. 

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in 
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The 
fee payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage . 

No galleys will be sent and the contact author will receive one (1) electronic copy of 
the journal issue in which the article appears. 


15. This journal will consider for publication only papers that contain proofs for 
their listed results. 


580 






J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


SOME COMPANIONS OF QUASI GRUSS TYPE INEQUALITIES FOR COMPLEX 
FUNCTIONS DEFINED ON UNIT CIRCLE 

JIAN ZHU AND QIAOLING XUE 


Abstract. Several companions of quasi Griiss type inequalities for the Riemann-Stieltjes integral of 
continuous complex valued integrands defined on the complex unit circle C(0,1) are given. Our results 
in special cases recapture some known results, and moreover, give a smaller estimator than that of these 
known results. 


1. Introduction 

r b 

Riemann-Stieltjes integral / f(t)du(t), where / is called the integrand and u the integrator, is an 

J a 

[ b 

important concept in Mathematics. One can approximate the Riemann-Stieltjes integral / f(t)du(t ) 

J a 

with the following simpler quantity (see [13, 14]): 

(i.D uVt-uM r" fm 

c d) J a 

In order to provide a priory sharp bounds for the approximation error, Dragonir and Fedotov established 
the following functional in [13]: 

rb u(b) - u(a) rb 


( 1 . 2 ) 


Ja 0 a J a 


f(t)dt 


b — a 

and proved the following inequality of Griiss type for Riemann-Stieltjes integral 

b 


\D{f\u )| < \K{b- a)\J{u), 


where u is of bounded variation on [a, b\ and / is Lipschitzian with the constant K > 0, the constant 
2 is sharp in the sense that it cannot be replaced by a smaller quantity. In [1], the author studied a 
companion functional of (1.2). Introducing the functional 


(1.3) 


GS(f;u) := 


f(x) + f{a + b-x) 


du{x) — 


u(^)-u(a) 


b — a 


f(t)dt, 


provided that the Stieltjes integral 



f(x) + f(a + b 
2 


x) 


du(x) and the Riemann integral 



f(t)dt 


exist, the author proved several bounds for GS(f-,u). More specifically, the integrand / is assumed to 
be of r — H-Holder’s type and the integrator u is of bounded variation, Lipschitzian and monotonic, 
respectively. 

For continuous functions / : C(0,1) —> C, where C(0,1) is the unit circle from C centered in O and 
u : [a, b] C [0, 27t] — > C a function of bounded variation on [a,b]. In [15], Dragomir developed some 
quasi Griiss type inequalities for the Riemann-Stieltjes integral of continuous complex valued integrands 
defined on the complex unit circle C(0,1). 


2010 Mathematics Subject Classification. 26D15. 

Key words and phrases. Griiss type inequalities, Riemann-Stieltjes integral, unit circle. 
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Theorem 1.1. Assume that f : (7(0,1) —► C satisfies the following Holder’s type condition 
(1.4) \f(a)-f(b)\<H\a-b\ r 

for any a,b £ (7(0,1), where H > 0 and r £ (0,1] are given. If [a,b] C [0, 2n] and the function 
u : [a, 6] —»• C is a function of bounded variation on [a, b], then 


(1.5) 


f (e lt ) du(t) - 


u(b) — u(a) 


b — a 


f (e u ) dt 


< -- max _B r (a, 6; t) W (u) 

b — a te[a,6] v 


for any t £ [a, b], where 


B r (a,b;t) := f 

J a 


sm 


t — s 


ds + 


sm 


s — t 


ds. 


For other inequalities for the Riemann-Stieltjes integral see [2]-[12], [16]-[26] and the references therein. 
Motivated by the above facts, we consider in the present paper the problem of approximating the com¬ 


panions of Riemann-Stieltjes integral 
of companions of quasi Griiss type: 


f(e u ) +/(e i(o+6 "0) 


du(t). We denote the following functional 


( 1 . 6 ) 


D c (f’,u, a, b) := 


_ AAzHAA r l f(e « )dt 


In this paper we establish some bounds for the magnitude of D c (/;u, a, b) when the integrand / : 
(7(0,1) —> C satisfies some Holder’s type conditions on the circle (7(0,1) while the integrator u is of 
bounded variation, Lipschitzian and monotonic, respectively. 

2. The case of bounded variation integrators 

Theorem 2.1. Let f : (7(0,1) —> C satisfy an H-r-Holder’s type condition on the circle (7(0,1), where 
H > 0 and r £ (0,1] are given. If u : [a, b] C [0,27r] —> C is a function of bounded variation on [a, 6], then 


( 2 . 1 ) 


‘2 r H 

\D c (f;u, a, 6)| <-- max B r (a,b;t) V (u) 

b-a t e{a ,*±*] I 


< 


H 

> + 1 


(b — a) r \J (u), 


where 

( 2 . 2 ) 


s — t 
2 


ds 


B r (a,b;t ) := J sin r ^ ds + sin r 

^ 1 (t - a) r+1 + (b - t) r+1 
~¥ r + 1 

for any t £ [a, -±^]. 

In particidar, if f is Lipschitzian with the constant L > 0, and [a, b\ C [0, 27r] with b — a=fi 2n, then 
we have the simpler ineqiLality 


(2.3) 


\D c (f;u,a,b)\ < 


8 L 
b — a 


sm 


b — a 


V - o L ( b ~ a ) V ( u )- 


If a = 0 and b = 2 tt and f is Lipschitzian with the constant L > 0, then 


(2.4) 


4 L 


\D c {f’,u, 0, 2tt)\ < — \/(u). 
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Proof. We have 


(2.5) 


D c (f; u, a, b) = 


f(e u ) + f(e i( ~ a+b ~V) 1 




b l 7(e it ) + f(e i( ~ a + b ~ t ')) 


b-> 


> a W a 


f(e is )ds 


- f{e is ) 


du(t) 


ds du(t). 


It is known that if p : [c, d] —> C is a continuous function and v : [c, d] —> C is of bounded variation, then 

f d 

the Riemann-Stieltjes integral / p{t)dv(t) exists and the following inequality holds 


( 2 . 6 ) 


p(t)dv(t) 


Utilising this property and (2.5), we have 


(2.7) 


\D c (f-,u,a,b)\ = 


1 


b — a 


’a \ J a 


< -- max 

b-a te[a,« 


< max \p(t)\ W (v). 
te[c,d] v 


f{e u ) + /( e *(«+i>-t)) 


/(e i4 ) +/(e i(o+b_t) ) 


- /(e is ) 


- f(e is ) 


dsj du(t) 

a+b 


ds 


V ('«)• 


Utilising the properties of the Riemann integral and the fact that / is of H-r-Holder’s type on the circle 
(7(0,1) we have 


( 2 . 8 ) 


/(e i4 ) +/(e i(o+b “ t) ) 


- /(e is ) 


ds 


< 


f(e u ) - f(e is ) , /( e *(«+ b -‘) - f(e is ) 


ds 


<N / |/(e“) - /(e iS ) ds + - / ffeda+b-t) _ /(e «) 


ds 


H 

< — 

~ 2 

From [15], we have 
(2.9) 

for any s,£ £ R. Therefore 

rb 


\e ls -e lt \ ds T 


e M -c'T = 2 r 


_ e i(a+6-t) 


ds . 


sin 


s — £ 


|e i4 — e is T ds + 


e i(o+h-t) _ gis 


=2 r ^ 

= y (/U ta ' 

/»a+fe— t 


• f s ~t\ 

r r.b 

sin —— 

ds + 

V 2 J 

Ja 


t — S 


sin( 


ds 

s + t — a — b , 


ds 


ds + / sin r 


s — t 


ds 


sm 


a + b — t — s 


ds+ sin r 

J a-\-b—t 


s + t — a — b 


ds . 
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Utilising the variable substitution u = a + b — s, we have 


na+b—t 


sin 


and 


So 


( 2 . 10 ) 


sin 


‘ a+b—t 


a + b — t — s 
2 

s + t — a — b 
2 


ds = J sin r 


ds = / sin r 


| e it _ e* s | 


ds 


e i(a+b-t) _ gis 


ds = 2 r+1 


S — t 
2 

t — s 
2 

t — s 


ds 


ds. 


sm 


ds + / sin r 


s — i 


ds 


for any t G [a, p^]. Making use of (2.8) and (2.10), we have 

rb r /(e it ) + /(e i ( a+fc -‘)) 


max 

iS[a,2±L] 


- /(e”) 


ds 


<2 r H max B r (a,b;t) 
te[o,2±5] 


and the first inequality in (2.1) is proved. 

Utilising the elementary inequality |sin(a:)| < |x|, x G R, we have 


(2.11) A(«,M)</(^)'* + /(^)’ 


ds = 


1 (i - a) r+1 + (b - t) r+1 
¥ r + 1 


for any f € [a, “^ ], and the inequality (2.2) is proved. 

If we consider the auxiliary function p : [a, pp] —> R, 

p(t) = (t-a) r+1 + (b-ty +1 , re (0,1], 

then 

ip \t) = (r + l)[(t-aY~(b-ty} 

and 

p"{t) = (r + 1 )r[(t - a) r_1 + (b - ty- 1 }. 

We have p'(t) = 0 iff t = pp and <p'(f) < 0 for f e (a, pp). We also have p"(t) > 0 for any t e (a, pp), 
which shows that p is strictly decreasing on (a, pp). In addition, we have 


{b~ a) 


and 


min p[t) = p 
te[a,2±^] 


max p(t) = p(a) = (b— a) r+1 . 


r+1 


Taking the maximum over t G [a, pp] in (2.11) we deduce the second inequality in (2.1). 
For r = 1 we have 


B(a,b;t) := / sin 
J a 


t — S 
2 


ds + J sin 


s — t 
2 


ds = 4 


for any f e [a, p^]. 

Now, if we take the derivative in the first equality, we have 


B'(a,b;t ) = sin 

for [a, 6] C [0, 27r] and b— a ^ 27r. 


— sm 


b — t 


sin^l + sipN-') 


„ . (b-a 

= 2 sm -—— cos 
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We observe that B'(a,b;t) = 0 iff t = B'(a,b;t) < 0 for t € (a, q ^)- The second derivation of 


B(a , b ; t) is given by 


B"{a , b; t) = cos 


t- s ¥\ (b-a 
—„ cos 


and we observe that B"(a , 6; f) >0 for t € (a, 

Therefore the function B(a,b;t) is strictly decreasing on (a, g ^). It is also a strictly convex function 
on (a, We have 


min B(a, b;t) = B ( a, b 
te[a ,2±t] 


= 8 Sill 


b -, 


and 


max R(a, b; t) = B(a, b; a) = 4sin 2 f-— 

V 4 


This proves the bound (2.3). 
If a = 0 and b = 2-7T, then 


B(0,27r;t) := 4 


sm - + sin 

4, 


27T — t 


= 4 


and by (2.1) we get (2.4). 
The proof is complete. 


□ 


3. The case of Lipschitzian integrators 
The following result also holds. 

Theorem 3.1. Let f : C(0,1) —» C satisfy an H-r-Holder’s type condition on the circle C(0,1), where 
H > 0 and r € (0,1] are given. If u : [a, b] C [0, 27r] —> C is a function of Lipschitz type with the constant 
K > 0 on [a, b], then 

HK(b - a) r+1 


(3.1) 
where 

(3.2) 


\D c (f;u,a,b)\ < - HK C r (a,b) < 
b — a 


(r + l)(r + 2) ’ 


C r (a,b ) := 


sm 


<- 


/a J a 


{b~ a) 


t — s 


dsdt + 


sm 


s — t 


dsdt 


r+2 


: 2 r (r + l)(r + 2) ’ 

In particular, if f is Lipschitzian with the constant L > 0, then we have the simpler inequality 


(3.3) 


\D c (f;u,a,b)\ < 


b — a 


< 


8 LK 
b — a 
LK(b - a) 2 
6 


— sm 


b — a 


Proof. It is known that if p : [c, d] —> C is a Riemann integrable function and v : [c, d] —> C is Lipschitzian 

f d 

with the constant M > 0, then the Riemann-Stieltjes integral / p(t)dv(t) exists and the following 

J C 

inequality holds 


(3.4) 


p(t)dv(t) 


<M ( \p(t)\d{t). 
J c 
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Utilising the equality (2.5) and this property, we have 


(3.5) 


\D c (f;u,a,b)\ = 


1 


b — a 


rb f(e u ) + f{e i< ' a+b - t '>) 


- f(e w )]ds du(t) 


<- 


K 

' b — a , 


f(e it ) + /( e i(«+6-t)) 


- f(e is ) 


ds 


dt. 


From (2.8) and (2.10) we have 


(3.6) 


<2 r H 


f{e u ) + /(e*( a+6_ *)) 


sin 


2 

t — s 




ds ■ 


sin 


ds 

s — t 


ds 


and by (3.5) we deduce the first part of (3.1). 
By (2.11) we have 


C r (a , b) < 


t — s 


ds 


s — t 
2 


ds 


dt 


1 f^~ (t - a) r+1 + (b - t.) r+1 ( b-a ) r+2 

¥ J a r + l * ~ 2 r (r + l)(r + 2) ’ 


which proves the inequality (3.2). 
For r = 1 we have 


Ci(a, b) := 


sin 


t — s 


ds + J sin 


s — t 


ds 


dt 


4 — 2 cos 


t — a 
a 


— 2 cos 


b — t 
a 


dt = 4 


b — a ( b — a 

—--sin —-— 

2 V 2 


which by (3.1) produces the desired inequality (3.3). 

Remark 1. For the case a = 0 and b = 2n the inequality (3.3) is deduced to the simple inequality 
(3.7) |£> c (/;u,0,27t)| < 4Lk. 


□ 


4. The case of monotonic integrators 

Theorem 4.1. Let f : C(0,1) —> C satisfy an H-r-Holder’s type condition on the circle C(0,1), where 
H > 0 and r € (0,1] are given. If u : [a, b] C [0, 27t] —> C is a monotonically nondecreasing function on 
[a, b], then 


(4.1) \D c (f-u,a,b)\ <j——D r (a, b) < ^ -t [ 

b-a (r + l)(b — a) J a 


[(i - a) r+1 + {b- t) r+1 ] duff) 


<——r{b — a) r 
— r + 1 v ’ 


a + b 


— u(a) 


where 

(4.2) 


D r (a,b) := / B r (a,b;t)du(t) 


and B r (a,b;t) is given by (2.2). 
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In particular, if f is Lipschitzian with the constant L > 0, then we have the simpler inequality 

a+b 


(4.3) 


\D c (f-, u,a,b)\ < 


8 L 


b~ a J a 
<2 L{b-a) 


sm 


t — a 


+ sin 


b — t 
4 


du(t) 


a + b 


— u(a) 


Proof. It is well known that if p : [c, d] —> C is a continuous function and v : [c, d] —> R. is monotonically 

r d 

nondecreasing on [c, d], then the Riemann-Stieltjes integral / p(t)dv(t) exists and the following inequality 
holds 


(4.4) 


p(t)dv(t) 


< f \p(t)\ dv(t). 

J C 


Utilising this property and the identities (2.5) and (2.10) we have 


(4.5) 


\D c (f-,u,a,b)\ = 


1 


< 


< 


< 


b — a 

1 

' b — a , 

2 r H 
' b — a , 

H 

' b — a , 


f(e it ) + f( e i ( a+b - t '>) 


- f(e is ) 


ds'j du(t ) 


f{e lt ) + /(e*( 0+6 ~^) 


- /(e is ) 


ds 


du(t ) 


2, r H 

B r {a,b\t)du{t) = - - D r (a,b) 


(t ■ a) r+1 + (b- t) r+1 


r + 1 


du(t) 


and the first part of the inequality (4.1) is proved. 

Since max [(f — a) r+1 + (b — t ) r+1 ] = (b — a ) r+1 , the last part of (4.1) is also proved. 

te[a,Z±Z] 

For r = 1 we have 

a+b a+b 


Di(a,b) := J Bi(a,b;t)du(t) = 4J sin 2 I + sm* 

and the inequality (4.3) is obtained. 

Remark 2. For the case a = 0, b = 2 tt the inequality (4.3) can be stated as 

4 L 

D c (f-,u, 0, 27t)| < —[u(7r) - tt(0)]. 

7r 


b — t 


du(t), 


(4.6) 

Indeed, by (4.3) we have 

\D c (f',u, 0, 27t)| J 


sm | - | + sm* 
4 , 


271 — t 


du(t) 


4L r , , , 4L. , . 

= — / du(t) = — [u(7r) — u(0)]. 
K Jo 71 


□ 
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A FIXED POINT APPROACH TO THE STABILITY OF QUADRATIC 
Goi, ^-FUNCTIONAL inequalities 

SUNGSIK YUN 


Abstract. In this paper, we introduce and solve the following quadratic (pi,p 2 )-functional 
inequalities 


\\f(x + y) + f(x -y)~ 2f(x) - 2f(y)\\ 

<|| W (2/(^) + 2/ (^i)-/(.)-/(„)) | 

+ 11 p 2 ^ 4 / +f{x~y)~ 2 f(x) - 2 /(p)) , 

where pi and P 2 are fixed nonzero complex numbers with ^1 + |p 2 1 < 1, and 


11 /( 2 : + y) + f{x -y)~ 2 f{x) - 2f(y)\\ 
< n„. 10 


«(w( £ T i ) + v(^)-/w-/w) 

+ 11/92 ( 2 / (a: + 3 /) + 2 / (x - y) - f(2x) - f(2y))\\ , 


( 0 . 1 ) 


( 0 . 2 ) 


where pi and p 2 are fixed nonzero complex numbers with LE + 2 |p 2 1 < 1. 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (pi,p 2 )- 
functional inequalities (0.1) and (0.2) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ularn [29] con¬ 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [12] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [21] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was 
obtained by Gavruta [11] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. The stability of quadratic functional equation was 
proved by Skof [28] for mappings / : E\ — > E 2 , where E\ is a normed space and E 2 is a Banach 
space. Cholewa [ 8 ] noticed that the theorem of Skof is still true if the relevant domain E\ is 
replaced by an Abelian group. 

Park [16, 17] defined additive //-functional inequalities and proved the Hyers-Ulam stability 
of the additive //-functional inequalities in Banach spaces and non-Archimedean Banach spaces. 
The stability problems of various functional equations have been extensively investigated by a 
number of authors (see [1, 3, 7, 10, 15, 18, 19, 22, 23, 24, 25, 26, 27, 30]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [4, 9] Let {X,d) he a complete generalized metric space and let J : X -A X be a 
strictly contractive mapping with Lipschitz constant a < 1. Then for each given element x € X, 
either 

d(J n x , J n+l x) = 00 

2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52. 

Key words and phrases. Hyers-Ulam stability; quadratic (pi,p 2 )-functional inequality; fixed point; Banach 
space. 
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for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x, y) < oo}; 

(4) d(y,y*) < j^d(y,Jy) for all y £ Y. 

In 1996, Isac and Rassias [13] were the first to provide applications of stability theory of 
functional equations for the proof of new fixed point theorems with applications. By using fixed 
point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [5, 6 , 20]). 

In Section 2, we solve the quadratic (pi, /^-functional inequality (0.1) and prove the Hyers- 
Ularn stability of the quadratic (pi, /^-functional inequality (0.1) in Banach spaces by using 
the fixed point method. 

In Section 3, we solve the quadratic (pi, p 2 )-functional inequality (0.2) and prove the Hyers- 
Ularn stability of the quadratic (pi, p 2 )-functional inequality (0.2) in Banach spaces by using 
the fixed point method. 

Throughout this paper, let X be a real or complex normed space with norm || • || and Y a 
complex Banach space with norm |j ■ |j. 

2. Quadratic (pi,p2)-functional inequality (0.1) 

Throughout this section, assume that pi and p 2 are fixed nonzero complex numbers with 

^ + IP21 < I- 

In this section, we solve and investigate the quadratic (pi,p 2 )-functional inequality (0.1) in 
complex Banach spaces. 

Lemma 2.1. If a mapping f : X -A- Y satisfies /(0) = 0 and 

II fix + y) + f(x -y)- 2 f{x) - 2f{y)\\ (2.1) 

<|» (2/(L±Q + 2/ (QA) -/(*,-/(„,) | 

+ P2 (4/ y ~) + /( x - v) ~ 2 f ( x ) - 

for all x, y £ X, then f : X —> Y is quadratic. 

Proof. Assume that / : X Y satisfies (2.1). 

Letting y = x in (2.1), we get \\f(2x) — 4/(x)|| < 0 and so /( 2x) = 4 f(x) for all x £ X. Thus 

/ (|) = i/(») ( 2 - 2 ) 

for all a: £ A. 

It follows from (2.1) and (2.2) that 

II f(x + y) + f(x ~y)~ 2 f[x) - 2/( 2 /)|| 

<|ft(v(^)+v(^)-/(«>-/(»)) | 

+ P2 ^4/ + f(x-y)- 2 f[x) - 2 f(y)j 

= ^{fi.x + y) +f{x~ y )~2f(x)-2f{ y )) 

+ \\p 2 (f{x + y) + f(x -y)~ 2f(x) - 2f(y))\\ 

= + l^ 2 l) + y) + f( x -y)~ 2 f( x ) - 2 f(y )II 
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for all x, y £ X. Since ^ + \p 2 \ < 1, f{x + y) + f(x — y) = 2 f(x) + 2 f(y) for all x, y £ X. Thus 
/ is quadratic. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (pi,/^)- 
functional inequality (2.1) in complex Banach spaces. 

Theorem 2.2. Let p : X 2 —> [0, oo) be a function such that there exists an L < 1 with 

<P (|> |) < ^<P( x > y ) ( 2 - 3 ) 

for all x,y £ X. Let f : X Y be a mapping satisfying /(0) = 0 and 

\\f(x + y) + f{x - y) - 2/(x) - 2f(y)\\ (2.4) 

<|/* ( 2 /(^) + 2 /(^)-/(x)-/to)) 

+ P 2 (V + / (® - 2 /) - 2 /(s) - 2 /(y)^ +<p(x,y) 

for all x,y £ X. Then there exists a unique quadratic mapping Q : X aY such that 

II/(*) - Q(*)|| < 4 ( 1 ^ l \ T( x ,x) 

for all x £ X. 

Proof. Letting y = x in (2.4), we get 

11/(2*) — 4/(x)|| < p(x, x) (2.5) 

for all x £ X. 

Consider the set S := {h : X —> Y, h( 0) = 0} and introduce the generalized metric on S: 

d(g , h ) = inf {// £ M + : || g(x) — h(x )|| < \ip (x, x ), Vx £ X} , 

where, as usual, inf 4> = +oo. It is easy to show that (S, d) is complete (see [14]). 

Now we consider the linear mapping J : S -A S' such that 

Jp(x) := 4y 

for all x € X. 

Let g, h £ S be given such that d(g,h) = e. Then || g(x) — h(x) |j < sip(x,x) for all x £ X. 
Hence 

) _4/l (f) - (f ’ |) - = Le<p(x,x ) 

for all x £ X. So d(g, h) = e implies that d(Jy, J7i) < Le. This means that d(Jg, Jh) < Ld(g, h) 
for all g , h £ S. 

It follows from (2.5) that 

f(x) - 4/ < ^ (|, f) < *) 

for all x £ X. So d(f. Jf) < T f. 

By Theorem 1.1, there exists a mapping Q : X —» Y satisfying the following: 

(1) Q is a fixed point of J, i.e., 

Q(x) = 4Q(^J ( 2 . 6 ) 

for all x £ X. The mapping Q is a unique fixed point of J in the set 

M = {g £ S : d(f,g) < oo}. 


\\Jg(x) - Jh(x)\\ = 4 : g( 
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This implies that Q is a unique mapping satisfying (2.6) such that there exists a p G (0, oo) 
satisfying ||/(x) — Q{x) |j < ptp (x,x) for all x G X\ 

(2) d{J l /, Q) —>■ 0 as l —>■ oo. This implies the equality lirn^oo 4 n f (J^) = Q(x) for all x G X] 

(3) d(f,Q ) < jzrpd(f, J/), which implies 


11 / 0*0 -< 20*011 < 


L 


4(1 -L) 


<P (x, x) 


for all x G X. 

It follows from (2.3) and (2.4) that 

II Q(x + y) + Q(x -y)- 2Q(x) - 2Q{y)\\ 


= lim 4" 

n—>oo 


/ 


+ / 


< lim 4” | pi | 

n—>oo 


x + y 

2 n 

a: + y 


+ lim 4 n |/9 2 | 

"T—^OO 

Pi f2Q 


2 / 


4/ 


P2 4 Q 


+ 


for all x,y € X. So 


x + y 
2 

x + y 


2 n +* 
x + y 
2 n+1 

+ 2Q 


x~y 

2 n 

+ 2 / 


+ / 


- 2 / 

x-y 
2 n+1 
x-y 


- 2 / 


J \ On / J \ On 




" 2/ xr - 2/ £ 


+ lim 4> ( —, 

n—>oo 011 


x - y 
2 


- Q(x) - Q{y ) 
+ Q (x - y) - 2Q{x) - 2Q(y) 


\\Q(x + y) + Q(x -y)- 2Q{x) - 2Q{y)\\ 


< 


+ 


Pi (2Q 
P'2 (±Q 


x + y 
2 

x + y 


+ 2 Q 


x-y 


- Q(x) - Q(y) 


+ Q (x — y) — 2Q(x) - 2Q(y) 


for all x,y G X. By Lemma 2.1, the mapping Q : X —> Y is quadratic. 


□ 


Corollary 2.3. Let r > 2 and 6 be nonnegative real numbers, and let f : X —> Y be a mapping 
satisfying /(0) = 0 and 


||/(x + y) + f(x -y)- 2/(x) - 2f(y)\\ 


(2.7) 


< 


+ 


Pi 2/ 


x + y 
2 

x + y 


+ 2 / 


x-y 


- f(x)-f(y) 


P 2 ( 4 / (pPp^j + f {x-y) ~ 2/(x) - 2 f(y)j 


+ W + lll/ll 


for all x,y G X. Then there exists a unique quadratic mapping Q : X —>• Y such that 


\\f (x) Q{x )|| < 


26 


2 r — 4 


for all x £ X. 


Proof. The proof follows from Theorem 2.2 by taking <p(x,y) = P(||x|| r + ||y|| T ') for all x,y G X. 
Choosing L = 2 2 ~ r , we obtain the desired result. □ 

Theorem 2.4. Let : X 2 —»• [0, 00 ) be a function such that there exists an L < 1 with 

+ ( x , y) < 4:L(f (p, 0 
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for all x, y G X. Let f : X -A Y be a mapping satisfying /(0) = 0 and (2.4). Then there exists 
a unique quadratic mapping Q : X —6 Y such that 

II/(*) - <20*011 < 4 n ]_ l \ T(x,x) 

for all x G X . 

Proof. Let ( S , d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S -A S such that 

Jg(x ) := ^g{2x) 

for all x G X. 

It follows from (2.5) that 

fix) ~\fi 2x ) <\vi x ,x) 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let r < 2 and 0 he positive real numbers, and let f : X -A Y be a mapping 
satisfying /(0) = 0 and (2.7). Then there exists a unique quadratic mapping Q : X — > Y such 
that 

2/9 

\\f(x)-Q(x)\\< I - ¥ \\x\\ r 

for all x G X. 

Proof. The proof follows from Theorem 2.4 by taking t p(x,y ) = #(||x|| r + ||y|| T ') for all x,y € X. 
Choosing L = 2 r ~ 2 , we obtain the desired result. □ 

Remark 2.6. If p is a real number such that f> . ' -T |P 2 1 < 1 an d Y is a real Banach space, then 
all the assertions in this section remain valid. 

3. Quadratic (pi, ^-functional inequality (0.2) 

Throughout this section, assume that p\ and p 2 are fixed nonzero complex numbers with 

^ + 2|p 2 | < 1- 

In this section, we solve and investigate the quadratic (pi, p 2 )-functional inequality (0.2) in 
complex Banach spaces. 

Lemma 3.1. If a mapping f : X -A Y satisfies /( 0) = 0 and 

II f(x + y) + fix -y)- 2 fix) - 2f(y)\\ (3.1) 

<|w ( 2 / (5±») + 2 / (T^) -/(,)-/(,)) 

+ \\p 2 (2/ (x + y) + 2/ (x -y)~ /( 2x) - f(2y))\\ 

for all 1 , 1/6 X, then f : X —> Y is quadratic. 

Proof. Assume that / : X —> Y satisfies (3.1). 

Letting y = x in (3.1), we get ||/(2x) — 4/(x)|| < 0 and so /( 2x) = 4 f(x) for all 16 I. Thus 

/ (|) = )/M (3-2) 

for all x G X. 
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It follows from (3.1) and (3.2) that 

I! fix + y) + fix -y)- 2:/(x) - 2f(y)\\ 

< |* (2 f (^i) + 2f(^i)-m-m)\ 

+ Wp 2 (2/ (x + y) + 2/ {x - y) - /( 2x) - f(2y))\\ 

= y (/O + y) + fix ~ y) ~ 2/(x) - 2/(?/)) 

+ II 2/02 (/(* + y) + f(x -y)~ 2 /(x) - 2/(y))|| 

= + 2 \P 2 \j II Six + y) + f(x -y)- 2f(x) - 2f(y)\\ 

for all x,y € X. Since ^ + 2|/?21 < L f(x + y) + fix — y) = 2f(x) + 2f(y) for all x,y € X. 
Thus / is quadratic. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic {pi,p 2 )~ 
functional inequality (3.1) in complex Banach spaces. 

Theorem 3.2. Let p : X 2 —» [0, oo) be a function such that there exists an L < 1 with 

for all i,|/6l. Let f : X —> Y be a mapping satisfying /(0) = 0 and 

II f(x + y) + fix -y)- 2f{x) - 2f(y)\\ (3.3) 

<|p, ( 2 / (i±2) + 2 /(^ 1 ) -/(*)-/(,))! 

+ ||P 2 (2/ (x + y) + 2/ {x-y)~ f(2x) - f{2y))\\ + p(x, y) 
for all x,y £ X. Then there exists a unique quadratic mapping Q : X —>• Y such that 

II fix) - Q(x)\\ < 4 ^ L _ L ^ p(x,x) 

for all x € X. 

Proof. Letting y = x in (3.3), we get 

11/(2®) - 4/(x)|| < <p(x,x) (3.4) 

for all x E X. 

Let (S', d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S —>• S such that 

Jg(x) ■= 4 9 

for all x £ X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.3. Let r > 2 and 6 be nonnegative real numbers, and let f : X —>• Y be a mapping 
satisfying /(0) = 0 and 

II fix + y) + fix - y) - 2f{x) - 2f(y)\\ (3.5) 

s|*(v(4*)+v(^)- /(x) — m)\ 

+ \\p 2 ( 2 / (x + y) + 2/ {x-y)~ /(2x) - f(2y))\\ + 0(||x|| r + ||y|| r ) 
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for all Then there exists a unique quadratic mapping Q : X —> Y such that 

2/9 

for all x £ X. 

Proof. The proof follows from Theorem 3.2 by taking ip(x,y) = #(||x|| r + ||y|| T ') for all x,y 6 X. 
Choosing L = 2 2 ~ r , we obtain the desired result. □ 

Theorem 3.4. Let (p : X 2 —> [0, oo) be a function such that there exists an L < 1 with 

V(x,y) < 4Lip Q, 0 

for all x, y € X. Let f : X -A Y be a mapping satisfying /(0) = 0 and (3.3). Then there exists 
a unique quadratic mapping Q : X -A Y such that 

II fix) - Q(x )|| < 4 (! \ L } <P( X ’ X ) 

for all x 6 X. 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S -A S such that 

J d{x) '■= ^g{2x) 

for all x € X. 

It follows from (3.4) that 

f(x)~^f{2x) <^<p{x,x) 

for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.5. Let r < 2 and 0 be positive real numbers, and let f : X Y be a mapping 
satisfying /(0) = 0 and (3.5). Then there exists a unique quadratic mapping Q : X —> Y such 
that 

2/9 

\\nx)-Q(x)\\< I - ¥ \\x\\ r 

for all x e X. 

Proof. The proof follows from Theorem 3.4 by taking ip(x,y) = #(||x|| r + ||y|| T ') for all x,y 6 X. 
Choosing L = 2 r ~ 2 , we obtain the desired result. □ 

Remark 3.6. If p is a real number such that ^ -T 21/ 02 1 < 1 and Y is a real Banach space, then 
all the assertions in this section remain valid. 
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A COMPARISON BETWEEN CAPUTO AND CANAVATI 
FRACTIONAL DERIVATIVES 


AMMAR KHANFER 


Abstract. We investigate some properties of Caputo and Canavati fractional 
derivatives, and study some connections and comparisons between them. It 
turns out that the Canavati-type definition works more efficiently than the 
Caputo-type, and overcomes all the pitfalls of Caputo-type. 


1. Introduction 

The purpose of this paper is to make a comparison study between two of the 
important fractional derivatives, namely the Caputo derivative and the Canavati 
derivative. The Caputo-type has been proposed by Caputo and has been used in a 
wide spectrum of research for a long time and became popular among researchers 
due to some of its nice properties. The Canavati type has been proposed by Cana¬ 
vati [6], and has appeared in the work of Anastassiou [1,2,3] and in the work of M. 
Andric et al [4,5], and others. 


2. Background 

Definition 1. Riemann - Liouville derivative: For n—1 < a < n, the a th derivative 
of / is defined as 


D a f(x) = — -r • — / 7 - „ dt, 

y J r(n - a) dx n J (x - t) a ~ n+1 

a 

where T is the gamma function. 

For simplicity, throughout this paper we will consider a = 0. The major draw¬ 
backs of the R-L derivative are summarized into the following: 1. D Q (1) = T (i-a) ^ 
0, i.e. D x !' 1 \ ^ 0 and D 3 / 2 1 ^ 0. 2. Taking the Laplace transform of the derivative 

n 

gives £{D a f} = S a F(s) — J2 s n ~ k [D a ~ n+k ~ 1 f(t)}( 0). So the initial conditions ac- 

fc =i 

company the fractional differential equations of R-L type are usually expressed in 
terms of fractional derivatives, which have no obvious physical interpretation. 

Definition 2. Caputo derivative: For n — 1 < a < n, the a th derivative of f is 
defined as 


c D a f(x) 


1 


f (n \t) 


F(n — a) J ( x-t) a - n+1 


dt. 


Key words and phrases, fractional derivative, Canavati-type definition, Caputo-type definition, 
fractional differential equations. 
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One of the advantages of this derivative, is that taking the Laplace transform 

n 

gives: £{ c D a f} = S a F(s ) — s“ _fc /( fe_1 )(0), i.e., the initial conditions are ex- 

k=1 

pressed in terms of derivatives of integer order, which is fortunate to the physicists 
and engineers in their applications. However, the following are the major issues 
with the Caputo derivative: 

(1) The Caputo definition finds the a th derivative in terms of the n th derivative 
for a < n, i.e. we need to obtain the higher order derivatives in order to 
obtain the lower derivatives, which is the backward direction opposite to the 
natural process of differentiation. This also presumes the n- differentiability 
of /, so if n — 1 < a < n then / needs to be n th differentiable in order to 
be a th differentiable. 

(2) It’s not always correct that c D°f(x) = f(x), unless /(0) = 0. For example, 
c D°(x 2 +1) = x 2 . This is due to the fact that the Caputo derivative obeys 
the formula lim c D a f = /( n-1 )(t) —0) for any n — 1 < a < n € N. 

ct—>n— 1 

Nevertheless, subtracting from the function the value of the function at the 
lower terminal means that the function can be recovered with a difference 
by a constant term. 

(3) c D a 1 = 0 for all a > 0. Although this may be fortunate when a > 1, it’s 
not the case for a < 1. 

Definition 3. Canavati derivative. Let n > 1 be an integer number, and n — 1 < 
a < n. Then the a th derivative of f(x) is given by 


( 2 . 1 ) 


k D a f (x) = 


1 


T(n — a) dx J (x — t) a ~ n+l 


X 

/ 


dt , 


where /^ n is the (n — l) th derivative of /. In the next section we will see that 
this definition overcomes all the aforementioned issues. 


3. Properties 

We state some results that discuss properties and relations between the three 
types of derivatives. 

Proposition 4. Assume that f has sufficient regularity on [a,b\. Then 

(1) *D a l = 0 for all a > 1. 

(2) *£>“(/'(*)) = £( c D«f(x)). 

Proof. Immediate consequence from the definitions of derivatives. □ 

If both D a f and c D a f exist, then is well known in the literature that 


(3.i) c D a f(t) = D°m ^ x; j {k \ o), 

z^r(k + l-a) 

for n — 1 < a < n and t > 0. The proof can be found in [8] and [10]. Formula (4.1) 
shows that the R-L derivative and Caputo derivative are identical if the derivatives 
of the function up to (n— l) th derivative are vanished at zero or whatever the lower 
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terminal of the definition is. The next result gives a simple sufficient condition for 
the existence of Canavati derivative and it’s connection with the Caputo derivative. 

Theorem 5. Let n— 1 < a < n and f £ A n [ 0, b} with /(” _1 )(0) exists. Then *D a f 
and c D a f exist a.e., and 

1 /n\ 

(3-2) *D a f(x) = G D a f{x) + —- 

v ; J J T(n-a) x “-"+ 1 

Proof. Let D a f(x) = r(n 1 _ a) ^ fg dt. Since / ( " _1 ) is absolutely contin¬ 

uous on [0, b ■], then 

X t 

* Daf= T (n-a) iL /[/ (n_1) (°)+ / f {n) {u)du\{x-t) n - a - l dt 
0 0 

But this is just equal to 


k D a f = 


1 /("-^(O) 1 d 

T(n - a) x a ~ n+1 r(n - a) dx 


fW{u){x-t) n - a - 1 dudt. 


Interchanging the order of integration using Fubini’s theorem, this gives 


k L? a f 1 1 d 

T(n— a) x a ~ n+1 Y(n — a)dx 


1 f(n- 1 )( 0 ) I d 

r(n — a) x a ~ n+1 +T(n — a)dx 


X X 

11 /<">(«)(* 
0 Li 


We then use Leibniz integral formula in the integral or results from classical 
measure theory, and this completes the proof. □ 

An immediate corollary which can be proved using (4.1) and (4.2) is the following. 

Corollary 6. Let n — 1 < a < n. Then 


n ^ j.k—a 

(3.3) = D a f(t) / (fc) (°). 

fc=C>^ ’ 

Example 7. Let /( x) = x 2 + x + 1. Then f'(x) = 2x + 1. Consider the following 
two cases: First, let a = 1/2, then n = 1. We calculate C D 1 / 2 / using each one 

X 

of the definitions, we get c D 1 / 2 f = r( ^ 2 ) f Performing integration by 

parts, gives ^-(2y/x+^x 3 / 2 ). Similarly, K D 1 / 2 f = j %dt = L> 1/2 /. 

Performing integration by parts gives: J 7r .l2 v / ,r • ).r 3 2 " A ,.) = Note 

that the second term is in the form of which is indeed the second 

term in (3.2). Let a = 3/2. We calculate the a th derivative of / using all three 
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definitions, we obtain D a f = r^fy + r(i/2)^ + rf=W * D ° f = 0k '+ r(i/W 
and c D a f = ^kk ■ Il’ s clear that all three derivatives satisfy (3.1) and (3.2). 

Another property that needs to be discussed is the compatibility condition. The 
condition reads: D a f(x) —> f^ n \x) as a n for any a > 0. If n = 0 then the 
condition reduces to the identity condition: D°f{x) —> f(x) as a | 0. The property 
is essential in the theory as it demonstrates that the fractional derivative is the 
natural extension of the classical derivative. 

Theorem 8. Let f be such that D a f(x) exists, and n — 1 < a < n. Then 

(1) lim c D a fix) = f {n) (x), and lim C D a f{x) = / (n_1) (a:) - /("“^(O). 

a—>n a—>n —1 

(2) lim *D a f(x) = f( n \x), and lim *D a f(x) = /l n_1 l(a;). 

ot—^n ex — Yn — 1 

Proof. For (1) see [7] or [8]. To prove (2), we perform integration by parts in the 
definition of *D a to obtain 


< 3 - 4 > = r(iwW ( ” - «) ^ /'“-’(O) ' + i / 


T(n — a + 1) 
Take a —>■ n, we get 


lim *D a f(x) = -if^(x) - 0)] = /<">(*). 

a^rn ctX 


Also, take a —> n — 1 in (3.4) to get 


*D a f(x) = /("" 1 )(0) + ^ J(x - t)f^{t)dt. 

o 

Perform integration by parts in the integral in the right hand side of the equation, 
then differentiate with respect to x gives the result. □ 

The theorem shows that the R-L and Canavati definitions works better than the 
Ca.puto type in terms of backward compatibility. 

Definition 9. Let / be a function, and D be a derivative operator. If D r f = 0 for 
some r € R, then we say that D r is an “/ — annihilator”. If D r ° f = 0 and D r f ^ 0 
for every r < ro, then the number tq is called: u the least order of f— annihilator“, 
and D r ° is called: “/ — annihilator of least order”. 

The following theorem discusses the least order of an annihilator. 

Theorem 10. Let f € C n and n — 1 < a < n. If /( n_1 ) ^ 0, and /!") = 0, then 
*D a f £ 0. 

Proof. Suppose on the contrary that *D a f = 0. Then 


(3.5) 


X 


0 


, l dt =c 

(x — t) a ~ n+1 
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for some constant c € R. Performing integration by parts, and taking into account 

that f( n \t) = 0, we obtain ---= c, which is impossible unless /(™ _1 )(0) = 

c = 0, but this implies from (3.5) that /l 71-1 ) = 0, contradicting the fact that 
,/'h' yf 0. □ 

Example 11. Let /( x) = 1. Then D x ! 2 \ =* D 1 / 2 1 = but c D 1 ! 2 1 = 0. Let 
a = 1— 6, for some 6 > 0. Then *D 1 ~ 5 1 = TJs)^ S ~ 1 = ns+i) ^ -1 - Taking the limit as 
6 i 0, we obtain *D 1 1 = 0. So, the order 1 serves as the least order of /—annihilator. 
Recall that c D a 1 = 0, and *D 3 ^ 2 1 = c D 3 ! 2 1 = 0, while Z? 3 / 2 1 = p 1 3 , 2 for the 

R-L type. 

Theorem 10 shows that in the *D case, the least order of a function annihilator 
cannot be noninteger, so it must be of integer order. This is not the case in the 
Caputo type. Another result that supports this idea is the following: 

Theorem 12. Let f € C n [a,b], f be integrable, and *D a f(x) exists on [ a,b\ for 
n — 1 < a < n. Then *D a f(x)( 0) = 0 if and only if f^ n ~^{ 0) = 0. 

Proof. Let *D a f(x)( 0) = 0. Multiply both sides of (3.4) by x a ~ n+l we obtain 


/ (n - 1} (Q) 

T(n — a) 


n+1 


_ l f f {n) (t) 

T(n — a + 1) dx J (x — t) a ~ 


-dt. 


o 

Letting x —> 0 gives /( n_1 ^(0) = 0. For the other direction, let /^ n_1 ^(0) = 0. 
Then substituting in (3.4) and taking x —> 0 gives the result. □ 


The corresponding result for the R-L type is that D a f(x)( 0) = 0 if and only 
if f( k \ 0) = 0 for k = 0,1, • • • , n — 1 (See [11] for the details of the proof). This 
explains why the derivative of a nonzero constant function is not zero in the R-L 
type. 


4. Applications to FDEs 

OO k 

The Mittag-Leffler function is defined to be E a> p(t) = r (ak+p) • The follow- 

k —0 

ing is well known in the literature (See for example [7], [8], [10], [11], or [12]) 
C~ 1 { *:_ A } = E Qil (At a ), from which one can derive the following 

(4.1) c- 1 {^-} = t^ 1 E a! p(Xt a ). 

S — A 

Proposition 13. Let £{f(x); s} = F(s). Then 

n— 1 

£{*£>“/} = S a F(s) - ^s a - fc / (fe - 1) (0). 

k =1 
x 

Proof. Let g(x) = //( n_1 )(t) • [x — t) n ~ a ~ 1 dt. Taking the Laplace transform of g 
o 

gives: C{g(x)} = £{/ (n_1) (a;)} • C{x n a x }. Applying the n —Laplacian transform 
for n th derivative function, and the fact that C{t n ~ a ~ 1 } = , we obtain 

(4.2) C{g\x)} = sC{g{x)} - g( 0) = s a F(s) - s“" 1 /(0) - • • • s «-+i/(- 2 ) ( 0 ). 
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Performing the calculations, taking into account that g( 0) = 0, we obtain the 
result. □ 

It is worth mentioning the following two observations. 

(1) To find a solution of a fractional initial value problem of order a between 
n — 1 and n using the Laplace transform, we need n — 1 conditions to 
perform the Canavati derivative while n conditions is required to perform 
Caputo derivative. Let 1 < a < 2, then we obtain C{ c D a f} = s a F(s) — 
s QWl /(0) — s“ _2 /'(0), and C{*D a f} = s a F(s) — s a_1 /(0). This shows that 
the Laplace transform for both definitions coincide when /(0) = /'(0) = 0. 
Otherwise, we need two conditions for the Caputo and one condition for 
Cana.vati definition. This gives two fundamental solutions for the Caputo 
type and only one solution for Cana.vati type for the case 1 < a < 2. This is 
due to the fact that *D a 1 ^ 0 and c D a 1 = 0. This shows that we need less 
conditions to employ the Canavati definition. In fact, we need no conditions 
for the case 0 < a < 1. 

(2) If n — 1 < a < n then according to Theorem 8 we can study convergence of 
the Caputo solution in the case a —> n, not a —> n — 1. In case of Canavati 
derivative, we can study convergence for a —> n — 1 so that C{*D a f} —> 
jr{*D n ~ 1 f}. The advantage of Canavati derivative comes from the fact 
that we cannot study convergence of the Caputo solution when a —> 0. 

For the sake of simplicity, we denote the solution to a. fractional differential equation 
by Uf , the solution with respect to Caputo type by c yf , and the solution with 
respect to Canavati type by *yf. 

Example 14. Let D 4 / 3 y = 0, 2/(0) = 1. Applying the Laplace transform for the 
Canavati definition, making use of (4.1), we obtain P(s) = j from which we get 
*y f {t) = 1. To apply the Caputo derivative we need another initial condition, say 
y'{ 0) = 1. Then y(t) = general, let D a y = 0 for 1 < a < 2. Then 

*Vf{t) = 1 and c y/(t) = t + 1. As shown above, Theorem 8 suggests that letting 
a —> 1 won’t lead to a convergence of c yf{t ) to the solution of the classical equation 
y' = 0. If *D a y = 0 for 0 < a < 1, then s a Y = 0, which implies that *y/(t ) = 0. 
For the Caputo type we need the condition y( 0) = 1, then we have s a Y — s“ _1 = 0, 
which implies that c yf{t ) = 1. The Canavati solution in the 0 < a < 1 case doesn’t 
require any initial conditions. 


Example 15. Let D a y = A y and y{ 0) = a for 0 < a < 1. Applying Laplace 
transform for the Caputo type we have F(s) = c ^ Q _ A . Thus we have c y/(t) = 
a.£’ Qil (At“), where E is the Mittag-Leffler function. Taking a —> 1 for the Caputo 
case, we get c yj^y where y is the solution to the classical equation y' = A y. 
Theorem 8 won’t allow the convergence a —> 0. Now we apply the Laplace transform 
for Canavati type to get *yj{t) = 0. This shows that no function can be the a th 
derivative of itself for any a < 1 in Canavati type. Let a —> 0, we get the algebraic 
equation y = A y which has the solution y = 0 as well. 

Example 16. Consider the fractional equation D a y + y = xe~ x for 1 < a < 2 
with the zeroth initial conditions. Applying Laplace transform for the Canavati 
type and then taking the Laplace inverse gives 
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*Uf(x ) = K(x — t)te~ i dt, where K(x) = x a ~ 1 E (X:a (—x a ), which is in full 
agreement with the result with respect to the R-L derivative shown by [13]. Now 
consider the nonhomogeneous problem, i.e. the same equation with y( 0) = a and 
y'{ 0) = b. We obtain *y/(x) = a.E at i(—x a ) + fg K(x — f)te~ t dt, where K{x) = 
x a ~ 1 E a ^ a {—x a ). To study convergence, let a — > 1, then K{x) —> e~ x , which implies 
that y/(x) —> \e~ x +ae~ x which is the solution to the classical differential equation 
y' + y = xe~ x . Let a -> 2 then we use both initial conditions to get *y/{x) = 
a.E at i(—x a ) + bx.E a ^{—x a ) + K(x — 

and so K(x) —> sinx, and y/{x) —> acosx + 6sin;r + f* te~ 4 sin(a; — t)dt, which 
is the solution to the corresponding classical equation of order 2. 
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Abstract 


In this paper, some qualitative properties are discussed such as 
the boundedness, the periodicity and the global stability of the positive 
solutions of the nonlinear difference equation 


Um+i — Ay m -p 


OilUm-l + a 2 y m -2 + Ct 32/ m _3 + a4t/ m _4 + Ot 5y m -5 
Pi y m— 1 + P2y m —2 + p3V m —3 + P±y m— 4 + P$y m —5 


where the coefficients A, cn,/3j G (0, oo), i — 1,..., 5, while the initial 
conditions i/_ 5 ,y_ 4 ,t/_ 3 ,y_ 2 , y~i, yo are arbitrary positive real numbers. 
Some numerical examples will be given to illustrate our results. 

Keywords and Phrases: Difference equations, prime period two 
solution, boundedness character, locally asymptotically stable, global 
attractor, global stability, high orders. 

AMS subject classifications:39A10,39All,39A99,34C99. 


1 Introduction 

The study of difference equations is a diverse field that affects most 
aspects of mathematics including both applied and pure. Every dynami¬ 
cal system a n+ \ = f{a n ) determines a difference equation and vice versa. 
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Recently, there has been a significant increase in the study of difference equa¬ 
tion. One of the reasons for this is a necessity for some techniques which can 
be used in investigating equations arising in mathematical models describ¬ 
ing real life situations in population biology, economic, probability theory, 
genetics and psychology [2,3,21,24], Note that most of these equation often 
show increasingly complex behavior such as the existence of a bounded. 

In particular, there has been a huge development in studying of the 
boundedness character, the global attractivity and the periodicity nature of 
nonlinear difference equations. For example, in the articles [1, 6-9], closely 
related global convergence results were obtained which can be applied to 
nonlinear difference equations in proving that every solution of these equa¬ 
tions converges to a period two solution. For other closely related results, 
(see [10-15 ]) and the references are cited therein. The study of these 
equations is challenging and rewarding and still actively investigated by 
researchers. Note that these results for nonlinear difference equations can 
be used to prove similar results for the case of non-linear rational difference 
equations. 

The main focus of this article is to discuss some qualitative behavior of 
the solutions of the nonlinear difference equation 

_ a Qqj/m— 1 T CL2j/m—2 T CK32/rrj — 3 T (^AUm— 4 T ^bUm— 5 _ „ 

Vm+1 Vm p i y m _ 1 + p 2 y m _ 2 + fi 3 y m _ 3 + /3 4 y m _ 4 + fibVm- 5 ’ 

(1.1) 

where the coefficients A, on, fii € (0, oo), i = 1, ...,5, while the initial condi¬ 
tions y_ 5 ,y_ 4 ,y_ 3 ,y_ 2 , y~i, yo are arbitrary positive real numbers. Note that 
the special case of Eq.(l.l) has been discussed in [4] when a 3 = fib = a 4 = 
Pa = «5 = fib = 0 and Eq.(l.l) has been studied in [8] in the special case 
when a 4 = /3 4 = = /% = 0 and Eq.(l.l) has been discussed in [5] in the 

special case when a§ = fi 5 = 0. 

Aboutaleb et al. [1] studied the global attractivity of the positive equi¬ 
librium of the rational recursive equation 

-A — fiym n 0 

Um+\ = ,, -, m = 0,1,2,..., 

P + Vm-l 

where the coefficients A, fi, P are non-negative real numbers. 

E. M. Elabbasy et al. [2] investigated the periodic character and the 
global stability of all positive solutions of the equation 

by m 

2/m+1 — ®Vm , i ITT' — 0,1,2,..., 

cym — dy m —i 
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where the parameters a, 6 , c and d and the initial conditions y_i. yo are 
positive real numbers. 

E. M. Elabbasy et al. [3] investigated the periodic character and the 
global stability of all positive solutions of the equation 


Vm+l — 


ay m -i + Pym-k 

Ay 

m—l + By 

m—k 


m = 0 , 1 , 2 ,..., 


where the parameters a, ft, A and B are positive real numbers and the initial 
conditions y_ r ,y_ r+ 1 , ...,y_i and yo £ ( 0 , oo) where r = max{7, fc} . 

Li and Sun [7] investigated the periodic character and the global stability 
of all positive solutions of the equation 


Um +1 — 


PVm A y m —k 
q + y m -k 


m = 0,1,2, 


where the parameters p and q and the initial conditions y_£,..., y~i, yo are 
positive real numbers, A: = {1,2,3,...}. 

M. Saleh et al. [9] investigated the periodic character and the global 
stability of all positive solutions of the equation 


fdym + ^ym-k 
Vm+l ~ D . ^ i 
Urn + Cy m —k 


m = 0 , 1 , 2 ,..., 


where the parameters (3 ,7 and B , C and the initial conditions y_fc,..., y_i, yo 
are positive real numbers, k = { 1 , 2 ,3,...}. 

Our main current objective is to examine the behavior of the solutions 
ofEq.(l.l) (for related work, (see [16-25])). 


Definition 1 Let 


H : V k+1 


v .; 


where H is a continuously differentiable function. Then, for every set of 
initial conditions y_k,y~k+i> ■■■> y~i> Vo £ V, the difference equation of order 
(k + 1) is an equation of the form 


Vm+l — B(y m , y m _\, —, y m —k ) , th , — 0, 1 , 2,... (1-2) 

and it has a unique solution An equilibrium point y of Eq.(1.2) is 

a point that satisfies the condition y = H (y, y,....,y ). That is, the constant 
sequence {y m } with y m = y for all m > 0 is a solution of Eq.(1.2) or 
equivalently, y is a fixed point of H . 
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Definition 2 Let y £ V, be an equilibrium point of Eq. (1.2). Then, we have 

(i) An equilibrium point y of Eq.(1.2) is called locally stable if for every 
e > 0 there exists 5 > 0 such that, if y-k,y~k+ l, ■■■, y~ l, yo £ V with 
I y-k ~y\ + |y-fc+i -y\ + ... + \y~i -y\ + \yo -y\< $, then \y m -y\<e for 
all m > —k. 

(ii) An equilibrium point y of Eq. (1.2) is called locally asymptotically stable 
if it is locally stable and there exists 7 > 0 such that, if y-k,y~k+ 1 , ■ ■■, y~\, 
y 0 £ V with I y-k ~y\ + \y~k+i ~y\ + ••• + \y-i ~y\ + \yo ~y\ < 1 , then 

lim y m = y. 

m—>00 

(Hi) An equilibrium point y of Eq.(1.2) is called a global attractor if for every 
y-l, —,y-k, ■■■; y- 1 , yo £ ( 0 ,oo) we have 

lim y m = y. 

m^-oo 

(iv) An equilibrium point y of Eq.(1.2) is called globally asymptotically stable 
if it is locally stable and a global attractor. 

(v) An equilibrium point y of Eq. (1.2) is called unstable if it is not locally 
stable. 

Definition 3 A sequence {y m }m=-k sa ^ ^ 0 ^ e P er i°dic with period r if 
y m +r = dm for all m > —p. A sequence {y m }m = -k ts said to be periodic with 
prime period r if r is the smallest positive integer having this property. 

Definition 4 Eq.(1.2) is called permanent and bounded if there exists num¬ 
bers n and N with 0 < n < N < 00 such that for any initial conditions 
y_k,y~k+ 1; ■»-> y~ ij do £ v there exists a positive integer M which depends 
on these initial conditions such that 

n < y m < N for all m > M. 

Definition 5 The linearized equation of Eq. (1.2) about the equilibrium point 
y is defined by the equation 

z m+ 1 — PO z m “I - Pl z m— 1 “1“ P2 z m—2 “I - P3 z m—3 — 0, (1-3) 

where 

9H(y, y, ...,y) dH(y, y,..., y) 8H(y, y,..., y) dH(y, y,..., y) 

P0 ~ - n - 7 Pi ~ -R-! P 2 — -R-7 P3 ~ -R- 

oy m oy m - 1 oy m -2 oy m - 3 
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Theorem 1 ([6]). Assume that pi G R, i = 1,2, ...,k . Then, 

k 

5>i<h ( l4 ) 

i =1 

is a sufficient condition for the asymptotic stability of the difference equation 

Vm+k + PiVm+k-1 + . +PkVm = 0, m = 0,1,2,.... (1.5) 

Theorem 2 ([6]). Let H : [a, b] k+1 —> [ a, 6] 6e a continuous function, where 
k is a positive integer, and where [a, b\ is an interval of real numbers. Con¬ 
sider the difference equation (1.2). Suppose that H satisfies the following 
conditions: 

1. For each integer i with 1 < i < k + 1; the function H(z\, z 2 , ..., z k +i) 
is weakly monotonic in Zi for fixed zi,z 2 , ..., Zj_i, Zi+\, ...,Zk+i- 


2. If (d, D) is a solution of the system 

d = H(d 1 ,d 2 ,...,d k+ i) and D = H(D 1 , D 2 ,..., D k+1 ), 


then d = D, where for each i = 1, 2,..., k + 1, we set 


d 

if 

F 

is non 

— decreasing in Zi 

D 

if 

F 

is non 

— increasing in Zi 

D 

if 

F 

is non 

— decreasing in z^ 

d 

if 

F 

is non 

— increasing in Zi. 



Then there exists exactly one equilibrium y of Eq. (1.2), and every solution 
of Eq. (1.2) converges to y. 


2 The local stability of the solutions 

In this section, the local stability of the solutions of Eq.(l.l) is investigated. 
The equilibrium point y of Eq.(l.l) is the positive solution of the equation 

?=.45 + £flYt (2,6) 

2^2=1 Pi 
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Then, the only positive equilibrium point y of Eq.(l.l) is given by 

Eti ai 


y = 


(1-^4) E?=i A 


(2.7) 


provided that A < 1. Now, let us introduce a continuous function H : 
(0, oo) 6 —> (0, oo) which is defined by 


H(u 0 , ...,u 5 ) = Auq + 
Therefore, it follows that 


'l 2 i=l( a i u i) 

Y, 5 i=l(PiUi) 


( 2 . 8 ) 


H(u 0 ,-,u 5 ) _ 4 
duo ~ ’ 

H(uo,...,Us) _ a l [Ei=2(/^* u *)] — /h [Ei=2 ( a i u i)] 

” ( E <= i ( A «<)) 2 ’ 

H(uq,...,U5) _ a 2 — 02 [o^l^1 ~l~ yZj—^( a i u i)\ 


du2 


(eLi (ft«i)) 


h(u 0 ,...,u 5 ) _ [ELi(ft u d+Ef=4(ft M d] - fe [ELilm^d+ELrlmvi)] 


9« 3 


(Ei=i(ft«i)) 


H(uq,...,U5) _ <*4 [E?=l(ftvd+/35«5] - /?4 [Ei=l( a i M d+ a 5«5] 

9 “ 4 ~~ (Ef=i(ft«i )) 2 

H(uo,...,U§) _ a 5 [Ei=l(ft u <)] — [Ei=l( a *Wi)] 


dU5 


(E®=i(ft«i)) 
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Consequently, we get 


9H{y,...,y) =A = _ 


du 0 


P 5, 


8H(y,...,y ) _ (1-A)[ai ( Pi) ~ Pi ( SZ ?=2 a Q] _ _ 
dui (zLi*i)(zli Pi) p 4 ’ 


dH(y,...,y) _ (l-.4)[a 2 ( fii+J2i=3 Pi) ~ fe ( Q l + Hi=3 a 0] _ 


C>44 2 


( Eti <*)( ELift) 


= - P3, 


8H(y,...,y) (1-A)[a 3 ( X)i =1 ft+Si= 4 ft) ~ ^3 {J2l=i a i+ Ei=4 a 0] 

“ ( £Li«i)( Etift) ' p2 ’ 

8H(y,...,y) _ (1—A) [04 (/3s +ELi ft) ~ At («5+ Zli= 3 Qi)] _ _ 

“ ( £i=i«i)( HU ft) ■ Pl ’ 

8H(y,...,y) _ (1-A)[a 5 (Ef=ift) - ft (ELi a Q] _ _ „ 

( ELi«i)( ELift) Po ' 

(2.9) 

Hence, the linearized equation of Eq.(l.l) about y takes the form 
?/m+l+P5?/m + P4ym-l+P32/m-2+P2ym-3 + Pl?/TO-4 + P02/m-5 = 0, (2-10) 

where p 0 , Pi, p 2 , P 3 ,P 4 and p 5 are given by (2.9). 

The characteristic equation associated with Eq.(2.10) is 

A 6 + P 5 A 5 + P 4 A 4 + P 3 A 3 + P 2 A 2 + pi A + po = 0, (2-11) 

Theorem 3 Let A < 1 and 


ai X& - & X 


a,- 


i=2 


i=2 


+ 


«2 A + X Pi ~ P 2 OL\+ ^2 


aj 


i =3 


4=3 


«3 


+ 


X z 3 *+X ^ _ z?3 (X ai + X 




i=l 


i=A 

3 


a=l 


i=4 


Q!4 Pb + Pi ~ Pi a 5 + X! 


a,- 


4=1 


4=3 


+ 


«5 


Xa - & X 


OLj 


U=1 


<i=l 


< x«0 x^ 


( 2 . 12 ) 




i =1 


then the positive equilibrium point (2.7) of Eq. (1.1) is locally asymp¬ 
totically stable. 


+ 
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proof: It follows by Theorem 1 that Eq.(2.10) is asymptotically stable if 
all roots of Eq.(2.11) lie in the open disk is |A| < 1 that is if Ei=o Ip*I < 1, 


(1 — A) 

CCl 

(E 1=2 ft 

) - ft ( 

Eh 2 «.)] 

( 

Etl«,) 

(Eh, ft’ 

) 


+ 


(1-^4) 

«2 1 

(A + Et= 3 A 

) - A ( 

“1 + Ei=3 “*) 

1 

(Eh, <*) 

(Ehi ft 

) 


+ 


(1 - A) a 3 ( 

Ei=i A + E* 5 = 4 A 

) - A ( 

Ei=l“i+ Ei=4«*) 

+ 

(1-^4) 

( 

«4 ^/?5 

; e?., «,) 
+ Eh, ft 

(Eh, ft' 

) - A ( 

) 

«5 + Ei=3 a *) 



(Eh,«) 

(Eh, ft 

) 

5 


+ 


(1-^4) 

«5 1 

(Eh, ft 

) - A ( 

Eh, <*) 

i 

1 

( Eh, a.) ( Eh, ft' 

) 


< 1. 


and so 


+ 



(1-^4) 

CCl 

(Eh, ft) 

) - ft ( 

Eh,«.)( 


(1- 

- A) a 2 

( 

Eh, a,) (Eh, ft) 
Eh:, ’a ) “ A 1 

! 

(a, + Eh 

=3 “*) 

i 

( Eh, a,) 

(Eh, ft 

) 


+ 


(1 — A) a 3 ( 

Ei=l A + Ej =4 A 

) - A ( 

Ei=l a * + E -=4 a i ) 

+ 

( 1 -^ 4 ) 

( 

«4 ^A 

( Eh, a,) 
+ Eh, ft 

(Eh, ft( 

) - A ( 

) 

«5 + E ,=3 



( Eh, a,) 

(Eh, ft 

) 

5 


+ 


(1-A) 

a 5 1 

(Eh, ft 

) - A ( 

Eh, a,)] 

1 

( Eh, a,) 

(Eh, ft( 

) 


(l-AL), A<1, 
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or 


a i 



Pi 



+ 


a 2 


A +j> 


i=3 


02 



+ 


° 3 f X/ ^ + X/ - X/ 


+ 


«4 /?5 


+ 2^ 


— 04 «5 + 


2=1 


5 

E 

i =3 


a,; 


+ 


«5 “ A> fj] 


a,- 


P=1 


v 7 = 1 


< 


E 

2=1 


O'* 


Thus, the proof is complete. 



3 Boundedness of the solutions 


In this section, the boundedness of the positive solutions of Eq.(l.l) is 
determined. 

Theorem 4 Every solution of Eq. (1.1) is bounded if A < 1. 


proof Let {2/m}m =-5 be a solution of Eq.(l.l). It follows from Eq.(l.l) 


that 


Vm+l — AVm T 

= Ay m . + 
+ 


Oliym—l T OL2ym—2 T Oi^y m —3 T Ot^ym —4 T Oi^y m —5 

0iy m -i + 02 y m -2 + 03y m -3 + 04y m -4 + 05y m -5 
_ CnVm -1 _ 

0lVm-l + 02y m -2 + 03y m -3 + 04Vm-4 + /%m-5 

«2?/m-2 


0iy m -l + 02y m -2 + 03Vm-3 + 04y m -4 + 05ym-5 

®3?/m—3 

PlVm-l + 02y m -2 + 0zy m - 3 + 04y m -4 + 05y m -5 

CX-AUm-A 

0 iy m -i + 02 y m -2 + 03y m -3 + 04y m -4 + Pay ™,-5 

_ «5?/m-5 _ 

PWm-l + 02y m -2 + 03y m -3 + 04Vm-4 + 05y m -5 ' 


Then 


^ A ^lUm—l &2ym—2 ^3l/m—3 ^41/m—4 ^5l/m—5 

2/m+i < Ay m + --+ --+ --+ --+ -- 

Pi 2/m—1 02ym-2 03Vm-3 P4?/m-4 P52/m-5 
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«1 «2 . 03 . «4 , «5 

Av " 1 + A + ft + A + /S4 + A 


for all rri > 1. 

By using a comparison, we can write the right hand side as follows 


then 


. OL 1 012 OL 3 Q!4 Q!5 

"™ +1 = !,m + A + A + A + ft + S' 


y m = a rn ijQ + constant , 


and this equation is locally asymptotically stable because vl < 1 , and con¬ 
verges to the equilibrium point 


OL lfaPsPAPb + a2/3l/33/34/% + a3/3l/?2/?4/35 + + a5/3i/32/?3^4 


y = 


Therefore, 


lim sup y m < 

m—> oo 


PifoPzPifo (1 — -A) 


+ a2/3l/?3/34/% + «3/3l^2^4/35 + Oq/3 lfoPzPb + CY 5/?!/?2/?3/^4 


/5i /?2 /?3 /34(1 — -A) 

Thus, the solution of Eq.(l.l) is bounded and the proof is complete. 


Theorem 5 Every solution of Eq. (1.1) is unbounded if A > 1. 

proof: Let {y n }^ = - 5 be a solution of Eq.(l.l). Then from Eq.(l.l) we 
see that 

, . OL\y n -\ + OL2Vn-2 + «32/n-3 + «42M-4 + «5?/n-5 . , . 

2/n+i = vh/ n +- - —- —3 - — - — - > Ay n for all n> 1. 

PlL/n-l + P2l/n-2 + P32M-3 + P42M-4 + PbVn-b 

We can see that the right hand side can be written as follows 


IT71+1 — n+77 3+7 — (X XQ, 


and this equation is unstable because > 1 , and 

lim x n = 00 . 

n—> 00 

Then, by using the ratio test {x/n}^L _5 is unbounded from above. Thus, the 
proof is now obtained. 


10 
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4 Periodic solutions 

The following theorem states the necessary and sufficient conditions for the 
equation to have periodic solutions of prime period two. 

Theorem 6 If (an + 03 + 05 ) > (02 + 04 ) and (Pi + P 3 + Pb) > (P 2 + Pa ), 
then the necessary and sufficient condition for Eq.(l.l) to have positive so¬ 
lutions of prime period two is that the inequality 

[(4 + 1 ) ((P 1 + /?3 + Pb) ~~ (P 2 + Pa))\ [(aq + «3 + 05 ) — (a 2 + aq )] 2 

+4 [(aq + 0:3 + 05) — (a2 + ckt)] [(/ 3i + /?3 + Pb) ( a 2 + aq) + 4 (p 2 + ^4) (aq + 03 + 05)] > 0. 

(4.13) 


is valid. 


proof: Suppose there exist positive distinctive solutions of prime period 

two 

. ,p,Q,p,Q, . 

of Eq.(l.l). From Eq.(l.l) we have 

_ . cx-iUm —1 T (% 2 ym —2 T oqt/m—3 T oqi/ m _4 + cy^y m —^ 

2 /m+l y,n f] 1 y m _ 1 + f3 2 y m _2 + p 3 y m -3 + /3 4 2/m -4 + PbVm-b 


P _ aq, ( Q 1 + a 3 + CT5) P + (<^2 + CT4) Q n — A p_i ( ai 4 " a 3 + a b) Q + ( OC2 + 0:4) P 

(Pi + /?3 + P5) P + (/?2 + P 4) Q (Pi + /?3 + ^5) Q + (@2 + ^4) P 

( 4 . 14 ) 


Consequently, we get 

(/?i + /?3 + /%) P 2 + (@2 + $4) PQ 


4 (/?i + /?3 + / 5 s)PQ + 4 (/?2 + Pa) Qp 
+ (aq + 0:3 + 05) P + (0:2 + 0:4) Q, 

( 4 . 15 ) 


and 


(Pi + P3 + /%) Q 2 + (P2 + Pa) PQ — 4 (Pi + P3 + P$) PQ + 4 (p 2 + Pa) P 2 

+ (ai + 0:3 + 05) Q + (02 + 0:4) P. 

( 4 . 16 ) 


By subtracting ( 4 . 15 ) from ( 4 . 16 ), we obtain 

[(/?! + P3 + ^5) + 4 (P2 + Pa)\ (P 2 — Q 2 ) = [(aq + 03 + 0:5) — (0:2 + CK4)] (P — Q). 


11 
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Since P / Q, it follows that 


P Q _ [(<Tl + «3 + a b) ~ { a 2 + 04)] 

[(/3l + /?3 + fib) + A (/?2 + fii)\ 

while, by adding (4.15) and (4.16) and by using the relation 

P 2 + Q 2 = (p + Q) 2 - 2 PQ for all P,Q G R, 


(4.17) 


we have 


PQ — K ® 1 + a 3 + OL 5 ) — ((Y2 + «4)] [{fil + (^3 + ^ 5 ) ( a 2 + Oi±) + A (/?2 + fii) («1 + CL 3 + CK 5 )] 

[(/?! + /?3 + /?s) + A (/?2 + fii)} 2 [((/?2 + /3 4 ) — (/?1 + /?3 + ^ 5 )) (4 + 1)] 

(4.18) 

Let P and Q are two distinct real roots of the quadratic equation 

t 2 ~{P + Q)t + PQ = 0. 


[{fix + fi3 + /?s) + 4 (/?2 + /? 4 )] i 2 ~ [(aq + 03 + as) ~ (o 2 + a 4 )] t 
[(<Tl + «3 + «s) — ( a 2 + <q 4 )] [(/ 5 l + fi 3 + /? 5 ) ( a 2 + CK4) + A (/?2 + fii) («1 + «3 + as)] 
[(/?1 + /?3 + ^ 5 ) + -4. (fi2 + /d 4 )] [((& + /3 4 ) — {fil + /?3 + ^ 5 )) (4+1)] 

= 0, (4.19) 


and so 

[(aq + a% + as) — (a2 + Qq)]^ 

4 [(ai + «3 + as) — («2 + 0:4)] [(/?! + /?3 + ^ 5 ) («2 + 04) + A (/?2 + ^4) (oq + «3 + as)] 


or 


[((/?2 + fii) — {fil + fi 3 + ^ 5 )) (4 + 1)] 

[(aq + c>!3 + 05) — (o;2 + 0:4)]^ 


> 0 , 


_l_4 [(ai + 03 + as) — («2 + « 4 )] [(/?! + fi3 + /%) ( a 2 + aq) + 4 (/?2 + fii) (ai + 013 + as)] > ^ 


[((/3i + /?3 + /?s) — (/?2 + fii)) (4 + 1)] 


From (4.20), we get 


(4.20) 


[((/ 3 i + fis + /?5) — {fi2 + fii)) (4 + 1)] [(ai + 03 + as) — (a2 + a4)] 2 

+4 [(ai + 03 + as) — (a2 + oii)\ [(/ 3 q + fis + /?s) (a2 + oti) + 4 (/?2 + /?4) (ai + a3 + as)] > 0 . 


Therefore, the condition (4.13) is valid. Alternatively, if we imagine that the 
condition (4.13) is valid where (ai + 03 + as) > (a 2 + ai) and {fii + (3% + /%) > 
{fi 2 + fii) ■ Then, we can immediately discover that the inequality stands. 
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There exist two positive distinctive real numbers P and Q representing two 
positive roots of Eq.(4.19) such that 


and 


where 


and 


V = 


P = 


Q = 


[(au + cl 3 T cl5) — (cl2 + cl4)] + 5 
2 [(/3l + /?3 + 00) + A (02 + 00)\ 

[(CLI + CL 3 + CL 5 ) - (CL2 + CL 4 )] - 5 


(4.21) 

(4.22) 


2 [(01 +03 + 05) + A (02 + 00)\ 

5 = \J [(cli + a 3 + a 5 ) - (a 2 + a 4 )] 2 - V, 

4 [(cli + CL 3 + CL 5 ) — (a>2 + CL 4 )] [(01 + 03 + 05) (a. 2 + CL 4 ) + A (02 + 00) (cLl + CL 3 + CL 5 )] 

[((02 + 00) ~ (01 + 03 + 00 )) (A + 1)] 


Now, let us prove that P and Q are positive solutions of prime period two of 
Eq.(l.l). To this end, we assume that 5 = P, = Q, y _ 3 = P, = 
Q, y-\ = P, yo = Q. Now, we are going to show that y\ = P and 1/2 = Q- 


From Eq.(l.l) we deduce that 

_ A , a W-i + a 2 V- 2 + OL3V-5 + CL41/-4 + a 5 y- 5 

Vl V ° 0iy-l + 02V-2 + 03V-3 + 04V-4 + 05V-5 

— &Q _i_ ( ai + a 3 + CL5) P + ( a 2 + CL4) Q 
(01 + 03 + 05) P + (02 + /3 4 ) Q 


(4.23) 
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Substituting (4.21) and (4.22) into (4.23) we deduce that 

P _ Afi \ ( Q 1 + «3 + as) P + («2 + 0 : 4 ) Q _ p 

^ (Pi + @3 + fib) P + (P 2 + Pa) Q 

_ [A (Pi + Pz + fib) — (P 2 + Pa)\PQ + A (P 2 + ^ 4 ) Q 2 — (fii + fib + fib) P 2 

(Pi + P 3 + /?s) -P + (P 2 + ^ 4 ) Q 

(o+ + (Y 3 + (J 5 ) P + (<T 2 + 04 ) Q 

(/5i + fib + /%) -P + (P 2 + Pa) Q 

f bh/h+fe+fe) — (/32+04)\[Si]\(fh+p3+/35){a!2+a4,)+A(l32+P4) ( 01 + 03 + 0 : 5 )] \ 

_ _V_ [(/?! +p3+fiz) J rA{l32+p4,)Y[{{p2 +ff 4 ) — (Pi +^3 +fe))(A+l)] _/_ 

(a , a , o \ Z' [( 01 + 03 + 05 )—( 02 + 04 )]+^ 4 I /«„ I 0,1 f [(oi+ 03 + 05 )-(Q 2 +o 4 )M 4 

iPl ' P3 “r P5J ^ 2[(/3 i+/33+45)+A(/32+/3 4 )] ) + KP2 + PP ^ 2[(/3i+/3 3 +/3 5 )+A(/32+/3 4 )] ) 

A (Ft n 4 - RA ( [(oi+ 03 + 05 )-(o 2 + 04)]-<5 V _ (ft _j_ Q _i /3 \ ( [( 01 + 03 +Q 5 )-(o 2 +o 4 )]+<5 V 

t _ [P2 + P4j ^ 2[(/3 1+ /33+/3 5 )+A(/32+/?4)] J + P3 + P5/ ^ 2[(/3 1+ /33+/3 5 )+A(/32+/3 4 )] J 

(R _i_ fl I a \ A( a i+ tt 3+a5)-(a2+q 4 )]+^ , fa 1 / IMg+nsHajj^jH ) 

IPl + P3 + Pb) y 2[(/3 1 +/3 3 +/3 5 )+A(/32+/3 4 )] ) + P 2 + W V 2[(,3i+/33+/35)+A(/32+/34)] ) 



(4.24) 


Multiplying the denominator and numerator of (4.24) by 4 [(/3i + P 3 + fib) + A (P 2 + Pa )] 2 
we get 


4[A(ffi+/3 3 +fe)-(/32+/3 4 )][5i][(/3i+fe+/35)(q2+q4)+A(/3 2 +/i4) ( 01 + 03 + 05 )] 
>_ _ [((/h+Zh) — (/3i+/33+/3s))(A+l)] _ 

5 

24 (/3 2 + ft) (5i - 5) 2 - (ft + ft + p 5 ) (S\ + 5) 2 
+ 5 

2[(ft + fib + ft) + ^4 (P 2 + Pa)] (a+ + «3 + oft (Si + <5) 

+ 5 

2 [(ft + ft + ft) + A (P 2 + ft)] («2 + (X 4 ) (Si — 5) 

+ 5 

4 [A(/?i+/ 334 -/ 35 ) — (/32+/3 4 )][Si][(/3i+/33+/35)(o 2 +04)+A(/32+^4) ( 01 + 03 + 05 )] 

_ [((fe+/3 4 ) —(/3 i+/3 3 +/3 5 ))(A+1)] _ 

5 

A(fi 2 + Pa) [Si] 2 - (fii + ft + fi 5 ) [Si] 2 
5 

[A (P 2 + Pa) — (Pi + Ps + ft)]*** 2 
S 
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2 [(01 + 03 + /%) + A (02 + 0 4 )] (c «2 + Ot 4 ) [5i] 

+ 5 

2[(01 + 03 + 05) + A (02 + 0 4 )] («1 + CL 3 + 0 : 5 ) [5i] 

+ 5 

2 A (0 2 + 04) [(ai + 013 + 05 ) — (a .2 + 04 )] <5 + 2 (0i + 0 3 + /3s) [Si] 5 

S 

2[(0l + 03 + /?5) + A (/?2 + 0 4 )] ( a l + 03 + CT 5 ) 5 — 2[(0i + 03 + /?5) + A (02 + 0 4 )] («2 + CL 4 ) <3 
+ S 


4[-A(^i+/? 3+^5) — (/32+/h)] [Si] [(/h+Zh+^sKa^+Q^+^K/^+Ai) ( 01 + 03 + 0 : 5 )] 
[((/32+/3 4 )-(/3i+/3 3 +/35))(A+1)] 


5 

4[5i][(/3i +/?3+/3s)(a2+a4)+4l(/32+/34)(oi+a3+a5)][4l(/32+/34)—(/3i +/?3 +/3s )] 
[((fo+AM/h+fe+ftOXA+l)] 


5 

^(02 + 0 4 ) [Si] 2 -(0i + 03 + 0 5 )[Si] 2 

\A (0 2 + 0 4 ) — (0i + 03 + 0s)] [Si] 2 
5 

2 [(01 + 03 + 05 ) + A (02 + 0 4 )] («2 + <T 4 ) [* 51 ] 

+ S 

2 [(01 + 03 + 0s) + A (02 + 0 4 )] («1 + «3 + 0 : 5 ) [Si] 
+ 5 

2 [Si] [(0i + 03 + 0s) + A(0 2 + 0 4 )]h 
5 

2 [Si] [(0i + 03 + 0s) + A(0 2 + 0 4 )]h 
S 


4 [Si] [(0i + 03 + 0s) (a 2 + <+ 4 ) + A (0 2 + 04) (ai + «3 + <+ 5 )] 

5 

4 [Si] [(0i + 03 + /? 5 ) (a 2 + a 4 ) + -A (02 + 0 4 ) (ai + 0:3 + as)] 

.S' 

2[(ai + 03 + as) — (a 2 + 04 )][(0i + 03 + 0s) + A (0 2 + 0 4 )]<5 


+ 

= 0. 


S 

2 [(ai + 03 + as) — (a 2 + 04 )][(/?i + 03 + 0 s) + A ( 0 2 + 0 4 )]<5 

S 


where 

5 = 2 [(/?! + Z?3 + /?5) + A (02 + 0 4 )] * 

[( 0 i + 03 + A) (Si + 6 ) + (02 + 0 4 ) (Si - 5)] 
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and 


Si — [(cli + ol 3 + 05) — (a 2 + dis¬ 
similarly, we can show that 

_ aiyp + a 2 y-\ + d 3 j /_ 2 + a 4 y ~3 + d 5 ?/- 4 _ , (di + d 3 + d 5 ) Q + (d 2 + 0:4) P 
V2 Vl Piyo + Piy-\ + foy-2 + /%-3 + Psy-A (Pi + Pz + Ps)Q + (P 2 + Pa) P 

By using the mathematical induction, we have y m = P and y m + 1 = 

Q, m > —5. 


5 Global stability 

In this section, the global asymptotic stability of the positive solutions of 
Eq.(l.l) is discussed. 

Theorem 7 For any values of the quotient X^=i If A < 1, then the 
positive equilibrium point y of Eq. (1.1) is a global attractor and the following 
conditions hold 

U1P2 > a 2 Pi, di/?3 > as Pi, aiPi > a 4 Pi, a 4 p 3 > a^Pi, a 2 p 3 > a 3 p 2 , a 2 p 4 > a 4 p 2 , 
a 2 P5 > a 5 p 2 , a 3 p 4 > a 4 p 3 , a 3 p 5 > a 5 p 3 , a 4 /? 5 > a 5 p 4 and a 5 > (a 4 + a 2 + a 3 + a 4 ). 

(5.25) 


proof: Let 5 be a positive solution of Eq.(l.l). and let H : 

( 0 , oo ) 6 —>• ( 0 , 00 ) be a continuous function which is defined by 


H(uq, ...,u 5 ) = Auq + 


Y!i=l( a i u i) 

Yli=l(Pi u i) 


By differentiating the function H(uq, ..., 1 x 5 ) with respect to Ui (i = 0,..., 5), 
we obtain 

(5.26) 


11 u,\ — A, 


= 


H u 2 = 


(aiP 2 - a 2 Pi) u 2 + (aip 3 - a 3 Pi) u 3 + (di /? 4 - a 4 pi) u 4 + (a 4 p 5 - a 5 Pi) u 5 


(E?.,(ft«i))' 


(5.27) 


— (aiP 2 — a 2 Pi) ui + ( a 2 p 3 — a 3 p 2 ) u 3 + ( a 2 p 4 — a 4 p 2 ) u 4 + (a 2 p 3 — a§p 2 ) u 3 

Yfi=l(Pi u i)) 

(5.28) 
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H U3 — 


h ua = 


and 


Hu 5 = 


- (ai/03 - & 3 Pi) Ui - (U 2 P 3 - a 3 p 2 ) u 2 + (o 3 /3 4 - a 4 p 3 ) u 4 + (a 3 p 5 - a 5 /3 3 ) u 4 




(5.29) 


- (oi/3 4 - o 4 /3i) - (a 2 p 4 - a^) «2 - («3/?4 - a4/33) «3 + ( 04/35 - a 5 /3 4 ) u 5 


EiU (/*«))' 


(5.30) 


— (ai /35 — < 25 /3i) Lti — ( 02/35 — as/3 2 ) tt 2 — ( 03/35 — 05 / 33 ) 1 x 3 — ( 04/35 — 05 / 34 ) u 4 


ELi(A«i)) 


(5.31) 

It is observed that the function H(u 0 , ..., 1 x 5 ) is non-decreasing in uo,«i 
and non-increasing in U 5 . Now, we consider four cases: 

Case 1. Let the function H(uq, ..., u§) is non-decreasing in uo,ui,u 2 ,u 3 ,u 4 
and non-increasing in u 3 . Suppose that (d, D ) is a solution of the system 

D = H(D, D, D, D, D, d) and d = H(d,d,d,d,d,D). 

Then we get 

_ oi-D + o 2 D + 03.0 + 04 Z) + a 3 d a\d + aod + 03 d + a 4 d + a 3 D 

31 = AD+—— -——-—--—--—— and d = Ad+ 


Pi D + f3 2 D + p 3 D + p 4 D + (3 5 d 


or 


, .. (01+02 + 03 + 04)11 + 05(3 

D(l~A)= , , a , and d{l-A) = 


P\d + /3 2 <3 + p 3 d + p 4 d + P§D 
(01 + o 2 + o 3 + 04) d + o 5 31 


(Pi + P 2 + P 3 + Pa) D + P^d 

From which we have 
(01 + o 2 + 03 + 04) 31+05(3— (1 — A) (Pi + P 2 + P 3 + P 4 ) D“ = (1 — A) P 3 Dd 
and 

(01 + o 2 + 03 + 04) (3+0531 —(1 — A) (Pi + p 2 + P 3 + / 3 4 ) ( 3 2 = (1 — A) P§Dd 
From (5.32) and (5.33), we obtain 


(/3i + P 2 + ^3 + /3 4 ) d + P$D 


(5.32) 


(5.33) 


(d — D) {[(01 + o 2 + 03 + 04 ) — 05 ] — (1 — A ) (Pi + P 2 + P 3 + P 4 ) (d + 31)} — 0. 

(5.34) 

Since A < 1 and 05 > (01 + o 2 + 03 + 04 ), we deduce from (5.34) that 
D = d. It follows by Theorem 2, that y of Eq.(l.l) is a global attractor. 
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Case 2 . Let the function H(uq, ..., u§) is non-decreasing in uq,u\ and 
non-increasing in u 2 , u-£. U 4 , 'U 5 . 

Suppose that (d, D) is a solution of the system 

D = H(D,D,d,d,d,d) and d = H(d, d, D, D, D, D). 

Then we get 

^ a\D + a, 2 d + 03 d + aid + a$d , , a±d + a^D + 013 D + a^D + a$D 

V = AD-\ - and d = Ad-\ ---, 

(3iD + (3 2 d + /?3 d + j3^d + f3§d f3\d + f3 2 D + f3^D + /?4 D + f3§D 

or 

n /1 M _ Ot\D + («2 + (U3 + 04 + CT5) d . , _ Ot\d + (o!2 + «3 + 04 + 05) D 

1 ' &£ + (& +ft+ & + &)<* an 1 - ] ~ ! 3 id+{p 2 + fo + p A + p b )D- 

From which we have 

a\D+{a 2 + 03 + ex ..4 + 0 ( 5 ) d—j3i (1 — A) Z ? 2 = (1 — A) ([3 2 + ft + ft + ft) Dd 

(5.35) 

and 

CKl 0 ?+ (cK 2 + a 3 T a 4 T OL 5 ) ZZ—ft (1 — A) d? = (1 — A) (ft + ft + ft + /? 5 ) Dd. 

(5.36) 

From (5.35) and (5.36), we obtain 

(d — D ) {[«! — (02 + 03 + 04 + 0 : 5 )] — ft (1 — A) (d + ZZ)} = 0. (5.37) 

Since A < 1 and (02 + 03 + 04 + 05 ) > oi, we deduce from (5.37) that 

D = d. It follows by Theorem 2, that y of Eq.(l.l) is a global attractor. 

Case 3. Let the function ZZfto, ..., 1 / 5 ) is non-decreasing in uo,ui,u 2 and 
non-increasing in 1 / 3 , 1 / 4 , 1 x 5 . 

Suppose that (ri, ZZ) is a solution of the system 

D = H(D, D, ZZ,d, d, d) and d = H(d, d, d, D, D, D). 

Then we get 

oiZZ + 02 Z) + 03 d + 04 d + osd aid + a 2 d + 0 : 3.0 + CL 4 .D + a$D 

^ + /3iZ? + ftZZ + M + fad + ftd aU(j ( = + ftd + ftd + ftZZ + ftZZ + ftZZ ' 

or 

(ai + 02 ) D + (03 + 04 + 05 ) d .n _ (ai + 02 ) d + (03 + 04 + 05 ) D 

[ ~ (ft + ft)^ + (ft + ft + ftft aU [ " (ft + ft) ^ + (ft + ft + ft) D 
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From which we have 

(ai + a2) D + (03 + 04 + as) d— (1 — A) (/?i + P2) = (1 — A ) (/?3 + /?4 + / 3 s) Dd 

( 5 . 38 ) 

and 

(ai + CL2) d + (03 A 04 + 0:5) D —(1 — A ) (/ 3 i + ^2) d~ = (1 — vl) (/ 3 3 + /?4 -f- / 3 s) Dd 

( 5 . 39 ) 

From ( 5 . 38 ) and ( 5 . 39 ), we obtain 

(d — -D) {[(cLl + CK2) — ( a 3 + 04 + CL5)] — (1 — v 4 ) (/?! + @2) {d + 14 )} = 0 . 

( 5 . 40 ) 

Since A < 1 and (0:3 + 04 + as) > (ai + 0-2), we deduce from ( 5 . 40 ) that 
D = d. It follows by Theorem 2 , that y of Eq.(l.l) is a global attractor. 

Case 4 . Let the function H{uq, ...,115) is non-decreasing in uq,u\,uz and 
non-increasing in 112,114,115. 

Suppose that ( d , D) is a solution of the system 

D = H(D,D,d,D,d,d) and d = H(d,d, D,d, D, D). 

Then we get 

^ a\D + a2d + a?,D + a4d + a§d , , aid + a2-D + 03d + 04!) + as-D 

id = AD-1 -and d = .Aa-I-, 

( 5 \D + /?2 d + /?3-D + /?4d + /?5 d / 3 id + (52 D + ( 5 ^d + /?4 D + /?s-D 

or 

(ai + 03) -D + (02 + 04 + as) d .. _ (ai + as) d + (a2 + 04 + as) D 

1 ' (/ 3 i + / 3 3 )^ + (/ 3 2 + /34 + / 3 5 )d an 1 “ (( 5 1 +( 5 3 )d +((52 + P4 + P 5 )D 

From which we have 

(ai + 03) D + (02 + 04 + 05) d —(1 — A) (/?i + ( 5 %) -D 2 = (1 — A) (/?2 + /?4 + / 3 s) Dd 

( 5 . 41 ) 

and 

(ai + 03) d + (a2 + 04 + as) 14—(1 — A) (/ 3 i + ( 5 ^) d 2 = (1 — vl) (/?2 + @4 + / 3 s) Dd 

( 5 . 42 ) 

From ( 5 . 41 ) and ( 5 . 42 ), we obtain 

(d — D) {[(ai + 03) — (02 + 04 + as)] — (1 — vl) (/ 3 i + ^3) (d + 14 )} = 0 . 

( 5 . 43 ) 

Since A < 1 and (02 + 04 + as) > (ai + 03 ), we deduce from ( 5 . 43 ) that 
D = d. It follows by Theorem 2 , that y of Eq.(l.l) is a global attractor. 

It follows by Theorem 2 , that y of Eq.(l.l) is a global attractor and the 
proof is now completed. 
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6 Numerical examples 

Some numerical examples are stated in this section in order to strengthen our 
theoretical results. These examples represent different types of qualitative 
behavior of solutions of Eq.(l.l). 

Example 1. Figure 1, shows that the solution of Eq.(l.l) is unbounded 
if V- 5 = 1, V- 4 = 2, y- 3 = 3, y- 2 = 4, i = 5, y 0 = 6, A = 1.1, oq = 
10, a 2 = 1, «3 = 12, aq = 4, 05 = 6, 0i = 2, /?2 = 3, 03 = 40, 04 = 
50, & = 60. 



TTi crnro 1. -in, _i_ m — 1+3/ m — 2 + 12 y m — 3+4 y m — 4 +6 y m—5 \ 

riguie 1 . (y m+ l - r.l(/ m 2 y m - 1 + 3 y m - 2 + 40 ym- 3 + 50 y m - 4 + 60 y m - 5 ' 

Example 2. Figure 2, shows that Eq.(l.l) has prime period two so¬ 
lutions if y -5 = y -3 = y-i ~ 0.519, y _ 4 = y _ 2 = yo — -0.0938, 
y4 = 1, oq = 10, a 2 = 3, 03 = 30, 04 = 8 , 05 = 45, 0i = 20, 0 2 = 
5, 03 = 40, 04 = 9 , 05 = 100. 



Figure 2: (y m+ i 


„ | 10 y m — 1 +3^ m — 2 +30y m — 3+8y m — 4+45y m — 5 \ 

ym ~r 2 0j/ m _ 1 +5i/ m _2+40y m _3+9y m _4+100j/ m _5 1 
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Example 3. Figure 3, shows that Eq.(l.l) is globally asymptotically 
stable if y _ 5 = 1, y_ 4 = 2 , y _ 3 = 3, y_ 2 = 4, y_ i = 5, y 0 = 6, A = 
0.5, oil = 10, oi 2 = 1) 013 = 12, 014 = 4, cn 5 = 30, /3\ = 2, /3 2 = 3, 0 3 = 
40, /3 4 = 50, p 5 = 400. 


W*y(n)+(((A*y(n-1)+B*y(n-2)+C*y(n-3)+D*y(n-4)+E*y(n-5))/(a*y(n-1)+b*y(n-2)+c*y(n-3)+d*j 
6 r 


100 

n-iteration 


Ficrin-P i'll . - n 4- 1 0j'm-l+^i7i-2 + 12t/ m -3+4i/ m _4+30j/ m ,-5 x 

figure a. [y m+ l - U.Oy m + 2y rn - 1 +3y rn -2+40y m - 3 +50ym-4+400y rn - 5 ) 

Example 4. Figure 4, shows that Eq.(l.l) is not globally asymptotically 
stable if y_ 5 = 1, y_ 4 = 2, y_ 3 = 3, y_ 2 = 4, y_ 4 = 5, y 0 = 6, A = 
100, 011 = 10, a 2 = 1, ct 3 = 12, a 4 = 4, 05 = 6, (3 1 = 2, 0 2 = 3, 0 3 = 
40, At = 50, = 400. 


W*y(n)+(((A* } y(^j 3 ^+B*y(n-2)+C*y(n-3)+D*y(n-4)+E*y(n-5))/(a*y(n-1)+b*y(n-2)+c*y(n-3)+d*i 
7 I-11-T- 

6 -.■. ..- 

5 -. . ..- 


-S 4 



2 


1 


0 1 -*- 1 - t — 1 - 

0 50 100 150 200 

n-iteration 


Figure 4: (y m+ 1 


100y m + 


10 y m — 1 ±y m — 2 +1% 

m—3 +4y m —4 +6y m —5 \ 

2ym-i+3y m _2+40i/ m _3+50j/ m _4+400j/ m _5 1 
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7 Conclusion 

We have discussed some properties of the nonlinear rational difference equa¬ 
tion (1.1), such as the periodicity, the boundedness and the global stability 
of the positive solutions of this equation. We gave some figures to illustrate 
the behavior of these solutions, as generalization of the results obtained in 
Refs.[4,5,8]. Note that example 1 illustrates Theorem 5 which shows that 
the solution of Eq.(l.l) is unbounded and example 2 illustrates Theorem 
6 which shows that Eq.(l.l) has prime period two solutions, while exam¬ 
ple 3 illustrates Theorems 3 and 7 which shows that Eq.(l.l) is globally 
asymptotically stable. But example 4 shows that Eq.(l.l) is not globally 
asymptotically stable if A > 1. 
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On sequential fractional differential equations with nonlocal 

integral boundary conditions 
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Abstract 

This article develops the existence theory for sequential fractional differential equations involving 
Caputo fractional derivative of order 1 < a < 2 with nonlocal integral boundary conditions. An example 
is given to demonstrate application of our results. 

Keywords: fractional differential equations; mixed boundary value problem; fixed point theorem. 
2010 AMS Subject Classification: 34A08; 34B 


1 Introduction 

The theory of fractional-order differential equations involving different kinds of boundary conditions has been 
a field of interest in pure and applied sciences. In addition to the classical two-point boundary conditions, 
great attention is paid to non-local multipoint and integral boundary conditions. Nonlocal conditions are 
used to describe certain features of physical, chemical or other processes occurring in the internal positions of 
the given region, while integral boundary conditions provide a plausible and practical approach to modeling 
the problems of blood flow. For more details and explanation, see, for instance [2], [1]. Some recent results 
on fractional-order boundary value problem can be found in a series of papers [3]-[20] and the references cited 
therein. Sequential fractional differential equations have also received considerable attention, for instance see 
[4]-[9]. To the best of our knowledge, the study of sequential fractional differential equations supplemented 
with nonlocal integral fractional boundary conditions has yet to be initiated. 

We study the following nonlinear sequential fractional differential equation subject to nonseparated non¬ 
local integral fractional boundary conditions 

( ( c D a + X c D a ~ 1 )u{t) = f (t,u(t )), 1 < a < 2, 0 < t < T, 

•j Viu (77) + fiiu (T) = 71 fg u (s) ds, ( 1 ) 

[ v 2 c D a ~ 1 u ( 77 ) + 7 i 2 c D a ~ 1 u (T) = 72 / C T u (s) ds , 


where 0 < rj < T,0 < t; < ( < T, X G R+, v\, i/ 2 , £ti, ^2, 7 i, 72 G R. 

The rest of the paper is organized as follows. In Section 2, we recall some basic concepts of fractional 
calculus and obtain the integral solution for the linear variants of the given problems. Section 3 contains 
the existence results for problem (1) obtained by applying Leray-Schauder’s nonlinear alternative, Banach’s 
contraction mapping principle and Krasnoselskii’s fixed point theorem. In Section 4, the main result is 
illustrated with the aid of an example. 
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2 Preliminaries 


Definition 1 The Riemann-Liouville fractional integral of order a > 0 for a function f : [0, +oo) —> R is 
defined as 

t 

IS+f(t) = J(t- s) a ~ 1 f(s)ds, 

0 

provided that the right hand side of the integral is pointwise defined on (0, +oo) and V is the gamma function. 
Definition 2 The Caputo derivative of order a > 0 for a function f : [0, +oo) —> R is written as 

t 

Dg+m = r( 1 v (t - s) n - a - 1 fW{8)ds, 

T(n-a)J 

o 

where n = [a] + 1, [a] is integral part of a. 

Lemma 3 Let a > 0. Then the differential equation Dg + f(t) = 0 has solutions 

/(f) = Cg + C\t + C2t 2 + ... + c n —\t n 1 , 


and 

Ig+D% + f{t) = fit) + Co + C\t + C 2 f 2 + ... + C n _it” 1 , 
where Ci £ R. and i = 1,2,..., n = [a] + 1. 

In what follows we use the following notations: 

— AT 7i 


an:=vie Xv + me XT - — (l - e x ‘) , a 12 := v\ + m - 7 i£, 


a 2 i := v 2 


f (77 - s) 1 “ e As ds + n 2 

Jo 


r (2 - a) /o 


r (2 - a) / 0 


/ (r-«) 

Jo 


1 —a —A 


e As ds + 7 2 J e dt, 


a22 := 72 - C), A := ana 22 - ai 2 a 2 i s A ^ 0, 

/.n 021 — a 22 e- At . . an — ai 2 e _At 

mf) =- a -> <mf) =- a-» 


K i (t, s) = r , 1 n / e A(t r) (r-s)“ 2 dr, A" 2 (f, r) = —— 1 -^ f (t-s ) 1 a K 1 (s,r)ds. 

r (a - 1) A r (2 - a) 


It is clear that 


|</?i (f)| < max 


1^2 (t)| < max 


a 2 i — a 22 a 2 i — a 22 e 


-ATI 


|A| 


|A| 


|an — ai 2 a n — a i 2 e 


-ATI 


|A| 


|A| 


: = 4>2, 


and 


r (2 —a) J 0 


f e A ^ r ^/ a 1 h(r)dr= f Ki(t,s)h(s)ds, 

Jo Jo 

( (f — s) 1_Q f e~ x ( s ~ r lI a ~ 1 h (r) drds = f K 2 {t,r)h(r) dr. 

Jo Jo Jo 
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Lemma 4 Let h £ C ([0, T] ;R). The the following boundary value problem 

(° D a + A c D a ~ 1 ) u(t) = h(t), l<a<2, 0 < t < T, 

v\u (77) + Hiu (T) = 71 /q u (s) ds, 
v 2 c D a ~ 1 u (77) + H2 c D a ~ 1 u (T) = 72 / C T u (s) ds, 

is equivalent to the fractional integral equation 

u(t) = f K\ (t, s ) h (s) ds 
Jo 

+ vnp\{t) f Ki (77, s) h (s) ds + Hiipi (t) f Ki(T,s)h(s)ds 
Jo Jo 

- T 1 T 1 {t) [ [ K i {r, s) h (s) dsdr - 72^2 (t) f f K 1 (t, s ) h (s) 

Jo Jo J c Jo 

- \v 2 ip 2 {t) f K 2 (77, s) h (s) ds - \H 2 T 2 (t) f K 2 (: T, s ) h (s) ds 

Jo Jo 

r f T 

+ v 2 ^p 2 (t) / h ( s ) ds + H 2 T 2 (t) / h (s) ds. 

Jo Jo 


dsdt 


Proof. Applying /“ 1 to both sides of (2) we get 

I a ~ 1 C D““ 1 (£> + A) 77 (i) = I a ~ x h (f), 

(D + A) 77 (f) — Co = I a ~ 1 h (f) . 

We solve the above linear differential equation 

u (t) = (u (0) — c 0 ) e~ xt + c 0 + f e~ x< - t ~ s ^I a ^ 1 h(s) ds, 

Jo 

u(t) = c\e ~ M: + co + f e~ x< ' t ~ s ^I a ~ 1 h(s) ds. 

Jo 

It is clear that 


c D a ~ 1 u(t) = 


—Aci rt 


r(2-a) Jo 


1 ” a e~ Xs ds 


[ (t-s) 

Jo 

■J (t~s) 1_a (^/ a_1 /7 (s) - A^ e- x(s - r) I a - l h(r)di^j ds. 


L(2 -a) 

The first boundary condition implies that 

7/177 (77) + hiu ( T ) 

= viCie~ Xr> + viCq + 7/i f e~ x( ' v ~ s ^I a ~ 1 h(s)ds 
Jo 

+ H\Cie~ XT + 771C0 + pi [ e~ x( ' T ~ s ' > I a ~ 1 h (s) ds 
Jo 

= T\j ( Cie_Ar + Co + / e- x ^r-Ms) d s)dr 


7iCi 


{ r r 


(1 - e" A «) + 71 c 0 ? + 71 / / e~ x( ' r ~ s ^I a ~ 1 h (s) dsdr, 


(2) 


( 3 ) 


( 4 ) 


0 ./o 
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(vie Xv + Mi e AT -y(l-e ci + (z^i+/xi-7i^)c 0 

= 7 i f f e-^ r - s) I a - 1 h{s)dsdr-v 1 f e~ x ^~ s) I a - l h{s) ds - ^ f e~ x{ - T - s) I a ~^h (s) ds. 

Jo Jo Jo Jo 

The second boundary condition implies that 

^ ' 1 - n ' ^ f ^ 1_a e~ Xs ds + 7 2 J e _At rf^ ci + 72 (T - C) Co 


^2 


r(2-a)7 0 
1 


= ^2 


+ M 2 


r(2-a)7 0 

1 


r( 2 -a) 7 o 


/ (77-s) 1 “e As ds + M2TT7R^- t / (r-s) ] 

do r(2-a)7 0 

J* {rj - s) 1_a (T^d (s) - A jf e-^-^I^h (r) dr^ ds 
jf (T — s) 1_Q (^I a ~ l h (s) — \ e- x{s - r) I a - l h{r)d^j ds - J_ e~ x(t - s) I^h^s) dsdt. 


Thus 


nr rri rT 

K\ (r, s) d. (s) dsdr — v\ / Ad ( 77 , s) d (s) ds — Mi / Ad (T, s) d (s) ds, 
do do 

rV rT j-v 

a 2 ici + a 2 2 C 0 = M 2 / d(s)ds + M 2 / h(s)ds — \v 2 / Ad ( 77 , s) d (s) ds 
do do do 

— A/i 2 f K 2 (T,s)h(s)ds — j 2 f f Ad (t, s) d (s) dsdt. 
do dr do 


Solving the above system of equations for cq and Ci, we get 


Co 


= ~K U2 J h ( s ) ds + ^2 J d(s)ds - ^Ai/ 2 J K 2 (rj,s)h(s)ds 

pT pT pt 

- ^AM 2 J K 2 (T, s) h (s) ds - ^72 J J I\\ (t, s) h (s) dsdt 

- J J K 1 (r,s)h(s)dsdr+-^-vi J Ad ( 77 , s) d (s) ds + ^/ii J Ad (T, s) d (s) ds 


^22 


Cl = a 7 ! 


n T* />?7 /»X 

(r, s)/i (s) dsdr -/ Ki(rj,s) h(s) ds - / iTi. (T, s)/i (s) ds 

^ Jo A Jo 

~K V2 J h ^ ds ~ J h(s)ds+ < ^\v 2 J Ad ( 77 , s) d (s) ds 

/•X 1 /*x 

+-^Am 2 J AT 2 (T, s) d (s) ds + -^72 J J K 1 (t,s)h(s)dsdt. 

Inserting Co and ci in (4) we obtain the desired formula (3). 

Conversely, assume that u satisfies (3). By a direct computation, it follows that the solution given by 
(3) satisfies (2). ■ 

Lemma 5 Aor any g,h € C ([ 0 , T]; R) we have 

[ K 1 (t,s)g(s)ds- f K 1 {t,s)h{s)ds < * (l - e~ Af ) ||g - h\\ c , 
do do V a 1 


[ K 2 (t, s) g (s) ds - f K 2 (t,s)h(s)ds < | (l - e At ) ||^ — d|| 
do do A 


c • 
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Proof. Indeed, 


f Ki (t,s) g (s) ds — f K 1 {t,s)h(s)ds 
Jo Jo 

< [ K\ (t, s) \g (s) — h (s)| ds < [ K 1 (t,s)ds\\g- h\\ c 
Jo Jo 

-Kt-r) (r _ s) “-2 dr ^ ds\\g-h\\ c 
(r — s) a 2 dsdr \\g — h\\ c 


1 

T(a-l) 

1 

r(a-l) Jo Jo 


0 —\{t—r 


< 


V 


a—1 


< 


A (a — 1) r (a — 1) 

rpa.— 1 


(l-e- At ) \\g-h\\ c 


Ar (a) 


(!-e AT ) \\g~h\\ c 


On the other hand 

rt 


f K 2 ( t , s) g ( s ) ds — f K 2 ( t, s) h (s) ds 
Jo Jo 


1 


f (t-s) 1 ""/ e -A ( s-r ) J" -1 (g (r) — h (r)) drds 
Jo Jo 


< 


< 


r (2 -a) Jo 

^ I rt 

r( 2 - a)r(a - 1 ) 

1 


( S e _A(s_r) ^ (r — l) a ~ 2 (g (l) 
Jo Jo Jo 


(a-l)T(2-a)T(a-l) J Q 

1 r 

(a — 1 ) r (2 — a) r 

(1 - e~ xt 

' (a - 1) 7 0 
) 

A (a — 1) r (2 — a) 
(1 - e~ xt ) 

r(a-l). 

t 

A (a — 1) r (2 — a) 
(1 - e _At ) 

r(a-l). 

t 


a-a / e _A(s-r) T ,a-l 


r“ drds \\g - 


~s) 1 -°‘s a - 1 / e- x{s ~ r) drds\\g 


(t ~ s) 1_a s“ _1 ds ||<7 — h\\ c 
(1 — s) 1 ” 0 s a ~ 1 ds \\g — h\\ c 


,, g-n c 

A (a — 1) I (2 — a) 1 (a — 1) 

(1 -e~ xt )t r(a)T(2-a) 


A (a — 1) r (2 — a) T (a — 1) T (2) 
= \{l-e~ xt ) \\g-h\\ c . 


\\g-h\\c 


h ( l )) dldrds 

^11 c 

h\\c 
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3 Main results 

We introduce a fixed point problem associated with the problem as follows: 

($u)(t)= [ Ki (£, s) f (s, u (s)) ds 
Jo 

r v r T 

+ v\ip\ (t) / K\ (? 7 , s) / (s, u (s)) ds + (t) / Ki (T,s) f (s,u(s))ds 

Jo Jo 

f f Ki(r, s)f(s,u (s))dsdr- 72^2 (t) [ f I<i (t,s) f (s,u(s)) dsdt 
Jo Jo J c Jo 

rv rT 

-\V 2 W 2 (t) K 2 ( 77 , s) f (s, u (s)) ds — A/i 2 <p 2 (t) / K 2 (T,s) f (s,u(s))ds 

Jo Jo 

+ V 2 (fi 2 (t) ( f (s,u{s))ds + H 2 V 2 (t) f f(s,u{s))ds. 

Jo Jo 


Let 


rnOi — 1 

R:= <' "~ XT 


n (X— 1 


Ar 


(l_ e -AT ) + k | 


Ar (a) 

M ^ vr7 1 ( X “ e_AT ) + iT'il / 
AF (a) 7o 




r T t a ~ l 


5 — 1 

Ar (a) 
V 


(1 - e- Ar ) dr 


y AT(a) At ) d * + A H02^ (l-e Xr] ) 

+ A IM 2 I </> 2 ^ (1 - e~ XT ) + \v 2 \ </> 2 V + IM 2 I faT, 

rpoc— 1 

iT :=f?- ——- (l — e~ XT ) . 

XT (a) v ’ 

Theorem 6 Let /. [0, T] x ffi. —> ffi. be a continuous function such that the following conditions hold: 
(Ax) there exists Lf > 0 such that 

\f(t,u) - f(t,v) | < L/ |u — u|, V(t,u), (M) G [0, T] x R; 


(5) 


(A 2 ) L f R < 1 . 

LTien t/ie problem (1) has a unique solution in C ([0, T], R). 

Proof. Consider a ball 

B r := {u e C([0,T],R) : ||u|| c < r} 
with r > x^[ R r , where Mf := sup {|/ (f, 0)| : 0 < t < T} . It is clear that 

\f (t,u)\ < Lf \u\ + Mf, u € R. 
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Using this inequality and Lemma 5 from (5) it follows that 

IGh (t)l < y^yy (1 - e~ xt ) 11/ {-M-Mc + hi \<P 1 (*)l y^y (1 - e- Ar 0 11/ (•,« (-))|| c 

+ lAiil \<Pi (*)l (! -e~ XT ) ||/(,«(.))|| 0 + |Ti| Wi ^ (l-e- Xr )dr\\f(-,u{-))\\ c 

+ Mlv >2 0)1 ypy^y (! ~ e ~ M ) dt 11/ (■> u ('))llc + A H (t)\\(l - e~ x ') \\f (•, u (-))|| c 

+ A|M 2 |k 2 (t)\j(l-e~ XT ) ||/(-, U (-))llc + Nh 0)MI/M(-))llc + Hh (t)|T||/(.,«(.))|| c 

< (Lfr + Mf) R < r. 

This shows that f$B r C B r . Next, using the condition (Ai), we obtain 

ll^-^llc ^ L f R \\ u ~ v \\c- 

By (A 2 ) the operator $ is a contraction. Thus by the Banach fixed point theorem has ^ a unique fixed point 
in C ([0, T] , R). ■ 

Theorem 7 Let f. [0,T] x E-sK be a continuous function such that the following condition holds: 

(A 3 ) there exists 7 € C ([0, T], R+) and a nondecreasing function ip : R+ —> R+ such that 

\f{t,u)\ <l(t)ip(\u\% V (t, u) G [0, T\ xR. 

(A 4 J There exists M > 0 such that 

M 

iP(M)\M c R ■ 

Then the B VP (1) has at least one solution. 

Proof. Step 1: Show that $ : C ([0,T], R) —> C ([0, T] , R) maps bounded sets into bounded sets and is 
continuous. 

Let B r be a bounded set in C ([0, T \, R) .Then |/ (t, u (f))| < || 7 || ip (|u (f)|) < || 7 || ip (r) and by Lemma 5 

K&0 0)1 < y^yy (1 - e~ xt ) ||/ (•,«(-))llc + hi \<Pi 0)1 y^ (l - e~ Xr >) \\f (•, u (-))|| c 

+ hi \<Pi 0)1 y^yyyy (l - e~ XT ) \\f (-,u (-))|| c + |7iI \Vi 0)1 y^^ (l - e~ xt ) dt\\f (-,u{-))\\ c 

+ l72|h Wl^y^J ( 1 - e_At ) dt ll/(v«(-))llc + Ahlb2 (t)l^(l-e-^) ||/(-,h))llc 

+ AM 1^2 0 ) \j(l-e~ XT ) \\f(.,u(-))\\ c + W 2 \\^ (t)h||/(-,«(-))llc + hlh 2 (t)|T||/(.,«(.))|| c 

< h\\c^ ( r ) R - 

Step 2: Next we show that $ maps bounded sets into equicontinuous sets of C ([0, T] ,R). 
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Let ti,t 2 G [0, T] with t\ < t 2 and u G B r . Then we obtain 
\{3u) (ti) - (5 m) (t 2 )| 

pt i pt2 

< / (A'i (ti,s) - K 2 (h,s)) f (s,u(s))ds + / K 2 {t 1 ,s) f(s,u{s))ds 

Jo Jtx 

+ N(ki (ii)-^i fe)|) y~y (l-e“ A ") \\i\\ c ip(r) 

+ |/*i| (|<Pi (t 2 )|) (1 - e~ XT ) || 7 || c ip{r) 

+ \li | (|^i (*i) - <pi (* 2 ) 1 ) (1 - e _Ar ) dr hll c ip (r) 

+ I 72 I W 2 (*i) - ¥>2 (* 2 )| j - (1 - e" At ) dt ||7|| c i>(r) 

+ \\v 2 \ |v? 2 (*i) - <P 2 (* 2 )| j (1 - e~ Xr> ) ||7 || c ip ( r ) 

+ A|m 2 | 1^2 (*i) -¥>2 (* 2)1 y (! - e~ XT ) \\l\\ c ip(r) 

+ V\" 2 \ \<P 2 (*l) - ¥>2 (* 2 )| ||7llc^( r ) + T lM 2 | 1^2 (*l) - ¥>2 (* 2 )| Willed ( r ) • 

Obviously, the right-hand side of the above inequality tends to zero independently of u G B r as t\ —> * 2 -As 
5 satisfies the above assumptions, therefore it follows by the Arzela-Ascoli theorem that 5 : C([0,T], R) —> 
C ([0, T] , R) is completely continuous. 

The result will follow from the Leray-Schauder nonlinear alternative once we have proved the boundedness 
of the set of all solutions to equations u = 6 $u for 0 < 6 < 1 . 

Let u be a solution. Then using the computations employed in proving that 5 is bounded, we have 

|«(i)|=0|($«) (t)| < M c ip(\\u\\ c )R. 

Consequently, we have 

Me < ! 

I|7|IcV’(I|m|Ic)- r - ' 

In view of (A 4 ), there exists M such that ||«|| c ^ M. Let us set 

U={«eC([0,T],l): \\u\\ c <M}. 

Note that the operator 5 : it —> C ([0, T\ , R) is continuous and completely continuous. From the choice of 
it, there is no u G 9it such that u = 0$u for some 0 < 9 < 1. Consequently, by the nonlinear alternative 
of Leray-Schauder type, we deduce that 5 has a fixed point u G it which is a solution of problem (1). This 
completes the proof. ■ 

Now, we result based on the Krasnoselskii theorem. 

Theorem 8 Let f. [0,T] x R —> R be a continuous function such that the following conditions hold: 

(A\) there exists Lf > 0 such that 

I f(t,u) - f(t,v) | < L f \u — v\, V (t, u ), (t,v) G [0, T] x R; 

(A 5 ) there exists 7 G C ([0, T], R+) such that 

\f(t,u)\ < j(t ), V (t,u) G [0,T] x R. 
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(A 6 ) LfR* < 1. 

Then the boundary value problem (1) has at least one solution in C ([0, T], R). 

Proof. Consider the closed set B r := {it S C([0,T],M) : ||u|| c < r} with r > -R IItIIo an d define the 
operators 3d and 32 on B r as follows: 

(3i u) (t) := [ K\ ( t, s) f (s, u (s))ds, 

Jo 


(32«) {t) '■= vi<Pi {t) [ K 1 (r],s)f(s,u(s))ds + fi 1 <p 1 (t) [ K 1 (T, s) f (s,u(s))ds 
Jo Jo 

— 7i<Pi (t) f f K\ ( r ,s) f (s, u (s)) dsdr — r y 2 (p 2 (t) [ [ K x (t, s) f (s,u (s)) dsdt 

Jo Jo J c Jo 

— Xv 2 ip 2 (t) [ K 2 ( 77 , s) f (s, u (s)) ds - A/j, 2 (P 2 (t) [ K 2 (T,s) f (s,u(s))ds 
Jo Jo 

+ v 2 (fi 2 (t) f f (s,u(s))ds + p, 2 ip 2 (t) f f (s,u(s)) ds. 

Jo Jo 

For u,v £ B r , it is easy to verify that ||3i« + 32v|| c < R ||7|| c . Thus, 3i« + 32^ G B r . One can easily show 
that 

II32« - 32^|| c < L f R* ||u - v\\ c . 

By (Ag j 32 is contraction. On the other hand, (i) continuity of / implies that the operator 3i is continuous, 
(ii) 3i is uniformly bounded on B r : 


Il3iw|lc- — 




XT {a) 


(1 - e~ XT ) 


I c > 


(iii) 3i is equicontinuous on B r . These imply that 3i is compact on B r . Thus all the assumptions of Kras- 
noselskii‘s theorem are satisfied. In consequence, It follows from the conclusion of Krasnoselskii‘s theorem 
that the problem (1) has at least one solution on [0,T]. ■ 


4 Examples 

Example 1. Consider the following problem 

( (°Dl + 2 c D^u(t) = ( * S 1 49 (0 + e~* cos tj , 0 < t < 4 , 

t 2 u ( 1 ) + 3 u ( 4 ) = — fj u (s ) ds, (®) 

[ c D^u (1) + 5 c D^u (4) = — Jq u (s) ds, 

where f (t,u) = (PP + e“*cosf), T = 4, ol = f, ^ = 2, v 2 = 1, n\ = 3, p 2 = 5, 71 = -1, 72 = 

5, t? = 1, £ = 2, C = 3, A = 2. 
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A simple calculations show that 

an = zqe 


= „,p-Au , ,.^-AT 71 


+ Mie- AT - (1 - e" A «) “ 0.761, 


021 = v 2 


f (77 - s ) 1 “ e As ds + n 2 

Jo 


+72 J e 


A 


r (2 - a) Jo 

[ (77 — s) 1- “ e~ Xs ds + /ii 2 - 
J 0 


r (2 - a) y 0 
A '- T 


f T (T-s) 
Jo 


■ a e~ Xs ds 


r( 2 -a) 7 0 


/ (T-s) 

Jo 


1 —a -As 


e As ds + 72 / e Ai df = 24.8, 


T(2 —a) 7 0 

a 22 = 72 (T - C) — 5 : ai 2 = zq + /xi - 71 £ = 6, A = -145 
24.8- 5 24.8 - 5e" 8 
145 ’ 145 

0.76 - 6 0.76 - 6e- 8 
-145 ’ 145 

i? < 2.083. 


'C 


y>i = max 

(^2 = max 


e* 0.17, 
S 0.036, 


To apply Theorem 6 we need to show conditions (Ai)and (A 2 ) are satisfied. Indeed, 
(Ai) \f (t,u) - f (t,v)\ = I TTTTTTo ll) (sin u sin v) I < 4 l« - v \, 


v / t 2 +49 49 

(A 2 ) L f R < 2^2.083 < 0.043 < 1. 

Therefore, according to Theorem 6 the BVP (6) has a unique solution on [0,4] 
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Abstract 

In this paper, we investigate q— analogues of Bieberbach- dc Branges theorems and Fekete- 
Szego inequalities for certain families of q— convex and q— close-to-convex functions. 
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1 Introduction 


Let A be the class of functions /, defined by f(z) = z + a 2 z 2 + a 3 z 3 + • • •, that are analytic in the 
open unit disc D = {z : \z\ < 1} and fi be the family of functions w which are analytic in D and 
satisfy the conditions w(0) = 0, |m;(z)| < 1 for all z £ D. If /j and fa are analytic functions in D, 
then we say that /1 is subordinate to fa , written as fa -< fa if there exists a Schwarz function w £ fl 
such that fa(z) = fa(w(z)),z £ D. We also note that if fa univalent in D , then fa A fa if and 
only if /i(0) = / 2 (0), /i(B) C / 2 (B) implies /i(D r ) C / 2 (B r ), where B r = {z : \z\ < r,0 < r < 1} 
(see [7]). Let fa(z) = z + 2 ®n 2 " an d fa{z) = z + Y^= 2 ^nZ n be elements in A. Then the 

convolution of these functions is defined by 

OO 

fi(z) * fa(z) = z + 'Y^a n bnZ n . ( 1 . 1 ) 

n =2 


Denote by V the family of functions p of the form p(z) = 1 + C\Z + c 2 z 2 + c 3 z 3 H-, analytic in D 

such that p is in V if and only if 


p{z) A 


1 + z 


1 - z 


<^p(z) 


1 + w(z) 

1 — w(z)' 


z £ B 


( 1 . 2 ) 


1 
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for some function w £ and for all 2 £ D. It is well known that a function / in A is called starlike 
(/ € S*), convex (/ € C) and close-to-convex (/ € CC) if there exists a function p in V such that p 
may be expressed, respectively, by the following relations: 


p(z) 


= z 


/'(*) 


/"(*) 


— Mz ) = l + z —,p iz ) 


m 

9'(z) 


for all z £ D. For definitions and properties of these classes, one may refer to [1] and [7]. 

The problem of maximizing the absolute value of <23 — pa\ is called Fekete-Szego problem [3] 
when p is a real number. Later, Pfluger [14] considered the problem when p is complex. Many 
authors have considered the Fekete-Szego problem for various subclasses of A (see [5, 12 , 16]). 

In 1909 and 1910, Jackson [8, 9, 10] initiated a study of q — difference operator D q defined by 

D q f(z) = f(z) ~ fiqZ) for ZGB\{ 0}, (1.3) 

(1 - q)z 

where B is a subset of complex plane C, called q— geometric set if qz £ B, whenever 2 € B. 
Note that if a subset B of C is q — geometric, then it contains all geometric sequences {zq n }^ > , 
zq € B. Obviously, D q f(z) —> f'(z) as q —> 1~. The q— difference operator (1.3) is also called 
Jackson q— difference operator. Note that such an operator plays an important role in the theory 
of hypergeometric series and quantum physics (see for instance [2, 4, 6 , 11]). 

Also, note that D q f{ 0) —> /'(0) as q —> 1“ and D q f(z) = D q (D q f{z)). In fact, q— calculus is 
ordinary classical calculus without the notion of limits. Recent interest in q — calculus is because 
of its applications in various branches of mathematics and physics. For definition and properties of 
q — difference operator and q— calculus, one may refer to [2, 4, 6 , 11]. In particular, we recall the 
following definitions and properties: 

Since 

D q Z n = — ^- 2 n “ 1 = [n] q Z n -\ 

1 — q 

where [n} q = , it follows that for any f £ A we have 

OO 

D q f(z) = l + '^2[n] q a n z n ~ 1 , (1.4) 

n =2 

00 

D q {zD q f(z )) = 1 + ^[n]^a„ 2 rl " 1 . (1.5) 

n—2 

The q— analogue of the factorial function is defined for positive integer n by 


M q- = n Ms’ 

k -1 


where q £ (0,1). Clearly, as q —> 1 , [n\ q —> n and [n} q \ —> n\. For notations, one may refer to [ 6 ]. 
We introduce a new generalized class of q — convex functions as follows: 

Definition 1.1. A function f £ A is said to be in the C q such that 

c q = j / e A : fie ( > 0,<? G (0,1),2 e d|. 

When q —> 1~ in the limiting sense, then the class C q reduces to the traditional class C. 


2 
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We also introduce a new generalized class of q— close-to-convex functions associated with q— 
convex functions in D. 


Definition 1.2. A function f £ A is said to be in the CC q if there exists a function g in class C q 
such that 


Re 


D q f(z) \ 

D q g(z)J 


>o, 


( 1 . 6 ) 


where q £ (0,1), z £ O. As D q f(z) —> f'(z) and D q g(z) g'(z), when q —> 1 in the limiting 
sense, then the inequality (1.6) 7'educes to the traditional class CC. 


Definition 1.1 and Definition 1.2 are equivalent to the following classes 

' D q {zD q f{z)) 


C q = < f £ A: 


D q f(z) 


1 H - z 

~< - ~,q£ (0,1), 2 G 

1 — z 


cc q 



-< 


1 + z 
1 -z’ 


g{z) £ C 



In this paper, we investigate the Bieberbach-de Branges inequalities for the class C q and CC q . We 
also obtain the Fekete-Szego inequalities for both these classes. 


2 The Bieberbach-De Branges Theorems 

In order to find the Bieberbach-de Branges theorem for the class C q , we need the following result: 

Lemma 2.1. [7 \(Caratheodory’s lemma) If p £ V and p(z) = 1 + c nZ n , then \c n \ < 2 for 

n > 1. This inequality is sharp for each n. 

Theorem 2.2. If f £ C q and f(z) = z + a nZ n , then 

1 "” 2 / o\ 

M< -wRi lk] < + A (21) 


This result is sharp for all n > 2. 

Proof. In view of Definition 1.1 and subordination principle, we can write 

D q (zD q f(z)) 


D qf(z) 


= P{z ) 


where p £ V, p( 0) = 1 and Rep(z) > 0. 

In view of (1.4), (1.5) and p(z) = 1 + C\z + c-iz 2 + ..., we get 


1 + ^2[ n \ 2 q a nZ n 1 ) = (l + J2^ anZn 1 )( 1 + 5Z 


n—2 


n—2 


n =1 


This eciuation yields, 


1 + [2] q a2Z + [3)^32:" + ... — 1 + ([2] g 02 + cf)z + ([3] 9 a3 + [2] g a2Ci + C2)z 2 + ... 


( 2 . 2 ) 


3 
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Comparing the coefficients of z n on both sides, we obtain 

[n + 1 } q ([n + l] q - l)a„ + i = [?r] g a n Ci + [n - l] 9 a„_ic 2 + ... + [2] 9 o 2 c„_i + c n 
or equivalently 

q[n\ q [n + l] q a n+ i = [n\ q a n ci + [n - l] 9 a„_ic 2 + ... + [2] g a 2 c„_i + c n . 

In view of Lemma 2.1, we get 

q[n] q [n+ l] g |o„+i| < 2 [n] 9 |a„| + [n - l],|a„_i| + ... + [2] g |a 2 | + 1 
This shows that we have 

q[n\ q [n + l] q \a n+1 \ < , |«i| = 1- 

This inequality is equivalent to 

q[n - l] q [n] q \a n \ < 2f ^2[k] q \a k \), |«i| = 1 


k =1 


k=l 


or 


\a n \ < 


q[n- 1 ] q [n] q 


fc =i 


^[kUakl ),|oi| = 1. 


(2.3) 


(2.4) 


In order to prove (2.1), we will use the process of iteration. We first plug-in n = 2 and use our 
assumption |ai| = 1 in (2.4). On simplification, we get 


kl < 


1 2 


(2.5) 


This is equivalent to 


«2 


s ®n(w.+;)- 


k—0 


Next by substituting n = 3 and using the output (2.5) in (2.4), we obtain 


|a 3 |<^ 2 (l+ 2 ). 

[3] q q 


This is equivalent to 


3-2 


m< w ii(m«+-). 


q ' k =0 


( 2 . 6 ) 


By repeating the above process by letting n = 4 and in view of (2.4), it is a routine process to prove 

ws i£i! (l+ ! )(l+,+ ! ) ’ 
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that is, 

W -WS («. + ;)■ 

By continuing the process of iterations, we get (2.1). The result in (2.1) is sharp for the functions 
f{z) = /(I - z)~**^d q z. □ 

Remark 2.3. If we take limit for q —> 1” in inequality (2.1), we get 

\a n \ < 1 


for all n > 2. This is the well known coefficient inequality for convex functions. 

Theorem 2.2 helps us to establish the Bieberbacli-de Branges theorem for the class CC q in the 
next result. 


Theorem 2.4. If f G CC q and f(z) = z + Y ^=2 a nZ n , then 


n—2 


n— 1 


k—0 


n—r—2 




k— — l 


( 2 . 8 ) 


where A(k, q) = ([k\ q + |). Extremal function is given by 

f 1 -I- z — 2 i-g 

f(z) = J j—-Q- - ^) * d q z. 


Proof. In view of Definition 1.2 and subordination principle, we can write 


D qf( Z ) 
D q g{z) 


P(z) 


(2.9) 


for some g € C q , where g(z) = z + Y ^=2 bnZ n , z £ D. Since p(0) = 1 and Rep(z) > 0, it shows that 
p € V, where p(z ) = 1 + c nZ n . In view of (1.4), we have 


n—2 


D q f(z) = 1 + ^2(n\ q a n z n 1 and D q g(z) = 1 + ^ ^[n} q b n z n l . 

n—2 

Therefore, (2.9) is equivalent to 

^ oo 

1 + '^2[n] q anZ n ~ 1 ) = ( 1 + y^[n\ q b n z n ~ 1 ) ( 1 + ^ ' 


This eciuation yields, 

1 + [2\ q a2Z + [ 3 ] 9 a 32: 2 + ... = 1 + ([2]g&2 + Cl)z + ([3],j&3 + [2] ? &2Cl + C 2 )z 2 + ... (2.10) 

Comparing the coefficients of z n ~ x on both sides, we obtain 

[n] q a n = [n] q b n + [n — l] g 6„_ici + [n — 2] g 6„_ 2 C2 + ... + [ 2 ] 9 62 C n -2 + Cn-i- 

5 
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[n — 1] q | bn—1 1 + ••• + [2] q I &2 | + 1 


Using Lemma 2.1, we get 

[n] q \a n \ < [n\ q \b n \ + 2 

or equivalently, 

[n] q \a n \ < [n\ q \b n \ + 2^^[n - r] g |6 n _ r |'j, |6i| = 1. 

V r= i J 

Using Theorem 2.2, (2.11) yields, 

1 n—2 , O U ~ 1 / 1 n-r-2 , 

s w S (w. u) + s S ( [n - n, («• + 

This inequality gives (2.8), where A{k,q) = (\k] q + |). Thus the proof is completed. 
Remark 2.5. // we tofce for q —> 1 m inequality ( 2 . 8 ), we get 

\a n \ < n 

for all n> 2. This is the well known coefficient inequality for close-to-convex functions. 


( 2 . 11 ) 


□ 


3 Fekete-Szego Inequalities 

We now investigate Fekete-Szego inequalities for the class C q and CC q . For our main theorems we 
need the following result: 

Lemma 3.1. ([15]) IfpGV with p(z) = 1 + C\Z + c^z 2 + ..., then 

|2 


cl 

C 2 -- 


< 2 - 


Cl 


Theorem 3.2. If f belongs to the class C q , t/ien 


ksl < 


[ 2 ],?’ 


2/2 

l a 31 < roi r 0l - ( 1 + “ 

[3] g [2] 9 g \ q 


n 

03 ■ MT 2 


< 


These results are sharp. 

Proof. Using equation (2.2), we obtain 


a 2 = 


Cl 




Cl 


[2]q([2]q — 1) [2],[1 ] q q 


(3.1) 

(3.2) 

(3.3) 


(3.4) 
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° 3 [3],([3], - 1) I' 2 + [2] g ^ l) [3],[2 } q q ^ + q 

Taking into account Lemma 2.1 and Lemma 3.1, we obtain 

ii_ c i ^ 2 

1021 [2 U ~ [2] g q 


M |[3],[2 } q q{ C2+ q)\~ [3} q [2] q q{ 1+ q)' 


/(“) = /(! - z) o loai- 1 d q z, 


Furthermore, using (3.4) and (3.5), we obtain 

__ J 2 k „2 _ C 2 < 2 

3 [3] g 2 [3],[2], g - [3],[2],9- 

These results are sharp for the functions 

=> m = /(I - (3.6) 

D q f{z) 1 - Z J 

2ih^ = i±i!^ /w = y (1 _ 2T *^ 2 . (3.7) 

In fact, Theorem 3.2 gives a special case of Fekete-Szego problem for real p = [2] 9 /[3] 9 which obtain 
the naturally and simple estimate. Thus the proof is completed. □ 

Motivated by the above-mentioned special case of Fekete-Szego problem, we now find the next 
estimate of |a 3 — pa\ | for complex p. 

Theorem 3.3. Let p be a nonzero complex number and let f £ C q , then 


|a3 ~'“ 5ls isps" 1 "! 1,1+ i 


2 b-&, 


This result is sharp. 

Proof. Applying (3.4) and (3.5), we have 


2 1 c \ c{ ( 2\ c 

03 - ,m2 ~ rsi r~ 2 + 2 1 + ill ~ "(pl 


WUY 2 

In view of Lemma 2.1 and Lemma 3.1, we get 


2 2 V qj J ([2] g ) 2 g 2 

cl . cl( 2( [3) q [2] q g \ 

2 2 V Q\ ([2 ] q Yq% 


2 , 1 To Idl 2 |ci| 2 / 2/ [3] g 

1(13 [3],[2],g[ 2 2 + 2 ( + g( [2]/. 


_JL_ [ 2+ M 

[3]q[2]qr5 _ 2 


2 {■> [3], 


M'-S'j - 1 


C 2 max/ 1 , 1 + H (1 - Mi/ 
“ [3],[2],« 1’ q V [2]/ 
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This result is sharp for the functions f(z) = f (1— z) 


i-g 2 1 -q 

° 3 < i — 1 d q z and f(z) — J(l — z 2 ) [2J< ? 9 logq - 1 d q z. 


□ 


We next consider the case, when p is real. Then we have: 

Theorem 3.4. If f belongs to the class C q , then for /j€K, we have 

_ 2 
| [3] 

|a 3 - pa\\ < 


[3], [2], q 


O + IO-fc))’ 


it < fils 
A - [3], 


[3], [2] q q 
' 2 [3] 


[3]s 


< p < 


9(2+f)Pls 


[3], [2 ] q q\q [2] 


( 2 Pil n — 1 _ 21 

Vo [21„At 1 J’ 


l-l > 


2[3]q 
9(2+f)Pls 
2[3]q 


These results are sharp. 

Proof. First, let p < j|p. In this case (3.4), (3.5), Lemma 2.1 and Lemma 3.1 give 


\a 3 ~ pa\\< 


< 


1 

wu 

2 

[3],[2],<Z 




Let, now jlj 3 - < p < 


9(2+f)PL 
2[3]q ' 


Then using the above calculations, we have 


I «3 - pa\\ < 


2 


Finally, if p > 9 ^‘ ^ , then 


I«3 -pal | < 


< 


< 


1 


[3],[2],5 

1 

[3],[2],<Z 

2 


2 - 


2 + 


|ci| 2 , 

|ci| 2 / 

2 + 

to 


Cl 


.9 [ 2 ]/ 9 


2 I 3 k„_o_ 2 

9 [ 2 ]/ Q 


( 2 J3i. i_? 

[3],[2],9V9[2]/ <Z 


Equality is attained for the second case on choosing Ci = 0 ,C 2 = 2 in (3.6) and for the first and 
third case on choosing ci = 2, C 2 = 2,ci = 2 i,C 2 = —2 in (3.7), respectively. Thus the proof is 
completed. □ 


Remark 3.5. Taking q —> 1 in Theorem 3-4, we get Fekete-Szego inequality for convex functions 
which was found by Keogh and Merkes [13]. 

Theorem 3.6. If f belongs to the class CC q , then 

1 02 | < 7Xi-(l + -), (3.9) 

L Z J q q 

8 
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l°31 < 


[2] 9 <Z 


03 


[2], 


i 2\ 

1 + “ ; 
q 


< 


m,q' 


(3.10) 

(3.11) 


These results are sharp. 

Proof. Using equation (2.10), we obtain 


_ , Ci 

“ 2 - b2 + w . 


and 


_ 7 . [2 \q h C 2 

a.3 — l>3+ T^yj ^2 Cl + 77yj • 
[>% 


Since & 2 ,&3 G C q , applying equations (3.4) and (3.5) in (3.12) and (3.13), respectively, we get 


a 2 = 


Cl , Ci 


[ 2 ] g q [ 2 ], 


and 


1 


03 = 


[2] 4 <7 


c? 

C 2 +- 

q 


Taking into account Lemma 2.1 and Lemma 3.1, we obtain 

ci , Ci 


02 = 


[2] 9 <Z [2] 


and 


|o 3 | = 


[2 ] g q 


C2 


-R (1 + 5 > 


s (i + -). 


[2 U 


Furthermore, using (3.14) and (3.15), we obtain 


1 2 


C2 

“ 3 " Wq^ 


Mqq 


< 


[2 ] q q 


These results are sharp for the functions 
D q f{z) _ 1 + z _ 


D q g{z) 1 - ^ 
D q f(z ) 1 + z 2 


m = 


1 + Z 2 1-g 

(1-2;) q i°9*- 1 d,„z 


D q g(z) l- z 2 


/(*) = 


! 1-z 

1 + 2: 2 




1 - 


(1 _ 2 2 ) 


This completes the proof. 

Theorem 3.7. Let p he a nonzero complex number and let f £ CC q , then 


|o 3 - ti02 | < 


[2]<? ( Z 


maxi 1, 


1+ - 1 - [2 ]q» 

q 


This result is sharp. 


(3.12) 

(3.13) 
t 

(3.14) 

(3.15) 


(3.16) 

(3.17) 

□ 

(3.18) 


9 
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Proof. Applying (3.14) and (3.15), we have 

a3 ~^ = K 

i 


r r 2 r 2 

Ci Ci i 

(. 2\ 

C2 - T7 + T7 

1 H— ) 

2 2 ' 

v qj 

r r 2 r 2 

Ci Ci i 

(, 2 ( 

C2 - TT + AM 

1 H— ( 

2 2 ' 

v q \ 


Cl _C]_ 

[2 U [ 2 ], 


[2 U 


[2],9 L 


In view of Lemma 2.1 and Lemma 3.1, we obtain 


I«3 - na 2 \ < 


1 


< 


[2 U L 

1 

2 


2 - 


2 + 


Cl 


Cl 


ci 


1 + - 1 - [2],A* 

q 


[2 U 


max< 1, 


1 + - ( 1 - [ 2 ]^ 


1 + ~ I 2 ]?^ 


- 1 


This result is sharp for the functions given in (3.16) and (3.17). Thus the proof is completed. □ 
Remark 3.8. Taking q —> 1“ in Theorem 3.3 and Theorem 3.7, we obtain 

1 3 

103 - hal\ < -max{ 1, |1 + 2(1 - -/x)|}, 

|a3 — na, 2 1 < max{l, |1 + 2(1 — 2/x)|}. 

These results are sharp. 
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Bilinear 0-Type Calderon-Zygmund Operators on 
Non-homogeneous Generalized Morrey Spaces 


Guanghui Lu, Shuangping Tao* 

(College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 

Gansu, 730070, P.R. China) 


Abstract: Let {X,d,n) be a non-homogeneous metric measure space which 
satisfies the geometrically doubling and the upper doubling conditions in the sense of 
Hytonen. In this paper, the authors prove that the bilinear 0-type Calderon-Zygmund 
operator and its corresponding commutator are bounded on the generalized Morrey 
space £ p, ^(/z) for 1 < p < oo. As an application, the authors also obtain that the 
bilinear 0-type Calderon-Zygmund operator and its commutator are bounded on the 
Morrey space M®(/z). 

Keywords: Non-homogeneous metric measure space, commutator, bilinear 
0-type Calderon-Zygmund operator, RBMO(g), generalized Morrey space. 

2010 MR Subject Classification: 42B20, 42B35, 30L99. 


1 Introduction 

As we all know, in 2010, Hytonen [7] firstly introduced the non-homogeneous metric 
measure spaces including the upper doubling and the geometrically doubling conditions 
(see Definitions 1.1 and 1.2, respectively), to unify the homogeneous type spaces (see [1-3]) 
and the non-doubling measure spaces [9, 16, 18-22, 24, 27]. Since then, some properties for 
various of the singular integral operators and function spaces on non-homogeneous metric 
measure spaces have been obtained by researchers, for example, see [4-6, 8, 10-13, 17, 23, 
25, 28-29] and their references. 

In 1985, Yabuta [26] gave out the definition of the 0-type Calderon-Zygmund opera¬ 
tor. Later, some researchers paid much attention to study the properties of the operator 
on different function spaces, for example, Ri and Zhang [16, 17] obtained the bounded¬ 
ness of the 0-type Calderon-Zygmund on Hardy spaces with non-doubling measures and 
non-homogeneous metric measure spaces, respectively. Besides, in 2009, Maldonado and 
Naibo [14] developed a theory of the bilinear Calderon-Zygmund operator of type u(t) 
and generalized the consequences of Yabuta [26]. About the further development of the 
bilinear Calderon-Zygmund operator of type u(t), we can see [28-29]. 


* Corresponding author and Email: taosp@nwnu.edu.cn (by S. Tao); lghwmml989@126.com (by G. Lu). 
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In this paper, let (, X , d, /j) be a non-homogeneous metric measure space in the sense of 
Hytonen [7]. The definition of the generalized Morrey space on (X, d, /./) was given out by 
Lu and Tao in [11], furthermore, we also obtained the boundedness of some classical singu¬ 
lar integral operators on generalized Morrey space. In [25], Xie et al. got the boundedness 
of the commutators generated by the bilinear 0-type Calderon-Zygmund operator and the 
spaces RBMO(//). Inspired by this, we will study the boundedness of the bilinear 0-type 
Calderon-Zygmund operator and its commutator on generalized Morrey space. Moreover, 
as an application, we also study the boundedness of the bilinear 0-type Calderon-Zygmund 
operator and its commutator on Morrey space. 

Before stating the main results of this article, we first recall some necessary notions. 
In [7], Hytonen originally introduced the following definition of the upper doubling metric 
measure space. 

Definition 1.1. A metric measure space (X,d,/u) is said to be upper doubling if p, is a 
Borel measure on X and there exist a dominating function A : X x (0, oo) — > (0, oo) and a 
positive constant C\ such that, for each x £ X,r —»• A (x,r) is non-decreasing and, for all 
x € X and r £ (0, oo), 

n(B(x,r )) < A (x,r) < C x A(s, 1 ~). (1.1) 

Hytonen et al. [10] have showed that, there is another dominating function A such that 
A < A, C~ x < C\ and 

A(x,r) < C- x X(y,r), (1.2) 

where x, y £ X and d(x, y ) < r. If there is no special instruction in this article, we always 
assume A that in (1.1) satisfies (1.2). 

Coifaman and Weiss in [2] firstly introduced the notion of the geometrically doubling 
as follows, which is well known in analysis on metric spaces. 


Definition 1.2. A metric space (X,d) is said to be geometrically doubling , if there exists 
some A r 0 £ N such that, for any ball B(x,r ) C X, there exists a finite ball covering 
{B(xi, |)}j of B(x,r ) such that the cardinality of this covering is at most Nq. 

Assume (X,d) is a metric space. In [7], Hytonen proved the following statements are 
mutually equivalent: 

(1) (X,d) is geometrically doubling. 

(2) For any e £ (0,1) and any ball B(x, r) C X, there is a finite ball covering {B(xi, er)}j 
of B(x, r) such that the cardinality of this covering is at most Noe~ n , where n := log 2 N$. 

(3) For any e £ (0,1), any ball B(x,r) C X contains at most Noe~ n centers of disjoint 
balls {B(xi, er)}i. 

(4) There is M £ N such that any ball B(x,r) C X contains at most M centers {xi}i 
of disjoint balls {B(xt, ^)}f£ 1 . 

Now we recall the definition of the coefficient Kb,s given in [7], which is analogous to 
the number Kq p> introduced by Tolsa in [20, 21], i.e., for any two balls B C S in X, set 


K b ,s 


1 + 


2S\B A (c B ,d{x,c B )) 


dn(x), 


(1.3) 
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where c B is the center of the ball B. 

Though the measure doubling condition is not assumed uniformly for all balls on (X, d, 
/i), it was showed in [7] that there are many balls satisfying the property of the (a,rj)- 
doubling, i.e., a ball B C X is said to belong to (a, ?y)-doubling if /x(aB) < rm(B), for a, 
i] > 1. In the latter of this paper, unless a and r] Q are specified, otherwise, by an (a,rj a )- 
doubling ball we mean a (6, /^-doubling ball with a fixed number tjq > max{C^ loS2 6 ,6 n }, 
where n := log 2 Nq is viewed as a geometric dimension of the space. In addition, the 
smallest (6, r^-doubling ball of the from (P B with j E N is denoted by B G , and B e is 
simply denoted by B. 

Now we need to recall the following definition of RBMO(//) from [7]. 

Definition 1.3. Let p £ (l,oo). A function / £ L\ oc (p) is said to be in the space 
RBMO(g) if there exist a positive constant and, for any ball B C X, a number f B such 
that 

J&B) j B l/W “ MMx) - ° (L4> 

and, for any two balls B and S such that B C S 

I Ib ~ fs\ < CK b ,s■ (1-5) 


The infimum of the positive constants C satisfying both (1.4) and (1.5) is defined to be 
the RBMO(/r) norm of / and denoted by |/||rbmo(/;.)• 

The following notion of the bilinear 0-type Calderon-Zygmund operator is given in [25]. 

Definition 1.4. Let 6 be a non-negative and non-decreasing function on (0,oo) satisfying 


6 (t) 


dt < oo. 


A kernel I\ (•,-,-) £ L\ oc (X :>J \ {(a;, 2 / 1 , 2 / 2 ) : x = y\ = 2/2}) is called the bilinear 0-type 
Calderon-Zygmund kernel if it satisfies the following conditions: 

(1) for all (x, 2/1,2/2) £ X* with x / y l for i = 1, 2, 


\K(x, 2 / 1 ,2/2)1 < C 


2 

^A(a :,d(x,yi)) 
1=1 


-2 


( 1 . 6 ) 


( 2 ) there exists a positive constant C such that, for all x, x', 2/1,2/2 € X with Cd(x, x') < 
maxi<j < 2 d(x, 2 /*), 


\K(x, 2/1,2/2) - K(x',yi, 2/2)| <0 


d(x,x') \ 

Ei=i d(x,yi)J 


■ 2 

^M x ,d(x,yi)) 

_ 1=1 


-2 


(1.7) 


Let L^(p) be the space of all L c 


3 (/u) functions with bounded support. A bilinear 
operator Tq is called a bilinear 0-type Calderon-Zygmund operator with kernel K satisfying 
(1.6) and (1.7) if, for all / 1 , f 2 £ L^(p) and x £ f)i=i su PP/o 


Tg(fi, f 2 )(x) := f [ K(x,y 1 ,y 2 )fi{yi)f2{y2)dp{y 1 )dp(y 2 ). ( 1 . 8 ) 

J X J X 
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The commutator closely related to the bilinear 0-type Calderon-Zygmund operator Tg 
and bi,b -2 G RBMO(g) is defined by 

[h,b 2 ,T e ](fi, f 2 )(x) := bi(x)b 2 (x)T e (fi, f 2 )(x) - b 1 (x)T e (f 1 ,b 2 f 2 )(x) 

-b 2 (x)T e (bifi, f 2 )(x) + Tg(bif\, b 2 f 2 )(x). (1.9) 

Also, [bi,Tg\ and [b 2 ,Tg\ are defined as follows, respectively: 

[bi,T e ](fi, f 2 ){x) = bi(x)Tg(fi, f 2 )(x) - T e (bifi, f 2 )(x), (1.10) 

[b2,T e ](fi,f 2 )(x) = b 2 (x)T e (f 1 ,f 2 )(x) - Tg(fi,b 2 f 2 )(x). (1.11) 

Now we recall the definition of the generalized Morrey space C p, ^{p) from [11]. 

Definition 1.5. Let k > 1 and 1 < p < oo. Suppose that 4> : (0, oo) — > (0, oo) is an 
increasing function. Then the generalized Morrey space C p '^{p) is defined by 

:= {/ e L p oc (n) : WfW^A^) < oo}, 


where 

ii/ii^*w : = ™p J b i/wi'^w) • ( L12 > 

From [11, Remark 1.7], it follows that the generalized Morrey space C p, ^(p) is indepen¬ 
dent of the choice of n > 1. 

The following definition of the e-weak reverse doubling condition is from [5]. 

Definition 1.6. Let e G (0, oo). A dominating function A is said to satisfy the e-weak 
reverse doubling condition if, for all s G (0,2diam(A)) and a G (1, 2diam(A)/s), there 
exists a number C(a) G [l,oo), depending only a and X , such that, 


A (x,as) > C(a)X(x,s), x G X, 


and, moreover, 


OO j 

§|CV1F 


< OO. 


Now we can state the main theorems of this article as follows. 


(1.13) 


(1.14) 


Theorem 1.7. Let 1 < pi,p 2 < oo, ^ ^ K satisfy (1.6) and (1.7), A satisfy the 

e-weak reverse doubling condition, and let f : (0, oo) —> (0, oo) be an increasing function. 
Suppose that Tg is a bilinear Calderon-Zygmund operator and is bounded from L l (p) x 
L l (p) to the mapping 1 H > is almost decreasing and there is a constant C > 0 


such that 


<Kt) < c ^( s ) 

t ~ s 


(1.15) 
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for s >t, in addition, <f> also satisfies the following condition 

rm*< c *£i iforaU r> o. 

,J r t t T 


Then there exists a positive constant C, such that, for all fi £ C Pi, ^(p) with i = 1,2, 


\\Te(h, / 2 )||/> 4 >( m ) < C\\fi\\ CP 1 ,ci,^\\f2\\cP2^(^)- 

Theorem 1.8. Under the same assumption of Theorem 1.7. Suppose that fei, & 2 £ RBMO(/i), 
and [&i, b 2 , Tg\(f\ , / 2 ) is as in (1.9). Then there is a positive constant C, such that, for all 
fi £ C Pi, ^(p) with i = 1, 2, 


||[&1, b 2 ,Tg](f ll f 2 )\\cP^{P) < <?||MrBMO(//)IIMrBMO(//)II/i||£pi^( m )|I/ 2||£P2^( m )- 

1 _P 

In particular, if we take f>(t) = t « with 1 < p < q < oo and t > 0 in Definition 1.5, 
the generalized Morrey space is just Morrey space which was established by Cao and Zhou 
in [4], that is, for k > 1 and 1 < p < q < oo, the Morrey space Mf(ji) is defined as 


M p(h) ■= {/ G KM : WfWMfip) < oo} 


with the norm 


:= swp[p(kB)\T 



\f(x)\ p dp(x) 


(1.16) 


Furthermore, based on the results of Theorems 1.7-1.8, it is not hard to find that the 
bilinear 0-type Calderon-Zygmund operator also holds on the Morrey space Mp(/i). 


Theorem 1.9. Assume that Tg is a bilinear 6-type Calderon-Zygmund operator, and K 
satisfies (1.6) and (1.7). Suppose that Tg is a bounded operator from L l (p) x L 1 (p) to 
L 2 >°°(^), then there exists a positive constant C, such that, for all fi £ Mp?(/x) with 
* = 1 , 2 , 


||70(/i,/ 2 )|| M 9 (m) < C11 /l 11 Mpi (p.) 11 /2 11 ATp| (/i) ' 


where 1 < 


Theorem 1.10. Let &i,& 2 £ RBMO( / u), K satisfy (1.6) and (1.7). Assume A satisfy the 
e-weak reverse doubling condition, fi £ \ (//) and / 2 £ M^(fT). If Tg is a bounded 

operator from L l (p) x L l (p) to then there is a constant C > 0 such that 


\\[bl,b2,Tg\(fi, f2)\\ M i( fl ) < C||6i ||rbmO(m) 11^2 HreMO^II/i II Af®i(/x) 11/2 Hm®2(p)- 

where 1 < m < cl < 00 for i = 1,2, 1 = — + — and - = — + T. 

rL — j ’ p pi P2 q qi 92 

Throughout the paper C will denote a positive constant whose value may change at 
each appearance. For a /./-measurable set E, xe denotes its characteristic function. For 
any p £ [1, 00 ], we denote by p' its conjugate index, that is, 1 + y = 1. 
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2 Preliminaries 

In this section, we need to recall some preliminary lemmas which will be used in the 
proofs of our main theorems. Firstly, we recall the following useful properties of Kb,s 
from [7]. 

Lemma 2.1. (1) For all balls B C R C S, it holds true that Kb,r < Kb,s- 

(2) For any £ £ [l,oo), there exists a positive constant C g, depending on £, such that, 
for all balls B C S with rs < £rg, Kb,s < C g. 

(3) For any g £ (l,oo), t/iere exists a positive constant C e , depending on g, such that, 
for all balls B,K b Bq < C e . 

(4) There is a positive constant c such that, for all balls B C R C S,Kb,s < Kb,r + 
c.K ri s ■ In particular, if B and R are concentric, then c = 1. 

(5) There exists a positive constant c such that, for all balls B C R C S,I\b,r < cKb,s>' 
moreover, if B and R are concentric, then Kr,s < Kb,s- 

Next, we need recall the boundedness of the bilinear 0-type Calderon-Zygmund Tq and 
its commutator [&i, 6 2 , Te\{fh / 2 ) on Lebesgue space L p (g), see [28, 25], respectively. 

Lemma 2.2. Let K satisfy (1.6) and (1.7), 1 < pi,P 2 < 00 , ~ ~ /1 £ L pi (/u) an d 

f -2 £ L P2 (p). If Tq is bounded from L 1 (g) x L 1 (g) to L 2 ’°°(/i), then there exists a positive 
constant C such that 


||T0(/i,/ 2 )||lf( m ) < C||/iII l^i(/ i)II/ 2 ||lp2(^)• 

Lemma 2.3. Let 1 < pi,P 2 < 00 , I = ^ 61,62 £ RBMO(/i). Assume that 

fi € L Pl {h),f 2 G L p2 {h) with f x T e (fi, f 2 )(x)dg(x) = 0 , J x [bi, T e \{fi, / 2 )(x)d/r(x) = 0 , 
/ A >[ 6 2 ,F e ](/i,/ 2 )(x)d^(x) = 0, ] A .[ 6 i, 6 2 ,T 0 ](/ 1 ,/ 2 )(x)d^(x) = 0 if ||/i|| < 00 . If T e is a 

bounded from L l (g) x L 1 (g) to L 2 , 0 °(/i), t/ien there exists a constant C > 0 such that 


||[6i,6 2 ,T 0 ](/ 1 ,/ 2 )|| L p( M ) < C'||/ 1 || i Pi( #1 )||/ 2 || L p 2 ( /i ). 

Nakai [15] introduced the following lemma which ensures that the integrability of the 
functions can be boostered automatically. 

Lemma 2.4. Suppose that : (0, 00 ) —> (0, 00 ) be a function satisfying 

d s 

ip(s)— < Cif(r) for all r > 0. 

Then there exists e > 0 such that f°° ?/i(s)s £ ^ < Cf>(r)r e for all r > 0. In particular, for 
every r) < 1, there exists c > 0 such that < C[if(r)] p for all r > 0. 

Finally, we recall the following equivalent characterization of RBMO(^) in [ 6 ]. 
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Lemma 2.5. Suppose that 1 < r < oo and 1 < p < oo. Then f 6 RBMO(/i) if and only 
if for any ball B C X, 

( h{Ib) S b ~ m B(f)\ r M x )) < C'II&IIrbmo(m)» (2- 1 ) 

and for any doubling B C S, 

I m B (f) - m s (f )| < CII/Hremo^), ( 2 - 2 ) 

where m B (f) is the mean value of f on B, namely, 

mB (f ) : = J B f^ d T( x )- 

Moreover, the infimum of the positive constants C satisfying both (2.1) and (2.2) is an 
equivalent KBMO(fi) norm of f. 


3 Proofs of the main results 


Proof of Theorem. 1.7. Without loss of generality, we may assume that k = 6 in (1.12). 
Fix a doubling ball B e X, and decompose each /,; as /) = ff + for i = 1,2, where 
fi '■= fiX&B and /°° := fiXx\6B- Then, by Minkowski inequality, we have 


1 


cj)(li(6B)) J B 
/ 

1 


< 


+ 


J)(n(6B)) J B 

i r 


T e (fi, f 2 )(x)\ p dfi(x)J 

\ T e{fiJ$)(x)\ p dn(x)^j + 

^(/r,/ 2 °)(*) i p dM*)V + 


i 


cf(n(6B)) J B 
1 f 


\^(m (6 B))J b 

= : Di + D 2 + D 3 + D 4 . 

By applying Lemma 2.2 and Definition 1.5, one has 


<KM 6 5)) 


IW^/f)(*)| p d^ 

|T e (/ 1 °°,/n(x)|^(x) 


IB 


Di = 


1 


cj)(li(6B)) J B 

1 


\ T e{fi,f$){x)\ p dn(x)J 

rxll/i IU pi (m)II/2 IIlpz ( M ) 


<c— 

[</>(/x(6B))]n ■ r 2 
^ T , ||/l||£Pl, 0 ( /i )||/ 2 ||£P 2 ^( /i )- 

Now let us turn to estimate D 2 . For any x £ B,y\ e 6 i? and y 2 £ T \ 6 B, we have 
A(x, d(x, y\)) < X(x,d(x,y 2 ))- By (1.6), (1.12), Holder inequality and (1.13), one has 


TeUlf?) (*)!</ l/i(yi)| 


i6B 


IX\6B 


I K(x, yi,y 2 )||/ 2 (y)|d/x(y 2 )d^(yi) 
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<c [ \h(yi)\ [ 

J6B J A 


1 / 2 ( 2 /) I 


X\6b [A(x, d(x, yi)) + X(x, d(x, y 2 ))] 2 

l/2(2/)l 


dy(y 2 )dn(yi) 


x\sB [A(x,d(x,y 2 ))] 2 
l/2(2/)l 


<C [ |/i( 2 /i)| [ 

J 6B J A 

Jgb^ ^ ^ Jx\ 6 B [K x id(x,y 2 ))] 2 

<C [ \fi(yi)\dfi(yi)l ^2 [ 

JdB \ “ J 6 fe +i 


dn(y 2 )d/j,(yi) 

dy{y 2 )dy(yi) 

l/2(2/)| 


V ^ J& k + 1 B\o k B [A(®, d(x, y 2 ))} 2 d/i ^ y2 ^ 


<c\ JJh(yi)\ pl Myi)J 


00 1 ( r \ P 2 ! 

E ( l WB 1 AWI-dMfe)j 


<C 


l/i(2/i)l Pl dM(i/i) I [//(6S)] 1 pi 


A(x,r) 


/6B 


00 1 1 f r \ P 2 ! 

g Pf CT ( L„ ' Ate)|Bd " fe) j s 


<C||/i|| LPi. 11/2 11 LP2.^(^) 


MKGB)) 


y(QB) 

^(6 k+2 B)) 

^ [G(6 fc )] e [ /i(6 fc+2 B) J 

further, by condition ( 1 . 14 ), ( 1 . 15 ) and ^ = d- _|_ -g it follows that 


E 


D 2 <C||/ 1 || 

11 /211 X » p 2 (/x) 


A*(6 B) 

P 

(p(y(GB)) 

<j>{y{ 6 B)) 


2^(6 B) 


00 1 

X] rrYfi* 


(j)^i(6 k+2 B)) 


P 2 


, [C(6 fc )] e [ /i(6W-2fl) 

^ ^ll/l IliPi’^/ju) 11 /21 1 Z / p 2 >V> (^,) - 

With an argument similar to that used in the proof of D2, we can easily obtain 

d 3 < c'HAii LPi’/>(/i) II/2 I!lp2>‘/ , ( ; u)- 

It remains to estimate D4. Firstly, consider | Tg(f^°, /“)(.'c)|, for any x € B, by condition 
(1.6), we have 

IWi°°,/n(*)|< [ [ \K{x, 2/i, 2/2)||/i°(2 /1 )||/2° (j/2)|d/x(yi)d/x(y 2 ) 

Jx Jx 
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^ n [ f /l(yi) Wf -2 2 / 2 ) w ^ , \ 

<c / - T - n , w - 77 -d^(y 2 

Mss Jx\ 6 B A(x, d(x, y 1 )) + A(x, d(x, y 2 )) 2 


cE 


|/i( 2 /i)||/ 2 (s/ 2 )| 


dy(yi) dy(y 2 ) 


“ J&+ib\&b y “ Jv+ib\vb [A(x, d(x, yi)) + A(x, d(®, y 2 ))] 2 y 

s Wm) ' Mm) ) MK) 

+cjr[ \k( m )\(jrf y 

J~"[ V6 fc + 1 B\6 fc B Jv+ib\vb [A(x, d(x, yi))J 2 y 

=: Ei + E 2 . 

For Ei. By applying the Holder inequality and (1.12), we have 


E,<oE/ »y n ( E / uT '> (»■) 

y J&+ib\&b A(x, d(x, y 2 )) y y Jv+iB\oiB A(x, ef(x, yi)) y 


l/i(2/i)l 


C 'E 


I /2 ( 2 / 2 ) | 


rC — 1 

y_L. 

\( Hf. (V 1 


J&+i B \&B A(x, d(x, y 2 )) y y A(®, 6H’)) J 6 j+1 B \6JB 

fifem / I^Mpd/x^) [y( 6 fc+ 1 B)] ^ 

y \(x, 6 k B) yj 6 k+i B J 

x|e »,. (/ i/iMi^y w^r* 

[ A(x,&?r)) yJ 6 j+i B J 


l/i(yi)|dy(yi) dy(y 2 ) 


</>(y( 6 fc+ 1 H)) 




<oii/LL„. ( ^i/ 2 ii^,{E[^^j ){Eyyyj ) 

EE||/i|| £P1 ,0 (M) ||/ 2 || £P2 ,0 (/i) | 2_^ /i(6 fc+1 H) J 

^nifii iif 11 / ^ U(M 6 fc+ 1 H))l p ) 

- C l|/l||£Pl.*( #t )||/2|| iC P2^(^)< 2^ ^(efc+LB) j 
An argument similar to that used in the above proof, it is not difficult to obtain 

e 2 < C\m^ah\\c^ E [ y/” ]*}- 

Moreover, by applying the assumption [ r °° < C ( ^p- and Lemma 2.4, lead to 

U(M 6 fc+ 1 H)) l lp [ y( 6 2 B)) l * 
y [ y(6 k+ 1 B) J - [ y(6 2 H) J ’ 
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combining the estimates for Ei and E 2 , and condition (1.15), it follows that 

'<l>(n(6 k+1 B)) 


D4 < C , |t/l||£Pl, 0 ( M )||/ 2 ||£P 2 .^( M ) 

^ C , |t/l|lcPl.'#’(/i)ll/ 2 ||£P 2 ^( /i )) 


fi{6B) 

T 

<KM 6 B)) 

1 

/i(6B) 

1 

P 

(f{n(6B)) 



E 

k =1 L 


/x(6 k+1 B) 


me 2 B )) 

Li{6 2 B) 


which, summing up the estimates for Di, D 2 and D 3 , the proof of Theorem 1.7 is finished. 

□ 

Proof of Theorem 1.8. We decompose /* as /* = /° + ff° in the proof of Theorem 1.7, 
where ff := fiX6B,i = 1,2. Then 


1 


(j>(n{6B)) J B 
/ 

1 


< 


+ 


+ 


+ 


4>(n(6B)) J B 

1 [ 

cf(n(6B)) J B 

1 f 


cf(n(6B)) J B 

1 r 


I [61,62, Tg\ {f 1 , / 2 )(x) I p d n(x)J 

1 

I [bi ,b 2 ,T e ](fl,f$) (. x ) I p d/i(x)^ 

r* 

|[ 6 1 , 6 2 ,r e ](/ 1 0 ,/ 2 -)(x)rd M (x) 

) 
\ 

\[h,b2,T e ](fi°,f$)(x)\*dn(x) 

J 

\[bi,b2,Tg]{f?,f?)(x)\*d(ji(x) 


\0(/*(65)) J B 

='■ Fi + F 2 + F 3 + F 4 . 

From Lemma 2.3, Definition 1.5 and - = — + it follows that, 

’ p pi P2 ’ 


Fi < <?||Mrbmo(//)IIMrbmo(//)' 


1 


— \\fl \\l p i (p) || / 2 ||lp 2 ( m ) 


[ 0 (/r( 6 S))]> 

< C'll & l||RBMO(/i)ll fe 2 ||RBMO(/i)ll/l|!£Pl. 0 ( M )ll/ 2 ||£P 2 ^( M )- 
In order to estimate F 2 , we firstly consider [ 61 , 62 , Te](/i, f 2 °)(x). For any iG 5, write 
|[ 6 1 , 6 2 ,T 0 ](/ 1 °,/“)(x)| 

< [ |6i(x) — 6i(yi)||/i(yi)| f \K(x, yi, y 2 )||& 2 (a;) - & 2 (y 2 )||/ 2 (y 2 )|d/x(y 2 )d/x(yi) 

J 6B JX\6B 

\b 2 (x) - & 2 (y 2 )||/ 2 (y 2 )| 


<C f |6i(x) - 6i(yi)||/i(yi)| [ 

J6B JX 


x\6B [A(x, d(x, 2/1)) + A(x, d(x, y 2 ))] : 


r d/j(y 2 )d/j(yi) 
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C f \ bi ( x ) - 6 i(2/1)11/1 (2/1)1 ( Y [ 

J6B \ k=1 J& 


IM*) - 62(2/2)11/2(2/2)1 J , ^\ A , , 

— ,, 12 — MV 2 ) Myi) 


6k + i B \ e k B [ X ( x , d ( x , y 2 ))] : 


< C \ h ( x ) - m f ns( 6 i)|| 6 2 (x) - 71^(62)1 


x/ \fibn)\(±[ 

Jgb \tl J s k+1 

+ C \ bi ( x ) — m=n( 6 i)| 


l/ 2 ( 2 / 2 )| 


t/(y2) \dn(yi) 


B\6 k B [A(x,d(x,y 2 ))] 2 


I b 2 (2/2) - ll/2(2/ 2 )I 


/ 1 // \ 1 1 \ ^ / \”2\y 2 ) '"> 6B \v 2 j\\j 2 \y 2 j\ , . , , 

x / /1 (2/1) >, / -rr 7 -77-vu2- d /i(y 2 ) d/i(yi) 

Jsb V /s fe+ 1 £\ 6 fc B [A(x,d(x,y 2 ))J 2 y 

+C| 6 2 (x) — mgg(& 2 )| 

x / l&i(yi) - ^( & i)ll/i(yi)l ( X] [ r w ^§7^ )d/x(yi) 

Jgb b \t^i^ 6 k+ 1 B\e k B [\{x,d(x,y 2 ))\ 2 J 

+C [ \h(yi) -777^(61)11/1(7/1)! 

^ f \b 2 (y 2 ) - m rB (b 2 )\\f 2 (y 2 )\^ A , , 

\t^i^ k+ 1 B\e k B [A (x,d(x,y 2 ))] 2 y 

=: Gi + G 2 + G3 + G4. 

With an argument similar to that used in the proof of D 2 in Theorem 1 . 7 , it follows 
that 

Gi < C , ||/i|| jCP1 ,* (#t) ||/ 2 || iC p 2 ^ (#l) |6i(x) - m^{bi)\\b 2 (x) - m^{b 2 )\ 

^(6g)) 1^ff. 1 \ mQ k+2 B)) }^\ 

M(6 B) I ^ [C(6 k )] e [ y{6 k+2 B) [' 


By applying the Holder inequality, ( 1 . 14 ), ( 2 . 1 ), we have 


G 2 <C\bi(x) - m^(bi)\— -t / \fi(yi)\dfi(yi) 

A \ x i r ) J&B 

( 00 1 j f 

x ARf‘|j(.,a‘,))L l ' ,2<!/2) “ m 6B(WIIA(!«)Mm) 


< C \ bi { x )- m ^( bi )\[ y { l2B )} n / |/i(yi)| pi d^(yi) 

\ J6B 


00 1 1 

_I_I_ 

■“ [G(6 fc )] e A(x, 6 fc r)) 


+I^ 6 TPTb( 6 2) - ™£b(MI I f 2(2/2)|d^t(y 2 ) 


X,« B ( |i,2te) " 
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<cii/i|| CPI’ 


mxm\ pi r a 1 1 

/x( 12 B) [C( 6 fc )] e X(x, 6 k r)) 


X J 6k+lB ( \ HV 2 ) ~ m ^ r B { b 2 )\ + fc||62||RBMO(A*) \ \ h ( w ) W { V 2 ) 


<C\\h\\ £P1,0(a) l^i (-t) m &B (bi)\ 


X / \f2(y2)\ P2 dii(y 2 ) 


W m) P1 f y. 1 1 

M12 B) \ \^[C'(6 fc )] e A(®,6*r)) 


I6 k + 1 B 


My 2 ) - (^ 2 )|d/x(y 2 ) 


IIM RBMO(jti) 11 /21| £P2 >( M ) M(6 fc+1 5) f ^^(gfc +1 J g)' 1 ^ 


<C||/l|i 

£Pi’ 4>(u)\h(x) 


(t>{ix{l2B)) 
/x(12 H) 


y^ fc + 1 1 

[<17(6^)]^ A(x,6 fc r)) 


x||fe|lRBMOMll/ 2 ||£ ra .^)M(6‘ +1 B)(^^I^)” 


< C||6 2 || RBM o m ||/iIU»„ <m ||/ 2 |U«,. w |I.i( I ) - mgg(i>i)| " 


y> k + 1 /^( 6 fc+ 1 S)) 

M6 fc+1 5) 


where we have used the following fact that 

I 771 6*+ I b( 62 ) ~~ m 6B^\ - C ( k + ^INlRBMOhO- 

By applying ( 1 . 12 ), the Holder inequality, (1.14) and ( 2 . 1 ), one has 


G 3 <C\b 2 {x)-m^(b 2 )\— ( - r / \bi(yi) - m^(bi)\\fi(yi)\dn(yi) 

A \ x i r ) J&B 

* (E [C(6‘)]‘ A(x,6V) l„ B IAfe)|d '‘ fe) ) 

1 

< C'||&l||RBMO(M)ll/l|l£Pi^( # i)ll/ 2 ll/: p 2.0( jli )|^2(a:) - m ^B(b 2)1 ^~^Y2BY~ 


1 / cj)(n(6 k+1 B)) 

^ [C(6 fc )] e \ y(6 fc+1 H) 


661 


Guanghui Lu ET AL 650-670 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


13 


It remains to estimate G 4 . By (1.12), the Holder inequality, (1.14), (2.1) and (3.1), we 
have 


G 4 <C 


X(x,r ) 


I6B 


\bi(yi) - m^(bi)\\fi{yi)\dn(yi) 


x 


00 1 

El™ 


[C(6 k )] e A(®,6 k r) J 6 k+1 B 


1^2 (Zte) - m 6B (^2) 11 /2 (2/2 ) | d//(j/ 2 ) 


y 


< C , || & l||RBMO(/i)ll/l||£Pl^( M ) 


E 


L fc=i 


[G(6 fc )] e A(x,6 k r) \ J 6 k+i B 


(j>(n(12B)) 
fi(12B) 

(62(2/2) - m-r - r (6 2 )||/ 2 (y 2 )|d//(y 2 ) 


+ l m 6^ (62) “ m 6B^\ J 6k+1B I/2(2/2)|d/x(y 2 )^ 


< C'lKh IIrBMO(m) ll fe 2 IIrBMO(m) II/i IIcpi^( m ) ll/ 2 ||£P 2 .^(^) 


yj 


^>(/i(12B)) 

/i(12B) 


jfe + l ^( 6 fc+ 1 B) / cj)(fj,(6 k+1 B)) 
^ [C(6 fc )] e A(x,6 fc r) l n(6 k+1 B) 


P 2 


Lfe=i 


< C1|6l IIrbMO(m) ll & 2 IIrbmo(m) II/i ll£Pi^( M ) 1 1/2 11 

fc + l /^(6 fc+1 B))\^ 
X .^[G(6 fc )] e V p(Q k+1 B) ) 


<j)(n(12B)) 
H{12 B) 


Thus, by applying the estimates of Gi, G 2 , G 3 and G 4 , the Holder inequality and the fact 
that < C with s > t, it follows that 

t — S — 


F 2 = 


|[6i, 6 2 , T e \(fi, f%°)(x)\ p dn(x) 


IB 


(j){n(6B)) 

\ / 
<C\\fi\\cpi^( ti )\\h\\cP2^( ll )( [ |6i(x) -m^g(6i)| p |6 2 (x) -m^g(6 2 )| p d^(x) 


x [<j>(p(fiB))] p 


Mp@b)) 
A*(6 B) 


E 


<j){li{6 k+2 B)) 


^ [C{6 k )Y [ //(6 fc+2 B) 


+C'l| 6 2 ||RBMO(M)ll/l||£Pl^( At )ll/ 2 ||£P 2 ^( At ) f J B l bl ( x ) - m^g(6i)| p d/x(a 
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>(M12 B))' 

1 

PI 

8 Wi 

1_1 

k + 1 j 

^(fi(6 w B))\ P2 ’ 

H(12B) 


[C( 6 ^)] e 1 

v fi(6 k+1 B) J 


+C'II^i|IrBMO(//)II/i||£pi^( m )II/ 2||£P2,<#'(^) f J B l &2 ( X ) “ 2)| Pd ^( a 


'<j>( M (12 B))' 

Pi 

OO 

E 

. fc=i 

k + 1 I 

^(/i( 6 w B))\ P2 ’ 

ju(12B) 


[C( 6 ^)] e 1 

v M(6 k+1 B) J 


+C11 frl 11 RBMO(m) 11 ^2 11 RBMO(m) 11 /l 11 £P 1 ^ (/i) 11 h 11 £P 2 A ( M ) 


<t>(p$B)) 


>(/i( 12 S))‘ 

Pi 

8 

1 _ 1 

k + 1 I 

f <f>(n(6 k+1 B))\ P2 ’ 

fi(12B) 


[C(6 k )Y 1 

v ^(6 k+1 B) J 


< C'Hfel || RBMO(fi) 11HI RBMO(m) II h II £Pl ^(|u) II /21| £P2 ^( M ) 


P(GB) 
</>(^(6 £)) 


M(6 -B) 


E 


0 (/z( 6 fc+ 2 -B))' 


^ [c 1 ^)] 6 [ ^( 6 fc + 2 s) 


H-C'll&i IIrbmo(m) ll fc 2 IIrbmo(m) II/i IIcpi^^) ll/hll^.*^) 


Mg B) 

^>(/x(6S)) 


'<t>0*(12 B)) 

PI 

OO 

E 

,k =1 

k + 1 1 

f 4in(6 k+1 B))\ P2 ~ 

H{12 B) 


|C( 6 *)] e 1 

v M S k+1 B ) J 


< C 11 &111RBMO (/u) 11 b 2 11 RBMO(/i) 11 /l 11 £Pl ^ fa) 11 /211 £P2 .<#> ( M ) j 

Lere - = — + 

P Pi P2 

Similarly, it is not difficult to obtain 


F 3 < C , ||6i||rbmO(/4IIMrBMO(/4II/i||£pi>^)II/ 2||£P2^( m )- 
Now let us turn to estimate F4. For any igB, write 
\[b 1 ,b 2 ,T e ](f^,f^)(x)\ 

< | 6 i(s) - m s (h)\\b 2 (x) - m 5 ( 6 2 )||F@(/ 1 00 ,/ 2 00 )(x)| 
+\b 1 (x) - m^{bi)\\T e (f^, ( b 2 - m^{b 2 )f^){x)\ 
+\b 2 (x)~m E (b 2 )\\T e ((b 1 -m E (b l )f^ 0 ,f^){x)\ 
+\ T o((h - m^(bi)f^°, (b 2 - m^{b 2 )f^){x)\ 

=: Hi + H 2 + H 3 + H 4 . 
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An argument similar to that used in the proof of D 4 in the Theorem 1.7, we have 

Hi < Clhix) - m^{bi)\\b 2 {x) - m^(b 2 )\\\fi\\ CP i^^)\\f2\\ C P2^^)^^ j 

With a slight modified argument similar to that used in the proof of J 21 in [25], it 
not difficult to obtain that 


H 2 + H 3 + H 4 < C\bi(x) - m^( 6 1 )|||& 2 ||RBMO(M)ll/l|l£Pl^(/i)ll/ 2 ||£P 2 ^( / r i ) 

1 

+C\b 2 {x ) - rn^(b2)\\\bi\\ RBM0 ^\\fi\\ CP1 ^^\\f2\\ C p 2 ,<i>^) 

1 

"bC|| ^1 ||rBMO(//) II ^2 ||rBMO(//) II /l llcPi’^(/i) II /2 llcP 2 >^’( i u) 

Further, by applying the Holder inequality, Definition 1.5 and (2.1), we can deduce that 

F4<C||/ 1 || ct . 4m ||/ 2 || ot . 4( „,{ £ fetTg’ ll 


x ( </>(ii(6B)) J B ~ m B^)\ V \ b ^ x ) - m^(b 2 )\ p d^{x 


+C11 fe 211 rbmo(m) II /1 llrpi II h II cm ,0 ( M ) 




+C\\h ||rbmo(m) ll/iII cpi^( m ) 1 1/2 1 1^2,0^) 


+C'll^l||RBMO(/i)ll & 2||RBMO(/ i )ll/l|lcPi^( M )ll/2|lcP2^( /i ) 

< C 1 11 11RBMO (/i) 11 & 2 11RBMO (^) 11 /1 11 cr 1 (n) 11 /2 11 £P2 ( M ) • 

Which, combining the estimates of Fi, F 2 and F 3 , the proof of Theorem 1.8 is finished. □ 
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Remark 3.1. With an argument similar to those used in the proof of Theorem 1.6 in 
[28] and Remarks 6-7 in [25], it is not difficult to obtain Theorem 1.9. Thus, we omit the 
details in this article. 

Proof of Theorem 1.10. Without loss of generality, we assume that k = 6 in (1.16), and 
decompose f\ as fi = ff + ff° as in Theorem 1.7, where ff := fiXfiB- Then 


[At(6 B)\ q p( j B \[b 1 M,Te\{h,f2){.x)\t>Mx) 


< [m( 6 B)\» p / |[&i, & 2 , )(x)| p d^(.x) 

V JB 


+ [M( 6 / \[bi,b 2 ,To](fi,f?)(x)\*dvL(x) 
\ JB 


+[^( 6 S)]i-p| 


+ [ M ( 6 S)]i-^y B |[ 6 i, 6 2 ,r < ,](/f o ,/ 2 0 O )(x)| p d/x(x) 

=: Ii + I 2 + I 3 + 14- 


By applying Lemma 2.3, - = — + — and - = — + we have 

J rr J o > P Pi P 2 q qi ?2 ’ 

II < ^1II RBMO(^t) II ^21| RBMO(/i) [a^(6-B)] q p ||/i ||lpi (/x) II /2 IUp 2 ( m ) 

< ^ 11^1 l[RBMO(/i) 11^2 IIrBMOIju) Il/l IIm^J (/*) ll/^ || (^) [//(6.B)] q p [//(6 B)] 

< C 11 bl 11 RBMO(m) 11 ^211 RBMO(m) I l/l 11 M$\(n) 1 1 / 2 11 M^KhY 


1 _ 1 
p q 


To estimate I 2 . For any x G B, we firstly consider |[ 6 i, &2?76 >](/i 5 / 2 °)(^)|- Write 


|[fei,&2,T 0 ](/ 1 ,/ 2 co )(x)| < |6i(x) -m 5 (&i)||&2(®) -t7T j g(62)||70(/ 1 ,/ 2 oo )(.T)| 

+|6i(x) - m 5 (6i)||T e (/ 1 °, (62 - m^(6 2 )/|°)(a;)| 

+|6 2 (*) -m 5 (6 2 )||r e ((6 1 -m 5 (6i)/?,/?°)(x)| 

+\ T e((h - m s (bi)fi, (b 2 - m s (b 2 )fZ°)(x)\ 

= :Jl + J 2 + J3 + J4- 

With an argument similar to that used in the proof of H 2 in [28], it is not difficult to 
obtain that 


J 


< Clb^x) - m^b^b^x) - m § (b 2 )\\\fi\\ M n M \\f 2 \\ M ^ { ^{6B)Y 
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By applying ( 1 . 6 ), ( 1 . 13 ), ( 1 . 14 ), the Holder inequality, ( 2 . 1 ) and ( 3 . 1 ), we can deduce 

h<C\W{x) — m s (bi)\ j |/i(yi)| f ^Ivp'^ dy{y 2 )dy{yi) 

Jqb Jx\gb [\{x,d{x,y 2 ))\ 2 

<C\bi(x)-m s (bi)\ [ \fi(yi)\dn(yi) 

J6B 

(sr' [ Ms/i) -^( 62 ) 11 / 2 (^ 2)1 A 
X V h U+'BWB [A(®, d(x, y 2 )W m ) 

< C\bi(x) — m,g(bi)\ 1 [ \fi(yi)\dy(yi) 

*\x,r) Jq B 

x (E IcA)F yAo L» b Mm) - “B(fe)IIAfe)ldMfe)) 


C'II/i|Im-(,)I& 1 (A - ™ s (bi)M6B)} « | £ [ C (gfc) ]e A(g . ) 1 6 fc r ) 

X ~~ + “ m B^Mh(y2)\dn(y 2 )^ 

{ OO 1 

E [C(6 fc )]^A(.T,6 fc r) 


x (fc + l)||&2||RBMO(/i)[l t (6 A:+1 ^)] 92 


< C 1 116211 rbmo((j) 11 /1 11 Ml 1 ( M ) II/2II Mg ( M ) | bi (x) - (61) I [//(6B)] 9 


Similarly, we have 

J3 < C\\bi\\ RBM 0 ^\\fi\\ M n^\\f 2 \\ M n^\b 2 (x) - m^(b 2 )\[y( 6 B)] 1. 

Now let us turn to estimate J4. With ( 1 . 6 ), ( 1 . 13 ), ( 1 . 14 ), the Holder inequality, ( 2 . 1 ) 
and ( 3 . 1 ), lead to 

\ T e((bi - m § (b i)/?, (62 - m s (b 2 )f%°)(x)\ 

<C [ \h(yi) -ni 5 (6i)||/i(j/i)| f w d ^(^ 2 ) d ^(^i) 

J&b Mes [A(x,d(x,y 2 ))r 


< C'||Mrbmo(m)[m( 6-B)] P1 / l/i(yi)l pi d^i(yi) 

\ -J 6.B 


g [A(x, 6 fc ?’)] 2 l + , B ~ m B(b2)\\f2(y2)my 2 ) 
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< C\\b\ HrbmoO) ll/i IIm 9 J(/i) « | jr [C'(6 fc )] e X(x, 6 k r) 


I /2 ( 1 / 2 ) | 


6 k + 1 B 

|/ 2 ( 2 / 2 )|d^(y 2 ) 


x ^2(2/2) - m —r R (6 2 )|d/i(y 2 ) + (A: + 1 )|N|rbmo( m ) / 

_ 1 

< Cllbi|| rbmo(/x) ll fe 2 IIrbmo(m)II/iIIm«(/x)II/2IIm®| (fi) [/^(6-B)] 9 • 

Combining the estimates of Ji, J 2 , J3 and J4, we have 

I 2 = [M6S)]i-^ |[ 5 1 ,& 2l T 0 ](/ 1 o ,/ 2 “)(x)|%(T)j P 

< ^11^1 ||rBMO(/x) 11^2 ||rBMO(/x) I l/l lljWp 9 (fj.) II/ 2 1| [//(6.B )] p 1 [fj,(6B)]i p 

IIrbmo(/x)II /1 IIm^J (h) II/ 21 |[/t(6 .B)] — p ( f \b 2 (x) - m § (b 2 )\ p dn(x) 

■1-^11621|RBMO(ju)II /1 IliWpJ(ju)II/ 21 |jv 4 ^ 2 (((i) [ m(6 -S)] _ ^ f [ \bi(x) -m s (h)\ p dn(x) 


/6B 


+ c 'II/i|Im 9 1 i(,x)II/2|Im 9 |( / u)[m( 6-B)] p ^J6 2 (x)-m 5 (6 2 )H6i(,)-m,(6i) W x) 

< C11 11 RBMO(/i) 11 & 2 11 RBMO(/i) 11 /l 11 M$\ (/x.) II /2 II M 9 | (jx) + C'll/l IIm« ( m ) II/ 2 \\m™ (/x) [m( 6S )] 

r / /• \ m / /• 

|6i(x) - m 5 (6i)| pi d^i(x) / |& 2 0) - m^(6 2 )| P2 d / u(x) 


-T - 1 

P2 1 P 


/6B 


/6B 


< C'll^'i IIrbmo(m) 11^2 ||rbmo(/x) ll/i (ax) II/2II• 

By an argument similar to that used in the I 2 , we have 

I3 < ^" 11^1 IIr.BMO(^) ll & 2 IIrBMO(m) ll/l II (/x) II/2 II A^|(p.)- 

It remains to estimate I4. For any x 6 B, write 

|[bi,6 2 ,T,](/ 1 0O ,/| o )(x)| < |6 1 (.T)-m^(6 1 )||6 2 (.T)-m 5 (6 2 )||T 0 (/ 1 oo ,/~)(x)| 

+|bi(®) - m s (bi)\\Te(fi°, ( & 2 - tu 5 (6 2 )/ 2 °°)(x)| 

+\b 2 (x) - rngfoWedh - 

+\ T e((bi ~ m 5 (bi)/f°, (b 2 - m 5 (6 2 )/ 2 °°)(x)| 

= :Ui +U 2 +U 3 + U 4 . 

For Ui, U 2 , U3 and U4, by some arguments similar to those used in the proofs of H4 in 
[ 28 ] and U 2 and U 2 in [ 23 ], we can obtain 

Ui +U 2 + U 3 + U4<C|6 i(x) - m s (bi)\\b2(x) - m 5 (6 2 )|||/i|| M « (#l) ||/ 2 || Af « (#t) 
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CW1 


CW2 


CZ 


FYY1 


FYY2 


H 


HLYY 
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+C'll&2||RBMO(/ i )ll/l|lM«( AI )ll/2|lM«(^)l & l( a: ) ~ I K 65 )] 5 

+C' 11 11 R.BMO (^) 11 /i 11 ( M ) 11 /a 11 (yu) I b 2 (a;) - mg (b 2 ) \ [fi(GB )\~1 

_ 1 

+C'll fe l||RBMO(/ i )ll fe 2||RBMO(M)ll/ll!M^ 1 1 ( At )ll/2llM®( At )[l i (6-B)] q - 

Further, by a way similar to that used in the estimate of I 2 , we can deduce 
I 4 < C'll^l IIrBMO(m) 11^2 IIrbMO(m) II/i II AY -^1 ( M ) 11/2 11 AY-^I (p.)- 
Combining the estimates Ii — I 4 , we complete the proof of Theorem 1.10. □ 
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Abstract In the current work, using the fixed point theorems due to Brzd§k and Cieplinski, we 
give some Ulam-Hyers stability results for the decic functional equation in non-Archimedean spaces. 
Keywords Ulam-Hyers stability; decic functional equation; decic mapping; non-Archimedean space; 
fixed point method. 

Mathematics Subject Classification Primary 39B82; Secondary 39B52, 47H10. 


1 Introduction and preliminaries 

Throughout this paper, N stands for the set of all positive integers, M + := [0, oo) and N 0 := N U {0}. 

Let us recall (see, for instance, [9]) some basic definitions and facts concerning non-Archimedean norrned 
spaces. 

A non-Archimedean valuation on a field K is a function | • | : K —> R. such that 

(1) |r| > 0 and equality holds if and only if r = 0; 

(2) |rs| = |r||s|, r ,s £ IK; 

(3) \r + s| < max{|rj, |s|}, r, s £ IK. 

Any field endowed with a non-Arcliimedean valuation is said to be a non-Archimedean field. In any non- 
Archimedean field we have |1| = | — 1| = 1 and \n\ < 1 for n £ No- The most important examples of non- 
Archimedean fields are p-adic numbers which have gained the interest of physicists for their research in some 
problems coming from quantum physics, p-adic strings and superstrings (see [9]). 

Let X be a linear space over a field IK with a non-Archimedean valuation | • |. A function || • || : X —> R + is a 
non-Archimedean norm if it satisfies the following conditions: 

(1) ||x|| = 0 if and only if x = 0; 

(2) ||ra;|| = |r||pj| for all r £ IK and x £ A; 

(3) |p+ p|| < max{|p||, || 2 /||} for all x,y £ A. 

Then (A, || • ||) is called a non-Archimedean norrned space. 

Let A be a non-Archimedean norrned space and {x n } be a sequence in A. Then {x n } is said to be convergent 

‘Corresponding author. E-mail: xutianzhou@bit.edu.cn 
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if there exists x € X such that lim \\x n — ar|| = 0. In that case, x is called the limit of the sequence {x„} and 

n—f oo 

we denote it by lim x n = x. A sequence {x n } in X is said to be a Cauchy sequence if lim ||ain+p — || =0 for 

n—>oo n —>oo 

all p = 1,2,.... Due to the fact that 

||x n — x m \\ < max{||xj+i — Xj\\ : m < j < n — 1} (n > to) 

a sequence {x n } is Cauchy if and only if {x n +i — x n } converges to zero in a non-Archimedean normed space. 

The first work on the Ulam-Hyers stability of functional equations in complete non-Archimedean normed 
spaces is [10]. After it, a lot of papers on the stability for various classes of functional equations in such spaces 
have been published, and there are many interesting results concerning this problem, see for instance [2-8,12-15] 
and the references therein. The fixed point method is one of the most effective tools in studying these problems. 
In this paper, we consider the decic functional equations which was introduced in [1,11] as follows: 

/(* + 5 y) - 10/(x + Ay) + 45/(x + 3 y) - 120/(x + 2 y) + 210/(x + y) - 252 f(x) 

+210/(x -y)- 120/(x - 2 y) + 45 f(x - 3 y) - 10/(x - Ay) + f(x - by) = 10 \f(y). 

Since f(x) = x 10 is a solutions of (1.1), we say that it is a decic functional equation. Every solution of the 
decic functional equation is said to be a decic mapping. Indeed, general solution of the equation (1.1) was found 
in [11]. In this paper, we study some stability results concerning the functional equation (1.1) in the setting of 
non-Archimedean normed spaces. 


2 Stability of the decic functional equation (1.1) 

In this section, we show the generalized Ulam-Hyers stability of equation (1.1) in complete non-Archimedean 
normed spaces (its stability in quasi-/3-Banach spaces was proved in [11]). The proof of our main resut is based 
on the following fixed point result obtained in [5, Theorem 1] (see also [2, Theorem 2.3] and [3, Theorem 2.2]). 


Theorem 2.1 Let the following three hypotheses be valid : 


(HI) E is a nonempty set, Y is a complete non-Archimedean normed space over a non-Archimedean field of the 
characteristic different from 2, j £ N, /i, ...,/,•: E E and L\,...,Lj : E —> M + ; 

(H2) T: Y E —> Y E is an operator satisfying the inequality 


l|T£(*)-TM*)||< 


max 


Li(x)\\£(fi(x)) - n(fi (x))||, 


(,/if: Y e ,x G E; 


( 2 . 1 ) 


(H3) A : R® —> is an operator defined by 

A S(x) := max Li(x)5(fi(x)), S GM. E ,x G E. 
*£{!> -,j} 


Assume that the functions e : E —> R + 


and Lp : E —> Y fulfill the following two conditions : 
\\Tp(x) - p(x)\\ < e{x), xGE, 


and 


lim A l e(x) = 0, x £ E. 

I—>oo 

Then there exists a unique fixed point if of T with 

||(/?(x) — if[x )|| < sup A l e(x), x £ E. 
le N 0 


( 2 . 2 ) 


(2.3) 

(2.4) 


(2.5) 


672 


Yali Ding ETAL 671-677 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Moreover, 

ip(x) := lim T l <p(x), x € E. (2.6) 

l — yoo 

Let (X, +) is a commutative group and Y is a complete non-Archimedean normed space. Given / : X —> 
Y,x,y € X, put 


Dio(f)(x, y) := f(x + 5 y) - 10/(x + Ay) + 45/(x + 3 y) - 120/(a: + 2 y) + 210/(x + y) - 252 f{x) 
+210/(x -y)- 120/(x - 2 y) + 45 f(x - 3 y) - 10/(x - Ay) + f(x - 5 y) - 10 \f(y). 


Theorem 2.2 Assume that X be a commutative group uniquely divisible by 2 and let Y be a complete non- 
Archimedean normed space over a non-Archimedean field of the characteristic different from 210. Let f : X -^Y 
and ip : X 2 —> R + be mappings satisfying the inequality 


\\D w (f){x,y)\\ < <p{x,y), 

Assume also that there is an s € {— 1,1} such that 


x,y G X. 


<“»(]++) *>( 2, Y2''!/)=0, 


x, y G Ah 


Then there exists a decic mapping F : X —> Y such that 


||/ W -F W ||< Ssi5TI)V|2r 


6(2 




x e x, 


where 


1 


5(x) = |Yq|| max{|252|y?(0, x), |252|A(5x), |11340|A(3x), D(x)} , 

D(x) = max {190|<,c(3a:, x), |240|+(2x, x), |420|+(x, x), |420| A(Ax), |240|A(3x), |4200| A(3x), 
|90|A(2x), |2400|A(2x), B(x )}, 

B(x) = max {|2|y>(5x, x), |20|+(4x, x), <p(0,2x), |2|C, A(10x), |10| A(8x), 

|45|A(6x), |120|A(4x), |210|A(2x), |20|A(x)} , 

A (x) = max{y?(x, x), <p(x, -x)}, C = <p(0,0). 

Proof. Replacing x = y = 0 in (2.8), we get 

11/(0)11 <^(0,0) :=C. 

Replacing x and y by x and x in (2.8), respectively, we get 

||/(6x) - 10/(5x) + 45/(4x) - 120/(3x) + 210/(2x) - 252 f(x) 

+210/(0) - 120/(—x) + 45/(—2x) - 10/(-3x) + /(-4x) - 10!/(x)|| < <p(x, x) 

for all x € X. Replacing x and y by x and — x in (2.8), respectively, we have 

||/(—4x) - 10/(—3x) + 45/(—2x) - 120/(-x) + 210/(0) - 252/(x) + 210/(2x) 

— 120/(3x) + 45/(4x) — 10/(5x) + /(6x) — 10!/(—x)|| < <p(x, — x) 

for all x € X. By (2.13) and (2.14), we obtain 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


(2.14) 


II f(x) - fi-x )II < rj^yr max{y?(x, x), cp(x, -x)} := A(x) 


(2.15) 
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for all x £ X. Replacing x and y by 0 and 2x in (2.8), respectively, and using (2.12) and (2.15), we find 

||2/(10x) - 20/(8x) + 90/(6x) - 240/(4x) - (10! - 420)/(2x)|| 

< max{^(0, 2x), 7l(10x), |10|A(8x), |45|A(6x), |120|A(4x), |210|A(2x), |252|C} 

for all x € X. Replacing x and y by 5x and x in (2.8), respectively, we get 

||/(10x) - 10/(9x) + 45/(8x) - 120/(7x) + 210/(6x) - 252/(5x) + 210/(4x) 

— 120/(3x) + 45/(2x) — (10! + 10)/(x)|| < max{<^(5x, x),C} 

for all x £ X. By (2.16) and (2.17), we obtain 

||20/(9x) - 110/(8x) + 240/(7x) - 330/(6x) + 504/(5x) - 660/(4x) 

+240/(3x) - (10! - 330)/(2x) + (2 • 10! + 20)/(x)|| 

< max {|2|<p(5x, x), <p(0,2x), |2| C, A(10x), |10|^4(8x), |45 |j4(6x), |120|7l(4x), |210|vl(2x)} 

for all x £ X. Replacing x and y by 4x and x in (2.8), respectively, and using (2.12) we have 

||/(9x) - 10/(8x) + 45/(7x) - 120/(6x) + 210/(5x) - 252/(4x) + 210/(3x) 

— 120/(2x) — (10! — 46)/(x)|| < max {ip(Ax, x), |10|(7, A(x)} 

for all x £ X. By (2.18) and (2.19), we get 

||90/(8x) - 660/(7x) + 2070/(6x) - 3696/(5x) + 4380/(4x) 

-3960/(3x) - (10! - 2730)/(2x) + (22 • 10! - 900)/(x)|| 

< max{|2|<^(5x, x), |20|y>(4x, x), <p(0, 2x), |2| C, A{ lOx), |10|A(8x), 

|45|A(6x), |120|A(4x), |210|A(2x), |20|A(x)} := B(x) 

for all x £ X. Replacing x and y by 3x and x in (2.8), respectively, then using (2.12) and (2.15), we have 

||/(8x) - 10/(7x) + 45/(6x) - 120/(5x) + 210/(4x) - 252/(3x) + 211/(2x) - (10! + 130)/(x)|| 

< max {ip( 3x, x), |45|C, A( 2x), 110|v4(x)} 

for all x £ X. By (2.20) and (2.21), we get 

||240/(7x) - 1980/(6x) + 7104/(5x) - 14520/(4x) 

+18720/(3x) - (10! + 16260)/(2x) + (112 • 10! + 10800)/(x)|| 

< max{|90|</?(3x,x), \90\A(2x), B(x)} 

for all x £ X. Replacing x and y by 2x and x in (2.8), respectively, then using (2.12) and (2.15), we have 

||/(7x) - 10/(6x) + 45/(5x) - 120/(4x) + 211/(3x) - 262/(2x) - (10! - 255)/(x)|| 

< max {ip(2x,x),A( 3x), |10|^4(2x), |45|^4(x), 11201(7} 

for all x £ X. By (2.22) and (2.23), we get 

||420/(6x) - 3696/(5x) + 14280/(4x) - 31920/(3x) - (10! - 46620)/(2x) 

+(352-10! -50400)/(x)|| 

< max{|90|<p(3x, x), |240|<p(2x, x), |240|A(3x), |90|A(2x), |2400|^4(2x), B{x)} 


(2.16) 


(2.17) 


(2.18) 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


(2.23) 


(2.24) 
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for all x £ X. Replacing x and y by x and x in (2.8), respectively, then using (2.12) and (2.15), we have 

11/(6®) - 10/(5*) + 46/(4*) - 130/(3*) + 255/(2*) - (10! + 372)/(*)|| 

< max {</?(*, *), 12101C, 1120|^4(cc), |45|A(2*), |10|A(3*), A(4*)} 

for all x £ X. By (2.24) and (2.25), we get 

||504/(5*) - 5040/(4*) + 22680/(3*) - (10! + 60480)/(2*) + (772 • 10! + 105840)/(*)|| 

< max{|90|</?(3*, *), |240|t/?(2*, *), |420|y>(x, *), |420|A(4*), |240|A(3*), |4200|A(3x), (2.26) 

|90|A(2x), |2400|A(2*),B(*)} := £>(*) 

for all x £ X. Replacing * and y by 0 and * in (2.8), respectively, then using (2.12) and (2.15), we have 


II2/(5*) - 20/(4*) + 90/(3*) - 240/(2*) - (10! - 420)/(*)|| 

< max{<^(0,*), |252|C, A(5x), |10|A(4*), |45|A(3*), | 120 |A( 2 *), | 210 |A(*)} 


for all x £ X. By (2.26) and (2.27), we get 

1 


||/(2*) - 2 10 /(x)|| < —- max{|252|^(0, *), |252|A(5*), 111340|A(3*), D(x)} := 5(a) 


for all x £ X. Thus 


Similarly, 


110 ! | 


2 io/( 2 *) - f{x) 


< x£X. 


12 | 1 




* £ x. 


Fix an * £ X and write 


U{x) := ^( 2 S *), £ € F A ', 


, , I 12110^^)’ 

e (*)H 'fix 


(I) 


Then, by (2.29) and (2.30), we obtain 


Next, put 


II Tf(x) - /(*)|| < e(*), 


1 


ifs = 1 , 
ifs = — 1 . 

x£X. 

r>x 


^v(x) ■= 1 ^ 1 ^ 77 ( 2 * 2 ;), 77 G K+, * e X. 


(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 


It is easily seen that A has the form described in (H3) with E = X,j = 1 and /i(*) = 2 s *,Li(*) 
x £ X. Moreover, for any /, y £ Y x and * £ X we have 


| 2 | 


tut for 


2 io s £(2 *) 210 x ) 


||T£(*)- 7 >(*)|| = 

< -^i( a ')IIC(/i(®)) ~ A t (/i(®))l|, 

so hypothesis (H2) is also valid. 

Finally, using induction, one can check that for any l £ No and * £ X we have 

1 


(2.35) 


A ' e (*) = (woi) £ ^ slx) 


^l 10 ^ 1 I V |2| 10s 


(2.36) 


e(2 st+ ^x), 
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which, together with (2.9), shows that all assumptions of Theorem 2.1 are satisfied, 
function F : X —» Y such that ; 

n0=(|^) F V sl x), x£X, 

and (2.10) holds. Moreover, 

F(x) = lim T l f(x), x £ X. 

I—too 

One can now show, by induction, that 

\\D 10 (T l f)(x,y)\\ < ip(2 sl x, 2 sl y) 

for l £ No, x, y £ X. Letting l —> oo in (2.39) and using (2.9), we obtain 


Therefore, there exists a 

(2.37) 

(2.38) 

(2.39) 


D 10 (f)(x,y)=0, (2.40) 

which means that the function F satisfies equation (1.1). Thus the mapping T : X —> Y is decic. □ 

Theorem 2.2 with ip(x,y) = e > 0, e(||a;|| p + ||j/|| p ), e||a;|| p • \\y\\ q , respectively, and s = — 1 yields the following 
results. 


Corollary 2.1 Let e be a positive real number, X be a commutative group uniquely divisible by 2 and Y be a 
complete non-Archimedean normed space over a non-Archimedean field of the characteristic different from 210 
such that |2| < 1. If f : X —»• Y be a mapping satisfying 

\\D w (f)(x,y)\\<e (2.41) 

for x,y £ X, then there exists a decic mapping F : X —» Y such that 

»/(*)-F(*)||<i^p (2.42) 

for all x € X. 

Corollary 2.2 Let p, e be positive real numbers with p < 10, X be a non-Archimedean normed space and Y be 
a complete non-Archimedean normed space over a non-Archimedean field of the characteristic different from 210 
such that |2| < 1. If f : X —>Y be a mapping satisfying 

\\D 10 (f)(x,y)\\<e(\\x\\ p + \\y\n (2.43) 

for x,y £ X, then there exists a decic mapping F : X —» Y such that 

||/( a 0-N(z)||<^f (2.44) 

for all x £ X. 

Corollary 2.3 Let p, q , e be positive real numbers with p+ q < 10, X be a non-Archimedean normed space and Y 
be a complete non-Archimedean normed space over a non-Archimedean field of the characteristic different from 
210 such that |2| < 1. If f : X —> Y be a mapping satisfying 

\\D 10 (f)(x,y)\\<e\\xr-\\y\\ q (2.45) 

for x, y £ X, then there exists a decic mapping F : X Y such that 

||/(x)-F(x)||< £ ^ 9 (2.46) 

for all x £ X. 
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Abstract 

In this paper, we are concerned with the existence of positive solutions of the 
fully third-order boundary value problem 

( -u"'(t) = f(t, u(t), u'(t), u"(t)), t G [0, 1], 

\ u( 0) = u'(0) = u'{l) = 0, 

where / : [0, 1] x R + x M + x R -> E is continuous. Some inequality conditions 
on / to guarantee the existence of positive solution are presented. These inequality 
conditions allow that f(t , x, y, z) may be superlinear or sublinear growth on x, y 
and z as |(x, y, z)\ —> 0 and \{x, y, z )| —> oo. 

Key Words: fully third-order boundary value problem; Nagumo-type growth con¬ 
dition; positive solution; cone; fixed point index. 

AMS Subject Classification: 34B18; 47H11; 47N20. 

1 Introduction 

In this paper we discuss existence of positive solution for third-order boundary value 
problem(BVP) with fully nonlinear term 

f ~u'"(t) = f(t , u(t), u'{t ), ii"(t)), 1 € [0, 1], 

{ ( 1 - 1 ) 
{ u(0) = u\ 0) = u'(l) = 0, 

where / : [0, 1] x M + x M + x M —> M + is continuous. 

‘Research supported by NNSFs of China (11661071, 11261053, 11361055). 

1 


678 


Yongxiang Li ET AL 678-696 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


The boundary value problems of third order ordinary differential equations arise in a 
variety of different areas of applied mathematics and physics, as the deflection of a curved 
beam having a constant or varying cross section, three layer beam, electromagnetic waves 
or gravity driven flows and so on [1,2]. These problems have attracted many authors’ 
attention and concern, and some theorems and methods of nonlinear functional analysis 
have been applied to research the solvability of these problem, such as the topological 
transversality [3], the monotone iterative technique [4-6], the method of upper and lower 
solutions[7-9], Leray-Schauder degree [10-13], the fixed point theory of increasing oper¬ 
ator [14,15]. Especially, in recent years the fixed-point theorem of Krasnoselskii’s cone 
expansion or compression type have been availably applied to some special third-order 
boundary problems that nonlinearity / doesn’t contain derivative terms v! and u" , and 
some results of existence and multiplicity of positive solutions have been obtained, see 
[16-18]. However, few people consider the existence of the positive solutions for the more 
general third-order boundary problems that nonlinearity explicitly contains first-order or 
second-order derivative term. 

The purpose of this paper is to obtain existence result of positive solution for B- 
VP (1.1) with full nonlinearity. We will use the fixed point index theory in cones to 
discuss this problem. We present some inequality conditions on / to guarantee the ex¬ 
istence of positive solution. These inequality conditions allow that f(t, x, y, z) may be 
superlinear or sublinear growth on x, y and z as |(x, y, z)\ —> 0 and \(x, y, z)\ -A- oo, 
where |(.x, y, z)\ = y / x 2 + y 2 + z 2 . For the superlinear growth case as \(x, y, z) | —> oo, a 
Nagumo-type condition is presented to restrict the growth of / on z. We choose a proper 
cone K in the work space C 2 [0, 1] and convert the BVP(l.l) to a fixed point problem 
of a completely continuous cone mapping A : K —> K. then apply the fixed point index 
theory in cones and a-priori estimates in C 2 [0, 1] to prove our existence results. 

Let I = [0, 1], G = I x M + x M + x M. Our main results as follows: 

Theorem 1.1 Let f : I x M + x M + x M —> M + be continuous and satisfy the following 
conditions 

(FI) There exist constants a, b, c > 0 and 5 > 0, 0 < ^ < 1, such that 

f(t , x, y, z) < ax + by + c\z\, for (t, x, y,z) G G such that (x, y,z)\ < 6; 

(F2) there exists constants aq, bi > 0 and H > 5, ^ > 1, such that 

f(t, x , y, z) > a\ x + b\ y, for (t. x , y,z) 6 G such that |(.x, y,z)\ > H\ 
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(F3) Given any M > 0, there is a positive continuous function < 7 m(p) on M + satisfying 


f + °° Pdp 

o 9m(p ) + 1 


+oo, 


such that 


( 1 . 2 ) 


fit, x, y, z) < g M (\z |), ( t,x,y,z ) 6 [0, 1] x [0, M] x [0, M] x M. (1.3) 
Then BVP(l.l) has at least one positive solution. 

Theorem 1.2 Let f : I x M + x M + xRh M + be continuous and satisfy the following 
conditions 

(F4) there exists constants a, b > 0 and 5 > 0, > 1, such that 

f{t, x, y, z) > ax + by, for it,x,y,z) G G such that \ (x,y,z)\ < 6 ; 


(F5) There exist constants a\, bi, c\ > 0 and H > 5, 0 < ^ < 1, such that 

fit , x, y, z) < a\x + b\y + ci|z|, for it, x, y,z) G G such that |(x, y, z)\ > H; 


Then BVP(l.l) has at least one positive solution. 

In Theorem 1.1, the condition (FI) and (F2) allow that fit, x, y, z) is superlinear 
growth on x, y and 2 as |(x, y, z)\ —>• 0 and |(x, y, z)\ —> oo, respectively. The condition 
(F3) is a Nagumo type growth condition on 2 which restricts the growth of / on 2 is 
quadric. For example, the power function 

fit,x,y,z) = \x\ Q + \yf + \zp (1.4) 

satisfies Condition (FI) and (F2) when a, (3, 7 > 1. But only when 7 < 2, Condition 
(F3) holds. In Theorem 2.2, the condition (F4) and (F5) allow that fit, x, y, 2 ) is 
sublinear growth on on x, y and 2 as |(x, y, z)\ —> 0 and |(x, y, z)\ —* 00 , respectively. 
For example, the power function defined by (1.4) satisfies Condition (F4) and (F5) when 

0 < a, /3, 7 < 1. 

The conditions (F1)-(F2) and (F4)-(F5) also allow that / may be asymptotically 
linear on x, y and 2 as |(x, y, z) | -7 0 and |(x, y, z)\ — > 00 . Indeed, we have the following 
results: 

Corollary 1.3 Let f : I x M + x M + xIg M + be continuous and satisfy the following 
conditions 


3 
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(HI) There exist constants a, b, c> 0, ^ < 1, such that 

f(t,x,y,z) = ax + by + c\z\ + o(\(x,y,z)\), as |(x, y, z)\ 0 ; 

(H2) there exists constants a\, b±, c\ > 0, > 1, such that 

f(t,x,y,z) = aix + b 1 y + ci\z\ + o(\(x,y,z)\), as |(ac, y, z)\ oo. 

Then BVP(l.l) has at least one positive solution. 

Corollary 1.4 Let f : I X M + x M + x M —>• M + be continuous and satisfy the following 
conditions 

(H4) There exist constants a, b, c > 0, > 1, such that 

f(t, x, y, z) = cix + by + c\z\ + o(\(x,y, z)\), as |(z, y, z)\ -4 0; 

(H5) There exist constants oi, b\ , ci > 0, ^ ^ < 1, such that 

/(*, y, 2 ) = aix + biy + ci|z| + o(|(a;, y, z)|), as |(x, y, z)\ 00 . 

Then BVP(l.l) has at least one positive solution. 

In (H2) and (H5), o(\(x,y,z)\) denote a term of / which is less than \(x,y,z)\ as 
\(x,y,z)\ —>■ 00 , that is, lim|( XjJ/jZ )|_ > . 0O °| fxy'~)\' > = We can eas Ly obtain the following 

(HI) =► (FI) holds, (H2) ==>• (F2) and (F3) hold; 

(H4) => (F4) holds, (H5) => (F5) holds. 

Hence, by Theorem 1.1 and Theorem 1.2, the conclusions of Corollary 1.3 and 1.4 hold. 

The proofs of Theorem 1.1 and 1.2 will be given in Section 3. Some preliminaries to 
discuss BVP(l.l) are presented in Section 2. In section 4, we use Theorem 1.1 and 1.2 
to induce two new existence results. 

2 Preliminaries 

Let C(I ) denote the Banach space of all continuous function u(t) on / with the nor- 
m ||u||c = max te / \u(t)\. Generally, for n £ N, we use C n (I) to denote the Banach 
space of all nth-order continuous differentiable function on I with the norm ||u||c» = 
max{ ||n||c, 11u / 11cr, ••• , ||'U^||c}- Let C + (I) be the cone of nonnegative functions in 
C(I). Let H = L 2 (I) be the usual Hilbert space with the inner product (u, v ) = 

4 
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Jq u(t)v(t)dt and the norm ||f /|| 2 = (Jq |'u(i)| 2 cft) 1 / 2 . Let H n (I) be the usual Sobolev 
space, u £ H n (I ) means that u £ C n ~ 1 (I), it( n- 1 )(f) is absolutely continuous on I and 
u ( n ) £ L 2 (I). In H n (I), we use the norm ||ii||#n = nrax{ ||u|| 2 , ||u , || 2 , • • ■ , ||udd || 2 }. 

To discuss BVP(l.l), we firstly consider the corresponding linear boundary value 
problem (LBVP) 

f —u"'(t) = h(t) , t £ I, 

l (2-1) 

[ 7 i( 0 ) = u'{ 0 ) = id(l) = 0 , 

where h £ L 2 (I). 

Lemma 2.1 For every h £ L 2 (I), LBVP(2.1) has a unique solution u := Sh £ Id 3 (I), 
which satisfies 

1 . 1 . 1 

7r 


M 2 - 


\u '|| 2 , llu'lla < - |K|| 2 , IKII2 < - IK'112. 


/-r 11“ ||Z.J ||“ ||Z ||“ ||Z> ||“ ||Z ||“ ||Z- (2-2) 

v2 VT 7T 

Moreover, the solution operator S : L 2 (I ) —> H 3 (I) is a bounded linear operator. When 
h £ C(I), the solution u = Sh £ C 3 (I), and the solution operator S : C(I) —> C 2 (I) is 
completely continuous. 

Proof. Let h £ H 2 (I). It is well-known the linear second-order boundary value 
problem 

f -u"(t) = h{t ), t £ [0, 1], 
t v(0)=v(l) = 0, 

has a unique solution v £ H 2 (I ) given by 


(2-3) 


a(t) = f G(t, s ) /i(s) ds, 
Jo 


(2.4) 


G(f, a) = 


where G(i, s) is the corresponding Green function 

' t(l - s), ()</<*< 1 , 

s(l-f), 0 < s < t < 1 . 

Hence, 

it(i) = f v{r)dT = I j G(t , s)h(s)dsdr := Sh(t ) 
do do do 

belongs to fd 3 (J) and is a unique solution of LBVP(2.1). 

Since sine system {sin&: 7 rt | k £ N } is a complete orthogonal system of L 2 (I), every 
h £ L 2 (I) can be expressed by the Fourier series expansion 


(2.5) 


( 2 . 6 ) 


Ht) = sin kirt, 


(2.7) 


k =1 


5 


682 


Yongxiang Li ET AL 678-696 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


where bk = 2 h(s ) sin kns ds, k = 1, 2, • • •, and the Paserval equality 

1 OO 

ll'>lb 2 = 5 £ \h? (2.8) 

Z fc=l 

holds. Since u = S7i £ H 3 (I), v! and u'" belong to L 2 (I) and they can also be expressed 
by the Fourier series expansion of the sine system. Since u!" = —h, by the integral 
formula of Fourier coefficient, we have 


UU 7 

u'(t ) = V k 0 smknt. (2-9) 

' KT7 T Z 
k =1 

On the other hand, since cosine system { cos kirt \ k = 0, 1, 2, • • • } is another complete 
orthogonal system of L 2 (I ), every w £ L 2 {I) can be expressed by the cosine series 
expansion 

OO 

w(t) = — + ak cos kirt , 
k =1 

where a*, = 2 w(s) cos kns ds, k = 0, 1, 2, • • •. For the u" £ L 2 (I), by the integral 
formula of the coefficient of cosine series, we obtain its cosine series expansion: 

OO , 

“"(0 = £ -j^- cos kirt. (2-10) 

k =1 ^ 


By (2.7), (2.9), (2.10) and Paserval equality, we obtain that 


i 'ii 2 
\U 2 = 


I "II 2 
1“ 1,2 = 2 


1 OO 

~y 

2 ^ 

k =1 

1 OO 

E 




fc=i 


A: 2 7r 2 

&£ 12 

kn 


< 


2n 2 


< 


£ 

fe=l 


1 OO 

E2 


bk_ 

kn 


7r 


1 II "|| 2 

“2 11“ II2 : 


27T 2 


fc=l 


7T 


2 — 


7T 


I "'ll 2 
“ 2 • 


In addition, since u(t) = u'(s)ds, by Holder inequality, 

f f u'(s)ds dt < f t, f \u(s)\ 2 dsdt <-\\u\\ 2 2 ■ 

Jo Jo Jo Jo 2 


\u 2 = 


Hence (2.2) holds. 

By the expression (2.6) of the solution u = Sh, S : L 2 (I ) — > H 3 (I) is a bounded 
linear operator. When h £ C(I), by (2.4) and (2.6), u £ C 3 (I) and the solution operator 
S : C(I) —> C 3 (I ) is bounded. By the compactness of the embedding C 3 (I) ^ C 2 {I), 
S : C(I) —> C 2 (I) is completely continuous. □ 
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Lemma 2.2 Let h G C + (I). Then the solution u of LBVP(2.1) belongs to C 3 (I) and 
has the following properties: 

(1) u > 0, u' > 0, u'" < 0 and ||u||c < 11it'11c < ||u ,, ||; 

(2) u'(t) > t( 1 — t) \\u'\\c , V t G I; \\u'\\c < dr /q 1 ?/(i) sin7ri df; 

(3) u(i) > gf 2 (3 — 2f) || u'Hc , V t G /; || u^lc < 67 t u(f) sin7rf di; 

(4) there exists £ G (0, 1) such that u // (£) = 0, u"(t) > 0 for t G [0, £] and u"(t) < 0 for 

t G [£, 1]. Moreover, ||n // ||c = max{u"(0), —u"( 1)}. 

Proof. Let h G C + (I) and u = Sh be the unique solution of BVP(2.1). By Lemma 
2.1, u G C 3 (I) and v!" = —h < 0. Set v = u', then v G C 2 (I) is a unique solution of 
LBVP(2.3) and given by (2.4). Hence, v > 0. For every t G I, we have u(t) = f ( j v(s)ds > 
0, and 


\u(t)\ = [ v(s) ds < t ||u||c < \W\\c- 
Jo 


Hence, ||rt||c £ ll ^llc- By the boundary conditions of LBVP(2.1), there exists £ G (0, 1) 
such that u"(£) = 0, and for every t G /, u'(t) = f^u''(s) ds. Hence, 

K(i)l = J u"(s) ds < |f - £| ||u"||c < iK'llc, 

so we have Hu'llc < ||xt // ||cr. Hence, the conclusion of Lemma 2.2(1) holds. 

From the expression (2.5) we easily see that the Green function G(t, s ) has the fol¬ 
lowing properties 

(i) 0 < G(t, s ) < G(s, s ) V t, s G I ; 

(ii) G(t, s ) > G(t, t ) G(s, s ), Vi, sGl. 

For every t G /, by (2.4) and the property ( i ) of G we have 

v(t ) = f G(t, s ) /i(s) ds < f G(s, s ) /i(s) ds. 
do do 

Hence 

||u||c < / G(s, s) h(s) ds. 

Jo 

By the property (if) of G and this inequality, we have 

v(f) = f G(t, s ) d(s) ds > G(f, f) f G(s, s) d(s) ds 
do do 

> G(t, f) ||u||c = t(l — t) ||u||c, t£l. (2.11) 
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Multiplying this inequality by sin irt and integrating on I, we have 

f 1 f 1 4 

/ v(t) sin7 rtdt > ||u||c / t(l — t) simrtdt = —^ ||u||c>. 

Jo Jo ^ 

Thus, the conclusion (2) holds. 


By (2.11), we have 

u(t) = f v(s)ds> [ s(l — s)||u||c , ds = -t 2 (3 — 2t) II ? y / 1 1 cr, tel. 

Jo Jo 6 

Multiplying this inequality by sin irt and integrating on I, we obtain that 


r i 1111 „ A \\ u ' 

/ u(t) sin7 rtdt > - / t 2 { 3 — 2 1) simrtdt = — 

Jo 6 J 0 6i 

Hence, the conclusion (3) holds. 


u ||c 

67T 


Since u' > 0, from the boundary conditions of LBVP(2.1) we see that u"(()) > 0 
and u"{ 1) > 0. Since u"'{t) = —h(t) > 0 for every t e I, it follows that ^(t) is a 
monotone increasing function on I. From these we conclude that, there exists £ e (0, 1) 
such that u"(£) = 0, u"(f) > 0 for t E [0, £] and u"{t) > 0 for t e [£, 1]. Moreover 
\\u"\\c = max te / |u 7, (t)| = max{77"(0), —^"(l)}. Hence, the conclusion of Lemma2.2(4) 
holds. □ 


Now, we define a closed convex cone K in C 2 (I) by 

K = {ueC 2 (I) : u(t)> 0, u\t) > 0, Vt E i}. (2.12) 

By Lemma 2.2(1), we have that S(C + (I)) C K. Let / : I x x R + x M —> M + be 
continuous. For every u E K, set 

F(u)(t) := f(t, u(t), u'{t), u'{t )), t E /. (2.13) 

Then F : K —> C + {I) is continuous and it maps every bounded in K into a bounded set 
in C + {I). Define a mapping A : K —> K by 

A = SoF. (2.14) 

By Lemma 2.1, A : K —»• Ji is a completely continuous mapping. By the definitions of S 
and K, the positive solution of BVP(l.l) is equivalent to the nonzero fixed point of A. 
We will find the nonzero fixed point of A by using the fixed point index theory in cones. 

Let E be a Banach space and K c E be a closed convex cone in E. Assume H is a 
bounded open subset of E with boundary did, and K nil ^ 0. Let A : K n H —> K be 
a completely continuous mapping. If Au u for any u E K n dfl, then the fixed point 
index i (A , K n H, K ) is well defined. The following lemmas in [19, 20] are needed in our 
discussion. 
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Lemma 2.3 Let ft be a bounded open subset of E with 0 G ft, and A : K n fi —> K a 
completely continuous mapping. If pAu / u for every u G K n dft and 0 < p < 1, then 
i(A, Knft, K) = 1. 

Lemma 2.4 Let ft be a bounded open subset of E and A : K n ft —> K a completely 
continuous mapping. If there exists vq G K \ {0} such that u — Au / tdo for every 
uGil’n dft and r > 0, then i ( A, K n ft, K) = 0. 

Lemma 2.5 Let fl be a bounded open subset of E, and A, A\ : K n ft —>• K be two 
completely continuous mappings. If (1 — s)Au + sAyu / u for every u G K D dft and 
0 < s < 1, then i ( A, K n ft, K) = i {A\, K n ft, K). 

3 Proof of the Main Results 

In this section, we use the fixed point index theory in cones to prove Theorem 1.1 
and 1.2. Let E = C 2 (I), K C C 2 (I ) be the closed convex cone defined by (2.12) and 
A : K —* K be the completely continuous mapping defined by (2.14). Then the positive 
solution of BVP(l.l) is equivalent to the nontrivial fixed point of A. We use Lemma 
2.3-2.5 to find the nontrivial fixed point of A. 

Proof of Theorem 1.1. Let 0 < r < R < +oo and set 

Hi = {u G C 2 (I) | ||u || C 2 < r}, ft 2 = {ue C 2 {I) | \\u \\ C 2 < R}. (3.1) 

We show that A has a fixed point in K n (fh \ fh) when r is small enough and R large 
enough. 

Choose r G (0, 8/y/ 3), where 5 is the positive constant in Condition (FI). We prove 
that A satisfies the condition of Lemma 2.5 in I\ n dft \, namely 

p Au / u, V u € K n bit i, 0 < p < 1. (3-2) 

In fact, if (3.2) doesn’t hold, there exist uq G K n dfl\ and 0 < po < 1 such that 

po Auq = uq . Since uq = S{pqF{uq)), by the definition of S, uq G C 3 (I ) is the unique 

solution of LBVP(2.1) for h = poF(uo ) G C + (I). Hence, uq G C 2 (I) satisfies the 

differential equation 

f Uq"( t) = pof(t, Uo(t), ud(t), u 0 "{t)), t G [0, 1], 

{ (3.3) 

l «o(0) =u o '(0) = uo'(l) = 0. 

Since u o G K n dft\, by the definitions of K and Hi, we have 

(t, uo(t), u 0 '(t), u 0 ”(t)) G G, |(tt 0 (f), u 0 '{t), uo"(t))\ < 5, tel. 
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Hence by Condition (FI), we have 

0 < f(t, u 0 (t ), u 0 '(i), u 0 "(t)) < au 0 (t ) + bu 0 '(t) + c\u 0 "(t)\, tel, 
Combining this inequality with Equation (3.3), we obtain that 
K'"(*)| = Mo/(i, u 0 (t), uo(t), u 0 "(t )) 

< /(*, «o(i), W(i)> V'(*)) 

< a\u 0 (t)\ + b\u 0 '(t)\ + c\u 0 "(t)\, tel. 

From this inequality and Lemma 2.1 it follows that 

IIV "||2 < o||no || 2 + 6 HWH 2 + c||no /, || 2 < \ + —) IN'"|| 2 - (3.4) 

^ \/27r 2 7T 2 7T/ 

Since ||no||c 2 > 0, from boundary condition in Equation (3.3) we easily see that ||uo //, || 2 > 
0. Hence by (3.5) we obtain that + % > 1, which contradicts the assumption 

in Condition (FI). Hence (3.2) holds, namely A satisfies the condition of Lemma 2.3 in 
K n <91! 1 . By Lemma 2.3, we have 

i {A, K n Hi, K) = 1 . (3.5) 

Set C 0 = max{ \f{t,x,y,z)-(a 1 x + b 1 y)\ : ( t,x,y,z ) £ G, \(x, y, z)\ < H} + 1, where 
H is the constant in Condition (F2). By Condition (F2), we have 

f(t,x,y,z)>aix + biy-C 0 , V (t, x,y, z) e G. (3.6) 

Define a mapping F\ : K —> C + (I ) by 

Fi(u)(t) := f(t , n(f), «'(t), «"(f)) + C 0 = F(u)(t) + C 0 , t e /, (3.7) 

and set 

A 1 = 5oFi. (3.8) 

Then A\ : K K is a completely continuous mapping. 

Let R > 6. We show that Hi satisfies that 

i(Hi, iLnl! 2 , iL) = 0. (3.9) 

Choose no = 1 — cosirt and rno = 7 r 3 sin 7 rt. since —vo'"(t) = n :i sin irt = wq, by the 
definition of S and Lemma 2.2(1), no = S(wo) e K \ {0}. We show that A\ satisfies the 
condition of Lemma 2.4 in K n <9fl 2 , namely 

u — A\u^tvq, \/ueKndQ 2 , t > 0. (3.10) 

10 
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In fact, if (3.10) doesn’t hold, there exist u\ G K n dfl 2 and t\ > 0 such that u\ — A\U\ = 
TiUo- Since u\ = A\U\ + t\Vq = S(F(ui) + Co + t\Wq), by the definition of S, u\ is the 
unique solution of LBVP(2.1) for h = F(u\) + Co + t\Wq G C + (I). Hence, u\ G C 3 (/) 
satisfies the differential equation 


-ui"{t) = f(t , «i(t), ui"(t)) + C 0 + nw 0 (t), tel, 

«i(0) = «i'(0) = ui'{l) = 0. 


(3.11) 


Since u\ G K n dO. 2 , by the definition of K. ( t , u\{t), u\(t), u\"{t)) G G, t G L Hence 
by (3.6), we have 


f(t , ui(t), ui(t), u\"{t)) > ai ui(t) + hui(t) - C 0 , t G /. 


From this inequality and Equation (3.11), we conclude that 

~ui”(t) = f(t , Ul(t), ui"(t)) + C 0 + Tl w 0 (t) 


> a± ui(t) + b\ u\{t) + Tiw 0 (t) 


> a\ u\(t) + b\ u\{t), teF 


Multiplying this inequality by sin nt and integrating on I, then using integration by parts 
for the left side, we have 

7r 2 f ui(t) sin7rt dtt > a\ f u\(t) sin nt dt. + b\ f ui(t) simrtdt. (3-12) 

Jo Jo Jo 

By Lemma 2.2 (2) and (3), 

f 1 If 1 4 

/ ui(t) simrtdt > —/ ui(t) simrtdt > —s-lkt/llc'- (3.13) 

Jo 6?r Jo ^ 


i o 

Since 7r 2 | 0 ' u\'{t) simrtdt < 27r|kti / ||C) from (3.12) and (3.13) it follows that 
27 t||txi / || c>^ 2 [ ui(t)simrtdt 

Jo 

> a\ / ui(t) simrt dt + bi / ui(t) simrtdt 

Jo Jo 


> 


fai 4 bi \ 
V67T 7r 3 / 



c- 


Since Ikdklc > by this inequality we obtain that jfF + ^ < 1, which contradicts the 
assumption in (F2). Hence (3.10) holds, namely A i satisfies the condition of Lemma 2.4 
in I\ fl (9fl 2 . By Lemma 2.4, (3.9) holds. 
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Next, we show that A and A\ satisfy the condition of Lemma 2.5 in K n <912 2 when 
R is large enough, namely 


(1 — s)Au + sA\u t - u, V u £ K n <9fl 2 , 0 < s < 1. 


(3.14) 


If (3.14) is not valid, there exist U 2 £ K n dll 2 and so £ [ 0 , 1 ], such that (1 — sq)Au 2 + 
sqA\U 2 = U 2 ■ Since u 2 = S((l — so) F(u, 2 ) + soFi(u 2 )), by the definition of S, U 2 is the 
unique solution of LBVP( 2 . 1 ) for h = (1 — so) F{u 2 ) + so-Fi(w 2 ) = -F(u 2 )+ S 0 C 0 £ C + (I). 
Hence, u 2 £ C 3 (I) satisfies the differential equation 


- u 2 '"(t ) = f(t, u 2 (t), u 2 '(t ), u 2 "{t)) + s 0 C 0 , t £ I, 
U 2 {0) = U2 , (0) = U2 , (1) = 0. 


(3.15) 


Since u 2 £ K n <9122, by the definition of /i, ( t , « 2 (t), u 2 {t ), u 2 "{t)) £ G, t £ L Hence 
by (3.6), we have 

fit , « 2 (*)> u 2 '(f), « 2 , 7 (i)) > ai u 2 {t) + h u 2 {t ) - C 0 , t £ /. 

From this inequality and Equation (3.15), we obtain that 

~u 2 "it) = f{t , u 2 (f), « 2 '(f), V'(i)) + so C 0 

> ai u 2 {t ) + 61 it 2 '(t) - (1 - s 0 ) C 0 , 

> a\ u 2 (f) + 61 ufit.) - C 0 , t £ /. 

Multiplying this inequality by sin nt and integrating on I, then using integration by parts 
for the left side, we have 


7 r 2 / u 2 {t) simrt dt > ai / u 2 {t) sin nt dt + 61 / u 2 7 (t) sin 7 rt dt — 
Jo Jo Jo 

Using this inequality and Lemma 2.2 (2) and (3), we obtain that 
27r||'u 2 / ||c > 7 r 2 f ufit) sin nt dt 

Jo 

/* 1 r 1 2 C 0 

>a\ U2 it) sin nt dt + 61 / w^t) sin 7 rt c?f - 

Jo Jo 77 


2 C 0 


7T 


V 67T 7T 3 9 

From this inequality it follows that 

\\u 2 \\c < - 


|«2 lie 


Co 


12tt- 


+ 


26 i 


— 1)7T 2 


:= Af. 
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Hence, by Lemma 2.2(1) we obtain that 

\\u 2 \\c < ll^llc < M. (3.16) 

For this M > 0, by Assumption (F3), there is a positive continuous function gutip) on 
M + satisfying (1.2) such that (1.3) holds. By (3.16) and definition of K , 0 < u 2 {t ) < M, 
0 < u 2 (t) < M, t G I. Hence from (1.3) it follows that 

fit, u 2 (t), u 2 '(t), u 2 "{t)) < gM{\u 2 {t)\), t G I. 

Combining this inequality with Equation (3.15), we obtain that 

-u 2 "(t) < gM{\u 2 "{t)\) + Co, t G I. (3.17) 


From (1.3) we easily obtain that 


r*+oo 


pdp 


= +oo. 


Jo 9 m ip) + Co 

Hence there exists a positive constant Mi > M such that 


rM i 


pdp 


I o 9 m ip) + Cq 


> M. 


(3.18) 


By Lemma 2.2(4), there exists £ G (0, 1) such that u 2 "{^) = 0, u 2 "(t ) > 0 for t G [0, £], 
u 2 (t ) < 0 for t G [£, 1], and ||?X 2 // Ho = nrax{u2 // (0), —it 2 // (l)}- Hence ||«2 W ||c = u 2 ”(0) 
or HV'llc = — We only consider the case of that ||«2 ,, ||c = u 2 ''(0), and the other 

case can be treated with a same way. 

Since u 2 "{t) > 0 for t G [0, £], multiplying both sides of the inequality (3.17) by 
u 2 "(t), we obtain that 


-u 2 '"jt) u 2 "jt) 
9Miu 2 "it)) + Co 


< u 2 "it), 


t G [0, £]. 


Integrating both sides of this inequality on [0, £] and making the variable transformation 
P = u 2 "(t ) for the left side, we have 


ru 2 "( 0 ) 

I o 9 m ip) + Cq 


pdp 


< u 2 'H) - n 2 '(0) < HVlIc- 


Since ||«2 // ||c = '^2 // (0), from this inequality and (3.16) it follows that 


ll“2 lie 


pdp 


9 m ip) + Cq 


< M. 
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Using this inequality and (3.18), we conclude that 

||tt2 // ||c Mi- (3.19) 

Hence, from this inequality and (3.16) it follows that 

11 U '2 \\c 2 — M\. (3.20) 

Let R > max{Mi, 5}. Since £ 77 n<9H 2 , by the definition of H 2 , || roller 2 = R > M\. 
This contradicts (3.20). Hence, (3.14) holds, namely A and A\ satisfy the condition of 
Lemma 2.5 in K n <9122. By Lemma 2.5, we have 


i (A , k n n 2 , K) = i(A u k n fi 2 , k). ( 3 . 21 ) 

Hence, from (3.21) and (3.9) it follows that 

* (A, K n fi 2 , K) = 0. (3.22) 

Now using the additivity of the fixed point index, from (3.5) and (3.22), we conclude 
that 

* (A, K n (fi 2 \ Hi), K) = i (A , K n H 2 , K ) - i (A, I< n Hi, K) = - 1 . 

Hence A has a fixed point in K n (H 2 \ Hi), which is a positive solution of BVP(l.l). 
The proof of Theorem 1.1 is completed. □ 

Proof of Theorem 1.2. Let Hi, H 2 C C 2 (I) be defined by (3.1). We prove that 
the completely continuous mapping A : K —» K defined by (2.14) has a fixed point in 
K n (H 2 \ Hi) when r is small enough and R large enough. 

Let r € (0, < 5 / x/3), where <5 is the positive constant in Condition (F4). Choose vq = 
1 — cosirt and wq = 7T 3 sin Tit. Then S(w o) = vq, and vq € K \ {0}. We show that A 
satisfies the condition of Lemma 2.4 in K n 9Hi, namely 


u — Au ^ tv o, V u € K n 5Hi, r > 0. 


(3.23) 


In fact, if (3.23) is not valid, there exist uo € Kndfli and To > 0 such that uq—Auq = tqVq. 
Since no = Auo + rouo = S(F(uq ) + tqwo), by definition of S, uq is the unique solution 
of LBVP(2.1) for h = F(uq) + tqWq £ C + (I). Hence uq £ C 3 (/) satisfies the differential 


equation 

f -Uo"(t) = f(t, Uo(t), ud(t), U 0 "(t )) + TQWg(t ), t £ 7, 

1 uo(0) =W(0) =W(i) = 0. 

Since uq £ K n 9Hi, by the definitions of K and Hi, we have 


(3.24) 


(t, u 0 (t), u 0 '(t), ud'(t)) e G, |(u 0 (t), u 0 '(t), uo"(t))\ < 5, tel. 
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Hence by Condition (F5) we have 

f(t , uo(t),uo(t),uo"(t)) > au 0 (t ) + bu 0 '(i), t G I. 

From this inequality and Equation (3.24) it follows that 

— uo'"(t ) > auo(t) + buo'(t ), tel. 

Multiplying this inequality by sin nt and integrating on I, then using integration by parts 
for the left side, we have 


7r 


/ uq (t) sin Trt dt > a uo(t) sin 7rt dt + b / uo (t) sin nt dt. 

Jo Jo Jo 


1 0 Jo Jo 

Using this inequality and Lemma 2.2 (2) and (3), we obtain that 

; dt 


27t||u(/||c > vr 2 f uo'(t) sin-rt 

Jo 

>ci\ uo(t) sin7rt dt + b\ / uo'(t)simrt 

Jo Jo 


dt 


(ai 4bi 




Since ||tto||c > 0, from this inequality it follows that < 1, which contradicts 

the assumption in (F4). Hence (3.23) holds, namely A satisfies the condition of Lemma 
2.4 in K n dQ\. By Lemma 2.4, we have 


i(A, K nfii, K) = 0. 


(3.25) 


Let R > 5 be large enough. We show that A satisfies the condition of Lemma 2.3 in 
K n <9f2 2 , namely 

fiAu / u, V u € K n 9fl2, 0 < n < 1. (3.26) 

In fact, if (3.26) is not valid, there exist u\ e Kf] 80.-2 and 0 < /i\ < 1 such that Au\ = 
u\ . Since u\ = S(ii\F{u\)), by the definition of 5, u\ G C 3 (/) is the unique solution 
of LBVP(2.1) for h = niF(u{) € C + (I). Hence u\ € C 3 (I ) satisfies the differential 
equation 

( -Ui"(t) = mf{t, Ui(t), ui(t), Ui”(t)), t G I, 

{ (3-27) 

l «i(0) = « 1 , (0) = ^'(1) = 0. 

Set Ci = max{| f(t,x,y,z) - (a 1 x + b 1 y + ci|^;|)| : ( t,x,y,z ) G G , |(x, y, z)\ < H} + 1, 
where H is the constant in Condition (F5). Then by Condition (F5), we have 


f(t, x, y, z) < ai x + b\ y + d\z\ + Ci, V (t, x, y, z) G G. 


(3.28) 
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Since u\ £ K n <9fi 2 , by the definition of K, (t, ui(t), ui'{t), ui"{t)) £ G, t £ I. Hence 
by (3.28), we have 

f(t, Ui(t), Ui(t), Ui"(t )) < ai Ui(t) + bi Ui(t) + Ci\ui'(t)\ + Ci, t £ I. 

From this inequality with Equation (3.3), we obtain that 

= Hi fit, ui(t ), ui{t), ui"(t)) 

< fit, Ul(t), Ul(t), Ul"{t)) 

< ai ui(t) + bi ui(t) + Ci|iii"(t)| + Ci, t £ I. 

Using this inequality and Lemma 2.1, we have 

II YYl /// 1|2 < < 3.1 II Til II 2 + 6 l||«l , ||2 + Cl||ui "||2 + C\ 


< 


ai +^ + -)\\ui"'h + Ci. 


Consequently, 


K "|| 2 < 


V2ir 2 vr 2 71 
Ci 


:=Ri- 


1 (a 1 1 61 1 ci \ 

1 “ if/2^ + ^ + A) 

Hence by (2.2), we have 

11 11 r 11 11 11 /11 11 //11 11 ///mi n ///11 ^ d 

\\ui\\ H 3 = max{||ui|| 2 , ||«i || 2 , \\ui || 2 , ||ui || 2 j = ||«i H 2 < Ri- 
By this estimate and the boundedness of Sobolev embedding H 3 {I) ^ C 2 {I), we have 

ll^iHe 2 — C ||ui||^3 A CRi i= R 2 , (3.29) 


where C is the Sobolev embedding constant. 

Choose R > max{i? 2 , h}. Since u\ £ K n 80,2, by the definition of Q 2 , we see that 
11^1 lie 2 = R > R' 2 , which contradicts (3.29). Hence, (3.26) holds, namely A satisfies the 
condition of Lemma 2.3 in K n 80,2- By Lemma 2.3, we have 


i(A, K H fl 2 , K) = 1. (3.30) 

Now, from (3.25) and (3.30) it follows that 

i [A, K n (fi 2 \ Hi), K) = i (A, I< n 0 2 , K) - i {A, K n fii, K) = 1. 

Hence A has a fixed-point in K n (fi 2 \ fii), which is a positive solution of BVP(l.l). 
The proof of Theorem 1.2 is completed. □ 
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4 Applications 


In Theorem 1.1 and Theorem 1.2, we use the inequality conditions to describe the 
growth of the nonlinearity / as \(x,y,z)\ —>• 0 and \(x,y,z)\ —> oo. These inequality 
conditions can be replaced by the following upper and lower limits: 


fo 


lim inf min 

\(x,y,z )\—>-0 


fit, x, y , z) 
\{x,y,z)\ 


f 


r fit, x, y, z) 

inn sup max ——--— , 

\(x,y,z)\^0 \{x,y,Z)\ 


/oo 


lim inf min 

\(x,y,z)\^-oo tEl 


fit, x, y , z) 
\{x,y,z)\ 


r 


Set 


A = 


^7T 2 

1 +v/2(1 + t r)’ 


By the definition (4.1), we can verify that 


fit, x, y, z) 
Inn sup max —--— 

\{x,y,z)\^oo \ix,y,Z)\ 


B = 


12v/3vr 4 

7T 2 + 6 


(4.1) 


(4.2) 


f° < A =*► (FI) holds; 
foe > B => (F2) holds; 

fo > B => (F4) holds; 
f°° < A => (F5) holds. 


We only show the third assertion, and the other assertions can be showed with a similar 
way. Since fo > B, we may choose positive constant a > 0 such that fo > B + a. By 
definition fo, there exists 5 > 0 such that 

fit, x, y, x,) > B + ^ tel, 0 < \{x,y,z)\ < S. 


This implies that 


fit, x, y, z) > 


B + G 

^T 


(1*1 + \y\ + kl)> 


tel, 0 < \ix,y,z)\ < 5. 


Choose a = b = Then + cr) > 1. The above inequality means 

that (F4) holds for these a, b and 8. 


Hence, by Theorem 1.1 and Theorem 1.2, we obtain that 


Theorem 4.1 Let f : I x M + x M + xK-> M + be continuous. If f satisfies Assumption 
(F3) and the following condition 

(Cl) f° <A, /oo > B, 

then BVP(l.l) has at least one positive solution. 
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Theorem 4.2 Let / : I x M + x M + x K —> M + be continuous and satisfy the following 
condition 

(C2) f 0 >B, f°°< A. 

Then BVP(l.l) has at least one positive solution. 

Example 4.1 Consider the superlinear third-order boundary value problem 

f = u\t) + (n'(t)) 4 + (u'"(f)) 2 , t € [0, 1], 

< 4.3 

[ u(0) =it'(0) = u'(l) = 0. 

We easily verify that the corresponding nonlinearity 

f(t, x , y, z) = z 4 + y A + z 2 


satisfies the conditions (F3) and (Cl). By Theorem 4.1, the equation (4.3) has at least 
one positive solution. 

Example 4.2 Consider the sublinear third-order boundary value problem 


= \J\u{t)\ 2 + |u'(f)| 2 + \u ,r (t)\ 2 , t G [0, 1], 

u(0) = u’{ 0) = u'{ 1) = 0. 


(4.4) 


It is easy to see that the corresponding nonlinearity 

f(t, x, y, z) = \/|x| 2 + \y\ 2 + |z| 2 


satisfies the condition (C2). By Theorem 4.2, the equation (4.4) has at least one positive 
solution. 
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Abstract 

The purpose of this paper is to characterize the conditions for the convergence 
of the iterative scheme in the sense of Alghamdi et al. [The implicit midpoint rule 
for nonexpansive mappings, Fixed Point Theory Appl ., 2014 (2014), Article ID 96, 9 
pages] associated with (^-hemicontractive mappings in a nonempty convex subset of 
an arbitrary Banach space. 
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1 Introduction and Preliminaries 

Let K be a nonempty subset of an arbitrary Banach space X and X* be its dual space. 
The symbols D(T ) and F(T ) stand for the domain and the set of fixed points of T (for a 
single-valued map T : X —> X, x e X is called a fixed point of T iff Tx = x). We denote 
by J the normalized duality mapping from E to 2 E * defined by 

J(x) = {f*eE*:(x,r) = \\x\\ 2 = \\r\\ 2 }. 

* Corresponding author 
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Let T : D(T ) C X —> X be an operator. 

Definition 1.1. T is called Lipshitzian if there exists L > 1 such that 

\\Tx-Ty\\ <-L ||® - j/||, 

for all x,y £ K. If L = 1, then T is called non-expansive and if 0 ^ L < 1, T is called 
contraction. 

Definition 1.2. ( [2,4,6]) (1) T is said to be strongly pseudocontractive if there exists a 
t > 1 such that for each x, y € D(T), there exists j(x — y) £ J(x — y) satisfying 

R e(Tx-Ty,j(x-y)) < j \\x - y\\ 2 . 

(2) T is said to be strictly hemicontractive if F(T) / 0 and if there exists a t > 1 such 
that for each x £ D(T) and q £ F(T), there exists j(x — y) £ J(.x — y) satisfying 

R e{Tx-q,j(x-q)) < j \\x - g|j 2 . 

(3) T is said to be 4>-strongly pseudocontractive if there exists a strictly increasing 
function <f> : [0, oo) —> [0, oo) with ^(0) = 0 such that for each x, y £ D(T ), there exists 
j(x — y) £ J[x — y ) satisfying 

Re (Tx - Ty,j(x - y)) < \\x - y\\ 2 - 0(||® - y||) ||® - y\\ . 

(4) T is said to be 0 -hemicontractive if F(T) ^ 0 and if there exists a strictly increasing 
function 0 : [0, oo) —> [0, oo) with 0(0) = 0 such that for each x £ D(T) and q £ F(T), 
there exists j(x — y) £ J(x — y) satisfying 

Re {Tx - q,j{x~q)) < ||x - q\\ 2 - 0(||® - q\\) ||x - q\\ . 

Clearly, each strictly hemicontractive operator is 0-hemicontractive. 

For a nonempty convex subset K of a norrned space X, T : K —> K is an operator 

(a) the Mann iteration scheme [9] is defined by the following sequence {.x n } : 

f xi £ K, 

Xn ■ I — (1 bn) X)i b n Tx n , n L 1, 

where {b n } is a sequence in [0,1]. 

(b) the sequence { x n } defined by 

x'i £ K, 

* Vn — (1 b n ) X'i, + b v Tx n , 

Xn+i — (1 b n ) x n b n Ty n , n x 1, 

where {b n } and {b' n } are sequences in [0,1] is known as the Ishikawa iteration scheme [4]. 
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Chidume [2] established that the Mann iteration sequence converges strongly to the 
unique fixed point of T in case T is a Lipschitz strongly pseudo-contractive mapping 
from a bounded closed convex subset of L p (or l p ) into itself. Afterwards, several authors 
generalized this result of Chidume in various directions [3,5-8,11,12,15,16]. 

For a finite family of nonexpansive mappings {Tj : i £ {1, 2,..., N}} with a real se¬ 
quence {t n } £ (0,1), and go £ X, where X is an arbitrary Banach space, the following 
implicit iteration process is due to Xu and Ori [14]: 

x\ = (1 - h)x 0 + hTiXi, 

X‘2 = (1 - *2)^1 + *2^2X2, 


XN = (1 - t N )x N -1 + tjSfT N XN , 

^AT+l = (1 - t.N+l)xN + tN+lTN+lXN+li 


which can be written in the following compact form: 

x n — (1 t n ) x n — 1 -|- t n T n x n , foi all n ^ 1, (XO) 

where T n = T n ( modNe { 1j2 ,...,jv}) - For the common hxed point of the finite family of nonex¬ 
pansive mappings defined in a Hilbert space, Xu and Ori [14] proved the weak convergence 
of the implicit iteration process. 

Lately Alghamdi et al. [1] introduced the following iteration process in a Hilbert space 
H: 

Algorithm 1.3. Initialize xq £ H arbitrarily and define 

x n+ i = (1 - t n )x n + t n T ; 

where t n £ (0,1) for all n & N U {0} 

For the approximation of hxed points of nonexpansive mappings under the setting of 
Hilbert spaces, they proved the following results: 

Lemma 1.4. Let { x n } be the sequence generated by Algorithm 1.3. Then 
(i) \\x n+l -p || < \\x n -p || for alln> 0 and p £ F(T), 

(h) Y^LltnWXn - X n+ i|| 2 < OO, 

(iii) ££=1 U 1 - t n )\\ Xn - T(^±L) ||2 < oo. 

Lemma 1.5. Let {x n } be the sequence generated by Algorithm 1.3. Suppose that t 2 +1 < 
at n for all n > 0 and a > 0. Then 


lim \\x n+ i - x n \\ = 0. 

n—> 00 
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Lemma 1.6. Assume that 

(i) t'n+\ < at n for all n > 0 and a > 0, 

(ii) liminf^oc t n > 0. 

Then the sequence {x n } generated by Algorithm 1.3 satisfies the property 

lim ||.x n — Tx n || = 0. 

n —>00 

Theorem 1.7. Let H be a Hilbert space and T : H —> H be a nonexpansive mapping with 
F(T) / 0. Assume that {.x n } is generated by Algorithm 1.3, where the sequence {f n } of 
parameters satisfies the conditions (i) and (ii) of Lemma 1.6. 

Then {x n } converges weakly to a fixed point of T. 

The purpose of this paper is to characterize conditions for the convergence of the 
iterative scheme in the sense of Alghamdi et al. [1] associated with (/>-hemicontractive 
mappings in a nonempty convex subset of an arbitrary Banach space. Our results improve 
and generalize most results in recent literature [1-3,6-8,15,16]. 


2 Main results 

The following result is now well known. 

Lemma 2.1. [13] For all x, y £ X and j(x + y) £ J(x + y), 

\\x + y\\ 2 < \\x\\ 2 + 2 Re{y,j(x + y)). 

Now we prove our main results. 

Theorem 2.2. Let K be a nonempty closed and convex subset of an arbitrary Banach 
space X and T : K —> K be continuous fi-hemicontractive mappings. For any x\ £ K , 
define the sequence {x„}“ =1 inductively as follows: 

x n = (1 - t n )x n - 1 + t n T ^ Xra ~ 1 2 +a;n ^ , n > 1, (2.1) 

where {t n }™ =l is a sequence in [0,1] satisfying the following conditions 

(i) lim^oc t n = 0 and 

(ii) T,n=l tn = 00. 

Then the following conditions are equivalent: 

(a) {x n }“ =1 converges strongly to the fixed point q of T. 

( b ) |j i ( rr "- 2 +x " )}^i is bounded. 

Proof. First we prove that (a) implies ( b ). 

Since T is (/>-hemicontractive, it follows that F(T) is a singleton. Let F(T) = {(/} for 
some q £ K. 

Suppose that lim, woo x n = q. Then the continuity of T yield that 

lim T ( X ^ +X A = 

7i—»oo y 2 J 
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Therefore {T ( Xn ~ 1 2 ^ Xn )}^ =1 is bounded. 

Second we need to show that (6) implies (a). 
Put 


Mi 


IN - g|| T sup 

n> 1 


%n— 1 T T'/; 



Obviously M\ < oo. It is clear that ||xo — g|| < M\. Let ||x n _i — g|| < M\. Next we will 
prove that \\x n — g|| < Al\. 

Consider 


\x r 


ffll = 


(1 - t n )x n -1 + t„T 


(1 - t n )(x n -1 - g) + f n (T 


2-71—1 + X,' 


< (1 -f n ) ||x n _i - g|| +t r 

< {t n + {l-t n ))M l 
= Ah- 


%n —1 




-?) 

- q 


So, from the above discussion, we can conclude that the sequence {x n —p } n >o is bounded. 
Thus there is a constant Ah > 0 satisfying 


Ah = sup \\x n 

n>\ 


<?ll t sup 
n> 1 


%n —1 “ 1 “ %r 



( 2 . 2 ) 


Denote A'l = M\ + Ah- Obviously M < oo. 

Let w n = ||Tx n — T( a "~^ +X " ) || for each n > 1. The continuity of T ensures that 

lim w n = 0, (2-3) 


because 


%n. 


X n —1 + 


— 2 | 


_ 1 

- j*" 
< Mt n 
-*■ 0 


x n _i - T 


3?n—1 + X,. 


as n 


oo. 
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By virtue of Lemma 3 and (2.1), we infer that 


\x n - q \\ 2 = 


(1 - t n )x n -1 + t n T 


%n— 1 H" %r 


(1 - tn)(x n -1 - q) + t n (T ( 1 n +Xn ) - q) 


< (1 - t n ) 2 ||x n _i - q || 2 + 2t n Re ( T 


%n —1 %r> 


- q,j{x n - q) 


< (1 - t n ) 2 \\x n -i - q || 2 + 2t n Re ( Tx n - T 
+ 2t n Re (Tx n - q, j(x n - q)) 


X n -1 %r, 


< (1 - tn) 2 \\x n -\ - q || 2 + 2 t r 


Tx v — T 


Xn—l + 


,j(x n - q) 


\xn - q || 


+ 2 t n \\x n - q || 2 - 2t n (f>(\\x n - g||) \\x n - q\\ 

< (1 - t n ) 2 ||x n -i - <?|| 2 + 2 Mt n w n + 2 t n \\x n - q\[ 
- 2t n (j){\\x n - g||) \\x n - q\\ . 


Also 


\\x n - q || 2 = 


, \ , I rr\ I x n— 1 + %n 

(1 t n )X n —i + t n T ( ~ ] Q 


(1 - tn)(x n -1 - q) + ( 1 0 +,Tn ) - q) 


< (1 - t n ) \\x n -i -p || +t„ 


Xn—l “t" X r , 


P 


< (1 -t n ) \\x n -i -p\\ 2 + t n T ln ) -p 

< (1 - t n ) \\x n -i - p\\ 2 + M 2 t n , 

where the second inequality holds by the convexity of ||-|| 2 . 

By substituting (2.5) in (2.4), we get 

\\x n - <?|| 2 < ((1 - t n ) 2 + 2 t n (1 - t n )) \\x n -l ~ p\\ 2 + 2 Mt n (w n + Mt n ) 

- 2t n (j)(\\xn ~ g||) \\x n - q || 

= (1 - t 2 n ) \\x n -l - p \\ 2 + 2 Mt n {w n + Mt n ) 

- 2t n cj)(\\x n - g||) \\x n - g|| 

< \\x n -i - p\\ 2 + 2 Mt n (w n + Mt n ) 

- 2t n cj)(\\x n - g||) \\x n - q\\ 

— ||‘Tn—l q|| 4“ t n l n 2t n cj)(\\x n q ||) \\x n (/|| j 


where 


l n = 2 M (w n + Mt n ) 0 


(2.4) 


(2.5) 


( 2 . 6 ) 


(2.7) 


as n —> oo. 
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Let 5 = inf{||x n — q\\ : n > 0}. 

We claim that 5 = 0. Otherwise 5 > 0. Thus (2.7) implies that there exists a positive 
integer Ni > Nq such that l n < 4>(5)5 for each n > N). In view of (2.6), we conclude that 

\x n - q\\ 2 < ||x n _i - q\\ 2 - <t>(S)St n , n > Ni, 

which implies that 

OO 

H s ) s ^2 tn - H Xjv i ~ q \\ 2 > ( 2 - 8 ) 

n=N\ 

which contradicts (ii). Therefore 5 = 0. Thus there exists a subsequence {x Hi }ff =l of 
{ x n}^L \such that 

lirri x n% = q. (2.9) 

2—>00 

Let e > 0 be a fixed number. By virtue of (2.7)and (2.9), we can select a positive integer 
ii) > N\ such that 

|| x niQ - g|| < e, l n < <t>(e)e, n > n io . (2.10) 

Let p = n lQ . By induction, we show that 

II x p+ m ~ gll < e, m> 1. (2.11) 

Observe that (2.6) means that (2.11) is true for m = 1. Suppose that (2.11) is true for 
some m > 1. If \\x p+m — g|| > e, by (2.6) and (2.10) we know that 

e T ||aip+m - q\\ 

— ||*Tp+jn— 1 — q\\ T 2tp+m < /*( ||*Tp+j7i <71|) | Xpj^ni <711 

< e 2 + t p+m (j)(e)e - 2i p+m 0(e)e 
= e 2 - t p+m (j){e)e 

< e 2 , 

which is impossible. Hence \\x p+m — q\\ < e. That is, (2.11) holds for all m > 1. Thus 
(2.11) ensures that lim, woo x n = q. This completes the proof. □ 

Taking x n _i ~ x n in Theorem 2.2, we get 

Theorem 2.3. Let K be a nonempty closed and convex subset of an arbitrary Banach 
space X , T : K —> K be continuous 4>-hemicontractive mapping. For any x\ e K, define 
the sequence {x n }“ =1 inductively as follows: 

Xn — (1 ^ii)Xn —1 T t n TXni H 1, 

where {t n }ff =1 is a sequence in [0,1] satisfying the conditions (i) and (ii) of Theorem 2.2. 
Then the following conditions are equivalent: 

(a) {x n }™ =l converges strongly to the fixed point q of T. 

( b ) {Tx n }ff = i is bounded. 
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Remark 2.4. 1. All the results can also be proved for the same iterative scheme with 
error terms. 

2. The known results for strongly pseudocontractive mappings are weakened by the 
(/>-hemicontractive mappings. 

3. Our results hold in arbitrary Banach spaces, where as other known results are 
restricted for L p (or l p ) spaces and (/-uniformly smooth Banach spaces. 

4. Theorem 2.2 is more general in comparison to the results of Alghamdi et al. [1] and 
Sahu et al. [10] in the context of the class of 0-hemicontractive mappings. 

3 Applications 

Theorem 3.1. Let X be an arbitrary real Banach space and let.T : X —> X be continuous 
4>-strongly accretive operators. For any x\ G X, define the sequence {x n }“ =1 inductively 
as follows: 

x n — (1 tn)x n —i T t n (f T (L T)x n ), n P 1, 

where {t n }^ =1 be the sequence in [0,1] satisfying the conditions (i) and (ii) of Theorem 
2 . 2 . 

Then the following conditions are equivalent: 

(a) {r„}“ =1 converges strongly to the solution of the system f = Tx. 

( b ) {(/ — T)x n }^f =1 is bounded. 

Proof. Suppose that x* is the solution of the system / = Tx. Define G : X —► X by 

Gx = f + (I — S)x. Then x* is the fixed point of G. Thus Theorem 3.1 follows from 

Theorem 2.2. □ 

Example 3.2. Let X = M be the reals with the usual norm and K = [0,1]. Define 
T \ K —> K by 

Tx = x — tan x for all x G K. 

By mean value theorem, we have 

\Tx — Ty\< sup \T'c\\x-y\ for all x, y G K. 
ce(o,i) 

Noticing that T'c = c — sec 2 c and 1 < sup ce ( 0 ,i) \^' c \ = 2.4255. Hence 

| Tx — Ty\ < L\x — y\ for all x , y G K, 

where L = 2.4255. It is easy to verify that T is (/>-hemicontractive mapping with f : 

[0, oo) —► [0, oo) defined by <f)(t) = tan t for all t G [0, oo). Moreover, 0 is the fixed point of 

T. 

Acknowledgement 

This work was supported by the Dong-A University research fund, Korea. 

8 


704 


Shin Min Kang ET AL 697-706 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


References 

[1] M. A. Alghamdi, M. A. Alghamdi, N. Shahzad. and H.-K. Xu, The implicit midpoint 
rule for nonexpansive mappings, Fixed Point Theory Appl., 2014 (2014), Article ID 
96, 9 pages. 

[2] C. E. Chidume, Iterative approximation of fixed point of Lipschitz strictly pseudo- 
contractive mappings, Proc. Amer. Math. Soc., 99 (1987), 283-288. 

[3] L. B. Ciric and J. S. Ume, Ishikawa iterative process for strongly pseudocontractive 
operators in Banach spaces, Math. Commun., 8 (2003), 43-48. 

[4] S. Ishikawa, Fixed point by a new iteration method, Proc. Amer. Math. Soc., 44 
(1974), 147-150. 

[5] L. S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly 
accretive mappings in Banach spaces, J. Math. Anal. Appl., 194 (1995), 114-125. 

[6] L. W. Liu, Approximation of fixed points of a strictly pseudocontractive mapping, 
Proc. Amer. Math. Soc., 125 (1997), 1363-1366. 

[7] Z. Liu, J. K. Kim and S. M. Kang, Necessary and sufficient conditions for convergence 
of Ishikawa iterative schemes with errors to (/>-hemicontractive mappings, Commun. 
Korean Math. Soc., 18 (2003), 251-261. 

[8] Z. Liu, Y. Xu and S. M. Kang, Almost stable iteration schemes for local strongly pseu¬ 
docontractive and local strongly accretive operatorsin real uniformly smooth Banach 
spaces, Acta Math. Univ. Comenian., 77 (2008), 285-298. 

[9] W. R. Mann, Mean value methods in iteraiton, Proc. Amer. Math. Soc., 4 (1953), 
506-510. 

[10] D. R. Sahu, K. K. Singh and V. K. Singh, Some Newton-like methods with sharper 
error estimates for solving operator equations in Banach spaces, Fixed Point Theory 
Appl, 2012 (2012), Article ID 78, 20 pages. 

[11] K. K. Tan and H. K. Xu, Iterative solutions to nonlinear equations of strongly accre¬ 
tive operators in Banach spaces, J. Math. Anal. Appl., 178 (1993), 9-21. 

[12] Y. Xu, Ishikawa and Mann iterative processes with errors for nonlinear strongly ac¬ 
cretive operator equations, J. Math. Anal. Appl., 224 (1998), 91-101. 

[13] H. K. Xu, Inequality in Banach spaces with applications, Nonlinear Anal., 16 (1991) 
1127-1138. 

[14] H. K. Xu and R. Ori, An implicit iterative process for nonexpansive mappings, Numer. 
Funct. Anal. Optirn. 22 (2001), 767-773. 

[15] Z. Xue, Iterative approximation of fixed point for 0-hemicontractive mapping without 
Lipschitz assumption, Int. J. Math. Math. Sci., 17 (2005), 2711-2718. 

9 


705 


Shin Min Kang ET AL 697-706 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


[16] H. Y. Zhou and Y. J. Cho, Ishikawa and Mann iterative processes with 
nonlinear 0-strongly quasi-accretive mappings in norrned linear spaces, 
Math. Soc., 36 (1999), 1061-1073. 


10 


errors for 
J. Korean 


706 


Shin Min Kang ET AL 697-706 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Lyapunov-type inequalities for fractional differential 
equations under multi-point boundary conditions 
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Abstract. In this work, we establish new Lyapunov-type inequalities for fractional dif¬ 
ferential equations with multi-point boundary conditions. Our conclusions cover many 
results in the literature. 

Keywords: Lyapunov inequality, fractional differential equation, multi-point boundary 
value problem. Green's function. 

2010 Mathematics Subject Classification: 34A40, 26A33, 34B05. 

1 Introduction 

The well-known result of Lyapunov [9] states that if u{t) is a nontrivial solution of the differ¬ 
ential system 

u"(t) +r(t)u(t) = 0, t E (a,b), 

u(a) = 0 = u(b), V ' 

where r(t) is a continuous function defined in a, b\, then 

and the constant 4 cannot be replaced by a larger number. 

Lyapunov inequality (1.2) is a useful tool in various branches of mathematics including 
disconjugacy, oscillation theory, and eigenvalue problems. Many improvements and general¬ 
izations of the inequality (1.2) have appeared in the literature. A thorough literature review 
of continuous and discrete Lyapunov-type inequalities and their applications can be found in 
the survey articles by Cheng [3], Brown and Hinton [1] and Tiryaki [12]. 

The study of Lyapunov-type inequalities for the differential equation depends on a frac¬ 
tional differential operator was initiated by Rui A. C. Ferreira [4], He first obtained a Lyapunov- 
type inequality when the differential equation depends on the Riemann-Liouville fractional 
derivative, the main result is as follows. 

Theorem 1.1. If the following fractional boundary value problem 

(D*+w)(f) + q(t)u(t) =0, a < t < b, 1 < oc < 2, (1.3) 

u(a ) = 0 = u(b), (1.4) 

has a nontrivial solution, where q is a real and continuous function, then 

J |< 7 (s)| ds>T(cc) . (1.5) 

B Corresponding author. Email: wang_youyu@163.com 
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Recently, some Lyapunov-type inequalities were obtained for different fractional boundary 
value problems. In this direction, we refer to Ferreira [5], Jleli and Samet [6, 7], O'Regan and 
Samet [10], Rong and Bai [11] and Cabrera, Sadarangani, and Samet [2], 

For example, Cabrera, Sadarangani, and Samet [2] obtain some Lyapunov-type inequali¬ 
ties for a higher-order nonlocal fractional boundary value problem, they give the following 
Lyapunov inequalities. 

Theorem 1.2. If the fractional boundary value problem 


(D“+w)(f) + q(t)u(t ) = 0, a < t < b, 2 < a < 3, (1.6) 

u(a) = u'(a) = 0, u'(b) = (1.7) 


has a nontrivial solution, where q is a real and continuous function, a < £ < b, 0 < /!(£ — a) a 1 < 
(a — 1 )(b — a) a ~ 2 , then 

j\t - s y-Hs - „Ms)\ds > (i + {x _ 1)(> m _ a) ._, ) r(<t). as) 

Theorem 1.3. If the fractional boundary value problem 

(D“+w)(f) +q(t)u(t ) = 0, a < t <b, 2 < cc <3, (1.9) 

u(a) = u'(a ) = 0, u'(b) = j8m(£), (1.10) 

has a nontrivial solution, where q is a real and continuous function, a < £ < b,0 < /3(£ — fl) a_1 < 
(a — 1 )(b — a) a ~ 2 , then 



r(a)(a — l ) a_1 

{b-a) a ~ 1 {oi-2) cc ~ 2 



flb-a )^ 1 _ 

1 )(b — a) K ~ 2 — jS(f — rt) a_1 


-l 


( 1 . 11 ) 


Motivated by [2], in this paper, we study the problem of finding some Lyapunov-type 
inequalities for the fractional differential equations with multi-point boundary conditions. 


(D“+w)(f) + q(t)u(t) =0, a < t <b, 2 < a. <3, (1.12) 

m —2 

«(fl) = «'(«) = 0, ( D[t l u){b ) = £ bi(D^u)(&), (1.13) 

i=1 

where Of denotes the standard Riemann-Liouville fractional derivative of order a., a >f + 
2,0 < |8 < 1, a < ft < & < • • • < fm —2 < b, bi > 0(i = 1,2,- • • ,m - 2),0 < E - 
«)“-£-! < (« — — l)(fr — a) a ~P~ 2 and q : [a, b] —» R is a continuous function. 


2 Preliminaries 

In this section, we recall the concepts of the Riemann-Liouville fractional integral, the Riemann- 
Liouville fractional derivative of order « > 0. 

Definition 2.1. [8] Let a > 0 and / be a real function defined on a, b . The Riemann-Liouville 
fractional integral of order a is defined by (I®+f) = f and 

(4V)0) = ffff l 0 - s) a-1 /(s)ds, a > 0, t e [, a,b ]. 
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Definition 2.2. [ 8 ] The Riemann-Liouville fractional derivative of order a > 0 is defined by 

( D °+/) = / and 

«+/>« = ( D ”'c~”/)( f ) = r ^ii)" 

for a > 0 , where m is the smallest integer greater or equal to cx. 

Lemma 2.3. [8] Assume that u E C(a,b) n L(a,b) with a fractional derivative of order a > 0 that 
belongs to C(a,b ) PI L(a,b). Then 

f*+(D*+w)(f) = u(f) + Ci(f — a) a 1 + Ci(t — a) K 2 + • • • + c n (t — a) a ”, 
where Cj E 1R, i = 1,2, • • • , n, and n = [a] + 1. 

Lemma 2.4. For 2 < a. < 3,0 < f> < 1, we have 

(D 


3 Main Results 

We begin by writing problems (1.12)-(1.13) in its equivalent integral form. 

Lemma 3.1. We have that u E C[a, b] is a solution to the boundary value problem (1.12)-(1.13) if and 
only if u satisfies the integral equation 


rD ru / 'n — z. \ 

u(t) = / G(t,s)q(s)u(s)ds + T(t) / ^ bjH(£,s)q(s)u(s) \ ds, (3.1) 

J a J a \ I 

where G(t,s), H(t,s ) and T(t) defined by 


G(t,s) — 

H(t,s) = 
T(t) = 


1 J "ynWT" - (> - s)*- 1 , a<s<t<b, 
r M 1 , a < t < s < b. 

(t-ap-P-'ib-sp-P- 2 (t , 1 


( b—aY P 

T(a) 1 (t-ar-P-Hb-sy-P- 2 
y 1 1 ( b-ay-e ’- 2 


— (f — s)“ “ , a <s <t <b, 
a < t < s < b, 


( t~a ) 


ft — 1 


(a-/3-l)(fc-a)* 0 2 -LT=\ h i(^i- a Y p V 


t > a. 


Proof. From Lemma 2.3, u E C[a,b\ is a solution to the boundary value problem (1.12)-(1.13) 
if and only if 


u(t) = ci(f - a) a T c 2 (f af K 1 + c 3 (f - a) a 3 - (I%+qu)(t), 

for some real constants Ci,C 2 , C 3 . Using the boundary condition it (a) = u'{a) = 0, we obtain 
C 2 = C 3 = 0. Thus 


u(t) = ci(f - a)* - (I%+qu)(t). 
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Applying Lemma 2.4, we obtain 


( D fV«)(>) = ci r(a-p) (* — ")* * 1 - (LVXA 
(Df + +, «)(t) = (' - “>"^ 2 - (CAV)W, 


the boundary condition (D^ 1 «)(b) = E^ 2 bi(D B+ u)(^i) imply that 


^w -2 u.rnP 


c 1 — a y-P~ 2 _ 1 ^ 

j r ( a - jS - l ) 


( b ~ s ) X 13 2 q{s)u(s)ds 


m —2 

= E & «- 
! = 1 


_ (f.-ay-p- 1 - 1 


r(«-j 6 ) 


(^•-s) a ? 1 q(s)u(s)ds 


thus 

ci = 


a -6- 1 


[(« - ys - 1 )(& - a )**-/ 3 - 2 - E£i 2 &/(& - fl)^- 1 ]r(A) 

1 


j\ b - sr-^swws 


m—2 


[(« - j 6 - 1 )(& - «) a ^“ 2 - E ”^ 2 &,-(& - fl )*-^- 1 ] r («) £ 

By the relation 

1 1 


X] &i / (& -s) a ^ 1 q(s)u(s)ds. 


(a — yS — l)(fe — fl)"-/ 3 ” 2 - &«(& - a)*-?- 1 (a — y8 — 1 )(& - fl)^/ 3 ' 2 

_ Eri 2 ^-^- 1 _ 

(a — /3 — l)(fc — fl) a_ ^^ 2 [(a — /I — l)(fc — a) K -P~ 2 — E/ll 2 


+ 


we obtain 


Cl 


1 f b (b — s) 


a-6-2 


r q(s)u(s)ds 


T(a) Ja {b — a) a ~P~ 2 

>i-2 h , y (£i-ay-i i - 1 (b-sy -v- 2 

t—ii 

+ 


Es 2 r 1 C, ~VV-^ t?(s)M(s)rfs 

[(a - y8 - 1 ) (b - a y-b- 2 - Er=“i 2 HZi - a)*-?- 1 ] r(«) 

_ ES 2 h jf(jy ~ s) a ~P~ 1 q(s)u(s)ds _ 

[(« - ys - 1 )(& - «) a ^“ 2 - E£i 2 &i(& - fl)*-* 5 - 1 ]^)' 


therefore 


w(f) =Ci(f — «)“ 1 — ^ , f (t — s) a 1 q(s)u(s)ds 

A (ft) Ja 


— fb lh — ^) VL ~P~ A 1 f t 

wr l (t- fl) -^ < ' (s) " (s) ‘ is ~w)L (t ~ s) " aoo«oo* 

0 - a)*- 1 E-il 2 bi f h a { ^~ ar (b ^ b yf P 2 q(s)u(s)ds 

[(« - p - 1 )(& - «) a ~^ 2 - ES 2 M 6 - 

_ Q - fl)^ 1 Elli 2 //'’(& ~ s) cc ~P~ 1 q(s)u(s)ds 

[(« - j8 -1 )(& - «) a “^ 2 - EJll 2 M& - a)“-^ 1 ]r(«) 

/*& /*^ / n j—? ' \ 

= / G(t,s)q(s)u(s)ds+ T(t) / ^ i> ! H(^,s)q , (s)w(s) ds, 

Ja \ -_2 / 

which concludes the proof. 


a-6-2 


+ 


□ 
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Lemma 3.2. The function G defined in Lemma 3.1 satisfy the following properties: 

(i) G(t,s) > 0, for all ( t,s) G [a,b] x [a,b]; 

(ii) G(t,s ) is non-decreasing with respect to the first variable; 

(iii) 0 < G{a,s ) < G(f,s ) < G(b,s ) = ^(b - s) a ~P- 2 [{b - a)P +1 - (b - s)P +1 ], (t,s) G 
[a,b] x [a,b\. 

(iv) For any s G [a, b\, 

maxG = 

se[a,b] ol — 1 \ a — 1 / r(a) 


Proof. Let us define two functions 


{t-a)“ 1 (b — s) a P 2 


gi(Ls) = - {b _ a y-,i-2 - ( f “ s ) a ' a <s<t<b, 

(t — a) a ~ 1 (b — s) lx ~P ~ 2 

g2(t,s) = - (b _ a y_fi _ 2 -, a<t<s<b. 


a < t < s < b. 


(i) It is clear that for a < t < s < b, G(t,s) = YjTjg 2 (,t,s) > 0. On the other hand, for 
a < s < t < b, by the relation f > 0, a > 2, we obtain 


r(a)G(f,s) = gi(t,s) 

(t — a) a ~ 1 (b — s) a ~P~ 2 
(b —a) K ~P~ 2 


-( t-sy 


= {t — a) 


«-i ( b~s 
\b — a 


= (t- a y 


b — a\ b +1 (b- 


> {t — a) 


a -1 ( b~s 

\b — a 


Then (i) is proved. 

(ii) For a < t < s < b, we have 


rod 8G ( f ' s ) - 9 £ 2 ^' s ) - («-!)(*-«)* 2 {b~s) K P 2 ^ 
1J dt dt (b-ay-p- 2 


For a < s < t < b, by the relation > 0,a — 2 > 0, we have 

(BO' = feb (Fl)" -2 - (BO' > teO 2 - (BO 2 > »- “ we obtain 


dG(t,s ) _ dgi(t,s) 


= («-!) 




= (a — l)(f — a) 


a—2 (b~S 

\b — a 
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Then we proved that G(t,s ) is non-decreasing with respect to the first variable t. 

(iii) The result follows immediately from (ii). 

(iv) Let 

cp(s) = T(a)G(b,s ) = (b — a)^ +1 (b — s) a ~P~ 2 — (b — s) a_1 , s E [ a,b ]. 

We have 

(p'{s) = — (a — /3 — 2)(b — a)P +1 (b — s) a ~P~ 3 + (a — 1 ){b — s) a ~ 2 
= (b- s) a -P- 3 [(a - 1 )(b - s)^ 1 - (a - j8 - 2)(fc - a)^ +1 ]. 

Moreover, 

<p'(s) = 0, s e (a,fc) (b — s*)P +1 = ~ a )^ +1 - 

It is not difficult to observe that f'(s) > 0, if s < s* and f'(s) < 0, if s > s*. Therefore, 


max <p{s) = cp{s*) = • ( * ^ 2 ) (b - a)*" 1 . 

se\a,b] r ' Y ' a-lVa-1/ 


Lemma 3.3. The function H defined in Lemma 3.1 satisfy the following properties: 

(i) H(t,s) > 0, for all (t,s) E [ a,b] x [a,b]; 

(ii) H(t,s) is non-decreasing with respect to the first variable; 

(iii) 0 < H(a,s ) < H(t,s) < H(b,s ) = fjjxj(b — s) a ~^ 2 (s — a), (: t,s ) E [a,b] x [a,b]. 

(iV) 

(a - P> - 2Y~^ 2 ( b-a \ a ~h~ 1 
max H(b,s) = H(b,s *) = ^ 1 

se[a,b] T(ol) \K-f-lJ 

where s * = a + ^j^b. 

Proof. Let us define two functions 

hi(t.s) — - (t - sy-P-', a < s< t <b, 

(i) It is clear that for a < t < s < b, H(t,s) = j^y/z 2 (f,s) > 0. On the other hand, for 
a < s < t <b, by the relation j(5| > ffy, (5 > 0, a > (5 + 2, we obtain 

T(a.)H(t,s) = hi(t,s) 

_ (t - ay-P-'ib - s)«-P- 2 15-1 

( b - a )*-?- 2 [ } 


= (*-«)• 


— (f — s) a ^ x , a < s < t < b, 


a < t < s < b. 


-(t- s y 


b — a\ (b — s 


b — s \b — a 


> (t-a) a ~P- 
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Then (i) is proved. 

(ii) For a < t < s < b, we have 


. dH(t,s) _ dh 2 (t,s ) _ (fl-ft-1 ){t-a) ot P 2 {b — s) a P 2 
dt dt (b — a) a ~P~ 2 


For a < s < t < b, by the relation f > 0, a — f — 2 > 0, we obtain 






Then we proved that H(t,s ) is non-decreasing with respect to the first variable t. 

(iii) The result follows immediately from (ii). 

(iv) Let 

ip(s) = T(ci)H(b,s) = (b — s) a ~P~ 2 (s — a), s e [a, b]. 


We have 


Moreover, 


xp , (s) = —(a — f — 2)(b — s) K P 3 (s — a) + (b — s) a P 2 
= (b — s) a -P~ 3 [(b — s) — (a — (6 — 2)(s — a)]. 

ip\s) = 0, s E {a, b) o s = s* = -—p—p a 4- \—-b 

a. — p — 1 oc — p — 1 


T w 7 v 7 ' a-/S-l a — (6 — 1 

It is not difficult to observe that i//(s) > 0, if s < s* and i//(s) < 0, if s > s*. Therefore, 

max ip(s) = ip{s*) = (a - f - 2)“~P- 2 ' . 

se[a,b] \K — p ~ 1 / 


Now, we are ready to prove our first Lyapunov-type inequality. 

Theorem 3.4. If a nontrivial continuous solution of the fractional boundary value problem 
(D“+w)(f) + q(t)u(t) = 0, a < t < b, 2 < a. <3, 


m—A 

i(a) = u!{a ) = 0, (Df+ 1 M)(b) = £ &.-(dJ + m)(^), 


exists, then 


r b m—2 

/ (b — s) K ~P~ 2 (b — a)P +1 — (b — s )^ +1 + ^ bjT(b)(s — a) \q(s)\ds > r(a). 


where 


T(b) = 


(b — a) K 1 

(a - f - l)(b - a)«-P - 2 - bilji - a)«~P - 1 ' 
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Proof. Let B = C a,b] be the Banach space endowed with norm ||«|| = sup fr (Jh \u(t)\. It 
follows from Lemma 3.1 that a solution u to the boundary value problem satisfies the integral 
equation 

rb rb /m-2 \ 

u(t) = / G(t,s)q(s)u(s)ds+ T(t) / Y biH(^,s)q(s)u(s) ) ds. 

J a J a \ I 

Now, using Lemma 3.2, we obtain 


r b rn -2 r b 

\\u\\ < \\u\\ / G(b,s)\q(s)\ds + ||m|| Y bjT(b) / H(b,s)\q(s)\ds, 
•J Cl j j i/ (? 


which yields 


m —2 


Ml < \\u\\ J ( G(b,s) + Y biT(b)H(b,s)J \q(s)\ds, 


as 


L(a) 


m —2 

G(b,s) + Y biT(b)H(b,s) 

i=i 


m—2 


= (b- a)P +1 (b - s)*-?- 2 -(b- s)"" 1 + Y bjT(b)(b - s)^“ 2 (s - a ) 

i =1 

r m—2 

= (b — s) a ~b- 2 (jj — a )P +1 — (b — s)^ +1 + Y biT(b)(s — a) 


i=i 


therefore, if u is a nontrivial continuous solution to (1.12)-(1.13), we have 


rb 

/ ( 6 -s) 

J a 


a-B-2 


m—2 

(b — a)P +1 — (b — s)P +1 + Y bjT(b)(s — a) 

i =1 


| q(s) |ds > r(«). 


□ 


Now, from Theorem 3.4 and Lemma 3.2 (iv). Lemma 3.3 (iv), we have 

m—2 


L(«) 

<r(«) 


G(b,s)+ Y biT(b)H(b,s ) 


i=l 


m—2 


max G(b,s ) + b,T(b) max H(b,s ) 


^r(^) A (f-»r 1 + E 


«-6-l 


So, if problem (1.12)-(1.13) has a nontrivial continuous solution, then we have the following 
result. 


Corollary 3.5. If a nontrivial continuous solution of the fractional boundary value problem 


(D“+w)(f) + q{t)u{t) =0, a < t < b, 2 < tx <3, 

m—2 

u(a) = u\a ) = 0, (D^ 1 w)(fc) = Y M D f+«)(&)/ 


i= 1 
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exists, then 

/ l<l(s)l*> -33-—- —-■ 

Let j 6 = 0 in Theorem 3.4, we obtain 

Corollary 3.6. If a nontrivial continuous solution of the fractional boundary value problem 

(D*+w)(f) + q(t)u(t) = 0, a < t < b, 2 < tx. < 3, 

in—2 

u(a) = u'(a) = 0, u'(b) = 

i =1 

exists, then 

f (b — s) x ~ 2 (s — a)\q(s)\ds 
J a 

m 

- i+L7 = ~i 2 mb) 

= (x-f-l )(b- ay-P- 1 - T(x) 

(a - |8 - 1)0 - ay-h- 2 - b i(£i ~ + L7J 2 b i( b ~ 

Let j 6 = 0 in Corollary 3.5, we have the following result. 

Corollary 3.7. If a nontrivial continuous solution of the fractional boundary value problem 

(D*+w)(f) + q{t)u(t) = 0, a < t < b, 2 < tx < 3, 

m —2 

u(a) = u'(a ) = 0 , u'O) = 

i= 1 

exists, then 

r b r(a) (a —l)* -1 

L \ q ^ ds - l + E7J 2 biT(b) ’ (fc-fl) a - 1 (a-2)«- 2 

(a — f — l)(b — a) a ~P~ 2 — Y^y 2 b i(£i ~ a)“ - ^ -1 r(a)(a-l)*" 1 

~ (a - j6 - 1)(& - &,-(£,■ - + ES 2 b i{ b ~ a)^ 1 0 - a)*" 1 ^ “ 2) a “ 2 ' 

Remark 3.8. Let b\ = S,b 2 = b$ = ■ ■ ■ = b m -2 = 0, £1 = f in Corollary 3.6, we obtain (1.8), let 
b\ = 5,b2 = b?, = ■ • • = b m -2 = 0, £1 = £ in Corollary 3.7, we obtain (1.11). 
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On a new generalized integral-type operator from 
mixed-norm spaces to Bloch-type spaces 

Fang Zhang 1 Yongmin Liu 2 * 
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Abstract Let <p be an analytic self-map of unit disk B, H (ID) the space 
of analytic functions on D, and g £ H( B). For an analytic function 
f( z ) = Biho 0 ” 2 ™ 011 the generalized integral-type operator cj} g is 
defined by 


( C v}gf) W = J Q f m Mw))g(w)dw, z £ B, 
where /? > 0, fW{z) = £ ^ n z n and fM(z) = f(z). 

n —0 

The boundedness and compactness of Cjf} g from mixed-norm spaces 
H(p,q,p) to Bloch-type spaces are discussed in this paper. 
Keywords. Generalized integral-type operator; Mixed-norm space; 
Bloch-type space 

2010 Mathematics Subject Classification. 47G10, 46E15; 47B38. 


1 Introduction 


Let B = {z : \z\ < 1} be the open unit disk in the complex plane C, and 
H{ B) the set of all analytic functions on B. The Pochhammer’s symbol/shifted 
factorial is defined by 


(a)n 


a(a + 1) • • • (a + n — 1) 


T(a T n) 


n e N, 


and (a)o = 1 for a / 0. Here a is a complex number such that a y —to, to = 
0,1,2,.... The classical/Gaussian hypergeometric series is defined by the power 
series expansion 


F{a,b; c;z) = ^ 

n=0 


(a)n(b)n n 
(C)n(l)n ’ 


hi < i. 


‘Corresponding author. Email: 6019820099@jsnu.edu.cn 
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For two analytic functions f(z) = YlnLo a nZ n , g(z) = \ z \ < ^ 

the Hadamard product (or convolution) of / and g denoted by f * g and is 
defined as follows 

OO 

(/ * flO(z) = ^a n b n z n , \z\ < R 2 . 

n =0 


Furthermore, 


(f*g)(z) 


1 f (z\dw 

7T- f ( w )g (—)—. 

2niJ\ w \= p w 


\z\ < pR < R 2 . 


In particular, if /, g £ H (D), we have 

1 r 2 * 

(/ * g){pz) = ^ J o f(p eZt )g( ze lt ) dt > o < p < i, 

(see, e.g. [1]). 

If f(z ) = XJXo a nZ n € H{ D) and (3 > 0, then the fractional derivative 
of order (3 which introduced by Hardy and Littlewood [4], is defined as follows 


/ [ %) = E 

n =0 


r(n +1 + 0) 
r(n + 1) 


a n z n . 


It is easy to check that 

f m (z) = r(l + (3 ) (f(z) * F(l, 1 + /?; 1; z)). 

For (3 = 0, we defined f^(z) = f(z). It is obvious to find that the fractional 
derivative and the ordinary derivative satisfy 

f [k] (z) = -^ (z k f(z)), k = 0 , 1 , 2 ,.... 

A positive continuous function p on the interval [0,1) is called normal (see, 
e.g. [22]) if there exist positive numbers s, t (0 < s < t) and 6 € [0,1), such that 

Li\T) U\V) 

- -— is decreasing for 6 < r < 1 and lim -— = 0; 

(1 ~r) s & ~ r^i(l-r)* 

/X( r ) fjy(v') 

- -— is increasing for <5 < r < 1 and lim --— = oo. 

(l-r)* t >1 (1 Ty 

From now on we always assume that p is a normal function on [0,1). 

Let 0 < r < 1,/ e -ff(B), we set 

/ i r 2 * \ 1 t q 

M q (f,r) = ( ^ J \f(re l9 )\ q d0\ , 0 < q < oo, 

Moo(f,r)= sup |/(re* e )|. 

0<6»<2tt 
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For 0 < p, q < oo, a function / € 17(B) is said to belong to the mixed-norm 
space H(p, q, p) if 


ll/lliT(p,g,ju) 



MUfp 


p?(r) 

1 — r ) 


\ i/p 

dr | 


< oo. 


The Bloch-type space (or w-Bloch space), denoted by B" = B“(B), consists 
of those functions / G H (B) such that 

BM) = sup u(z) | f'{z )| < oo, 
zGD 


where u>(z) is a continuous nonincreasing function such that 

w(z) = ca( 1 2 1), zeD and lim u(z) = 0. (1.1) 

bH i 

Functions u> that satisfy condition (1.1) are called almost classic weights. 

With the norm ||/||b“ = |/(0)|+B a ,(/), the w-Bloch space becomes a Banach 
space. The little w-Bloch space Bq is the subspace of B" consisting of those 
/eB“ such that 

lim u>{z)\f(z)\ = 0. 

Id-* 1 

For u)(z) = (1 — |2| 2 ) a , a > 0, w-Bloch space becomes the a-Blocli space (see, 
e.g. [6, 19, 23, 29]). 

Let u € -ff (B) and <p be an analytic self-map of B. For (3 > 0, we introduce 
a new generalized integral-type operator c\p} g as follows: 

( C $} g f)(z)=J f [/3] (<p(w))g(w)dw, zeB, f e H( B). 

The operator c\^} g is a generalization of the operator C" , which is defined as 

(c;j) (z) = r f^(cp(w))g(w)dw, f G H( B). 

J o 

The operator C™ g was introduced in [32] and studied in [3, 5, 14, 20, 21, 28]. 
When n = 1, then 

KJ) w = Kf) w = [ f'MOMOdt 

Jo 

which is the generalized composition operator defined by Li and Stevie in [11, 
13], and studied in [9, 10, 12, 13, 24, 25, 26, 27, 30, 31, 33], When n = 0, 
then C$ g = C° g is the Volterra composition operator defined by Li in [7], and 
studied in [8, 12, 15, 16]. In [17], Long and Wu characterized the boundedness 
and compactness of the integral-type operator C” g from mixed-norm spaces 
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to the w-Bloclr spaces. Besides, Borgohain and Naik [2] initiated a generalized 
integral type operator as follows: 

Kj) (z) = f 

J o 

where is the fractional derivative of order j3 (/3 > 0) defined as 


/*(*) = £ 


r(n+ 1) 

„=;r<n + i-»' 


y n-p 


They discussed the boundedness and compactness of the operator from 
Zygmund spaces to Bloch type spaces in [2]. 

In [1], Borgohain and Naik defined an operator D^ u , called a weighted 
fractional differentiation composition operator, by 

( D v,uf) 0) = u(z)f [/3] {<p{z)). 

They discussed the boundedness and compactness of D^ u from mixed-norm 
space H(p, q, (j>) to weighted-type space Hff. 

Motivated by [1, 2, 17, 32], we consider the boundedness and compactness of 
the operator cjp} g from mixed-norm spaces to the w-Bloch spaces in this paper. 
Our results can be viewed as generalizations of the results in [17]. 

Throughout this paper, we will use the symbol C to denote a finite positive 
number, and it may differ from one occurrence to another. 


2 Auxiliary results 

In order to formulate our main results, we need some auxiliary results which are 
incorporated in the following lemmas. 


The fisrt lemma is important. It gave an estimate which involves fractional 
derivative of / G H(p,q,p). 


Lemma 2.1 ([1]) Assume 0 < p < oo, 1 < q < oo, p is normal, and f G 
H(p , q , p). Then for every (3 > 0, there is a positive constant C independent of 
f such that 


fW(z) 


< C- 


II / II H(p,q,fl) 


Mz G ’ 


(i-\z\ 2 r+^p(\ z \y 

The following lemma, can be proved in a standard way (see, e.g. [18]). 


Lemma 2.2 Assume /? > 0, 0 < p < oo, 1 < q < oo, g £ H{ O), p is normal, 
u> is a almost classic weight, and <p is an analytic self-map of D. Then c\^} g : 
Hfp , q, p) —> is compact if and only if \ : H (p, q, p) B w is bounded and 
for any bounded sequence fk in H (p, q, p) which converges to zero uniformly on 
compact subsets of D as k —> oo, we have HC^g/kHn" —> 0 as k —> oo. 
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Lemma 2.3 ([24]) Assume that uj is an almost classic weight. A closed set K 
in Bq is compact if and only if it is bounded and satisfies 

lim sup u>(z)\f'(z)\ = 0. 
z H!/eA: 

3 Main results and proofs 

In this section we consider the boundedness and the compactness of the operator 
cW:H(p,q,p)^M“ (or Bq). 

Theorem 3.1 Assume (3 > 0, 0 < p < oo, 1 < q < oo, g £ H( O), p is 
normal, to is an almost classic weight, and ip is an analytic self-map of ID. Then 
C]p}g : H(p, q , p) —> B^ is bounded if and only if 

u>(z)\g{z)\ 


sup 




< oo. 


(3.1) 


Proof Suppose that (3.1) holds. For any z G B and / € H(p,q,p), by 
Lemma 2.1 we have 


oj ( z ) 


(AV)'m 


= u’OOIsMI f m MW 


< r n f n _ u{z)\g(z)\ _ 


and (Cjp} g f)(0) = 0. This shows that Cjp} g is bounded. 

Conversely, assume that c\p} g : H(p,q,p) B“ is bounded. Fix a € B, we 
take the test functions 

, , ^_(l~\a\ 2 y +1 F(±+/3 + t+l,l;l + /3;az) 

fa{z) — is > (3-2) 

p{\a\) 

where the constant t is from the definition of the function p. By elementary 
calculations similar to those outlined in Theorem 5 of [1], we see that f a £ 
H(p,q,p). In addition, 


lg] F(! + /3)(! — |g| 2 )* +1 

Ja y ’ /x(|a|)(l — az)P +t+1+1 / q ' 


(3.3) 


By the boundedness of C]p} g , for every A G B, we get 
> \\C}p} g f<p(\)\W u 


> suptv(^) 

26 D 


> 


F(1 + <d)^(A)|g(A)|(l — |t/?(A)l 2 )* +1 
Mb(A)|)(l-|<p(A)P)/3+t+i+i/ g 
F(1 + f3)w(\)\g(\)\ 
Mb(A)|)(l-b(A)| 2 )/3+V 9 - 


721 


Fang Zhang ET AL 717-727 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


On a new generalized integral-type operator 


6 


Therefore 

ia(z)\g(z)\ 

S 2 % P(\tp(z)\)(l — \ip(yZ)\ 2 )P +l / q < °°- 

Theorem 3.2 Assume /3 > 0 , 0 < p < oo, 1 < q < oo, g G H{ O), p is 
normal, to is an almost classic weight, and <\p is an analytic self-map o/D. Then 
c!p} g : H(p,q,p) —> Bq is bounded if and only if Cjp} g : H(p,q,p ) —> B w is 
bounded and 


l} m v{z)\g{z)\ = 0. (3.4) 

l-’hi 


Proof Suppose that Cf,, g : H(p, q, p) —► B" is bounded and (3.4) holds. For 
each polynomial p(z), we get 


u(z) 



= w{z)\g(z)\ \p [l3 \<p{z)) 


Let p(z) = X)n=o a nZ n > k € N. From the proof of Theorem 7 in [1], we see that 


p m (z) = T(1 +/3) 



(1 + /3)n 
(l)n 



Then we have p$ 1 (z) is bounded in |z| < 1. From (3.4), we see that C^} g p € 
Bq. Since the set of all polynomials is dense in H(p,q,p), we have that for 
every / g H(p, q , p), there is a sequence of polynomials (pfc)fceN such that ||/ — 
Pk^H{p,q,ix) ' 0 as k — > oo. Hence by the boundedness of the operator Cjp} g : 
H(p, q, p) —>6^, we have 

II cWf - CWpklU* < \\Cf g \\ H(p , q ,^\\f -PkWHirw) -> 0, 

as k —> oo. Since Bq is the closed subset of B w , we see that C\£} g f G Bq , and 
consequently cjJ?} g (H(p,q, p)) C Bq, so C\p} g : H(p,q,p ) —> Bq is bounded. 

For the converse, suppose that c\p} g : H(p,q,p) —> Bq is bounded. It is 
clear that Cjp} g : H(p,q,p) —> B" is bounded. We take the test functions 
f(z ) = Y(i+p) e Oh h) for z € D, it follows that 


/ [ %) 


F(l+/3) (/(*)*F(1, ! + /?;!,*)) 


= r(l+/3) 

= r(i + /3) 

= l. 


(i + p) T 

ra + z?)' ^ (i). 

(1 + P)o 


E 


r(i + /3) (i)c 
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By the assumption, we have 


lim to 
1 * 1-1 



lim u(z)\g(z)\ 
hi—i 




= li m u{z)\g{z)\ 

hi—i 

= 0 . 


Theorem 3.3 Assume (3 > 0, 0 < p < oo, 1 < q < oo, g G H{ O), p is 
normal, to is an almost classic weight, and ip is an analytic self-map of D. Then 
cjp} g : H(p,q,p) B^ is compact if and only if Cjp} g : H(p,q,p) —> is 

bounded and 


hm - - —h = 0. (3.5) 

lv(*)l—i mGaWIX 1 - \p{z)\ 2 )! 3 + 1 /<i 

Proof. Assume that Cjp} g : H(p,q,p) — B“ is bounded and (3.5) holds. 
Let {/„} be a bounded sequence in H(p , q, p) with \\f n \\H{p,q,n) < 1 and /„ — > 0 
uniformly on compact subsets of ID. In light of Lemma 2.2, we only need to 
show that 

\\C [ ® g fn\\B" ->• °, (n —> oo). 

From (3.5), we have that for every £ > 0, there exists a constant S, 0 < S < 1, 
such that S < \<p(z)\ < 1 implies 


v(z)\g(z)\ 


pMzMi-\t(z)\ 2 )0+^ 


< £. 


Since Cip} g : H(p,q,p) B w is bounded, taking f(z) = we see that 

Mi = supw( 2 )|< 7 (z)| < oo. Since 


zGB 


supw(2) 

zGB 


(cW g f n ) {Z) 


< sup w{z n )\g{zn)\ f]P\ip{z n )) + sup w{z n )\g{z n )\ fl 0] (p{z n )) 
{ *>(*).<«} {|<p(*)I><5} 

w(z)\g(z)\ 


< Mi sup 

{|<p(z)|<<5} 

< Mi sup 

{|v>(*)l<«} 


flf\T{ z n))\ C\\f n \\H(p q,/j,) Slip MVl I t M2'\0+l/a 

i v {| V (z)i>«} MIvvOIX 1 - \p(z)\ 2 )h+y<i 

fn ] (<P(z n ))\ +C£. 


From the proof of Theorem 10 in [1], {fn } converges uniformly to 0 on compact 
subsets of B. Then 

IIL&nlk -> 0 as n » oo. 
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Conversely, suppose that Cjp} 9 is compact from H(p, q. p) to B“L From which 


’. Next we only 


we can easily obtain the boundedness of cjp} 9 : H(p,q,p) 
need to show that (3.5) holds. Let {z„} be a sequence in D such that \ip(z n )\ —> 1 
as n —> oo. We now consider the function 


h n {z) = 


(1 - \ip(z n )\ 2 ) t+1 F (p + t+ 1 + 1/q, 1; 1 + /?; p{z n )z} 

K\v( z n)\) 

It is easy to check that h n £ H(p , q, p). Moreover, from (3.3) 

p{\ip(z n )\)(l - (p(z n )z) t + 1+1 /i 


(3.6) 


(3.7) 


It is easy to show that {h n } converges to 0 uniformly on compact subsets of D 
as n —> oo. Therefore, using Lemma 2.2, we have lim = 0. From 

this and since 


II CWhr, 


> supo;(^) 

zeD 


it follows that 


(cWh n )' {z) 

> w{z n )\g{z n )\ h [ P ] (tp(z n )) 

_ T(1 + P)w(z n )\g{z n )\ 

~ p(\'p(z n )\)(l-\'p(z n )\*)W'i’ 

u{z)\g(z)\ 


IvWF-i p(\<p{z)\){l - \g>{z)\ 2 Y+ 1 /i 


= 0 . 


Theorem 3.4 Assume (3 > 0, 0 < p < oo, 1 < q < oo, g £ U(B), to is 
an almost classic weight, and ip is an analytic self-map of B. Then c\^} g : 
H (p, q , p) —> Bq is compact if and only if 


_ 

[z ^ip(\<p(zMl-\<p(z)\*r+i/<i 


= 0. 


(3.8) 


Proof Suppose that (3.8) holds. Then, from Lemma 2.3, C\f} g : H(p, q, p) 
$o is compact if and only if 


lim sup to(z) 
N ^ 1 ll/llfffp, „,„)<! 


(cKl/)'w 


= 0 . 


(3.9) 


For any zeD and f £ H(p, q , p), by Lemma 2.1 we have 

oj{z)\g(z)\ 


>(z) 


(ca/)T) <cii/ii»(,^ ) M | y(8) | ) yi l ;^ l )nw/ , . (3.io) 
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From (3.9) and (3.10), the implication follows. 

Conversely, assume that c]j?} g : H(p,q,p) —► Bq is compact. Then cjfj g : 
H(p,q,p) —► B" is compact, and cjp} g : H(p,q,p) —> Bq is bounded. Hence, 
by Theorems 3.2 and 3.3, we see that (3.4) and (3.5) hold. By (3.5), for every 
e > 0 there exists an r € (0,1) such that 

_ v(z)\g{z)\ _ 

- \v{z)\*)W* ’ 

when r < \<p{z)\ < 1. By (3.4), there exists a S € (0,1) such that 
u{z)\g(z)\<e inf u(f)(l - f 2 )^, 

t6[0,<5] 


when er < \z\ < 1. Therefore, when er < \z\ < 1 and r < \<p(z)\ < 1, we have 
that 


_ u{z)\g(z)\ _ 

p{\p(z)\){l-\p{z)\^h ' 

If cr < \z\ < 1 and \ip(z)\ < r, then we obtain 

_ u{z)\g(z)\ _ w(z)\g{z)\ _ 

pMzMl - \<p{z)\*)P+V* inf[ 0 , 5 ] ~ t 2 ) 0+1/q 


(3.11) 


(3.12) 


Combining (3.11) with (3.12), we obtain (3.9). 
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1 Introduction 

Recently, the theory of special G-structures on smooth manifolds has been an astonishing 
success story among mathematicians and physicist as they exhibit some nice properties. 
For example (^-structure can be geometric models in the theory of super strings with 
torsion [19]. Also Donaldson and Segal [10] suggested recently that manifolds with non¬ 
vanishing torsion (^-structure can be the right framework for guage theory in dimension 7. 
Main computable models for manifolds with G' 2 -structure are homogeneous spaces having 
co-homogeneity one [9, 25, 29]. 

* Corresponding author 
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Historically the first sign of ^(remarkable exceptional simple Lie algebra) appeared 
in 1884, when Killing gave a proof of its existence. In 1907, Reichel [28], a student of 
Engel [11], proved that Lie groups G 2 and G 2 are two real forms of G In 1914, Cartan 
proved that G 2 and G 2 can be regarded as the automorphism group of octonions and split- 
octonions respectively in 1914. Later these groups appeared in the Bereger’s celebrated 
list of potential holonomy of pseudo-Riemannian rnertic (see [2]). Quest for examples of 
metrics having holonomy G 2 and G 2 remained unsuccessful until 1989 when Bryant and 
Salamon [ 6 ] constructed first complete but non-compact Riemannian manifolds having 
holonomy G 2 - The construction of first compact example by Joyce [20] in 1994 was a huge 
breakthrough. 

We recall that a smooth manifold M 7 is said to have a (^-structure if it has a section 
of the bundle J-(M 7 ) /G 2 on A/ 7 , where J-(M 7 ) is the frame bundle on M 7 . It is noted that 
the automorphism group of a 3-form p over R 7 is G 2 which is called a 3-form of G* 2 -type 
[15]. It is known that GL(R 7 )-orbit of p is an open orbit of the GL(R 7 )-action on A 3 (R 7 ). 
A 3-form in that open orbit is known as indefinite 3-form. The presence of a GVstructure 
on a manifold M‘ is equivalent to the presence of an indefinite differential 3-form dp over 
M 7 . A GVstructure Cp on a manifold is called parallel if Wdp = 0 or ddp = d * dp = 0 and 
almost parallel or calibrated if ddp = 0, locally conformal calibrated if dp = 9 A dp with a 
differential 1-form 6 on M and 6 = T(=i=(*c7<^ A dp) [4, 8 , 12, 13]. 

We say that a locally conformal calibrated GVstructure is dg-ex. act with dp = dgu) = 
dco — 6 A u, where 8 is 1-form and a; is a 2-form on M . Manifold carrying these special 
structure have been extensively studies for some nice properties. In [1] Bangaya described 
locally conformal symplectic manifolds. In [14] authors discussed locally conformal cali¬ 
brated G 2 -manifolds. 

Fernandez and Gray [15] classified all G 2 -structures in 16 classes in 1982 by decom¬ 
posing the covariant derivative of the 3-form defining the G 2 -structures in 4 irreducible 
components. A lot has already been said about these different classes. For example, in [18] 
Friedrich et al. discussed special properties of nearly parallel G 2 -structures and proved that 
they carry Einstein metrics. In [16] Fernandez and Ugrate gave a differential sub-copmlex 
of de Rharn complex for locally conformal calibrated G 2 -manifolds and determined its 
ellipticity. A deep insight about these classes were described by Cabrera et al. [ 8 ]. In [7] 
Cabrrera discussed the inclusion relations of these classes and discovered strict inclusion 
in particular two classes. Kath [21] started the study of psudo-Riemannian 7-manifolds 
with a G 2 -structure. Munir and Nizami in [27] gave classification of G 2 -structures based 
on intrinsic torsion with sixteen classes of algebraic types of G 2 -structures and also proved 
some strict inclusion relations among the classes of these structures. Generally speaking, 
manifold with G 2 -structures are relatively less understood as compared to those admitting 
G 2 - To our knowledge there are only a few papers discussing about them, (see for example 
[5, 21, 22, 23, 25, 27]). 

In this paper, we study manifolds endowed with a locally conformal calibrated G 2 - 
structure which constitute the class W 2 © W 4 of [27]. We focus on its subspace where we 
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have exact locally conformal calibrated GVstructure. However it is worth mentioning that 
we study these manifolds for two particular reasons. First, they have striking similarities 
with those admitting a GVstructure and secondly, because of their interesting class in 
pseudo-Riemannian geometry, see [7, 30]. 

2 Locally conformal calibrated ^-structure 

Here we first introduce the basic representations for G 2 -manifolds. Then we give simple 
characterizations of locally conformal calibrated G 2 -manifolds. These results are known 
facts see for example [25, 27]. These fact will help a lot to prove our main results in next 
part. Let A q (M) be the space of differential (/-forms on M and B q (M ) is the subspace of 
A q (M) defined by 

B q {M) = {(5eA q (M) | 0 A (p = 0}. 

A G 2 -manifold is defined as a 7-dinrensional Riemannian manifold M (in which a Rieman¬ 
nian metric gcp = ( 1 , 1 , 1 ,— 1 ,- 1 ,— 1 ,- 1 ) is defined) endowed with a 2 -fold vector cross 
product P satisfying the following axioms 

1. (P(X 1 ,X 2 ),X 1 ) = (P(X 1 ,X 2 ),X 2 ) = 0, 

2 . H-PpG, X 2 )|| 2 = ||X 1 || 2 ||X 2 || 2 - (x 1; x 2 > 2 

for X\ , X 2 £ X(M). The fundamental 3-form on M is then defined as 

<p{Xi,X 2 ,X 3 ) = (P(X U X 2 ),X 3 ) 

for X] , X 2 , X 3 £ X(AI) and inner product for x, y £ A q (M) is defined as 

{x,y)V M = x A*y, (2.1) 

where Vm is the volume form on M. It is proved that A q (M) splits orthogonally into G 2 - 
irreducible components A^ of dimension l [4] . An isometry known as Hodge star operator 
defined as * : A q (M) —> A‘~ q (M) make two irreducible component isomorphic. For 
example the representation of G 2 on A 1 (Af) and A 7 (M) are isomorphic. So it is sufficient 
to describe the representation of G 2 on A 2 (M) and A 3 (Af) as follows 

A 2 (Af) = {*(a A = 1 --if) | a £ A 1 (Af)} 

A 2 4 (M) = {0 £ A 2 (Af) | (3 A *<p = 0} 

< A?(M) = {ftp | / G d(M)} (2.2) 

Af(M) = {*(a A if) | a £ A 1 (A/)} 

A 27 (M) = {7 £ A 3 (Af) \ 'yA<fi = 'yA*ip = 0. 

From above, it is easy to compute 

Af (M) © A| 7 (M) = {7 £ A 3 (M) I 7 A if = 0}. (2.3) 
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Aj(M) © A2 7 (Af) = {A G A 4 (M) | A A p = 0}. (2.4) 

For M 7 , most general (^-structure can be distinguished by a globally defined 3-form p, 
which has local representation 

p = e 123 + e 145 + e 167 + e 246 - e 257 + e 347 + e 356 (2.5) 

with respect to some local co frame e 1 , e 2 ,e 7 see [3]. It induces gp and dV gg> on M given 

by 1 

9<p(X, Y) = -i x p A i Y p A p 

for all vector fields X, Y on M, where gp is a Riemannian metric and dV g <f, is a volume 
form. 

Now we have the following result. 

Proposition 2.1. Let M be a manifold endowed a G 2 -structure p. Then 

(1) For any differential 1-form a on M, *(*(a A p) A p) = 4a 

(2) If there is a differential 1-form rj on M such that dp = r/Ap, then rj = j(*(*dpAp) 
and M is locally conformal calibrated. 

Proof. ( 1 ) Let p be 3-form given as in (2.5), and a = Yll=i e * be a 1 -form on M then from 
simple computation it can be easily verified that 

*(*(a Ap) Ap) = 4a. 

(2) Let g be a differential 1-form on M and dp = g Ap then *dp = *(rj A p). 

By taking wedge product by p, we get 

*dp A p = *(rj Ap) Ap. 


Applying * on both sides 


*(*dp Ap) = Ap) Ap) = 4g. 

From above g = | * (*dp A p), which implies M is locally conformal calibrated. □ 

Definition 2.2. Let M be a G 2 manifold having 3-form p. For each l, 0 < l < 7, we 
denote the space B l (M) = {A G A l (M)\AA p = 0}. Also, the orthogonal compliment of 
B l (M) in A q (M) is denoted by A l (M). 

Lemma 2.3. Let M be a G 2 -manifold. Then we have the following 

B\M) = {0} for 0 < l < 2, 

B 3 {M) = A?(M)©Ai 7 (M), 

R 4 (M) = A^(M)©A| 7 (M), 

B\M) = k\M) for 5 < l < 7. 
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Therefore, 

A l {M) = A l (M) for 0 < l < 2, 

A 3 (M) = Af(M), 

A 4 {M) = Aj{M), 

A q (M) = {0} for 5 < l < 7. 

Proposition 2.4. Let M be a G *2 manifold endowed with fundamental 3-form ip. Then 
M is locally conformal calibrated if and only if for any differential 3-form p G A f(M) © 
A\ 7 {M), the exterior differential dp G A |(M) © A| 7 (M). 

Proof. Let A/ be a locally conformal calibrated G *2 and dip = 9 Aip. Also let p G A f (M) © 
A| 7 (M). From equation (2.4) follows that 

dp A ip = d(p A ip) — p A dp = —p A 9 A p = 0 

using equation (2.4) dp G A|(M) © A 

Conversely, let dip G A|(M) © A 27 (M) because <p G Af(M). Also we have 

p = 6 A ip A *p, (2-6) 

where 9 A ip G Af(M) and p G A| 7 (M). Thus dp A <p = 0, and we deduce that 

p A dip = dp A ip — d(p A <p) = 0 (2-7) 

Taking wedge product by y in equation (2.6), and using equation (2.7), we get 

0 = y A dip 
= yA9Aip + yA*y 
= y A *y, 

which implies that p = 0. Then equation (2.6) becomes 

dip = 9 A ip, 

which, by Proposition 2.1, proves that M is locally conformal calibrated. □ 

3 Exact locally conformal calibrated (^-structure 

In this part we mainly use the concept developed in previous section. In [1] on locally 
conformally symplectic manifolds, authors found some characterizations, so on following 
similar track we find for dg-exact locally conformal calibrated G' 2 -structures <p having 1- 
forrn 9, called Lee form. Then we give some characterization of conformal automorphisms 
for exact locally conformal calibrated G' 2 -structures and derive some new useful properties 
for these manifolds. 

We already know that Y G X(M), smooth vector fields on M is a conformal infinites¬ 
imal automorphism of ip iff there exists a function py which is smooth on M satisfying 
£<p = pyip and vector field Y is said to be conformal automorphism of <p if py = 0. 

First we have the following proof. 
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Proposition 3.1. Let p be a G 2 -structure on M 7 . Let Y £ X(M) be a vector field and to 
(a 2-form) satisfying ui = iyp. Then we have 

M 2 = 3|y| 2 

Proof. The identity implies that p A {iy (p) = 2* (iyp ) ,our case becomes p A u = 2 * tv and 

i 19 

|a>| * 1 = u> A *uj 

1 

= -l o Ap A OJ 

= Y<P ) A {iyp) A p 
= 3\Y\ 2 * 1. 

□ 


Which leads to the desired conclusion. 

Proposition 3.2. Let (M, p) be a locally conformal calibrated G^-structure having Lee 
form 0. 

(1) A vector field Y £ 3L{M) is a conformal infinitesimal automorphism of p if and 
only if there exists a function which is smooth fy £ C°°{M ) satisfying deui = fyp, where 
iv = iyp. 

(2) For M to be connected, fy is constant. 

Proof. (1) Here we have by the following expression 

£y<p = d(iyp) +iy(dp) 

= dco + iy(9 A p) 

= dot + 0{Y)p — 6 A (iyp) 

= dco — 6 A u) + 0{Y)p 
= d e „ + 0(Y)p, 

where u = iyp. Hence, Y is a conformal infinitesimal automorphism of p with £yp = pyp 
iff d()UJ = fyp, where fy = a function which is smooth on M and fy = py + 9(Y). 

(2) If we take M be a connected and Y a conformal infinitesimal automorphism of p. 
As dgiv = fyp for some fy £ We have 

0 = dg(de UJ ) 

= deify p) 

= d{fyp)o A (fyp) 

= dfy A p + fydp - fy{9 A p) 

= dfy A p + fydp - fydp 
= dfy A p. 

As we know that the mapping Ap : A 1 (A/) —> A 4 (M) is a linear injective mapping and 
we obtain dfy = 0 consequently as M is connected so fy is constant. □ 
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Proposition 3.3. IfY be a conformal infinitesimal automorphism of p with fy 0, then 

p is do-exact. 

Proof. 

So p is dg-ex act 


P = -J^dew = 


□ 


Now we give an important result that can evaluate some integrals of a conformal 
infinitesimal automorphism of (p. We have 


Hyp A *fp = — 3 / df A *Y b 


i M 


i M 


for a compact A/ 7 ,/ 6 C°°(M) 1 Y as a conformal infinitesimal automorphism of p with 
£yp = PYP- 


Proposition 3.4. LetY be a conformal infinitesimal automorphism of p with Hyp = pyp 
we have J M fydV gi p = 0 

Proof. For the case of (^-structure we modify the result of [26], that says, for a compact 
manifold (A/ 7 , cf>) where is any general ^-structure with 


/ Zyp A *fp = -3 / df A *Y b 
JM JM 

where / G Y as a conformal infinitesimal automorphism of p with £yp = pyp. 

Take / = 1, we arrive at 

[ pydVgCp = 0 . 


IM 


Using Proposition 3.3, we get 


I 0(Y)dVgt = f fydVg.p = fyVol(M) 

JM JM 

this confirms the constancy of Riemann integeral of 6 {Y) over Af. 


□ 


As the consequences of above results, now we are able to give important characteriza¬ 
tions of exact locally conformal calibrated ^-structures. 

Proposition 3.5. Let ( M‘,p ) be a connected locally conformal calibrated G 2 -manifold 
and 6 be associated Lee form. Let g^ be a dual vector field of 6 denoted by Y satisfying 
O(-) = gp{Y, •) , and a; := iyp, where to is a 2-form. Then we have the following results 

(1) £yp = 0 if and only if 0{Y)p = dguj. 

(2) If Hyp = 0, then 9(Y) = |U| 2 0 (a constant ). 
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Proof. (1) Here it is 

£y<P = d(iy<f) + iydf 
= dco + iy{9 A f>) 

= du> + 0(Y)ip — 9 A oj. 

Hence, £yf vanishes if and ony if 9{Y)(p = —deui. 

(2) From Proposition 3.2, If £yf = 0 then 9{Y) = \Y\ 2 / 0 (a constant). Since 
9(Y)(p = dgijj and Y = 9 t , where the map t : A 1 (M) —> 2)(M) is an isomorphism. □ 
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FOURIER SERIES OF FINITE PRODUCTS OF BERNOULLI 
AND EULER FUNCTIONS 

TAEKYUN KIM 1 ’ 2 , DAE SAN KIM 3 , DMITRY V. DOLGY 4 , AND JIN-WOO PARK 5 ’* 


Abstract. In this paper, we will consider three types of sums of finite prod¬ 
ucts of Bernoulli and Euler functions, and derive the Fourier series expansions 
of them. In addition, we will express each of them in terms of Bernoulli func¬ 
tions. 


1. Introduction 

Let B m {x) be the Bernoulli polynomials given by the generating function 

t °° 4-771 

~ t — i eXt= y2 B rn( z)-T% (see [7,13,23]). 
e l — 1 ' ml 

m—0 

For x = 0, B m = B m ( 0) are called Bernoulli numbers. 

Also, let E m (x) be the Euler polynomials defined by he generating function 

2 °° -f-Tn 

—— e x4 = ^ E m (a;) —, (see [4,19,23]). 
e l + 1 z —' ml 

m—0 

For x = 0, E m = E m { 0) are called Euler numbers. 

It is well known that the Bernoulli and Euler polynomials have the following 
properties 

f-B m (x) = mB m _i(i), f-E m (x) = mE m _i(x), (m > 1), 
ax ax 

B m { 1) = B m + 6i tTn , E m (l) = —E m + 2(5o, m , (to > 0). 

For any real number x, we let 

(x) = x — |_;rj G [0, 1) 
denote the fractional part of x. 

We will need the following facts about Bernoulli functions B m ((x)) : 

(i) for to > 2 , 

°° Jlninx 

Bm(( x )) — —ml Y - --—, 

^ (27 Tin) 171 

n——oo v ' 

n^O 
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(ii) for m = 1, 

~ e 2 *inx I Bidx)), forsgZ, 

2 ^ 27 Tin 1 o, for x € Z. 

n=—oo v 

n^O 

Throughout this paper, we will assume that r, s are nonnegative integers with 
r + s > 1. Here we will consider three types of sums of finite products of Bernoulli 
and Euler functions a m ((&)), P m ((x)), and "f m ((x)) and derive the Fourier series 
expansions of them. In addition, we will express each of them in terms of Bernoulli 
functions. 

( 1 ) 


a m {(x))= E ((x)) ■ - - B ir ((x)) 

i H-Hr+7 lH-hia=m 

X E h ((x)) ■■■E js ((xj), (m> 1); 


( 2 ) 


E 


1 


Pm((x)) = 

i lH-Hr+ild hjs=m 


1 1! ••• V!ji! 


■3s'- 


, B ii((x)) ■ ■ ■ B iA( x )) 


(3) 


Pm{{x)) = 


E 


i 


xE ji((x))--- E j s {(x)), (m>r + s). 


— B ii((x))--- B iA(x}) 


Here the sums for (1) and (2) are over all nonnegative integers ii ,..., i r , ji,... ,j s 
with ii + • ■ • + i r + ji + • • • + j s = m, and the sums for (3) are over all positive 
integers *i,..., i r ,ji, ■ ■ ■ ,js with H-h i r + ji H-h js = m. 

For elementary facts about Fourier analysis, the reader may refer to any book 
(for example, see [1,20,24]). As to a m ({x)), we note that the polynomial identity 
(1.1) follows immediately from Theorems 2.1 and 2.2, which is in turn derived from 
the Fourier series expansion of a m ((x)): 


E Bi1 (*)••• Bi r ( X ) E jl (X)-" E j s (X) 

UH-Mr+jiH-h js =, m 


m 

-—E 

r - 1 — 


m + r + s 

j =o 

where, for each positive integer l, 
f r\ (s 


m + r + s 

j 


^m—j+l B j (*d; 


( 1 . 1 ) 


E 


0<a<r 

0<c<s 

r—l<a<r 


(- 1 )» 2 —<= XI 

iiH- H a +j lH - \-jc=a+l-r 


B il ' ' ' B ia E jl ' ' ' E ja 


E 

*H-Hr+jH- \-j,=m 


Bi 1 • • • B ir Ej 1 ■ ■ ■ Ej s . 


The obvious polynomial identities can be derived also for (3 m ((x)) from Theo¬ 
rems 3.1 and 3.2. It is noteworthy that from the Fourier series expansion of the 
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function k(m-k) B k{{x)) B m-k{{x)) we can derive the Faber-Pandharipande- 

Zagier identity (see [5,6,9-12,21,22]) and the Miki’s identity (see [3,9-12]). The 
reader may refer to the recent papers [8,14-16,18] for the related results. 

2. Sums of finite products of Bernoulli and Euler functions of the 

FIRST TYPE 

Let 

a m (x)= ^ ■ B ir (x)E jl (x)--■ E js (x), (m> 1), 

*ld-Hrd-Jld-Kjs= m 

where the sum runs over all nonnegative integers i r ,ji ,... ,j s satisfying ii + 

■ ■ ■ + i r + ji + • • • + js = m,. Then we will consider the function 

Um{{x))= B ii(( x ))---Bi r {(x))E jl {(x))---E jg ((x)), 

i iH -hir+ilH h js=m 

defined on K. which is periodic with period 1. 

The Fourier series of a m {(x)) is 


(m) ^ 2 ninx 


where 


£ di 

n=—o o 

= [ a m ((x))e~ 2ninx dx = [ a m (x)e~ 2mnx dx. 

Jo Jo 

To continue our discussion, we need to observe the following. 

a'm{x) 

= ^2 iiB il _ 1 (x)B i2 (x) ■ ■ ■ B ir (x)Ej 1 (x) ■ ■ ■ E js (x) 

ii-\ - Hr+ji-\ - b js=m 

U>1 


H-h 


^ ^ Bi 1 (x) • * * B ir l ( K x')i r Bj /r _i (x)Ej 1 (x) * • • Ej s (x) 


*i-l-Hr-h/TH- \-j s =m 

i r > 1 


+ X! B ii(x) B i 2 (x) ■ ■ ■ B ir.(x)jiE jl - 1 (x)E h (x) ■ ■ ■ E js (x) 


ill-Mr+jid-h j s =m 

3 i>l 


H-h 


J2 B h(x) ■ ■ ■ B ir (x)Ej 1 (x) • • • (x)j s £ jW (x) 


* 1-1 -Mr+jid-h J s =m 

3s> 1 

= ( i l + 0 B ii( x )'" B iA x ) E 3i( x )'" E 3,( x ) 

* l H-Fir+il-t- 

d-h ^ (V + 0 B h (x) ' • • -&L. (£)-% (*)••• E j s ( X) 

*1-1-hJr+Jid-Fi»=m-1 

+ X! O'l + 1 )- B *i(x) ' • ’ B ir( x ) E jii x ) ■ ■ - E jA x ) 

*i-l-- j, I j 11-hj s =m-l 

d-P X! (3s + 0 B ii( x )---Bir( x ) E ji( x )'" E js( x ) 

*1-1-Mr +ji H-Ms=m-1 

={m + r + s- l)a m _i(x). 
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From this, we obtain 

= a m { x), 


^m +1 


and 


m + r + s 
1 


f 1 1 

I ot m (x')dx i i (cr m _)_i(l) cr m _(_i(0)). 

Jo m + r + s 


m + r + s 

For m > 1, we set 

E ( B u(!) • • • B ir (l)E h ( 1 ) • • • A.'., ( 1 ) - B h ■ ■ ■ B ir Ej 1 • • • E js ) 

ilH hv+jlH-h j s =m 

El (Bix + <5i,ii)''' (Bir + <5i,i r .)( — Ej 1 + 25o,jx) ■ ■ ■ (— Ej e + 2Soj s ) 

i H hir+iiH-h js=m 

E 

iiH-Hr+jH-hj s ='m 

^r\ (s' 


B h ■ ■ ■ B ir Ej 1 ■ ■ ■ Ej s 


= E 

0<a<r 
0<c<s 
i —m<a<r 


(-l) c 2 " c £ 

*H-Ma+jH- \-j c =a+m-r 


Bix ■ • • Bi a Ej 1 ■ ■ ■ Ej c 


B il ■ ■ ■ B ir Ej 1 ■ ■ ■ Ej s . 


E 

iiH-Mr+jiH-h js—m 

Note here that the sum over allii + • • • + i r + j\ + ■ ■ ■ + j s = m of any term with 
a of Bi e , r — a of Sij, (1 < e, / < r), c of —Ej u , and s — c of 2Sqj v (1 < u, v < s) 
all give the same sum 

E B * ■ ■ ■ B iJhi a+1 ■ ■ ■ 8i, ir (-E h )- ■ ■ (-E jc )(26 0 , jc+1 ) ■ ■ ■ (2S 0 j.) 

Ill-hV+ilH-h js—m 

E (-l) c r- c B il ---B ia E jl ...E jc , 

i H-hia+ilH- Vj c =m+a-r 

which is not an empty sum as long as m + a — r > 0. 

We now see that 

C^m( 0 ) = ' 1 ■ y = O 5 

and 

1 

™ I - 1 - A m+ 1 • 

m + r + s 

We are now going to determine the Fourier coefficients A„ 

Case 1 : n/ 0 . 

rf 


/ a m (x)dx = 
Jo 


4 m) = [ a m (x)e~ 2 ™ x dx 

Jo 


} 1 1 
‘ 0 2nin 


, / „—2tz inx 


— o • 

Z7TZn L 

1 1 /r\\\ m + r + s - 1 f 1 

— — ~z r - {ot m ( 1 ) — o; m ( 0 )) H — 7 

2mn ZiTin 


dx 


a,„, ( x)e 

[ L am-i(x)e- 2ninx dx 

Jo 


m + r + s — 1 
2n in 


At 


1 

2tt in 


-A„ 
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from which by induction we can easily deduce 


4 m) = -E 

j=i 


(m + r + s — l)j-i 


(27rm) J 


Am- 


m-j -\-1 


E 


(m + r + s) j 


m. + r + s z —' (2 k in) 3 

7= 1 


A m _ 


Case 2 : n = 0. 


/*1 

YlQ m) = / a m (x)dx = 
Jo 


1 


to + r + s 


m—j + 1 • 


*ra+l • 


tt m ((i)), (to > 1) is piecewise C°°. In addition, a m ((x}) is continuous for those 
positive integers with A m = 0 and discontinuous with jump discontinuities at inte¬ 
gers for those positive integers with A m ^ 0. 

Assume first that to. is a positive integer with A m = 0. Then a m (0) = a m (l). 
Hence a m ((x)) is piecewise C°° and continuous. Thus the Fourier series of a m ((x)) 
converges uniformly to a m ((x)), and 


a m ((x)) 

1 

to + r + s 


*rn+l 


E - 


v- (to. + r + s)j A 

^rn-j+l 


n=—o o 
n ^0 


to + r + s z -—' (2'Kin) 3 

7=1 


1 


1 


TO + r + s 

1 

to + r + s 
T A m x 


*m+l 


Vm +1 


TO + r + s 


1 


to + r + s 


E 

7=1 

m 

E 


7=2 

B 1 ((x)), for a; ^ Z, 
0 , for x GZ. 


m + r + s 

j 

to. + r + s 

j 


A 


m—j + l 


E 


°° g 2ninx 


n=—oo 
n ^0 


(2'Kin) 3 


^m-j+iBj((x)) 


Now, we are ready to state our first result. 
Theorem 2.1. For each positive integer l, we let 
'r\ (s 


A<= E 


0<a<r 

0<c<s 

r—l<a<r 


(—1) C 2 S_C E 

iiH-hia+iiH- \-j c =a,-\-l-r 


Bj, ■ ■ ■ B ia Ej 1 ■ ■ ■ Ej o 


E 

*H-hir+ii-l-1-7 »=J 


Bi x ■ ■ ■ Bi r Ej 1 ■ ■ ■ Ej s . 


Assume that m is a positive integer with A m = 0. Then we have the following. 
(a) 


E B h(( x )) ■ ■ ’ Bi r ({x))E h ((x)) ■ ■ ■ E js ((x)) 

iiH- Mr+7i-l- \-ja=m 
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has the Fourier expansion 

E B h(( x )) ■ ■ • B iA( x )) E h(( x )) ■ ■ ■ E js(( x )) 

i H Mr+jiH-h js=m 


1 


m + r + s 


-A. 


E I—-—E 

l m + r + s ^ 


m+1 


(m + r + s)j 


(b) 


. + r + s ' (2 tt inV 

3 =1 

for all where the convergence is uniform. 


A m _ 


3 +1 e 


2'Kinx 


n——oo 

n^O 


E B h(( X )) ■ ■ ■ B ir{( X )) E jl(( X )) ■ ■ ■ E js{( X )) 

i iH -hir+iiH- \-ja=m 


1 


-A, 


1 


m +1 


E 


to + r + s 

3 =2 


in + r + s 
3 


m + r + s 

for all i£l, where Bj((x}) is the Bernoulli function. 


A m -j+l B j((x)), 


Assume next that A m 7 ^ 0, for a positive integer to. Then a m ( 0) 7 ^ a m (l). 
Hence a m ((x)) is piecewise C°° and discontinuous with jump discontinuities at 
integers. The Fourier series of a m ((x)) converges pointwise to a m ((&)), for x ^ Z, 
and converges to 

7 ^ («m(0) + a m (l)) = Q; m (0) + -A m , 

for x GZ. 

We are now ready to state our second result. 

Theorem 2.2. For each positive integer l, we let 
r r\ (s 


*= E 


0<a<r 

0<c<s 

r—l<a<r 


a vc 


*H-Ma+jH- \-j c =a+l—r 


B h ■ ■ ■ B ia E ji ■ ■ ■ E j c 


B H ’ ’ ’ B i r E j 1 ' ' ' E j, ■ 


E 

iiH--H„=i 

Assume that m is a positive integer with A m 7 ^ 0. Then we have the following. 
(a) 


1 


m + r + s 


A m +i + E (—t— f— E 

' \ to + r + s 


(to + r + s)j 


n =—00 
n^0 


+ r + 5 ' (27rmV 

.7 — 1 


A m ,_ 


i+i e 


2-Kinx 


_ J -Hr+Jid-+7 s =m (( x )) E h(( x )) ■ ■ ■ E js(( x )), forxcf Z, 

Si.H-H r +?i4-f 7 s =m B h ’ ■ ■ B ir E ji ■ ■ ■ E Js + 2 / or 21 € Z. 


(b) 


1 


to + r + s 


E 

J=0 


to . + r + s 

j 


A m -j+i B j({x)) 


E Sii((a;})---B ii .((a;})£; j i((a;})---E Js ((a;}), /orx ^Z; 

iiH- Hr+jH- tj s =rn 
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m + r + s 


W m + r + S )A ro _ j+ 1 ^((x}) 

j=0 ' 3 ' 

1 

E B ix ■ ■ ■ B ir E jl ■ ■ ■ E js + 1 A m , for x&Z. 


-Hr+iiH- 


3. Sums of finite products of Bernoulli and Euler functions of the 

SECOND TYPE 


Let 

Pm{x) = 

(m > 1 ), 


E 


*H-Mr+iH- 


ill ■ ■ ■ ir'-jl'- ' ■ ■ js'- 


B h (x) ■ ■ ■ B ir (x)Ej 1 (x) ■ ■ ■ Ej s (x), 


where the sum runs over all nonnegative integers i %,..., i r , ji ,..., j s satisfying h + 

-Hr + ji 4-1 -j s = m. 

Then we consider function 

1 


Pm({x)) = E 

i lH -Mr+il-l-Ii«=m 

x E h{{x)) ■ ■ ■ E ja ((x)), 


hi ■ ■ ■ irljil ■ ■ ■ j s l 


n i B ii((x))---BiA(x}) 


defined on M, which is periodic with period 1. 
The Fourier series of fJ m ((x)) is 


?( m ) g27rmx 


where 


E 4 

n =—oo 

B { rT ] = [ Pm((x))e- Mnx dx= f 1 /3 m (x)e~ 27Tinx dx. 

Jo Jo 


To proceed further, we need to observe the following. 

1 


P ' m{x) (h-l)lhl---i r \h\---j s \ 

ii-\ -- \-Js=m 

h> 1 


— B il ^ 1 (x)B i2 (x) ■ ■ ■ B iT (x) 


x E h (x) ■ ■ ■ E js (x) 

+ - + E 


UH Mr+jiH-h js=m 

i r > 1 


i 

hi ■ ■ ■ i r -il(i r - • • ■ j s l 


B tl (x) • • • B Zr _ 1 (x)B ir _ 1 (x) 


x Ej 1 (x) ■ ■ ■ Ej s (x) 

+ E 

IiH-Hr+jH-h js=m 

ii>i 

x Eji-i(x)Ej 2 (x) • • • E js (x) 

+ ••• + E 

iiHt Hr+j lH-h js—m 

js> 1 

x E jx (x) ■■■E js _ 1 (x)E js _ i(x) 


*i! ■ ■ ■ hl(ji - 1 )!J2! • • • Js! 


B il (x) ■ ■ ■ B ir (x) 


hi - ■■ irljll ■ ■ ■ js-ll(js - 1)! 


Bi^x) ■ ■ ■ B ir (x) 
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l 


Yl ; 0) ’ ’ ’ B i r ( X ) E jl ( X ) ' ' ' E Js i X ) 


ill ■ ■ ■ ■ ■ ■ js ! 

i 1 +---+i r + 3 l+--+] s =m-l 1 J Js 

+ ■■■+ E 

*H-hir+JiH- \-js=rn— 1 

x E h 0*0 • E Js ( x ) 


ii! ■ ■ ■ ir'-ji! ■ ■ ■ j s ! 


B h (x) ■ ■ ■ B lr ( x) 


E 

i H- hi r +jiA -his=™—1 


1 


hi • • • v!ji! • • • j s l 


— B n (x) ■ ■ ■ B ir (x)E h (x) ■ ■ ■ E js (x) 


+ ••• + E 

i H-hir+jTH- \-js=m— 1 

X Ej 1 (x) ■ ■ ■ Ej s ( X ) 

=(r + s)/3 m _i(a;). 

From this, we have 


*i! • • • v!ji!' • • 


— B tl (x) ■ ■ -B ir {x) 


Pm+l{x)\' 


r + s 


Pm (x) j 


and 


f 1 1 

/ Pm{x)dx= —^—(/3 m+ i(l) - /3 m+ i(0)). 
Jo r + s 


For to > 1, we put 

V m = Pm{ 1) - 

E 

?iH- \-'ir+3i-\ - \-ja=m 


*i! • • • v!ji! • • • j«! 


x (/>>,. (1) • • • /t,(l (1) • • • E js (1) - /*,. • • • B t E h ■ ■ ■ E js ) 

1 


E 


hi ■ ■ • v!ji! • • • js ] - 


LI-Mr+jiH- hjs=m 

x ( Bi 1 + Si^) ■ ■ ■ ( Bi r + 5i } i r )(—Ej 1 + 25 q • • • {—Ej a + 2<5o,j s ) 


E 


- E 


iiH-Hr+jH-hia=m 

:)(: 


B ix ■ ■ ■ Bj r Ej 1 ■ ■ ■ Ej s 
ii\ ■ ■ ■ i r [jP ■ ■ ■ j s } - 


0<a<r 

0<c<s 

r—m<a<r 


(-1)“2—« £ 

i iH-hia+ilH- \-j«—m+a—r 


B il ' ' ' B igEj 1 ' ' ' Ej c 

ip. ■ ■ ■ ■ ■ ■ jP 


E 

*i-|-h«T-+iiH-1 -js=m 

We now see that 


B ix ■ ■ ■ Bj r Ej 1 ■ ■ ■ Ej s 


and 


MO) = M i) «=► = o, 

f 1 1 

I Pm{x)dx — - ^m+1- 

Jo r + s 


Now, we would like to determine the Fourier coefficients B„ 
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Case 1 : n ^ 0. 

B< to) = f Pm{x)e- 2 ™ nX d,X 

Jo 


=- is + Pr„ 

— (/3m(l) - /3 m (0)) + ^ [ Pm-i(x)e~ 2ninx dx 

TlTl Z7TITI J q 


2 tt in 

2 n in n 2irin m ’ 


from which we can deduce that 


B ( n m) = E 


(r + s) 


j-i 


i=i 


( 2TTiny 


- - f n — 


m —j + 1 • 


Case 2 : n = 0. 

/*1 - J ^ 

= / /3 m (x)dx =—■— 

Jo r+ s 

Pm{{x)), (m > 1) is piecewise C 00 . Furthermore, fi m ({x)) is continuous for those 
positive integers m with Q m = 0 , and discontinuous with jump discontinuities at 
integers for those positive integers in with Q m ^ 0 . 

Assume first that f l m = 0, for a positive integer to. Then /3 m (0) = /3 m (l). 
Hence ft m ((x)) is piecewise C°°, and continuous. Thus the Fourier series of j3 m ((x)) 
converges uniformly to /3 m ((#)), and 


B ( m ) = 


1 

r + s 


a 


m+1 


E -E 


n=—o o 

riy£ 0 


(r + s) 
(2 tt in)i 


j -1 


f I'm — 


rn-j + 1 


I-,-! ^ 

+ s ,=i B 


°° ^2tt inx 


n=— oo 
n^O 


{2-nin)i 


V - 1 


1 Jit, (r + aV 

T / , ^ j+lBj ((^)) 

i=2 J ' 


r + s 
T x 

Now, we are ready to state our first result. 


Bi({x)), for a; ^ Z, 
0 , for x GZ. 


Theorem 3.1. For eac/i positive integer l, we let 

*- E (;)(:) £ 

0<a<r \ / \ / -Ma+UH-|-j c =Z+a—r 

0<c<s 
r—Z<a<r 


Bix ~ • • Bj a Ej 1 ■ ■ ■ Ej c 

iP---iJjP---jA 


E 

*i-(-Mr+Ji-t-Hs=( 


• • • Bj r Ej 1 ■ ■ ■ Ej s 
ip ■ ■ ■ ir'-jl'- ■ ■ ■ js ] - 


Assume that m is a positive integer with fl m = 0. 


Then we have the following. 
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(a) 


E 


i 


*i! • • ■ v!ji! • • • j- ! 


—,Bi 1 0» • • • Bi r ((x))E jl ((x)) ■ ■ ■ E js ((x)) 


*H-hir+iiH- hjs=m 

has the Fourier series expansion 

1 


E 


iiH-b?'r+jiH-h js=m 

1 




B tl ({x)) ■ ■ ■ B ir ((x))E h ((x)) ■ ■ ■ E js ((x)) 


-a 


r + s 


m +1 


n——oo 

7ly£ 0 


(7- + S)- 7 1 
(27rinV 

.7 = 1 v ' 


E V" V' -T*r o Ininx 

1 e 


(b) 


for all i£l, where the convergence is uniform. 


E 


iiH-Hr+jiH- \-j a =m 


h\ - ■ -i r \ji\ - ■ ■ j s \ 


B h ((x)) ■ ■ ■ B ir ({x))E h ({x)) ■ ■ ■ E js ((x)) 


FB / \j — ^ 

= E * Bj({x)), 

3=0 h 

1 

for all i£t, where Bj{{x)) is the Bernoulli function. 

Assume next that m is a positive integer with ^ 0. Then /3 m (0) /3 m ( 1). 

Hence /3 m ((x)) is piecewise C 100 , and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of /3 m ((x )) converges pointwise to /3 m ((&)), for 
x £ Z, and converges to 

2 {Pm{ 0 ) + Pm ( 1 )) = /?m( 0 ) + “flmi 

for x GZ. 

Now, we are ready to state our second result. 


Theorem 3.2. For each positive integer l, we let 
r r\ (s 


Q 


E 

0<a<r 
0<c<s 
r—Z<a<r 


(— 1 )° 2 S_C £ 

i iH- Ha+ii-\ - I - j c = l + a—r 


Bii • • • Bj a Ej 1 ■ ■ ■ Ej c 
* 1 ! • ■ ■ *a!jl! • • ■ jc- 


E 


Bi 1 • • • B ir Ej 1 ■ ■ ■ Ej s 

ip. ■ ■ ■ ir'.jil ■ ■ ■ j s \ 


*1-1-Hr-hJl-*- \-Js=l 

Assume that m is a positive integer with f l m ^0 , for a positive integer m. Then we 
have the following. 

(a) 


3=0 

E 

*i-|-Hr+ji-t-h js=m 

for x Z; 


*1! • • • * r !ji! • • ■ jA 


—.Bi i((a:)) • • • B ir ((x))E h ((x)) ■ ■ ■ E jg ({x)), 
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11 


wi ( —1— ^ 3 — 1 

E ttm-j+lBjdx)) 


J=0 
& 1 


E 


Bi i • • • B ir Ej 1 


i iH -Mr+jiH-h js=m 


Ej 1 

, . , r-r^ + forx € Z. 

I ii I • • • iJ 2 


ill • • • ir'Jl- ' ‘ ‘ Js' 


(b) 


1 


-Cl 


m +1 


E -E 


(r + s) 


j-i 


r + s 1 (27t in) 3 

71 — — 00 \ 7 = 1 x ' 

n /0 X 


~^ m — j-\-l & 


2 n inx 


Eir-i--fj s =m ' ' ' Bi r ((x))Ej 1 ((x)) ■ ■ ■ Ej a ((x)), 


Ei, 


for x Z, 

_ ir E ji'" E is I In 

+--Hr-hn4-h? a =m ' r 2“ m > 

/or X € Z. 


4. Sums of finite products of Bernoulli and Euler functions of the 

Third type 


Let 

7r,s,m(*r) = 


E 


i H- H r +j H h? s =m 


^1 VJl * 3s 


— B. h (x) ■ ■ ■ B ir (x)E jl (x)••• E js (x), 


(to > r + s), 


where the sum runs over all positive integers ii, • ■ • i r , ji, ■ • • j s satisfying *i + • • • i r + 

ji - Vj s = m. 

Then we consider function 


'yr,s,m({x )) 


E 


i 

^1 * * * ^rjl ' ’ ’ j s 


BiAix)) ■ ■ • B ir {(x))E h ({x)) ■ ■ ■ E js ((x}), 


defined on R, which is periodic with period 1 . 
The Fourier series of 7 r ,s,m{(x)) is 


OO 

n =—oo 


(x)e 2ninx , 


where 


C (r, S , m ) = r 1 7m{{x))e -2.in Xdx = [\ m ( x)e 

Jo Jo 


— 2 ninx 


dx. 
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To continue our discussion, we need to observe the following. 

1 


-Mr+iH- \-js=m 

X E h i X ) ■ ' ' E js ( x ) 

+ •••+ E 

-Mr+jl-t-his=m 

x E h (x) ■ ■ ■ E js (x) 


^2 * * * 'I'rJ 1 ‘ ‘ ‘ Js 


Bi 1 ~i(x)B i2 (x) ■ ■ ■ B ir (x) 


^1 V—ljl ‘ ‘ ‘ Js 


-B h (x) ■ ■ ■ B ir _ 1 (x)Bi r -i(x) 


+ 


E 


*H-Mr+JH-h? s =m 

x Ej 1 _i(x)Ej 2 (x) ■ ■ ■ Ej s (x) 


^1 Vj2 ‘ ‘ ‘ Js 


—Bi 1 (x) ■ ■ ■ B ir (x) 


H-h 


E 


iiH-Mr+iH-h? s =m 

Y ^jl (*^) * * * ~^js- 1 (*^)^Vs — 1 (^0 


^1 VJl ' ' * Js—1 


-B^x) • • • -B ir .(x) 


E 


i 


^2 ’ VJl ’ Js 

1 


—i? i2 (a;) • • • B ir . (x)••• Ej a (x) 

//*) • • ’ //»> n • ' ■ In 

*2-1-Mr+JiH-hj«=m-l 

+ E 

ii+-+*r+ji+-+j»=m-l * 2 ' ' " '• ?s 

1 

H-+ / t-:-:-— 

*-7^ ^1 • • • z r _i ?i • • • l s 

Hd- Hr- l+J?lH- \-Js— m— 1 

x E h (x) • • • E js (x) 

B h (x) • • • (x)E jl (x) • • • Ej s (x) 


B h (x) • • • B ir (x)^ (x) • • • Ej s (x) 
-B*i (*4 ’ ’ * Bi r _ i (x) 


+ 


E 


iH-Mr+JH-Pis =m-1 


Zf • • • 2 r — ljl ' * Js 


E 


i 


iH-Hr+J2S-his=™— 1 


+ 


E 


^1 * * * VJ2 ’ ’ * Js 
1 


—B ix (x) • • • B ir (x)Ej 2 (x) • • • E js (x) 


*H-Mr+JH- \- j »= m—l 

+ •••+ E 

ilS-Mr+jl-t-h? s -l=m-l 

x Ej 1 (x) • • • Ej s l (x) 


^1 * * * V J2 * * ' Js 


—B. h (x) • • • -B ir . (x)^ (x) • • • Ej s (x) 


^1 VJl * * ‘ Js—1 


-B il (x) ■ ■ ■ B ir (x) 


+ 


E 


i H-Hr+JH- 

=Hr-l, S ,ra-l(x) + S7r,a-l,m-l(x) 

+ E 

»i4-Mr+ji-l-h7s~m-l 

1 


H V jl ' ' * Js—1 


--Bj, (x) • • • B ir (x)Ej 1 (x) • • • Ej s (x) 


1 


1 


+ 


12 ’ ’ ’ 'i'rj 1 * ’ * Js 

1 

^1 VJl ' ' * Js—1 


^1 VJ2 * Js 

X E ji ( X )-" E 3s ( x ) 

=r7 r _i iS , m _i(x) + S7r,s-l,m-l(x) + (m - l)7r,s,m-l(x). 


Zf • • • V—ljl * ’ * Js— 1 

-B 4l (x) • • • B ir (x) 
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So we obtained that 

' Yr,s,m ( X ) = nr-l,s,m-l{x) + S7r,s-l,m-l 0*0 + - l)7r, s ,m-l ( x ), 

with 7r,s,r+s-l(a ; ) = 0. 

For m > r + s, let us put 

A-r,s,m — TT,s,m(0) 


13 


(4.1) 


E 


1 


’IrJ 1 ’ *Js 


i lH-hV+iiH- \~3s =m 

x (B tl (1) • • • B ir (l)E n (1) • • • /•:, (1) - />>,. • • • B ir Ej 1 • • • ) 

E' T-7—7-7- ((-Bil + • • • (B ir + Si t i r ) 

i 1 +-+ir+h+-+js=m 11 " ' " ' Js 

x (—Ej 1 + 2<5o, J1 ) • • • {—Ej s + 2<5o,j s ) — B^ ■ ■ ■ Bi r Ej 1 ■ ■ ■ Ej s ) 

(-D 


=E 


E 


a=0 x 7 iiH- \-i a -\-ji~\ -I -j s =m+a—r 

£ 


l\ ' ' ’ laj 1 ' * Js 


B il ■ ■ ■ B ia Ej 1 ■ ■ ■ Ej 


UH- Hr+j H-h js=m 


'll ’ ’ ' IrJ 1 * * ’ Ji 


B n ■ ■ ■ B ir Ej 1 ■ ■ ■ Ej e . 


Note here that m + a — r > a + s and hence that none of the inner sum for each a 
(0 < a < r) are empty. 

Let us denote f Q j r ,s,m( x )dx by a rjSim . Then, from (4.1) we have 

T S J 

' Tr,s,m(®) — 7 j—1 s,m( x ) ')r,s—l,m{x) 4 Tr.Sjm+l ( a ')) 

m m m 

and hence obtain 


r s 1 

Hr,s,m — l,s,m Hr,s— l,m 4“ A rSjTn _{_i. 


(4.2) 


In [2], we showed that 


Hr,0,m — j 7r,0,m(*r)diT — ^ ) 

1=1 


(-iy '('Oi-i 


/o 


m J 


-^r—j + l,0,m+l7 (p E !)• (4-3) 


Also, in [17], we derived that 


/ I ® / pj — 1 / ^ \ 

To ,s,m(%)dx — ^ 7 - Aq, s —j + l,m+l? (-5 E !)• (4-4) 


/o 


1=1 


m-i 


We now observe that (4.2) together with (4.3) and (4.4) determines a r>Sjm recur¬ 
sively for all r, s, to, with to > r 4 - s > 1 . 

Also, we note that 

0V,s,m(0) — 7r,s,m(l) ' 1 > A r ,s,m — 0- 

Now, we would like to determine the Fourier coefficients C'i r,s ’ m \ 
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Case 1 : n/ 0 . Note that 


C^r+s) = f lr s r+s (x)e- 2 ” inx dx 

Jo 


= / Bi (x) r Ei (x) s e~ 2mnx dx 


x ~ 2j e~ 2ninx dx 


• + L±lf'(*-h 


l U l 


27rin \ V 2 


l\ r+s \ . r + s /- 1 


/*! / 1 \ r + s ~l 

£f(r—l,s,r+s—1) _ ^r(r,s-l,r+s-l) _ j j x _ _ j e~ 2 ^ mX dx 


X ~2 


A r , s , r+s = - -Bl-E® = - 


By (4.5), (4.6) and (4.7), 

C (r,s,m) = I - lrsm( x)e- 2 - inx dx 
Jo 

= - gij [7 w We-“”i; + glj j' 7' 

o • (Tr , ,5,m(l) ^, 5 , 772 ( 0 )) 

zniri 

1 f 1 

+ 7 — / {nV-i.s.m-iOd + S 7 r , s _i, m _i(a;) + (m - l)7r, s ,m-i(a;)} e~ 2mnx dx 
27 nn J 0 

= ~ 27^ A, ’ s ’ m + + (m - i)^ 8 -”*" 1 )) 

_ ^ ^ sy(r,s,m— 1 ) ■ l,s,m— 1 ) ■ /^i(r,s—l,m— 1 ) ^ a 

~ 27rin n + 2?rm n + 2mn n 2tt in r,s,m 

_ ^ 1 / ITl 1 s-i(r,s,m— 2 ) ■ —l,s,m— 2 ) , $ si(r,s— l,m— 2 ) 

27rin V 27rm n 27rin n 27rm n 

- —A r , s _ -J-A r>s>m 

Z7TZn / Z7TZn Z7TZn ZTTin 

2 

_ 1)2 s~i(r,s,m— 2 ) j \ ^ Tjrn l)j 1 ^—1 ,s,m—j) 

~ {2'Kin) 2 n (2tt in)i n 

2 2 

^ s(?n - l)j_i (rift ^ ( TO “ l)j-l A 

+ >. - , 0 ■ N, -<-4 / ; tr, ■ V,- A r , a 

z -—' (2mny z -—' (2iTiny 

7=1 v 7 7=1 x 7 
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15 


( m—(r+s) . . 

(m lj m -(r+ s ) ^ r l m ~ i )j~ 1 Mr-l,s,m-j) 

( r >-n-'in\m-(r+s) n Z_^ (O.-rrinM n 


(27rin) m -( r + 

m— (r+s) 


3 =1 


(27T iny 


v 1 m-(r+s) 

5(W - l)j-i (r.s-Km-j) Y" “ l)j-l 

^ {2mn)i n ^ 


+ 

j =i 

m—(r+s)+l 


' (27rmV 

3 = 1 V ' 


A. 


r,s,m—j-\-l 


m— (r+s) + l 


Y' r(m - l)j-i „( r -i iS , m _ ? ) Y' g(rra - l)j— i ^( r , a -i,m-j) 

(o.wirAJ Z^ (27rin)J n 


3 =1 

ra—(r+s) + l 

- E 


j=i 

So we have shown that 


(27rm) J 

(m - jjj-i 
(27 t iny 


3 =1 


A. 


r,s,m— j+1 • 


m— (r+s) + l . 

/-i(r,s,m) \ ' / (yjl l)j —1 s 

^ (2mny n 

3 =1 V ’ 


m— (r+s) + l 


m— (r+s) + l 


+ 


Y' s(rn - l)j_i „( riS _i iTO _ 7 ) __ y' C 


TO - 


(4.8) 


/ . CO • 7 , Co ■ \i ^r,s,m—j+ 1- 

pp (2mny pp (2niny 


Also, we recall from [2] and [17] that 

m— r+1 


^ (2tt in)^ 
7=1 V J 


■in— 7-|-± 1 n m—r+1 / \ 

/o(r,0,m) _ V" r(TO-l)j_i (r .-i o, m - 7 -) V" (?n-l)j_i / \ o\ 

C n ” - E ^ E (2+7+ +0,m-j + l, > 2), 

7 = 1 V ' 


(4.9) 

(4.10) 


r (l,0,m) = ( TO ~ !) ! 

[2'Kin) m ’ 

m—s+l , 1 \ m—s + 1 , 1 . 

/o(0,s,m) V" S \ m - l )j~l ri(0,s-l,m-i) V" [JTL ljj — i ^ c„^ol 

C n = y. - CO ■ + CO ■ 17 A 0,s,m-J + 1, (s > 2), 

I'Kiny p™u 

7 = 1 x 7 

(4.11) 


rrf (2iTiny 

3 =1 

C^(0.1,m) = 1 Y +)!-! m 
m Z^ 10-77-7 nil ” 


_ „ , CO • - C/ 77l—J+l- 

to (27 nny 

3 = i 


(4.12) 


Now, we see that Cn ,s,m (n ^ 0) can be determined for all m > r + s > 1 from 
(4.8)-(4.12). 

Case 2 : n = 0. 


C f o r,S ’ m) = [ 7r,s,m(x)dx 

J 0 

can be determined for all to > r + s > 1 from (4.2)-(4.4). 

lr,s,m{{x)), (to > r + s > 1) is piecewise C°°. In addition, 7 r ,s,m((x)) is contin¬ 
uous for those r, s, to with A r s rn = 0 and discontinuous with jump discontinuities 
at integers for those r, s, m with A r s m y 0. 
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Assume first that A rjSjm = 0, for some integers r, s, m with m > r + s > 1. Then 
7r,s,m(0) = 7r,s,m(l)- 7 r,s,m((x)) is piecewise C°°, and continuous. So the Fourier 
series of 7 r ,a,m((%)) converges uniformly to Jr,a,m((x)), and 

OO 

7r,s,m ((*))= C£' a,m) + E C^e 2mnX , 

71— — 00 
Tly^O 

where C , Q , ’ s ’ m ^ are determined by (4.2)-(4.4) and Cn’ s,m ' > (n ^ 0) by (4.8)-(4.12). 
Now, we are ready to state our first result. 


Theorem 4.1. For all integers r,s,l with l > r + s > 1, we let 


A-r,s,i — y \ 


E 


(-ir 


a —0 x 7 nH-Ha+jid-h?' s =Z+a—r 

£ 


*1 ' ' ' *ajl ' ' ’ Js 


-B 1 • • • Bi a Ej x ■ ■ ■ Ej s 


il ’ ’ ‘ Irjl ’ ’ ' Jt 


Bi x ''' Bi r Ej 1 ■ ■ ■ Ej s . 


ill-hir+ilH-hjs=i 

Assume that A rjSjm = 0, /or some integers r,s,m with m > r + s > 1. T/ien we 
have the following. 

E 7-A-«*» • • • B ir ((x))E h «*» • • • (<*>) 

, ill 1 ^1 ^rj 1 * Js 

-Br+Jid-hj s =m 

has the Fourier series expansion 

E , ; '■ ; 'L «*» • • • B tr ((x))E n ((X)) ■ ■ ■ E js «*)) 


i id-Hr+jid- \-js=m 


’’’IrJ 1 ’’’3s 


=c, 


(r,s 


E ^ 


r,s,m) 2 tt inx 


n——oo 

n^O 


w/iere C ^ r,s,m ' > are determined by (4.2)-(4.4) and Cn (n/ 0) by (4.8)-(4.12). 
Here the convergence is uniform. 


Next, assume that A r ^ sm ^ 0, for some integers r, s, m with m > r + s > 1. Then 
7r,i,m(0) 7r,«,m(l)- Hence 7 r ,s,m((x)) is piecewise C°° and discontinuous with 

jump discontinuities at integers. Then the Fourier series of 7 r ,s,m{( x )) converges 
pointwise to 7 r ,s,m{(x}), for x Z, and converges to 

2 (7r,s,m(0) + 7r,s,m(l)) = 7r,s,m(b) T ~^A r ^ s rn ^ 

for x &Z. 

Now, we can state our second result. 


Theorem 4.2. For all integers r, s, ^ with l > r + s > 1, we let 


A r , s ,i — y \ 


E 


(-i) s 


a —0 x 7 UH- Ha+ji-\ - \-js=l+a—r 

E 


H ^aj 1 ’ ' ' Js 


-B i • • • Bi a Ej 1 ■ ■ ■ Ej s 


i lH-Hr+Jll-ti«=i 


^1 * * * VJl ’ ’ ' Js 


B • • • Bi r Ej 1 ■ ■ ■ Ej s . 
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Assume that A rjSjm ^ 0, for some integers r,s,m with m > r + s > 1. Then we 
have the following. 

OO 

E ^j(r,s,m) inx 

n——oo 
n^O 

«*))■•• B ir(( X )) E h(( X )) ’ ’ ' E js(( X 

= I forxfi Z, 

I Eij4-1 -i r +j 1 + --+js=m , B '\ ' '' B ir E ji ' ' ' Ejs + 2^ r . s > m ’ 

{ for x € Z, 

where are determined by (4.2)-(4.4) and Cn’ s,m ' > (n ^ 0) by (4.8)-(4.12). 
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A NOTE ON APPELL-TYPE DEGENERATE ^-BERNOULLI 
POLYNOMIALS AND NUMBERS 

JONGKYUM KWON AND JIN-WOO PARK 2 ’* 


Abstract. Recently, several researchers have studied for Appell-type of 
various polynomials (see [18-20,22]). In this paper, we consider some fami¬ 
lies of Appell-type g-Bernoulli polynomials and numbers. In particular, we 
derive some interesting identities for the Appell-type degenerate ^-Bernoulli 
polynomials by using the some properties of those polynomials. 


1. Introduction 

Let p be a fixed prime number. Throughout this paper, Z p , Q p and C p will 
denote the ring of p-adic integers, the field of p-adic rational numbers and the 
completion of algebraic closure of Q p . The p-adic norm | • | p is normalized as 
|p| p = K Let q be an indeterminate in <C P such that \q — l| p < p^W 2 ^. The 

q-analogue of number x is defined as [x\ q = 1 ff_ q q ■ Note that lim 9 _,.i[x] 9 = x. 

As is well known, the Bernoulli polynomials are defined by the generating 
function to be 

00 +n 

e xt = Y / B n {x)-, (see [1-10,12-17,21,23,24]). (1.1) 

n —0 n 

When x = 0, B. n = B n { 0) are called Bernoulli numbers. 

Let UD(Z. p ) be the space of uniformly differentiable functions on Z p . For 
/ € UD(Z p ), the p-adic ^-integral on Z p is defined by 

1 p "- 1 

I q(f)= / f{x)dp, q {x) = ^lim^ y-^j- (see [4,7-13]), (1-2) 

_>0 ° [P l q x —q 
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where [x] q = 

From (1.2), we note that 


q n I- q (fn) - I- q (f) = (<?-!) E <?7( o + E /( 0«‘, (1-3) 

1=0 1=0 

L. Carlitz considered the degenerate Bernoulli polynomials which are defined 
by the generating function to be 


t 

(1 +Ai)x - 1 


(1 + At) ^ 


| A) — , (see [2-4]) 
' ?r! 

n—0 


(1.4) 


when a: = 0, /3 n (0|A) = /3 n (A) are called Carlitz’s ^-Bernoulli numbers. 

In [15], T. Kim introduced the degenerate Carlitz g-Bernoulli polynomials 
which are defined by the generating function to be 

r 00 fn 

/ (l + \t)xl*+y^dn q (y) = '£(3 n , q (x\\)-, (1.5) 

n=0 


when x = 0, /3 n ,g(0|A) = /3 n ,g(A) are called the degenerate Carlitz’s g-Bernoulli 
numbers. 

It is well known that the Bell polynomials are defined by the generating 
function to be 

°° fn 

e x(e -1) = Y Bel n (x) — , (see [22]). (1.6) 

i n\ 

n=0 

As is well known, the Apostol-Bernoulli polynomials are defined by the gen¬ 
erating function to be 


qe 


t \ 1 . f n 

— J e xt = E ®n(a: | q)~ y, (see [5]). 

' n—0 


(1.7) 


When x = 0, Q3„ = 55„(0 | q) are called Apostol-Bernoulli numbers. 
The Stirling numbers of the second kind are defined by 


(e*-ir = n!E^(n,0^, (see [20]). 


( 1 . 8 ) 


l—n 


The gamma and beta function are defined by the following definite integrals: 
for (a > 0,0 > 0), 


T(a) 


e-H^dt 


(1.9) 
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and 


B(a,(3)= I t a 1 (l — t) /3 1 dt 
Jo 

poo xot—1 

= / —-r—- 3 -dt, (see [22]). 

Jo (1 + 0“ +/3 

Thus by (1.9) and (1.10), we get 

r(a + l) = aT(a), B(a, (3) = ■ 

r(a + /3) 


( 1 . 10 ) 


( 1 . 11 ) 


Recently, several researchers have studied for Appell-type of various polyno¬ 
mials (see [18-20,22]). In this paper, we consider the Appell-type degenerate 
^-Bernoulli polynomials and derive some properties of those polynomials. 


2. The Appell-type degenerate (/-Bernoullli polynomials 

In this section, we define the Appell-type degenerate (/-Bernoulli polynomials 
which are given by 


t 


- ^2 B nt x,q(x) 


q{ 1 + At) x — 1 


( 2 . 1 ) 


n =0 


when x — 0, the Appell-type degenerate degenerate Bernoulli numbers B n \ = 
Bn,\(0) are equal to the degenerate (/-Bernoulli numbers. 


From (2.1), we have 


Bm,\, q (z) — ^2 \ m ]^ rn ’ x ’ 
m= o A / 


By (2.2), we obtain 


( 2 . 2 ) 


dx~ n ' A ' q 
From (2.3), we show that 

[ B n ,\,q(x)dx = 


B n ,\, q (x) = nB n _ lt x, g (x),n > 1 . 


d 


n + 1 Jr, dx 




, y (-®™+i,A,q(l) B n +i,\,<2j ■ 


(2.3) 


(2.4) 
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We observe that 

f l 


[ y n B n ,x, q {x + y)dy = V (B n _ mt x, q {x) f y n+m dy 

Jo m=0 V TO / 


= E 

m—0 


Bn—m,\,q (*^) 
m) n + m+ 1 


(2.5) 


On the other hand, we derive 


[ y n B nXq {x + y)dy = V ( B n _ mXq {x + l)(-l) m C y n (l-y) m dy 
Jo ^o V m / Jo 

I r(n + l)r(m + l) 


= E 

m=C 

n 

= E 


m—0 


m 


m 


B n -m,\,q{x + 1)(— l) r 


B n —m,\,q{x + 1)( — l) r 


r(n + to + 2) 
n! to! 

(n + to. + 1)! 


( 2 . 6 ) 


Therefore, by (2.5) and (2.6), we obtain the following theorem. 
Theorem 2.1. for n £ N, we have 


E 

m=0 


71 \ B n _ m x q {x) _ y- 
to / n + ?n + 1 


m—0 


m 


B n -m,\,q( x + 1)(~ l) r 


)! ! 


(n + to + 1)! ’ 


when, X — 0, X)rn=0 (m) n+m+T — Em= 0 (m) B n -m,\,q (1) ( 1)™ (n+rn+1)!' 

We also observe that 

f y n Bn,x, q {x + y)dy 


Bn,\,q (x 1) 
n + 1 


n+1 


y n+1 B n _ hX ,q(x + y)dy 


B n ^x,q(x + 1) _ n B n _ lt x,q(x + 1) 
n + 1 n+1 n + 2 

n(n — 1) f 1 

(n + l)(n + 2) J 0 

Bn,\,q(x T 1) nB n _i x,q{x + 1) 
n + 1 


(2.7) 


+ (~ 1 ) 2 7+E+7+ , +W / y n+2 Bn- 2 ,\, q (x + y)dy 


_ / 1 x2 n ( rt ^ 1 )- B n~2,A,g(^ + l) 

(n + l)(n + 2) (n + l)(n + 2)(n + 3) 


+ (-l) 


3 n(n-l)(n-2) /' J 

(n + l)(n + 2)(n + 3) J 0 


y n+i B n -o,x, q {x + y)dy. 
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Continuing this process, we get 

f y 2n ~ 1 B lt x, q (x + y)dy 
Jo 

_Bl,X,q(x+l) 1 f 2 n 


2 n 


- 7 ^ / y n B 0 ,x(x + y)dy 


( 2 . 8 ) 


B lt x,q(x+1) 1 1 


2 n 2 n 2n + 1 

Therefore, by (2.7) and (2.8), we obtain the following theorem. 
Theorem 2.2. For n € N, we have 

n\ B n - m> x,q(x) _ n(n - 1) • • • (n - m + 1) 


E 


m—0 


mj n + m + 


r = E 


m—0 


(n + l)(n + 2) • • • (n + to) 


(-l) m S„_ m , A , 9 (x + l). 


For n G N, we have 
[ y n B n ,x, q (x + y)dy 


B n +l,X,q(x + 1) 
n + 1 

B n +l,\,q{x + 1) 

n+1 

B n +l,X,q(x + 1) 
n+1 

B n +l,X,q(x + 1) 
n+1 


n 


y n L B n+1 ,x,q(x + y)dy 


>o 


n+1 

n B n+2 ,x,g(x + 1) 
n+1 n + 2 

n+1 


+ (-i ) 2 


n n — 1 
n + 1 n + 2 . 


y n 2 B n + 2 ,x,q(x + y)dy 


n 


n - 


ie 

m—0 

n+1 

tS 

m—0 


n+1 


TO 


n+1 


B n+1 - m ,x, g (x + l){- l) m / y n -\l-y) m dy 

Jo 

B n+1 - mi x,q{x + 1)(-1 ) m B{n, TO + 1), 

(2.9) 


where B{n, m + 1) is a beta function. 

Therefore, by (2.5) and (2.9), we obtain the following theorem. 
Theorem 2.3. For n £ N, we have 
n\ B n — rn x^ q {x') 


E 


ml n + m + 1 


m—0 

B n+1: x, q (x + 1) _ n 
n+1 n+1 


n+1 

E 

m =0 


n + 1 


TO 


B n+ i- m ,x,q(x + 1)(-1 ) m B(n, to + 1). 
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Now, we observe that 


k =o 


J B mtX , q {x)B n> \ tq (x)dx 

=x:(;K.x;(T)w iK-D’ 
1=0 V ' 
n m 

=EE 

1=0 k=0 
n m 

=EE 


i—k 


l (l-x) m ~ k dx 


n\ m 


1=0 k=0 


l)\k 

n\ fm 
l)\k 


( 2 . 10 ) 


(-l) m - fc B fc>A ,,(l)B J)A , g B(n - l + 1, m - fc + 1) 


(-l) m - fc B fc>Ai ,(l)B, )Ai , 


r(n — l + l)r(?n — k + 1) 
T(n + m — l — k + 2) 


On the other hand, 


Bm,\,q(x)B n ,\, q (x)dx = EE 


1=0 k =0 


Bm.— 


m—k,\,qBn—l,\,q 

k + l + 1 


( 2 . 11 ) 


Therefore, by (2.10) and (2.11), we obtain the following theorem. 


Theorem 2.4. Tor n € N, we have 



(_1 ) m - k B ktX , q (l)B ltX , q 


T(n — l + 1)T(to — k + 1) 
T(n + m — l — k + 2) 


/ n\ f tti\ B m -k,\,qB n -i,\, q 

^^V)\k) k+ 1 + 1 

1=0 k =o v 7 v 7 
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By replacing t by y(e At — 1) in (2.1), we get 


q{ 1 + A^(e At - l))i - 1 

. i( e-U — 1 ) A:(e xt - 

qe l 2 3 4 5 — 1 


e 


-e* 




qe * — 1 


e xt - 1 
A t 


(ei 




( 2 . 12 ) 


V 


= E^l^ E ' V I E Bd rn(j) 


,X^X m t m 


\n —0 
oo / n m 

=E EE 

n—0 \m—0 1=0 

On the other hand, 

1 1 


0=o 


0 


m\ f n 


l / \m 


A m! 


x, \ t n 


A n - , ®z(a: | g)ReZ„_ m (-) -. 


E B m,\,q( x ) m\ \ m ^ eXt 0™ — E E ^2 (n,m) 


X n t r ‘ 


m—0 


m —0 
oo / n 


A” 


= E E £ TO ,A,*(®)A"- m S 2 (n,m) 

n—0 \m—0 / 

(2.13) 

where S 2 (n, m) is the Stirling numbers of the second kind. 

Therefore, by (2.12) and (2.13), we obtain the following theorem. 

Theorem 2.5. For n £ N, we have 


E B m ,Ux)X n ~ m S 2 (n,m) = E E 


m—0 


m=0 Z=0 


m \ in 


X n ~ l( Bi(x | q)Rd n _ m (-). 
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Abstract 

This paper studies the stability of a mathematical model for within-host Chikungunya virus (CHIKV) 
infection. The model incorporates (i) two types of infected monocytes, latently infected monocytes which do 
not generate CHIKV until they have been activated and actively infected monocytes, (ii) antibody immune 
response, and (iii) saturated incidence rate. We derive a biological threshold number IZq. Using the method 
of Lyapunov function, we established the global stability of the steady states of the model. We have proven 
that, when IZq < 1, then Qo is globally asymptotically stable and when IZo > 1, the endemic equilibrium 
Qi is globally asymptotically stable. The theoretical results have been supported by numerical simulations. 

Keywords: Chikungunya virus infection; Latency; Lyapunov function; Global stability. 


1 Introduction 

In recent past, many mathematicians have been presented and developed mathematical models in order to 
describe the interaction between viruses (such as HIV, HCV, HBV, HTLV and Chikungunya virus) and human 
cells (see e.g. [1]-[22]) Mathematical models of human viruses can lead to develop antiviral drugs and to 
understand the virus-host interaction. Moreover it can help to predict the disease progression. Studying the 
stability analysis of the models is also important to understand the behavior of the virus. 

Chikungunya virus (CHIKV) is an alphavirus and is transmitted to humans by Aedes aegypti and Aedes 
albopictus mosquitos. In the CHIKV literature, most of the mathematical models have been presented to 
describe the disease transmission in mosquito and human populations (see e.g. [23]-[30]). However, only few 
works have devoted for mathematical modeling of the dynamics of the CHIKV within host. In 2017, Wang and 
Liu [22] have presented a mathematical model for in host CHIKV infection model as: 


S = n-dS- bSV, 

(1) 

I = bSV - el, 

(2) 

V = ml — rV — qBV, 

(3) 

B = r] + cBV - SB, 

(4) 


where S, /, V, and B are the concentrations of uninfected monocytes, infected monocytes, CHIKV particles and 
B cells, respectively. Parameters d and /i represent the death rate and birth rate constants of the uninfected 
monocytes, respectively. The uninfected monocytes become infected at rate bSV, where b is rate constant 
of the CHIKV-target incidence. The infected monocytes and free CHIKV particles die are rates el and rV, 
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respectively. An actively infected monocytes produces an average number m of CHIKV particles. The CHIKV 
particles are attacked by the B cells at rate qVB. The B cells are produced at constant rate i], proliferated at 
rate cBV and die at rate SB. 

In system (l)-(4) it is assumed that when the CHIKV contacts the uninfected monocytes it becomes infected 
and viral producer in the same time. However, this is unrealistic assumption. Therefore our objective in the 
present paper is to incorporate such delay by adding latently infected monocytes as another compartment to 
model (l)-(4). Moreover, we replace the bilinear incidence by saturated incidence which is suitable to model the 
nonlinear dynamics of the CHIKV especially when its concentration is high. We investigate the nonnegativity 
and boundedness of the solutions of the CHIKV dynamics model. We show that the CHIKV dynamics is 
governed by one bifurcation parameter (the basic reproduction numbers 7?-o)-We use Lyapunov direct method 
to establish the global stability of the model’s steady states. 

2 The CHIKV dynamics model 

We cosider the following within-host CHIKV dynamics model with latently infected monocytes and saturated 
incidence rate: 


a bSV 

s = f ‘ ds 1+*V 

(5) 

i= < i - p >i 6 +V< #+A > L ’ 

(6) 

r bSV 

/ = f’i + lV + Ai f1 ' 

(7) 

V = ml — rV — qBV , 

(8) 

B = p + cBV - SB, 

(9) 


where L is the concentration of latently infected monocytes, while / is the concentration of the actively infected 
monocytes. A fraction (1 — p) of infected monocytes is assumed to be latently infected monocytes and the 
remaining p becomes actively infected monocytes, where 0 < p < 1. The latently infected monocytes are 
transmitted to actively infected monocytes at rate XL and die at rate 9L. 

3 Properties of solutions 

The nonnegativity and boundedness of the solutions of model (5)-(9) are established in the following lemma: 

Lemma 1. 

There exist M- t , Af 2 , M 3 > 0, such that the following compact set is positively invariant for system (5)-(9) 

<f> = {( S, L, /, V, B) e R| 0 : 0 < S, L, I < M u 0 < V < Af 2 ,0 < B < M 3 } 


Proof. Since 


S 

I 

B 


5=0 


= H>0, 


n i bSV 
L.o = (1 _p) rTTT 


> 0 for all S, V > 0, 




bSV 


1=0 1 + 7rV 

= 77 > 0. 


+ XL > 0 for all S, V.L >0, V 


v=o 


= ml > 0 for all I > 0, 


B =0 


Then, = {(xi, x 2 ,..., x 5 ,) € R,x* > 0, z = 1, 2,..., 5} is positively invariant for system (5)-(9). 
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We consider 


T\(t) — S(t) + L(t) + I (t), 

T 2 (t)=V(t)+ q B(t), (10) 

c 

then from Eqs. (5)-(9) we get 

T\ (t) = fj, — dS — 9L — cl < n — <J\Ti 

where <j\ = minjd, 0,e}. Hence Ti(t) < Mi, if 7i(0) < Mi, where Mi = The non-negativity of S(t),L(t) 
and I(t) implies that 0 < S(t), L(t), I(t) < Mi if 0 < 5(0) + L( 0) + 7(0) < Mi. Moreover, we have 

T 2 (t) = ml — rF + -p — —B < mM\ + -p — oMF + -B) = mMi + -rj — 
c c c c c 

where 02 = min{r, <5}. Hence T^i) < M 2 , if 72(0) < M 2 , where M 2 = mM ^ c n ■ We have V(t) > 0 and B(t) > 0, 
therefore, 0 < V(t) < M 2 and 0 < B(t) < M 3 if 0 < V(0) + f5(0) < M 2 , where M 3 = 


3.1 Steady States 


System (5)-(9) always admits a virus-free steady state Q 0 = (5 0 , L 0 , 7 0 , Vo, B 0 ) = ((), 0,0,0, ?). To calculate the 
other steady states we let the R.H.S of system (5)-(9) be equal zero 


bSV 

" ds i + ,r 

( 11 ) 

(1 P) l + nV + 

( 12 ) 

pbSV xir r 

1 + *V +XL eI - 

(13) 

ml — rV — qVB , 

(14) 

77 + cBV - SB. 

(15) 


From Eq. (11)-(15) we obtain 

c = p(l + irV) (1 -p)bSV bSV(\ + 9p) p 

bV + d(l + nV)’ (1 + ttV) (0 + A)’ e(1 + ttV) (9 + A)’ 5-cV 


(16) 


Substituting Eq. (16) into Eq. (14) we have 


If V ^ 0, then 


mpbfi 


mA(l — p)bp 


qp 


e(bV + d (1 + irV)) e(bV + d (1 + 7 tV)) (9 + A) 


S-cV 


V = 0. 


P 1 V 2 - P 2 V + P 3 = 0, 


where 


Pi = rec(9 + A )(b + n d), 

P 2 = —ercd(0 + A) + mbfj,c( A + 9p) + (red) (9 + A )(b + nd) + ( qep)(9 + A )(b + nd), 
P 3 = mbpS(X + 9p) — ed (rS + qp) (9 + A). 
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Pi , P 2 and P 3 can be re-written as: 


Pi = (rec) (9 + X)(b + nd), 

P 2 = ecd ( rS + W ) ( e + X \ n 0 _ i) + (reS) (6 + A )(b + nd) + (qerj){9 + A )(b + nd) 

0 

cd (gerj) (9 + A) 

5 

P 3 = ed (rS + qri) (9 + A )(TZ 0 - 1), 


where 


Let 

If TZq > 1, then we have 


bm8p( A + dp) 
ed{r8 + qrj){9 + A)' 


F(V) = P 1 V 2 - P 2 V + P 3 = 0. 


(17) 


P( 0 ) = ed (rS + qrj) (9 + A)(77 0 - 1) > 0 , 


= ~{qzri){0 + A) 


(b + nd)8 


+ d ) < 0 , 


F'(0) = 


ecd (rS + qrj) (9 + A) 


(1 — 1Z 0 ) ~ (reS) (9 + A )(b + nd) — ( qerj)(9 + A )(b + nd) — 


cd (qerj) ( 9 + A) 


< 0. 


Then, Eq. (17) has two positive roots 

P 2 - ybP! - 4P 3 P 3 S 


Vi = 


2Pi 


, T /■ Pi + VP-I - 4P1P3 ^ 5 

< - and C 2 = - 

c 2 Pi c 


If V = V 2 , then from Eq. (16) we get P 2 = s ^ cV < 0. Thus, if TZq > 1, then system (5)-(9) has a unique 
endemic steady state Qi = (Si, Pi, ii, V), Pi), where 

a = /i(l + ttVi) = _ (1 -p)bpVi _ = _ (A + 9p)bp,V 1 _ 

1 bVx+dil + nVx)' 1 {9 + \)(bV 1 +d{l + nV 1 ))’ 1 e{9 + A)( 6 Vi + d (1 + nVi)) ’ 

v P2 -x/P 2 2 -4PiP 3 77 

Fl --m-’ Bl = 8 - cVi ’ 

Therefore, Po represents the basic reproduction number of system (5)-(9). 

Clearly Q 0 € $. From Eqs. (11)-(13) we have 


dS 1 -h 9L\ T el\ — /./. 

=► Si < ^ < Mi, Li < ^ < Mi, h<-< Mi. 
a 6 e 

Moreover, from Eqs. (14)-(15) we have 


mli - rV 1 - gViBi + -(77 + cPiVi - <5Pi) = 0 
c 


c 

rVi H—-Pi = ml\ + -77 < mM\ + -77 
c c c 


Vi < 


mMi 


'77 


c mMi + -?7 cM 2 

< M 2 , Bi <-< -a = M 3 . 

q 8 q 


It follows that Qi G $, where $ is the interior of the set <I>. 
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3.2 Global stability 

In the following theorems we establish the global stability of the two steady states of system (5)-(9) by con¬ 
structing suitable Lyapunov functions. Let us define 

H(x) = x — In x — 1. 

Clearly, H(x) > 0 for x > 0 and H( 1) =0. 

Theorem 1 . Suppose that TZo < 1, then Q 0 is globally asymptotically stable (GAS) in $. 

Proof. Construct a Lyapunov function Wq as: 


W 0 (S,L,I,V,B)=S 0 H[^- ) + 


A 


0 + X 


e(0 + A) 


V 


eq(0 + A) 


A + 6p A + Op m( A + Op) mc(X + Op) 


B n H | — 
B 0 

dW c 

dt 


Note that, Wo(S, L , /, V, B) > 0 for all S, L,I,V,B > 0 and Wq(Sq , 0, 0,0, B 0 ) = 0. Calculating 
trajectories of (5)-(9) we get 
dW 0 


(18) 
along the 


dt 


= (!-* 
S 


p, — dS — 


bSV 
1 + 7 rV 


A 


+ A / pbSV 


A + Op \ 1 + 7rC 
eq(0 + A) 


+ XL — el ] + 


A + Op 
e(0 + A) 


mc( A + Op) 


1 - 


Sr 


= -A s -+ )a + 


B 
bS 0 V 


m{ A + Op) 

[r] + cBV - <5B) 

e(0 + A)r+ e(6» + A)gB 0 V 


(ml — rV — qVB) 


S 


eq{0 + A) 

1 + 7rC m(A + 0p) m(A + 0p) ^ mc(A + 0p) 


1 - 


Bo 

B 


(6B 0 - SB) 


= -d 


= -d 


{S-S 0 ) 2 eq(0 + X)S (B — B 0 ) 2 e(r5 + qrj){0 + A) 


S 


mc(X + Op) 


B 


m5(X + Op) 


bm6p(X + Op) 


zd(rS + qrf){0 + A)(l + 7rV) 


-I P 


(S'—Bq) 2 eq(0 + X)S (B — B 0 ) 2 (reS + qer])(0 + X)1Z 0 ttV 2 e(r6 + qr])(0 + A) 


S 


mc( A + Op) 


B 


mS(X + 0p){ 1 + 7rP) 


m5{X + Op) 


(Ko ~ 1)V. 


(19) 


Therefore, < 0 holds if 7^o < 1. Furthermore, —^ = 0 if and only if S = Sq, B = B 0 , V = 0. The solutions 


dt 


dt 


dWo 


of system (5)-(9) converge to T, the largest invariant set of {(S,L,I,V,B) : = 0}. For any element in T 

satisfies V(t) = V(t) = 0. Then from Eq. (8) we have I(t) = 0, and from Eq. (7) we get L(t) = 0. By the 
LaSalle’s invariance principle, Q o is GAS. □ 

Theorem 2. Suppose that 77 q > 1, then Q\ is GAS in <f>. 

Proof. Construct a Lyapunov function 


W 1 (S,L,I,V,B) = S 1 H(4- ) + 


+ 


Si 
e(6* + A) 
m( A + Op) 


X 


X + Op 

v 

ViH[- 


LiH[L 

TV! 


0 + X 
X + Op 


eq(0 + X) 
VJ ' mc(X + Op) 


B 1 H — 
1 Bi 




B 


We have W\{S,L,I,V,B) > 0 for all S, L,I, V, B > 0 and Wi(S\, Li, I\, V\, B{) = 0. Calculating 
the trajectories of (5)-(9) we get 


dW 1 

dt 


along 


dWi ( Sr 

TT = L- s !+-<<»- 


bSV 


+ 


+ 


0 + X 
X + Op 
eq(0 + X) 
mc{X + Op) 


'-*7 


1 + 7 rV 
pbSV 


+ 


A 


1 + ttP 


A + Op 
+ A L- el) + 


1-^ (1-*) 


L 

e(0 + A) 
m( A + Op) 


bSV 
’1 + ttV 


- ( 0 + A )L 


1 — ) (ml — rV — qVB) 


1 - 


Bi 

B 


(r) + cBV - SB). 


( 20 ) 
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Applying 

H = dSi + T^-yr, V = <>Bi - cBiVi, 

1 + 7T V\ 

we obtain 

dW 1 _ / 5A ^ , bSiV (, SA b Sl V A(1 -p)bSVLi 

dt \ S) 1 1 + 7rVi \ S ) 1 + -kV (A + 0p)(l + nV)L 

X(0 + \)L 1 (d + X)pbSVh X(0 + X)LI 1 e(0 + X)h e(9 + A)/Vi 

+ (A + 9p) ~ (X + 9p)(l+nV)I ~ (A + 9p)I + (A + 9p) (A + 9p)V 

_ re(6 + X)V re(9 + A)Vi tq{0 + X)BV 1 eq(9 + A) / _ BA _ 

m(X + 9p ) m (A + Op) m{X + Op) mc(X + Op) \ B ) 1 

eq(9 + X)B 1 V eq(0 + X)B 1 V 1 eq{0 + X)B 1 V 1 (BA 

m(X + Op) m (A + Op) m(X + Op) \ B ) 

Using the steady state conditions for Qp. 

(1 ~ p) iT^ = (0 + A)Ll ’ 

we get 

t{0 A)/i bS\Vi 

(A + Op) 1 + 7rVi 
re(0 + X)Vi bS{V\ 

m( X + Op) 1 + 7 r V\ 

and 

dW i = AS-Si) 2 A(1 — p) bSM ( 1 _SA {0 + A) p^Vj / _ Si A 

dt S (A + Op) (1 + 7rUi) \ Sj (A + Op) (1 + 7tVi) \ Sj 

bS{Vi /(1 + ttUi)U UA A(1 — p) bSiVi SVLi{1 + nVi) 

+ I + ttUi V(1 + ttU)Ui ~~ VJ - (A + Op) 1 + ttUi 5iUiU(1 + irV) 

A(1 — p) bSiVi (0 + A) 5UJi(l + 7rVi) A(l-p) 6 S 1 V 1 UL 

+ (A + Op) (1 + ttUi) ~~ (A + 0p) 1 + ttUi SiUi/(1 + nV) ~ (A + Op) 1 + ttVi Z^7 

A(1 — p) bS\V\ {0 + A) pbS\Vi A(1 — p) bS{V\ IV\ 

+ (A + Op) (1 + 7 rVi) (A + Op) (1 + nV\) (A + Op) 1 + ttVi I{V 

(0 + A) pbS\V\ IV i A(1 — p) bS\V\ {0 + X) pbS{V\ 

(A + Op) 1 + 7tUl IiV + (A + Op) (1 + 7r V\ ) + (A + Op) (1 + ttV\) 

2eq(0 + X)B 1 Vi eq(0 + X)BV 1 tq{0 + X)B 1 V 1 (BA eq(0 + X)6 {B - B ± ) 2 
m(X + Op) m(X + Op) m(X + Op) \ B ) mc(X + Op) B 

Eq. Eq.(21) can be simplified as 


pbS\ Vi 

1 + 7rVi 


+ ALi = tl\, mli = rVi + qB{Vi, 


A(1 — p) bSiVi (0 + A) pbSiVi 


(A + Op) (1 + nVi) (A + Op) (1 + 7rVi) ’ 
eg{0 + X)B 1 Vi 
m(X + Op) 


dWi 

dt 


-Si) 2 , bSiVi 

S 1+nVi 

A(1 — p) bS\V i 

5- 

(A + Op) (1 + 7rUi) 

(0 + A) pbS{Vi 

4 — 

(A + Op) (1 + 7rVi) 



eq(0 + X)S (B-Bi) 2 
mc(X + Op) B 


-1 + 


(1+ttVi)V 


(1 + 7rU)Vl 
5 i (l + nVi)SVLi 
~ (1 + ttV)SiViL 
S ± {l + nVi)SVh 
~J ~ {l + nV)S 1 V 1 I 


tg{0 + X)B 1 Vi 
m( A + Op) 


V 1 + 7rU A 

V + 1 + ttViJ 

IiL 

IVi 

LJ~ 

" hV 

IVi 

1 +7TU 

hV 

1+nVi 


B B i 
A ~ ~B 


1 + ttU 
1 + nVi 
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and then 


dWi j(S ~ Si) 2 nbSi(V — Vi) 2 eq(6 + A)r/ (B — Bi) 2 


dt 5 (1 + 7rV)(l + 7rVi) 2 mc(\ + 6p)Bi 

B 


A(1 -p) bSiVi 

5i (1 + ttVi)SVLi 

Lh 

IV 1 1 + ttU 

(A + 6p) (1 + 7T V\ ) 

S (1 + , kV)S\V\L 

LJ~ 

hV 1 + ttUi 

(0 + A) pbS^ 

' 5i (1 + ttVi)5U/i 

m 

1 +7TU' 


(A + Op) (1 + 7T V\ ) 

5 (l + nV)S 1 V 1 I 

" hV 

1 + ttVi_ 



The relation between the geometrical mean and the arithmetical mean implies that 

Si (1 + -kV\)SV L\ Lh IV i 1 + nV 

° ~ + (1 + nV)SiViL + ~L[l + hV + 1 + ttVl ’ 

Si (l + nV^SVh IV l 1+ttV 

- 5 + (1 + nV)SiV\I + hV + 1 + ttVl ' 


( 22 ) 


Then —- < 0 and — o if and only if S = Si, L = I = h, V = V and B = B\. It follows from 
at at 

LaSalle’s invariance principle, Q\ is GAS in <L. □ 


4 Numerical simulations 

In order to illustrate our theoretical results, we perform numerical simulations for system (5)-(9) with parameters 
values given in Table 1. In the figures we show the evolution of the five states of the system S, L , /, V and B. 
We have used MATLAB for all computations. 

• Effect of b on the stability of steady states: To show the global stability results we consider three 
different initial conditions as: 

IC1: 5(0) = 2.0, L( 0) = 0.2, 1(0) = 0.4, V(0) = 0.4 and B( 0) = 1.0, 

IC2: 5(0) = 1.7, L( 0) = 0.4, 1(0) = 0.6, V(0) = 0.6 and B( 0) = 1.6, 

IC3: 5(0) = 1.4, L( 0) = 0.6, 1(0) = 0.8, E(0) = 0.8 and B( 0) = 2.4. 

We hx the value p = 0.5 and consider two sets of the values of parameter b as follows: 

Set (I): We choose b = 0.1. Using these data, we compute 1Zq = 0.5469 < 1, then the system has one steady 
state Qq. From Figures 1-5 we can see that, the concentrations of the uninfected monocytes and B cells return 
to their values S'o = 77 = 2.2885 and Bq = | = 1.1207, respectively. On the other hand, the concentrations of 
latently infected monocytes, actively infected monocytes and CHIKV particles are decaying and approaching 
zero for all the three initial conditions IC1-IC3. It means that, Q 0 is GAS and the CHIKV will be removed. 
This result support the result of Theorem 1. 

Set (II): We take b = 0.5. Then, we calculate TZq = 2.7347 > 1. Then the system has two positive steady 
states Qo and Q\. It is clear from Figures 1-5 that, both the numerical results and the theoretical results 
given in Theorem 2 are consistent. It is seen that, the solutions of the system converge to the steady state 
Qi = (1.67881,0.405396,0.638994,0.6152,2.77721) for all the three initial conditions IC1-IC3. 
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Table 1: The value of the parameters of model (5)-(9). 


Parameter 

Value 

Parameter 

Parameter 

P 

1.826 

m 

2.02 

7r 

varied 

q 

0.5964 

c 

1.2129 

r 

0.4418 

d 

0.79791 

V 

1.402 

e 

0.5 

s 

1.251 

A 

0.1 

b 

varied 

e 

0.4441 

p 

varied 



Time 


Figure 1: The Evolution of uninfected monocytes. 

• Effect of the saturation infection on the CHIKV dynamics 

In this case, we fix the values p = 0.5 and b = 0.5. We note that, the value of TZq does not depend on the 
value of the saturation parameter n. This means that, saturation can play a significant role in reducing the 
infection progress but do not play a role in clearing the CHIKV from the body. The simulation were performed 
using the initial condition IC2. Figures 6-10 show the effect of saturation infection. We observe that, as 7r is 
increased, the incidence rate of infection is decreased, and then the concentration of the uninfected monocytes 
are increased, while the concentrations of latently infected monocytes, actively infected monocytes, free CHIKV 
particles and B cells are decreased. 

• Effect of p on the basic reproduction number: 

In this case we take 7r = 0.1 and b = 0.3. From Figure 11, we can observed that as p is increased then TZq is 
increased. Let p cr be the critical value of the parameter p, such that 

= bmS p(9p cr + A) = 

0 ed(r5 + qrj)(8 + A) 

Using the data given in Table 1 we obtain p cr = 0.226612, and we get the following: 

(i) 0 < p < 0.226612. Then the trajectory of the system will converge to Q o and this will suppress the 
CHIKV replication and clear the CHIKV from the body. 
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Time 


Figure 2: The Evolution of latently infected monocytes. 



Figure 3: The Evolution of actively infected monocytes. 
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Time 


Figure 5: The Evolution of B cells. 



Figure 6: The concentration of uninfected monocytes. 



Figure 7: The concentration of latently infected monocytes. 
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Figure 8: The concentration of actively infected monocytes. 



Figure 9: The concentration of free CHIKV particles. 



Figure 10: The concentration of B cells. 
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Figure 11: Effect of p on the basic reproduction number. 

(ii) 0.226612 < p < 1. Then the trajectory will converge to Q\ and then the infection will be chronic. It 
means that, the factor 1 — p plays the role of a controller which can be applied to stabilize the system around 
Q o- From a biological point of view, the factor 1 —p plays a similar role as the drug dose of antiviral treatment 
which can be used to eliminate the CHIKV. We observe that, sufficiently small p will suppress the CHIKV 
replication and clear the CHIKV. This gives us some suggestions on new drugs to decrease the fraction p. 
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Quotient 5-algebras induced by an int-soft normal subalgebra 
Jeong Soon Han 1 and Sun Shin Ahn 2 ’* 

1 Department of Applied Mathematics, Hanyang Diversity, Ansan, 15588, Korea 
2 Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. The notions of an intersectional soft subalgebra and an intersectional soft normal subalgebra of a 
S-algebra are introduced, and related properties are investigated. A quotient structure of a S-algebra using an 
intersectional soft normal subalgebra is constructed. The fundamental homomorphism of a quotient .B-algebra is 
established. 


1. Introduction 

Molodtsov [11] introduced the concept of soft set as a new mathematical tool for dealing with 
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. 
Molodtsov pointed out several directions for the applications of soft sets. Worldwide, there has 
been a rapid growth in interest in soft set theory and its applications in recent years. Evidence 
of this can be found in the increasing number of high-quality articles on soft sets and related 
topics that have been published in a variety of international journals, symposia, workshops, and 
international conferences in recent years. Maji et al. [10] described the application of soft set 
theory to a decision making problem. Jun [5] discussed the union soft sets with applications 
in BCK/BCI- algebras. We refer the reader to the papers [3, 4, 14] for further information 
regarding algebraic structures/properties of soft set theory. On the while, Y. B. Jun, E. H. R.oh 
and H. S. Kim [6] introduced a new notion, called a BH- algebra. J. Neggers and H. S. Kim [12] 
introduced a new notion, called a -B-algebra. C. B. Kim and H. S. Kim [8] introduced the notion 
of a BG-algebra which is a generalization of B-algebras. S. S. Ahn and H. D. Lee [1] classified 
the subalgebras by their family of level subalgebras in BG-algebras. 

In this paper, we discuss applications of the an intersectional soft set in a (normal) subalgebra of 
a -B-algebra. We introduce the notion of an intersectional (normal) soft subalgebra of a B-algebra, 
and investigated related properties. We consider a new construction of a quotient -B-algebra 
induced by an int-soft normal subalgebra. Also we establish the fundamental homomorphism of 
a quotient -B-algebra. 


2. Preliminaries 
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Jeong Soon Han and Sun Shin Ahn 


A B-algebra ([12]) is a non-empty set X with a constant 0 and a binary operation satisfying 
axioms: 

(Bl) x * x = 0, 

(B2) x *0 = x, 

(B) (x * y) * z = x * (z * (0 * y)) 

for any x,y,z in X. For brevity we call X a B-algebra. In X we can define a binary relation 
“ < ” by x < y if and only if x * y = 0. 

An algebra (X; *,0) of type (2,0) is called a BH-algebra if it satisfies (Bl), (B2) and 
(BH) x*y = y*x = 0 imply x = y for any i,i/G X. 

An algebra (. X ; *, 0) of type (2, 0) is called a BG-algebra if it satisfies (Bl), (B2) and 
(BG) (x * y) * (0 * y) = x for any x, y E X. 

Proposition 2.1.([2, 12]) Let (X;*,0) be a B-algebra. Then 

(i) the left cancellation law holds in X, i.e., x * y = x * z implies y — z, 

(ii) if x * y = 0, then x = y for any x, y E X, 

(iii) if 0 * x = 0 * y, then x = y for any x, y E X, 

(iv) 0 * (0 * x) = x, for all x E X, 

(v) x * (y * z) = (x * {d * z)) * y for all x,y,z E X. 

Theorem 2.2.([8]) If (X; *, 0) is a B-algebra, then it is a BG-algebra. 

Proposition 2.3.([8]) Every BG-algebra is a BH-algebra. 

Let (X;*x,0x) and (T;*y,0y) be 5-algebras. A mapping (p : X —> Y is called a homomor¬ 
phism if <p(x *x y) = <p(x) *y <p(y) for any x,y E X. A homomorphism tp : X —> Y is called an 
isomorphism if ip is a Injection, and denote it by X = Y. Let <p : X —> Y be a homomorphism. 
Then the subset {x E X\<p{x) = 0y} of X is called the kernel of the homomorphism tp, and 
denote it by Ker tp. A non-empty subset S of X is called a subalgebra of X if x * y E S for any 
x,y E X. 

A non-empty subset N of X is said to be normal if (x * a) * (y *b) E N for any x*y,a*b E N. 
Then any normal subset N of a 5-algebra X is a subalgebra of X, but the converse need not be 
true ([13]). A non-empty subset X of a 5-algebra X is a called a normal subalgebra of X if it is 
both a subalgebra and normal. 

Let X be a 5-algebra and let X be a normal subalgebra of X. Define a relation on X 

by x y if and only if x * y E N, where x,y E X. Then it is a congruence relation on X 

([13]). Denote the equivalence class containing x by [a;]jvj he., [x]jv := {y E X\x y} and let 
X/N := {[ar]jv|a; E X}. 
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Theorem 2.4. ([13]) Let N be a normal subalgebra of a B-algebra X. Then X/N is a B-algebra. 

The 5-algebra X/N is discussed in Theorem 2.4 is called the quotient B-algebra of X by N . 

Theorem 2.5.([13]) Let N be a normal subalgebra of a B-algebra X. Then the mapping 7 : 
X —> X/N given by j(x) : = [x]^ is a surjective homomorphism, and Ker 7 = N. 

Theorem 2.6.([13]) Let p : X —> Y be a homomorphism of B-algebras. Then Kerp is a normal 
subalgebra of X. 

Theorem 2.7.([13]) Let tp : X —> Y be a homomorphism of B-algebras. Then X/Kertp = Imp. 
In particular, if p is surjective, then X/Kerp = Y. 

Molodtsov [12] defined the soft set in the following way: Let U be an initial universe set and 
let E be a set of parameters. We say that the pair ( U,E ) is a soft universe. Let &(U) denotes 
the power set of U and A, B , C , • • • C E . 

A fair (/, A) is called a soft set over U , where / is a mapping given by / : X —> &(U). In 
other words, a soft set over U is parameterized family of subsets of the universe U . For e E A, 
f(e) may be considered as the set of c-approximate elements of the set (/, A). A soft set over U 
can be represented by the set of ordered pairs: 

(f,A) = {(x,f(x))\x e A,f(x) e &{U)}, 

where / : X —> &(U) such that f(x) = 0 if x ^ A. Clearly, a soft set is not a set. 

For a soft set (/, A) of X and a subset 7 of 5, the 7 -inclusive set of (/, A ), defined to be the 
set 

*4/; 7 ) := i x G A \i ^ /(a)}- 

3. Int-soft subalgebra 

In what follows let X denote a 5-algebra X unless otherwise specified. 

Definition 3.1. A soft set (/, X) over U is called an intersectional soft subalgebra (briefly, 
int-soft subalgebra ) of a 5-algebra X if it satisfies: 

(3.1) f(x) n f(y) C f( x * y) for all x, y G X. 

Proposition 3.2. Every int-soft subalgebra ( f,X ) of a B-algebra X satisfies the following 
inclusion: 

(3.2) f{x) C /(0) for all x G X. 

Proof. Using (3.1) and (Bl), we have f(x) — f(x) fl f(x) C f(x*x) = /(0) for all x E X. □ 
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Example 3.3. Let (U = Z,X) where X = {0,1,2,3} is a 5-algebra ([9]) with the following 
table: 


* 

0 

1 

2 

3 

0 

0 

2 

1 

3 

1 

1 

0 

3 

2 

2 

2 

3 

0 

1 

3 

3 

1 

2 

0 


Let (f,X ) be a soft set over U defined as follows: 

f Z if x — 0, 
f:X-> &(U), x eA l 3Z if x = 3, 

{ 9Z if x G {1,2}. 

It is easy to check that ( f,X ) is an int-soft subalgebra over U. 

Theorem 3.4. A soft, set (/, A") of a B-algebra X over U is an int-soft subalgebra of X over U if 
and only if the y-inclusive set ix(f ; 7 ) is a subalgebra of X for all 7 G PP{U) with 7 ) 7 ^ 0- 

Proof. Assume that (/, X) is an int-soft subalgebra over U. Let x, y G X and 7 G &{U) be such 
that 1 , 1 /G i x (f; 7)- Then 7 C /(i) and 7 C /(y). It follows from (3.1) that 7 C /(x) D /(y) C 
f(x * y) Hence x * y G ix(f', 7 )- Thus ix(f) 7 ) is a subalgebra of A". 

Conversely, suppose that ix(f', 7 ) is a subalgebra A" for all 7 G &{U) with ix(; 7 ) 7 ^ 0- Let 
i,!/Gl, be such that /(x) = 7 ^ and /(y) = 7 r Take 7 = 7 ^ Cl 7 r Then i,i/G ix(f', 7 ) and so 
x * y G ix(f', 7 ) by assumption. Hence /(x) D /(y) = 7 x H 7 ^ = 7 C /(x * y). Thus (/, X) is an 
int-soft subalgebra over U. □ 

Theorem 3.5. Every subalgebra of a B-algebra can be represented as a 7 - inclusive set of an 
int-soft subalgebra. 

Proof. Let A be a subalgebra of a 5-algebra X. For a subset 7 of 5, define a soft set (/, X) over 
U by 

Obviously, A = ix(f ; 7 )- We now prove that (/; 7 ) is an int-soft subalgebra over U. Let x, y G X. 
If x, y G A, then x * y G A because A is a subalgebra of X. Hence /(x) = /(y) = f(x * y) — 7 , 
and so /(x) fl / (y) C /(x * y). If x G A and y ^ A, then /(x) =7 and /(y) = 0 which imply that 
/(x) fl /(y) = 7 fl 0 = 0 C /(x * y). Similarly, if x ^ A and y G A, then /(x) D /(y) C /(x * y). 
Obviously, if x ^ A and y ^ A, then /(x) fl /(y) C /(x * y). Therefore (f,X) is an int-soft 
subalgebra over U. □ 
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Any subalgebra of a 5-algebra X may not be represented as a 7 -inclusive set of an int-soft 
subalgebra (/, A") over U in general (see Example 3.6). 

Example 3.6. Let E — A" be the set of parameters, and let U — X be the initial universe set 
where X = {0,1, 2, 3} is a 5-algebra with the following table: 


* 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

0 

3 

2 

2 

2 

3 

0 

1 

3 

3 

2 

1 

0 


Consider a soft set ( f,X ) which is given by 


f:X-> x ^ 


{ 0 , 2 } if re = 0 , 

{ 2 } if are {1,2, 3}. 


It is easy to show that (/, X) is an int-soft subalgebra over U. The 7 -inclusive set of (f,X) are 
described as follows: 

(X if 7 € {0, {2}}, 

= < { 0 } if 7 e{{ 0 }, { 0 , 2 }}, 

I 0 otherwise. 

The subalgebra {0,1} cannot be a 7 -inclusive set ix(f'il) since there is no 7 C U such that 

M/;t) = (Mi- 

Definition 3.7. A soft set (f,X) over U is said to be intersectional soft normal (briefly, int-soft 
normal) of a 5-algebra X if it satisfies: 

(3.3) /( x * y) fl f(a * b) C /(( x * a) * (y * b)) for all x, y, a, b G X. 

A soft set (/, X) over U is called an intersectional soft normal subalgebra (briefly, int-soft normal 
subalgebra ) of a 5-algebra X if it satisfies (3.1) and (3.3). 

Example 3.8. Let ( U = Z,X) where X = {0,1,2,3} is a 5-algebra as in Example 3.3. Let 
(/, X) be a soft set over U defined as follows: 


/ : X ->• &{U), x ^ 


Z if x G {0,3}, 
7Z if rr G {1,2}. 


It is easy to check that (f,X) is int-soft normal over U. 

Proposition 3.9. Every int-soft normal ( /. X) of a B-algebra X is an int-soft subalgebra of X. 
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Proof. Put y := 0, b := 0 and a := y in (3.3). Then f(x * 0) D f(y * 0) C /((x * y) * (0 * 0)) for 
any x,y E X. Using (B2) and (Bl), we have f(x) D f(y) C f(x * y). Hence (/, A") is an int-soft 
subalgebra of X. □ 

The converse of Proposition 3.9 may not be true in general (see Example 3.10). 

Example 3.10. Let E — A" be the set of parameters, and let U = X be the initial universe set, 
where X = {0,1, 2, 3,4, 5} is a .B-algebra ([13]) with the following table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

2 

1 

3 

4 

5 

1 

1 

0 

2 

4 

5 

3 

2 

2 

1 

0 

5 

3 

4 

3 

3 

4 

5 

0 

2 

1 

4 

4 

5 

3 

1 

0 

2 

5 

5 

3 

4 

2 

1 

0 


Let (f,X ) be a soft set over U defined as follows: 


f:X-> &{U), x 


73 if x = 0 , 

72 if X — 5, 

7 i if x E {1,2, 3,4}. 


where 71,72 and 73 are subsets of U with 71 C 72 C 73. It is easy to check that (/, A") is an int-soft 
subalgebra over U. But it is not int-soft normal over U since /(I * 4) fl /(3 * 2) = /(5) D /(5) = 
72 £71 = /(l) = /((!* 3) *(4*2)). 


Theorem 3.11. A soft set ( f,X ) of a B-algebra X over U is an int-soft normal subalgebra of 
X over U if and only if the 7 -inclusive set ix(f ; 7 ) is a normal subalgebra of X for all 7 E &(U) 
with i x (f; 7 ) 7^ 0- 


Proof. Similar to Theorem 3.4. □ 

Proposition 3.12. Let a soft set ( f,X ) over U of a B-algebra X be int-soft normal. Then 
f(x *y) = f(y * x) for any x,y E X. 

Proof. Let x,y E X. By (Bl) and (B2), we have f(x*y ) = f((x*y)*(x*x)) D f(x*x)Df(y*x) = 
/( 0) fl f(y * x) = f(y*x). Interchanging x with y, we obtain f(y * x) D f(x*y), which proves 
the proposition. □ 

Theorem 3.13. Let ( f,X ) be an int-soft normal subalgebra of a B-algebra X. Then the set 

Xf ={xE X\f(x) = /( 0 )} 

is a normal subalgebra of X. 
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Proof. It is sufficient to show that Xj is normal. Let a,b,x,y G X be such that x * y G Xj 
and a * b G Xj. Then f(x * y) = /(0) = /(a * b). Since (/, X) is an int-soft normal subalgebra 
of X , we have f((x * a) * (y * b)) D f(x * y) D f(a * b) = /(0). Using (3.2), we conclude that 
f((x * a) * (y * b)) = /(0). Hence (x * a) * (y * b) G Xj. This completes the proof. □ 

Theorem 3.14. The intersection of any set of an int-soft normal subalgebra of a B-algebra X 
is also an int-soft normal subalgebra. 

Proof. Let {/ a |a G A} be a family of int-soft normal subalgebras of a .B-algebra X and let 
a, b,x,y G X. Then 

n«eA f a ((x * a) * (y * b )) = inf f a ((x * a) * (y * b )) 

q£ A 

> inf [{f a (x *y)nf a (a*b)} 

aGA 

= [inf f a (x * y)\ n [inf f a (a * b)] 

aGA aGA 

=((n« S A f a )(x * y)) n ((n QeA /«)(a * b)) 

which shows that n Qe A f a is int-soft normal. By Proposition 3.9, n ae A/o is an int-soft normal 
subalgebra of X. □ 

The union of any set of int-soft normal subalgebra of a B-algebra X need not be an int-soft 
normal subalgebra of X. 

Example 3.15. Let X := {0,1, 2, 3,4, 5} be a B-algebra as in Example 3.10. Let (/, X) and 
(g, X) be soft sets over U := Z defined as follows: 


and 


/ : X ->■ ^(U), x ey 


7L if x G {0,4}, 

7Z if x G {1,2,3, 5}, 


g : X -> &{U), x ^ 


Z if x G {0, 5}, 

2Z if x G {1,2, 3,4}. 


It is easy to check that (f,X) and (g,X) are int-soft subalgebras over U. But / U g is not an 
int-soft subalgebra of X because 

(/ U g)( 4) n (/ U g)( 5) =(/( 4) U ^(4)) n (/(5) U ^(5)) 

= (Z U 2Z) n (7ZUZ) = z 
^7Z U 2Z = /(2) U g(2) 

= (/ u <?)( 2 ) = (/U^)(4*5). 
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Since every int-soft normal of a 5-algebra X is an int-soft subalgebra of X, the union of int-soft 
normal subalgebra need not be an int-soft normal subalgebra of a 5-algebra. 

4. Quotient 5-algebras induced by an int-soft normal subalgebra 

Let ( f,X ) be an int-soft normal subalgebra of a 5-algebra X. For any x,y G X, we define a 
binary operation “ ” on X as follows: 

x yo f(x*y ) = /(0). 

Lemma 4.1. The operation “ ” is an equivalence relation on a B-algebra X. 

Proof. Obviously, it is reflexive. Let x y. Then f(x * y) — /(0). It follows from Proposition 
3.12 that /(0) = f(x*y) = f(y*x). Hence is symmetric. Let x,y,z G X be such that x y 
and y z. Then f(x * y) = /(0) and f(y * z) = /(0). Using Proposition 3.12, (3.3), (Bl), (B2) 
and (3.2), we have 

/(0) = f(x * y)nf(y *z) = f(x * y) O f(z * y) 

Cf((x*z) * (y*y)) 

=f((x * z) * 0) = f(x * z) C /(0). 

Hence f(x*z) = /(0), i.e., is transitive. Therefore “ ” is an equivalence relation on X. □ 

Lemma 4.2. For any x, y,p,q G X, if x y and p q, then x * p y * q. 

Proof. Let x,y,p , q G X be such that x y and p q. Then f{x * y) = f(y * x) = /(0) and 
f(p * q) = f(q * p) = /(0). Using (3.3) and (3.2), we have 

/(0) =f(x*y)nf(p*q) 

Cf((x*p) * (j/*g)) C /(0). 

Hence f((x*p)*(y*q)) = f( 0). By similar way, we get f((y * q) * (x * p)) = /(0). Therefore 
x * p y * q. Thus “ ” is a congruence relation on X. □ 

Denote by f x and X/ f the equivalent class containing x and the set of all equivalent classes of 
X, respectively, i.e., 

fx ■= {y e x\y x} and X/f := {f x \x G X}. 

Dehne a binary relation • on X/f as follows: 

fx * fy ■ = fx*y 

for all f x , f y G X/f. Then this operation is well-dehned by Lemma 4.2. 

Theorem 4.3. If (/, X) is an int-soft normal subalgebra of a B-algebra X, then the quotient 
X/f := (X/f, •, /o) is a B-algebra. 
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Proof. Straightforward. □ 

Proposition 4.4. Let p : X —y Y be a homomorphism of B-algebras. If (/, Y) is an int-soft 
normal subalgebra ofY, then (/ o p,X) is an int-soft normal subalgebra of X. 

Proof. For any x,y, a, b G X, we have 

(/ ° A0((® * a) * (y * b )) * a) * (y * b))) 

=f((K x ) * M) * (M * fO))) 

2f(p(x) * fi(y)) n * fi(b)) 

=f(p(x*y))n f(p(a*b)) 

=(/° p)(x *y) n (fofjt)(a*b). 

Hence / o p is int-soft normal. By Proposition 3.9, (/ o /j, X) is an int-soft normal subalgebra of 
X. □ 

Proposition 4.5. Let (/, X) be an int-soft normal subalgebra of a B-algebra X. The mapping 
7 : X —> X/f, given by y(x) := f x , is a surjective homomorphism, and fiery = {a: G X\y(x) = 

io} = x f -. 

Proof. Let f x G X/f. Then there exists an element x G X such that y(x) = f x . Hence 7 is 
surjective. For any x,y G X, we have 

7 (x *y) = f x * y = f x m f y = y(x) • 7 (y). 

Thus 7 is a homomorphism. Moreover, Ker 7 = {a: G X\y(x) = /o} = {a: G X\x 0} = {x G 
X\f{x) = /(0)} = Xj. □ 

Example 4.6. Let E — A" be the set of parameters, and let U Z be the initial universe set 
where X = {0,1, 2, 3} is a H-algebra ([7]) with the following table: 


* 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

0 

3 

2 

2 

2 

1 

0 

3 

3 

3 

2 

1 

0 


Let (f,X) be a soft set over U Z defined as follows: 


/ : X -> &{U), x ^ 


Z if x G {0,2}, 
5Z if x G {1,3}. 


It is easy to show that Xj = {a; G X\f(x) = /(0)} = {0,2}. Dehne x y if and only if 
f(x *y) = /(0). Then / 0 = {a; G X\x 0} = {x G X|/(a; * 0) = /(0)} = {0,2} and /1 = {x G 
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X\x 1} = {a: G X\f(x*l) = /(0)} = {1, 3} Hence X// = {/ 0 , fi}. Let 92 : X —> X/f be a map 
defined by 92 ( 0 ) = 72 ( 2 ) = /o and 92 ( 1 ) = 92 ( 3 ) — fi. It is easy to check that 92 is a homomorphism 
and Kerip = {i£ X\ip(x) = f 0 } = {x E X\x 0} = {a; G X\f(x) = /(0)} = Xj. 

Theorem 4.7. Let X := (X; *x,0x) be a B-algebra and Y := {Y ; *y,0y) be a B-algebra and 
let n : X —y Y be an epimorphism. If ( f,Y) is an int-soft normal subalgebra ofY, then the 
quotient algebra X/(/ o 77 ) := (A l/(f o 71 ), m x , (/ o g)o x ) is isomorphic to the quotient algebra 
Y/f := (Y/f,*yJ 0Y ). 

Proof. By Theorem 4.3 and Proposition 4.4, X/f o g : (X/(/ o 71 ), « x , (/ o g) 0x ) is a H-algebra 
and Y/f := {Y/f,. y , fo Y ) is a H-algebra. Define a map 

V ■ X /(f 0 h) ->• X/ f, (/ 0 h)x sA / M(a; ) 

for all a; G A". Then the function 77 is well-defined. In fact, assume that (/ o g) x = (/ o g) y for all 
a;, y G X. Then we have 

/(M^) *y /%)) =/(hO *x y )) = (/ o /a) (a; * x J/) 

= (/°h)( Ox) = /(h(0x)) = /(0y). 

Hence f ll(x) = f^ y g by Proposition 2.1(ii). 

For any (/ o g) x , (/ o g) y g X/(/ o 77 ), we have 

h((/ 0 p)x »x (/ o n) y ) =V ((/ 0 /^)**y) = /d»x!/) 

=fn(x)*Yn(y) = fn(x) • 

=v((f 0 h)x) •YV{{f o g)y)). 

Therefore 77 is a homomorphism. 

Let f a G X//. Then there exists x E X such that g(x) = a since g is surjective. Hence 
v((f 0 h)x) = fii(x) = fa and so 77 is surjective. 

Let x,y E X be such that / M ( x ) = Then we have 

(f og)( x * x y) =f(fj'(x *xy)) = f(p( x ) *YfJ>(y)) 

=/( 0y) = f(p( Ox)) = (/o/i)(0 x ). 

It follows that (/ o 77 ) 3 , = (/ o 77 ) y . Thus 77 is injective. This completes the proof. □ 

The homomorphism 7 r : A" —» X//, a; —» f x , is called the natural homomorphism of X onto 
X/f. In Theorem 4.7, if we define natural homomorphisms 7 r x : X —* X/fog and 7 Ty : X —>■ X// 
then it is easy to show that rj o n x = 0 p, i.e., the following diagram commutes. 
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X 


-> Y 


■Kx 




71 'Y 


Y/f. 


Proposition 4.8. Let a soft set (/, A") over U of a B-algebra X be an int-soft normal subalgebra 
of X. If J is a normal subalgebra of X, then J/f is a normal subalgebra of X/f. 

Proof. Let a soft set (f,X) over U of a 5-algebra X be an int-soft normal snbalgebra of X and 
let J be a normal subalgebra of X. Then for any x,y G J, x * y G J. Let f x , f y G J/ f. Then 
fx* f y = fx* y e J/f. Hence J/ f = {f x \x G J} is a subalgebra of X/f. 

For any x * y,a *b e J, (x * a) * (y * b) G J, so for any f x • f y , f a • f h e J/f, we have 
(f x • fa) • (fy • fb) = fx*a • f y *b = f{x*a)*( y *b) e J/f■ Thus J/f is a normal subalgebra of X/f. □ 

Theorem 4.9. If J* is a normal subalgebra of a B-algebra X/f, then there exists a normal 
subalgebra J — {x e X\f x e J*} in X such that J/f = J*. 

Proof. Since J* is a normal subalgebra of X/f, so f x • f y — f x * y € J* for any f x , f y G J*. Thus 
x * y e J for any x,y e J. And f x * a • f y * b = f( x * a )*( y *b) e J* for any f x * y ,f a *b e J*■ Thus 
(x * a) * (y * b) G J for any x * y, a * b G J. Therefore J is a normal subalgebra of X. By 
Proposition 4.5, we have 

J/f ={fi\3 e J} 

={fj\3f x G J* such that j x} 

={fj\3f x G J* such that f x = f 3 \ 

e n = j*- 


□ 

Theorem 4.10. Let a soft set (/, X ) over U be an int-soft normal subalgebra of a B-algebra X. 

X/f 

If J is a normal subalgebra of X, then -^ = X/J. 


Proof. Note that = {[hh/jlh e X/f}. If we define : X j/L -f X/J by y([f x ]j/f) = 
J/f J/f 

[x\j = {y G X\x ~ J y}, then it is well defined. In fact, suppose that [fx]j/j = [fy]j/f- Then 
fx ~ J// fy and so f Xxlfy = f x • f y G J/f. Hence x * y G J. Therefore x y, i.e., [x]j = [y\j. 
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Jeong Soon Han and Sun Shin Ahn 


X / f 

Given [f x ] J/f ~, [f y } J/f ~ G —~, we have 


tpdfxlj/f • [fy]j/f) —tpdfx • fy]j/f) 

= [x*y\j = [x]j* [y]j 


=L P([fx\j/f) * tpdfylj/f)- 

Hence ip is a homomorphism. 

Obviously, p is onto. Finally, we show that p is one-to-one. If p([fx\j/f) — v([/ y ] j//)i then 
[x\j = [; y\j , i.e., x ~ J y. If f a G [fx\j/j, then fa ~ J/f fx and hence f a * x G J/f. It follows that 
a * x G J, i.e., a x. Since ~ J is an equivalence relation, a ~ J y and so J a = J y . Hence 

a*y G J and so f anj G J/f. Therefore f a ~ J// ' f y . Hence f a G [/Jj//. Thus [ffj/f G [/ y ]j//- 
Similarly, we obtain [/ y ]j// C [/ x ] j Therefore [/ x ] j = [,/ y ] j/j- It is completes the proof. □ 

References 


[1] S. S. Ahn and H. D. Lee, Fuzzy subalgebras of BG-algebras, Comm. Kore. Math. Soc. 19 (2004), 243-251. 

[2] J. R. Cho and H. S. Kim, On B-algebras and Related Systems, 8(2001), 1-6. 

[3] F. Feng, Y. B. Jun and X. Zhao, Soft semirings, Comput. Math. Appl. 56 (2008) 2621-2628. 

[4] Y. B. Jun, Soft BCK/BCI-algebras, Comput. Math. Appl. 56 (2008) 1408-1413. 

[5] Y. B. Jun, Union soft sets with applications in BC K/ BC I-algebras, Bull. Korean Math. Soc. 50 (2013), 
1937-1956. 

[6] Y. B. Jun, E. H. Roh and H. S. Kim, On BH-algebras, Sci. Mathematica 1 (1998), 347-354. 

[7] Y. B. Jun, E. H. Roh and H. S. Kim, On fuzzy B-algebras , Czech. Math. J. 52 (2002), 375-384. 

[8] C. B. Kim and H. S. Kim, On BG-algebras , Demon. Math. 41 (2008), 497-505. 

[9] Y. H. Kim and S. J. Yeom, Qutient B-algebras via fuzzy normal B-algebras , Honam Math. J. 30 (2008), 
21-32. 

[10] P. K. Maji, A. R. Roy and R. Biswas, An application of soft sets in a decision making problem, Comput. 
Math. Appl. 44 (2002) 1077-1083. 

[11] D. Molodtsov, Soft set theory - First results, Comput. Math. Appl. 37 (1999) 19-31. 

[12] J. Neggers and H. S. Kim, On B-algebras, Mate. Vesnik 54(2002), 21-29. 

[13] J. Neggers and H. S. Kim, A fundamental theorem of B-homomorphism for B-algebras, Intern. Math. J. 
2(2002), 207-214. 

[14] K. S. Yang and S. S. Ahn, Union soft g-ideals in RCJ-algebras, Applied Mathematical Scineces 8(2014), 
2859-2869. 


802 


Jeong Soon Han ET AL 791-802 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Fixed point theorems for rational type contractions in partially 

ordered 5-metric spaces 

Mi Zhou 1 ’*, Xiao-lan Liu 2 * A.H. Arsari 3 , B. Damjanovic 4 , Yeol Je Clio 5,6 

Abstract: In this paper, we develop some fixed point theorems by using auxiliary functions for 
maps satisfying a rational type contractive condition in partially ordered S'—metric spaces. Conditions 
for uniqueness of fixed point are also discussed. Our results generalize some existing results in the 
literature of S-metric spaces. 

MSC: 47H10; 54H25. 

Keywords: Fixed point; rational type contraction; partially ordered set; S-metric space 


1. Introduction and Preliminaries 

Fixed point theory is one of the most powerful and most important tools in nonlinear analysis and 
applied sciences. Its core subject is concerned with the conditions for the existence of one or more 
fixed points of a mapping T from a nonempty set X into itself, that is, to find a point x £ X such 
that Tx = x. 

In 1922, Banach’s contraction principle [1] ensures the existence and uniqueness of a unique fixed 
point for a self-mapping satisfying a contractive condition, which is called Banach’s contractive map¬ 
ping. After that, many authors have extended, improved and generalized Banach’s contraction prin¬ 
ciple in several ways. 

Especially, Banach’s contractive mapping is continuous, which is used to prove Banach’s contrac¬ 
tion principle. Thus it is natural to consider the following question: 

Do there exist some contractive conditions which do not force the mapping T to be continuous? 

In 1968, Kannan [4] gave the positive answer for this question and he proved the following fixed 
point theorem for the following contractive condition: 

Theorem K. Let ( E , d) be a complete metric space and T : E -A E be a mapping such that there 
exists a number h £ (0, g) such that 

d(Tx, Ty ) < h[d(Tx, x) + d(Ty , y)} 

for all x, y £ X. Then T has a unique fixed point in E. 

Also, some authors have introduced some kinds of contractive mappings, for example, Meir-Keeler 
* Corresponding Author. 

Full list of author information is available at the end of the article. 
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contraction, Caristi’s contraction, Hardy-Roages contractions, Chatterjea’s contraction, Berinde’s con¬ 
traction, Reich’s contraction, Ciric’s contraction and others (see [2]-[9]). 

Another one to study Banach’s contraction principle in metric spaces is to extend Banach’s contrac¬ 
tion principle to the classes of various kinds of metric spaces. Recently, some authors have introduced 
some extensions of metric spaces in several ways and have studied fixed point theory and its applica¬ 
tions, for example, 2-metric spaces [10], D-metric spaces [11], G-nretric spaces [12], D*-metric spaces 
[13], S-metric spaces [14]-[17] and some others. 

On the other hand, Ran and Reurings [18], Bhaskar and Lakshmikantliam [19], Lakshmikantham 
and Ciric [20], Neito and Lopez [21], Harjani et al. [22], Harjani et al. [23] and Zhou et al. [24]-[25] 
studied fixed point problem in partially ordered sets. 

Definition 1.1. [14] Let X be a nonempty set. A S-metric on X is a mapping S : X 3 K»• [0, oo) that 
satisfies the following conditions: for all x, y,z,a € X, 

(51) S(x, y, z) > 0; 

(52) S(x, y, z) = 0 if and only if x = y = z\ 

(53) S(x, y, z) < S(x, x, a) + S{y, y, a) + S(z, z, a). 

The pair ( X , S) is called an S-metric space. 

Immediate examples of such S— metric spaces are as follows: 

(1) Let R be a real line and define S(x, y, z) = \x — z\ + \y — z\ for all x,y,z € R. Then S is an 
^-metric on R. This S-metric is called the usual S-metric on R. 

(2) Let X = R + with a norm || • || and define S(x,y,z) = \\2x + y — 3z|| + ||ar — z\\ for all x,y,z € X. 
Then S is an S-metric on X. 

(3) Let X be a nonempty set and d be the ordinary metric on X. If we define Sd{x,y,z) = 
d(x, z ) + d(y, z ) for all x,y,z € X , then S is an S-metric on X. 

Definition 1.2. [14] Let ( X,S ) be an S-metric space. 

(1) A sequence {x n } in X is said to convergent to a point x G X if S( x n ,x n ,x) -> 0 as n -> oo, 

that is, for any e > 0, there exists no £ N such that, for all n > no, S(x n ,x n ,x) < e. 

(2) A sequence {x n } in X is called a Cauchy sequence if S(x n ,x n ,x m ) —> 0 as n, to —> oo, that is, 
for any e > 0, there exists no £ N such that, for all n,m > no, S(x n ,x n ,x m ) < e. 

(3) An S-metric space (X, S) is said to be complete if every Cauchy sequence in X converges to a 
point in X. 

Lemma 1.1. [14] Let (X,S) be an S-metric space. Then S(x,x,y) = S(y,y,x), for all x,y € X. 

Lemma 1.2. [14] Let ( X,S ) be an S-metric space. Then 

S{x, x, z) < 2 S(x, x, y) + S(y, y, z) 


for all x,y,z € X. 

Lemma 1.3. [14] Let (X,S) be an S-metric space. If a sequence {x n } in X converges to a point 
x £ X, then {x n } is a Cauchy sequence. 
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Lemma 1.4. Let (X,S) be an .S'-metric space. Then, for all x,y,z £ X, it follows that 

(1) S(x,y,y) < S(x,x,y); 

(2) S(x,y,x) < S(x,x,y); 

(3) S(x,y,z) < S(x,x,z) + S(y,y,z); 

(4) S(x,y,z) < S(y,y,z) + S(x,x,z); 

(5) S(x,y,z) < S(y,y,x) + S(z,z,x); 

(6) S(x, x, z) < | [S(y,y,z) + S(y,y,x)\; 

(7) S(x, y, z) < | [S(x,x,y) + S(y,y,z) + S(z,z,x)\. 

Proof. It follows from (S3) and Lemma 1.2, one can easily obtain (l)-(5). 

Now, we prove (6) and (7) also hold. By Lemma 1.1 and Lemma 1.2, we have 

2 S(x, x, z) = S(x, x, z ) + S(z, z , x) 

< [2S(x,x,y) + S(y,y,z )] + [2 S(z,z,y) + S(x,x,y)] 

= 3[S(y,y,z) + S(y,y,x)] 

and hence S(x,x,z) < § [S(y,y,z) + S(y,y,x)]. Thus (6) holds. By virtue of (3)-(5) and Lemma 1.2, 
we have 

3 S(x, y, z) = 2 [S(x, x, y) + S(y, y, z ) + S(z, z, a:)], 

which implies (7) holds. This completes the proof. □ 

Lemma 1.5. [15] Let ( X , S) be an S'-metric space and {x n } be a sequence in X such that 

lim 5(a; n+ i,ar n+ i,a: n ) = 0. 

n—> oo 

If {x n } is not a S-Cauchy sequence, then there exists e > 0 and two sequences {rrik} and {n^} of 
positive integers with nf. > rrik > k such that the following sequences tend to e when k —> oo: 

S(x rnk , x mk , x nk ), S(x rnk , x mk , x nk +\), S(x rnk — i, x mk , x nk ), 

S (Xm k — 1 1 Xm k — 1 , X nk + \ ) , S(x rnk ^- \ , X mk _|_i, X nk + \ ) . 

Definition 1.3. [26] A mapping F : [0, oo) 2 —»• R is called a C-class function if it is continuous and 
satisfies the following conditions: 

(Cl) F(s,t) < s for all s,t £ [0, oo); 

(C2) F(s, t) = s implies that either s = 0 or t = 0. 

Let C denote the set of C-class functions. 

Example 1.1. [26] The following functions F : [0, oo) 2 i—>• R are elements of C. For each s,t £ [0, oo), 

1. F(s, t) = s — t. 

2. F(s, t) = ms for some m £ (0,1). 

3. F(s,t) = (pqyjv for some r £ (0, oo). 

4. F(s, t) = log(f + a s )/(l + t) for some a > 1. 
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5. F(s,t) = ln(l + a s )/2 if e > a > 1. Indeed, f(s,t) = s implies that s = 0. 

6. F(s, t) = (s + £)( 1 /( 1 +*) T ') — i if l > 1 and r £ (0, oo). 

7. F(s, t) = s log t+a a for all a > 1. 

8. F(s,t)=s -(£§)(^). 

9. F(s,t) = sf3(s) if a function /? : [0, oo) [0,1) and is continuous. 

10. F(a,t) = 8 --j±r t . 

11. F(s, t) = s — ip(s) if : [0, oo) —> [0, oo) is a continuous function such that tp(t) = 0 if and only 
if t = 0. 

12. F(s, t) = sh(s, t) if h : [0, oo) x [0, oo) —> [0, oo) is a continuous function such that h(t, s) < 1 for 
all t, s > 0. 

13. F(s,t) = s- (f±| )t. 

14. F(s,t) = y/ln(l + s n ). 

15. F(s, t) = (f>(s), where <f) : [0, oo) —> [0, oo) is a upper semicontinuous function such that (f)(0) = 0 
and <j>(t) < t for all t > 0. 

16. F(s,t) = (i+yp for all r £ (0, oo). 

Definition 1.4. [27] A function if) : [0, oo) —> [0, oo) is called an altering distance function if the 
following conditions are satisfied: 

(ADI) xf> is strictly increasing and continuous, 

(AD2) ip(t) = 0 for all t £ [0, oo) if and only if t = 0. 


Let denote the class of all continuous and strictly increasing functions (f> : [0, oo) i-A [0, oo) and 
dt the set of all functions such that lim ip(t) > 0 for all r > 0 and i[>(t) =0 if and only if t = 0. 

t—¥r 

In [28], Mashina proved the following results: 


Theorem 1.1. [28] Let (X,<) be a partial ordered set and (X,S) be a complete A-metric space. 
Let T : X ha X be a continuous and nondecreasing mapping with respect to A such that 


S(Tx,Tx,Ty ) < a 


S(x,x,Tx) ■ S(y,y,Ty) 
S(x,x,y) 


■ f3- S(x,x,y) 


for all x, y £ X with x ^ y and for some a, ft £ [0,1) with a + (3 < 1. If there exists xq A Tx o, then 
T has a unique fixed point in X. 


Theorem 1.2. [28] Let (X, A) be a partial ordered set and (X,S) is a complete A-metric space. 
Assume that X satisfies the following condition: 

(Cl) If {x n } is a nondecreasing sequence such that x n —> x with x* = sup rl>1 {a; r( } with respect 
to A. 
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Let T : X H»• X be a nondecreasing mapping with respect to A such that 

Cfrr rp rp x ^ 5 {x , a;, Tx) ■ S{y, y , Ty) 

S(Tx,Tx,Ty ) < a •-—-r-h P ■ S{x,x,y) 

S{x, x, y) 

for all x, y £ X with i / y and for some a, p £ [0,1) with a + p < 1. If there exists xq A Tx o, then 
T has a unique fixed point in X. 


Also, Mashina [28] added the following assumption to Theorem 1.1 and Theorem 1.2 to guarantee 
the uniqueness of the fixed point of the given mapping. 

(C2) For all x, y € X, there exists u £ X which is comparable to x and y. 

The main aim of this paper is to generalize the results of Mashina [28] by using the auxiliary 
functions in the setting of A-metric spaces. 


2. Main Results 


Now, we give one definition for our main results in this paper. 

Definition 2.1. Let (X, A) be a partially ordered set and T : X H »• X. We say that T is a nonde¬ 
creasing mapping with respect to A if for x, y £ X, x A y => Tx A Ty. 

Theorem 2.1. Let (X,X) be a partial ordered set and (X,S) is a complete S'-metric space. Let 
T : X —» X be a continuous and nondecreasing mapping with respect to A satisfying the following 
condition: 


< 


(j>(S(Tx, Tx, Ty)) 


F 


1 


a + /? L 

1 


a 


ex f3 


S(x, x, Tx) ■ S(y,y,Ty) 
S{x,x,y) 

S{x, x, Tx) ■ S(y, y, Ty) 
S{x,x,y) 


+ P ■ S(x,x,y) 

+ P ■ S{x,x,y) ^ 


( 2 ) 


for all x, y £ X with x yf y, for some a,p £ [0, oo) with a + p > 0 and F £ C,<fi £ &, ip £ ty. If there 
exists Xq A Tx q, then T has a fixed point in X. 


Proof. Let Xq £ X such that Xq A Tx o- Since T is nondecreasing with respect to A, by induction, we 
obtain 


xq di Tx o A T 2 x o A • • • A T n x o A T n+1 x$ -<■■■. 

Let x n +i — Tx n for each n > 1. If there exists no > 1 such that x no +i = x na , then a: no +i = Tx no = 
x no and so x no is a fixed point of T. 

So, we assume that x n+ i ^ x n for each n £ {0} U N. Putting x = x n+ \ and y = x n for each n > 1 
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in (2.1), we have 


< F 


= F 


(x n - |_i, x n )) 

(,b(S(Tx n , Tx n , Tx n _i)) 

* S{x n — i, X n — i, Tx n — i) 
S{x n , X n , X n — i) 

*£rio TXn) ’ S{x n —\^X n —\ : Tx n —\) 
S{x n -) %n-) %n— l) 

'Kn— l)]^ ? 




H - %n— l) 

H - 1) 


—-[a5(x n ,x n ,x n+ i) + /3S(x n , 
a + p 

^ X n , X n -|-l) + (3s{x n , Xfi) X n _l)]^ ^ 

- ■Em 2-ri) ^ra+l) "F fiS{x n , X n , X n —i)]^j . 

Since 0 is strictly increasing, we have 


S(x n -\-i, Xn+lT X n ) ft S(x n ,X n ,X n — i) 


for all n > 1. Hence the sequence {5(i„,a: n ,a; n +i)} is a monotone decreasing and bounded below. 
Therefore, there exists r > 0 such that lim S(x n ,x n ,x n - 1 ) = r. 

n—> oo 

Now, we prove that r = 0. Assume that r > 0. Using Definition 1.3, we know that, when 
F(s,t) = s, then s = 0 or t = 0 and F(s,t) < s when s > 0 and t > 0. Using the properties of </> 
and ip, we have </>(r) > <^(0) > 0 and lim <p(S(x n ,x n ,x n - 1 )) > 0. Therefore, by taking the limit as 

n—too 

n —> oo and using the properties of F, we have 


<t>{r) 


< 


< 



lim 

n—¥ oo 




Ot -\- j3 


\oi.S(x n , x n , x n - |_i) T" (3S(x r i^x^ 





which is a contradiction. Thus we have r = 0 and 


lim S(x n ,x n ,x n -i) = 0. 

n—¥ oo 

Next, we prove that {S(x n , x n , x n _i) is a Cauchy sequence. Suppose that a sequence {S(x n , x n , x n -\)} 
is not a Cauchy sequence. From Lemma 1.5, there exists e > 0 and {mt} and {n/ c } of positive integers 
such that 


lim S(x mk ,x nk ,x nk ) = e. 

fc—>■ oo 
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Putting x = x mk and y = x nk for each k > 1 in (2.1), we have 


<KS( x m k + li x m k + l, x n k + 1)) 

= P(S(Tx m k 7 Tx mfe ,Tx„J) 


< F 


1 


a + /? L 


^( X m k ’ X fTlk ’ Tx m k ) ' S{X n k > x n k i Tx nk ) 


S{? 


" m k ) Xm k 


> ‘Uifc) 


M 

H"~ ft ’ ^(. x m k ? m/, 7 ^n/e ) ^ 7 

^ ^ 1 |"^ $( x m k 7 x m k 7 rs m J-S( •Ufc i x n k 1 


k Q; -|- j3 




m k > x rn k 


1 x n k ) 


= F 


-j-f3 ■ S(x mk ,x mk ,x nk ) ^ 

1 S{Xm k 1 Xm k > a^mfc + l) ' 5(x n fc ^ ^n fc 7 ^n fc + l) 

^ “ 1 “ ft - $( x m k 7 x m k 7 *^nfc ) 

“l - /^ ’ S(Xm k 7 ^rrifc 7 ^n/e ) ^7 

/ / 1 |"^ ^( Xi rn k 7 x m k 7 *£m/ c + l ) • S(x nk , X nfc , X nfc _|_i) 

^U + 


+ /? L 


S[x mk , x mk , x nfc ) 


+/3 • S(x mk , x mk , x nk ) 

Using the properties of <j> and ip, we have </>(e) > 0 and 

^(- 1 

o V ( 


lim r 

k—>oc \ CX -\- 


S(%m k 7 7 x m k + 1) * *S > (^ ^■fc ? X ^k x n k + l) 

S{Xm k i Xm k i x n k ) 

T P * 5(x mfc , X mk , X nfe ) ^ > 0. 

Taking the limit /c —► oo in the above inequality, we have 




/3e 


Pe 


v o T (3 

which is a contradiction. Hence the sequence {S(x n ,x n ,x n - 1 )} is a Cauchy sequence. By the com¬ 
pleteness of X, there exists x* € X such that x n —► a;* as n —> oo. Also, the continuity of T implies 

Tx* = T( lim x n ) = lim Tx n = lim x n +i = x*, 

n—>• oo n—>o o n—too 

which implies that x* is a hxed point of T. This completes the proof. □ 


Remark 2.1. (1) If define F(s, t) = (a + /3)s for some a, ft € [0, oo) with a + /3 > 0 and <j>(t) = t for 
alH > 0 in Theorem 2.1, then Theorem 2.1 reduces to Theorem 1.1 of [28]. 

(2) In Theorem 2.1, we use the auxiliary function F € C and C is a class of more general functions 
than the gauge function used in Theorem 2.1 and 2.2 of [23]. Indeed, the gauge function F(s, t ) = s — t 
in Theorem 2.1 and 2.2 of [23] is an element of C. 

(3) We note that, if ip is an alerting distance function, then ip £ \ k. But the reverse is not true in 
general. 

Taking F(s, t) = s — t in Theorem 2.1, we obtain the following: 

Corollary 2.1. Let (X, A) be a partial ordered set and (X,S) be a complete 5-metric space. Let 
T : X —> X be a continuous and nondecreasing mapping with respect to A satisfying the following 
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condition: 


<j)(S(Tx,Tx,Ty)) < 


a S(x,x,Tx)-S{ y^Ty} +b , s(XtXy) 




S{x,x,y) 
S{x,x,Tx) ■ S(y, y, Ty) 
S(x, x, y) 


+ b ■ S(x,x,y 


for all x, y £ X with x ^ y, for some a, b £ [0,1) with a + b < 1 and (f> £ 4>, if) £ 4'. If there exists 
Xo 5 Tx o, then T has a fixed point in X. 


In addition, taking <j>{t) = kt for alH > 0 and ip(t) = (k — 1 )t for all t > 0 with k > 1 in Corollary 
2 .1, we have the following: 


Corollary 2.2. Let ( X , X) be a partial ordered set and ( X , S) be a complete S-metric space. Let 
T : X i —y X be a continuous and nondecreasing mapping with respect to ^ satisfying the following 
condition: 


S{Tx,Tx,Ty) < a ■ S(y,y,Ty) + & _ s(x,x,y) 

o x, y) 

for all x, y £ X with x ^ y, some a,b £ [0,1) with a + b < 1 . If there exists Xo 5 Txq. Then T has a 
fixed point in X. 


Now, we present some examples to verify Theorem 2.1 and Corollary 2.2. 
Example 2.1. Let X = [0, oo) with the 5-metric defined by 

S(x,y,z) = \x - z\ + \y - z\ 


for all x, y, z £ X and < be the natural ordering of real numbers. Then X is a complete 5-metric 
space. Let T : X — > X be a mapping defined by Tx = |(1 + x) and </>€$, ip £ T be defined by 

<K*) =t+ \> ^ t ) = \- 

Define a mapping F £ C by F(s, t) = s — t and take a = 3 and /3 = 1. 

First, we note that, for all xq £ [0, |], we have Xo < Txo- Second, we verify the condition (2.1). 
Without loss of generality, we assume that x > y. Then we have 


<t>(S(Tx,Tx,Ty)) = 0(2 (Tx-Ty)) 

^(! +x) - \( 1 + y) ) 


On the other hand, we have 


a + (3 L 


= <t>fyx-y)) 

1 , ,1 

= l (x-y) + l . 


S(x,x,Tx)S(y,y,Ty) 
S(x, x, y) 


i 


K 1 + x )][y- g(! + y)] 


4 L 2(x — y) 

l r6(|*- §)(|i/- |) 


+ @S{x,x,y) 
+ 2 {x-y) ) 


(x-y) 


Q (l x - h)(h ~ h) , 1 


+ 2(x - y) 


1 


4 (x-y) 


+ ^(x- y ) + -. 
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and 


Thus we have 


K 4 l 


a + (3 L 


a S(x,x,Tx)S(s,,,m +/3s(x , x , y) 


3 1 1 1 + 2(x - # )]) 


S(x, x, y) 

1 To 4 ^ ~ K 1 + x )][y- |( 1 + y)] 

2(x - y) 

1 r 6 (I^~ \)(h~ g) 

4 L (x-y) 

1 r6(|*- §)(|y-g) 


+ 2(x - y) 


{x - y) 


+ 2(x - y) 


is d^-Ddy-l) . i, 

(x-y) 4 


F (<t>A’) = 7 " vs ~ , 8 \ —— + -,(x~y) + 7- 


Hence the condition (2.1) holds for y < x < 1. Therefore, all the assumptions of Theorem 2.1 are 
satisfied and, further, x = i is the fixed point of T. 


Example 2.2. Let X = [1, oo) be an S-metric space with the S-metric defined by 

S'(x,y,z) = \x-y\ + \y-z\ 

for all x,y, z € X and < be the natural ordering of real numbers. Then (X, S) is a complete S'-metric 
space. For 0 < k < 1, consider the self-mapping T : X —» X defined by Tx = for all x G X. 
First, there exists Xg = 1 G X such that Xg < Tx o- Second, we have 

I 3x T 2 3 y T 2 | 


S(Tx, Tx,Ty) = 


< 


2x A 3 2 y T 3 

§\x-y\ 

(2x + 3)(2y + 3) 

\x-y\ 


^S(x,x,y). 


So, we have 


S(Tx, Tx, Ty) < « . S(a ^*> ■% V. Ty) +b . s(x ^ y) 

S(x,x,y) 


for all x,y G X with x ^ y and a G [0, |) and b = l. Hence all the assumptions of Corollary 2.2 are 
satisfied. Therefore, T has a fixed point in X and, further, x = 1 is a fixed point of T. 


In the next theorem, we omit the continuity of T and assume that the following condition, which 
has been stated in [22]. 

(Cl) If {x n } is a nondecreasing sequence such that x n x* with x* = sup{x„} with respect to 

Theorem 2.2. Let ( X , S) be a partial ordered set and ( X , S) be a complete S'-metric space. Assume 
that X satisfies the condition (Cl). Let T : X —» X be a nondecreasing mapping with respect to A 
satisfying the condition (2.1). If there exists Xg S Txg, then T has a fixed point in X. 
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Proof. Following the proof of Theorem 2.1, we only need to verify Tx* = x*. Since {a ; n } is a nonde¬ 
creasing sequence in X and x n — > x*, by the condition (Cl), it follows that x n p x*. Since T is a 
nondecreasing mapping with respect to p, we have Tx n = x n +\ p Tx* for all n € N. Moreover, since 
Xo p Tx o p Tx* and x* = sup{x„}, we have x* p Tx*. 

Using the similar arguments as in the proof of Theorem 2.1, for x* p Tx* , it follows that {T n x*} 
is a nondecreasing sequence and lim T n x* = z for some z £ X. Again, using the condition (Cl), we 

n—>oo 

have 2 = sup{T”x*}. Moreover, from Xq A x*, we have x n = T n xq p T n x* for each n> 1. Applying 
x = x n and y = x* for each n > 1 in (2.1), we have 


P(S(x n+1 ,x n+1 ,T n+1 x*)) 

= <j>{S(Tx n , Tx n ,T(T n x*))) 

S{x n , x n , Tx n ) ■ S{T n x*,T n x*,T{T n x*)) 


< F 


W; 


1 


a + P l 
+P ■ S(x n ,x n ,T n x*) 


S(x n ,x n ,T n x*) 




1 


a + f3 L 


S(x n , x n , Tx n ) • S(T n x*,T n x*,T(T n x*)) 


S(x n ,x n ,T n x*) 


+P ■ S(x n ,x n ,T n x*) 


= F 


M; 


1 


S(x n , x n , x n+1 ) ■ S(T n x*,T n x*,T(T n x*)) 


a + p V 
+P ■ S(x n ,x n ,T n x*) 


S(x n ,x n ,T n x*) 


/ 1 r . S(xn, x n , x n+1 ) • S(T n x*,T n x*,T(T n x*)) 

\a + /3 S(x n ,x n ,T n x*) 

+p-S(x n ,x n ,T n x*) 1" 


Letting the limit n —> oo in the above inequality, by the properties of <j>, if, F, we have 

/ t?( x( aS ( x *’ x *' z )\ / fPS{x*,x*,z)\^ (pS{x*,x*,z)\ 

0(S(x ,x ,z))<F ^( — — ))<*( — ). 


which yields — = 0 or x ( . [ '' j = 0. Thus we have S(x*,x*,z) = 0. Especially, 

x* = z = sup{x„} and so Tx* p x* , which is a contradiction. Hence x* = Tx*. This completes the 
proof. □ 


Taking F(s, t) = s — t in Theorem 2.2, we obtain the following: 


Corollary 2.3. Let (X, p) be a partial ordered set and (X, S) be a complete S'-metric space. Assume 
that X satisfies the condition (Cl). Let T : X -A X be a nondecreasing mapping with respect to p 
satisfying the following condition: 


<f>(S(Tx,Tx,Ty)) < 


a S(x,x,Tx).S(„y,Ty) +b 
b{x,x,y) 


-V>(a 


S(x,x,Tx) ■ S(y,y,Ty) 
S(x, x, y) 


+ b ■ S(x,x,yfj 


for all x, y € X with x / y, for some a,b £ [0,1) with a + b < 1 and (f> £ $, if £ T. If there exists 
Xq p Tx o, then T has a fixed point in X. 
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In addition, taking <j>{t) = kt for alH > 0 and ip(t) = (k — 1 )t for all t > 0 with k > 1 in Corollary 
2.3, we have the following: 


Corollary 2.4. Let (X, X) be a partial ordered set and (X, S) be a complete S-metric space. Assume 
that X satisfies the condition (Cl). Let T : X —> X be a nondecreasing mapping with respect to A 
satisfying the following condition: 


S(Tx,Tx,Ty ) < a- 


S(x,x,Tx) ■ S(y,y,Ty) 
S{x,x,y) 


+ b- S(x,x,y) 


for all x, y £ X with x ^ y and for some a,b £ [0,1) with a + b < 1. If there exists Xq A Tx o, then T 
has a fixed point in X. 


Now, we give an example to illustrate Theorem 2.2. 
Example 2.3. Let X = [0, oo) with the S-metric S defined by 

S(x,y,z) = \x-z\ + \y-z\ 


for all x,y, z £ X and < be the natural ordering of real numbers. Then X is a complete S’-metric 
space. Let T : X —> X be a mapping defined by Tx = 4 — gy f° r all x £ X and <j> £ <fr, ip £ be 
defined by 

= ' t P( t ) = \^ 

respectively. Define a mapping F £ C by F(s, t) = s — t and take a = 3 and /3 = 1. 

First, we note that there exists x 0 £ [0, ^ +1 ] C [0, oo) such that x 0 < Tx 0 . It is easily to verify 

that the sequence {x n } defined by x n = Tx n -\ with Xq = v ^ 2 +1 is nondecreasing and converges to 
x* = 3+ ^*^ with x* — sup n>1 {a:„} with respect to <. Second, we verify the condition (2.1). Without 
loss of generality, we assume that x > y. Then we have 


4>(S(Tx, Tx, Ty)) = <f>(2(Tx - Ty)) 

- H’[(‘-s)-(*-s) 1) 


On the other hand, we have 

K- + 


a + P L 


= <<---) 

\y x / 

1 1 1 

—-^ 7 • 

y x 4 

S(x,x,Tx)S(y,y,Ty) 


S(x,x,y) 


+ pS(x,x,y) 


i 


ir Q ( x + h~ A )(v + h~^ 


^4 L (x-y) 

6 ( x + i* - 4 )(y + iv - 4 ) . i 


+ 2 (x-y) ) 


4(z - y) 

1 r S(x, x,Tx)S(y, y, Ty) 


+ 2^ _y ) + 4’ 


a + (3 L 


0 ( 4 L (x-y) 

1 6 ( x + ix ~ 4 )(y + iy ~ 4 ) 1 


S(x, x, y) 

i r 6 ( a: + h ^ 4 )(v+ ^ ~ 4 ) 


+ PS(x,x,y) 


+ 2 (x-y) ) 


(a; - 2/) 


+ ^(x-y) 
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and 




1 6 (^+2^ 4 )(y+4 

8 (x-y) 


4 ) 1 

- + 4 (:r 



Hence the condition (2.1) holds for y < x £ [0, ' / + 1 ]- Therefore, all the assumptions of Theorem 2.2 
are satisfied and, further, x = 3+ ?f^ is the fixed point of T. 


For the uniqueness of the fixed point, we consider the following condition stated in [22]. 

(C2) For all x, y € X, there exists u £ X which is comparable to x and y. 

Theorem 2.3. If you give the condition (C2) to the hypotheses of Theorem 2.1 (or Theorem 2.2), 
then the fixed point of the mapping T is unique. 


Proof. Suppose that x* and y* £ X are fixed points of the mapping T. Then we consider two cases. 
Case 1: If a;* and y* are comparable and x* ^ y*, then, using the condition (2.1), we have 




,y *)) 


< 


< 


<f>(S(Tx* ,Tx* ,Ty*)) 

1 r S(x*,x*,Tx*)-S(y*,y*,Ty*) 

- Cf - 

a + P L S(x*,x*,y*) 

1 r S(x*,x*,Tx*)-S(y*,y*,Ty*) 


F 




F 


a + /3 L 

p 

OL + (3 


■ /3S(x* 
/3S(x*, 


S{x*,x*,y*) 
S(x*,x*,y*)^,tp(^ a ^_ S(x*,x*,y*)^ 





which yields -JFpS{x*, x*, y*) = 0 or %l)(-JFpS(x*, x*, y*)) = 0. Thus we have S(x*,x*,y*) = 0. 
Therefore, x* = y*. 

Case 2: If x* is not comparable to y*, then, by the condition (C 2), there exists u £ X comparable 
to x* and y*. The monotonicity implies that T n u is comparable to T n x* = x* and T n y* = y* for each 
n > 0. If there exists n 0 > 1 such that T n °u = x*, then, since x* is a fixed point of T, the sequence 
{T n u : n > no} is constant and so lim T n u = x*. 

n—>o o 

On the other hand, if T n u ^ x* for each n > 1, then, using the condition (2.1), it follows that, for 
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each n > 2, 


< 


< 

< 


(,fi{S(T n u,T n u,x *)) 
cj)(S(T n u,T n u,T n x*)) 


a + (3 l 


S(T n ~ 1 u, T n ~ 1 u 1 T n u) ■ S(T n - 1 x*,T n ~ 1 x*,T n x*) 
S(T n ~ 1 u, T^u, T n ~ l x*) 


■w 

+/3S(T n ~ 1 u, T n ~ 1 u, T n ~ 1 x*) ), 


S(T n ~ 1 U , T n ~ 1 u, T n u) ■ S(T n ~ 1 x*,T n ~ 1 x*,T n x*) 


F 


Ha+~/3 T S(T n ~ 1 u, T n ~ 1 u, T n ~ 1 x*) 

+pS{T n - 1 u,T n ~ 1 u,T n - 1 x*) )) 

1 r S(T n ~ 1 u,T n ~ 1 u,T n u) ■ S(x*,x*,x*) 

- OL - 

a + pi S(T n ~ 1 u, T n ~ 1 u, T n ~ 1 x*) 

+/3S(T n ~ 1 u, T n ~ l u, x*) ), 

j 1 r S(T n ~ 1 u,T n ~ 1 u,T n u) ■ S(x*,x*,x*) 
^\a + (3 [“ SiT^u^^u.T^x*) 

+/3S(T n - 1 u,T n ~ 1 u,x*) )) 


cj)(S(T n - 1 u, T n ~ 1 u, x*)), 


which implies that S(T n u, T n u, x*) < S(T n ~ 1 u, T n ~ 1 u, x*). Therefore, the sequence {S(T n u, T n u, £*)} 
is monotone decreasing, bounded below and converges to d > 0. Taking the limit as n -> oo in the 
above inequality, we have 

which yields jyygd = 0 or = 0. Thus we have d — 0 and 

lim T n u = x *. 

n—>o o 

It can be shown that lim T n u = y* by the similar arguments mentioned above. Thus we can conclude 

n—>o o 

that x* = y* and hence fixed point of the mapping T is unique. This completes the proof. □ 


Taking F(s, t) = s — t in Theorem 2.3, we obtain the following: 


Corollary 2.5. Let (X, A) be a partial ordered set and (X, S) be a complete S'-metric space. Assume 
that X satisfies the condition (C2). Let T : X —> X be a nondecreasing mapping with respect to A 
satisfying the following condition: 


<j>(S(Tx,Tx,Ty)) < 


a s(x,x,Tx) s(y,«,Ty) +b g( } 

b(x,x,y) 


-ip(a 


S(x,x,Tx) ■ S(y, y, Ty) 
S(x, x, y) 


+ b ■ S(x,x,yfj 


for all x, y € X with x ^ y, for some a,b € [0, 1) with a + b < 1 and <j> G <h, ip G T. If there exists 
Xq F Tx o, then T has a unique fixed point in X. 
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In addition, taking <j>{t) = kt for alii > 0 and ip(t) = (k — 1 )t for all t > 0 with k > 1 in Corollary 
2.5, we have the following: 


Corollary 2.6. Let (X, X) be a partial ordered set and (X, S) be a complete S'-metric space. Assume 
that X satisfies the condition (C2). Let T : X -> X be a nondecreasing mapping with respect to A 
satisfying the following condition: 


S(Tx,Tx,Ty ) < a- 


S(x,x,Tx) ■ S(y, y, Ty) 
S(x, x, y) 


+ b- S(x,x,y) 


for all x, y £ X with x ^ y and for some a, b £ [0,1) with a + b < 1. If there exists Xq A Tx o, then T 
has a unique fixed point in X. 
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Abstract 

The purpose of this research is to study the stochastic pantograph differential equations 
(SPDEs) in the G-framework. We determine that any solution Z(t) of stochastic pantograph 
differential equation in the G-framework is bounded i.e., in particular Z(t) £ Mq([0, T]; M”). 
Subject to growth and Lipschitz conditions, we prove that SPDEs in the G-framework admit 
unique solution. Some useful inequalities, such as the Holder’s inequality, Doobs martingale’s 
inequality, Burkholder-Davis-Gundy’s (BDG) inequalities and Gronwall’s inequality are utilized 
to derive our results. In addition, we obtain the asymptotic estimates for the solutions to SPDEs 
in the G-framework. 

Keywords: Existence, uniqueness, asymptotic estimates, G-Brownian motion, stochastic 

pantograph differential equations. 

MSC2010 Classification: 60G10, 60G17, 60G20, 60H05, 60H10, 60H20. 


1 Introduction 

The stochastic differential equations (SDEs) theory is used in different disciplines of engineering 
and sciences. For instance, in physics, SDEs are used to study and model the influence of random 
changes on various physical phenomena. These equations describe the transport of cosmic rays in 
space. The percolation of fluid through absorbent structures and water catchment can be modeled 
by SDEs [15]. They are used to find out the problems of stochastic volatility and risk measures 
in finance and economics. In biology, they model the accomplishment of stochastic changes in 
reproduction on populations procedures [32, 33]. The weather and climate can also be modeled by 
these equations. A huge literature is available on the applications of SDEs in various discipline of 
engineering such as mechanical engineering [25, 27, 28], wave processes [26], stability theory [24] 
and random vibrations [3, 23]. In general, we can not find the explicit solutions for non-linear SDEs, 
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so we have to present and study the analysis for the solutions of these equations. By virtue of the 
Lipschitz and growth conditions, the existence theory for solutions to SDEs in the G-framework was 
given by Peng [20, 21] and later by Gao [14]. The said theory with integral Lipschitz coefficients 
was developed by Bai and Lin [1]. While Faizullah generalized the existence of solutions for SDEs 
in the G-framework with discontinuous coefficients [10]. In view of the Picard approximation 
technique, the existence-uniqueness results for stochastic functional differential equations (SFDEs) 
in the G-framework were commenced by Ren, Bi and Sakthivel [22], The stated theory with 
Caratheodory approximation scheme was developed by Faizullah [9] . He presented the pth moment 
estimates for the solutions to SFDEs in the G-framework [6, 7]. Recently, Faizullah generalized the 
existence theory for SFDEs in the G-framework with non-Lipschitz conditions [5]. The pantograph 
differential equations arise in different fields such as quantum mechanics, number theory, dynamical 
systems, electrodynamics and probability. These equations were utilized by Taylor and Ockendon 
to investigate the collection of electric current [19]. The stochastic version of pantograph differential 
equations were introduced by Backer and Buckwar [2] . They studied the existence theory for linear 
stochastic pantograph differential equations (SPDEs). While Xiao, Song and Liu determined that 
the Euler scheme for linear SPDEs is convergent [30]. The existence theory for solutions to non¬ 
linear SPDEs were developed by Fan, Liu and Cao [11], in which the convergence of Euler scheme 
was established by Xiao and Zhang [31]. However, up to the best of our knowledge, no one has 
studied SPDEs in the G-framework. The current paper will fill the mentioned gap. Consider an Tri¬ 
dimensional G-Brownian motion W(t) = (W\ (t)). R^f)), ..., W m {t)) T defined on a complete 

probability space P). Let W(t) is adopted to the filtration {Pf \ t > 0} and fulfilling the usual 

conditions. Assume 0 < to <t < T < oo. Suppose the coefficients k, A and /./ be Borel measurable 
such that k : [0, T\ xM^xM^ —> M d , A : [0, T] xM^xM^ —► M rfxm and n : [0, T] xM^xM^ —► W dxm . We 
study the following d-dimensional stochastic pantograph differential equation in the G-framework 


dZ(t) = K(t, Z(t), Z(qt))dt+X(t, Z(t), Z(qt))d{W,W)(t)+n(t, Z(t), Z(qt))dW(t), 0 < t < T, (1.1) 


where q £ (0,1), the initial condition Zq £ is given and k,X,h are given mappings satisfy¬ 
ing k, A, fi £ Mq([0, T]; M d ). We denote the quadratic variation process of G-Brownian motion 
{W(t)}t>o by {(W,W)(t)}t>o- The integral form of equation (1.1) is given as the following 


Z(t) = Zo+ f k(s, Z(s), Z(qs))ds+ f X(s, Z(s), Z(qs))d(W, W)(s)+ [ n(s, Z(s), Z(qs))dW(s). 
Jo Jo Jo 

( 1 . 2 ) 


Definition 1.1. Let t £ [0,T]. A stochastic process Z(t ) £ is known as solution of problem 
(1.1) if the below characteristics hold. 


(i) {Z(t)}o<t<T is JG-adapted and continuous. 

(ii) The coefficients n(t, Z{t), Z(qt)) £ £ 1 ([0, T]; M d ), A (t, Z(t), Z(qt)) £ £ 2 ([0, T]; M dxm ) and 
fi(t,Z(t),Z(qt)) £ £ 2 ([0,T];M d x™). 

(iii) For each t £ [0,T], equation (1.2) holds q.s. 
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A solution Z(t) of problem (1.1) is said to be unique if for any other solution Y(t) of (1.1) we 
have 

E[ sup | Z(t)-Y(t) | 2 ] = 0, 

0 <t<T 

which means that Z(t) and Y(t) are identical. For all t £ [to,T] and all z,y,u,v £ R n , throughout 
the current paper the following two conditions are assumed. 

MM,y)| 2 + \^{t, z ,y)\ 2 + \[i(t,z,y)\ 2 < C( 1 + \z\ 2 + \y\ 2 ), (1.3) 

where C is a positive constant. This condition (1.3) is known as a linear growth condition and the 
below (1.4) is called the Lipschitz condition. 

I n(t,z,y) - n(t,u,v )| 2 + |A (t,z,y) - \{t,u,v)\ 2 + | n(t,z,y) - n(t,u,v )| 2 
<C(\z-u\ 2 + \y-v\ 2 ), 

where C is a positive constant. We organize the present article in the forthcoming fashion. Section 
2 presents several fundamental notions, definitions and results, which are required for our research 
work. In section 3 we determine that Z(t) is bounded and belongs to the space M^([0,T];M n ). 
This section also contains the existence and uniqueness theorem for the solutions to SPDEs in the 
G-framework. Finally, we derive the path-wise estimates for the solutions to the said equations in 
section 4. 


2 Preliminaries 

Building on the previous notions of G-Brownian motion theory, this section presents the funda¬ 
mental definitions and results required for the further discussion of the subject. For more details 
on the concepts briefly discussed, readers are suggested to consult the more depth oriented papers 
[8, 13, 17, 20, 21]. Let 11 be a given fundamental non-empty set. Suppose TL be a space of linear 
real functions defined on fl satisfying that (i) 1 £ TL ( ii ) for every d > 1, Xi,X 2 , ...,AQ £ TL and 
c p £ Cb.Lip(^ d ) it holds <p(Xi, X 2 , ..., Xd) £ H i.e., with respect to Lipschitz bounded functions, H 
is stable. Then (fi, TL , E ) is a sub-expectation space, where E is a sub-expectation defined as the 
following. 

Definition 2.1. A functional E : TL —» R satisfying the below four features is known as a sub¬ 
expectation. Let Z, Y £ TL , then 

(1) E[Z] < E[Y } if Z <Y. 

(2) E[K\ = K, for all K £ R. 

(3) E[aZ\ = aE[Z ], for all a £ R+. 

(4) E[Z\ + E[Y] > E[Z + Y}. 
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The above properties (1), (2), (3) and (4) are known as nronotonicity, constant preserving, pos¬ 
itive homogeneity and sub-additivity respectively. Moreover, let 14 be the space of all R^-valued 
continuous paths (wt)t >o starting from zero. Also, suppose that associated with the below distance, 
14 is a metric space 

oo i 

p(w 1 ,w 2 ) = — ( max \w} — w? I A 1). 

1=1 


Fix T > 0 and set 


L%(SIt) = {<t>{B tl ,B t2 ,..„B trn ) : m > 1, h, t 2 ,-, t m G [0,T\,<t> G C 6 . Lip (M mxd ))}, 

where B is the canonical process, L? p (14 t ) C L ( - p (Qt) for t < T and L { - p (iY) = U^T 1 L- ) p (14 n ). The 

completion of L® p (Q) under the Banach norm H[|.| p ]p, p > 1 is denoted by L P G ( 14), where L G (£lt) C 
Lq(Qt) C L p g ( 14) for 0 < t < T < oo. We indicate the filtration generated by the canonical 
process {W(t)} t >o, as T t = 0 -{W s ,O < s < 4} and T = {Ft}t> o- Suppose 7t t = {ioTi, •••, ijv}, 
0 < to < t\ < ... < tw < oo be & partition of [0, T\. Set p > 1, then M G °( 0, T) indicates a collection 
of the below type processes 

N -1 

«tM = i](*)> (2- 1 ) 

i=0 

where /% G Bq( 14^), z = 0,1,..., iV — 1. Furthermore, the completion of M G °(0,T) with the below 
given norm is indicated by M G ( 0, T), p > 1 

HI ={ 

4o 

Definition 2.2. A stochastic process {W(t)}t >o of d-dimensional satisfying the below properties 
is called a G-Brownian motion 


(1) W( 0) = 0. 

( 2 ) For any t,m > 0, the increment Wt+ m — Wt is G-normally distributed and independent from 

W tl ,W t2 , . W tn , for n G N and 0 < t\ < t 2 t n < t, 

Definition 2.3. Let cq G M G °( 0, T) having the form (2.1). Then the G-quadratic variation process 
{{W)t}t>o and G-Ito’s integral I (a are respectively defined by 

(W) t = W t 2 - 2 [ W s dW s , 

Jo 

,-T N-l 

1(a) = / a s dW s = Y, MW U+1 - W u ). 

J o i= o 

The below two results are taken from the book [18]. They are called as Holder’s and Gronwall’s 
inequalities respectively, . 
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Lemma 2.4. Assume m,n > 1 such that ~ ^ = 1 a nd £ G L 2 f/ien r/£ G L 1 and 



Lemma 2.5. Let rj(t) > 0 and f(t) be continuous real functions defined on [a, b\. If for all t G [a, b], 


€(t) < K+ f rj(s)£(s)ds, 


where K > 0, then 

£(t) < Ke^^ s)ds , 


for all t G [a, b\. 

Definition 2.6. Suppose that the group of entire probability measures on (17, £>(17) is indicated by 
V. The capacity is denoted by C and is given by 

C(D) = sup P(D), 

Per 


where D G 73(17) is Borel cr-algebra of 17. 

Definition 2.7. A set D G 73(17) is called polar if 

C(D) = 0. 

A characteristic fulfills quasi-surely (in short q.s .) if it fulfills outer a polar set. 


Now we state the following result [4]. 
Theorem 2.8. Let Z G L 2 . Then for every e > 0, 


C(\Z\ 2 >e)< 


E[\Z \ 2 ] 

e 


The following lemma, known as Doob’s martingale inequality, can be found in [14]. 

Lemma 2.9. Assume [a,b] be a bounded interval o/M+. Consider an valued G-martingale 
{ Z(t)} t >o■ Then 

£[ SU p iz(«)n < (-L-mizwn, 

a<t<b P ~ 1 

where p > 1 and Z(t) G L^,(17,M‘ i ). In particular, if p = 2 then E[ sup a<t<6 |Z(7)| 2 ] < AE[\Z(b)\ 2 ]. 


The following lemma, known as Banach contraction mapping principle, is borrowed from the 
book [12]. 

Lemma 2.10. Assume Z is a complete metric space. Let L : Z —> Z is a contraction mapping. 
Then L holds a unique fixed point in Z. 
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3 Existence and uniqueness results 


Firstly, we demonstrate a useful lemma. This lemma will be utilized in the upcoming existence- 
uniqueness result. This will also be used in the proof of path wise asymptotic estimates for the 
solutions to SPDEs in the G-framework. 

Lemma 3.1. Let equation (1.1) admits a solution Z(t). Suppose (1.3) holds. Then 

E[ sup |Z(s)| 2 ] < (1 + 4E\Z 0 \ 2 ) e iec(T+2)T , 

0 <s<T 

where the constant C > 0 is already defined. 


Proof. Let k > 1 be an arbitrary integer. Set the following stopping time 

Tk = T Ainfjt € [0,T] :|| Z(t) ||> k} and Z k [t ) = Z(tf\Tk). 

Clearly, a.s. as k —> oo and Z k (t ) satisfies the following equation 

Z k (t) = Z 0 + f K (s,Z k (s),Z k (qs))I M ds+ f \(s,Z k (s),Z k (qs))I [0tTk] d(W,W)(s) 
Jo Jo 

+ [ ^s,Z k (s),Z k (qs))I [0tTk] dW(s). 

Jo 

By virtue of the basic inequality | Ylt+i c i| 2 < l c *| 2 ; we have 


Z k (t)| 2 < 4|Z 0 | 2 + 4 


k(s, Z k (s), Z k (qs))I [0 , Tk] ds 


+ 4 


i o 

r \{s,Z k {s),Z k {qs))I [0M dW{s) 


+ 4 


\(s,Z k (s),Z k (qs))I [0jTk] d(W,W)(s) 


Taking sub-expectation on both sides, we have 


E[ sup \Z K (s)\ 2 } < 4E\Zo\ 2 + 4E[ sup 

0 <s<t 0 <s<t 


k(s, Z k (s ), Z k (qs))I [0 ^ k] ds 


+ 4 E[ sup 

0 <s<t 


+ 4 E[ sup 
0<s<t 


A (s,Z k (s),Z k (qs))I [0 , Tk] d(W,W)(s) 


p(s,Z k (s),Z k (qs))I^ Tk] dW(s) 


Use the Holder’s, Doob’s martingale’s and Burkholder-Davis-Gundy’s (BDG) inequalities [14]. 
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Then by applying condition (1.4) we get 

E[ sup \z k (s)\ 2 } <4E\Z 0 \ 2 + 4TC [ (l + E\Z k (s)\ 2 + E\Z k {qs)\ 2 ) ds 
+ 4 TC (l + E\Z k {s)\ 2 + E\Z k (qs)\ 2 ' S j ds 

+ 16 C J* (l + E\Z k (s)\ 2 + E\Z k (qs )\ 2 ) ds 

< AE\Zq\ 2 + 8C(T + 2) [ (]- + 2E[ sup E\Z k {r)\ 2 ]] ds, 

Jo \ 0 <r<s J 

which yields 

1 T £/[ sup \Z k (s)\ 2 ] < 1 + 4E\Zq\ 2 + 8C(T + 2) [ fl + 2£[sup E\Z k {r)\ 2 ]] ds 
0 <s<t Jo \ 0 <r<s J 

< l + 4S|Z 0 | 2 + 16C(T + 2) [ (\ + E[ sup E\Z k (r)\ 2 ]] ds. 

Jo \ 0 <r<s J 


In view of the Gronwall inequality we obtain 

1 + E[ sup \Z k (s)\ 2 ] < (1 + 4E\Z 0 \ 2 ) e 16C ( T+2)T . 

0 <s<T 

Consequently, 

E[ sup \Z{s)\ 2 } < (1 + 4E\Z 0 \ 2 ) e 16C(T+2)T . 

0 <s<T 

The proof stands completed. □ 

Remark 3.2. Lemma 3.1 indicates that if problem (1.1) admits a solution Z(t), then it must be 
bounded i.e. in particular Z(t) G Mg([0, T];M n ). 

Theorem 3.3. Let (1.3) and (1.4) hold. Then equation (1.1) admits at most one solution Z(t ) G 
Af 2 ([0,T];M rf ). 

Proof. Assume T > 0, 12 KT(T + 2) < 1 and Z(t) G Mq([0, T\; R^). Define the mapping 

{LZ){t) = Zo+ [ K{s,Z{s),Z{qs))ds+ [ \{s, Z(s), Z(qs))d(W,W)(s) 

Jo Jo 

+ [ n(s,Z(s),Z(qs))dW(s), 

Jo 

t. G [0, T\. It is clear that LZ is a continuous measurable {^j-adapted process. Taking sub- 
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expectation on both sides 


E[ sup \(LZ)(t)\ 2 ] = E\Zq + sup ( f' k(s, Z(s), Z(qs))ds) 
o <t<T o <t<T Jo 

+ sup ( [ A (s,Z(s),Z(qs))d(W,W)(s)) 

0 <t<T JO 

+ sup ( [ n(s,Z{s),Z(qs))dW{s))\ 2 
0 <t<T Jo 

< AE\Zq\ 2 + 4E[ sup | f n(s, Z(s), Z(qs))ds\ 2 ] 
0 <t<T Jo 

+ 4E[ sup | [ \{s,Z{s),Z{qs))d(W,W){s)\ 2 } 

0 <t<T Jo 

+ 4£i[sup | f n(s,Z(s),Z(qs))dW(s )| 2 ]. 
o <t<T Jo 


Use Holder’s, Doob martingale and BDG [14] inequalities. Then apply (1.4) to obtain 

E[ sup \{LZ){t)\ 2 ] < 4 E\Zq\ 2 + 4TC [ (l + E\Z{s)\ 2 + E\Z{qs)\ 2 ) ds 
0 <t<T Jo 

+ 4TC f (1 + £|^(s)| 2 + E\Z{qs)\ 2 ) ds 
Jo 

+ 16C f (1 + E\Z{s)\ 2 + E\Z{qs)\ 2 ) ds 
Jo 

<4E\Z 0 \ 2 + 8C{T + 2) [ (1 + 2 sup E\Z(t)\ 2 ) ds 

Jo y o <t<T J 

<4E\Z 0 \ 2 + 8C{T + 2)T + 8C{T + 2) [ E[ sup \Z{t)\ 2 ]ds 

Jo 0 <t<T 

< AE\Z 0 \ 2 + ACT(2T + 1) + 8CT(2T + 1) (l + 4E\Z 0 \ 2 ) e 8C ( T+2 ) T < oo. 

Thus \\LZ\\ < oo and LZ G Mq([0, T\; M d ). This shows that L is a function from Mq([0, T\; M d ) to 
itself. Now we have to derive that L is a contraction function. Let Z,Y £ Mq([0, T]; M rf ), then 

E[ sup \(LY)(t) — [LZ)(t)\ 2 ] = E( sup | f [n(s,Y(s),Y(qs)) — k(s, Z(s), Z(qs))]ds 
0 <t<T 0 <t<T Jo 

+ Y(s),Y(qs )) - A(s, Z(s),Z(qs))]d(W, 1U)( S ) 

Jo 

+ [ [n{s,Y(s),Y{qs)) - n(s,Z(s),Z(qs))\dW(s)\ 2 ) 

Jo 

By the basic inequality |X^i=i c *| 2 < 3l c i| 2 and monotonic property of sub-expectation we 
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obtain 


E[ sup |(LT)(t) - (LZ)(t )| 2 ] < 3 E sup 


0 <t<T 


K 0<t<T 

+3 E [ sup 
\0 <t<T 


+ 3 E sup 

\0 <t<T 


[n{s,Y(s),Y(qs)) - k(s, Z(s), Z(qs))\ds 


[A(s, Y(s),Y(qs)) - A (a, Z(s), Z(qs))]d(W, W)(s) 


[p(s,Y(s),Y(qs)) - fj,(s,Z(s),Z(qs))]dW(s) 


Next we use the Holder’s inequality, BDG inequalities [14], Doob’s martingale inequality and Lip- 
schitz condition (1.4) as follows 

E[ sup \(LY)(t) - [LZ){t)\ 2 ] << 3TE ( f \n(s,Y(s),Y{qs)) - n(s, Z(s), Z{qs))\ 2 ds 
0 <t<T \J 0 

+ 3 TE ^ |A(s, Y(s),Y(qs)) - A(s, Z(s), Z(qs))\ 2 ds 


+ 12 E ^ |/u(s,Y(s),Y(qs)) - n(s , Z(s ), Z{qs))\ 2 ds 

< 3TK [ E(\Y(s) - Z{s )| 2 + |y(gs) - Z{qs)\ 2 )ds 

Jo 

+ 3 TK [ E(\Y(s) - Z(s )| 2 + |y(gs) - Z(qs)\ 2 )ds 

Jo 

+ 12K [ E(\Y(s) - Z(s )| 2 + | Y(qs) - Z(qs)\ 2 )ds 

Jo 

= 6 K(T + 2) [ E(\Y{s) - Z{s) | 2 + \Y(qs) - Z(qs)\ 2 )ds 
Jo 

<12K(T + 2 ) [ E( sup \Y(t) - Z{t)\ 2 )ds 
Jo 0 <t<T 

< 12KT{T+2)E{ sup \Y(t) - Z(t)\ 2 ) 

0 <t<T 


In view of 12KT(T + 2) < 1 and lemma 2.10, the function L admits a unique fixed point in 
Mq([0, T\; M d ), i.e., there is a unique stochastic process Z(t,w ), which fulfills 

E( sup |y(i) - Z(t )| 2 ) = 0. 

0 <t<T 


Thus problem (1.1) admits a unique solution Z{t) in [0, T\. Assume Tq = T, Tj = min{T + 
Tj_ i, T, ~' }, where j = 1,2,3,... Then it is clear that Tj —> oo as j —> oo and Mq([Tj-i, Tj]; M d ) 
is a Banach space. Now suppose that (1.1) admits a unique solution in [0, Tj_i], let 

Z £ Mq([Tj_i, Tj]; M d ) and define 

n(s,Z(s),'i/} j -i(qs))ds+ [ A(s, Z(s), i/>j-i(qs))d(W, VF)(s) 

JTj-i 

+ [ v(s,Z(s),ipj-i(qs))dW(s), 

JTj-i 


(LZ)(t)=^_i(T,_ 1 )+ r 

JTj 
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t G [Tj-i,Tj\. Obviously, LZ G MgQTj-i, Tf]\ M d ). Using identical arguments as above one can 
derive that E[sup 0<t<T \(LY)(t) — [LZ)(t)\ 2 ] < 12 KT(T + 2)E(sup 0<t<T \Y(t) — Z(t )| 2 ) i.e., the 
mapping L admits a fixed point Z in Tj];M d ) and Z(Tj_i) = Thus 

if t G [0, Tj _ i) ; 
if t G Tj] 


^•(t) = 



is the solution of problem (1.1) in [0,T,]. Hence by induction, the proof stands completed. □ 

4 Path-wise asymptotic estimate 

This section presents the path-wise asymptotic estimate for the solution to problem (1.1). We use 
lemma 3.1 to determine that the second moment of Lyapunov exponent lim sup —log\Z(t)\ [16] is 

t—> OO t 

bounded. 

Theorem 4.1. Let the linear growth condition (1.3) is satisfied. Then 

lim sup -log\Z(t)\ < 8C(T + 2), q.s. 

t—XX) t 

Proof. Using lemma 3.1, for each j = 1,2,..., 

E( sup \Z(t)\ 2 ) <K ie K2j , 

where I\\ = (l + AE\Xq\ 2 ) and K -2 = 16C(T + 2). For any arbitrary e > 0, in view of theorem 2.8 
we obtain 


2 ^ p (K 2 + e)^ < E l^Pj-l<t<j\Z{t)\ 2 ] 

e( 

K ie K2j 


C(w: sup \Z(t)\ 2 > e^+^) < 

j-i<t<j e ^ 2+e >i 


~ e (K 2 +e)j 

= K ie ~ ej . 


For almost all w G U, the Borel-Cantelli lemma follows that a random integer jo = jo(w) exists 
such that 

sup \Z{t)\ 2 < e^ I<2+e ^ whenever j > jo, 


which yields, 




lim swp hog\Z(t)\ < K2 + 6 

t—► oo t 2 


= ^[16C(r + 2)] + | 

= 8C(T + 2) + -, q.s. 
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But e is arbitrary, so 

lim sup -log\Z(t)\ < 8 C(T + 2), q.s. 

t—XX) t 

The proof stands completed. □ 

5 Conclusion 

The current investigation presents the study of stochastic pantograph differential equations in 
the G-framework. The Gronwall’s, Burkholder-Davis-Gundy’s (in short BDG), Doobs martingale 
and Holder’s inequalities are utilized to obtain the results. By virtue of the growth condition, 
it is revealed that solutions of the stated equations are bounded. The existence and uniqueness 
results for G-SPDEs are derived. In addition, the path-wise asymptotic estimates for the solutions 
to SPDEs in the G-framework are determined. The results of the current paper open several 
new research directions. For example, what are the p-moment estimates for SPDEs in the G- 
framework? How to develop the existence-uniqueness results with non-linear and non-Lipschitz 
conditions? What about the stability of solutions for these equations? etc. We hope this article 
will play a key role to provide framework for the concepts briefly discussed. 
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Abstract. In this paper, we present some properties of dual partial metric (abbreviation, pmetric) 
topology and investigate a fixed point result for self mappings in dual pmetric space. This result gener¬ 
alizes Banach contraction principle in a different way than in the known results from the literature. The 
article includes an example which shows the validity of our result. 


1. Introduction 

Metric spaces are inevitably Hausdorff and so cannot, for example, be used to study non-Hausdorff 
topologies such as those required in the Tarskian approach to programming language semantics. Matthews 
[3] presented a symmetric generalized metric for such topologies, an approach which sheds new light on 
how metric tools such as Banach’s Theorem can be extended to non-Hausdorff topologies. Matthews [3] 
defined the partial metric (pmetric) p on nonempty set X (p : X x X —> [0, oo)) and generalized Banach 
fixed point theorem (see [2,7]). Essentially, the partial metric generalization is that the distance of a 
point from itself is not necessarily zero anymore. The axioms were first introduced in [3], where the range 
of a pmetric was restricted to [0, oo). Neill [5] extended the range to (—oo, oo) and called this functional 
a dual partial metric denoted by p *, since this is both natural (in that there is no difficulty in extending 
the results from [3]) and essential for a natural dual pmetric. The natural context in which to view a 
partial metric space (X,p) is as a bitopological space ( X,t(p),t(cI )). Neill [5] showed that successive 
conditions on a valuation can ensure that the pmetric topology is first of all order consistent (with the 
underlying poset), then equivalent to the Scott topology, and finally that the induced metric topology is 
equivalent to the patch topology. Neill also established some topological properties of functional p* but 
did not give any fixed point result in p*. However, Oltra et al. [4] established the criteria of convergence 
of sequences and completeness in p* and generalized the fixed point result presented by Matthews. 

In this paper, we present some more topological properties of p* and establish fixed point results for 
self mappings in dual pmetric space. These results generalize Banach contraction principle in a different 
way than in the known results from the literature. The article includes an example which shows the 
validity of our results. 


2. Valuation and dual pmetric 

Throughout this paper the letters R. and N will represent the set of nonnegative real numbers, 
real numbers and natural numbers, respectively. 

Definition 1 . (Consistent Semilattice) Let (A, ■<) be a poset such that 
(1) for all x, y G X x A y € X, 

°2010 Mathematics Subject Classification: 47H09; 47H10; 54H25 
°Keywords: fixed point, dual pmetric topology; complete dual pmetric space. 
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(2) if {x, y} C X is consistent, then x V y € X. 

Then ( X , A) with (1) and (2) is called a consistent semilattice. 

Definition 2. (Valuation Space) A valuation space is a consistent semilattice (X, A) and a function 
y : X —x R, called valuation, such that 

( 1 ) if x A y and x ^ y, y(x) < y(y) and 

(2) if {x, y} C X is consistent, then 

H{x) + n(y) = n(x A y) + y(x V y). 

Matthews pmetric is defined as follws. 

Definition 3. [3] Let X be a nonempty set and R(j" satisfy the following properties: for 

all x,y,z £ X 

(Pi) x = y 44> p (x, x) = p (x, y)=p {y, y ), 

( P 2 ) p(x,x) <p(x,y ), 

(P 3 ) P(x,y ) =p(y,x ), 

ipi) P {%, z)+p (y, y) <p {x, y)+p {y, z). 

Then p is called a pmetric. 

Definition 4. Let p be a pmetric defined on a nonempty set X. The functional p* defined 

by 

P*{x, y) = p(x, y) - p(x, x ) - p(y, y) for all x,y £ X 

is called a dual partial metric (dual pmetric) on X and (X,p*) is known as a dual partial metric space. 
Moreover, it can easily be proved that the expression 

d* (x,y)= 2 p* (x,y)~ p* (x,x)~ p* (y, y) 

defines a metric on X. 

Note that the function p:Xx!-> Rg satisfies (pi) — (^ 4 ), that is, 

(Pi) x = yop* (x, x) = p* (x, y) = p* (y, y ), 

(jPl) P* (x,x) < p* (x,y ), 

(P 3 ) P*(x,y) =P* {y,x), 

{Pi) P* ( x,z)+p* (y,y) < p* (x,y) + p* ( y,z ). 

Unlike other generalized metrics (such as the quasimetrics) this duality is not a consequence of a lack 
of symmetry in the axioms. Indeed it is perhaps one of the strengths of the partial metric generalization 
that symmetry is preserved as an axiom. 

Remark 1 . We observe that, as in the metric case, if p* is a dual pmetric then p* (x, y) = 0 implies x = y 
but converse may not be true, p* (x, x) referred to as the size or weight of x, is a feature used to describe 
the amount of information contained in x. It is obvious that if p is a partial metric then p* is a dual 
partial metric but converse is not true. Note that p* (x, x) < p* {x, y) does not imply p (x, x) < p (x, y). 
Nevertheless, the restriction of p* to Mg' is a partial metric. 

Lemma 1. Suppose that (X,<,p) is a valuation space. Then p* (x, y) = p(xVy) defines a dual pmetric 
on X. 

Proof. The axioms (p^) and (pg) are immediate. For (pi), we proceed as 

if p* (x, x) = p* (x, y) = p* (y, y) , then y(x V y) = y(x) = p(y) implies x = y. 

The converse is obvious. We prove (p%): 

p*(x,z) +p*(y, y) = p(x V z) + y(y) 

< p(x V)/Vz) + p[(x V y) A (y V 2 )] 

= p(x V y\J z) + p(x V y) + p(y V z) — p(x V yV z) 

= lx(xVy) + p.(yVz)=p*(x,y)+p*(y,z), 
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as desired. □ 

nonempty set X = {[a, b] ;a < b}. The functional p* : 

if max {b, d} = b, min {a, c} = a 
if max {b, d} = d, min {a, c} = c 

defines a daul pmetric on X. 

Example 2. Let d be a metric and p be a pmetric defined on a nonempty set X and c > 0 be a real 
number. The functional p* : I x I -t I defined by 

p*(x, y) = d(x , y) — c for all x, y G X 

is a dual pmetric on X. 

For a partial metric space (X, p), we immediately have a natural definition (although slightly different 
from the one given in [3]) for the open balls: 

B e (x;p) = {y G X\p(x, y) <p(x,x) + e} for all x G X.e > 0. (2.1) 

The set T[p\ = {B e (x;p), x G X.e > 0} defines a pmetric topology on X. It can easily be seen that T[p ] 
is a To topology. The equation (2.1) naturally implies that 

B*(x;p*) = {y G X\p*(x, y) < p*{x, x) + e} for all x G X, e > 0, 

which gives a structure for open balls in dual pmetric space (X,p*). Unlike their metric counterpart, 
some dual pmetric open balls may be empty. For example, if p*(x, x) 0, then 

B p*(x,x)( x ’>P*) = {y & X\p*{x,y) <2p*(x,x)} 

= {y e X\p(x, y) - p{x, x) - p(y, y) < -2 p(x, x)} 

= {y e X\p(x,y) +p{x,x) < p(y,y)} = 

We prove that the set {B*{x\p*)\ for all x G X, e > 0} of open balls forms the basis for dual pmetric 
topology denoted by T\p*]. Each dual pmetric topology is T 0 topology and every open ball in a dual 
pmetric space is an open set. 

Theorem 1. The set {B*(x;p*)', for all x G X, e > 0} of open balls forms the basis for dual pmetric 
topology denoted by T[p*}. 

Proof. It is obvious that 

X =U xeX B* e (x-,p*) 

and for any two open balls B*(x-,p*) and Bg(y-,p*), we note that 

Bt (*; P*) n B* s (y; p*) = U {B^c;p*)\c£B* e (*; p*) n B* s (y; p *)} 

where, k = p*{c, c) + min {e — p*(x, c), S — p*(y, c)} , 
as desired. □ 

Theorem 2. Each dual pmetric topology is a To topology. 

Proof. Suppose p* : X x X —> R is a dual pmetric and x ^ y. Then without loss of generality, we have 
p* (x, x) < p* (x, y) for all x, y G X. Choose e = p* (x, y) — p* (x, x). Since 

p* (x, x) < p* (x, x) + e=p* (x, y ), 

x G B*(x;p*) and y ^ B*(x;p*) because otherwise we obtain an absurdity (p* ( x,y ) < p* ( x,y )). □ 

Theorem 3. Every open ball in a dual pmetric space is an open set. 


Example 1. Let p be a pmetric defined on a 
defined by 

p*(M,M) = { c ~_ d b 
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Proof. Let (X,p*) be a dual pmetric space and B* (v;p*) be an open ball, centered at v. of radius e > 0. 
We show that for x ^ v, 

xeB* s (x;p*)CB* e (v,p*). 

Suppose that x G B*(v;p*). Using (p\) and (pi)), we have 

p*{x, x) < p*(x, v) < p*{v, v) + e. (2.2) 

Take 5 = e + p*(v,v) —p*(x,x). (2.2) implies p*(x,x) < p*(x,x) + 6. Thus x € Bg(x;p*). 

Next we show that 

B* 5 (x;p*)CB* e (v,p*). 

Suppose that y € Bg(x;p*). Then 

P*(x,y) < p*(x,x) + 6, 

p*(x, y) < p*(x,x) + e +p*(v,v) —p*(x,x) = e +p*(v,v), 
which implies that y € B*(v;p*). □ 

Remark 2. (1) To see in what sense p* is dual to p, we recall that the specialization order induced by 
a T 0 -topology T, is defined by 

x dir V if an d only if for all O € T, x G O implies y G O. 

Then, for a partial metric space (X,p), it is not difficult to check that: 

x <r\p\ V & P{x, y) = p{x, x) 

& P*{x,y) = p*{x,x) 

O y —T[p*] x. 

It is also clear that p** = p. Now if (X,p) is a partial metric space, then 

d(x, y) = p(x, y) + p* (x, y), for all x, y £ X, 

defines a metric on X, which we call the induced metric. If we denote the metric topology by T[d\, then 

r[d] = r[p]vr[p*]. 

(2) For complete valuation space T[p\ = <J P = Scott topology, moreover, if the valuation space is 
compact then T[p*] = a* = dual Scott topology. 

If {X,p*) is a dual pmetric space, then the function d p • Rq defined by 

d P *(x,y) =p*(x,y) -p*(x,x), (2.3) 

is a quasi metric on X such that T[p*] = T[d p •] where B e (x;d p *) = {y G X\d p *{x,y) < e}. In this case, 
(x, y) = max{dp» (x, y), d p » (y, x)} defines a metric on X , known as induced metric. 

A dual pmetric p* can quantify the amount of information in an object x using the numerical measure 
p*{x, x) and also that p* has an open ball topology. This would not be of much use in Computer Science 
without a partial ordering. Therefore, we define a partial ordering and obtain some related results. 

Definition 5. Let (X,p*) be a dual pmetric space. We define the relation on X 2 such that 

Var, y G X, x ■< p » y if and only if p*(x, x) = p*(x, y). 

Lemma 2. For each dual pmetric p*, -< p * is a partial ordering. 

Proof. We prove that is reflexive, antisymmetric and transitive. 

(01) Since, p*(x,x) =p*(x,x) for all x G X, x A p . x. 

(02) Suppose that x y and y x. Then 

p* (x,x)= p* (x, y) and p* (y, y)=p*(y,x). 

Using (pg), we have p*(x,x) =p*(x,y ) =p*(y,y) and then by (p*) we obtain x = y. 
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(03) For all x,y,z G X, assume that x y and y A p * z then 

P*(x,x) = p*(x, y) and p*(y,y ) =p*(y,z). 

Due to {pX) we have 

p*(x,z) < p* (x,y)+p* (y,z)-p* (y,y) 

= p* (x, x) + p* (y, y) - p* (y, y ), 
p*(x,z) < p*(x,x), 

but also due to (p%) we have p* (x, x) < p* (x, z). Thus p* (x, x) = p* (x, z) which implies that 
x ^ p * z. 

Hence (01), (02) and (03) ensure that ^ p * defines a partial order on X. □ 

Theorem 4. For each dual pmetric p*, T\p*\ is weakly order consistent topology over ;< p *. 


Proof. We show that T[p*] C 7”[A p *]. For this purpose it is sufficient to show that for all x £ X and 
e > 0 


B*(x-,p*) = C{{z\y A p . z} |y G B*(x;p*)} ■ 

Suppose that x,y, z G X and e > 0 are such that y ^ p * z and y G B*{x\p*). Consider 

p*(x,z) < p*(x,y) + p*{y,z) -p*(y,y) by (pi) 

= P*(x,y), since y A p . 2 , 

< p*(x,x) + e, since y G B*(x;p*). 

This shows that z G B*(x',p*), which completes the proof. □ 


Thus T[p*} is a dual Scott-like topology over ^ p * if each chain X has a least upper bound l and if 

lim p*(x n ,x n ) = p*{l,l). 

n—to o 

Now we present a theorem containing conditions under which l~[p*] = T[^ p *]. 

Theorem 5. Let p* : X 2 — > R. be a dual pmetric. Then 

T\p *] = T[^ p *] tA V t G X, 3 e > 0 such that B*(x',p*) = {y\x ^ p * y} . 

Proof. Suppose that B*(x;p*) = {y\x A p * y} for all x G X, e > 0 and for all U G T[R p »], we have 

u = c xeU {y\x < P * y} = u xeuB*{x\p*) e T[p*}. 

Thus T[< p -] C T\p*}. Using Theorem 4, we conclude that T[p*] = T[R p *]. 

Conversely, suppose that T[p*] = 7~[R p *]. Then for all x G X {y\x ;< p * y} G T[p*]. Thus there exists 
e > 0 such that x G B*(x',p*) C {y\x ^ p * y}. Now if x G B*(x',p*), then {y\x < p * y} C B*(x',p*). As a 
result, B*(x-,p*) = {y\x ^ p « y). □ 


3. Convergence criteria in dual pmetric space 
The following definition and lemma describe the convergence criteria established by Oltra et al. [4]. 

Definition 6. [4] Let ( X,p *) be a dual partial metric space. 

(1) A sequence {cc n } n6 N in (X,p*) is called a Cauchy sequence if 
lim n ,m^ooP*{x n ,Xm) exists and is finite. 

(2) A dual partial metric space (X,p*) is said to be complete if every Cauchy sequence {xnjneN hr 
X converges, with respect to T[p*], to a point v G X such that 

p*(x,x)= lim p*(x n ,x m ). 

n,m—>oo 

Lemma 3. [4] 

(1) Every Cauchy sequence in (X,d p *) is also a Cauchy sequence in (X,p*). 

(2) A dual partial metric (X,p*) is complete if and only if the metric space (X,d p *) is complete. 
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(3) A sequence {x’njneN in X converges to a point v £ X with respect to T[(d p ,)\ if and only if 

lim p*(v,x n ) =p*(v,v) = lim p*(x n ,v). 

n—> oo n—> oo 

(4) If limn-j.oo x n = v such that p* (v , v) = 0, then lmr n ^ oc p*(x n ,k) = p*(v,k) for every k £ X. 

4. Fixed point theorem 

In this section, by establishing Theorem 8 in dual pmetric space, we show that Banach’s contraction 
mapping theorem can be generalized to many Tq topologies for applications in program verification and 
domain theory. Let B denote the set of all functions /3 : [0, oo) -+ [0,1) which satisfy the condition: 

lim P(t n ) = 1 implies lim t n = 0. 

n—> oo n—> oo 

The following generalization of Banach’s contraction principle, proved in 1973, is due to Geraghty [1]. 

Theorem 6. [1] Let ( M,d ) be a complete metric space and T : M —> M be a mapping. If there exists 
/? £ B such that, for all j, k £ M, 

d{T(j),T(k)) < f3(d(j,k))d(j,k). 

Then T has a unique fixed point v £ M and, for any choice of the initial point j 0 G M, the sequence 
{jn} defined by j n = T(j„-i) for each n > 1 converges to the point v. 

In [6], La Rosa and Vetro extended the notion of Geraghty contraction mappings to the context of 
partial metric spaces and proved partial metric version of Theorem 6, stated below: 

Theorem 7. [6, Theorem 3.5] Let ( M,p ) be a complete partial metric space. If the self mapping 

T : M —f M is a Ciric type Geraghty contraction, then T has a unique fixed point j £ M and the 
Picard iterative sequence {T n (j 0 )} n eN converges to v with respect to r(p s ), for any jo £ M. Moreover, 
p(v, v) = 0. 

We prove the same in dual pmetric space. 

Theorem 8. Let ( M,p*) be a complete dual pmetric space and T : M M be a mapping such that for 
all j , k £ M and /? £ B 

\P* (T(j),T(k))\ <P(Q(j,k )) Q(j,k), (4.1) 

where 

Q(j,k) = max{|p* (j,k )\, \p*{j,T(j ))\, \p*{k,T(k))\} . 

Then T has a unique fixed point v* in M. 

Proof. Let jo be an initial point in M and j n = T(j„-i), n > 1, an iterative sequence starting with jo- 
If there exists a positive integer r such that j r +i — jn then j r is the fixed point of T and it completes 
the proof. Suppose that j n ^ j n+ 1 for all n £ N and by (4.1), we have 

\P*(jn+l,jn+2)\ = \p*(T(j n ),T(j n+1 ))\ 

< P{Q{jn,jn+l))Q(jn,jn+l) (4-2) 

= P(\P*(jn,jn+l)\) \P*(jn,3n+l)\, 

\P*(jn+l,jn+2)\ < \p*(jn,jn+l)\, Since P £ B, (4.3) 

where 

Q(jn,jn+ 1) = niax { \p* (j n , j n +\ ) | , \p* {jn, jn+l)\ , \p* (jn+1, jn+l) \} = \P*(jn,jn+l)\ ■ 

For if Q{j n ,j n + 1 ) = \p*(jn+i, jn+ 2 )\ then we get a contradiction from (4.2). The inequality (4.3) implies 
that { [p* (jn ; jn+i) I}rDLi is a monotone and bounded above sequence and hence it is convergent and 
converges to a point cti, that is, linin^oo \p*(j n , jn+i)\ = Oi > 0. If a\ = 0, then we have done but if 
«i > 0, then from (4.3) we have 

\P*(jn+l,jn+2)\ < P(\p*(jn,jn+l)\)\p*(jn,jn+l)\, 
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which implies that 

Taking limit we have 


P (jn +1 , jn+'l) 


P* (in, Jn+l) 


< P(\P*(jn,jn+ 1 )|)- 


lim P{\p*(jn,jn+i)\) = 1- 

n—>o o 


Since 0 € B, linin^oo |p*(jn,jn+i)| = 0 entails a+ = 0. Hence 
Similarly, using (4.1) we can prove that 


lim p*(j n ,jn+ 1) = 0 . 
n—> oo 


lim p* (jn, Jn) = 0. 

n—>■ oo 

Now since d p * (jn,jn+i) =P*(in,in+i) -p*(in,in), we deduce that lim^oo d p *(j„,j n+ i) = 0 for all 
n > 1. Now, we show that the sequence {j n } is a Cauchy sequence in (M, d®»). Suppose on contrary 


that {j n } is not a Cauchy sequence. Then given e > 0, we will construct a 
and {jn r } violating the following condition for least integer n r such that m, 

pair of subsequences {j m , r } 
- > n r > r where r £ N 

dp* (jm r , Jra r ) e - 

(4.4) 

In addition, upon choosing the smallest possible m r , we may assume that 


dp* (jm r , Jn r _i ) d £• 


By the triangle inequality, we have 


6 Y dp* ( jm r , jnr) 

— dp* ( jm r , ) T dp* (jn r _i , jn r ) 

d dp* {jn r _\i jn r }• 


That is, 

^ ^ T dp* (jn r _ i, Jn r ) 

for all r £ N. In the view of (4.5) and (2.3), we have 

(4.5) 

lim d p *(j mr ,j nr ) = e. 

r—>oo 

(4.6) 


Again using the triangle inequality, we have 

dp* (im r , jn r ) C dp* (j f n r , jm r + i ) dp* {jm r+1 , jn r +i ) + dp*(jn r+ 1 ,in r ) 

and 

dp* (jm r + 1 , jn r + 1 ) 5) dp* (i,n,._ | , Jm, ) T dp* (jm r , jn r ) T dp* ( jn r i Jn, + i )• 

Taking limit as r —> +oo and using (2.3) and (4.6), we obtain 

lim dp*(i m ,i„ )=e. 

r—>-+oo 

Now from contractive condition (4.1), we have 

|p*(in r+ 1 ,im r+2 )| = |P*(7’(in r ),T'(im r+1 ))|, 

< /3( |p* (in r , im r+1 ) |) |p* {jn r , jm r+ i ) I • 

We conclude that 

P (j'n r+ i, jm r + 2 ) , oci */ • • Ml 

—TT-v- r </3(|p (jn r ,Jm r+1 )|). 

f 7 7 Jm r |i J 

By using (2.3), letting r —► +oo in the above inequality, we obtain 

lim £(|p*(in r ,im r+1 )|) = 1- 
r—>o o 

Since P £ B, lim,,-^ |p* (j’n r , jm r+1 )| = 0 and hence lim r ^ TO d p * () = 0 < e which contradicts 
our assumption (4.4). Arguing like above, we can have lim r^oodp*(j mr ,jn r+1 ) = 0 < e. Hence {j n } is 


838 


Nazam ET AL 832-840 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


a Cauchy sequence in (M, d*»), that is, lim n ,m-Hx> dp,(j n ,j m ) = 0. Since (M, d p ,) is a complete metric 
space, {j n } converges to a point v in M, i.e., lim^.-^*, d s p ,(j n ,v) = 0. Then from Lemma 3, we get 

lim p*(v, j n ) =p*(v,v) = lim p*(jn,jm) = 0. (4.7) 

n—>o o n,m—>o o 

We are left to prove that v is a fixed point of T. For this purpose, using contractive condition (4.2) and 
(4.7), we get 

\p*(j n+ i,T(v))\ = \p*(T(j n ),T(v))\ 

< P{\P*{jn,v)\)\p*(j n ,v)\, 

lim \p*(j n +i,T(v))\ < lim P(p*(j n ,v))p*(j n ,v). 

n—>o o n—>o o 

This shows that p*(v,T(v)) = 0. So from (pi) and (p%) we deduce that v = T(v) and hence v is a fixed 
point of T. Uniqueness is obvious. □ 


Corollary 1. Let ( M,p ) be a complete partial metric space and T : M —> M be a mapping. If for any 
j, k € M and /3 € £>, T satisfies the condition 

p(T(J),T(k )) </3(Q(j,k)) Q(j,k ), (4.8) 

where Q(j,k) =ma x{p(j,k),p(j,T(j)),p(k,T(k))}, thenT has a unique fixed point v* in M. 

Proof. Since the restriction of p* to Mj, that is, _P*| R +, is a partial metric p, the result is obvious. □ 

The following example illustrates Theorem 8 and shows that condition (4.1) in dual pmetric space is 
more general than contractivity condition (4.8) in partial metric space. This example also emphasis the 
use of absolute value function in contractive condition (4.1). 


Example 3. Let M = [—1, 0] and define the functional p* v :MxMaM by p*y(j , k) = max{j, k} for 
all j, k £ M. Then (X, p* v ) is a complete dualistic partial metric space. Define the mapping T : X —> X 
and /3 by 

T(j ) = J - and /3(\j\) = for all j G M. 

Without loss of generality we may assume that j > k and then, 


\p\(T(j),T(k))\ 

\P*v(j,k)\ 

\p\(j,T(M 

\p\(k,T(k))\ 





Thus Q(j, k) = max { \j\, 11|} and consider 

\p\(T(j),T(k))\ < 

1 < 

2 “ 

1 < 

2 ” 


P(Q(j,k))Q(j,k) 
p(\j\)\j\ ifQ(j,k) = \j\ 

k 
2 


ifQ(j,k) = 


The above inequalities are true for all j,k € X. Therefore, the contractive condition (f.l) holds true. 
Thus all the conditions of Theorem 8 are satisfied by the mapping T. Note that j = 0 is the unique 
fixed point ofT. Moreover, the contractive condition (f.8) in the statement of Corollary 1 does not exist 
for this particular case and hence the contractive condition (4-1) cannot be replaced with contractive 
condition (4-8) in Theorem 8 and as a result, Corollary 1 fails to ensure the fixed point of T. 
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The approximation on analytic functions of infinite order 
represented by Laplace-Stieltjes transforms convergent in the 
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Abstract 

One purpose of this paper is to investigate the growth of analytic function represented by 
Laplace-Stieltjes transform which is of infinite order and converges in the half plane, and a 
necessary and sufficient conditions on the growth of Laplace-Stieltjes transforms of finite Ay- 
order was obtained. Besiders, we further investigate the error in approximating on Laplace- 
Stieltjes transform of finite Ay-order, and obtained some relations between the error and 
growth of Laplace-Stieltjes transforms of finite Ay-order. 

Key words: approximation, Ay-order, Laplace-Stieltjes transform. 
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1 Introduction and basic notes 

Laplace-Stieltjes transform 

r+oo 

G(s) = / e~ sx da(x), s = a + it, (1) 

J o 

where a(x) is a bounded variation on any finite interval [0, Y](0 < Y < + 00 ), and er and t are real 
variables, named for Pierre-Simon Laplace and Thomas Joannes Stieltjes, is an integral transform 
similar to the Laplace transform. It can be used in many fields of mathematics, such as functional 
analysis, and certain areas of theoretical and applied probability. 

For Laplace-Stieltjes transform (1), Widder in [18] pointed out that G(s) can become the 
classical Laplace integral form 

COO 

G(s) = / e~ st ip(t)dt, 

Jo 

when a(t) is absolutely continuous. Moreover, if a(t) is a step-function, we can choose a sequence 
{A„}g° satisfying 

0 < Ai < A 2 < • • • < A„ < • • • , \ n —> 00 as n —> 00 , (2) 

‘The authors were supported by the National Natural Science Foundation of China (11561033, 61662037), the 
Natural Science Foundation of Jiangxi Province in China (20132BAB211001,20151BAB201008), and the Foundation 
of Education Department of Jiangxi (GJJ150902, GJJ160914) of China. 
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and 

«1 + + ' ' ' + &n > 

0, 

a(x+) + a(x—) 

2 ’ 

by Theorem 1 in [18, Page 36], then G(s) becomes a Dirichlet series 

OO 

G(s) = a n e _A " s , s = a + it. (3) 

71=1 

(<j,t are real variables), a n are nonzero complex numbers. 

Yu J. R. in 1963 [25] first investigated the growth and value distribution of Laplace-Stieltjes 
transform (1), and obtained the Valiron-Knopp-Bohr formula of the associated abscissas of bounded 
convergence, absolute convergence and uniform convergence and the Borel line of Laplace-Stieltjes 
transforms. After his works, many mathematicians further studied some properties on the growth 
and value distribution of Laplace-Stieltjes transforms, and there were a number of results about 
this subject, such as: Batty C. J. K., M. N. Sheremeta, Kong Y. Y., Sun D. C., Huo Y. Y. and 
Xu H. Y. investigated the growth of analytic functions with kinds of order defined by Laplace- 
Stieltjes transforms (see [1, 3, 4, 5, 6, 19, 22]), and Yu J. R., Shang L. N., Gao Z. S., and Xu 
H. Y. investigated the value distribution of such functions (see [11, 20, 21, 25]). Moreover, as for 
Dirichlet series (3), a special form of Laplace-Stieltjes transform, considerable attention has been 
paid to the growth and the value distribution of analytic functions defined by Dirichlet series and 
lots of interesting results can be founded in (see [2, 9, 10, 12, 15, 16, 17, 23, 24]). 

Luo and Kong [7, 8] in 2012 and 2014 studied the growth of the following form of Laplace- 
Stieltjes transform 

r+oo 

F(s) = / e sx da(x), s = a + it, (4) 

Jo 

where a{x) is stated as in (1), and {A„} satisfy (2) and 



A n 'G X A n -{-l, 
0 < x < Ai; 

x > 0, 


limsup(A„+i — An) = h < + 00 , limsup — = E < + 00 . 

n—>-+oo n—> OO 


( 5 ) 


Set 


A* n = sup 

A n < X < A n - 1 -1, — OO < t < + OO 


e ity da(y) 


by using the same argument as in [25], we can get the similar results about the abscissa of uniformly 
convergent of F(s) easily. If 

limsup 10 !^ =0 


ti—>-+ oo A n 

T F 


( 6 ) 


by (2), (5), (6) and Ref. [25], one can get that a£ = 0, i.e., F(s) is analytic in the half plane. 
Set 


M u (a,F) = sup 

0<a?<+oo, — oo<£<+oo 


e^+^vdaiy) 


/i(a, F) = max{ A^e An(T }(a < -boo), 
n£ N 


and 


Definition 1.1 If the Laplace-Stieltjes transform (4) satisfies aff = 0 (the sequence {A„} satisfy 
(2), (5) and (6)) and 

log + log + M u (a, F) 


lim sup 
o-^+oo -log(-cr) 


= P, 


2 
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we call F(s) is of order p in the half plane; If p £ (0, +oo), the type of F(s) is defined by 

log + M u (a, F) 


t = lim sup ■ 

o’ —^ 0 — 


i-lY 


""‘ OTl ° g+I= {o° 


logo;, x > 1 

x < 1. 


Remark 1.1 For p = 0, 0 < p < oo,p = oo, F(s) can be called Laplace-Stieltjes transform of zero 
order, finite order, infinite order, respectively. 

For p = oo, we will give the definition of the X-order of Laplace-Stieltjes transform (4) as 
follows. 

Definition 1.2 If Laplace-Stieltjes transform (f) of infinite order satisfies 


lim sup 

o —y 0 


X(log + M u (a,F )) 
- log(-cr) 


= PX ) 


where X(x) € S, then p* is called the X-order of F(s), and S is the class of all functions X(x) 
satisfies the following conditions: 

(i) X(x) is defined on [a, +oo),a > 0, and positive, strictly increasing, differentiable and tends 
to +oo as x —> +oo; 

(ii) xX'{x) = o(l) as x —» +oo. 

We investigate the growth of Laplace-Stieltjes transform F(s) with finite X-order, and obtain 
the following theorem. 

Theorem 1.1 Let F{s ) € L be of X-order px {0 < px < oo), then 


Bmsup SAlpfl = limsup *<■ 
a ^ 0 - -log(-cr) CT ^ 0 - -log(-cr) 


and 


lim sup- ('VO — — 

n—f oo log A„ - log' 1 ' log + A; 


= px = lim sup 


o —^0 — 


X(log M u (a, F)) 
- log(-cr) 


(7) 


( 8 ) 


Thus, a question arises naturally: what may happen when px = oo in Theorem 1.1? Inspired 
by this question, we will further investigate the growth of Laplace-Stieltjes transform (4) by using 
the type function of Sun [15], and obtain the following results. 

Theorem 1.2 If Laplace-Stieltjes transform F(s) £ L is of infinite X-order, then 


X (\og + M u (a,F)) 
hm sup--- , -= t x 

lo S U I - ct) 


a— >- 0 “ 


X(log + p(a,F)) 

llmSUp i-7+7 TT— = FX- 

*^o- log 17 (—y) 


where 0 < Tx < oo and U(x) = x p ^ satisfies the following conditions 

(i) p(x) is monotone and linr^oo p(x) = oo; 

fii) lim U( ' x ) — 1 where r' — r -1_ xlogx _ 

(nj nm MOO l, wnere x — x i og c/(a;) log 2 log t/(a;) ’ 

Remark 1.2 If Laplace-Stieltjes transform F(s) of infinite order has infinite X-order and satisfies 

X (log + M u (<j,F)) 

lim sup--—j-v-= T X , 

<x^o- log U (- p ) 


then tx is called the Xjj-order of Laplace-Stieltjes transform F(s). 
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Theorem 1.3 Let F(s ) € L are of infinite X-order, then 


lim sup 

<T —^0 


X(log M u (a,F)) 
log U(-\) 


TX 


lim sup 

n—>o o 


^(iog + ^:) 

1 (> gl7(i 5 ^) 


= Tx, 


where 0 < tx < oo and U(x) is stated as in Theorem 1.2. 


(9) 


We denote Lp to be the class of all the functions F(s) of the form (4) which are analytic in 
the half plane < /?(—oo < a < oo) and the sequence {A„} satisfies (2) and (5), and denote 
L to be the class of all the functions F(s) of the form (4) which are analytic in the half plane 
< 0 and the sequence {A„} satisfies (2), (5) and (6). Thus, if —oo < 0 < 0 and F(s) € L, 
then F(s) € Lp; if 0 < [3 < +oo and F(s) € Lp, then F(s) G L. If A* = 0 for n > k + 1, and 
A* ^ 0, then F(s) will be called an exponential polynomial of degree k usually denoted by pk, 
be., Pk(s) = f 0 k exp (sy)da(y). When we choice a suitable function a(y), the function pk(s) may 
be reduced to a polynomial in terns of exp(sAi), that is, exp(sA,) and we use II n to denote 

the class of exponential polynomials of degree n. For F(s) G Lp,— oo < ft < +oo, we denote 
E n (F,a) to be the error in approximating the function F(s) by exponential polynomials of degree 
n in uniform norm as 

E n (F,fi)= inf \\ F — p \\p, n= 1,2,..., 
pg n„ 

where 

\\F-p\\b= max \F((3 + it) - p(/3 + it)\. 

— 00<£<+00 

In 2015 and 2017, C. Singhal and G. S. Srivastava [13, 14] investigated the approximation of 
analytic functions defined by Laplace-Stieltjes transforms of finite order, and obtained the following 
results. 


Theorem 1.4 (see [13, Theorem 3.5]). Let F(s) G L be of the order p and — oo < /? < 0. Then 

p = lim sup- log + logyg.(f,aexp(-ffA„i)] - 

n—>+oo log A n+ i - log + log + [F; r! (F,/3)exp(-^A n+ i)] 

Theorem 1.5 (see [13, Theorem 3.6]). Let F(s ) G L, belongs to the class L(— oo < j3 < 0) having 
order p (0 < p < oo). Then F(s ) is of type r if and only if 


P p .. {l°S + [Fn(F, ft) exp(—/3A„ + i)]} 

yrryn - 


p+i 


(A„+i )p 


In this paper, we further investigated the approximation of analytic function defined by Laplace- 
Stieltjes transform and obtained the relations between the error E n (F,fi) and the growth order of 
F(s) when F(s) is of infinite order as follows. 


Theorem 1.6 Let F(s) G L be of finite X-order px, then for any real number 
have 


lim sup- 

n —>+oo log A„ 


X(\ n ) _ 

log + log + [E n _i(F, f3)e~P x n] 


= Px- 


—oo < fi < 0, we 


Theorem 1.7 If F(s) G L is of infinite X-order, then for any fixed real number 


have 


lim sup 

<T —^0 


X(\og+M(a,F)) 
log U{-\) 


TX 


lim sup (F, fi, A„) = t x \ 

n—>•+OO 


—oo < [3 < 0, we 


where 


*n(F,p, \ n ) 


X (\og + [E n ^(F,l3)e-^}) 

l °S U {\og+[E n _ 1 X (F,0)e-f>^]) 


4 
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2 Proofs of Theorems 1.1-1.3 

To prove Theorems 1.1-1.3, we require some lemmas as follows. 

Lemma 2.1 Let X{x) £ 5 and c be a constant, and <p(x) be the function such that 

log + ip(x) 

lirnsup —-- = g, (0 < q < oo), 

x^+oo log X 

and if the real function M(x) satisfies lirnsup A = z/(> 0). Then we have 

a?—»-+oo 

X(\ogM(x) + c) X(ip(x)logM(x)) 

lim sup---= p, lim sup--- = v. 

x —^ -|-oo log X ai—>-+oo log X 

Proof: From the properties of X(x), we can easily prove 

X(log M(x) + c) 

lim sup-^- = v. 

x^+oo logs 

Next, we will divide into two cases to prove 

X(ip(x) logM(x)) 

lim sup--- = v. 

x->+oo log x 

Case 1. If ip(x) is not a constant. From the assumptions of Lemma 2.1, it follows that 
<p(x) —» oo as x —> oo. Then, for sufficiently large x, we have <p(x) > 1. From X(x) £ we have 
lim^^+oo logM(x) = oo. Then from the Cauchy mean value theorem, there exists £(log M(x) < 
f < X(x)log M(x)) satisfying 

X(y(x) logM(x)) — X(logM(x)) = X'{f) = , 

log(<p(a;)logM(x)) — loglogM(x) (log^)' 

that is, 

X(<p(x)logM(x)) = X(\ogM(x))+ logip(x)£X'(£). (10) 

Since xX'(x) = o(l) as x —> +oo and lirnsup = Q, (0 < Q < oo), by (10), we can get the 

x —^-(-oo 

conclusion of Lemma 2.1. 

Case 2. If tp(x) is a constant. By using the same argument as in Case 1, we can prove that 
the conclusion of Lemma 2.1 is true. 

Thus, this completes the proof of Lemma 2.1. □ 


2.1 The proof of Theorem 1.1 


Set 


r 

I(x;a + it)= / exp{(cr + it)y}da(y). 


From (5), there exists r\ > 0 satisfying 0 < A„+i — A„ < t] {n = 1, 2,3,...). When a is sufficiently 
close to 0—, it follows e~ va < 2. When x > A n , it follows 


/ exp {ity}da{y) = / e ay d y I(y;a + it) 

J a„ Jx„ 

= i(y; + it)e~ av \\ n + a J e ~ avi (y> a 


5 
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Then, for er < 0, it follows 


exp {ity}da(y) < M u (a, F) [|e ax + e crA "| + |e ” - e ctAti |] 
<2 M u {a,F)e-° x . 

Thus, for any a < 0 and any x € (A„, A n+ i], we have 


exp{ity}da(y) 


< 2M u (a, F)e~ aXn e~ <TV < 4 M u (a,F)e 


— a A n 


that is, 

n(a,F)<4M u (a,F). (11) 

Let Ik(x;it ) = J^exp(ity)da(y)(Xk < x < A^+i), then for A k < x < A^+i,—oo <t< +oo, we 
have \Ik{x;it)\ < A* k < y(a, F)e~ XkG . Thus, for e > 0, A„ < x < A„ + i and a < 0, we have 


: ™i r x 

exp{(cr + it)y}da{y) = £/ exp{((7 + it)y}da(y) + / exp{(cr + it)y}da(y) 

k=l ^ ^ 

r^k+i rx 

= £/ expWy}dyh{y;it)+ exp{ay}d y I n (y;it) 

L 1 V At J An 


k =1 
n— 1 

= £ 
fe=i 


exp(Afc + i(j )Ik (A/c + i; it) -a exp{ay}I k (y ; 


+ exp(a%r)/„(£; it) - a J exp{ay}I n (y ; it)dy. 


Hence, 


exp{(er + it)y}da(y) 


< A ke Xka < M( 1 - T) X! e 


Aksa 


k =1 


fc=l 


From the second equation of (5), for the above £ > 0, there exists a positive integer TV such that 
A„ > for n> N. Thus, for sufficiently small a < 0, we have 


M u (a,F) < n((l -e)a,F) N+ exp 


k—N+l 


ks 

E + £ C 


<K(eM(l-e)a,F){--). (12) 


From (11)-(12) and by Lemma 2.1, we can prove (7) easily. 

By using the same argument as in [20, Theorem 4], we prove (8) easily. 
Therefore, this completes the proof of Theorem 1.1. 


2.2 The Proof of Theorem 1.2 

By Lemma 2.1 and from (11)-(12), the conclusion of Theorem 1.2 can be proved easily. 


2.3 The proof of Theorem 1.3 


We firstly prove the sufficiency of Theorem 1.3. Let W(x) be the inverse function of X(x), and 
V(x) be the inverse function of U(x). Next, we will divide into two steps as follows. 

Step One. Suppose that 


lim sup 

n—>-+oo 


*(log + 40 


Tx, 


(13) 


6 
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thus for any small e(> 0) and sufficiently large n, we have 


log+ A* <W (t x + e) log U —^ 


log + A* 


it follows 


F [ exp {^ x(log+ - 4 ” 1 }] ■ log+ A ’ < 


^[exp{^X(log+A*)}]' 


Thus, we have 


log + A* n e A " CT < A„ I I V I exp 


TX +£ 


x(io g +A;) + 


For a -» 0 , set 


I=w {Tx+£)logU [-l-ho g ^u(-^) 

<w (tx +) log u(-- + log u{ _ ly log 2 log v ly 


then it follows 


1 1 1 


CT <j log 2 U (—~) 


2 tti n =Vr ( ex Pl7^ X(J) 


If log + A* < I , then for a —> 0 , it follows from (14)-(16) and the properties of U(x) that 


log A* e A " CT < log + A* n < I = W ( T X + e) log U \ - , , yr 

V CTl °g U{-±) 


1 1 1 


<W (t x + 2e) log £/(--) 
a 


If log + A* > /, then from (14)-(16), we have 


log + A*e A " CT < A„ I I V I exp 


t x +£ 


X(log + A*) + 


< A n |exp j ———X(/)jj J +a 

= A„- Z -1 < 0. 

1 + log 2 U(-±) 


Hence, it follows from (17) and (18) that 


log ju(cr, F) < W (t x + 2e) log {/(--) . 

<T 


From (19) and Theorem 1.2, and let e —> 0, it follows 


lim sup 


X (log M u (a,F)) 


log U(~l) 


y- -< lim sup 


X(\og+A* n ) 


+°° log) 
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Step Two. Suppose that 


limsup = j < limsup *^ 5 , = Tx . 


1 .JLJLXA QUL/ . 1 . 

*-o- log U(-\) 


too log t/(i—^4^) 


( 20 ) 


Take r) > 0 such that tx = J + 5?7, then for any n £ N + and sufficiently small a(< 0), from (11) 
and (20), and by Lemma 2.1 we have 


log + < log M u (a, F) + 2 log 2 < W ( (J + rj) log U(-\) 

and from (20), there exists a subsequence {n(v)} such that 

X (log+ A* n{l/) )> (t x - rj) log U ( 

Take the sequence {oy} such that 


log+Afo , 


W ( (J + r/)logU(~ —)) = - l0S An{v) — 

fog 2 fog 






(") 


Thus, it follows form (21)-(23) that 
log + A* n(u) e x ^ < 


log + K(u 


1 + ^ lo S lo S 


( 21 ) 


( 22 ) 


(23) 


M 


1 

- < 


*n( v) 


1 + 


log + < H \ log^(^^)log 2 fogC/( Sg ^) 


1 


A. 


1 


u (—) < u | —ii + 

\ log V loglog2 log 




< (1 + v)U 


A 


n(v) 


log + A *, 

^ n(is 


From (23), we have 


log + K{ V ) = W ((J + rj) log U(- )) ( 1 + log U( 


(24) 


A n(v) . . 2 i tt( A n (y) . \ 

) Og fog U(~ T TT-) • 


V l°g + ^-n(v) 

Thus, from the Cauchy mean value theorem and (24), there exists a real number £ between 
W((J + rj) log U(-±)) and W ((J + rj) log U(-^)) (l + \ogU(^f-)\og 2 log U(^^-)^ 


such that 


X 


( log+ K m ) = V (i + log 2 v w (< J + 1) I»e'T-y >)) 

= X (w ((j + v) log 

+ log {1 + log U ( , ) log 2 log U ( , X : i( :l )) ?X' (0, 


log + A*, 


log + A*, 


M 
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and since 


lim 

!/—>■ + OO 




log U{ 




= 0 , 


log+ A* 


(v) 


then for sufficiently large v and from (24), it follows 

1 


X 


(l°g + Kw) \ = (J + r?)logC/(- ) + KZX'(Z)logU( + n( £ ) 

V J av l0 § A n(u) 




(25) 


where K is a constant. 

From (20) and (25), we obtain a contradiction with the condition r/ = 
have 


lim sup 

(7 —^0 


X(log M u (a,f)) 

log U{-1) 


lim sup 


^(log + ^) 


logJ7( 


log+ A‘ 


= T X . 


> 0 . 


Thus, we 


Therefore, this completes the proof of the sufficiency of Theorem 1.3. 

By using the similar argument as in the above discussion, we can prove the necessity of Theorem 
1.3. 

Hence, this completes the proof of Theorem 1.3. 


3 Proofs of Theorem 1.6 and Theorem 1.7 

Here we only give the proof of Theorem 1.7 because the proof of Theorem 1.6 is similarly. 

3.1 The Proof of Theorem 1.7 

First of all, we prove ” 4= ” of Theorem 1.7. Next, we will divide into two steps as follows. 
Step One. For convenience, hereinafter let E n _\ := E n _\(F, /?). Suppose that 

limsup V n (F, P, A„) = lim sup A ( lo S i E n-i e -D _ 

n— >+oo n— S-+00 ] n n-TJ I _An_ | 

o \ log"*" [E n _ie~] J 

Then for sufficiently large positive integer n and any positive real number e > 0, we have 
log +K_ ie ^] <w( (t x + e) log U ( + Xn 

V V l°g + [F n -i e _ P A " ], 

By using the same argument as in the proof of Theorem 1.3, we have 

log + [E n _ ie ^-^} < X n (exp|^-^X(log+[F;„_ ie -^]) 

For any fixed and sufficiently small a < 0, set 


(26) 


(27) 


1 


G = W \ (t x + e) log U [ - 


1 


that is, 


u (T lo g 2 t/(-i) 
1 


-a\og 2 U(-±) 


= V exp 


tx + e 


X(G) 


(28) 
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If \og + [E n _\e /3A "] < G, for sufficiently large positive integer n, let 

V (exp|^^X(log + [E„_ ie -^])|) > 1, 

since a < 0, and from (27),(28) and the definition of U(x), we have 


log+^ie^)^] < A„ [V 


exp 


1 


tx + e 


X(log+[E n _ ie -^])l ) ) +a 


- G = W l {TX + e)l 0 gU [-l-alo/u(-±) 


< W ( T X + e) log 


(1 +o(l))C7 ( -4 


If log + [S n _ie ,3A "] > G, it follows from (27) and (28) that 

log + [-En-ie (<T-/3)A "] < A„ (exp j^-^X(G) 


-l 


< A„ — 


+ (7 <0. 


-<x - a log 2 U(-±) 

Hence, it follows from (29) and (30) that for sufficiently large positive integer n 


log + [E n=1 e^-^] <w((T X +e) log 


(l + o(l))t/(~ 

For any /3 < 0, then from the definition of Ek(F,/3), there exists p\ G n„_i satisfying 

ll^-Pill <2E n _!. 

And since 


A* exp{/3A„} = sup 

X n <tc< An-(-l, —00<t<+00 

< sup 

X n <tc< An-(-l, —00<t<+00 

rOC 


exp {ity}da(y) 


exp{/3A„} 


exp{(/3 + it)y}da(y) 


< sup 

—oo<£<+oo 


exp{(/3 + it)y}da(y) 


'A„ 


then for any p G n„_i, we have 

A* exp{/3A„} < | F(/3 + it) -p(fi + it)\ < \\F -p\\ 0 . 

Hence for any /3 < 0 and F(s) G L, it follows from (32) and (33) that 

A* n exp{/3A„} < 2E n _ 1 , A* < 2E n _ 1 exp{-/3A„}. 

that is, 

A* n e aX ™ < 2A n _ie (CT - /3)A ". 

Thus, from (31) and (34), and by Lemma 2.1 and Theorem 1.2, let e —> 0 we have 

v A (log +M u (a : F))^ 

llmsup - 1 - TU Ti- - T *' 

<x^o- log U{ ~) 


(29) 


(30) 


(31) 


(32) 


(33) 


(34) 
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Step Two. Suppose that 

X(log + M u (a,F)) 

limsup--— 1 -= •& < t x . 

CT ^o- log U{-~) 

Then there exists any real number e(0 < e < Tx ^ ), and for any sufficiently small o < 0 we have 

log M u {a,F) <W ((■& + £) logU(~^ . (35) 


En^F,^) <|| T-p n _ 1 \F(/3 + it) - p n -i(/3 + it)\ 

/ + OO 

exp{(/3 + it)y}da(y) - / exp{(^ + it)y}da{y) 


exp {(/3 + it)y}da(y) , 


for f3 < a < 0, and 


roo nb 

/ exp{(/3y + it)y}da(y) = lim / exp{(/3 + it)y}da{y) . 

J\ k b^ +ao J Xk 

Ij+k{b', it) = / exp {ity}da{y), (A j+k <b< X j+k +i), 


then we have \Ij +k {b]it)\ < A* +k . Thus, it follows 


/ exp {(/3+ it)y}da{y) 

| JXk 

n+k-1 

= E / exp {Py}d y Ij(y,it) 

j=k JX :> 


exp {/3y}d y I n+k (y,it) 


n+k-l r^j+i 

= E e Ai+l/ 3 /,(A i+ i;it) -/? / e 0v Ij(y,it)dy 

j=k 

nb 

+e 0b I n+k (b; it) — /? / e 0v Ij (y; it)dy 

J ^n + k 

n-\-k —1 

< Y [ A Y 1+lf> + A j(e Xi+10 - e Xj0 )] + 2e 0x ”+ k+1 A* n+k - e 0Xn+k A* 


< 2 E A 


* g-An + l/3 


Because b —> +oo as n —► +oo, thus it follows 


exp{(/3 + < 2 ^ T* exp{/3A„+i}. 
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Hence from (11), (36) and (37), we have 

OO OO 

E n -1 < 2 A%_ x exp{/3A fc } < 8 M u (a, F) exp{(/3 - a)X k }. 


(38) 


k—n 


k—n 


From (5), we can take h '{0 < h' < h) such that (A„+i — A„) > h' for n > 0. Then from (38), for 
a > f, we have 

OO 

E n -i < 8M„(cr, F) exp{A ra (/3 - a)} ^ exp{(A fc - A„)(/?- cr)} 

k—n 

R °° R 

< 8 M u (a, F ) exp{A„(/3 - a)} expj-^/i'n} ^(expj^h'fcj) 


k—r 


= 8M u (a, F) exp{A n (/3 — cr)} ( 1 — exp{^h'} 


that is, 


E n -i < KM u (a , F) exp{A n (/3 - a)}, 

where K is a constant. Then for sufficiently small cr < 0 and — oo < /3 < cr < 0, we have 
M u (a,F ) > K 1 E n _ 1 (F,p)e~ x ^-^ = K x E n _ x exp{-^A„}e A " ff , 
where = 1 — e^ ,! . Hence it follows from (35) and (40) that 

log + [A'iF„_i exp{-/3A„}e A " CT ] < log M u (a,F) < W ^(i? + 2e) logt/(--^ . 
From the assumption, there exists a subsequence {A n ( p )} such that for sufficiently large p 


X(log + [E n(p _ 1) exp{-/3A„ (p) }]) > (t x -e)logC/ 


Take a sequence {cr p } satisfying 


i(p) 


log + [E n{p _ 1) exp{—/3A„( p) }] 


W ( ($ + 2e) log U (——) 


log + [F n(p _ 1) exp{—/3A n(p) }] 


1 T* log t/( i og + [E n(p _ 1 - ) exp { —/3A n(p)}] ) ^g l0g 

From (41) and (43), by using the same argument as in the proof of Theorem 1.3, we get 
log" 1 " [F n(p _ 1) e -/3A ’ l(p) ] 

1AI. l 


=W (i9 + 2e) log U{— - 


1 + 


log U{- 


)log 2 logJ7(- 


^(P) 


(39) 

(40) 

(41) 

(42) 


(43) 


'log+[B„( p _i)e pa "(p)] / ° ° ' \og+[E n(p _ 1) e ^"O)] 

Then by applying the Cauchy mean value theorem, there exists a real number £ £ (Ci> C2) where 

Ci =W ((‘& + 2e) log 17(—-)) , 
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and 


e 2 = Ci i + iogi/(- 


A, 


(p) 


'log + [E n(p _ 1) e 

such that 

X(log + [E n{p _ 1) e~^M]) 

=x(w (($ + 2 e)(l + o(l)) logC/( 


) log 2 log U{ / n(P) ' 

log [-B„(p-I)e P x ^)} 


n(p) 


+ log 1 + log U ( 


log + [E n(p _ 1) e-^MY J J 

^n(p) \ l„„2 , „ rr/ ^n(p) 


log + [E n{p _ 1)e -P^M} 


)log logU( 


log + [£„ (p _i)e P x «w] 


) WO, 


Since 


log ( 1 + log U ( 


^(p) 


lim 

p—>oo 


log +[E rl{p _ 1 ) e~ fiX ^)} 


7 ) log 2 log{7( 


^(p) 


log + [-E„( p _i)e 


log U(- 


1(p) 


'log+tEW-De-^p)] 

then for p —> +00 and let cr —► 0“, it follows 


= 0, 


X (log+K (p _ 1)e -^"W]) = ( 1 ? + 2e)(l + o(l)) log U( + n(p > . ) + 0(1). 

log + [E„ (j ,_i)e 


(44) 


From (41) and (44), by applying Lemma 2.1, we can obtain a contradiction with the assumption 
0 < e < tx 4 ;' } . Hence 


lim sup 

a —^0 — 


A-(log + M u (a,F)) 
log U{-\) 


= T X - 


Hence, we complete the proof of the sufficiency of Theorem 1.7. By using the similar argument 
as in the above, we can prove the necessity of Theorem 1.7. 

Therefore, this completes the proof of Theorem 1.7. 
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g-ANALOGUE OF MODIFIED DEGENERATE CHANGHEE 
POLYNOMIALS AND NUMBERS 

JONGKYUM KWON 1 AND JIN-WOO PARK 2 ’* 


Abstract. The Changhee polynomials and numbers are introduced in [3], and 
some interesting identities and properties of these polynomials are found by 
many researcher. In this paper, we consider the ^-analogue of modified degen¬ 
erated Changhee polynomials and derive some new and interesting identities 
and properties of those polynomials. 


1. Introduction 


Let p be a fixed odd prime number. Throughout this paper, Z p , Q p , and C p will 
respectively denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the completions of algebraic closure of Q p . The p-adic norm \ ■ \ p is 
defined normally as |p| p = K 

Let C(Z p ) be the space of continuous functions on Z p . For / G C(Z p ), the p-adic 
invariant integral on Z p is defined by T. Kim as follows : 


i 


!- q (/) = f f{x)dn- q {x) = ^lim^p^r— (see [3-8, 1-0-12, !6, 17 , 19 D- 

dZ p _J ' 00 l P i-q X=Q 

( 1 . 1 ) 

If we put f n {x) = f(x + n), then, by (1.1), we can derive the following very 
useful integral identity; 

n— 1 

d n I- q {fn) + (-1)"- 1 /-,)/) = [2], ^(-l)"- 1 "'/^, (1-2) 


1=0 


where 


i - (- q y 


1 — q x 


\^\— q = 1 _ and [x] q = y— 


Note that liin^^i [a;] g = x for each x € Z p . In particular, if n = 0, then 

Ql-q(fl) +I~q(f) = [2],/(0). 

The Stirling numbers of the first kind is given by 

n 

( x) n = x(x — 1) • • • {x — n + 1) = S±(n, l)x l (x > 0), 

1=0 


(1.3) 


(1.4) 


2010 Mathematics Subject Classification. 11B68, 11S40, 11S80. 

Key words and phrases, p-adic invariant integral on Z p , degenerate Changhee polynomials, 
modified degenerate Changhee polynomials. 
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2 JONGKYUM KWON 1 AND JIN-WOO PARK 2 '* 

and the Stirling numbers of the second kind is defined by the generating function 
to be 

00 A 

(e*-l r=n!^5 2 (Z,n)- 

l—n 

(see [1, 20]). Note that 

OO i 

(log(a; + 1))" = (n > 0), 

l—n 


(see [1, 20]). 

As is well-known, q-Euler polynomials of order r are defined by the generating 
function to be 


JL\ 

1 + q d e dt J 


d -1 

^(-l)Ve at 

a—0 


^ 4.n 

(see [3_6, 9) 15_17,19]) ' 

n—0 


(1.5) 


In the special case, x = 0, E„ — 
From (1.1), we note that 


E, 


(r) 


(0) are called the Euler numbers of order r. 




n —0 


n! V et + 1 


( 1 . 6 ) 


=e 


■■■ f e < ' Xl+ "' +Xr ' ,t dp- 1 (xi)---dp- 1 (x r ), 

J z p 

and by (1.6), we have 

E n\ x ) = [ ■■■ f -h a; r + x) n dp-i(xi) ■ ■ ■ dn-i(x r ), (n > 0), (1.7) 

J "Zip J Zp 

(see [3-6, 9, 15-17, 19]). 

In [3], authors defined the Changhee polynomials as follows: 

00 4-n o 


n—0 


and, in [17], authors defined the modified degenerate Euler of order r polynomials 
as follows: 




n—0 


(l + A)* 


(1 + A)- 


( 1 . 8 ) 


Recently, Changhee numbers and polynomials are introduced by Kim et. al. in 
[3], and by many mathematicians, which are generalized and obtained many new 
and interesting properties (see [2, 9-14, 16, 18, 19]). In this paper, we consider 
the modified degenerate Changhee polynomials and numbers by using the p-adic 
invariant integral, and derive some new and interesting identities and properties of 
those polynomials. 
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ANALOGUE OF MODIFIED DEGENERATE CHANGHEE POLYNOMIALS AND NUMBERS 3 

2. 5 -ANALOGUE OF MODIFIED DEGENERATE CHANGHEE POLYNOMIALS AND 

NUMBERS 

From now on, we assume that t £ C with \t\ p < p~p =T and A € Z p . 

The modified degenerate q-Changhee polynomials are defined by the generating 
function to be 


[2], 

1 + q(l + A)t lo «( 1 + t ) 


(1 + A)* 


log(l+t) _ 


^ j.n 

E MCh nt X,q{x) — . 

n —0 


( 2 . 1 ) 


In the special case, x = 0, MCh n ,x,q = MCh n , a, 9 (0) are called q-modified degener¬ 
ate Changhee numbers. 

Note that 


lim 


[2], 


A-M) 1 + q (l + A)i log ( 1+t ) 


(1 + A)A log(1+t) = 


[ 2 ], 


q{ 1 + t) + 1 


a + ty 


— Ch ntq (x) ^ . 


n —0 


Since 


(1 + iog(i+t) =e iog(i+A)^ log(1+t) 

_ ^2 ( +a) 

n—0 


(x + y) n (log(i + t)) n - 
n\ 


V A 

/l0g(l + A)\" 1 ,V^r./7 \ tl 

= E(-A- J ( +2/) n! } Z! 

n =0 ' ' l—n 

f log(l + A) 


and 


yMCh n , x , q ( x) f — = 


-EE 

n =0 m—0 


[ 2 ] 5 


V a 


(x + y) m S\ (n, m)E 
n\ 


n—0 


n! 1 + q{\ + A)i lo s( 1+t ) 

\ 
t 


(1 + A) 


HE^^JIEE 


\n=0 

oo n m 

-EEE 

n=0 m—0 /—0 


^m—0 /—0 


log(l+t) 

/ log(l + A) 


( 2 - 2 ) 


S\(m , Z)ai z 


n\ /log(l + A) 


ml \ A 


TO! 


t n 


Sl(m, l)x l MCh n -m t x,q—:, 


n\ 
(2-3) 


by (2.2) and (2.3), we obtain the following theorem. 

Theorem 2.1. For each n £ N U {0}, we have 

MCh nXq {x) =yj2 ( ") ( l0g(1 + A) ) S 1 (m,l)MCh. n - m ,x, q x l . 

m= 0 1=0 A W / \ / 
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JONGKYUM KWON 1 AND JIN-WOO PARK 2 -* 

Note that, by (1.3), we have 

(1 +A)^ los(1+t) 


[ (l + \) X -¥^ 1+t U^ q (y) = 

J "Zi v 


[2], 

1 + g(l + A)v lo s( 1+t ) 

°° j-71 

= y j MCh n>x ,g(x)-. 


n —0 


and, by (2.2) and (1.7), 

=£ / ^( i 2Mi±2))’" (I+srSl („, m) ^_ ab) i: 

n=0 12 Z P m=0 ' ' 

oo n 


/"l°g(l + A ) m a f \ Tr I \t r 
= 2^ E y -^-J Si(n,m)£ m)g (a;) —. 

n=0 m—0 


V A 

Therefore, by (2.4) and (2.5), we obtain the following theorem. 
Theorem 2.2. For each neNU {0}, 


and 


_ +n r 

yMCh nXq (x)~ = / (1 +A) , (0/); 

n =0 n ‘ • 2Z P 

MCh n , x (x) = Y, |^ lo g(^+A) ^ Si(n,m)E mtq (x). 


By replacing t as e 4 — 1 in (2.1), we have 


[ 2 ] 


l + g(l + A)S 


OO 1 

« (1 + A)** = y MCK, xjx)- (e t l) ? 


n—0 

oo 


n—0 
oo n 


=EE MChm,\,q{x)S2{n,m) — , 


n—0 m—0 


and 


[2]c 


l + g(l + A)i 1 °s( 1 +( e ‘- 1 )) 


(1 + A )f ^(i+le*- 1 )) = 


[2]c 


l + g(l + A); 


-(1 + A) i 


(2.4) 


(2.5) 


= y MCh n ^q{x)—n\ y S 2 (l, n)- (2.6) 

n—0 l=n 


-£W*) bI . 


(2.7) 


n—0 


By (2.6) and (2.7), we obtain the following corollary. 
Corollary 2.3. For each nonnegative integer n, 

n 

€n,\,q( x ) = y MCh m ,\(x)S 2 (n,m.). 


m—0 
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By (1.3), we note that 

[2 } q =qf (1 + A f (1 + A ) y ^°^ +t U^{y) 

JZr, JZ-n 


=qY J MCh nXq (l)- + ^ MCh n ^ q - 


n =0 
oo 


n —0 


= y^gMCh nXq {l) + MCh nt x,q) —■ 


n —0 


By (2.8), we obtain the following theorem. 

Theorem 2.4. For each positive integer n, we have 

MCh 0 ^ q = 1 , qMCh n<x ( 1 ) + MCh n , x = [2 

where Sij is the Kronecker’s symbols. 

For each n £ N with n = 1 (mod 2), by (1.2), we have 

q n f (l + \) U ^ llos{ 1 +t) dn-i(y)+ [ (l + \)* loe{ 1 +t) dp- 1 (y) 

J z„ Jz„ 


( 2 . 8 ) 


=[2\ q y(-l) a q a (l + A)A log(1+t ) 


a —0 


l n— 1 


=E [ 2 ] 9 EE(-w« ro 


1=0 


m =0 a—0 


/ log(l + A) 


Si(!,m) j yy 


and 


q n [ (l + \) U ^ llos{1+t) dn-i(y)+ [ (1 + A)x 1 °g( 1 +‘)rf M _ 1 (i / ) 

JZr, JZ-n 


= Y / (q n MCh l , x , q (n) + MCh lXq ) 


1=0 


(2.9) 


( 2 . 10 ) 


Hence, by (2.9) and (2.10), we obtain the following theorem. 

Theorem 2.5. For each nonnegative odd integer n and each nonnegative integer 
l, we have 

q n MCh l} x, q {n) + MCh lXq = [2], 

m =0 a=0 ' ' 


From now on, we consider the modified degenerate q-Changhee polynomials of 
order r are defined as by the generating function to be 

OO J-Th P P 

J2 MCh n ) Xq( X )- [ = ■j (1 + A) " 1+ ^^ l0g(1+t) dfX_ q (Xq) ■ ■ ■ dfl- q (x r ). 

n=0 n ' Jz P Jz P 

(2 ' U) 

When x = 0, MCh^\ = MCh^\ (0) are called modified degenerate q-Changhee 
numbers of order r. 
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Note that, by (1.1) and (2.2), 

OO -f-'FI' 

n—0 

P1 - 


\§log(l+t) 


,1 + 5(1 +A)x 1 °e( 1 +‘). 

= ( It ± 

/ \n—0 m =0 ' ' / 

\ 


\n —0 

oo oo 


^ ^ 4-Tll 4-71 r 

E E MCh ni> \ t q ■ ■ ■ MCh nr ^ q —i • • • — 

„ I L~\ . I hr . 

n =0 "i.-.nr^O 1 r 


X 


\ /log(l + A)\ t n 

E E ^ -A- J * 5l(n ’ m) n! 


Vn=0 m—0 
oo f n 


oo I n n—m 

IS ?„>o § 


m \ / n 


n—0 \ m—0 , 

v --! + •■•+« 


^jMCh ni ^---MCh nr ^ 


( loga+A) )*^ (n - m>fc) ^, 


where ( m ) are the multinomial coefficients. 

In addition, by (1.1) and (2.2), we have 

* " + l0g(1+t) 4i- 9 (xi) • • • dLl- q {x r ) 


/ ••• / (1 + A) 

J IL-p J ^jp 

= E E (A^lLLdY"'s l(n ,m)/ -f (* I + ... 

n=0 m=0 ' ' 12 z p 12 z p 


n—0 m—0 
oo n 

=EE 

n—0 m—0 


V 

^ log(l + A) ^ (r) t n 

( ---j <5i(n, m)Et’ q {x) — . 


+ x r + x) m dn- q (: 


By (2.11), (2.12) and (2.13), we obtain the following theorem. 
Theorem 2.6. For each nonnegative integer n, we have 

n n—m , \ / \ 

= £ E E L . m „ 

,,,-n n->n I— n V G, , V'V 


m =0 . n ^>0 fc =;0 


log(l + A) 
A 


5i(n — m, fc)^ 


and 


MCh n?\, q ( x ) = E (" 1 ° g( - 1 A + A - > ") Si(n,m)£W(i). 


m—0 


( 2 . 12 ) 


t n 

■ -dn-q(x r ) — 


(2.13) 


-r,A,q 
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By replacing t as e* — 1 in (2.12), we get 
[ 2 ], 


) r oo 

(1 + A)s* = V MCh%\ (a:)-T (e* - l) m 

t'o ” a n! ’ 

OO OO ,[ 

= ^MCh { ;\ q {x)-n\^S 2 {l,n)- 

n—0 l—n 

oo n n 

= E E MChi m]\, q ( x ) S 2{n,m) — , 


n—0 m =0 


and 


[ 2 ], 


—^ (1 + A)S los ( 1+ ( et_1 ^) 


l + g(l + A)x 1 °s( 1 +(« t ^ 

-^-rV(l + A)? 

1 + q(l + A)* J 

V / J.TI 

n—0 

By (2.14) and (2.15), we obtain the following theorem. 
Theorem 2.7. For each n > 0, we have 

n 

= E MCh m] A,,(*)S 2 (n,m). 

m— 0 

By (2.12), we observe that 

OO -l-Fl 

E (? MGh n\i X + 1) + MCh%(xj) ^ 

[ 2 ] ? \ n . xx2±llog(l+t) , ( [ 2 ] 5 


n—0 

=Q 


= [ 2 ], 


l + g(l + A)i lo «( 1+t ) 

[ 2 ] 4 


9 ',1 + g(l + A)i 1 °g( 1 + t ) 

°° 4-n 

= [2 ],E MC ttWo' 


^ (l + A)^ los(1+t) + ^ 
) (l + A)* log(1+t) 


l + g(l + A)i lo «( 1+t ) 


n—0 


Therefore, by (2.16), we obtain the following theorem. 

Theorem 2.8. For each n > 0 and r eN, we have 

qMCh { ;\{x + 1) + MCh% >q (x) = [2] q MCh^{ X ). 


(2.14) 


(2.15) 


(1 + A)- 


(2.16) 
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QUADRATIC ^-FUNCTIONAL INEQUALITIES IN BANACH SPACES 

CHOONKIL PARK, YUNTAK HYUN, AND JUNG RYE LEE* 


Abstract. In this paper, we solve the following quadratic p-functional inequalities 

+/ (£z|z*) +/ (^) + /(^F9 

-f(x) - f(y) - f(z) II 

< II p{f(x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) (0.1) 

—4 f(x) - 4f(y) - 4f(z))\\, 

where p is a fixed complex number with |p| < and 

Il/(a3 + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) 

-4f(x)-4f(y)-4f(z)\\ (0.2) 


< 


,(/(^) + /(^) + /(^) + /(^) 


-/(*) - f(y) - f ( z ) 


where p is a fixed complex number with |p| <4. 

Using the direct method, we prove the Hyers-Ulam stability of the quadratic p-functional 
inequalities (0.1) and (0.2) in complex Banach spaces and prove the Hyers-Ulam stability of 
quadratic p-functional equations associated with the quadratic p-functional inequalities (0.1) 
and (0.2) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [20] con¬ 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [7] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [1] for additive mappings and by Rassias [13] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was 
obtained by Gavruta [4] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. 

The functional equation 

f{x + y) +f(x-y) = 2f(x) + 2f(y) (1.1) 

is called the quadratic functional equation. In particular, every solution of the quadratic 
functional equation is said to be a quadratic mapping. The stability of quadratic functional 

2010 Mathematics Subject Classification. Primary 39B62, 39B52. 

Key words and phrases. Hyers-Ulam stability; quadratic p-functional equation; quadratic p-functional in¬ 
equality; complex Banach space. 
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equation was proved by Skof [19] for mappings / : E\ —^ E 2 , where E\ is a normed space and 
E 2 is a Banach space. Cholewa [2] noticed that the theorem of Skof is still true if the relevant 
domain E\ is replaced by an Abelian group. 

The functional equation 

2/(=±*)+2 (^) = /<*)+/<») 

is called a Jensen type quadratic equation. See [8, 9, 10, 11, 12, 15, 16, 17, 18] for more 
information on functional equations and their stability. 

In [5], Gilanyi showed that if / satisfies the functional inequality 

l|2 f(x) + 2 f(y) - f{xy~ l )\\ < \\f(xy)\\ (1.2) 

then / satisfies the Jordan-von Neumann functional equation 

2 f[x) + 2 f(y) = f(xy) + /(xp -1 ). 

See also [14]. Gilanyi [6] and Fechner [3] proved the Hyers-Ulam stability of the functional 
inequality (1.2). Park, Cho and Han [10] proved the Hyers-Ulam stability of additive functional 
inequalities. 

In Section 3, we solve the quadratic p- functional inequality (0.1) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.1) in complex Banach spaces. We more¬ 
over prove the Hyers-Ulam stability of a quadratic p-functional equation associated with the 
quadratic p-functional inequality (0.1) in complex Banach spaces. 

In Section 4, we solve the quadratic p- functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.2) in complex Banach spaces. We more¬ 
over prove the Hyers-Ulam stability of a quadratic p-functional equation associated with the 
quadratic p-functional inequality (0.2) in complex Banach spaces. 

Throughout this paper, assume that X is a complex normed space and that Y is a complex 
Banach space. 


2. Quadratic functional equation 

Theorem 2.1. Let X and Y be vector spaces. A mapping f : X -^-Y satisfies 

fx + y + z x-y-z y-x-z z-x-y\ -/ n , x ro -n 

/(—2— + —2— + —2— + —2 —) = f( x ) +f(y) +f( z ) i 2 - 1 ) 

if and only if the mapping f : X Y is a quadratic mapping. 

Proof. Sufficiency. Assume that / : X —> Y satisfies (2.1) 

Letting x = y = z = 0 in (2.1), we have 4/(0) = 3/(0). So /(0) = 0. 

Letting y = z = 0 in (2.1), we get 

2/(f)+2/(-!)=/(*), (2.2) 

2/(-f)+2/(|Q/<-n 

for all x € X, which imply that f(x) = f(—x) for all x £ X. 
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From this and (2.2), we obtain 4/ (|) = /( x) or /( 2x) = 4 f(x) for all 
Putting z = 0 in (2.1), we obtain 

7 \f(x + y) + ~/(x -y) = f(x) + f{y) 

for all x, y G X, which means that / : X —>• Y" is a quadratic mapping. 

Necessity. Assume that f : X ^ Y is quadratic. 

By f{x + y) + f(x - y) = 2f(x) + 2 f(y), one can easily get /(0) = 0, f(x) = f(-x) and 
/( 2x) = 4f(x) for all x G A. So 

/( L±|±i) + ,(£zp) + /(pp + 

= Kf)^(^)] + K-|) + 2/(^)] 

=v (f)++/( y+z 7 + b 

= /(®) + /(y) + f(z) 

for all x, y,z G A, which is the functional equation (2.1) and the proof is complete. □ 

Corollary 2.2. Let X and Y be vector spaces. An even mapping f : X —>7 satisfies 

f(x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) = 4 f(x) + 4f(y) + 4f(z) (2.3) 

for all x, y,z G X. Then the mapping f : X — >■ Y is a quadratic mapping. 

Proof. Assume that / : X —> Y satisfies (2.3) 

Letting x = y = z = 0 in (2.3), we have 4/(0) = 12/(0). So /(0) = 0. 

Letting z = 0 in (2.3), we get 

2 f{x + y) + 2 f(x -y) = 4f(x) + 4/(y) 

and so f(x + y) + f{x — y) = 2 f(x) + 2 f(y) for all x, y G X. □ 

3. Quadratic /^-functional inequality (0.1) 

Throughout this section, assume that p is a fixed complex number with \p\ < |. 

In this section, we solve and investigate the quadratic p-functional inequality (0.1) in complex 
norrned spaces. 

Lemma 3.1. An even mapping f : X Y satisfies 

j/ (^J.) + / (^p:) + / (^P) + / (Pp 

-f(x) - f{y)~ f(z )II 

< \\p(f(x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) (3.1) 

-4 f(x) - 4 f(y) - 4f(z))\\ 

for all x, y,z G X if and only if f : X -» Y is quadratic. 
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Proof. Assume that / : X -A Y satisfies (3.1). 

Letting x = y = z = 0 in (3.1), we get ||/(0)|| < |p|||8/(0)||. So /(0) = 0. 

Letting y = z = 0 in (3.1), we get ||4/ (|) — /(x)|| < 0 and so 4/(|) = f{x) for all x G X. 
Thus 


'GH'w 


for all x G X. 

It follows from (3.1) and (3.2) that 


/ 


x + y + z 
2 


+ / 


x — y — z 
2 


+ / 


y — x — z 
2 


+ / 


z — x — y 
2 


(3.2) 


- /(®) - /(y) - f(z) 


< II p{f{x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4/(x) - 4f(y) - 4f(z) 


= \P\ 

< Mp\ 


4/ 


/ 


x + y + z 


x + y + 2; 


+ 4/ 


+ / 


x — y — z 


+ 4/ 


y — x — z 


+ 4/ 


z — x — y 


-4/(x) - 4/(y) -4/(z) 


x — y — z 


+ / 


y — x — z 


+ f 


z — x — y 


-/(*) - /(y) - /(z) 


and so 


/ 


x + y + z 


+ / 


x — y — z 


+ f 


y — x — z 


+ f 


z — x — y 


= /(*) + /(y) + /(z) 


for all x, y,z £ X. 

The converse is obviously true. 


□ 


Corollary 3.2. An even mapping f : X Y satisfies 


f 


x + y + z 


+ f 


x — y — z 


+ f 


y — x — z 


+ f 


z — x — y 


~ /(*) - /(y) - /(z) 


= P(f(x + y + z) + f{x - y - z) + f(y - x - z) + f(z - x - y) - 4/(x) - 4/(y) - 4/(z)) (3.3) 
/or all x,y,z G A" if and only if f : X Y is quadratic. 

The functional equation (3.3) is called a quadratic p-functional equation. 

We prove the Hyers-Ulam stability of the quadratic p-functional inequality (3.1) in complex 
Banach spaces. 

Theorem 3.3. Let <p : X 3 —> [0, 00 ) be a function and let f : X —> Y be an even mapping such 
that 

OO 

T(x,y,z) := 5Z 4 V(^, Jy, yy) < 00 , 


/ 


x + y + z 


+ / 


x — y — z 


3 =0 


+ / 


(3.4) 


y — x — z 


+ f 


z — x — y 


< II p(f(x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) 

-4/(x) - 4/(y) - 4/(z)) || + ¥>(x, y, z) 


- /(®) - /(y) - /(z) 

(3.5) 
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for all x, y,z 6 X. Then there exists a unique quadratic mapping h : X -A Y such that 


II fix) - h(x)\\ < V(x,0,0) 


(3.6) 


for all x € X. 


Proof. Letting x = y = z = 0 in (3.5), we get ||/(0)|| < |p|||8/(0)||. So /(0) = 0. 
Letting y = z = 0 in (3.5), we get 




< ip(x, 0,0) 


(3.7) 


for all x € X. So 


47 





(3.8) 


for all nonnegative integers m and l with m > l and all x € X. It follows from (3.8) that the 
sequence {4 n /(^r)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{4 n /(^r)} converges. So one can define the mapping h : X —> Y by 

h(x) := lim 4 n /(-^-) 

v ’ n—nx> J K 2 n 

for all x £ X. Moreover, letting l = 0 and passing the limit m —> oo in (3.8), we get (3.6). 

It follows from (3.4) and (3.5) that 


x + y + z 


+ h 


x — y — z 


+ h 


y — x — z 


+ h 


z — x — y 


= lim 4 n 

n—t oo 


/ 


x + y + z 
2 n +i 


+ f 


x — y — z 
2 n +i 


+ f 


y — x — z 
2«+i 


+ / 


— h(x) — h(y ) — h(z) 


z — x — y 
2 n +i 


-nm-f 


< lim 4 n |p| 


x + y + z 


+ f 


x — y — z 


y_ 

2 n 

+ f 


~f 


y — x — z 


+ f 


z — x — y 


- 4 / ™ - 4 / - 4 / 77 


.. . x y z 

+ Inn 4 02 —, —, — 

- v ~~ ~ \ 2 n 2 n 2 n 


= || p(h(x + y + z) + h(x - y - z) + h(y - x - z) + h(z - x - y) 

—4 h(x) — 4 h(y) — 4h{z))\\ 


for all x, y,z G X. So 
'x + y + z 


h 


+ /l 


x — y — z 


+ /i 


y — x — z 


+ h 


z — x — y 


— h(x) — h{y) — h(z) 


< || p(h(x + y + z) + h{x — y — z) + h(y — x — z) + h(z — x — y) — 4 h(x) — 4 h(y) — 4 h(z) 


for all x, y,z € X. By Lemma 3.1, the mapping h : X —> Y is quadratic. 
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Now, let T : X -A Y be another quadratic mapping satisfying (3.6). Then we have 


(x)-T(.x)|| = 

< 


29 


4 q h — — 4 q T — 


29 


4 q h — -4 V - 

\ 0/7 ^ \ 0/7 


29 


X 


29 


+ 


29 


4«T ( — - 4«/ ( — 

\ 0/7 / ^ \ 0/7 


29 


< 2 • 4 <? 4/ ( —, 0, 0 ) , 


x 


which tends to zero as q —> oo for all x G X. So we can conclude that h{x) = T(x) for all 
x G X. This proves the uniqueness of h. Thus the mapping h : X —> Y is a unique quadratic 
mapping satisfying (3.6). □ 

Corollary 3.4. Let r > 2 and 6 be nonnegative real numbers, and let f : X —> Y be an even 
mapping such that 


f 


x + y + z 


+ f 


x — y — z 


+ f 


y — x — z 


+ f 


z — x — y 


~ f(x) - f(y) - f{z) 
(3.9) 


< II p(f{x + y + z) + /(x - y - z) + f(y - x - z) + f(z - x - y) 

-4/(x) - 4 f(y) - 4/(z))|| + 0(||xf + \\y\\ r + ||z|D 
for all x,y,z G X. Then there exists a unique quadratic mapping h : X -A Y such that 


||/(x) -h(x)\\ < 


2 r 6 

2 r — 4' 


\x 


(3.10) 


for all x G X. 


Theorem 3.5. Let ip : X 3 —> [0, oo) be a function with (p( 0, 0, 0) = 0 and let f : X Y be an 
even mapping satisfying (3.5) and 


4>(x,y,z) := J2 — <p(T>x, 2 3 y, 2?z) < oo 


3 =1 


for all x,y,z G X. TTien f/iere exists a unique quadratic mapping h : X Y such that 


II f (x) - h(x)|| < T(x,0,0) 


(3.11) 


(3.12) 


/or all x G X. 

Proof. It follows from (3.7) that 


/(*) - 4 /( 2 ®) 


< -<^(2x, 2x, 2x) 


for all x € X. Hence 




771 —1 -t -1 lit —J. -1 

s E Jj/ (**) - 4JTT/( 2,+1 d £ E iJTT v(2^L,0,0X3.13) 


771—1 


3=1 " " 3=1 

for all nonnegative integers m and l with m > l and all x G X. It follows from (3.13) that the 
sequence {^-/(2 n x)} is a Cauchy sequence for all x G X. Since X is complete, the sequence 
{^f(2 n x)} converges. So one can define the mapping h : X —> Y by 

h(x ) := lim -*-/(2 n x) 

v ' n—xoo 4™ ^ v ' 
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for all i£l, Moreover, letting l = 0 and passing the limit m —> oo in (3.13), we get (3.12). 
The rest of the proof is similar to the proof of Theorem 3.3. □ 

Corollary 3.6. Let r < 2 and 6 be positive real numbers, and let f : X -A Y be an even 
mapping satisfying (3.9). Then there exists a unique quadratic mapping h : X —> Y such that 

\\nx)-h{x)\\<^L\\x\\ r (3.14) 

for all x G X. 


By the triangle inequality, we have 

I / (^f±^) + / pp) + / pp )+/ ( pp ) - /(x) - m - m 

~\\p(f(x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4 f(x) - 4 f(y) - 4/(z))|| 
x + y + z 
2 

-/(®) - /(y) - /(«) - p(/(® + y + z) + f{x - y - z) + f(y - x - z) 

+/(z - x - j/) - 4/(x) - 4/(y) - 4/(z))||. 

As corollaries of Theorems 3.3 and 3.5, we obtain the Hyers-Ulam stability results for the 
quadratic p-functional equation (3.3) in complex Banach spaces. 



+ / 


x — y — z 


+ f 


y — x — z 


+ f 


z — x — y 


Corollary 3.7. Let <p : X 3 —> [0,oo) be a function and let f : X Y be an even mapping 
satisfying (3.4) and 


f 


x + y + z 


+ f 


x — y — z 


+ f 


y — x — z 


+ f 


z — x — y 


(3.15) 


-/(*) - f(y) ~ f(z) ~ P(f(x + y + z) + f{x - y - z) + f{y - x - z) 

+f(z ~x-y)~ 4/(x) - 4 f(y) - 4/(«)) || < <p(x, y, z) 
for all x,y,z G X. TTien there exists a unique quadratic mapping h : X Y satisfying (3.6). 


Corollary 3.8. Let r > 2 and 9 be nonnegative real numbers, and let f : X Y be an even 
mapping such that 

| f (Pp) + f (PP) + f (PP) + f (PP) (3.16) 

-/(*) - f(y) - /(«) - p(/(* + y + «) + /(* - y - z) + f(y - X - z) 

+/(« -x-y)- 4:/(x) - 4/(3/) - 4/(z))|| < 6*(||x|| r + ||y|| r + ||«|| r ) 

/or all x,y, z G X. T/).en t/iere exists a unique quadratic mapping h : X -A X satisfying (3.10). 

Corollary 3.9. Let tp : X 3 —> [0, oo) be a function with <p(0,0,0) = 0 and let f : X -> Y be 
an even mapping satisfying (3.11) and (3.15). Then there exists a unique quadratic mapping 
h : X -A Y satisfying (3.12). 


Corollary 3.10. Let r < 2 and 8 be positive real numbers, and let f : X —»• Y be an even 
mapping satisfying (3.16). Then there exists a unique quadratic mapping h : X —»• Y satisfying 
(3.14). 
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Remark 3.11. If p is a real number such that — | < p < | and Y is a real Banach space, then 
all the assertions in this section remain valid. 

4. Quadratic ^-functional inequality (0.2) 

Throughout this section, assume that p is a fixed complex number with \p\ < 4. 

In this section, we solve and investigate the quadratic p-functional inequality (0.2) in complex 
norrned spaces. 

Lemma 4.1. Yin even mapping f : X —> Y satisfies 

II fix + y + z) + f(x - y - z) + f{y - x - z) + f(z - x - y) - 4 f(x) - 4 f(y) - 4/(z)|| 

. / fx + y + z\ fx-y-z\ (y - x - z\ (z - x - y\ 

< ^-4 +/ V-2-j +/ (.-2-J +/ f-2—J {4A) 

-f(x) - f(y) - f{z))\\ 

for all x, y,z G X if and only if f : X —> Y is quadratic. 

Proof. Assume that / : X —»• Y satisfies (4.1). 

Letting x = y = z = 0 in (4.1), we get ||8/(0)|| < |p|||/(0)||. So /(0) = 0. 

Letting x = y,z = 0 in (4.1), we get 

||2/(2x)-8/(x)|| <0 (4.2) 

and so / (|) = \ f(x) for all 

It follows from (4.1) and (4.2) that 

II f{x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4/(x) - 4 f(y) - 4f(z)\\ 

. / , fx + y + z\ f x — y — z\ (y - x - z\ (z - x - y\ 

< <>(/(—j—j+/(^—)+/(—j—)+/(—j—j 

-/(*) - f(y) ~ 

= P Q/( x + y + z) + ^f(x -y- z)+ * f(y - x - z) + ^f(z - x - y) 

~f(x) - f(y) - f(z ))|| 

= Y I \f( x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) 

-4/(x) - 4/(j/) - 4/(z)|| 

and so 

f(x + y + z) + f{x-y-z) + f(y-x-z) + f(z-x-y) = 4 f(x) + 4 f(y) + 4 f(z) 
for all x,y, z G X. So / is quadratic. 

The converse is obviously true. □ 

Corollary 4.2. An even mapping f : X —>• Y satisfies 

f(x + y + z) + f(x - y - z) + f(y - x - z) + f{z - x - y) - 4f(x) - 4f(y) - 4f(z) 
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= p (/ (=±f±£) + / + / (^p) 

+/ (-—|—-) - /(*) - f(y) - /(«)) 

/or all x, y,z £ X and only if f : X Y is quadratic. 


(4.3) 


The functional equation (4.3) is called a quadratic p-functional equation. 

We prove the Hyers-Ulam stability of the quadratic p-functional inequality (4.1) in complex 
Banach spaces. 


Theorem 4.3. Let ip : X 3 —> [0,oo) be a function and let f : X —»• Y be an even mapping 
satisfying 


^(x,y,z) := 

3 =i 



x y z\ 
23 ’ 2 3 ’ 2 3 ) 


< oo, 


(4.4) 


II f(x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4f(x) - 4f(y) - 4 f(z) 


< 


P\f 


x + y + z 


+ f 


x — y — z 


+ f 


y — x — z 


(4.5) 


+/ f- f(x) - f(y) - f(z)j 


+ tp(x,y,z) 


for all x, y,z € X. Then there exists a unique quadratic mapping h : X —»• Y such that 

\\f(x) - h{x)\\ < lty(x,x,0) (4.6) 

for all x G X. 


Proof. Letting x = y = z = 0 in (4.5), we get ||8/(0)|| < |p|||/(0)||. So /(0) = 0. 
Letting x = y, z = 0 in (4.5), we get 

| 4/ (I) “ /w 

for all x € X. So 



for all nonnegative integers m and l with m > l and all x G X. It follows from (4.8) that the 
sequence {4 n /( Jr)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{4 n /(^r)} converges. So one can define the mapping h : X —> Y by 

h(x) := lim 4 n /( —) 

v ’ n->oo J K 2 n 

for all x € X. Moreover, letting l = 0 and passing the limit m —> oo in (4.8), we get (4.6). 

The rest of the proof is similar to the proof of Theorem 3.3. □ 


1 / x x „ 

< —ip ( —, —, 0 

“ T V2’ 2’ 


(4.7) 
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Corollary 4.4. Let r > 2 and 6 be nonnegative real numbers, and let f : X -A X be an even 
mapping such that 

II fix + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4 f(x) - 4 f(y) - 4/(z)|| 

< jp (/ (=±f±i) + / (^f^) + / (^p) (4.9) 

+/ ( J ~p ) - /w - /(») - /w) |+«(iMr + iii/ir + imd 

for all x, y,z G X. Then t/iere exists a unique quadratic mapping h : X Y such that 

II/M - fcWII < P/IMr (4.io) 

/or all x G X. 

Theorem 4.5. Let </? : X 3 —) [0, oo) 6e a function with <p( 0,0, 0) = 0 and let f : X Y be an 
even mapping satisfying (4.5) and 

OO -y 

x,y,z ) := ^ —V9(2 j x,2- ? ?/,2- ? z) < oo (4.11) 

l=o 

/or all x, y,z G X. LTien t/iere exists a unique quadratic mapping h : X -A X smc/j that 

||/(x) - L(x)|| < ^(x,x,0) (4.12) 

/or all x G X. 

Proof. It follows from (4.7) that 

f( x )~\f( 2x ) <^(*>*.0) 

for all x G X. Hence 

1 1 m-i . 

j/(2'x) - ^/(2-x) < £ ¥ /(rx)- SJTT /(24«x) 

j=l 

1 m_1 1 

< gE^. 2 ^ 0 ) ( 4 - 13 ) 

j=i 

for all nonnegative integers m and l with m > l and all x G X. It follows from (4.13) that the 
sequence {^-/(2 n x)} is a Cauchy sequence for all x G X. Since X is complete, the sequence 
{^■/(2 n x)} converges. So one can define the mapping h : X —»• X by 

L(x) := lim -*-/(2 n x) 

v y n—too 4 n V ' 

for all x G X. Moreover, letting / = 0 and passing the limit m —> oo in (4.13), we get (4.12). 
The rest of the proof is similar to the proof of Theorem 3.3. □ 

Corollary 4.6. Let r < 2 and 6 be nonnegative real numbers, and let f : X -A X be an even 
mapping satisfying (4.9). Then there exists a unique quadratic mapping h : X —>• X such that 

ll/(x) - Mx)|| < jX^Uxir (4.14) 
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for all x e X. 


By the triangle inequality, we have 

j|/0 + V + z) + f(x ~ y ~ z) + f(y - x - z) + f(z - x - y) - 4f(x) - 4 f(y) - 4/(z)|| 

- h (/ ( £± f tl ) + f (—F 1 )+/ (^p) 

+/ (-—|- /(*) - f(y ) - /(*)) 

< ||/(® + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4f(x) - 4f(y) - 4 f(z) 

-P (/ (^f^) + / + / (^f^) 

+/(-—f—-)-/(*)“/(y) “/(«)) • 

As corollaries of Theorems 4.3 and 4.5, we obtain the Hyers-Ulam stability results for the 
quadratic p-functional equation (4.3) in complex Banach spaces. 


Corollary 4.7. Let ip : X 3 —> [0,oo) be a function and let f : X —>• Y be an even mapping 
satisfying (4.4) and 

II f{x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4 f{x) - 4 f(y) - 4f(z) 


-P[f 


x + y + z 


+ f 


x — y — z 


+ f 


y — x — z 


+ f 


z — x — y 


(4.15) 


-/(*) - f(y) - /(z))ll < <p(x,y,z) 

for all x,y,z € X. Then there exists a unique quadratic mapping h : X -» Y satisfying (4.6). 


Corollary 4.8. Let r > 2 and 6 be nonnegative real numbers, and let f : X —>• Y be an even 
mapping such that 

II f{x + y + z) + f(x - y - z) + f(y - x - z) + f(z - x - y) - 4f(x) - 4f(y) - 4f(z) 

( (x + y + z\ (x — y — z\ (y - x - z\ ( z - x - y\ 

Cl.—2 —1 + / l—2—J —2—J +/ l.—2—J (4 - 16) 

-/w -/w- /u))ii < «<ii*ir + ii»ir + wn 

for all x,y,z G X. Then there exists a unique quadratic mapping h : X —>• Y satisfying (4.10). 

Corollary 4.9. Let tp : X 3 -A [0, oo) be a function with <^(0, 0,0) = 0 and let f : X -A Y be 
an even mapping satisfying (4.11) and (4.15). Then there exists a unique quadratic mapping 
h : X -a y satisfying (4.12). 


Corollary 4.10. Let r < 2 and 8 be positive real numbers, and let f : X -a Y be an even 
mapping satisfying (4.16). Then there exists a unique quadratic mapping h : X -A Y satisfying 
(4.14). 

Remark 4.11. If p is a real number such that —4 < p < 4 and Y is a real Banach space, then 
all the assertions in this section remain valid. 
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ON A SUBCLASS OF p-VALENT ANALYTIC FUNCTIONS OF COMPLEX 
ORDER INVOLVING A LINEAR OPERATOR 

N. E. CHO 1 ’* * AND A. K. SAHOO 2 


Abstract. Using the linear operator C p (a, c ), we introduce a class a, c, A, B) of mul¬ 

tivalent analytic functions with complex order. For this class, a sufficient condition in terms of 
the coefficients for / is obtained, the Fekete-Szego problem and determination of sharp upper 
bound for the second Hankel determinant is completely solved. Relevant connections of the 
results presented here with those obtained in earlier works are pointed out. 


1. Introduction and preliminaries 
W e denote by A p (n) the family of functions of the form: 

oo 

f(z) = z p + Y a p+k z p+k {p,m =N = {1,2,...}) (1.1) 

k=n 

which are analytic and p -valent in the unit disk U = {zGC:|z|<l}. For n = 1 and 
n = 1, p = 1, we symbolise the above class by A p and A, respectively. 

For the functions f\ and f 2 analytic in HJ, we say that fi is subordinate to f 2 , written as 
fi -< fi or fi(z) -< f 2 (z) (z G U) if there exists a Schwarz function u, which (by defintion) is 
analytic in HJ with cu(0) = 0, |cu(’:)| < 1 and fi(z) = / 2 (tu(z)) for zSD. If the function is 
univalent in U, then we have the following equivalence relation (cf., e.g., [23]; see also [21]). 

h(z) A h(z) /i(0) = / 2 (0) and /i(U) C / 2 (U). 

If we have two functions hj(z) = Yl’kLo a k,j zk (j = 1,2) which are analytic in HJ, we define 
the Hadamard product (or convolution) of /1 and / 2 by 

OO 

(h 1 *h 2 )(z) = Yau^ = (h 2 *hi)(z) (z € U). 
k =0 


2010 Mathematics Subject Classification. 30C45. 

Key words and phrases, p -valent analytic functions, Complex order, Inclusion relationships, Hadamard prod¬ 
uct, Subordination, Neighborhood. 
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The classes S* n (b,p ) and C P)Tl {b,p) are called p-valently starlike and convex of complex 
order b and type p which consists / of A p (n) and / satisfies the following inequalities, re¬ 
spectively: 


Re p + - 


1 


m 


p 


Re < p + 


1 


i + TT>_ P 

n*) 


>p (b £ C* = C\ {0}, 0 < p < p;z e\J), 

> p {b £ C* = C \ {0}, 0 < p < p;z £ U). 


( 1 . 2 ) 

(1.3) 


From (1.1) and (1.3), it follows that 

/ G Cp, n (b,p) 


zf(z ) 


p 


e«%„(M- 


In particular, for p = n = 1, the classes S* n (b,p ) and C Pjn (b, p) reduces to the classes S*(b,p ) 
and C(b, p) of starlike functions of complex order b and type p , and convex function of complex 
order b and type p (b £ C*; 0 < p < p) , respectively, which were introduced by Frasin [Hj. 

Setting p = 0 in S*(b,p) and C(b,p), we get the classes S* (b) and C(b). These classes 
of starlike and convex functions of order b were considered earlier by Nasr and Aouf m and 
Wiatrowski [37], respectively (see also |5J and (36]). We further observe that 5*^(1, p) = S*(p) 
and Cp.i (1, p) = C p (p) are, respectively, the classes of p-valently starlike and p-valently convex 
functions of order p(0 < p < p) in HJ. Also, we note that <S\(p) = <S*(p) and C\(p) = C(p) 
are the usual classes of star like and convex functions of order p (0 < p < 1) in HJ. In the special 
cases, <S*(0) = S* and C(0) = C are the familiar classes of starlike and convex functions in HJ. 

Furthermore, let R Pt n(b, p) denote the class of functions in A p (n) satisfying the condition: 


Re p + - 


1 ff(z) 


zP 


-1 


p 


>p (b£C* =c\{0},0<p<p;z£\j). 


We note that R Pt1l (l,p) is a subclass of p-valently close-to-convex functions of order p (0 < 
p < p) in the unit disk HJ. 


Let ip p be the incomplete beta function defined by 

°0 / x 

Pp(a,c-,z) = z p + j-r 1 z p+k (zGU), 

ti ^ k 


(1.4) 


where a £ M, c £ M \ Z Q , Z Q = {0, —1, —2,... } and the symbol (x)k denotes the Pochhammer 
symbol (or shifted factorial) given by 


(x)k = 


1, (k = 0,x £ C* = C \ {0}) 

x(x + 1) ■ ■ • (x + k — 1), (k £ R,i£ C). 


With the aid of the function cp p , given by (1.4) and the Hadamard product, we consider the 
linear operator C p (a,c) : A p (n ) —> A p (n) defined by 


£ P (a, c)f(z) = <p p (a, c; z) * f(z) (z £ HJ). 


(1.5) 
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If / is given by (1.1), then from (1.5), it readily follows that 


C p (a, c)f(z) = zP + Yl T^a P +kZ p+k (z € U). 


k=n 


( 1 . 6 ) 


The linear operator C p (a, c) on the class A p was introduced and studied by Saitoh [33], which 
generalizes the linear operator £i(a, c) = £(a, c) introduced by Carlson and Shaffer [1] in their 
systematic investigations of certain interesting subclasses of starlike, convex and prestarlike 
hypergeometric functions. 

We also note that for / E A p , 


(i) £ p (a,a)f(z) = f(z)\ 

(ii) Cp(p+l,p)f(z) = z 2 f"(z) + 2zf'(z)/p(p + l); 

(iii) £p(p + 2,p)f(z) = zf'(z)/p\ 

(iv) C p {m + p, 1 )f{z) = D m+P ~ 1 f{z) (m 6Z ,m > — p ), the operator studied by Goel and 
Sohi |9]. In the case p = 1, D m f is the familiar Ruscheweyh derivative [32] of / E A. 

(v) £ p (u + p, 1 )f(z) = D u,p f(z ) (y > —p ), the extended linear derivative operator of 
Rusheweyh type introduced by Raina and Srivastava m- In particular, when u = m, 
we get operator D m+V ~ l f (z) {m G2,m> —p ), studied by Goel and Sohi [9]. 

(vi) C p {p+ 1 ,m + p)f(z) = X mtP f(z) (m E Z, m > —p), the extended Noor integral operator 
considered by Liu and Noor [T9] , 

(vii) £ p (p + 1 ,p + 1 — A )f(z) = Iii f(z) (—oo < A < p + 1), the extended fractional 
differintegral operator considered by Patel and Mishra m- 

Note that 


^°’ P /(") = f(z), tol*f(z) = anc i n 2 z ’Pf(z) = ~ J (p > 2; z E U). 

P Pip- 1 ) 

Now, by using the operator C p {a,c ), we introduce the following new subclasses of p-valent 
analytic functions in the unit disk HJ. 

Definition 1.1. Rp n (p,a,c, A, B) is the subclass of analytic p— valent functions, which con¬ 
sists of / given in the form of (1.1) and satisfies the subordination condition: 


1 + 


1 

b 


piX-p)— 


P,c)f(z) {L p (a, c)f)' (z) 
“T P 


z p 


zP 


-1 



1 + Az 
1 + Bz’ 


(1.7) 


where — 1 < B < A < 1, p e N, b€C*,0<[i<l and zED, Equivalently, we say / E A p {n) 
is a member of R b p n {p ,, a,c, A, B), if 


_ Pi 1 - P)£p(a, c)fjz) + pzjLpja, c)f)'(z) - pz p _ 

K A - B ) zP ~ B {Pi 1 ~ v)£ P ia, c)f(z) + pz(L p ia, c)f)'(z) - pz p )} 


{z E U). 


( 1 . 8 ) 
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For n = 1 we denote the class by R b (p , a, c, A, B). It may be noted that by suitably choosing 
the parameters involved in Definition 1.1 the class R b pn (a, c, A, p) extends several subclasses of 
p -valent analytic functions in U. 

Example 1.1. For n = 1, b = pe~ ld cosO, A = 1 — 2 p/p, B = —1 in Definition\l.l\ we get 


r p ; 


2 p 

p,a,c,l -,- 1 = R P (p, a, c, 9, p) 

p 1 


— < / G A p : Re 


whereO < p < p,\0\ < 7r/2 and zGO. 


e ld ( p(l - p) 


£p{a, c)f(z) ( C p {a,c)f)'(z ) 


zP 


+ p 


zP 


-l 


> p cos 0 


• Putting p = 0, p = 1, a = a and c = j3 in Example |1.1| we get the class R a ,p(9, p) considered 
by Mishra and Kund [26]. 

• Taking a = c in Example we get 


Rp(p,a,c,6,p) = R p (p,6,p) = < f e A p : Re 


We write 


and 


jo 


J zP r zP- 1 


> p cos 9 


R P ( 0, 6, p) = R p ,o(p) = < f G A p : Re 


jo 


R p (l,9,p) = Rpfi(p) = \f e A p : Re 


jo 


m 

zP 

(/)'(*) 


zP 


-1 


> - cos 9 

p 


. P Q 
> - cos 9 


where (0 < p < p, |0| < 7t/2, zGD) which reduces to the class R (see, MacGregor [2T]) for p = 1 
and 6 = p = 0. 

• Taking a = p + 1, c = p + 1 — A in Example we obtain 


R p P er 


cos 6 


P, P+ 1 ,P + 1 — A, 1 — —1 ) = R p j(p, 9, p) 


= { f G : Re 


e*° I p(l - ju) 


Qz’ P (a, c)f(z) (D^’ p (a,c)/)'(z) 




+ 9* 


zP 


-i 


> p cos 9 


where 0 < p < p, —oo < A < p + 1, |0| < ir/2 and zGU, We write R p ,a(0, 9, p) = R Pt \(9,p) 
and the class R\p(9,p) = R\(9,p) was investigated by Mishra and Gochhayat 


2 ^(i—g)e 


R P 1+13 (p, p + l,p,l,-P)= R 6 ^ {0<a<p,0<P <l,\0\<n/2) 


= <f € A p : 


(! - 9 + *})/'(«) + %zf"{z) - pzP 1 


(1 — p + + ^zf'(z) — pzP~ l + 2 (p — aje - * 0 cos# zP -1 


<ftzeD , 


We note that R e {° a p = R ti a p is the subclass of A investigated by Makowka 


R[' a p = R(a, (3) is the class studied by Juneja and Mogra [12j and R[’ 0 p = R(/3) is the class 
considered by Padmanabhan [29] (see also 0). 
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Example 1.2. For p, = 0, n = 1 and replacing b by bp, we get subclass R b (a,c, A, B) of A p 
which satisfies the following subordination condition: 


1 + I (£ P (a,c)f(z) 


zP 


-1 M 


1 + Az 
l + Bz 


(z G U), 


(1.9) 


where a E M,c E M\ Z 0 , (Z 0 = {..., —2, —1,0}) and 0 / 6 G C. 


The sub class of R p (a, c, A, B) is recently studied by Sahoo and Patel [35] . 

Recently, Janteng et al. HU, Mishra and Gochhayat [25] and Mishra and Kund [26] have ob¬ 
tained sharp upper bounds to the second Hankel determinant H'lifF) for the families R , R\{9 , p) 
and R at p(9,p), respectively. 


Further, taking A = p — p, B = 0 in Definition 1.1, we get the following subclass 
R b p n {p,a,c, p) of A p (n) studied by Sahoo and Patel [31] 

• A function / E A p (n ) is said to be in the class R b n (p, a, c, p), if it satisfies the following 
inequality: 


1 

b 


piX ~ h) — 


a,c)f(z) (L p (a,c)f)' (z) 


ZP 


ZP 




<P~ P 


( 1 . 10 ) 


{beC*,0<p< l,0<p<p;zGD). 

• R p n (p,p + l,p + 1 — A, p) = R b n (p, A, p) (b G C*, —oo < A < p, 0 < p) , which yields the class 
considered by Aouf [2] for p = p — /3 (0 < /3 < 1, 0 < p < p). 

Special cases of the parameters p, A and p in the class R p n (p, A, p) yields the following 
subclasses of A 


p ■ 


(i) Rp,n{h> 0, p) = Rp y n(p,P ) 


— < / G A p : 




<p-/),/i>0,0</)<p;zeD 


(ii) R b pn (p,l,p) = V b jn (p,p) 


= \f € A p : 




< p — p, /i>0,0<p<p;zGU>. 


(hi) R b hn (p, 1,1 - /3) = R b n (p,P) 


— \ f £ '■ 


T {/'(*) + hzf"(z) - 1 ) 


<^,P>0,0<|3<1;zGU>. 


The class R^(p,/3) was studied by Altintas et al. [ilj. 

Let FA denote the class of analytic functions cj) normalized by 

cf{z) = 1 +p\z + P 2 Z 2 4- (z G U) 

such that Re{(/>( 2 :)} > 0 in U. 


( 1 . 11 ) 
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Noonan and Thomas |2BJ defined the q-th Hankel determinant of a sequence a n , a n+ 1 , a n+ 2 , 
of real or complex numbers by 


H q(n) = 


Q"n 

^n+1 

O'n+q—l 

&n+1 

^n+2 ' ' 

dn+q 

tiri+q— 1 

^ n+q 

dn+2q—2 


in G N,q G N\{1}). 


This determinant has been studied by several authors with the subject of inquiry ranging from 
the rate of growth of H q (n) (as n -A 00 ) to the determination of precise bounds with specific 
values of n and q for certain subclasses of analytic functions in the unit disk U. Ehrenborg |6j 
studied the Hankel determinant of exponential polynomials. The Hankel transform of an integer 
sequence and some of its properties were discussed by Layman 


In particular, when n = l,q = 2,a\ = 1 and n = q = 2, the Hankel determinant simplifies 


to 


# 2 ( 1 ) = 103 — o|l and # 2 ( 2 ) = (0204 — O 3 I. 

We refer to 7 / 2 ( 2 ) as the second Hankel determinant. It is known |5j that if 

OO 

f(z) = z + ^ 2 a k z k (z G U) 
k=2 


( 1 . 12 ) 


is analytic and univalent in HJ, then the sharp inequality H 2 (1) = (03 — a^l < 1 holds. For a 


family 5 of analytic functions of the form (1.7), the more general problem of finding the sharp 


upper bounds for the functionals [03 — /a a.§ | (p G M/C) is popularly known as Fekete-Szego 
problem for the class 5 • The Fekete-Szego problem for the known classes of univalent functions, 
starlike functions, convex functions and close-to-convex functions has been completely settled 

Recently, Janteng et al. HU, Mishra and Gochhayat [[25] and Mishra and Kund [26] have ob¬ 
tained sharp upper bounds on the second Hankel determinant H 2 ( 2 ) for the families R, R\(6,p) 
and R a j 3 ( 6 , p ), respectively. 

In our present investigation, by following the techniques devised by Libera and Zlotkiewicz 
mm , we derive sharp upper bound for the Fekete-Szego problem and for the second Hankel de¬ 
terminant as well of the functions belonging to the class Rp{p, a, c, A. B). Relevant connections 
of the results obtained here with some earlier known work are also pointed out. 

To establish our main results, we shall need the followings lemmas. 


Lemma 1.1. g] El US EH] Let the function </>, given by ( |1.2[ ) be a member of the class 
Then 

(i) \pk\ <2 (k > 1) and the estimate is sharp for the function 

i{z) = j-rr G U )' 


(ii) \p 2 — vp\\ < 2max{l, \2v — 11}, where u G C and the result is sharp for the functions 
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(in) 

and 


A SUBCLASS OF p -VALENT ANALYTIC FUNCTIONS OF COMPLEX ORDER 


/\ 1 + -Z 2 , , N 1 + £ , 

q{ z ) = - ^ and = - (z E U). 


1 - z 2 


1-z 


P2 = x {Pi + (4 - Pi)®} 


P3 = ^ {Pi + 2(4 - pi)pix - (4 - p\)pix 2 + 2(4 - p\)( 1 - |x| 2 )^} 
/or some complex numbers x,z satisfying \x\ < 1 and |z| < 1. 


2. Main results 

Unless otherwise mentioned, we assume throughout the sequel that 

&gC*,0</j< l,j)£N,a>0,c>0,-l < B < A < l,z € U 
and the powers appearing in different expression are understood as principal values. 

At the outset, we obtain a sufficient condition for a function / E A p to be in the class 


^'p,n(P'i Q") A, B ) . 

Theorem 2.1. If f given by 0 satisfies 


,, \b\(A-B) 

Y, j-^-\a p+k \{p + pk) < (1 + | jg | ) ; 


( 2 . 1 ) 


k=n 


then f E R pn (p, a , c, A, B). 


Proof. To prove that / given by (1.1) is a member of R pn (p, a, c, A, B ), it need to satisfy (1.8). 
For \z\ = 1, we have 

P ( 1 - A i)C P (a, c)f(z) + p,z(L p (a, c)f)'(z) - pz p 


b(A - B)z p - B {p{ 1 - p)C p {a, c)f(z) + pz(L p (a, c)f)'(z) - pz p )} 
Efcln J^r a P+k(P + pk)z k 

[ c )k 


b(A-B)-Bj:T=r 


[ah 

( c )k 


\a p+k \(p + pk)z h 


< 


E£„rrl«p«l(p+M*)Y 

[ c )k 


\b\(A-B)-\B\j:™ =1 


(a)h 

(c)k 


(z E U). 


l a P+fc| (P + pk)z k 


The last expression is needed to be bounded above by 1, which requires 


^j^K+klip + pk) < (^^1) 


k=n 


Thus by maximum modulus theorem the assertion (1.8) is satisfied for z £ U and the proof of 
Theorem |2.1| is completed. □ 
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Remark 2.1. Putting n = 1 . p = 0 in Theorem 2.1, we get Theorem 1 of Sahoo and Patel 

EH. 


Taking n = 1, b = pe ' , we get following result. 

Corollary 2.1. For / G A p , |0| < §, 0 < p < p, JfkLi J^2\ a p+k\ip + P k ) < i.P ~ p)cos9 is 

\C)k 

the sufficient condition to be a member of R p (p,6,a,c, p). 


Theorem 2.2. If the function f, given by (1.1) belongs to the class R b pn {p, a,c, A, B), then 


I a p+k | < ^ (k>ne N). 

(p + pk)(a) k 


( 2 . 2 ) 


The estimate (2.2) is sharp. 


(z E U), 


(2.3) 


Proof. Since / £ R b n (p, a, c, A, B ), we have 

p{ 1 ~ h)£p{a, c)f(z) + pz(C p (a, c)f)'(z) - pz p = b(A - B)u(z) 
zP ~ 1 + Boj(z) 

where ui(z) = w±z + W 2 Z 2 + • • • is analytic in U satisfying the condition |cu(z)| < \z\ for z£D, 
Substituting the series expansion of / and co in ( |2.3[ ) followed by simplification, we deduce that 

X! ~^jf a p+k( k P + p)^ = <{ fe (-4 - - B Y ~^a p+k {kp + p)z k ^W k z k (zGU). (2.4) 


k=n 


k=n 


(c)a 


fc=i 


Equating the corresponding coefficient on both side of (2.4), we find that the coefficient a p+k 
on the left hand side of (2.4) depends only on a p+n , a p+ ( n+ p, • • • ,a p+ k- 1 , k > n £ N on the 
right hand side of (2.4). Hence, for k >n, it follows from ( |2.4| ) that 

X] 7“7 : -(kp+p) a p+kZ k + Y d kZ k ={b{A-B) - B ^2jy{kp+p)a p+ kzk \uj{ z ), 

k=n ' ^ k=t +1 l J 

where the series Y^k=t+i d kZ k converges in ILJ. Since \oo(z)\ <1 for z G U, we get 


Y TV^kp +p)a p+k z k + ^ d k z k < lb{A-B) ~ B ^2j2 L {kp + p)a p+k z 

i \C)k j . . I , 

k=n k=t -\-1 v /c=n 


t-1 


(«)* 


. (2.5) 


Writing z = re 10 (r < 1), squaring both sides of (2.5) and then integrating, we obtain 

t / \2 oo t— 1 / \2 

7%(^+l0 2 | a p+fc| 2 r 2fc + Y \ d k\ 2r2k < l & | 2 (^- S ) 2 + l 5 | 2 ^7%^' /i + P ) 2 | a P+ fc | 2r 

!—w/fc ;—+_i.i fc=n ' 


fc=n ^ k=t+l 

Letting r —>• 1“ in the above inequality, we get 


221 

(c)t 


(°)i 


(tp + p) 2 |a p+ t| 2 < |6| 2 (H-R) 2 - (1- |R| 2 )^^|(L/r + p) 2 |a p+fc | 2 < |6| 2 (H-R) 2 , 

fc=i 


where we have used the fact that |R| < 1. Thus, it follows that 

\a P+ t\< lb j {A ~ (*>«eN). 

HM + P)(a)t 


( 2 . 6 ) 
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It is easily seen that the estimate (2.6) is sharp for the functions 

(kp + p) + {B(kp + p) + b(A — B)}z k 


fk{z ) = (j> p {c, a; z) * z p 


(kp + p)( 1 + Bz k ) 


(kN;ze U). 


□ 


From the above theorem 2.2 we can draw the following result. 

Corollary 2.2. 

Rp , n (/b a + 1, c, A, B) c R p<n (p, a, c, A, B) 

and 

Rp,n(Vi a, c, A, B) c R b P)n {p, a, c + 1, A, B). 

Letting b = pe* — id , A = 1 — 2 p/p, B = —1 in Theorem |2.1[ we get 

Corollary 2.3. If the function f £ A p is in the class R p (p,a,c,9, p), then 

2p(l - £)(c) fc 

|a p+fc [ < 7 ^ * (*>n£N). 

(p + /xfe)(a) fc 

3. Hankel determinant 

In this section, we solve the Fekete-Szego problem and also determine the sharp upper bound 
to the second Hankel determinant for the class R p (p, a , c, A, B). 

We first prove 

Theorem 3.1. If the function f € A p , belongs to the class R p (p,a,c, A, B), then for any 
AeC 


x 2 . \b\(A-B) (c) 2 f\ 

|a p+2 - Aa p+1 | < (p + 2/u) ( a ) 2 max \ 1 ’ 




A6(H — B){jp + 2p) c{a + 1) 


(p + /L) 2 a(c + 1) 


(3.1) 


The estimate (3.1) is sharp. 


Proof. Since / £ R p (p,a,c,A,B), we can find ^ of the form (1.4) such that 


p(l - p) 


£p(a,c)f(z) ( C p {a,c)fY(z ) 

+ p 


p= tIWTMlIzIL (z€U) . 


^ ■' zP- 1 ^ (1 - B) + (1 +B)tp{z) 

Writing the series expansion of both sides, we obtain 

( a )p+k 

vjfcl ^ P+k 


/ h \ P+k (P + hk)a p+ kZ k j f 2 + (1 + B) 


oo \ oo 

I = b(A- B)^2 IkZ k . 

k =1 / fc=l 


Equating coefficient of z, z 2 and z 3 , we get 


%?+l - 


c 

a 2(p + p) 


(c) 2 b(A-B) 
p+2 (a )2 2(p + 2p) ^ 2 


1 + 5 | 2 


(3.2) 

(3.3) 

(3.4) 

(3.5) 
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(c) 3 b(A-B) j 
ap+3 (a) 3 2(p + 3/x) j Q3 


1 + B\ fl + B 


$ 


(3.6) 


Now for any /i G C, we have 


\ 2 _ 
°p +2 a a p+l — 


b(A - B) (c) 2 


<?2 


l + B \b(A — B)(p + 2/x) c(a + 1) 
2 + 2{p + p) 2 a(c + 1)_ 


2(p + 2/x) (a )2 

From the above expression with the aid of Lemma [13 we get 

A b(A — B)(p + 2/x) c{a + 1) 


2 7 — 1 = B + 


(d + d) 2 o(c +1)’ 


which yields the required estimate (3.1). Equality in (3.1) is attained for the function /, defined 
in U by 


m = 


4> p (c, a; z) * z p < 


4> p (c, a; z) * z p < 


1+ [B + b {A 9 g) ) ; 2 

p + 2/x 


1 + Bz 2 

' (p + 2p) + (B(p + p) + b(A - B)) z 
(p + 2/x) + B(p + p)z 


if 


if 


B + A 


B + A 


b(A — B)(p + 2/x) (a + l)c 


[p + /x) 2 a(c + 1) 

— B)(p + 2/x) (a + l)c 


< 1 


(p + /x) 2 a(c + 1) 


> 1. 


This completes the proof of Theorem 3.1 


□ 


For A to be real, we get the following result. 

Corollary 3.1. If the function f £ A p , belongs to the class R p (p,a,c,A,B), then for any 
A e M 

'\b\(A-B) (c) 2 ^(l + B)(p + /x) 2 q(c+l) < A< (1 - R)(p + /x) 2 a(c + 1) 


l a p +2 Aa p+1 < < 


. (d + 2/x) (a) 2 


6(A - R)(p + 2/x)c(a + 1) 


id + 2/i) (a) 2 . . ... 

HO-B) M 2 f B+ A6(A-B)(p + 2 > ,)c( 0 + l)^ 0fcmise 


(d + d)" 


a(c+ 1) 


6(^4 - R)(p + 2/x) 


Remark 3.1. Taking /x = 0 and substituting b by bp in Theorem \3.1\ we get Theorem 3 of 
Sahoo and Patel 1351. 


Putting b = pe 10 cos 9, A = 1 — 2p/p, B = —1 in Tlieorenj.3. 1 [ we get the following result. 


Corollary 3.2. If f £ R pe t ' cos0 

i x 2 I ^ 2 (d- d)cos6» (c) 2 / 

|a P+2 - A 0p+1 | < (p + 2aj) max j 

77ie estimate is sharp. 


2 p 

(/x, a, c, 1-, — 1), t/ien 

d 


2Xe 10 cos 9(p — p)(p + 2p) c(a + 1) 


(d + d) 2 


a(c + 1) 


- 1 


Theorem 3.2. If f £ Rt(p, a, c, A, R) and a > c > 0, then 


, 2 , ^ f|6|(x4-R)(c) 2 'l 2 

|a p+ 3 a p+1 a p+2 | < | ( p + 2 /x)(a ) 2 J • 


(3.7) 
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Proof. Using equation (3.4), 


2 _b 2 (A — By c(c) 2 

Ap+3%1+1 a p+2 — 


and (|3.6|), we get 
1 


c + 2 


;<?i<?3 


(c+1) 


+ 


4 a(a )2 ((p + 3 p)(p + p) a + 2 

(c+1) 1 c + 2 


(a + l)(p + 2p) 2 (p + 3n)(p + p) a + 2 

1 c + 2 _ (c+1) 

(p + 3p)(p + p) a + 2 (a + l)(p + 2/i) 2 _ 

Also,from Lemma 0 we get 


(a + l)(p + 2/r) 2 
(1 + B)q 2 ] q 2 


Q2 


+ 


1 + 5 




a p+ 3°p+l a p+2 — 

b 2 {A-B ) 2 c(c) 2 


1 


c + 2 


4 a(a) 2 ( 4(p + 3/x) (p + /r) a + 2 

(c+1) 


[?i + 2(4 - gf)?fx - (4 - ql)q\x 2 + 2^(4 - g?)(l - |x| 2 z)] 


+ 


(a + l)(p + 2//) 2 

(c+1) 


[?i + 2(4 - g?)g?x + (4 - g?)x 2 ] 
1 c + 2 


+ 


_(a + l)(p + 2p) 2 (p + 3p)(p + p) a + 2_ 

1 c + 2 _ (c+1) 

_ (p + 3p) {p + p) a + 2 (a + 1) (p + 2/r) 2 _ 


[«! + (4 - ++] 


1 + 5 




For simplicity in the expression, we put 

_ 6 2 (A - 5) 2 c(c) 2 c + 2 

4 a(a) 2 ’ 4(p + 3//) (p + +) (a + 2) 

and 

r = ( c + i) 

4(a + 1 ){p + 2^i) 2 ' 

Then by simple calculation, it can be observed that 0 < T < ft <2Y. Using above notation and 
triangle inequality, we can write 

|ap +3 a p+ i - o 2 +2 | < |a| | ^ [(P - r)(8 + 5(1 + 5))] qf 

+ ^[(/3-r)(15-5)] (4 -q 2 )q 2 x 
+ {/3qj + T(4 - q 2 )) (4 - q 2 )x 2 

+ (2/3+l( 4 — <7i) (1 — £ 2 )) } • (3.8) 


Since the functions f(z) and <f(e l6 z) ( 6 E M) belong to the class V , we can assume q\ > 0, by 
which generality is not lost. Taking x = v, qi = u in (3.8), we get the the function T(u, v) (say) 

T(u, v) =M { l [(P - r)(8 + 5(1 + 5))] u 4 + i [{P - r)(15 - 5)] (4 - u 2 )u 2 v 
+ (Pu 2 + r(4 - u 2 )) (4 - u 2 )v 2 + (20u(4 - u 2 )(l - u 2 )) } . 
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We need to find maximum value of T(u.v ) in the interval 0 < u < 2, 0 < v < 1. We can see 
by using the fact 0 < T < /3 < 2T, 

= lal (4 - u 2 ) { - [(/3 - T)(15 - B) 1 + 2 ((5 - T)u 2 v + 4(2r - pu)v\ >0 (0 < u < 2, 0 < v < 1). 
av y 8 j 

So T(u,v ) can not attain its maximum value within 0 < u < 2, 0 < n < 1. Moreover, for fixed 
u e [0, 2], 


M(u) = max T(u, v ) = T(u, 1) = |a| < - [(/3 — T)(8 + B{ 1 + B))] rr 

0<t;<l 8 

+ * [(P - r)(15 - B)] (4 - u 2 )u 2 + (/ 3u 2 + r(4 - u 2 )) (4 - u 2 ) j 


and 


M'(u) = |a| |^(/3-r) [R 2 + 2R-15] u 3 + ((/3 - T)(23 - B) - 8r) . 

Since M'(u ) > 0, the maximum value occurs at u = 0, v = 1. Therefore 


, 2 , ^ {\b\(A- B)(c) 2 V 

|a p+ 3 a p+1 a P+2l<{ (p + 2M)(a)2 J 


□ 


Taking b = pe cos 9, A = 1 — 2p/p, B = — 1 in Theoren3.2 we get the following result. 


Corollary 3.3. If f G Bff cosd (p, a, c, 1 — 2p/p, —1), then 


|Q.p+3®p+l ® p +21 — “I 


2cos0(p - p)(c) 2 
(p + 2//)(a) 2 


(3.9) 


The estimate (3.9) is sharp. 


Remark 3.2. Taking p = 0, p = 1, a = a, b = f3 in Corollar §3.3\ we get the result of Theorem 
3.1 of Mishra and Kund [26] . 


Putting a = p + 1, c = p + 1 + A in Corollary |3.3[ we get following result. 
Corollary 3.4. If f e R Pt \(p,9, p ), then 


l a p+3°p+i ® p +21 — "I 


2cos 9(p — p)(p+ 1 - A) 2 

(p + 2p)(p + 1) 2 


(3.10) 


The estimate (3.10) is sharp 


Remark 3.3. Putting p = 0, p = 1, 9 = a in Corollary \3.f\ we get the result obtained in 
theorem 3.1 of Mishra and Gochhayat [25] 
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A GENERALIZATION OF SOME RESULTS FOR APPELL 
POLYNOMIALS TO SHEFFER POLYNOMIALS 

TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND LEE-CHAE JANG 


Abstract. Recently, Mihoubi and Taharbouchet gave some interesting method of obtain¬ 
ing certain identities for Appell polynomials of arbitrary orders starting from the given 
identities for Appell polynomials of fixed orders. In addition, they illustrated their method 
with several examples. The purpose of this paper is to note that their method can be gen¬ 
eralized so as to include any Sheffer polynomials. Also, we will provide many examples 
that illustrate our results. 


1. Introduction and Preliminaries 


Here we will go over very briefly some basic facts about umbral calculus. The reader is 
advised to refer to [12] for a complete treatment. Let 3 be the algebra of all formal power 
series in the variable f with the coefficients in the field C of complex numbers: 

{ °o J. 

f(t) = Y, ak u 

k =0 

Let P = C[x] be the ring of polynomials in x with coefficients in C, and let P* denote the 
vector space of all linear functionals on P. For L £ P*, p(x) £ P, < L\p(x) > denotes the 
action of the linear functional L on p[x). The linear functional < /(f)|- > on P is defined by 


CLk ^ C 


(i) 


< f(t)\x n >= a n , (n > 0), (2) 

where /(t) = °=o a ^. e For L e P *’ let us set A(*) = < L \ xk > M e Then 

we see that < /i,(t) \x n >=< L\x n >, and the map L \—> /^(t) is a vector space isomorphism 
from P* to 3. Thus 3 may be viewed as the vector space of all linear functionals on P as well 
as the algebra of formal power series in f, and so an element /(f) £ 3 will be thought of as 
both a formal power series and a linear functional on P. 3 is called the umbral algebra, the 
study of which is the umbral calculus(see [1-12]). 

The order o(/(f)) of 0 ^ f{t) £ 3 is the smallest integer k such that the coefficient of t k 
does not vanish. In particular, 0 ^ f(t ) £ 3 is called an invertible series if o (/(f)) = 0 and 
a delta series if °(/(f)) = 1. For f(t),g(t) £ 3 with o(g(t)) = 0,o(/(f)) = 1, there exists a 
unique sequence s n (x) ( deg s n (x ) = n) such that < g(t)f(t) k \s n (x) >= n\6 nt k, for n,k > 0. 
Such a sequence is called the Sheffer sequence for the Sheffer pair which is denoted 

by s n (x ) ~ (<?(f),/(f))• Further, it is known that s n (x) ~ (<?(f),/(f)) if and only if 


i _ 00 xn 

-=- e xf(t) = Y s n (x) — , (see[ 1-12]), 


n —0 


(3) 
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where /(f) is the compositional inverse of /(f) satisfying = f. In particular, 

s n (x) is called the Appell sequence for g(t) if s n (x) ~ (g(t),t). 

Assume now that s n (x) ~ (g(t),f(t)). Thus s n (x) is the Sheffer sequence for the Sheffer 
pair ( g(t),f(t )), and 

00 fTl 1 _ 

E = - 7 (see [12, 13]). (4) 

Here we will assume that g( 0) = 1, though it is not necessary. So, for any a £ C and 


9{t) = 1 + E 

OO 

g(t) a = E(“) 


n =0 


Then 


E«*y = 


n =0 


00 k 

v — > X 

k= 1 

(5) 

(Er.,-7)" 

n\ 

(6) 

; 1, and (a)o = 1. Let s^(x) ' 

- ( g(t) a ,f(t )). 

' 1 y e ,7w 

(7) 


Also, we set 

Sn{x) ~ (g(t),t), s^\x) = (g(t) a ,t). 
Thus sf n (x) and s£*\x) are Appell polynomials and 

\ j-n i 

^ 


n=0 

oo 


r 1 

n—0 


Gw 


e xt . 


We observe here that 

OO 


Site® 

n! 

n—0 


1 — ^ +n 

»(/(*)) n! 


f^Ve x 7(‘)=V s (“)(,)L! 


( 8 ) 


(9) 


( 10 ) 

n=0 \y\j\"jjs n =0 "" 

Adopting the conventional notation used in [10], we let = e At . So if = 5DT=o a «fiT’ 
then a n = A n . Moreover, 


i n °°_ i n 

s n {x)-=e^ A+ ^ = E (A+ *)"-, (11) 

n! z —' n! 

n—0 n=0 

so that s„(x) = (A + x) n . 

Recently, Mihoubi and Taharbouchet [10] gave some interesting method of obtaining certain 
identities for Appell polynomials of arbitrary orders starting from the given identities for 
Appell polynomials of fixed orders. In addition, they illustrated their method with several 
examples. The purpose of this paper is to note that their method can be generalized so as 
to include any Sheffer polynomials. Also, we will provide many examples that illustrate our 
results. 
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3 


2. Main results 


We will prove Theorem 2, which includes Propositions 2 and 3 in [10] as special cases, after 
showing a lemma corresponding to Lemma 1 in [10]. 


Lemma 2.1. Let s n (x ) ~ (g(t),f(t)), and let a € C. 

(a) 4+A + a 0 = 4* +1) (+ 

(b) (a + l )(A + x)s^\A + x) = E f™) 0 n -isj^ 1} (x) + axs^ +1 \x), 

1=0 ' ' 


where =A- = E^°=o+ + with f (*) = |/(+ 


Proof, (a) 


E++ + 4- 


(A+®)/(t) 


n—0 



a+l _ 

lit) 



n=0 


(b) Using Lemma 1 of [10] and replacing t by /(f), we obtain 

n—0 


= E 


n =0 


1 /«+!) 


a + l 


5 n+1 


0) 


n! 
ax 
a + l 


/+a+!) 


0) 


my 


n\ 


The LHS of (14) is obviously equal to 


n\ 


n=0 


Applying 'j on both sides of 


E 

n—0 


>+i) 


(x) 


my 


= E< 

n=0 






we get 


E 

n—0 


+a+lUx (/(*))" ( d fU\\ — „(«+!) („\ t 


3 n+1 


0*0 - 




D n +1 


Noting that / (f) is invertiable, we have 


E 

n—0 


'A q+1 )/'^i (f(0) 


? n+1 


0*0 - 


oo 

= 

/(*) to 


n=0 


d«+i) 

’;+i 


W 7T 


d 

(4 77 


( 12 ) 


(13) 


(14) 


(15) 


(16) 


(17) 
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- (^2 ° n 




\m —0 
oo / n 


E 

W=0 




= EE '-C’h 

n—0 \l= O' ' 

In view of (18), we now see that the RHS of (14) is 

\ 

r 


n\ 


(«+i)/ 


S {stiS 




a + 1 


n\ 


(18) 


(19) 

□ 


For the next theorem, we keep the notations in Proposition 2 of [8]. 


Theorem 2.2. Let n,a,b £ Z> 0 , s n (x) ~ (ff(t), and let (u k ), {v k ), ( U(n , k) : 0 < k < 

n), (V(n, k) : 0 < k < n) be sequences of complex numbers. Assume that 


y ^U(n,k)s[ a) jx + u k ) = ^2v(n, k)s^\x + v k ) 


( 20 ) 


k =0 


k—0 


Then, for any a G C, we have 
(a) 


5>(n,fc)4“ +a b \x + u k ) = y^V(n,k)sf*\x + v k ). 


( 21 ) 


k—0 


k—0 


(b) 


y^U{n,k) (^fW_;s ; ( "+ a b \x + u k ) + ((a-b- l)x - au k )s[ a+a b) (x + it fe ) j 

k =o l i=o ' ' ) 

= ^ V(n,fc) |(a + a - 6) ^ (^jOk-is^\(x + v k ) - {x+(a + a- b)v k )s^\x + w fc )|, 


where afip. = with / (t) = £f{t). 


Proof, (a) As was shown in [1], sff*\x) is a polynomial in a of degree a < n. Since 
E^Lo^fc) = = E(r=o s « a) ( a: )FT> s « q) is also a polynomial in a of degree < n. 


JTl =0 

Let 


$(<*) = y^U(n, k)s[ a+a b \x + u k ) - y^y{n,k)s^\x + v k ). (23) 

fe =0 fc =0 

By assumption, <J>(6) =0. In 0 = $(&) = Y^k=oU(n,k)s < £\x+ u k )-Jf /k =oV( n ik) s< ' k \x+ v k), 
replace x by A + x. Then 


0 = U ( n > ^’) s i 0) (A + x + u k ) - y2 V ( n > fc)4 &) (A + x + v k ) 

k =0 fc—o 

n n 

= y^U(n, fc)Sfc° +1) (a; + u k ) - V(n, fc)s[, b+1) (a; + n fe ). 


(24) 




k—0 
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Thus $(6 + 1) = 0. Proceeding inductively, we see that $(m) = 0, for all integers m > b. As 
$(a) is a polynomial in a of degree < n, $(a) is identically zero as a polynomial in a. This 
shows (a). 

(b) Replacing a by a — 1 in (a), multiplying both sides by x, substituting A + x for x, and 
multiplying the resulting equation by a (a + a — b), we obtain 

n 

a(a + a — b) ^ U(n, k) j(A + x + Uk)s ( j^ +a ~ b ~ 1 \A + x + Uk) — Uks\^ +a ~ b ~ l \A + x + w*;) j 
k =o 

n 

= a(a + a - b) ^ V(n, k) j(A + x + v k )s^ l ~ 1 \A + x + v k ) - v k s^‘~ 1 \A + x + i> fc ) j . 
k—0 

(25) 


Using (a) and (b) of Lemma 1, (26) becomes 

J2u(n,k)i.aY^ (f) d k -is < ilt a - b) ( x + u 0 

k =0 l 1=0 ' ' 

+a(a + a — b — l)(x + Ufe)s[, Q+0 b \x + u k ) — a(a + a — 6)ufcSj“ +a b \x + «&) j 
= ^ ~2V(n,k ) |(a + a-6)^ + u fc ) 

+(a + a - &)(a - l)(a: + Ufc)s^(;r + i^) - a(a + a - b)v k s^*\x + w*,) j . (26) 


Substracting 


{a 2 + (a — 1)(a — b — 1)} x ^ U(n, k)s[ a+a b \x + u k ) 

k -o 

n 

= {a 2 + (a- l)(a — b- 1)} x ^ V(n, k)s^\x + v k ) 


fe=o 


from both sides of (27), we get the desired result. 


(27) 

(28) 
□ 


Remark 2.3. When a = b = 0, the assumption in Theorem 2 

n n 

y j U (n, k)s^ (x + Uk) = 'y V(n, k)s ^ (x + Vk) (29) 

k =0 k =0 

depends only on f(t), since 

°° j-n _ 

Y,sW(x)-=e*M. (30) 

n=0 

Thus we have, for any s n (x) ~ (c/(f), /(f)), with any g(t) but with the same /(f), 

n n 

y^U(n, fc)4° ) ( a; + Ufc) = 51 v(n, fc)s^.“ } (a; + u fe ), (31) 

fc=0 k—0 
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u ( n > 

k—0 

n 

= ^2 v (n,k) 

k—0 



(32) 


3. Examples 


Here we will illustrate our results with many interesting examples. 


Example 3.1. Let s n (x) ~ ( g(t),f(t ) = e 4 — 1), for some invertible series g(t). Here f(t) = 

log( 1 + t), and hence =n— = 1 + t. So, 9q = 9i = 1, and 9 rn = 0, for m > 2. Observe here 
J \t) 

that Sn (x) = ( x) n . This applies to many special polynomials. 

• Bernoulli polynomials of the second kind b n (x ) given by (see [9]) 


log{ 1 + 1) 


(1 + t) x = y^bnix) — ,b n {x) 
' n! 


71 =0 


e 4 — 1 ’ 


, e* — 1 


Daehee polynomials of the first kind D n {x) given by (see [5]) 

'e 4 — 1 

V n (x) — ,L> n {x) ~ I 

77,! V 

n—0 


109(1+() (i+(r = f;c„w f (,i>„w 

z ' 77, 


t 


t 


) e — 1 ) • 


Daehee polynomials of the second kind D n {x) given by (see [5]) 

(i + t)io,Ai + » (1 + tr = g- s„W ~ feh 


£ 


n—0 


e 4 - 1 


Boole polynomials Bl H} \(x) given by (see [6]) 

°° 4.71 

(1 + (1 + t) x ) 1 (1 + t) x = Bl Ut x(x) ~ (l + e A4 , e 4 — l) . 


(33) 


(34) 


(35) 


(36) 


71=0 


Note here that the higher-order Boole polynomials Bl^^ix) are called Peters polynomials. 

: ,e 4 -lV (37) 


Korobov polynomials of the first kind K n (X,x) given by (see [2]) 

e At - 1 


\f ^ fn 

— (1 + t) x = y2 R n (A, x) - , K n ( A, X) 

— i ' n\ 

71=0 


(1 + t) x - 1 


A(e 4 — 1) ’ 


• degenerate poly-Bernoulli polynomials of the second kind B n ,fc(A,a;) with the index k 
given by (see [3]) 


XLi k (l-e 4 ) 


(T+t)>-i ' (1 + V = ~ "T <*> 


where Li k {x ) = X)m=i is the fctli polylogarithmic function for k > 1 and a rational 
function for k < 0. 
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A-Daeliee polynomials of the first kind D n ^{x) given by (see 


(rnprri(i + ‘> 1 = £ 


n=0 


e xt - 1 
Xt 


,e*-l 


The polynomials IA n (x) given by (see [12]) 


(1 + 1) : (1 + t) x = ^ IA n (x) — ,IA n (x) ~ (e^e* - l) 


n—0 


(39) 


(40) 


Note here that IA\?\x) is the inverse, under umbral composition, of ai?\—x), where a^\x) 
is the actuarial polynomial with a'n\x) ~ ((1 — t)~ a ,log( 1 — t)). 


(a) We recall Gould’s identity 640 from [11], page 10: 

Dn- 


k =0 


From Theorem 2, we have the following identities 


E 

k=0 


(-1 ) fc » 


(-iy 


k\ k 


Su '{x) = ^-S^\x - 1), 

n\ 

(-l) fc 


(-l) r 


E 

k =0 


(“4+iW ~{x~ ak)s[ a, (x)) 


(«)/ 


k\ 


(«4+ i(x -l)-(x-{n+ l)a)s^ Q) (a; - 1)), (n > 0). 


n! 


(b) The Vandermonde convolution formula can be written as 


E Cl) ( y)n-k(x)k = {x + y)r 

k =0 ' ' 


Then Theorem 2 implies the following identities 


E Ck) ( y ^ n - kS k a) W = 


fc=0 


(l)(y)n-k(asi%(x) - (x - ak)s[ a \x)) 


= «si+ i(x + y)-(x + (y- n)a)s { "\x + y), (n > 0). 
(c) For any s n (x) ~ (g(f), e t — 1), the Sheffer identity says 


(x + y) = E (YW-kO/XaOk- 

/c—0 ' ' 


From Theorem 2 with a = 1, b = 0,, we obtain the following identities 


4“ +1) 0r + ?/) = ^ (Es„_ fc (y)4 a) (a:), 

/c=0 ' ' 

asi+ + i 1} (* + y) + «(« - y)4r +1) + y) 


(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 
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= Y (?) s n - k {y){{a + 1)4^1^) + ((“ + l ) k ~ a; )4 a) ( x ))> ( n > °)- 
fc=o ' ' 

(d) Let A{n , fc)(0 < k < n ) be the Eulerian numbers determined by 


1 -t 


e (t-i)x _ t 

Worpitzky’s identity is given by 


which can be rewritten as 


n —0 


gg = E ^(g AnW = Y A ( n > k )* 


k =0 


= Y A ^ k "> 


k—0 


x -\- k 


(49) 


(50) 


(51) 


'^rs 2 (n,k){x) k = Y 


/c—0 


t jfe! 

/c—0 \ j=0 


J 

n — k 


{x)k, 


(52) 


with S 2 [n,k) denoting the Stirling numbers of the second kind. Now, Theorem 2 yields the 
following identities 


n ^ n— 1 


^S 2 (n, fc)4 a (*) = E fci E A ( n O')( (*)> 

/c—0 fc—0 j—0 


(53) 


E s 2 (n, fc)(«4+iW - fa - <*fc)4“ 0*0) 


A:—0 


n 1 n— 1 
A;—0 j=0 


j 

n — k 


(«4+i(*) - (* - « fc )4“ ) ( a; )). ( n > o). 


(54) 


Example 3.2. Let s n (x) ~ (g(t), j(e xt — 1)), for some invertiable series g(t). Here /(t) — 

\log{ 1 + At), and hence =A— = 1 + At. Thus 6 0 = l,0i = A, and = 0, for m > 2. 

j 

Observe here that s„ (x) = (x|A) n , where (x|A) n = x(x — A)■ ■■ (x— (n— 1)A), for n > 1, and 
(x|A)o = 1. This includes many special polynomials: 

• degenerate Bernoulli polynomials /?„(A, x) given by (see [1]) 


(i + A ( )J-T (1 + A,), = 5„ /J " (A ' l) ^'' 3 ” (A ’ a ’ > ■ V e<-i 'A 
degenerate Euler polynomials £ n (X,x) given by (see [1]) 

2 °°^ j.n 

———— r ——-(1 + A t) x = Y£ n (X,x)-,£ n (X,x) 

(l + AtjA+l n =0 U - 

degenerate poly-Bernoulli polynomials /3 n ,fc(A,x) given by (see [7]) 

ggg U + At) * = £n=0 Pn,k (A, X) £, 


A(e* — 1) 1 


e + 1 1 / At 


, T (e At -l) 


2 ’ A 


, T (e A ‘-l) 


Pn,k{ X,x) 


Li „( h eA ‘ 


(a) For any s n (x) ~ (g(t), j(e M — 1)), the Sheffer identity says 


(x + y) = Y (^) s n-k(y)(x\X)k 


(55) 


(56) 


(57) 


(58) 
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From Theorem 2, we get the following identities. 

si Q+1) (x + y) = E'fe=0 {T) s n-k{y)s[ a \x), 
ots i ^\x + y) + a(nX - y)s ( n +1 \x + y) 

= Efc=o (T) s n-k(y)((a + 1)4+1 (a:) + ((« + x ) fcA “ a^j^O)), ( n > °)- (59) 

(b) From the identity (1 + At) * (1 + At)* = (1 + At) , we have the convolution formula 

X? (?) (y|A)n-fe(a:|A)fc = (x + y\X) n (60) 

k—0 ' ' 

We can deduce the following identities from Theorem 2. 

X? (?) (2/l A )»-fcs4 ) (ai) = 4 Q) (® + 2/), (61) 

k—0 ' ' 

X? (^) m n - k (asi%(x) -{x- akX)s^\x)) 

= as^ 1 (x + y)-(x + (y-nX)a)s^\x + y), (n> 0). (62) 

(c) In [4], Hsu and Shiue introdued Stirling-type pair {S(n, k ; a, /?, r), <S'(n, fc; /3, a, — r)} by 
the inverse relations 

n 

{x\ a)n = X? S(n, k\ a, /?, r)(a: - r|/3) fc , (63) 

/c—0 
n 

(a’|/3)„ = X? >S(n, fc; /3, a, -r)(x + r\a) k . (64) 

k—0 

They showed that S(n, k) = S(n, k; a, /3, r) satisfies the recurrence relation 

S{n + 1, k) = S(n, k — 1) + (k/3 — not + r)S(n , k ), (n > k > 1), (65) 

which together with the obvious facts S(n, 0) = (r\a) n , S(n,n) = 1, [n > 0), completely 

determines S(n,k). Clearly, S±(n,k) = S{n,k; 1,0,0), S 2 {n,k) = S(n, k\ 0,1,0), (ff) = 

S(n,k; 0,0,1), and hence the Stirling-type pair are nothing but far-reaching generalization 
of the classical Stirling numbers of the first kind and of the second kind. 

Remark 3.1. We now apply Theorem 2 by choosing a = /3 = X. Then 

n 

(ai|A) n = X? S(n, k; A, A, r)(x - r\X) k , (66) 

k—0 

where S(n, k) = S(n, k ; A, A, r) satisfies the relation 

S(n + 1, k) = S(n , k — 1) + ((fc — n)X + r)S(n, k), (n > k > 1), (67) 

S(n, 0) = (r|A)„, S(n,n) = 1, (n > 0). (68) 

Applying Theorem 2 to (66), we obtain the following identities 

n 

s ( „ a) ( x ) = X? S ( n ’ k A, X,r)s < k a \x - r), 

k=0 

as^l^x) -{x- nXa)s^(x) 

n 

= '^S(n,k;X,X,r)(asl < ^ 1 (x-r)-(x-(r + kX)a)sj. a \x-r)), (n> 0). (69) 

fc=o 
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New Two-step Viscosity Approximation Methods of Fixed 
Points for Set-valued Nonexpansive Mappings Associated with 
Contraction Mappings in CAT(O) Spaces 
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Abstract. The purpose of this paper is to introduce and study a class of new 
two-step viscosity iteration methods for approximating fixed points of set-valued 
nonexpansive mappings in CAT(O) spaces. Here, the fixed point is unique solution 
of a variational inequality with a contraction mapping. Further, we prove strong 
convergence theorem of the two-step viscosity iterations with some general condi¬ 
tions in a complete CAT(O) space. The presented results improve and unify the 
corresponding results in the literature. 

Key Words and Phrases: New two-step viscosity approximation method, fixed 
point, strong convergence, set-valued nonexpansive mapping, CAT(O) space. 

AMS Subject Classification: 47H09, 47H10, 54E70. 

1 Introduction 

As all we know, Kirk [1] first introduced and studied fixed point theory in CAT(O) spaces, and showed 
that every (single-valued) nonexpansive mapping on a bounded closed convex subset of a complete 
CAT(O) space (called also Hadamard space) always has a fixed point. On the other hand, fixed 
point theory for set-valued mappings has many useful applications in applied sciences, game theory 
and optimization theory. Since then, fixed point theory of single-valued and set-valued mapping in 
CAT(O) spaces has been rapidly developed, and it is natural and particularly meaningful to extend 
research of the known fixed point results for single-valued mappings to the setting of set-valued 
mappings. 

Recalled that a mapping / : X — > X on a metric space ( X , d) is said to be a contraction if there 
exists a constant k £ (0,1] such that 

d(f(x),f(y )) < kd(x,y) for all x,y £ X. (1.1) 

Here, / is called nonexpansive when k = 1 in (1.1). Denote by Fix(f) the set of all fixed points 
of /, i.e., Fix{f) = {x\ x = f(x)}. Further, a set-valued mapping T : E —» BC{X) is said to be 
nonexpansive if and only if 

H(Tx,Ty) < d(x, y), 

where E is a nonempty subset of X , BC(X) is the family of nonempty bounded closed subsets of 
X, and iJ(-,-) is Hausdorff distance on BC(X ), i.e., for any A, B £ BC(X), 

H(A, B ) = max {sup inf d(a , b), sup inf d(b, a)}. 

If x £ Tx for all x £ E, then x is called a fixed point of set-valued mapping T. We shall denote by 
F(T) the set of all fixed points of T. A set-valued mapping T is said to satisfy endpoint condition 

*The corresponding author: hengyoulan@163.com (H.Y. Lan) 
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C (see [2]) if F(T) ^ 0 and Tx = {x} for any x £ F(T). We note that Panyanak and Suantai [3] 
pointed out “the condition C must be needed for set-valued mapping in the CAT(O) spaces”. 

Indeed, using contractions to approximate nonexpansive mappings is a classical way for studying 
a nonexpansive mapping g : X —> X. More precisely, take a £ (0,1) and define a contraction 
g a : E ^ E by 

g a (x) = era + (1 — a)g(x), Vx £ E, 

where u £ E C X is an arbitrary fixed element. By Banach's contraction mapping principle, g a 
has a unique fixed point x a £ E. It is unclear, in general, what the behavior of x a is as a — > 0, 
even if g has a fixed point. However, in the case of g having a fixed point, Browder [4] proved 
that x a converges strongly to a fixed point of g , which is nearest to u in the frame work of Hilbert 
spaces. Further, Reich [5] extended Browder's result in [4] to the setting of Banach spaces and 
proved that x a converges strongly to a fixed point of g in a uniformly smooth Banach space, and the 
limit defines the unique sunny nonexpansive retraction from E onto Fix(g). Halpern [6] introduced 
and investigated the following explicit iterative scheme {x n } for a nonexpansive mapping g on a 
nonempty subset E of a Hilbert space: for any taken points u, x\ £ E , and every a n £ (0,1), 

x n+ i = a n u+ (1 - a n )g(x n ). (1.2) 

In 2010, Saejung [7] studied some convergence theorems of the following Halpern's iterations for 
a nonexipansive mapping g : E ^ E in a Hadamard space: 

x a = au ® (1 — a)g(x a ) (1.3) 

and 

x n+ i = a n u © (1 - a n )g(x n ), n > 1, (1.4) 

where u is an any fixed element, x\ £ E are arbitrarily chosen and a n £ (0,1), and x a £ E is 
called the unique fixed point of the contraction x H > au © (1 — a)g{x) for all a £ (0,1). In [7], 
Saejung showed that {x a } and {x n } converges strongly to x £ Fix(g) as a —> 0 and n —> oo under 
certain appropriate conditions on {a n }, respectively. Here, x is nearest to u, i.e. x = PFix(g)U, here 
Pe : X —> E is a metric projection from X onto E, i.e., 

Pe(x) = x 0 £ E, 

where Xo is satisfied with d(x,x o) < d(x,y) for any y £ E and y x o and FI is a nonempty closed 
convex subset of ( X , d). 

Moreover, Shi and Chen [8] first studied convergence theorems of the following Moudafi's vis¬ 
cosity iterative methods for a nonexpansive mapping g : E — > E with Fix(g) ^ 0 and a contraction 
mapping / : E —> E in CAT(0) space X: 

x a = Oif{x a ) © (1 - a)g{x a ), (1.5) 

and 

x n +i = a n f(x n ) © (1 - a n )g{x n ), n > 1, (1.6) 

where a £ (0,1), a n £ (0,1), Xi is an any given element in a nonempty closed convex subset E C X. 
x a £ E is called unique fixed point of contraction x i —> af(x)(B(l — a)g(x). We remark that (1.5) and 
(1.6) is a extension case of (1.3) and (1.4), respectively. Shi and Chen [8] proved that {x a } defined 
by (1.5) converges strongly as a —> 0 to x £ Fix(g) such that x = P F ix( g )f{x) in the framework of 
CAT(0) space (X,d) satisfying the following property P: For every x,u,yi,y 2 £ X, 

d(x, m 1 )d{x, 2 / 1 ) < d(x, m 2 )d(x, y 2 ) + d(x, u)d(y 1 ,y 2 ), 

where mi = P\ XtVi \u for i = 1,2. Furthermore, the authors also found that the sequence {x n } 
generated by (1.6) converges strongly to x £ Fix(g) under certain appropriate conditions imposing 
on {«„}. By using the concept of quasi-linearization due to Berg and Nikolaev [9], Wangkeeree and 
Preechasilp [10] studied strong convergence theorems for (1.5) and (1.6) in CAT(0) spaces without 
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the property P, and presented that the iterative processes (1.5) and (1.6) converge strongly to 
x £ Fix(g), where x = P Fix ( g ) f (i) is unique solution of variational inequality 

( xf(x ), xx) >0, x £ Fix(g). 

Recently, Panyanak and Suantai [3] extended (1.5) and (1.6) to T being a set-valued nonexpansive 
mapping from E to BC(X). That is, for each a £ (0,1), let a set-valued contraction G a on E define 
by 

G a (x) = af(x) ® (1 — a)Tx, Vx £ E. 

By Nadler's theorem [11], one can easy to see that G a has a (not necessarily unique) fixed point 
x a £ E such that 

x a £ af(x a ) ® (1 — a)Tx a , 
i.e., for each x a , there exists y a £ Tx a such that 

x a = af(x a ) ® {1 - a)y a . (1.7) 

Correspondingly, there is an explicit approximation method. More precisely, let T : E —> C(E) 
be a nonexpansive mapping, where C(E) denotes the family of nonempty compact subsets of E, 
f : E —> E be a contraction and {a n } C (0,1). For any given x± £ E and y\ £ Txi, let 

X 2 = aif(xi) ® (1 - ai)yi. 


By the definition of Hausdorff distance and the nonexpansiveness of T, one can choose 3/2 € Tx 2 
such that d(j/i,j/ 2 ) < d(x\,X 2 )- Inductively, we obtain 

1 ^n/(^n) ® (1 ^n)Vm yn £ -P('Tn), (1*8) 

and d(y n ,y n+ i) < d(x n ,x n+ 1 ) for all n £ N. Then, Panyanak and Suantai [3] proved strong 
convergence of one-step viscosity approximation method defined by (1.7) and (1.8) for set-valued 
nonexpansive mapping T in CAT(0) spaces when the contraction constant coefficient of / is k £ [0, |) 
and {a n } C (0, 5377 ) satisfying some suitable conditions. Further, Chang et al.[12] affirmatively 
answered the open question [3, Question 3.6] proposed by Panyanak and Suantai: “If k £ [0, 1 ) and 
{a n } C (0,1) satisfying the same conditions, does {x n } converge to x = FV(t)/(£)?” 

Moreover, Kaewkhao et al. [13] proved strong convergence of a two-step viscosity iteration 
method in complete CAT(0) spaces defined as follows: 

Vn = a n f(x n ) ® (1 - a n )g(x n ), ^ 

X n -\-l — fd n X n ® (1 fdn)yni U 1, 


where x\ £ E is an arbitrary fixed element and {a n },{/3 n } C (0,1). (1.9) is also considered and 
studied by Chang et al.[14] when the property P is not satisfied and k £ [0,1), which dues to the 
open questions in [13]. 

Motivated and inspired mainly by Panyanak and Suantai [3] and Kaewkhao et al. [13], The 
purpose of this paper is to consider the following two-step viscosity iteration approximation for set¬ 
valued nonexpansive mapping T : E —> C(E) on a nonempty closed convex subset FI of a complete 
CAT(0) space (X,d): 

Xn+l ~ Priori ® (1 ftn)yni 

y n = Oi n f{x n ) ® (1 - a n )z n , Vn > 1, 

where x\ £ E is an arbitrary fixed element and {a n },{/3 n } C (0,1), / : E E is a contraction 
mapping and z n £ T{x n ) satisfying d(z n , z n +i) < d(x n ,x n + 1 ) for all n £ N, which can be inducted 
from the definition of Hausdorff distance and the nonexpansiveness of T (see [11]). We shall prove the 
sequence {x n } proposed by (1.10) converges strongly to fixed points x £ F(T), where x = Pp^T^f(x) 
is unique solution of the following variational inequality: 

(xf(x), xx) >0, Mx £ F(T). 

Remark 1.1. (i) When T is a nonexpansive single-valued mapping g, then (1.10) is equivalent 
to (1.9). 

(ii) However, (1.9) can not becomes (1.8), unless /?„ = 0. 
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2 Preliminaries 

In the sequel, (X,d) delegates a metric space. A geodesic path joining x £ X to y £ X (or, 
more briefly, a geodesic from x to y) is a map £ from a closed interval [0, l] C R to X such that 
£(0) = x,£(l) = y, and d(£(s),£(f)) = |s — t\ for any s,t £ [0, Z]. In particular, £ is a isometry and 
d(x,y) = l. The image of £ is said to be a geodesic segment (or metric) joining x and y if unique 
is denoted by [x,y\. The space (X,d) is called a geodesic space when every two points in X are 
joined by a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic joining 
x and y for all x, y £ X. A subset E of X is said to be convex if E includes every geodesic segment 
joining any two of its points. A geodesic triangle A (p,q,r) in a geodesic space (X,d) consists of 
three points p,q,r in X (vertices of A) and a choice of three geodesic segments \p,q\, [q, r], [r,p\ 
(edge of A) joining them. A comparison triangle for geodesic triangle A (p,q,r) in X is a triangle 
A (p, q , f) in Euclidean plane R 2 such that 

tfeg) = d(p,q), d R 2 (q,r) = d(q,r), d R 2 (r,p) = d(r,p). 

A point u £ \p, q] is said to be a comparison point for u £ [p, q] if d(p, u ) = d R 2 (p, u ). Similarly, we 
can give the definitions to comparison points on [q, f] and [f , p]. 

Recalled that a geodesic space is called CAT(O) space if all geodesic triangles of appropriate 
size satisfy the following comparison axiom: Let A be a geodesic triangle in (X, d) and A be a 
comparison triangle for A. Then A is said to satisfy CAT(O) inequality if for any u, v £ A and for 
their comparison points u, v £ A, 

d(u, v) < d R 2 ( u , v). 

Complete CAT(O) spaces are often called Hadamard spaces (see [15]). For other equivalent definitions 
and basic properties of CAT(O) spaces, we refer to [16]. It is well known that every CAT(O) space 
is uniquely geodesic and any complete, simply connected Riemannina manifold having non-positive 
sectional curvature is a CAT(O) space. Other examples for CAT(O) spaces include Pre-Hilbert spaces 
[16], R—trees [17], Euclidean buildings [18] and complex Hilbert ball with a hyperbolic metric [19] 
as special case . 

Let A be a nonempty closed convex subset of a complete CAT(O) space (X,d). It follows from 
Proposition 2.4 of [16] that for each x £ X, there exists a unique point xq € E such that 

d(x, xq) = inf {d(x,y) :y £ E}. 

In this case, Xq is called unique nearest point of x in E. 

Let (X,d) be a CAT(O) space. For each x,y € X and t € [0,1], by Lemma 2.1 of Phompongsa 
and Panyanak [20], there exists a unique point z £ [x,y\ such that 

d(x, z) = (1 — t)d{x, y) and d(y, z) = td(x,y). ( 2 . 1 ) 

We shall denote by tx © (1 — t)y unique point 2 satisfying (2.1). Now, we collect some elementary 
facts about CAT(0) spaces which will be used in proof of our main results. 

Lemma 2 . 1 . ([1, 20]) Assume that (X,d) is a CAT(0) space. Then for any x,y,z £ X and 

a £ [ 0 , 1 ], 

d(ax ® (1 — a)y, z) < ad(x, z) + (1 — a)d(y, z), 

d 2 (ax © (1 — a)y, z ) < ad 2 (x, z) + (1 — a)d 2 (y, z ) — a(l — a)d 2 (x, y), 
d(ax © (1 — a)z, ay © (1 — a)z) < ad(x, y). 

Lemma 2.2. ([21]) Let (X,d) be a CAT(0) space. If for any x,y £ X and a,/3 £ [0,1], then 

d(ax © (1 — a)y, /3a: © (1 — / 3)y ) < \a — /3\d(x, y). 

Lemma 2.3. ([22]) Let {x n } and { y n } be bounded sequences in a CAT(0) space (X,d) and let 
{Pn} be a sequence in [0,1] with 0 < liminf„/3 ra < limsup n /3 ra < 1. If = PnX n © (1 ^ Pn)y n 
for all n £ N and 

limsup (d(y n+ i , y n ) - d(x n+ i,x„)) < 0 , 

n—>oo 
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then lim^oo d(x„, y n ) = 0. 

Lemma 2.4. ([23, Lemma 2.1]) Let {u n } be a sequence of non-negative real numbers satisfying 

Wt+1 ^ (1 4“ 'd n 1, 

where {a n } C [0,1] and {/3 n } C R. such that (i) Y^Li a n = 00 an d (n) hm sup^^oo Pn < 0 or 
Y^Li \ a nPn\ < 00. Then {u„} converges to zero as n —> oo. 

Lemma 2.5. ([24, Lemma 3.1]) Let E be a closed convex subset of a complete CAT(O) space 
(X,d) and T : E —»• BC(X) be a nonexpansive mapping. If T satisfies endpoint condition C, then 
F{T) is closed and convex. 

The concept of quasi-linearization was introduced by Berg and Nikolaev [9]. Let us denote a pair 
(a, b) in X x X by aS and call it a vector. The quasi-linearization is a map (•,•): ( X x X) x (X x X) —> 
R defined by 


(o&, cc£) = ^ [d 2 (a, d) + d 2 (b, c) — d 2 (a, c) — d 2 (b, d)] for all a, b, c, d € X. 

It is easy to see that (aS, cd) = (cd, ao), (aS, cd) = — (ba,cd), (al>,cd) + (ad, be) = (a&,bd) and 
(ai£, cci) + (xt,c^) = (cd>,cd) for all a,b,c,d,x € X. We say that a geodesic metric space (X,d) 
satisfies Cauchy-Schwarz inequality if 



< d(a, b)d(c, d) for all a, b,c,d £ X. 


It is known from [9, Corollary 3] that a geodesic space (X,d) is a CAT(O) space if and only if X 
satisfies Cauchy-Schwarz inequality. Some other properties of quasi-linearization are included as 
follows. 

Lemma 2.6. ([25, Theorem 2.4]) Let E be a nonempty closed convex subset of a complete 
CAT(O) space (X, d), u € X and x € E. Then 

x = PeU if and only if ( xu , yx ) >0, Vy £ E. 


Lemma 2.7. ([10, Lemma 2.9]) Let (X,d) be a CAT(O) space. Then 
d 2 (x, u) < d 2 (y, u) + 2 (x$/, xti), Vit, x,y £ X. 


Lemma 2.8. ([10, Lemma 2.10]) Let u and v be two points in a CAT(0) space (X, d). For each 
a £ [0,1], setting u a = au ® (1 — a)v, then, for each x, y £ X, we have 

(i) (u^c, u^t/) < a(ui, u^b) + (1 - a)(v&, u^j)\ 

(ii) ( u a i , ut/) < a(ux, ut/} + (1 — a)(vi, uy) and (u a i, vtj) < a (u£,v$) + (1 — a )(v$,vjj). 
Lemma 2.9. ([13, Lemma 2.10]) Let (X,d) be a CAT(0) space. If for any x,y,z £ X and 

a £ [0,1], then 

d 2 (ax © (1 — a)y, z) < a 2 d 2 (x, z) + (1 — a) 2 d 2 (y, z) + 2a(l — a)(xl, yt). 


Recalled that a continuous linear functional y is said to be Banach limit on if ||y|| = 
y(l, 1 , • ■ ■) = 1 an d dn(u n ) = y n (u n + i) for all {u n } £ 

Lemma 2.10. ([26, Proposition 2]) Let a be a real number and let (ui,U 2 ,- ■ •) £ satisfy 
dn(u n ) < a for all Banach limits y and limsup n (u rl +i — u n ) < 0. Then limsup n < a. 


3 Main theorem 


In this section, we will prove strong convergence theorem of a class of new two-step viscosity 
iterations for approximating fixed points of set-valued nonexpansive mappings with some general 
conditions in a complete CAT(0) space. 
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Lemma 3.1. ([3, Theorem 3.1]) Let E be a nonempty closed convex subset of a complete 
CAT(O) space (X,d), T : E —► C{E) be a nonexpansive mapping satisfying endpoint condition C, 
and / : E —> E be a contraction with k £ [0,1). Then the following statements hold: 

(i) {£«} defined by (1.7) converges strongly to x as a —> 0, where x = P F ( T )f{x). 

(ii) If {x n } is a bounded sequence in E such that limn-**, d(x n , T(x n )) = 0, Then for any Banach 
limits n n , 

d 2 {f(x),x) < p n d 2 {f{x),x n ). 

Now, we are ready to prove our main theorem. 

Theorem 3.1. Let E be a nonempty closed convex subset of a complete CAT(0) space (X,d), 
T : E —> C(E) be a nonexpansive mapping satisfying endpoint condition C. Let / : E —> E be a 
contraction with k £ [0,1), and {a n } be a sequence in (0,1 — k), and {/3„} be a sequences in (0,1) 
satisfying the following conditions: 

(Cl ) lim n _j. 00 (x n 0, 

{Cl) Y,n=1 °-n = OO; 

(C 3 ) 0 < liminf n _ >00 /3 n < limsup„^. 00 /3„ < 1. 

Then the sequence {x n } defined by (1.10) converges strongly to x, which satisfies 
x = P F (T)f{x), ( xf(x),xx) > 0, Mx£F{T). 

Proof. We divide proof into three steps. 

Step 1. We show that {x n }, {z n }, {y n } and {/(&„)} are bounded sequences. Let p £ F(T). By 
Lemma 2.1, we have 


d{y n ,P ) < a n d{f{x n ),p) + (1 - a n )dist(z n ,T(p)) 

< ot n d{f{x n ) 1 p) + (1 - a n )H{T(x n ),T(p)) 

< a n d{f{x n )ip) + (1 - a n )d{x n ,p) 

< a n d{f{x n ), f(p)) + a n d(f(p),p) + (1 - a n )d(x n ,p) 

< [1 - (1 - k)a n ]d(x n ,p) + a n d(f(p),p), 

and 

d(x n+ i,p) < /3 n d(x n ,p) + (1 - P n )d(y n ,p) 

< [1 - (1 - fc)(l - /3 n )a n ]d{x n ,p) + (1 - k){ 1 - p 

< max | d(x n ,p), j . 

By induction, we also have 

u ^ d {f(p)iP)\ 

d(x n ,p) < max < d(xi,p), — ^ _ > . 

Hence, {x n } is bounded and so are {z n }, {y n } and {f(x n )}. 

Step 2. lim n ^ 00 dist{x n ,T{x n )) = lim„_> 0 0 d(z n ,x n ) = \vaL n ^ 00 d{x n ,x n+ x) = 0. In fact, by 
applying Lemmas 2.1 and 2.2, we obtain 


d(y n ,y n +i) 


— d((X n f (x n ) ® (1 CX n )^ n , Qt-n-\ -if (*^n+1 ) ® (1 ^n+l^n+l) 

— d{oLnf (%n) ® (1 Q-nffan') ® (1 Qn)Zn-\- 1) 

H \~d{oc n f {Xri) ® (1 &n)Zn-\-l ? ®-nf (%n-\-l ) ® (1 &n)Zn-\- 1) 

-\~d(oi. n f (x n -\ |_l) ® (1 &n)Zn-\-l 5 ® (1 ^n+1 )-2 ; n+l) 

— &nd(f (x n ) , f (x n -\.\)) “h (1 o; n )(i(z n , z n - |_i ) 

~I - 1 ^n+1 \ (^n+l) 5 

— x n _|_i) H - (1 Oi n )d{x n , x n _(_i) 

C^n+l M(«/* (*^n+l) 5 -^n+l) 

— (1 Ql n (l /c))c/((E n , X n _|_i) + |<^n C^n +1 1^(/* (*£ 71 + 1)5 Zn-\- 1)5 
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which implies 

d(y n i Un+i) d{x n , x n +\ ) ^ | ot n crn+i | d(f (xn+i), z nF \) (1 k)cx n d(x n , x nF \ )• 

Since lim^^oo a n = 0, limsup^^^ [d(y„+i, y n ) — d(x nF i,x n )] < 0. By Lemma 2.3, we know that 
lim^oc d(x n ,y n ) = 0. Thus, 

dist(x n , T(x n )) < d(x n , z n ) < d(x n , y n ) + a n d(f(x n ), z n ) 0 as n ->• oo. (3.1) 

By (3.1), now we know that 

lim d(z n ,x n ) = 0. (3-2) 

n— >oo 

Moreover, 

d(x n ,x n+1 ) = (1 - /3 n )d(x n ,y n ) 0 as n oo. 

Step 3. {x n } converges strongly to x which satisfies x = P F (T)f{x) and 

(xf(x), xx) >0, x £ F(T). 

Above all, since T(x) is compact for any x £ E : T(x) £ BC{X). It follows from Lemma 2.5 that 
F(T) is closed and convex. This implies that P F (t)U is well defined for any u £ X. By Lemma 3.1 (i), 
we know that {x a } defined by (1.7) converges strongly to x as a —> 0, where x = P F (r)f(x). Thus 
applying Lemma 2.6, one can see that x is unique solution of the following variational inequatity 

(xf(x), xx) >0, x £ F(T). 

Next, by using Lemma 3.1 (ii), we have 

d 2 (f(x),x) < fj, n d 2 (f(x),x n ) for each Banach limit y n , 

and so 

Vn{d 2 (f(x),x) - d 2 (f(x),x n )) < 0 . 

Moreover, since linin^oo d(x n , x n +i) = 0, 

limsup[(d 2 (/(x),x) - d 2 {f(x),x n+1 )) - (d 2 (f(x),x) - d 2 (f(x),x n ))} = 0. 


It follows from Lemma 2.10 that 


Finally, we show x n 
d (x nF ±, x) 


lim sup (d 2 (f(x),x) - d 2 (f(x), x n )) < 0. 

n—¥ oo 

> x as n —> oo. It follows from Lemma 2.1 and Lemmas 2.7-2.9 that 

< /3 n d 2 (x n ,x) + (1 - pn)d 2 (y n ,x) 

< /3 n d 2 {x n ,x) + (1 - p n ) [a 2 n d 2 {f{x n ),x) + (1 - a n ) 2 d 2 {z n ,x)] 


(3.3) 


+ 2«n(l ^n)( 1 fin) (f {Xn)X^ Z n x) 

< / 3„d 2 {x n ,x ) + (1 - /3„)( 1 - a n ) 2 dist 2 (z n ,T(x)) 

Trr n (l /^n) \d (x n _j_i, /(x n )) T ‘2{xx n j r \, xf[x r 


-\-2a n (l Q! n )(l fin) -2-n^'n) H - {f{,^n)^^ 

< /3 n d 2 (x n ,x ) + (1 - Pn){ 1 - a n ) 2 H 2 (T(x n ),T(x)) 

+al{l - p n )d 2 (x n+1 , f(x n )) + 2a 2 (1 - P n ){xx n+ l,xf(x n )} 

T2ct n (l Q^n)(l ftn) (f(Xn)X, Z n X n ) 


+ 2a ra (l Q^n)( 1 fin) (f(.Xri)X, X n x) 
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^ Pn d (*Tn5*r) T (1 /^n)(l &n)~ d(x n i x) 

+al(l - /3 n )d 2 (x n+1 ,f{x n )) 


+2a„(l - pn) (f(x n )f(x),x n+ ix) + (f(x)x, X n+ 1 X ) 


-\-2c% n (l Q^n)( 1 /^n) (fpEn)%i Zn%n) 


+2a„(l - a n )(l - y8 n ) [(/(x n )/(i), x ra x) + (f(x)x, x n x) 

< [Pn + (1 - Pn) (1 - a n ) 2 ] d 2 (x n ,x) + a£(l - p n )d 2 (x n+1 , f(x n )) 


+2a„(l - Pn) (f(x n )f(x),x n +\x) + (f(x)x, x n+ ix) 


+2a n (l Q; n )(l /^n) Zn%n) 


+2a n {l - a n )(l - Pn) (f(x n )f(x),x n x) + (f{x)x, x n x) 


< [Pn + (1 - Pn)( 1 - a n ) 2 ] d 2 (x n ,x) + a£(l - P n )d 2 (x n+1 , f{x n )) 
+2a£(l - P n )d(f(x n ), f(x))d(x n+1 , x) 

+2a£(l - p n )(f(x)x, x n+1 x) 

+2a n (l oc n ) (1 Pn)d(f ( x n ), x)d(z n , x n ) 

+2a n (l - a n )(l - P n )d(f(x n ),f(x))d(x n , x) 

+2a n (l - a n ){l - p n )(f(x)x, x n x) 

< [p n + (1 - p n ){ 1 - a n ) 2 ] d 2 (x n ,x) + a£(l - p n )d 2 (x n+1 , f(x n )) 
+2ka 2 {l - p n )d(x n , x)d(x n+ i,x) 

+al(l - P n ) [d 2 (x n+ i,x) + d 2 (f{x),x) - d 2 (f(x),x n+ 1 )] 
+2a n (l CXn) (1 Pn)d(f ( X n ) 5 x)d(z n , x n ) 

~\~2k(Xn(]- L^n)(l Pn)d ( X n ^X ) 

+a„(l - a n )(l - P n ) [d 2 (x n ,x) + d 2 (f(x),x) - d 2 {f(x),x n )] 

< [p n + (1 - p n )( 1 - a n ) 2 ] d 2 {x n ,x) + al(l - P n )d 2 (x n+1 , f(x n )) 
+ka 2 n { 1 - Pn) [d 2 (x n ,x) + d 2 (x n +l,x)] 

+al(l - Pn) [d 2 {x n+ i,x) + d 2 (f{x),x) - d 2 {f{x),x n + 1 )] 
+ 2 a n (l CXn) (1 Pn)d(f ( X n ) 5 x)d(z n , x n ) 

-\-2kotn (1 Pn)d (x n j x) 

+a„(l - a n )(l - P n ) [d 2 (x n ,x) + d 2 (f(x),x) - d 2 {f(x), x n )\ . 


This implies that 

d 2 (x n+1 ,x) 


Thus, 


< 


Pn + (1 ~ Pn){ 1 - «») + fcan(l ~ Pn){2 - a n ) 
1 - (1 + k)al(l - Pn) 


d 2 {x n ,x) 


«n(l - Pn) 


d (^n+1; /(Tn)) 


1 - (1 + fc)a£(l - /3 n ) 

2a w (l - Qn)(l - fin) 

1 - (1 + fc)a£( 1 - fi n ) 

«n(l - fin) 

1 - (1 + fc)a£(l - fi n ) 

1 Q "!| , fy^TT i d2 (f(x),x) - d 2 (f(x),x n )). 

1 - (1 + - Pn) 


d(f ^)d(^Z n: *Tn) 

{d 2 {f(x), x) - d 2 (f(x), x n+l )) 


d (x n+ i,x) < (1 - a n )d (x n ,x) +a n P\ 


3' 

J n ’ 


(3.4) 
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where a' n 


2an(l —/3n)(l-fc-an) 

l-(l+fc)c*2(l-/3 n ) 


and 


P'n 


2(1 — k — a n ) 


d (x n )) T 


1 (Yt, 


1 - A - , 


-d(f{x n ),x)d(z n ,x n ) 


2(1 - k - a n ) 

1 

2(1 — /c — a n ) 


(d 2 {f{x),x) - d 2 (/(x), x„+i)) 
(d 2 (/(x),x) - d 2 (f{x),x n )). 


Since k € [0,1) and cc n £ (0,1 — A), then a'„ £ (0,1). Applying Lemma 2.4 to the inequality (3.4) 
(also combining (3.2) and (3.3)), we have x n —> x as n —> oo. This completes the proof. □ 

From Theorem 3.1, we have the following result. 

Theorem 3.2. Let A be a nonempty closed convex subset of a complete CAT(0) space (A, d), 
T : E —p C{E) be a nonexpansive mapping satisfying endpoint condition C. Suppose that u,x\ £ E 
are arbitrarily given elements and {x n } is defined by 


Vn — Ot n ll ® (1 O n )^ n , X n -^-l — Priori ® (1 Pn)Hni V 77. 1, 


where z n £ T(x n ) such that d(z n ,z n + 1 ) < d{x n ,x n j r i) for all n £ N, and {a n },{(3 n } C (0,1) 
satisfying (Ci), (C' 2 ) and (C 3 ) in Theorem 3.1. Then the sequence { x n } converges strongly to 
unique nearest point x of u in F(T ); i.e., x = Pf(t)‘U and x also satisfies 

(5m,xx) >0, x £ F(T). 


Proof. We define f : E —> E by f(x) = u for all x £ E, then / is a contrction with k = 0. The 
conclusion follows immediately from Theorem 3.1. □ 

If T : E —> C(E) be a nonexpansive mapping satisfying endpoint condition C, then, replacing 
by g : E —> E be a nonexpansive singie-valued mapping with Fix(g) ^ 0, and we have the following 
two corollaries. 

Corollary 3.1. Let A be a nonempty closed convex subset of a complete CAT(0) space (X,d), 
g : E —> E be a nonexpansive mapping with Fix(g) ^ 0. Let / : E —> E be a contraction with 
k £ [0,1), and {a n } be a sequence in (0,1 — At) , and {fi n } be a sequences in (0,1) satisfying (Ci), 
(C' 2 ) and (C 3 ) in Theorem 3.1. Then sequence { x n } defined by (1.9) converges strongly to x such 
that x = PFix(g) f (*t) and x also satisfies 

(xf(x],xx) >0, x £ Fix(g). 

Corollary 3.2. ([3, Theorem 3.3]) Let A be a nonempty closed convex subset of a complete 
CAT(0) space (A, d), T : E —► C(E) be a nonexpansive mapping satisfying endpoint condition C. 
Let / : E —> E be a contraction with k £ [ 0 , ^), and {a n } be a sequence in (V), satisfying (Ci) 
and (C' 2 ) in Theorem 3.1 and the following condition: 

(C 4 ) |a„-an+i| < 00 or limn-^oo a ar ‘- = 1. Then sequence {x n } defined by (1.8) converges 

strongly to x, where x = Pp(T)f{x) and x also satisfies 

(xf(x),xx) >0, x £ F(T). 


By corollary 3.1, the following result can be obtained. 

Corollary 3.3. Let A be a nonempty closed convex subset of a complete K—tree (A, d), and 
T : E —> BCC(E ) be a nonexpansive mapping with F(T) 0, where BCC(E) is the family of 
nonempty bounded closed convex subsets of E. Let / : E —> E be a contraction with k £ [0,1), and 
{a n } be a sequence in (0,1 — fc), and {/?„} be a sequences in (0,1) satisfying (Ci), (C' 2 ) and (C 3 ) in 
Theorem 3.1.Then sequence {x n } defined by (1.10) converges strongly to x such that x = Pp(T)f(x) 

and x also satisfies _ 

(xf(x),xx) >0, x £ F(T). 
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Proof. By Theorem 4.1 given by Aksoy and Khamsi [27], there exists a single-valued nonexpansive 
mapping h : E —i E such that h(x) £ T(x) and d(h(x),h(y)) < H(T(x),T(y)) for all x,y € E. 
Hence, z n = h(x n ) £ T{x ) for (1.10). Again, it follows from [27, Theorem 4.2] (also Theorem 4.2 in 

[3]) that Fix[h ) = F(T) ^ 0. The conclusion follows from Corollary 3.1. □ 

Remark 3.1. The results presented in this paper improve and unify corresponding results in 
Panyanak and Suantai [3], Kaewkhao et al. [13] and many others. In this regard, we show as follows: 

(i) Corollary 3.1 extends Theorem 3.2 of [13] from k £ [0, |) to k £ [0,1). 

(ii) When T in Theorem 3.1 is a single-value mapping, then our main results in Theorem 3.1 
become to corresponding results of Theorem 3.3 in [3] for a contraction / from k £ [0, |) to 

k £ [0,1), and a n £ (o, 2 ~k^j to a n £ (0,1 — k). Further, the condition (C 4 ) is not needed. 

(iii) If we add condition (C 4 ), and change a n £ ( 0 , 2 ~k^ as a n € (0,1 — k), then Theorem 4.2 of 
[3] happens to be Corollary 3.3. 
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Abstract 

In this paper we introduce a generalized form of the well known 
ToDD’s difference equation and give the closed form expressions for 
this generalized form . In other words , we have the following nonlinear 
rational partial difference equation 

T(X 1 ,X 2 ,X 3 ,...,X n ) 

_ 1 + T(X 1 -1,X 2 - 1, X n -l)+T (Ai - 2, A 2 - 2, X n - 2) 

T (X\ — 3, A 2 — 3, A 3 — 3, X n — 3} 

where Ai, A 2 , X n G N,and the initial values T (pi,p 2 , ■■■■,Pn) 
■T {P2,P1,P3,P4,-,Pn) ,T (P2,P3,P1,P4, - ,Pn ),- 
-;T {P 2 ,P 3 ,P 4 , ...pi,p n ),T [p 2 - 3,p 3 - 3 ,p 4 - 3, ...p n - 3, pi) are real 
numbers with p\ G {0,-1, —2} and p 2 ,P 3 , ■■■■,Pn £ N such that 
T {pi,p 2 , ;Pn) + 0 ,T (P2,P1,P3,P4, -,Pn) / 0 , 

T {P2,P3,Pl,P4,-,Pn) + 0 (p 2 - 3,p 3 - 3, p 4 “ 3, ...p n - 3,pi) ^ 0. 

We will use a novel technique to prove the results by using what we 
call ‘piecewise n-dimensional mathematical induction’ which we intro¬ 
duce here for the first time . We will obvious that this new concept 
represents generalized form for many types of mathematical induction . 
As a direct consequences , we investigate and drive the explicit solutions 
for the well known ordinary ToDD’s difference Equation . 

AMS Subject Classification: 39A10, 39A14. 

Key Words and Phrases: (partial)difference equations, solutions , 
piecewise n-dimesional mathematical induction. 


910 


Ibrahim 910-926 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


2 


1 Introduction 

We know that the studying of ordinary difference equations has been widely 
treated in the past . However , partial difference equations (PAEs) have not 
received the same full attentiveness . Both of ordinary and partial differ¬ 
ence equations may be found in the study of dynamics probability and other 
branches of mathematical physics .Moreover,partial difference equations arise 
in applications involving finite difference schemes population dynamics with 
spatial migrations and chemical reactions . Indeed Lagrange and Laplace took 
into consideration the solution of partial difference equations in their treatises 
of dynamics and probability. 


An example can get if we suppose initially, the probability of finding a 
particle at one of the integral coordinates j of the x-axis is P(j, 0). At the 
end of each time interval, the particle makes a decision to stay at its present 
position or move one unit in the positive direction along the x-axis. Assume 
that the probability that the particle does not move in a given unit of time is 
p , and the probability that the particle moves in a given unit of time is q. Let 
is P(j, f)be the probability that the particle is at the point is x = j at the end 
of the t-th interval of time. Then by Bayes’ formula, it is easy to see that the 
following partial difference equation holds: 


P(j, t ) = pP{j, t - 1) + P(j 


An another example of a partial difference equation is the following well 
known relation 

= kri 1 + si”- 1 * , 1 < m < n. 

The solution of this equation is the celebrated binomial coefficient function 
Br n l> defined by 


= 


n\ 


,0 < m < n. 


mn'.yn — m)\ 

Some authors investigate the closed form solutions for certain partial dif¬ 
ference equations . 

For instance , Heins [[2j ] considered the solution of the partial difference equa¬ 
tion 

y{p +!,<?) + y(p -!,<?)= 2 y(p, q + 1) 

under some conditions 

Ibrahim in [[.TO]] studied the closed form solution for higher order nonlinear 
rational partial difference equation in the form 


S'{n, m} = 


S{n — r,m — r} 

r 

T + n S{n — i,m — i} 

i =1 
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where n,m G N and the initial values S{n,t},S{t,m — r} are real numbers 

r— 1 

with t G {0, —1, —2,., —r + 1} such that H S{j — r + 1, i + j — r + 1} 7 ^ — T 

i=o 

r—1 

and n + j — r + 2, j — r + 1} 7 ^ —T , i G N 0 . 

5=0 

For more results about partial difference equations we refer to (CQ> 0 M - 

0-0,mi-115!). 

In this paper we introduce a generalized form of the well known ToDD’s 
difference equation and give the closed form expressions for this generalized 
form. In other words , we have the following nonlinear rational partial differ¬ 
ence equation 

T(X 1 ,X 2 ,X 3 ,...,X n ) 

1 + T (X\ — 1, X 2 — 1, ■■■,X n — 1) + T (Ai — 2, X 2 — 2, ...,X n — 2) 

= T (X! - 3, X 2 - 3, X 3 - 3, ...,X n - 3) 1 j 

where Xi,X 2 , X n G N,and the initial values T (pi,p 2 , .... ,p n ) , 

T (P2,P1,P3,P4, -,Pn) ,T (P2,P3,P1,P4, -,Pn),-~ 

-,T {p- 2 ,P 3 ,P 4 , ...pi,p n ),T (p 2 -3,p 3 - 3, p A - 3, ...p n - 3,pi) are real 
numbers with p\ G {0, —1, —2} and p 2 ,p 3 , ...,p n G N such that 
T (pi,p 2 , ....,p„) ^ 0 ,T {p2,pi,p 3 ,Pi, ■■■,p n > + 0 , 

T (j>2,P3,Pi,Pi, -;Pn) 0,...,T (p 2 - 3,p s - 3,P4 - 3, ...p n - 3,pi) ^ 0. 

We,11 use a novel technique to prove the results by using what we call 
‘piecewise n-dimesional mathematical induction’ which we introduce here for 
the first time . We’ll obvious that this new concept represents generalized 
form for many types of mathematical induction . As a direct consequences 
, we investigate and drive the explicit solutions for the well known ToDD’s 
ordinary Difference Equation . 

Now let us firstly introduce some important concepts . 

Ibrahim pTO] constructed a new concept who call it “’piecewise double mathe¬ 
matical induction’ which represented a generalization for some kinds of induc¬ 
tions. The definition was formulated as the following form: 

Definition 1. (Piecewise Double Mathematical Induction of r-pieces) 

Let S(m,n ) be a statement involving two positive integer variables m and n. 
Beside , we suppose that the statement S(m,n) is piecewise with r-pieces . 
Then the statement S(m,n ) holds if 

1 . S[k\ + 0,^2 + /3) 

2. If S(m, k 2 + f3) , then S{m + r,k 2 + (3) 

3. If S(m, n ) , then S(m, n + r) 

where a, f3 G {0,1,2,. r — 1} and k\ and k 2 are the smallest values of 

m and n . 
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We briefly call this concept “r-double mathematical induction” .We can 
call this concept “’piecewise two-dimesional mathematical induction’ 

Here we will construct an another notion which we call it ‘piecewise triple 
mathematical induction’ or ‘piecewise three-dimensional mathematical induc¬ 
tion’ which offer an another generalization for some kinds of inductions . 

Definition 2. (Piecewise Triple Mathematical Induction of r-pieces) 

Let H(n, m, l ) be a statement involving three positive integer variables n, m 
and /. Beside , we suppose that the statement H(n,m,l ) is piecewise with 
r-pieces . Then the statement ) holds if 

1 . H{OL\ + Pi, Ot 2 + /? 2 , «3 + Ps) 

2. If H(a± + l ) , then H(a\ + Pi, m + r, l ) 

If H(n, m, 03 + ^ 3 ) , then H(n + r, m, 03 + P 3 ) 

3. If H(n, m, l) , then H(n, m, l + r) 

where /?i,/3 2 ,/3 3 G { 0 , 1 , 2 ,.r — 1 } and Oi,a 2 and a 3 are the smallest 

values of n , m and / respectively . 

We briefly call this concept “r-triple mathematical induction” 

Remark 1. We can see that the previous concept contains many types 
of mathematical induction. For instances , 

1. If r — 1 , we have = /3 2 = /?3 = 0 , thus we have a triple mathematical 
induction . 

2. If r — 2 , we have /L i,/3 2 ,/3 3 e {0,1} , thus we have the odd-even triple 
mathematical induction . 

3. If we put n — m — l we have a special case of the above definition 
which introduce an another new concept. This type of mathematical 
induction called “Piecewise single Mathematical Induction of r-pieces” . 
In this case , if we put r — 1 with n — m — l we easily get the basic 
mathematical induction . Also if we put r — 2 with n — m — l,we get 
easily the odd-even mathematical induction . 

Finally we can introduce a generalized concept ‘piecewise n-dimesional 
mathematical induction’ as a generalization for the above definitions . 

Definition 3. (Piecewise n-dimesional Mathematical Induction of r- 
pieces) 

Let H(Ni, N 2 ,..., N n ) be a statement involving positive integer variables 
Ni, N 2 ,..., N n . Beside , we suppose that the statement H(N\, N 2 ,..., N n ) is 
piecewise with r-pieces . Then the statement H(Ni,N 2 , ...,N n ) holds if 
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1. H(ai + 01, «2 + P 2,.) Oi n + f3 n ) 

2. If H(ai + f3\,N 2 , N 3 ,..., N n ) , then H(a.\ + Pi, N 2 + r,N 3 , ...,N n ) 
If H(Ni, a 2 + /3 2 , X 3 , Ah) , then H(Ni, a 2 + p 2 , ,N 3 + r ,..., N n ) 


If H(Ni, N 2 ,a n _i + /3 n _i, IV n ) , then H(Ni, N 2 , a n _i + /3 n _i, A^ n + r) 

3. If H (IV!, IV 2 ,..., Nn) ,thenH(Ni+r,N 2 ,...,N n ) 

where Pi G {0,1, 2,. r — 1} ,i G {1, 2,.n} and a* are the smallest 

values of Ah, A^ 2 ,A^ n respectively . 

We briefly call this concept “(r, 11 )-dimensional mathematical induction” 

Remark 2. We can easy see that both of r-double mathematical induction 
and r-triple mathematical induction are special cases of “(r,n)~dimensional 
mathematical induction” . 


2 Forms of Solutions 

In this section we shall give explicit forms of solutions of the partial difference 
equation ([!]) of order three . 


2.1 Form of Solutions for PAE ([I]) when n = 2 

In this subsection we introduce a generalized form of ToDD’s difference equa¬ 
tion with two discrete variables Ah and A " 2 and give the closed form expressions 
for this generalized form . In other words , we have the following nonlinear 
rational partial difference equation 


T(Xi, X 2 ) 


1 + T(X 1 - 1,X 2 - 1) +T(X 1 - 2, X 2 - 2) 
T(A 1 -3,A 2 -3) 


( 2 ) 


Here we give the closed form solution of the partial difference equation (|2]). 

Theorem 4. Let {T (Ah, X 2 )}“ Y _ fc be a solution of the partial dif¬ 
ference equation ([2]) , where A 1; X 2 G N ,and the initial values T ( p,q) and 
T{q,p — 3) are real numbers with q G (0, —1, —2} and p G N such that 
T ( p,q) 7 ^ 0 and T (q,p — 3) ^ 0 . Then, the form of solutions of (j2| ,for 
Xi < X 2 are as follows: 
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( 


l+T(-l,X 2 -(Xi+l))+r(0,X 2 -Xi) y _ t . 
T(- 2,A' 2 —(A'i+2)) ■ L ' 1 > 


l+T(-l,X 2 -(X 1 +l))+T{0,X2-Xi)+T(-2,X2-(Xi+2))(l+r(0,X 2 -Xi)) y _ t . 

T(-l,X 2 -(Xi+l))T(-2,X 2 -(Xi+2)> ^ 2 ’ 


(l+r(-l,A- 2 -(X 1 +l))+T(-2,.Y 2 -(X 1 +2)))(l+r(-l,X 2 -(A-i+l))+r(0,X2--Yi)) 

T(0,A 2 -X 1 »r(~l,A 2 -(Ai+l)>T(-2,A 2 -(A 1 +2)> 


,^ 1 = L 3 ; 


T(X 1 ,X 2 ) = 


l+r(—1,A 2 —(Ai+1))+T(0,A 2 —Ai)+T(—2,A 2 —(Ai+2))(1+T(0,A 2 —Ai)) y = t . 

T(-1,A 2 -(Ai+1)>T(0,A 2 -Ai> ^ 4 ’ 

l+r(-l,A 2 -(Ai+l))+T(-2,A 2 -(A 1 +2)) y _ r . 

T{ 0,X 2 -Xi) -^5’ 

T(-2,X 2 -(X 1 + 2)),X 1 = L 6 ; 

T(-1,X 2 -(X 1 + 1)),X 1 = L 7 ; 

T (0, X 2 — X x ), X x = L 8 ; 

(3) 


l+r(A 2 — (Aj+!), — !)+T(A 2 —A 1i 0) y _ t . 

T( A 2 -(Ai+2),-2> 

l+T(A 2 -(Ai + l),-l)+T(A 2 -Ai,0)+r(A 2 -(Ai+2),-2)(l+T(A 2 -Ai,0)) 
T(A 2 -(Ai+1),-1>T(A 2 -(Ai+2) ,-2> 

(l+r(A 2 -(A 1 + l),-l)+T(A 2 -(A 1 + 2 ),- 2 ))(l+r(A 2 -(A 1 +l),-l)+r(A 2 -A 1 , 0 )) 
T(A 2 -A 1 ,0»T(A 2 -(Ai+1) -1)T(X 2 -(Xi+2),-2> 

1+T(A 2 -(A 1 + 1),-1)+T(A 2 -A 1 ,0)+T(A 2 -(Ai+2),-2)(1+T(A 2 -A 1 ,0)) 


,Xi = L 2 ; 
,X 1 = L 3 ; 


T(X 2 j X 1 ) = 


T(A 2 -(Ai+1),-1>T(A 2 -A 1 ,0> 

1+T(A 2 -(Ai+1) -1)+T(A 2 -(Ai+2),-2) y _ j . 

T{ A 2 -Ai,0> , " A ‘ 1 ^ 5 ’ 

T(X 2 -(X 1 + 2),-2),X 1 = L 6 ; 
T(X 2 -(X 1 + 1),-1),X 1 = L 7 ; 
T(X 2 -X 1 ,0),X 1 = L 8 ; 


, Ai — L 4 ; 


where Li = 8k + i,l<i<8 ,i£N. 


(4) 


Proof. We shall use the principle of piecewise double mathematical induc¬ 
tion defined in definition (JTJ) . Firstly , we shall prove that the relations (J3]) 
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and Q hold for T ( p , q). where p, q £ {1, 2,, ... 8 } . From equation (J2])we can 
see 


T( , ,, = 1 + T(0,0) + T(-1,-1) = i + r(o,i -1) + r(~i ,i - (l +1)) 
' ’ ' T (—2, —2) T (-2,1- (1 + 2)) 


T {2,2) 


1 + T (1,1) + T (0, 0) 

T{~ 1,-1) 


1 + T (0, 0) + T (-1, -1) + T (-2, -2) (1 + T (0, 0)) 
T (- 2 , - 2 ) T (- 1 ,- 1 ) 


1 + T (0, 2 - 2 ) + T (-1, 2 - (2 + 1 )) + T (- 2 , 2 - (2 + 2 )) (1 + T (0, 2 - 2 )) 
T (-2, 2 - (2 + 2 ))T (-1, 2 - (2 + 1)) 


Tn 2 v = l + r(0,l) + T(-l,0) = 1 + T(0,2 — 1) + r(—1,2 — (1 + 1)) 
' ’ ; T (—2, — 1 ) T (— 2,2 — (1 + 2 )) 


T (2, 3) = 


1 + T (1, 2) + T (0,1) 


T(-1,0) 

1 + T (0,1) + T (-1, 0) + T (-2, -1) (1 + T (0,1)) 
T (—2, —1) T (—1, 0) 


_ 1 + T (0, 3 - 2) + T (-1, 3 - (2 + 1)) + T (-2, 3 - (2 + 2)) (1 + T (0, 3 - 2)) 
T (-2, 3 - (2 + 2)) T (-1, 3 - (2 + 1)) 

Similarly we can prove the remaining values for p and q . 

Now suppose that the relations p]) and Q hold for X\ = 1,2 ,8 with X 2 £ N. 
We try to prove that relations (pF and Q hold for X 1 = 1,2 ,8 with X 2 + 8 . 


T(X 2 + 8,1) 


1 + T (X 2 + 8 — 1,1 — 1) + T (X 2 + 8 — 2,1 — 2) 
T (X 2 + 8 - 3,1 - 3) 


1 + T (X 2 + 8 - (1), 0) + T {X 2 + 8 - (1 + 1), -1) 


T (X 2 + 8 ,2) = 


T (X 2 + 8 — (1 + 2), —2) 

1 + T (X 2 + 8 — 1, 2 - 1) + T (X 2 + 8 - 2, 2 - 2) 
T (X 2 + 8 — 3,2 — 3) 

1 + T {X 2 + 7 , 1 ) + T {X 2 + 6 , 0 ) 


T (X 2 + 5,-1) 

1 + ( 1+T(X T( 5 £+4t- 2 f 2+6,0> ) + T i x 2 + 6, 0) 

T(X 2 + 5,-1) 


1 + T (X 2 + 8 - (2 + 1), -1) + T (X 2 + 8 - 2, 0) 
T (X 2 + 8 - (2 + 1), -1) T {X 2 + 8 - (2 + 2), -2) 
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T {X 2 + 8 - (2 + 2), -2) (1 + T (X 2 + 8-2, 0)) 

+ T(X 2 + 8 - (2 + 1), -1) T (X 2 + 8 - (2 + 2), -2) 

Similarly we can prove the other cases for for X 1 = 3,8 with X 2 + 8. . 


Finally , we suppose that relations 0 and Q hold for X 2 , X 1 e N . 
We shall prove that relations 0 and 0 hold for X 2 , X x + 8 e N . 
From equation ([0)we have 


T (X 2 , Xi + 8) 


1 + T (X 2 — l,X 1 + 8 — 1) + T (X 2 -2,X 1 +8- 2) 
T(X 2 -3,Ad + 8-3) 


1 + T (X 2 - 1,X 1 + 7 )+T (X 2 - 2, X x + 6) 
T (X 2 — 3, Xi + 5) 

There are sixteen cases : 


(1) When X 2 > 8(k + 1) + i , i — 1, 2, 8 . 

We take the cases when i = 3 and i — 7 .The other cases for i = 
1, 2, 4, 5, 6, 8 can be given by the same way . 

In order to simplify the calculations we consider the following notations: 
T (X 2 — X\ — 8,0) = T (0) , T(X 2 ~X 1 -9,-l)=T(-l) , 

T (X 2 — X\ — 10, —2) = T (—2) , 

Now if A" 2 > 8 (k + 1) + 3 : 


T(X 2 ,X 1 + 8 ) = 


1 + T {X 2 - 1, Xi + 7) + T {X 2 - 2, Ad + 6) 
T (X 2 — 3, Xi + 5) 


Y _|_ l+T(-l)+T(0)+T(-2)(l+r(0)) l+T(-l)+r(0) 


T(—l)T(—2) 


T(-2> 


T{ 0) 

_ (1 + T (-1)) 2 + T (0) (1 + T (-1)) + T (-2) (1 + T (0) + T (-1)) 

T (0) T (—1) T (—2) 

(1 + T (-1) + T (—2))(1 + T (-1) + T (0)) 

T (0»T (—1) T (—2) 

If X 2 > 8 (k + 1) + 7 we have : 

1 + T (X 2 - 1, Ad + 7) + T (A 2 - 2, Ad + 6) 


T(A 2 ,Ad + 8) = 


T (X 2 — 3, Ad + 5) 

i+ t (-2) + i+r( ~ r i ( y ( ~ 2> 


1+T(-1>+T(0>+T(-2>(1+T(0» 

T(-1>T(0> 


= T(- 1 ) 
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(2) When X 2 < 8(k + 1) + i , i = 1, 2,8 . We take the cases when i — 4 
and i — 6 .The other cases for i — 1,2, 3, 5, 7, 8 can be given by the same 
way. 

In order to simplify the calculations we consider the following notations: 
T ( 0 , Ad - X 2 + 8 ) = T ( 0 )* , T (~1,X 1 -X 2 + 7) = T (-1)* , 

T(-2,X 1 - X 2 + 6) =T(-2)* , 

Now if X 2 < 8(k + 1) + 4 : 


T( X 2 , Ad+ 8) = 


1 + T (A 2 - 1, Ad + 7) + T (X 2 - 2, Ad + 6 ) 
T (Ad — 3, Xi + 5) 


1 + 

- 1 \ -*-/ \ a- 1 -i\ -*-/ ^ ; | \ 

T(0>*T(-l>*T(-2>* 1 

V \W/ -r-r \ V - 1 -”- 1 w/ ; 

T(—1)*T(—2)* 


1+T(-1)*+T(0>* 



T(-2>* 


(1 + T{ 

;-!)* + T (0)*)(1 + T (-1)* + T (0)* 

+ T (—2)* (1 + T (0)*)) 


(1 + T (-1)* + T (0)*)(T (-1)* T (0)*) 

1 + T (-1)* + T (0)* + T (-2)* (1 + T (0)*) 
T(-1)*T(0)* 


If A 2 < 8{k + 1) + 8 we have : 


T (A" 2 , Ad + 8) 


1 + T (A 2 - 1, A x + 7) + T (A 2 - 2, Ad + 6) 
T{X 2 - 3, Ad+ 5) 


1 + T (—1)* + T (—2)* 

l+T(-l>*+T(-2)* 

T(0>* 


T(0)* 


□ 

Remark 3. If we take into account that X 1 = X 2 = n in equation (|2]) , 
we have the ordinary ToDD’s difference equation in the form 


1 + T (n - 1) + T (n *- 2) 
T(n- 3) 


(5) 


We can obtain the solutions for equation ([5]) from theorem (|4]) and we will 
formulate the closed form solutions in the following corollary . 


Corollary 5. Let {T (n)}^ = _ k he a solution of the ordinary difference 
equation (J5| , where nSN ,a nd the initial values T ( q) and are real numbers 
with q G {0, —1, —2} such that T (q) ^ 0 . Then, the form of solutions of ([5]) 
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are as follows: 




1+T(-1)+T(0) 
T(-2) 


,x, = L i; 


l+r(-l)+T(0)+T(-2)(l+T(0)) Y — T ■ 
T(—l)T(—2) ^ 2 ’ 

(l+T(-l)+T(-2))(l+r(-l)+T(0)) y _ T . 

T(0>)T(-l>T(-2> -^3’ 


T (n) = 


1+T(-1>+T(0>+T(-2)(1+T(0» y _ r . 

T{—1)T{0> ’^3 -^ 4 ’ 

l+T(-l)+T(-2) y _ t . 

T(0) ’ 1 -^5? 

T(-2),X 1 =L 6 ; 

T(-1),X 1= L 7 ; 

r( 0 ),X 1 = L 8 ; 


where L i = 8k + i,l<i<8,ie'N. 

Remark 4. It is easy to see that all solutions of ([5]) are periodic with 
period eight. 


2.2 Form of Solutions for PAE ([I]) when n = 3 

In this subsection we introduce a generalized form of ToDD’s difference equa¬ 
tion with three discrete variables X\ ,X 2 and Ad and give the closed form 
expressions for this generalized form . In other words , we have the following 
nonlinear rational partial difference equation 


T(X 1 ,X 2 ,X 3 ) 


1 + T (Xi - 1,X 2 - 1,X 3 - 1) + T (Ad - 2, X 2 - 2,X 3 
T (Ad — 3, X 2 — 3, A 3 — 3) 


where Ad, Ad, X 3 G N . 

Here we give the closed form solution of the partial difference equation 


j?) 

( 6 ) 


Theorem 6. Let {T (Ad, Ad, Ad)}d, x 2 x 3 =-k be a solution of the partial 
difference equation (J 6 ]) ,where Ad, Ad, Ad G N,and the initial valuesT (pi,P 2 ,P 3 ) 
,T (p 2 ,p 3 ,pi) and T (p 2 — 3,Pi,p 3 — 3) are real numbers with p\ G {0, —1, —2} 
and P 2 ,P 3 G Id such that T (pi,P 2 ,P 3 ) ^ 0 ,T (p 2 ,Pi,P 3 ) ^ 0 and 
T (p 2 — 3,p 3 — 3,pi) 7 ^ 0 . Then, the form of solutions of <§. 
for X\ < Ad < Ad are as follows: 
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/ l+T 3 ((-l)23)+r 3 ((0)23) Y - T ■ 

T 3 <(-2)23} ± -‘ 1 ' 


l+^3(( —1)23)+T 3 ((0)23)+T 3 ((—2)23) (1+T 3 ((0)23)) y _ t ■ 
T 3 ((—1)23)T 3 ((—2)23) ’ 1 2 ’ 

(l+^ 3 ((~ 1)23)+T 3 ((—2)23))(1+T 3 ((—1)23)+T 3 ((0)23)) y _ t . 

T 3 ((0)23))T 3 ((-l)23)T 3 ((-2)23) ’ ^ ^ 3 ’ 


T(X 1 ,X 2 ,X 3 ) = { 


1+^3((~ 1 )23)+T 3 ((0)23) +IT 3 ((— 2)23) (l+r 3 ((0)23)) y _ t . 
T 3 ((-1)23>T 3 ((0)23> 

l+T 3 ((-l)23)+T 3 ((-2)23) y _ t . 

T 3 ((0)23) ’ 1 5 ’ 

T 3 ((-2)23),X 1 = L 6 ; 
T 3 ((-1)23),X 1 = L 7 ; 
T 3 ((0)23),X 1= L 8 ; 


1+^3 ((~ 1)32)+T 3 ((0)32) x/■ t , 

T 3 ((—2)32) ,^-1 — ^1, 

l+T 3 ((-l)32)+r 3 ((0)32)+r 3 ((-2)32)(l+r 3 ((0)32)) y _ j . 

T 3 ((-l)32)T 3 ((-2)32) -^ 2 ’ 

(l+^ 3 ((—1)32)+T 3 ((—2)32))(1+T 3 ((—1)32)+T 3 ((0)32)) y _ r . 

T 3 ((0)32))T 3 ((—1)32)T 3 ((—2)32) ’ 1 ^ 3 > 


T (Xy X 3 , X 2 ) — { 


1+T 3 ((—1)32)+T 3 ((0)32)+T 3 ((—2)32) (l+r 3 ((0)32)) 
T 3 ((-1)32)T 3 ((0)32) 

l+T 3 ((-l)32)+T 3 ((-2)32) y _ t . 
T 3 (( 0)32) -^5) 

^3 (( — 2)32), Xi = L 6 ; 
T 3 ((-1)32),X 1 = L 7 ; 
T 3 ((0)32),X 1= L 8 ; 


, Xi — I/4; 
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/ 1+^3 ( 3 ( — 1 ) 2 ) + 73 ( 3 ( 0 ) 2 ) -1r _ r . 

T 3 (3(—2)2> , ^-1 — -^1) 


l+? 3 ( 3 (—1)2)+T 3 (3(0)2)+T 3 (3(—2)2) (I+T 3 (3(0)2)) y _ t . 

T 3 (3(—1)2)T 3 (3(—2)2) ’ 1 2 ’ 

(l+^ 3 ( 3 (—1)2)+T 3 (3(—2)2))(1+T 3 (3(—1)2)+T 3 (3(0)2)) y _ t . 

T 3 (3(0)2))T 3 (3(—1)2)T 3 (3(—2)2) ’ ^3, 


T(X 3 ,X l ,X 2 )= { 


l+^ 3 ( 3 (—1)2)+T 3 (3(0)2)+T 3 (3(—2)2) (I+T 3 (3(0)2)) y _ r . 

T 3 (3(-1)2)T 3 (3(0)2) ^ 4 ’ 

l+T 3 (3(-l)2)+T 3 (3(-2)2) y _ t . 

T 3 (3(0)2) 5) 

T 3 (3(-2)2),X 1 = L 6 ; 
T 3 (3(-1)2),X 1 = L 7 ; 

T 3 (3(0)2), X 1= L 8 ; 


1+^3 (32(—l))+T3(32(0)) \a t 

T 3 (32(—2)) ,^-1 — ^ 1 , 

l+T 3 (32(^l))+r 3 (32(0))+r 3 (32(-2))(l+r 3 (32(0))) y _ r . 
T 3 (32(-l))T 3 (32(-2)) 

(1+T 3 (32(—1))+T 3 (32(—2)))(1+T 3 (32(—1))+T 3 (32(0))) y _ r . 

T 3 (32(0)))T 3 (32(—1))T 3 (32(—2)) ’ 1 ^3, 


T(X 3 ,X 2 ,X 1 )= ^ 


l+T 3 (32(~l))+T 3 (32(0))+r 3 (32(-2))(l+T 3 (32(0))) 

T 3 (32(-1))T 3 (32(0)) 

l+r 3 (32(-l))+T 3 (32(-2)) y _ t . 
T 3 ( 32(0)) ^ 5 ’ 

T 3 (32(—2)), Xi = L 6 ; 
T 3 (32(-1)),X 1 = L 7 ; 
T 3 (32(0)),X 1 =L 8 ; 


, Xi — L4; 
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/ 1+^3 (2( —1)3) + 23 ( 2 ( 0 ) 3 ) y t . 

T 3 ( 2(-2)3> ’^-1 — ^1’ 


l+r 3 (2(-l)3)+r3(2(0)3)+T3(2(-2)3)(l+T 3 (2(0)3)) y _ j . 

T 3 (2(—1)3>T 3 (2(—2)3) ’ 1 2 ’ 

(l+^ 3 ( 2 (—1)3)+T 3 (2(—2)3))(1+T 3 (2(—1)3) +r 3 (2(0)3)) y _ r . 

T 3 (2(0)3))T 3 (2(-l)3)T 3 (2(-2)3) ’ ^ 4 ^ 3 ’ 


T(X 2 ,X l ,X 3 )= { 


l+^ 3 ( 2 (—1)3)+T 3 (2(0)3)+T 3 (2(—2)3) (1+T 3 (2(0)3)) y _ r . 

T 3 (2(—1)3) T 3 (2(0)3) ’ 1 4 ’ 

l+T 3 (2(-l)3)+T 3 (2(-2)3) y _ t . 

T 3 { 2(0)3) ’ 1 5 ’ 

T 3 (2(-2)3),X 1 = L 6 ; 
T 3 (2(-1)3),X 1 = L 7 ; 

T 3 (2(0)3), X 1= L 8 ; 


' 1+^3(23(—l))+r 3 (23(0)) y _ t . 

T 3 (23(—2)) ,^-1 — ^1, 

l+r 3 (23(-l))+r3(23(0))+r3(23(-2))(l+r 3 (23(0))) y _ T . 

T 3 (23(—1))T 3 (23(—2)) ’^ 4 ^ 2 ’ 


(l+^3(23(—1))+T 3 (23(—2)))(1+T 3 (23(—1))+T 3 (23(0))) y _ t ■ 
T 3 (23(0)))T 3 (23(-l))T 3 (23(-2)) ’ 1 3 ’ 

1+Y 3 (23(—l))+r 3 (23(0))+T 3 (23(—2))(1+T 3 (23(0))) y _ t . 

T 3 (23(—1))T 3 (23(0)) ’^ 4 ^ 4 ’ 

1+T 3 (23(—1))+T 3 (23(—2)) y _ r . 

T 3 (23(0)) , ^. 1 -^ 5 , 


^3 (23(—2)), Xi — L 6 ; 


T 3 (23(-1)),X 1 = L 7 ; 


T 3 (23(0)),X 1 =L 8 ; 


where 

T 3 ((0)23) = T (0, X 2 - X 3 - X 7 ) , 

T 3 ((-l)23) =T(-1,X 2 -(X 1 + 1),X 3 -(X 1 + 1)) , 
T 3 ((-2)23) =T(-2,X 2 -(X 1 + 2),X 3 -(X 1 + 2)) , 
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T 3 ((0)32) = T (0, X 3 - X u X 2 - X,) , 

T 3 ((-l)32) = T(-1,X 3 -(Xi + 1),X 2 -(Xi + 1)) , 

T 3 ((-2)32) = T (—2, X 3 - (X, + 2),X 2 - (X, + 2)) , 

T 3 (3(0)2) = T (X 3 - X u 0, X 2 - X,) , 

T 3 (3(—1)2) = T (X 3 - (X, + 1), —1, X 2 - (.X! + 1)) , 

T 3 (3(—2)2) = T (X 3 - (X 3 + 2), -2, X 2 - (X 1 + 2)) , 

T 3 (32(0)) = T (X 3 - X l5 X 2 - X ls 0) , 

T 3 (32(—1)) = T (X 3 - (X, + 1), X 2 - (X, + 1), -1) , 

T 3 (32(—2)) = T (X 3 - (X, + 2), X 2 - (X, + 2), -2) , 

T 3 (2(0)3) = T (X 2 - X 1; 0, X 3 - X 3 ) , 

T 3 (2(-l)3) =T(X 2 -(X 1 + 1),-1,X 3 -(X 1 + 1)) , 

T 3 (2(—2)3) = T (X 2 - (X 3 + 2), -2, X 3 - (X, + 2)) , 

T 3 (23(0)) = T (X 2 - X 1? X 3 - X l5 0) , 

T 3 (23(—1)) = T (X 2 - (X, + 1), X 3 - (X 3 + 1), -1) , 
r 3 (23(—2)) = T (X 2 - (X 3 + 2), X 3 - (Xi + 2), -2) , 

,Li = 8k + i,l<i<8,i<E~N. 

Proof. We can prove this theorem by using the concept of piecewise triple 
mathematical induction which stated in definition ([2]) similar to what has been 
done in theorem Q by using piecewise double mathematical induction stated 
in definition ([!]) . □ 


2.3 Form of Solutions for PAE ([!]) for any value n 

In this subsection we introduce the generalized form of ToDD’s difference equa¬ 
tion with n discrete variables Xi,X 2 ,..., X n and give the closed form expres¬ 
sions for it . 

Theorem 7. Let {T (X 1; X 2 ,X n )}3q X2 x = _ fe be a solution of the 
partial difference equation (|TJ) , where X i,X 2 , ....,X n G N,and the initial values 
T (p!,p 2 , ....,Pn ) ,T (p 2 ,Pl,P3,P4, ■ ■■ j Pn) ,T (p 2 , P3, Pi, P4, - ,Pn ),-■■ 

—,T (P 2 ,P 3 ,P±, ■~Pi,Pn),T (p 2 -3 ,p 3 - 3,p 4 - 3, ...p n - 3,Pi) are real numbers 
with pi G {0,-1,-2} and p 2 ,p 3 , ...,p n G N such that T (pi,p 2 , ....,p n ) 7 ^ 0 

{p2,Pl,P3,P4,-,Pn) ^ 0 ,T (p 2 ,p 3 ,Pl,P4,...,Pn) ± 0,..., 

T (p 2 — 3,p 3 — 3 ,p 4 — 3, ...p n — 3,pi) 7 ^ 0 . Then, the form of solutions of (JTJ) 
,for X | < X 2 < X 3 < ... < X n are as follows: 
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where 


qrp 

p ± n 


1 _!_*? 'T'( 1 ) | 

i pJ-n \ p-Ln 

Qrr ->( — 2 ) 


, Xi = Lx, 


1 j_9 r p( -*-) | I Q'-pi 2). g^(0)\ 

J-Tp-iji T pJ-n \ p J -n V-*-! pJ-n J 


qrp( — l) qrp{ — 2) 
p- L n ’p^n 


,X 1 = L 2 


/i i 9 'T’i 1) I 9 '-pi 2) \ /.« . q 1) 9/71(0) \ 

V T p-Ln T pJ-n j^Tp-in Tp-i« ^ 


= 


0) Qnn( 1 ) q rp( 2) 
p-Ln -p-Ln • p-Ln 


1 J_9'pC - 1) I 97-1(0) — 2) /-1 j_Q7-1(0) \ 

J-Tpin 1 p-Ln "T pJ-n ^Tp-iji / 

qrp{ — 1 ) qrp(0) 

p-Ln • p-Ln 


,X 1 = L a 


, A"i — L 4 ; 


1 l)_i_ < ?7^( — 2) 

J-Tp-iji i - p^n 

971 ( 0 ) 


, Ai — L 5 ; 


iTn~ 2 \Xi — L 6 ; 


A"i = L 7 ; 

q v Tn\Xi = L$] 


lT n = T(X il ,X ia ,..,X 1 ,..,X t 


p n 


'- V - 

p—times 


\ X t j , Xi 2 ,.. 

,0,.., 

\ "r" 

' p—times 


\ X 

1 1 ^121 "i 

(-1), 

^ p—times 


<N 

(-2), 

p—times 


) = 1, 2, ....71 

, q = 


,Li = 8k + i , 1 < i < 8 , i G N. 


Proof. We can prove this theorem by using the concept of piecewise n- 
dimensional mathematical induction which stated in definition (J3]) similar to 
what has been done in theorem Q by using piecewise double mathematical 
induction stated in definition (|TJ) . □ 
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Remark 5. we can note that the the number of equations for solutions 
g p T n is nl . For example , if n — 2 we find that p = 1, 2 , q = 1 and then 
the number of equations for solutions is 21=2 (see theorem Q ). That is 
\T 2 = T (Xl, X 2 ) and \T 2 = T ( X 2 , Xf) . So if we put n = 2 in theorem ([7]) we 
can get the solutions of equation ([ 2 ]) 

Another example , if n = 3 we find that p = 1,2,3 , q = 1,2 and then 
the number of equations for solutions is 31=6 (see theorem ([6j) ). That is 
\T 3 = T (Xl, X 2 , X 3 >, \T 3 = T (X 3 , X 1? X 2 ), \T 3 = T (X 3 , X 2 , XQ , 

?T 3 = T (Xi, X 3 , X 2 ), ^T 3 = T (X 2 , X 1; X 3 ) and |T 3 = T (X 2 , X 3 , X,) . So if 
we put n = 3 in theorem ([7]) we can get the solutions of equation (|6]). 
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Meromorphic Solutions of Some Types of Systems 
of Complex Differential-Difference Equations * 

WANG Yue ZHAO Xiuheng LIANG Jianying WANG Guocheng 
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Shijiazhuang, 050061, China) 


Abstract: Using Nevanlinna theory of the value distribution of mero- 
morphic functions, we investigate the problem of the existence of mero- 
morphic solutions of some types of systems of complex differential- 
difference equations and some properties of meromorphic solutions, and 
we obtain some results, which are the improvements and extensions of 
some results in references. Example shows that our results are precise. 

Key words: value distribution; meromorphic solutions; systems of com¬ 
plex differential-difference equation 
2010 MR Subject Classification: 30D35. 

1 Introduction and Notation 

Throughout the article, we assume that the reader is familiar with the standard notation 
and basic results of the Nevanlinna theory of meromorphic functions, see, for example [1-3]. 

Let w(z) be a non-constant meromorphic function of finite order, if meromorphic func¬ 
tion g(z) satisfies T(r, g) = o {T(r, tc)} = S(r, w ), for all r outside of a possible exceptional 

r dy* 

set E with finite logarithmic measure / — < oo, then g(z) is called small function of w(z). 

J E r 

Using the Nevanlinna theory of the distribution of meromophic functions, many authors 
investigate solutions of some types of complex differential equations, and obtain some 
results, see [4-8]. Especially, J Malmquist has investigated the problem of existence of 
complex differential equation and has obtained a result as follows. 

Theorem A (Malmquist Theorem) (see [1]) Let P (z,w(z)) and Q (z,w(z)) are 
relatively prime polynomials in w(z). If the complex differential equation 

5 Z a k(z)w k 

k =0 _ 

jr b j{z)w j 
3 =0 

‘The project is supported by the National Natural Science Foundation of China (11171013, 11461054), 
Natural Science Foundation of Hebei Province (A2015207007), and Key Project of Science and Research 
of Hebei University of Economics and Business(2017KYZ04). 


dw P(z,w) 

— = R(z, w) = — -r 

dz Q{z,w) 


1 
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with coefficients of rational functions ao(z),..., a p (z), bo(z),..., b q (z), admits a transcen¬ 
dental meromorphic solution, then 


q = 0, p< 2. 

Theorem B (see [1]) Let Q(z,w) = ^ a^(z)w l ° (w') H ■ ■ ■ (w^) tn , P ( z,w(z )) and 

(i)e/ 

Q ( z, w(z)) are relatively prime polynomials in w(z). If w(z) is a transcendental meromor¬ 
phic solution of the complex differential equation 


n(z, w) = R(z, w) 


P(z, w ) 
Q{z,w) 


^2ak{z)w k 
k =0 



with coefficients a^(z)((i) £ I), ak(z)(k = 0,1,... ,p) and bj(z)(j = 0,1 ,q), which 
are rational functions, where / is a finite index set, then 


q = 0,p < min{A, A + p(l — 0(oo))}, 


n 


n 


n 


where A = max{^(a + 1 )i a }, A = max{y~^ i a }, // = max{^ ai Q }, 0(oo) = 1 — 


a=0 


a=0 


a =1 


lim 

r—>• oo 


N(r,w) 
T(r,w) ’ 


Recently, meromorphic solutions of complex difference equations have become a sub¬ 
ject of great interest. Many authors, such as I Laine, R Korhonen, Chiang Y M, Chen 
Zongxuan and Gao Lingyun, investigate complex difference equations, and obtain many 
results, see [9-24]. Especially, in 2000, M J Ablowitz, R Halburd and B Herbst have inves¬ 
tigated the problem of existence of meromorphic solutions of complex difference equations 
and have obtained a result as follows. 

Theorem C (see [9]) If the complex difference equation 


w(z + 1 ) + w(z - 1 ) = ^ + + + 

bo(z) + bi(z)w(z) -\ -b b q (z)w c i(z ) 


with polynomial coefficients a t {z)(i = 0,1,..., p) and bj(z)(j = 0,1,..., q), admits a 
transcendental meromorphic solution of finite order, then 


d = max{p, q} < 2. 


I Laine, J Rieppo and H Silvennoinen generalized the above result, and obtained the 
following result. 

Theorem D (see [22]) Let ci, C 2 , ... ,c n be distinct nonzero complex numbers. If w(z) 
is a finite order transcendental meromorphic solution of the following complex difference 
equation 


^2a j (z)(Ylw(z + c j)) 
{J} 


ao(z) + ai(z)w(z) H-b a p (z)w p (z ) 

bo(z) + bi(z)w(z) -i -b b q (z)wi(z) 1 
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with coefficients aj(z), a,i(z)(i = 0,1, ... ,p) and bj(z)(j = 0,1 ,... ,q), which are small 
functions relative to w(z), where J is a collection of all subsets of {1,2,..., n}, then 

d = max{p, g} < n. 


In [22], I Laine, J Rieppo and H Silvennoinen also obtained the following result. 
Theorem E (see [22]) Suppose that c\,ci,... ,c n are distinct, non-zero complex 
numbers, and that w(z) is a transcendental meromorphic solution of 


n 

aj(z)w(z + Cj) = R(z,w(z)) 

3 = 1 


P{z,w{z)) 
Q(z, w(z)) ' 


where the coefficients atj(z) are non-vanishing small functions relative to w(z), and where 
P(z,w(z)),Q(z,w(z)) are relatively prime polynomials in w(z) over the field of small 
functions relative to w(z). Moreover, we assume that q = deg(j > 0, 

n = max{p, q} := max{deg£, deg^}, 


and that, without restricting generality, Q(z,w(z)) is a monic polynomial. If there exists 
a € [0, n) such that for all r sufficiently large, 

n 

W(r,£ aj(z)w(z + Cj)) < aN(r + c, w(z)) + S(r, w), 

3 1 

where c = max{|ci|, |C 2 1, • ■ •, |c n |}, then either the order p{w) = +oo, or 


Q(z, w(z)) = (w(z) + h(z)) q , 

where h(z) is a small meromorphic function relative to w(z). 

Further, I Laine, J Rieppo and H Silvennoinen also obtained the following Theorem. 
Theorem F (see [22]) Suppose that w(z) is a transcendental meromorphic solution 
of the equation 

^2^j(z)(Ylw(z + Cj)) = w(p(z)) 

{J} 3&J 

where p(z) is a polynomial of degree k > 2, J is a collection of all subsets of {1, 2,..., n}. 
Moreover, we assume that the coefficients otj(z) are small functions relative to w(z) and 
that n > k. Then 

T(r,w) = 0((logr) a+e ), 

log n 

where a = ---, e > 0 is arbitrarily small. 

log k 

After some authors investigate complex difference equations, solutions of system of 
complex difference equations are also investigated, naturally, see [13]. 

Let C\,C 2 , ■ ■. ,c n are distinct non-zero complex numbers, differential-difference polyno¬ 
mials Qi(z,wi),Q2(z,wi),£l3(z,W2),£l4(z,W2) can be expressed as 


£Mz,lt>l)= a ii(z){Wi(z + Cl)) li l’ 1 (Wi\z + C 2 )) lil ’ 2 ...(Wi(z + C n )) li l’ n , t > 1, t € N, 

heh 
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n 2 (z,wi) = J2 b jl (z)(w^\z+c 1 )r^(wf\z+c 2 )r^ ... (w?(z+c n )r^, t>l,(6N, 

jieJi 

n 3 (z,w 2 ) = 22 Ci 2 (z)(w^(z + Ci)) li 2' 1 (w%\z + C 2 )) li 2’ 2 ... (w%\z + Cn)) li 2’ n , i > M € N, 

*26/2 

n 4 (z,W 2 ) = 22 d j a W( w 2 t) («+^)) m, ' a ’ 1 (4 t) («+C2)) roi2 ' 2 • • • (w { 2 \z+c n )) m ^, t > l,t € N, 

J2&J2 

where coefficients ( 0 ^( 2 )}, (Z>ji(z)} are small functions relative to w 1 , coefficients {cj 2 (z)}, 
{dj 2 (z)} are small functions relative to w 2 . I\ = {i\ = (Zq, 1 , Zq, 2 ,..., Zq, n ) : Zq,fc € N, fc = 
1,2, Ji = {ji = ( 777 ^, 1 , mq, 2 , • • • ,mq, n ) : m jlik G N, A; = 1,2, ...,n}, / 2 = {i 2 = 

(Zq,i, Zq, 2 ,..., Zq, n ) : Zj 2 ,fc G N, k = 1,2,..., 77 }, J 2 = {j 2 = (rnj 2! i, m,j 2t2 ,..., m,j 2jJl ) ■ 
m j 2 ,k G N, k = 1,2,..., 77 .} are four finite index sets. 

Existence of solutions of complex differential-difference equations is investigated, see[16]. 
In this article, we will investigate the problem of the existence of solutions of some 
types of systems of complex differential-difference equations. 

The remainder of the article is organized as follows. In §2, we study meromorphic so¬ 
lutions of systems of complex differential-difference equations, and obtain three theorems. 
Example that we give shows that our results in §2 are precise. In §3, we give a series of 
lemmas for the proof of theorems 2.1-2.3. In §4, we prove theorems 2.1-2.3 for systems of 
complex differential-difference equations by lemma given in §3. 


2 Main results 


We obtain the following results about systems of complex differential-difference equa¬ 
tions. 

Theorem 2.1. Let (w\(z), w 2 (z)) be a finite order transcendental meromorphic solu¬ 
tion of 


Qi(z, wi) 
0, 2 (z,wi) 

0 3 (^, w 2 ) 

„ 0, 4 (Z,W2) 


Ri{z,w 2 ) 

R 2 (z,wi) 


Pi{z,w 2 ) 

Qi{z,w 2 y 

P 2 {z, Wl) 

Q 2 (z,w 1 )’ 


( 2 . 1 ) 


where Pi(z,w 2 ),Qi(z,w 2 ) are relatively prime polynomials in iu 2 over the held of small 
functions relative to w 2l P 2 (z,w\),Q 2 (z,wi) are relatively prime polynomials in w\ over 
the held of small functions relative to w\ . Then 


max{pi, qi} max{p 2 , q 2 } < (t + 1) 2 AiA 2 , 


where Ai fe = max {Zq, fe , m jltk }, k = 1,2 ,..., n. \ 2k = max {Zq, fe , rrij 2 ,k}, k = 
Le/uTeJi t2&h,j2&J2 

n n 

1,2 ,...,77. Ai = 22 Aifc, ^2 = 22 X 2fc ’ pl = de sS’ 91 = deg$ 2 \ P 2 = deg^, q 2 = 

k =1 k= 1 

degS" • 

Example 2.1 shows the upper in Theorem 2.1 can be reached. 
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Example 2.1. (w±(z),w 2 (z)) = (e z + z 2 ,e z + z) is a finite order transcendental 

meromorphic solution of the following system of complex differential-difference equations 


w[(z + 1) 
w' 2 (z + 1) 


P\{Z,W2) 

Qi(z,w 2 )' 

(z, W \) 

Q2{z,Wi)' 


where 


Pi (z, w 2 ) = (2z + 2)w 2 (z) - (8z 2 + 82: + e~ 1 )w 2 (z) - z 2 (2z + 2) + z(8z 2 + 82 + e _1 ) + 2ze~ 1 , 


Qi(z,w 2 ) = w 2 (z) - 4zvj 2 (z) + 32 2 , 

P 2 (z, w\) = w\(z) — [2 z 2 — e — 3z + l]w\{z) + z 4 — 2 2 (e + 32 — 1 ) + (32 — l)e, 
Q 2 (z, w\) = w\(z) — [2z 2 — 3 2 + l}w\(z) + z 4 — z 2 (3z — 1 ). 

In this case 

max{pi , qi} = 2, rna x{p 2 , q 2 } = 2, t = 1, \\ = \ 2 = 1. 


Thus 


max{pi, <71} max{p 2 , <72} = 4 = (t + 1) 2 AiA2- 

Theorem 2.2. Suppose that (101(2), w 2 (z)) is a transcendental meromorphic solution 
of the following system of complex differential-difference equations 


£li(z,wi) 

^3{z, w 2 ) 
„ n<i(z,w 2 ) 


Ri(z,w 2 ) 

R 2 (z,wi) 


Pi(z,w 2 ) 

Ql(z,W 2 Y 
P 2 (z, W\ ) 
Q-2(z, Wi) ’ 


( 2 . 1 ) 


where Pi ( 2 , 1 / 12 ), <5i(z, 102 ) are relatively prime polynomials in w 2 over the held of small 
functions relative to w 2 , P 2 (z,wi),Q 2 (z,wi) are relatively prime polynomials in w 1 over 
the held of small functions relative to w\. Moreover, we assume that q\ = deg^ > 0, 
q 2 = deg^ 2 > 0, pi = deg^, p 2 = deg^ 2 , Qi(z,w 2 ) and Q 2 (z,w 1 ) are respectively 
monic polynomials. Ai(t + 1) = max{pi,gi}, X 2 (t + 1) = max{p 2 5 92 }, A' = min{Ai, A 2 }, 
c = max{|ci|, | C 2 1,..., \c n \}. If there exists a, (3 G [0, A'(t-l-l)), such that for all r sufficiently 
large, 


, fM^h) ) < Q-_/v(r + c, 101 ( 2 )) + S(r, uq), 
il 2 (z,wi) 

N n 3 („,w 2 h < + c W2 ( z )) + S(r, w 2 ), 

ih{z,w 2) 


and 


' n 

y. Aifc(t + l)iV(r, 1 / 11(2 + Cfc)) < aN(r + 0 , 101 ( 2 )) + S(r, wi), 

k= 1 
n 

y. A 2 fc(t + l)iV(r, w 2 (z + Cfc)) < /?iV(r + c,w 2 (z)) + S(r,w 2 ). 
„ fc=l 


( 2 . 3 ) 
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Then, either at least one of 


p{w i) = +00 ,p{w2) = Too 

will be true, or at least one of 


Qi(z,w 2 ) = (w 2 (z) T h 2 (z)) qi ,Q 2 (z,w 1 ) = ( w 1 (z ) T hi(z )) q2 


will be true, where h\(z) is a small meromorphic function relative to w\(z), h 2 (z ) is a 
small meromorphic function relative to w 2 (z). 

Theorem 2.3. Suppose that (1111(2:), w 2 (z)) is a transcendental meromorphic solution 
of the following system of complex differential-difference equations 


£li(z,wi) 

£l 2 (z,w\) 

^3{Z,W 2 ) 

„ n 4 (z,w 2 ) 


w 2 {p(z)), 
m (p(z)), 


( 2 . 4 ) 


where p(z) is a polynomial of degree d> 2. Am = max {hi,k, k = 1,2,. .., n. 

hehJieJi 
n n 

X 2 k= max {Zi 2) fc,mj 2) fe}, k = 1 , 2 ,..., n. Ai = V'Ai k , A 2 = Y' X 2 k, A = max{Ai, A 2 }. 

i2e/2j2ej2 _ _ 

Moreover, we assume that A(f T l) 2 > d. Then 

T(r,w 1 ) = 0((log r) a+£ ), 

T(r , w 2 ) = 0 (( logr) a+£ ), 

, logA(tTl) 2 , , , 

where a = -=-, and e > 0 is arbitrarily small. 

log d 


3 Some Lemmas for the Proof of Theorems 

We need the following lemmas to proof theorems. 

Lemma 3.1 (see [23]) Let 

ao(z) T ai(z)w(z) H- \-a p (z)w p (z) 

K(z,w(z)j = , / . - , , , — - , . , - 

b 0 (z) T bi(z)w(z) -\ -h b q (z)w q (z) 

be an irreducible rational function in w(z) with the meromorphic coefficients {cii(z)} and 
{bj(z)}. If w(z) is a meromorphic function, then 

T (r, R(z, w(z))) = ma x{p, q}T(r, w(z )) + T(r, <n(z )) T T(r, bj(z))}. 

Lemma 3.2 (see [3]) Let w(z) be a transcendental meromorphic function, then 

T(r, w ^) < ( k T l)T(r, w) + S(r , w). 

Lemma 3.3 (see [11]) Let w(z) be a non-constant meromorphic function of finite 
order, c is a non-zero complex constant, then 

T(r, w(z + c)) = T(r, w) T S(r, w), 
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for all r outside of a possible exceptional set with finite logarithmic measure. 

Lemma 3.4 (see [6]) Let J \, f 2 ,..., fp be distinct meromorphic functions and 

£ fi 1 f2 2 ---fp p 

F(z ) = EW = ^_ 

Q( z ) 

iei 0 

If s v = max{ max k v , maxi,,), v = 1,2,...,». Then 
A'eiYo iei 0 

p 1 

m(r , F) < £ s v m(r, f v ) + N(r, Q) - N(r , —) + 0(1), 

-u=l 

P 

T(r, F) < ^£ s v T(r, f v ) + 0(1), 

U=1 

where Q(z) / 0, /T 0 = {K = (ki,k 2 ,. ■ ■ ,k p ) : k v G IV |J{0}, ^ = 1,2, I 0 = {/ = 

(ii, * 2 ,... ,i p ) : i v €. N U{0}, v = 1,2,...,p} are two finite index sets. 

Lemma 3.5 (see [24]) Let w(z) be a meromorphic function and let be given by 

4* = w n + a n -iw n + • • • + ciq, 


T(r,aj ) = S(r,w),j = 0,1 1. 

Then either 

$= (u;+ ^zl)n 

n 

or 

T(r, w) < N(r, —) + N(r, w) + S(r, w). 

Lemma 3.6 (see [22]) Let w(z) be a non-constant meromorphic function and let 
P(z,w),Q(z,w ) be two polynomials in w(z) with meromorphic coefficients small relative 
to w(z). If P{z,w) and Q(z,w) have no common factors of positive degree in w(z) over 
the held of small functions relative to w(z), then 


N(r, 


Q(z,w ) 


< N(r, 


P(z , w) 
Q{z,w) 


S(r , w). 


Lemma 3.7 (see [21]) Let T : [0,+ 00 ) —> [0,+ 00 ) be a non-decreasing continuous 
function, <5 G (0,1), s G (0, + 00 ). If T is of finite order, i.e 


lim 

r—>00 


log T{r) 
logr 


p < 00 , 


then 

r(r + S )=T(r)+»(hh), 

outside an exceptional set of finite logarithmic measure. 

Lemma 3.8 (see [14]) Let w(z) be a transcendental meromorphic function, and 
p(z) = dkZ k + ak-iz k ~ l + ■ ■ ■ + a\z + ao, / 0, be a non-constant polynomial of degree 
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k. Given 0 < 5 < |afc|, denote A = |afc| + S and g = \ak\ — S. Then given e > 0 and 
a £ C U {oo}, we have 

kn(gr k , a,w) < n(r,a,w(p(z ))) < kn(Xr k ,a,w), 

N(gr k , a , w) + O(logr) < N(r , a, w(p(z ))) < N(Xr k , a, w ) + O(logr), 

(1 — e)T(gr k , w) < T(r, w(p(z))) < (1 + e)T(Xr k , w). 

Lemma 3.9 (see [2]) Let g : (0, +oo) —> R, h : (0, +oo) —>• R be monotone increasing 
functions such that g(r) < h{r) outside of an exceptional set E of finite linear measure. 
Then, for any a > 1, there exists ?’o > 0 such that g(r) < h(ar ) for all r > vq. 

Lemma 3.10 (see [15]) Let <j>i : [ro, +oo) —> (0, +oo)(i = 1, 2) be positive and bounded 
in every finite interval, and suppose that 

< Ai<f>i(r) + Bi<p 2 (r) + di, 

<t> 2 {gr m ) < A 2 0i{r) + B 2 0 2 (r) + d 2 , 

holds for all r large enough, where g > 0, m > 1 , Ai > 1, Bj > 1, (i = 1,2), and d \, d 2 are 
real constants. Then 


01 (r) = 0((logr)“), 02 (f) = 0((logr) Q ) 


where a 


log22l 
log m ’ 


max{Aj, Bi }. 


4 Proof of Theorems 2.1-2.3 

Proof of Theorem 2.1. Suppose that (w\(z), w 2 (z)) is a set of finite order 
transcendental meromorphic solution of system of complex differential-difference equations 
(2.1). Using Lemma 3.1, Lemma 3.2, Lemma 3.3 and Lemma 3.4, we obtain 


max{pi, qi}T(r, w 2 ) = 


< 


< 


T(r, Ri(z,w 2 )) + S(r, w 2 ) 

T r ’7T7-T ) + S r ’ ^2 

A h(z,wi) 

n 

J2X lk T(r,w?(z + c k )) + S(r,w i) + S(r, w 2 ) 

k =1 
n 

^Ai k (t + l)T(r,wi(z + c k )) + S(r, wi) + S(r,w 2 ) 


k= 1 
n 


Y k(t + l)T(r,wi(z)) + S(r, wi) + S(r, w 2 ) 

k=l 

Xi(t + l)T(r, rci) + S(r, w±) + S(r , w 2 ). 


Thus, we have 

max{pi, (/i}T(r, w 2 ) < Xi(t + l)T(r, wi) + S(r, wi) + S(r, w 2 ). (4.1) 

Similarly, we obtain 

max{p 2 ,q 2 }T(r,wi) < X 2 (t + 1 )T(r,w 2 ) + S(r, w\) + S(r,w 2 ). (4.2) 
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It follows from (4.1) and (4.2) that 

max{pi, qi} max{p 2 ,< 72 } < (t + 1) 2 AiA 2 . 
Theorem 2.1 is proved. 


Proof of Theorem 2.2. Suppose that {w\(z),w 2 (z)) is a set of transcendental 
meromorphic solution of (2.1) and the second alternative of the conclusion is not true. It 
follows from Lemma 3.5, Lemma 3.6, (2.1) and (2.2) that 


T(r,w 2 ) < N(r, wry---) + N(r, w 2 ) + S(r, w 2 ) 

Ql(z,W 2 ) 

< N(r, + N(r , w 2 ) + S(r, w 2 ) 

Qi{z,w 2 ) 

= N ( r , q 1Wl ) + N(r,w 2 ) + S{r,w 2 ) 

_ n 2 (z,wi) _ 

< aN(r + c, wi) + N(r,w 2 ) + S(r,wi) + S(r, w 2 ). 


Thus, we obtain 

T(r, w 2 ) - N(r, w 2 ) < aN(r + c, wi) + S(r, wi) + S(r , w 2 ). (4.3) 

where a G [0, A'(t + 1)), A' = min{Ai, A 2 }, Ai(i + 1) = max{pi, qr}, A 2 (t + 1) = max{p 2 , q 2 }. 
Similarly, we have 

T(r , wi) — N(r,wi) < (3N(r + c, w 2 ) + S(r, wi) + S(r, w 2 ). (4-4) 

where f3 G [0, A'(f + 1)), A' = min{Ai, A 2 }, Ai(t + 1) = max{pi,qi}, A 2 (f + 1) = max{p 2 , q 2 }. 
Assuming, contrary to the assertion, that p{wi ) < + 00 , i = 1,2. Then it implies that 

S(r,Wi(z + c fc )) = S(r,Wi(z)),i = 1, 2, A: = 1, 2,..., n. 

By (4.3) and (4.4), we obtain 

^(r, w 2 (z + Cfc)) - M(r,u; 2 (z + c fc )) < aN(r + c,wi(z + c k )) + S(r,wi) + S(r,w 2 ). (4.5) 

T(r,wi(z + Cfc)) - N(r,wi(z + c fe )) < /3IV(r + c,w 2 (z + c fe )) + 5(r,u;i) + S(r,w 2 ). (4.6) 
where k = 1,2 ,n. 

Applying Lemma 3.1, Lemma 3.2, Lemma 3.4 and Lemma 3.7, and using (2.3) and 
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(4.6), we conclude that 

X 1 (t+l)T(r,w 2 ) = T(r, 77 - 7 ——r) + S(r,w 2 ) 


< 


< 


^2 (z,wi)' 

n 

22 X uT(r, wf\z + c fc )) + S(r, wi) + S(r, iu 2 ) 


k =1 


< 


< 


22 Ai kit + l)T(r,wi(z + c fe )) + S(r,w 1) + S(r,w 2 ) 

fc=i 

n n 

y Aifc(t + l)[T(r,wi(z + c fc )) - N{r,wi(z + c fc ))] + y A lfc (i + l)N(r, 101(2; + 

k= 1 /c=l 

+5(r, wi) + 5(r, io 2 ) 

n 

22 ^ lk (* + l)/^-A r ( r + c, ^2(2; + c fc )) + <x/V(r + c, w\(z)) + S(r, w \) + 5(r, io 2 ) 

fe=i 

n 

22 ^ k{t + l)/3AT(r- + 2c, 102(2;)) + aN(r + c, 101(2:)) + S(r, ioi) + 5(r, io 2 ) 


fe=i 


< 


y Aifc(t + 1 )/3N(r + 2c, 102 ( 2 ;)) + aN{r + 2c, 101 ( 2 ;)) + S(r, w±) + S(r, w 2 ) 
< Ai(i + l)f3N{r + 2c, w 2 (z)) + aN(r + 2 c, 101 ( 2 :)) + S(r,ioi) + S(r,w 2 ). 

Therefore, we have 

T(r,w 2 ) — N(r,w 2 ) < /3N(r + 2c, w 2 ) + 


a. —, 

N(r + 2c, 101 ) 


_ Ai(i + 1) 

—N(r, w 2 ) + S(r,w\) + S(r, w 2 ) 


(4.7) 


Similarly, applying Lemma 3.1, Lemma 3.2, Lemma 3.4 and Lemma 3.7, and using (2.3) 
and (4.5), we conclude that 


N(r + 2c, w 2 ) 


T(r,wi) - N(r,wi) < aN(r + 2c,wi) + 

A2(t+Ij 
-N(r,wi) + S(r, 101 ) + S(r, w 2 ). 


(4.8) 


Applying Lemma 3.7, and using (4.8), we obtain 

n n 

Ai (t + 1 )T(r,w 2 ) < 22 -W* + 1 )[T(r,wi(z + c k )) - N(r,wi(z + c fe ))] + 22 'W* + 1 )N(r,wi(z + 


k =1 

+S(r, wi) + S(r, w 2 ) 


k =1 


< 


y A lk (t + 1 )[aN(r + 3c, wi) + f N(r + 3 c,w 2 ) - N(r - c,w 1 )] 

k =1 ' 


+aN(r + c,wi(z)) + S(r, wi) + S(r, w 2 ) 

< Ai a(t + 1 )N(r + 3c, 101 ) + ^^-N(r + 3c, w 2 ) — Ai (t + l)N(r — c, w 1 ) 
_ ' A 2 

+aN(r, wi(z)) + S(r,w\) + S(r,w 2 ). 


Namely, 


T(r,w 2 ) < aN(r + 3c, w\) + ^ lV(r + 3c, io 2 ) - N(r, w\) 

A 2 (r + 1) 

+ A i( ; + 1 ^ iV ( r ’ Wl ( z )) + s (r,wi) + s ( r , w 2 ). 
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Thus, we obtain 

T(r,w 2 ) — N(r,w 2 ) < aN(r + 3c, w\) + ———— N(r + 3c, w 2 ) - N(r, wi) 

A 2 (t + 1) 
a, _ _ 

+ . 77 . N(r,wi(z)) - N(r, w 2 ) + S(r,w i) + S(r, w 2 ). 

Ai(t + 1J 

Similarly, applying Lemma 3.7, and using (4.8), we have 

T(r, w\) — N(r, w\) < 0N(r + 3c,w 2 ) + — -— N(r + 3c, w\) — N(r, w\) 

\i(t + 1) 

+ . yyy Tr N(r, w 2 (z)) - N(r,w 2 ) + S(r,wi) + S(r,w 2 ). 

a 2 (t + 1J 

This implies that 

— — 0 — — 

T(r,w 2 ) - N(r,w 2 ) < aN{r + 3c, w\) + —-— N(r + 3c, w 2 ) - N(r, wi) 

\ 2 (t + 1) 

+ \ i\ N (r,wi(z)) - N(r, w 2 ) + S(r, w\) + S(r, w 2 ), 

< _ M(t + 1) 

T(r, w\) — N(r, w\) < 0N(r + 3c,w 2 ) + — - —N(r + 3c, w{) — N(r, wi) 

M(t +1) 

+ \ 2 (t + l) N ^ r ' W2 ( z ^ ~ N(r,w 2 ) + S(r, w\) + S(r,w 2 ). 

(4.9) 

We now proceed, inductively, to prove 

T(r, w 2 ) — N(r, w 2 ) < aN(r + (2m + l)c, w\) + — -N(r + (2m + l)c, w 2 ) — mN(r , u>i) 

\ 2 {t + 1) 

rri fy _ _ 

+ . ,,- N(r,wi(z)) - mN(r, w 2 ) + S(r,w 1 ) + S(r,w 2 ), 

< _ _i( + ) ma _ _ 

T(r, nil) — N(r, w 1 ) < 0N(r + (2m + l)c, w 2 ) + — -— N(r + (2m + l)c, w 1 ) — mN(r , u>i) 

Ai(t + 1) 

JJl/j _ _ 

+ \^iTT) N{r ’ W2{z)) ~ miV ( r ’ u;2 ) + s ( r ’ w i) + s ( r , w 2)- 

(4 - 10) 

The case m = 1 has been proved. We assume that (4.10) holds when m = l. 

n 

\i(t + l)T(r,w 2 ) < y^A ifc (t + l)[T(r,wi(z + c k )) - N(r, wi(z + c fe ))] 

fc=i 

n 

+ ^2^ik{t + 1 )N(r, W!(z + c k )) + S(r, wi) + S(r, w 2 ) 


la — 


< 'y ' Ai k{t + l)[0N(r + (21 + l)c, w 2 (z + c&)) + - , A^(?’ + (2 1 + 1, 

^ Ai(t + 1) 

—lN(r, w\(z + Cfc)) + x ^ N^Mz + Ck)) - lN(r,w 2 (z + c k ))\ 

+aN(r + c, rci(z)) + 5 , (r, wi) + S(r, w 2 ) 

_ 1 ry _ 

< Ai(t + 1 )[0N(r + (2 1 + 2)c, w 2 (z)) + ^ t + 1 ^ N ( r + ( 21 + 2 ) c > ^ 1 ( 2 )) 

-lN(r - c, wi(z)) + x Jf + 1 ^ iV ( r + c ’ w s(^)) - ^V(r - c, iy 2 (^))] 
+aN(r + c,wi(z)) + S(r, wi) + S(r, w 2 ). 


N(r + (21 + l)c, w\(z + Ck)) 
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Therefore 


_ / ry _ 

T(r,w 2 ) < /3N(r + (21 + 2)c, w 2 (z)) + N(r + (21+ 2)c,wi(z)) 

+ IJ 

—IN(r, w±(z)) + j-^—N(r,w 2 (z)) - lN(r,w 2 (z )) 

Q; _ 

+ Ai ( t + l^ (r, u>i(*)) + 5(r, w\) + S(r, w 2 ). 

Namely, 

_ _ l(y _ 

T(r,w 2 ) — N(r,w 2 ) < /3N(r + (21 + 2)c,w 2 (z)) + — N(r + (21 + 2)c, wi(z)) 

+ IJ 

-lN(r, wi(z)) + | + l \ N ( r ^ W*)) - W(r, w 2 (z)) 

_ O' _ 

-N(r, w 2 ) + N(r,wi(z )) + S(r, 7 / 4 ) + S(r,w 2 ). 

M (t + IJ 

Similarly, 

T(r, uii) - lV(r, uii) < aJV(r + 2(1 + l)c, wi(-z)) + N(r + 2(1 + l)c,w 2 (z)) 

A 2 (i + Ij 

_ Iq> _ _ 

-lN(r, w 2 (z )) + -^-p^yiV(r,rei(z)) - lN(r,wi(z)) 

-N(r,wi) + iV(r,u; 2 (.s)) + S , (r,u;i) + S(r,w 2 ). 

A-2 [t + ij 

n 

Ai(t + l)T(r,w 2 ) < ^ Ai k (t + l)[T(r,wi(z + c fc )) - N(r,wi(z + c fe ))] 


+ ^A i fc(f + l)iV(r, 101(2:+ c fc )) + S(r, u>i) + S'(r, u> 2 ) 

fc=i 

n _ IQ 

V] Aifc(f + l)[<x/V(r + 2(1 + l)c + c,wi(z)) + —— iV(r + 2(1 + 1 )c + c,w 2 (z)) 

ti A 2 (t + 1) 

_ Iq/ _ _ _ 

-lN(r - c, w 2 (z)) + — iV(r + c, 101(2:)) - ZiV(r - c, 101(2:)) - iV(r - c, 101(2:)) 

Aiff + ij 

+ 7 -, N(r + c, io 2 (2:))] + aN(r + c, 101) + S(r, 101) + 5 (r, io 2 ). 

A 2 {t + IJ 


This implies that 


T(r, w 2 ) < aN(r+ [2(l+ 1)+ l\c,wi) + j-^^N(r+[2(l+ 1)+ l\c,w 2 ) 

- lN(r,w 2 ) + AT(r, wi(z)) - (Z + l)N(r,wi(z)) 

+S(r, wi) + S(r, w 2 ). 


T(r, w 2 ) — N(r, w 2 ) < aN(r + [2(1 + 1) + l]c,ioi) + ^ IV(r + [2(Z + 1) + l]c, w 2 ) 

A 2 (r + 1) 

-(/ + l)IV(r,io 2 ) + wi(z)) - (/ + l)N(r,wi(z)) 

+S(r, wi) + S(r, w 2 ). 
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Similarly, 


T(r, wi) - N(r, w\) < /3N(r + [2(1 + 1) + l]c, w 2 ) + N(r + [2(1 + 1) + 1 ]c, wi) 

M{t + 1 ) 

-(l + l)N(r,w 2 ) + j^^ N (r,w 2 ( z )) - (l + l)N(r,wi(z)) 
+S(r,w 1 ) + S(r, w 2 ). 

The above two inequalities shows that (4.10) holds for m = l + 1. We complete the 
induction. 

Applying Lemma 3.7, and using (4.10), we obtain 

_ _ Oi Oi _ R _ 

N(r,wi) + N(r,w 2 ) < (— + —-—— )N(r, iwi) + - N{r,w 2 ) + S(r,wi) + S(r,w 2 ), 

m Ai(t + 1) A 2 (t + 1) 

N(r, + N(r, w 2 ) < (— + f )N(r, w 2 ) + ° N(r, wi) + S(r, wi) + 5(r, w 2 ). 

m A 2 (t + 1) Ai(t + 1) 

(4.11) 


Noting that a, f3 G [0, A '(t + 1)), A' 

la a 

rji m Ai (t + 1) 

1_ @ | P 

r) 2 m X 2 (t + 1) 

By (4.11), we have 


= min{Ai, A 2 }. Let m be large enough such that 
= a( m + Ai(t + 1) ) < A 2 (t + 1) < L 


— -b 


1 


m A 2 (t + 1) 


< L 


a 


Ai (t + 1) 


< 1. 


(1 - —)N(r,w 1 ) + (1 - f ) N (r,w 2 ) < S(r, w{) + S(r,w 2 ), 

Vi Ht + !) _ (4.12) 

(1- )N (r, w 2 ) + (1 - ———— ) N (r,wi) < S(r, wi) + S(r,w 2 ). 

V 2 Ai(i + 1) 

Using (4.12), for m large enough, we conclude that 

N(r, wi) = S(r, wi) + S(r, w 2 ). 

N(r,w 2 ) = S(r,wi) + S(r,w 2 ). 

Applying Lemma 3.7, and using (4.3) and (4.4), we have 

T(r,wi) = S(r,wi) + S(r,w 2 ). 

T(r,w 2 ) = S(r,wi) + S(r,w 2 ). 

Thus 

[1 + o(l)]T(r, wi) = S{r , w 2 ). 

[1 + o(l)]T(r, w 2 ) = S(r, wi). 

Therefore 

[1 + o(l)]T(r, w\)T(r,w 2 ) = S(r,w 1 )S(r,w 2 ). 

Then we obtain 1 = 0, which is a contradiction. Therefore, we conclude that at least one 
of p(w\) = +00 ,p(w 2 ) = +00 will be true. 


13 


939 


WANG Yue ET AL 927-942 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


This completes the proof of Theorem 2.2. 

Proof of Theorem 2.3. Suppose that (wi(z),W 2 (z)) is a set of transcendental 
meromorphic solution of (2.4). Applying Lemma 3.2, Lemma 3.4 and Lemma 3.8, and the 
first equation of (2.4), we have 

(1 - £ 2 )T(/J,r d , W 2 ) < T(r,w 2 {pz )) 

= 

ih(z,w 1 ) 

n 

< y^Aj k T(r, w^jz + Ck)) + S(r, wi) 

k =1 
n 

< ^2^ik{t + l)T(r, w\{z + Cfc)) + S(r,wi) 

k =1 
n 

< ^2>^ik(t+ l)T(r + c,wi(z)) + S(r,wi), 

k =1 

where £2 > 0 is arbitrarily small. 

For every /3i > 1, and for r large enough, we obtain 

T(r + c, uq) < T(/3ir, uq). 

Suppose that r to be large enough, outside of a possible exceptional set with finite 
logarithmic measure, we conclude that 

(1 - £ 2 )T{fj,r d ,W 2 ) < Ai (t + 1)(1 +ei)T(/3 1 r,w l ), 

where eq > 0 is arbitrarily small. 

By Lemma 3.9, whenever 71 > 1, for all r large enough, we obtain 

(1 - £ 2 )T(pr^,W 2 ) < Ai (t + 1)(1 + £i)T(/3i'yir,wi). (4-13) 

Similarly, 

(1 - £i)T(pr d , wi) < A 2 (t + 1)(1 + £ 2 )r(/ 3 2 72 AtC 2 ). (4.14) 

Denote (3 = max{/?i ,7 = max{ 7 i, 72 }, £ = maxjsi, £ 2 ,£i, £ 2 }- Then (4.13), (4.14) 
may become 


(1 - £)T(nr d ,w 2 ) < Ai (t + 1)(1 + e)T(fi'yr,w{). 

(4.15) 

(1 -£)T(nr d ,w 1 ) < \ 2 {t + 1)(1 + e)T(^7r, w 2 ). 

(4.16) 

/3yr, then the above two inequalities become 


rp, M jii ^ Ai(t + l)(l + e) 5 

1 - e 

(4.17) 

rp, M jii ^ ^ A 2 (t + 1)(1 + e) a ^ 

W 0 i-5 { ' m) ' 

(4.18) 
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Noting that A = max{Ai, A 2 }, by means of Lemma 3.10, we obtain 

T(r,wi) = 0((log r) s ), 

T(r,w 2 ) = 0((log r) s ), 

log (t + 1) 2 A 


log (w£|!±£! log(t 4- 1) 2 A 
where s = - : —=-= - : —=-|-o(l). Let a = 


log d log d 

This completes the proof of Theorem 2.3. 


logd 
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Abstract: In this paper, we mainly investigate a certain type of difference 
equation of the form f n (z) + p(z)(Af) m = r(z)e g ( z \ where p(z),r(z),q(z) are 
nonzero polynomials and n, m are two positive integers satisfying n > m. Some 
examples are also structured to show that our results are sharp. 

Key words and phrases: meromorphic; difference equation; small function. 
2000 Mathematics Subject Classification: 30D35; 34M10. 

1 Introduction and main results 

In this paper, a meromorphic function always means it is meromorphic in the 
whole complex plane C. We assume that the reader is familiar with the standard 
notations in the Nevanlinna theory. We use the following standard notations in 
value distribution theory (see [5, 7, 11, 12]): 


T{r, f),m(r, /), N(r, /), N(r, /),•••• 

And we denote by S(r, /) any quantity satisfying S(r, /) = o{T(r , /)}, as r —> 
oo, possibly outside of a set E with finite linear or logarithmic measure, not 
necessarily the same at each occurrence. A polynomial Q(z, f) is called a dif¬ 
ference polynomial in / if Q is a polynomial in /, its derivatives and shifts with 
small meromorphic coefficients, say {cia|A € /}, such that T{r,a\) = S(r,f) for 
all A £ I. We define the difference operator A/ = f(z + 1) — f(z). 

One of the most important results in the value distribution theory is the follow¬ 
ing theorem due to Hayman. 

‘Corresponding author. This research was supported by the Fundamental Research Funds 
for the Central Universities (No. 2015QNA52). 
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Theorem 1 If g is a transcendental meromorphic function, then either g itself 
assumes every finite complex value infinitely often, or g^ assumes every finite 
non-zero value infinitely often. 

As a consequence of Theorem 1, we have 

Theorem 2 If f is a transcendental entire function, then f 2 + af has infinitely 
many zeros for each finite non-zero complex value a. 

In fact, if / is an entire function, then g = j has not any zero. It follows from 
Theorem 1 that g' — ^ has infinitely many zeros, namely f 2 + af has infinitely 
many zeros. 

It is well known that Af can be considered as the difference counterpart of 
f. The difference analogue of the lemma on the logarithmic derivative and 
Nevanlinna theory for the difference operator have been established recently 
(see [1, 2, 3, 4, 6], which brings about a number of papers focusing on difference 
topics. And so here one nature question arise, that is what can be said if we 
replace f 2 + af with f 2 + aAf in Theorem 2? Here we shall deal with this 
problem and obtain the following main result. 


Theorem 3 If f is a transcendental entire solution of finite order of the fol¬ 
lowing non-linear difference equation 

f 2 (z)+p(z)Af = r(z)e^\ (1) 

where p(z),r(z), q(z) are nonzero polynomials such that degp(;z) < 1 , then 


A/ = 0, 


and f must be of the form 

f{z) = ce“, 

where c f 0 and k £ Z. 

Example 1 For the following non-linear difference equation 
f 2 ( z ) + (z— 1) 2 A/ = (z(z — l)) 2 e 47riz , 
it admits a finite order transcendental entire solution 
f(z) = z{z l)e 2 ™ - (z - 1). 


But AffO. 

This example shows that the assumption degp(,z) < 1 is necessary for our result 
in Theorem 3. And from Theorem 3, we also obtain the following corollary 
corresponding to Theorem 2. 
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Corollary 1 Let f be a transcendental entire function of finite order and A / ^ 
0, then f 2 {z) + p(z)Af has infinitely many zeros, where p(z) is a nonzero poly¬ 
nomial whose degree is at most 1. 

This corollary can be regarded as the general case of the following result (see 
Theorem 1.1 in [9]) due to Liu and Laine in some sense. 

Theorem 4 [9] Let f be a transcendental entire function of finite order p, not of 
period c, where c is a nonzero complex constant. Then the difference polynomial 
f n (z) + f(z + c) — f(z) has infinitely many zeros in the complex plane, provided 
that n > 2. 

In 1970, C. C. Yang [13] obtained the following well known theorem. 

Theorem 5 Let m, n be two positive integers satisfying ^ ^ < 1. Then there 

are no transcendental entire solutions f(z) and g(z) satisfying the equation 

a (z)f n (z) + b(z)g m (z) = 1 

with a(z),b(z) being small functions of f(z). 

People have obtained quite a number of results by considering special functions 
f,g in Theorem 5. For example, J. Zhang [14] obtained the following result. 

Theorem 6 For the following difference equation 

r(z) + r(z+i)=p(z), 

where p(z) is a nonzero polynomial with degp(,z) = k , suppose it admits a 
transcendental entire function f(z) of finite order. Then holds 

(i) m = n = 2 ,p(z) is a nonzero constant and f{z) has form of f(z) = ae Az + 
be~ Az , where e A = —i and a,b are two constants such that Aab = p. 

(ii) m = n = 1 and /( fe+1 )(;j) is a periodic entire function with period 2. 

Here we consider the non-linear difference equation of the following form 

f n (z)+p(z)(Afr=r(z)e^\ ( 2 ) 

where p(z),r(z),q(z) are nonzero polynomials and n > m , and obtain the fol¬ 
lowing theorem, which can be considered as the more general case in Theorem 

3. 


Theorem 7 If equation (2) admits a transcendental entire solution f with finite 
order such that A f ^ 0 , then n = 2 and m = 1. 

Example 2 For the following non-linear difference equation 

f(z) + Af = ee z , 

it admits a finite order transcendental entire solution 

f{z) = e*. 


But AfjtO. 
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Example 3 For the following non-linear difference equation 

f( z ) ~ ^(A/) 2 = e viz , 

it admits a finite order transcendental entire solution 

f{z) = e 2niz + e" iz . 

But Af ^ 0. 

Examples 2-3 show that the assumption n > m is necessary for our result in 
Theorem 7. Combining Theorem 3 and Theorem 7, we can obtain the following 
corollary. 

Corollary 2 For the non-linear difference equation of the form 

r(z)+p(z)(Af) m =r(z)e^ z \ (3) 

where p(z),r(z), q{z) are nonzero polynomials satisfying deg p(z) < 1 and n,m 
are two positive integers satisfying n > m, the equation (3) admits no finite 
order transcendental entire solution f such that A f ^ 0. 

2 Some lemmas 

To prove our results, we need some lemmas as follows. 

Lemma 1 (seeflf) Let f(z) be a transcendental meromorphic function with fi¬ 
nite order a. Then for each e > 0, we have 

= 0(r a ~ 1+e ). 

Lemma 1 has another form as follows. 

Lemma 2 (see [3]) Let f be a meromorphic function with a finite order a, and 
p be a nonzero constant. Then 

, f(z + V K p, ,N 

m ’ /o) ) = 

Lemma 3 (see [10]) Let f be a transcendental meromorphic function and 
F = a n f n + a n -if n 1 + • • • + ao ( a n ^ 0) 
be a polynomial in f with coefficients being small functions of f. Then either 

F = a n (f + ^F±) n or T(r, f) < N(r, i) + N(r, f) + S(r, /). 
na n T 
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Lemma 4 (see[8]) Let f(z) be a transcendental meromorphic solution of finite 
order a of a difference equation of the form 

H(z, f)P(z, f) = Q(z, /), 

where H(z, f),P(z, f),Q(z, f) are difference polynomials in f(z) such that the 
total degree of H(z, f) in f(z) and its shifts is n and that the corresponding total 
degree of Q(z,f) is at most n. If H(z,f) just contains one term of maximal 
total degree, then for any e > 0, 

m(r, P(z , /)) = 0(r CT-1+£ ) + S(r, f) 

holds possibly outside of an exceptional set of finite logarithmic measure. 
Remark 1 From Lemmas 1-2, we can obtain m(r , P(z, /)) = S(r, f) in Lemma 

l 

3 The proofs of main theorems 

1. Proof of theorem 3. 

First of all, suppose equation (1) admits a transcendental entire solution / with 
finite order. We may assume q(z) is not any constant. Otherwise if q(z) is a 
constant, then we rewrite equation (1) as the following form 

/ 2 = re q - pAf. 


By Lemma 2, we see 

2 T(r, f) = m(r, f 2 ) = m{r, A/) + S(r, f ) < m(r, f) + S{r, /), 

which is impossible. By differentiating equation (1) and eliminating e q ^ z \ we 
obtain 

/t 2 /' - (-+</)/] + pAf' + p'Af - p(- +q’)Af = 0. (4) 

r r 

Set H = 2/' — Bf , where B = ^ + q' . Since q{z) is not any constant, we see B 
is a nonzero rational function with deg^ B > 0, specially, lim B(z) is nonzero 

z—> oo 

constant or oo. Thus we rewrite equation (4) as the following form. 

fH+ P Af + (p'-Bp)Af = 0. (5) 

By applying Lemma 4 to equation (5), we see 

m(r,H) = S(r, /), 

which means T(r, H) = S(r, /). From the definition of H , we get 

f' = \{H + Bf). ( 6 ) 
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It follows equation (6) that 


A/' = -[AH + B(z + l)Af + AB-f]. 


From equation (5), we see 


Af = --[Hf + (p' -pB)Af\. 


If pB(z + 1) + 2 (p r — pB) = 0, then 


1 _ = 2(1 - ^ 1 )^ 2 , asz-,00, 

B p B 


(7) 

( 8 ) 


which is impossible. Thus we can assume pB(z + 1) + 2 (p' — pB) f 0. By 
eliminating Af in equations (7)- (8), we get 


A/ = ai/ + «o, (9) 

where 

2 H+ pAB _ pAH 

ai pB(z + 1) + 2(p' -pB) a ° pB(z + 1) + 2{p’ - pB) 

are two small functions of /. Substituting equation (9) into equation (1), we 
get 

f{z) +p(z)a 1 {z)f +p(z)ci 0 (z) = r(z)e q{z) . 

That is to say f 2 (z) + p(z)ai(z)f + p(z)ao(z) has just only finitely many zeros. 
It follows from Lemma 3 that there exists a small function /3 with respect to / 
such that 


f(z) +p(z)a 1 (z)f+p(z)a 0 (z) = (/ + /?) 2 = r(z)e*M. (10) 

From equation (10), we get pa\ = 2/3, pcio = /3 2 and 

/ = Re® — f3, (11) 

where R = fr and Q = | are two nonzero polynomials. Thus from (11), we 
get (3 is an entire function and 

Af = [R(z + l)e AQ - R\e Q - A/3. (12) 

Thus from (9), (11) and (12), we obtain 

[i?( 2 + l)e Ag - 1?- 2 ^l}e Q = A/3- —. (13) 

P P 

It is obvious that T(r , /) = T(r, e g ) + S(r, f) from equation (11), which means 
R(z + l)e Ag — R — and A/3 — are small functions of e g . Therefore from 
equation (13), we see 
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A/3- = R{z + l)e AQ - R - — = 0. (14) 

P P 

Thus pA/3 = /3 2 , where /3 = i?e^—/ is an entire function. If /3 is a transcendental 
entire function, then from Lemma 2, we see 

2T(r, /3) = m(r, /3 2 ) = ?n(r, A/3) + 5(r, /3) < m(r, /3) + //(r, /3), 

which is impossible. If /3 is a polynomial, then 

2deg/3 = deg/3 2 = deg(pA/3) = degp + deg A/3 = degp + deg/3 — 1, 

which implies cleg/3 = degp — 1 < 0. Thus it follows from equation (14) that 
/3 = 0 and R{z + l)e A< ^ = R. It means e A< ^ is a constant, which leads to 
Q(z) = mz + n. Then 

e m = e A ® R —> 1, as z —> oo. 

R(z + 1) 

Therefore i?(^) = R(z + 1), that is to say R is a constant. By pa± = 2/3, 
pao = /3 2 , we see a\ = ao = 0, which means A/ = 0 from equation (9). 
Thus we have / = e m2:+rl = ce mz and then A/ = c(e m — l)e mz , which implies 
to = 2fc7r/, fc £ Z. 

The proof of Theorem 3 is completed. 

2. The Proof of Theorem 7. 

First of all, suppose equation (2) admits a transcendental entire solution / with 
finite order. We may assume q(z ) is not any constant. Otherwise if q(z) is a 
constant, then we rewrite equation (2) as the form 

/" = re q -p(Af) m . 

By Lemma 2, we see 

nT{r, f) = m(r, f n ) = mm(r, A/) + S(r, /) < mm(r, f) + S{r , /), 

which is impossible when n > to. By differentiating equation (2) and eliminating 
e 9(z), we obtain 

/"“>/' - Bf] = {Bp - p')(Afr - mp{Af) rn ~ 1 Af, (15) 

where B is defined as same as in Theorem 3. Set H = nf — Bf. If H = 0, then 
/ must be form of 

f(z) = cR(z)e^ z \ (16) 

where R = yfr and Q = - are two polynomials. From equation (16), we see 

A f = Ae Q( - z \ (17) 
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where A = c(R(z + l)e A< ^ — R). It is obvious that T(r,A) = S(r,e®). By 
our assumption A/ ^ 0, we see ^4^0. Substituting equations (16)-(17) into 
equation (2), we see 

(c" - 1)1?” = -~ P A m e (m - n)Q , 

which contradicts our assumption that q is a nonconstant polynomial. Thus H ^ 
0. Next we shall consider the following two cases separately to our discussion. 
Case 1 n > m + 1. By applying Lemma 4 to equation (15), we see 

m(r,H) = S(r,f) 

and 

m(r,Hf) = S(r, /), 

From the two equations above, we obtain 

T(r,f) = m(r , /) < m(r,Hf) +m(r, < S(r,f) +m(r,H) = S(r,f), 

which is impossible. 

Case 2 n=m+l. We rewrite equation (2) as the following form 

If m > 1, then 

111 1 11 

-h - =-1-< - + - < 1. 

m n m m+ 1 2 3 

From Theorem 4, we obtain that /e - ™ and e _ ™ A/ are two polynomials. Thus 

f = se% (18) 

and 

A f = te™, (19) 

where s,t are two nonzero polynomials. From equation (18), we see 

A/ = (s(z + l)e~^ — s)en . (20) 

It follows from equations (19)-(20) that 

s{z + l)e~^ — s = 

which is impossible. Thus m = 1 and n = 2. 

The proof of Theorem 7 is completed. 
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A FIXED POINT APPROACH TO THE STABILITY OF QUADRATIC 
(pi, /^-FUNCTIONAL INEQUALITIES IN MATRIX BANACH SPACES 

AFSHAN BATOOL, TAYYAB KAMRAN, CHOONKIL PARK*, AND DONG YUN SHIN* 


Abstract. By using the fixed point method, we solve the Hyer-Ulam stability of the following 
quadratic (pi,p 2 (-functional inequalities 


II f(x + y) + f{x -y)- 2 f(x) - 2 /( 2 /) II 


«(V (4*) + v (^) -/o-/w) 

P 2 ( 4 / +f{x-y)~ 2 f(x) - 2f(y) S j 

where pi and p 2 are fixed nonzero complex numbers with htlf + IP 2 I < 1, and 
\\f(x + y) + f(x -y)- 2 f(x) - 2/(p) || 


+ 


P 1 


( V (^) +2 /(^)-/w -m) 

+ \\p 2 (2/ (x + y) + 2/ (x-y)- /( 2x) - f{2y ))\\, 


( 0 . 1 ) 


( 0 . 2 ) 


where pi and p 2 are fixed nonzero complex numbers with 


fL -|- 21 p 2 1 < 1, in matrix Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ularn [30] concerning 
the stability of group homomorphisms. 

The functional equation f(x+y) = f{x)+f(y) is called the Cauchy equation. In particular, every 
solution of the Cauchy equation is said to be an additive mapping. Hyers [12] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki 
[2] for additive mappings and by Rassias [22] for linear mappings by considering an unbounded 
Cauchy difference. A generalization of the Rassias theorem was obtained by Gavruta [11] by 
replacing the unbounded Cauchy difference by a general control function in the spirit of Rassias’ 
approach. The stability of quadratic functional equation was proved by Skof [29] for mappings 
/ : E\ —> E 2 , where E\ is a norrned space and E 2 is a Banach space. Cholewa [8] noticed that the 
theorem of Skof is still true if the relevant domain E\ is replaced by an Abelian group. 

Park [17, 18] defined additive p-functional inequalities and proved the Hyers-Ulam stability of 
the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces. The 
stability problems of various functional equations have been extensively investigated by a number 
of authors (see [1, 3, 7, 10, 16, 19, 20, 23, 24, 25, 26, 27, 28, 31, 32]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [4, 9] Let (X, d) be a complete generalized metric space and let J : X -A X be a 
strictly contractive mapping with Lipschitz constant a < 1. Then for each given element x G X, 

2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52, 46L07, 47L25. 

Key words and phrases. Hyers-Ulam stability; quadratic (pi, p 2 )-functional inequality; fixed point; matrix Banach 
space. 
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either 

d(J n x , J n+1 x ) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x ) < oo, Vn > no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ A \ d(J n °x,y) < oo}; 

(4) d(y, y*) < ^d(y , Jy) for all y £ Y. 

In 1996, G. Isac and Th.M. Rassias [13] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By using 
fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [5, 6, 21]). 

We will use the following notations: 

M n (X) is the set of all n x n-matrices in A; 

ej £ M\ n (C) is that j- th component is 1 and the other components are zero; 

Eij £ M n (C) is that (i, j)-component is 1 and the other components are zero; 

Eij © x £ M n (X) is that (i, j)-component is x and the other components are zero; 

For x £ M n (X), y £ M k (X), 

^ f x 0 \ 
x ® y — ( o „)• 

Note that (X, {|| • || n }) is a matrix normed space if and only if (M n (X), || • || n ) is a norrned space for 
each positive integer n and ||AxR||fc < ||A||||.B||||x|| n holds for A £ M k}Tl ( C), x = () £ M n (X) 
and B £ M n , k ( C), and that (X, {|| • || n }) is a matrix Banach space if and only if X is a Banach 
space and (X, {|| • || n }) is a matrix normed space. A matrix Banach space (X, (|| • || n } is called a 
matrix Banach algebra if X is an algebra. 

A matrix normed space (A, {|| • ]| n }) is called an L°°-matrix normed space if ||x © y \\ n + k = 
max{||.x|| n , ||y||fc} holds for all x £ M n {X) and all y £ M k (X). 

Let E. F be vector spaces. For a given mapping h : E F and a given positive integer n, define 
h n : M n (E) -> M n (F) by 

/ l r , ( fi'jj ] ) — \ll (Xij )] 

for all [xij\ £ M n (E) (see [14]). 

Lemma 1.2. ([14]) Let (X, {||.|| n }) be a matrix normed space. 

(1) || Eki © x\\ n = ||x|| for x £ A. 

(2) ||*fc/|| < 11 [xij ]11n < T,i,j =i \\ x ij\\ for [Xij\ G M n ( A). 

(3) lim n ->ooX n = x if and only if liuin^ooXnij = for x n = [x nij \,x = [xifi £ M k ( A). 

In Section 2, we solve the quadratic (pi, P 2 )-functional inequality (0.1) and prove the Hyers-Ulam 
stability of the quadratic (pi, /^-functional inequality (0.1) in matrix Banach spaces by using the 
fixed point method. 

In Section 3, we solve the quadratic (pi, P 2 )-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic (pi, p 2 )-functional inequality (0.2) in matrix Banach spaces by using the 
fixed point method. 

Throughout this paper, let A be a real or complex matrix normed space with norm || • || n and 
Y a complex matrix Banach space with norm |j • || n . 
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2. Quadratic (pi,^-functional inequality (0.1) in matrix normed spaces 
Throughout this section, assume that pi and p 2 are fixed nonzero complex numbers with ^ + 

IP 2 I < 1- 

In this section, we solve and investigate the quadratic (pi, p 2 )-functional inequality (0.1) in 
matrix Banach spaces. 

Lemma 2.1. If a mapping f : X —»• Y satisfies /( 0) = 0 and 

II f(x + y) + f(x - y) - 2 f{x) - 2/(y)|| (2.1) 

< |* (2/ (i±»)+ 2/ (QT)-/ ( *) -/(,>)[ 

+ P2 (4/ (yy) + f(x-y)- 2 f(x) - 2 f(y)^J 
for all x,y G X, then f : X -A Y is quadratic. 

Proof. Letting y = x in (2.1), we get ||/(2x) — 4/(x)|| < 0 and so /( 2x) = 4 f(x) for all x £ X. 
Thus 

/ (|) = \m ( 2 . 2 ) 

for all i£l. 

It follows from (2.1) and (2.2) that 

ll/O + v) + /(* - y) - 2 /(®) - 2 /(y)II < pi ( 2 / (-y^) + 2 / (yy ) - /( x ) - /(*/)) 

+ P 2 ( 4 /+ / (x - y) - 2/(x) - 2/(y)) 

= y (/(* + y) + f{x - y) - 2/(x) - 2/(p)) 

+ ||p 2 (/(x + y) + /(x - y) - 2/(x) - 2f(y)) || 

= + 11/ (x + y) + /(x — y) — 2f(x) — 2/(y)|| 

for all x, y G X. Since ^ + |p 2 1 < 1, f(x + y) + /(x — y) = 2/(x) + 2 f(y) for all x, y 6 X. Thus 

/ is quadratic. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (pi,p 2 )- 
functional inequality (0.1) in matrix Banach spaces. 

Theorem 2.2. Let <p : X 2 -» [0, 00 ) 6e a function such that there exists an L < 1 with 

<P (y |) < ^¥>(*>y) ( 2 - 3 ) 

/or all x. y £ X. Let / : X —>• X 6e a mapping satisfying /(0) = 0 and 

||/n([Xij + y?.j]) + /n([Xjj — Pij]) — 2 /n.(]) — 2fn([yij]) ||n ( 2 -4) 

< y (2/,. (^y!)+2/,. (fe«yi) _ /„([„„], _ /„ (W) ) 11^ 

+ P 2 (4/ n ( l x 'J +^1 ) +/ w ([xij - i/ij]) - 2 - 2/„)?/,,] ) j - Y ) 
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for all x = [xij\,y = [ytj ] G M n (X). Then there exists a unique quadratic mapping Q : X —> Y 
such that 

n L 

\\fn([ x ij]) ~ Qn([ x ij])\\n < J]] ~77Z { x ij ■> x ij) 

i,j =1 ' 

for all x = [xij\ G M n (X). 

Proof. Putting n = 1 in (2.4), we get 

II/(* + y) + /(x ~y)~ 2 f(x) - 2/(?/) || (2.5) 

<|p.(2/(^) + 2 /(^)-/(x ) -/( ! , ) ) 

+ P 2 ^f f{x-y)-2f{x)-2f{y)^j + tp(x, y) 

for all x, y G X. 

Letting y = x in (2.5), we get 

11/(2®) - 4/(x)|| < <p(x,x) (2.6) 

for all x G X. 

Consider the set 

S :={h: X -A Y, h( 0) = 0} 
and introduce the generalized metric on S: 

d(g, h ) = inf {y G M+ : || g{x) — h(x) || < pap (x, x) , Vx G X} , 

where, as usual, inf <p = +oo. It is easy to show that (S, d ) is complete (see [15]). 

Now we consider the linear mapping J : S' -A S such that 

Jg(x) := 4 g (|) 

for all x G X. 

Let g,h G S be given such that d(g, h ) = e. Then 

II g(x) - h(x )II < £ip(x,x) 

for all x G X. Hence 

\\Jg(x) - Jh{x)\\ = - 4e< ^ (|> |) - 4e ^( x > x ) = Leip(x,x) 

for all x G X. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 

for all g,h G 5. 

It follows from (2.6) that 

fi x ) ~ 4 / (!) < V (|> f) < JpO*, *) 

for all x G X. So d(f, Jf) < j. 

By Theorem 1.1, there exists a mapping Q : X -A Y satisfying the following: 

(1) Q is a fixed point of J, i.e., 

Q (x) = 4Q (!) (2.7) 
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for all x € X. The mapping Q is a unique fixed point of J in the set 

M = {g <E S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (2.7) such that there exists a y 6 (0, oo) 
satisfying 

\\f(x) - Q(x)\\ < y<p(x,x) 


for all x G X] 

(2) d(J l f, Q) —> 0 as l -A oo. This implies the equality 


}^ 4 " f (f) =<3W 


for all x G X; 

(3) d{f,Q) < jzj,d{f, Jf), which implies 

ll/(*) - <20*011 < 

for all i£l, 

It follows from (2.3) and (2.5) that 

II Q(x + y) + Q{x - y) - 2 Q{x) - 2Q(y)\\ 


L 


4(1 -L) 


<p(x,x) 


= lim 4 m 

m—>oo 


f\— !+/(—)-2/ (—) — 2/ (JL 

J \ 2 m J J \ 2 m J J V2 m / J \ 2 m 


< lim 4 m |pi| 


+ lim 4 m | /02 | 

m—>• oo 


*/(!£?)+*/(!=£)-/(£)-/(£ 
4/(1^ +/(^)-v(£ -v(i 


+ 


for all x, y G X. So 


Pi ( 2Q ( ^ ) + 2Q f ) - Q(x) - Q(y) 
x + y 


P2 4 Q 


+ Q(x-y)~ 2Q(x) - 2Q(y) 


II Q(x + y) + Q{x - y) - 2Q(x) - 2Q(y)\\ 

< 


+ 


P-2 4 Q 


2 

x + y 


( 2 . 8 ) 


+ lim 4"V 
m—>oo 


x y 

2?n ’ 2 m 


Pi I 2Q ( ) + 2Q ( X —V ) - Q(x) - Q{y) 


+ Q(x-y ) - 2 Q(x) - 2Q(y) 


for all x, y € X. By Lemma 2.1, the mapping Q : X —> Y is quadratic. 
It follows from Lemma 1.2 and (2.8) that 


n n j 

\\fn{[xij])-Qn{[xij])\\ n < Y \\f( x ij) ~ Q( x ij)\\ ^ Y _ n 

i,j= 1 i,j= 1 ^ ' 


i p \X{j 5 J 


for all x = [xjj] 6 M n (X). 


□ 
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Corollary 2.3. Let r > 2 and 6 be nonnegative real numbers, and let f : X —> Y be a mapping 
satisfying /(0) = 0 and 

|| fn([xij + Vij ]) + fn([ x ij - Vij ]) - 2 fn([Xij]) ~ 2 fn([yij])\\n (2.9) 

< Pi ( 2 fn ( ^ \ Vl ^ ) + 2 /„ ( — 2 - fn([Xij ]) - fnilVij])^ 

+ P 2 ^4 f n + f n (f Xij - yij \) _ 2 f n ([xij]) ~ 2/n([y*i])^ + ^ 0(11^ f + Hz/ijID 

/or all x = [xjj],y = [j/ij] £ M n (X). Then there exists a unique quadratic mapping Q : X —> Y 
such that 

n 20 

\\fn([xij]) - Qn([xij])\\n < Y ^—^\\ x ij\\ r 

i,j= 1 

for all x = [xjj] £ M n (X). 

Proof. The proof follows from Theorem 2.2 by taking tp(x,y) = 0(||x|| r + ||y|| r ) for all x, y £ X. 
Choosing L = 2 2 ~ r , we obtain the desired result. □ 

Theorem 2.4. Let ip : X 2 —> |0,oo) be a function such that there exists an L < 1 with 

ip(x,y) < 4Ltp 0 

/or all x,y £ X. Let f : X -A Y 6e a mapping satisfying /(0) = 0 and (2.3). Then there exists a 
unique quadratic mapping Q : X -A Y suc/i that 

n 1 

ll/ra([ x b’]) — Qn([^ij]) ||n 777 { x ij 1 x ij) 

i,j=l " L) 

for all x = [; Xij\ £ M n (X). 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S —» S such that 

J g( x ) ■= \g( 2x ) 

for all x £ X. 

It follows from (2.5) that 

fi x )~\f( 2x ) <\vi x ,x) 

for all x £ X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let r < 2 and 6 be positive real numbers, and let f : X -A Y be a mapping 
satisfying /(0) = 0 and (2.7). Then there exists a unique quadratic mapping Q : X -A Y such that 

n 20 

l\fn([xij]) - Qn([Xij])\\n < Y 4 ^: 11®*# 

i,j= 1 

for all x = [ Xij \ £ M n (X). 

Proof. The proof follows from Theorem 2.4 by taking <p(x,y) = 0(||x|| r + ||y|| r ) for all x, y £ X. 
Choosing L = 2 r ~ 2 , we obtain the desired result. □ 
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Remark 2.6. If p is a real number such that ^ + \p 2 \ < 1 and Y is a real matrix Banach algebra, 
then all the assertions in this section remain valid. 

3. Quadratic (pi, ^-functional inequality (0.2) in matrix normed spaces 

Throughout this section, assume that pi and p 2 are fixed nonzero complex numbers with ^ + 
2|p 2 | <1. 

In this section, we solve and investigate the quadratic {p\. /^-functional inequality (0.2) in 
matrix Banach spaces. 

Lemma 3.1. If a mapping f : X —» Y satisfies /(0) = 0 and 

I !fix + y) + f{x - y) - 2/(x) - 2/(y)|| (3.1) 

4 ' (*/(^) + 2 /(^)-/(.)-/<»)){ 

+ Wp 2 (2/ (x + y) + 2/ (x - y) - /(2x) - /(2y))|| 
for all x, y G X, then f : X — » Y is quadratic. 

Proof. Letting y = x in (3.1), we get ||/(2x) — 4/(x)|| < 0 and so /(2x) = 4/(x) for all x € X. 
Thus 

/ (|) = ( 3 . 2 ) 

for all i£l. 

It follows from (3.1) and (3.2) that 

||/(x + y) + /(x-y)-2/(x)-2/(y)|| < Pl ^2/ + 2/ “ /(*) “ f(v)j 

+ \\P 2 (2/ (x + y) + 2/ (x - y) - /(2x) - /(2y))|| 

= y (/(* + y) + /(x - y) ~ 2/(x) - 2/(y)) 

+ || 2 /c »2 (/(x + y) + /(x - y) - 2/(x) - 2/(y))|| 

= (y^ + 2|p2|) 11/4 + y) + /(x - y) - 2/(x) - 2/(y)|| 

for all x,y G X. Since ^ + 2|p21 < 1, /(x + y) + f(x — y) = 2/(x) + 2/(y) for all x, y G X. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (pi,p 2 )- 
functional inequality (0.2) in matrix Banach spaces. 

Theorem 3.2. Let <p : X 2 —> [0,oo) be a function such that there exists an L < 1 with 

for all x,y G X. Let / : X —> Y be a mapping satisfying /(0) = 0 and 

|| /n( [Xjj + yij ]) + fn{ [Xij ~ Pij ]) — 2/ n ([Xjj]) — 2/ n ([yjj]) lln (3-3) 

< |pi ( 2 /,. (feyd) + 2/n (feayl) _ /„([*„]) - /n([yij])) [ 

n 

T 11^2 (2/n ([xij + yjj]) + 2/ n ([xjj — yij]) — /n(2[xjj]) — /n(2[yij'])) || n + ^ ' p{xij, yij ) 
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for all x = [xij\,y = [yij] G M n (X). Then there exists a unique quadratic mapping Q : X —> Y 
such that 

n L 

\\fn{[ x ij]) ~ Qn([ x ij])\\n < 771 { x ij■> x ij) 

i,j =1 ^ ' 

for all x = [xij\ G M n (X). 

Proof. Putting n = 1 in (3.3), we get 


II fix + y) + f(x -y)~ 2 f(x) - 2f(y)\\ 


(3-4) 


< 


Pi 2/ 


x + y 


+ 2 / 


x - y 


- /(®) - f{v ) 


+ ||/>2 (2/ (s + y) + 2/ (x - y) - f(2x) - f{2y))\\ + <p(x, y) 


for all x, y G X. 

Letting y = x in (3.4), we get 


11/(2®) - 4/(x)|| < ip(x,x) 


(3.5) 


for all x G X. 

Let ( S , d ) be the generalized metric space defined in the proof of Theorem 2.2. 
Now we consider the linear mapping J : S —t S such that 


Jg(x) ■= 4 9 


for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 3.3. Let r > 2 and 6 be nonnegative real numbers, and let f : X -A Y be a mapping 
satisfying /(0) = 0 and 


||/n([®ij + yij]) + fn([ x ij llij]) 2 fn([ x ij]) 2 fn{[yij] 


(3.6) 


< 


Pi 2/, 




+ y%j] 


+ 2 f n 


\X, 




yij] 


- fn([Xij]) ~ fn([yij ]) 


+ ||P 2 (2 fn ([Xij + yij]) + 2 f n ([:Xij - yij]) - f n (2[xij]) - f n (2[yij]))\\ n + 9 (W x v\\ r + Ibb'ID 

*d=i 

/or all x = [xij],y = [y^] G M n (X). Then there exists a unique quadratic mapping Q : X — > Y 
such that 


29 


ll/n([®ij]) - Qn([®*i])||n < 


i,j= 1 


^3 II n 


for all x = [x^] G M n (X). 


Proof. The proof follows from Theorem 3.2 by taking ip(x,y) = 0(||x|| r + ||y|| r ) for all x,y G X. 
Choosing L = 2 2-r , we obtain the desired result. □ 

Theorem 3.4. Let ip : X 2 -A [0, oo) be a function such that there exists an L < 1 with 


P(x,y) < ALtp (^, 0 
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for all x,y € X. Let f : X Y be a mapping satisfying /(0) = 0 and (3.3). Then there exists a 
unique quadratic mapping Q : X -A Y such that 

n 1 

\\fn([Xij]) ~ Qn([Xij])\\n < T77 ffT ( x ij > x ij) 

i,j= 1 ' 

/or all x = [xjj] G M n (X). 

Proof. Let (S', ci) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S -A S such that 

J 9 (x) : = ( 2x) 

for all x € X. 

It follows from (3.5) that 

f(x) ~ |/( 2x) 

for all i£l, 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.5. Let r < 2 and 9 be positive real numbers, and let f : X -A Y be a mapping 
satisfying /(0) = 0 and (3.6). Then there exists a unique quadratic mapping Q : X -A Y such that 

n 2/9 

\\fn([xij}) ~ Qn([xij])\\n < IIIIn 

i,j= 1 

for all x = [, x^ ] G M n (X). 

Proof. The proof follows from Theorem 3.4 by taking cp(x,y) = 0(||x|| r + ||y|| r ) for all x, y G X. 
Choosing L = 2 r ~ 2 , we obtain the desired result. □ 

Remark 3.6. If p is a real number such that ^ -T 2|/ 02 1 < 1 and Y is a real Banach space, then 
all the assertions in this section remain valid. 
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Abstract : In this paper, we study differential equations arising from the generating functions of 
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tangent polynomials arising from differential equations. 
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1. Introduction 


Recently, many mathematicians have studied in the area of the degenerate Euler numbers, 
degenerate Bernoulli numbers, degenerate Genocchi numbers, and degenerate tangent numbers(see 
[1, 2, 3, 5, 6, 7, 8, 9, 10, 11]). 

We first give the definitions of the tangent numbers and polynomials. It should be mentioned 
that the definition of tangent numbers T n and polynomials T n {x) can be found in [5, 6]. The tangent 
numbers T n and polynomials T n {x) are defined by means of the generating functions: 

Q °° J-n 

2 = Vt — 

e 2i + i 


o2t 


+ 1 




(i.i) 


n —0 


Generalized tangent polynomials T n (x)(n > 0), were introduced by Ryoo. The generalized tangent 
polynomials T n [x) are defined by the generating function: 


+ 1 


OO 




n —0 


( 1 . 2 ) 


Degenerate tangent numbers T n \ and polynomials, T n x{x)(n > 0), were introduced by Ryoo(see 
[8]). The degenerate tangent numbers T Ut \ are defined by the generating function: 


2 

(1 + Af) 2 / A + 1 


E r «u- 

z ' nl 


n =0 


(1.3) 


The generalized degenerate tangent polynomials T n ,\{x) are defined by means of the following gen¬ 
erating function 

((1 + Xt) 2 / X + l) = ^ 0 TnAx) nV (L4) 

We recall that the classical Stirling numbers of the first kind S\(n,k) and ^(n, k) are defined by 
the relations(see [11]) 

n n 

(x) n = ^2 Si(n, k)x k and x n = ^ ^(n, k)(x)k, 
fc=0 fc=o 
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respectively. Here (x) n = x(x — 1) • • • (x — n + 1) denotes the falling factorial polynomial of order n. 
The symbol < x > n is used for the rising factorial: < x > n = x(x + l) ■ ■ ■ (x + n —1). The generalized 
falling factorial (x|A) n with increment A is defined by 

n— 1 

(z|A)n = JJ(x — Xk) (1.5) 

k= 0 

for positive integer n, with the convention (x|A)o = 1. The generalized rising factorial < x|A 
is defined by 

n— 1 

<x\\>W=l[(x+(N-k)\) (1.6) 

k= 0 

for positive integer n, with the convention < x]A >q N ^ = 1. We also need the binomial theorem: for 
a variable x, 

00 j-n 

(l + Af)*A = 5>|A) n -. (1.7) 

' n\ 

n— 0 

Many mathematicians have studied in the area of the linear and nonlinear differential equations 
arising from the generating functions of special polynomials in order to give explicit identities for 
special polynomials(see [3, 7, 9]). In this paper, we study differential equations arising from the 
generating functions of generalized degenerate tangent polynomials. We give explicit identities for 
the generalized degenerate tangent polynomials. 

2. Differential equations associated with generalized degenerate tangent polynomials 


In this section, we study differential equations arising from the generating functions of gener¬ 
alized degenerate tangent polynomials. Let 


F = F(t, x, A) 


((l + Af) 2 A + i) 


( 2 . 1 ) 


Then, by (2.1), we have 

pi 1 ) 


d d ( 2 V 

-^(t,X, )- — (^ 1 + At) 2/A + 1 J 

x / 2 \ x_1 / -4(1 + At) 2 / A \ 

I+At V(l + At) 2 /A + lJ ^(l + At^/A + lJ 
xF(t, x + 1, A) — 2 xF(t, x , A) 

1 + A t 


( 2 . 2 ) 


and 

F (2) = = (xF^\t,x + l,X)-2xF^(t,x,X)^ (1 + At)" 1 

— A (. xF(t , x T 1, A) — 2 xF(t, x, A)) (1 + At) -2 
x(x + 1 )F(t, x + 2, A) (4x 2 + 2x + A x)F(t, x, A) 

= (1 + At) 2 (1 + At) 2 

( (4x 2 + 2xA )F(t,x,i) 

+ (IT W 2 ’ 

Continuing this process, we can guess that 

N 

= 53 A)F(t, x + i, A)(l + A t)~ N , {N = 0,1,2,...). 


(2.3) 


(2.4) 
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Taking the derivative with respect to t in (2.4), we have 

/ i)\ N+1 

pfN+t) =y am,^ 

N 

= Y a i ( N »*, X){—NX)F{t, x + i, A)(l + At) _iV_1 
2—0 

N 

+ ^o,(.ZV, x, A)+ (1 )(f,;c + i, A)(l + Af) _Ar 
2—0 
N 

= ^ a,(AT, x, X)(—NX)(t, x + i, A)(l + At) _Ar_1 
2=0 

N 

+ a* (AT, A) \{x + i)F(t, x + i + 1, A) — 2{x + i)F(t, x + i, A)] (1 + A t)~ N 
2=0 
N 

= ^(— 2x — 2i — N\)ai(N, x, A)F(£, x + i, A)(l + At) _JV_1 
2=0 

JV+1 

+ "Y {x + i- l)a,i-i(N, x, X)F(t, x + i, A)(l + Ai) _iV_1 . 

2 = 1 

On the other hand, by replacing N by N + 1 in (2.4), we get 

N+l 

p(N+i) _ ^ di{N + 1, x, \)F(t, x + i, A)(l + At) _JV_1 . 

2=0 

By (2.5) and (2.6), we have 

N 

^^(—2x — 2 i — N\)di(N, x, X)F(t, x + i, A)(l + Ai) _JV_1 
2=0 

JV+1 

+ Yj {x + i — l)ai_i(iV, x, A )F{t, x + i , A)(l + Ai) _Ar_1 
2 = 1 

JV+Jt 

= Yj ai {N + 1) + A )F(t,x + i, A)(l + Ai) _JV_1 . 

2=0 

Comparing the coefficients on both sides of (2.7), we obtain 

ao{N + 1, x, A) = — (2x + NX)do{N, x, A), 
a N+ i{N + l,x,A) = {x + N)a N {N,x,X), 


and 

a.i{N + 1, x, A) = (—l)(2x + 2i + NX)d,{N, x, X) 

+ {x + i — l)di-i{N, x, A), (1 < i < N). 


In addition, by (2.2) and (2.4), we get 

F = = ao(0, x, X)F(t, x, X) = F(t, x, A). 


Thus, by (2.10), we obtain 


a o (0, x, A) = 1. 


It is not difficult to show that 

xF{t, x + 1, A)(l + At) -1 — 2 xF{t, x, A)(l + Af) -1 
i 

= Yj a 2 (!) x i A)F(i, x + i, A)(l + A ty 1 
2=0 

= oq(1, x, X)F{t, x, A)(l + At)” 1 + ai(l, x, X)F{t, x + 1, A)(l + Af) _1 . 


(2.5) 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 

( 2 . 11 ) 


( 2 . 12 ) 
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Thus, by (2.12), we also get 

ao(l, x, A) = — 2x, ai(l,x, A)=x. (2-13) 

From (2.8), we note that 

oq(N + 1, x, A) = -(2® + NX)a 0 (N, x, A) = • • • = (- 1) N+1 < 2x|A >^, 


ajsr+i(N + 1, x, A) = (x + N)cln(N , x, A) = • • • = xao(0, x, A) =< x >n+i • (2-14) 

For i = 1, 2, 3 in (2.9), we get 

N 

a\(N + l,a, x) = x^^(—l) k < 2x + 2|A >5^ ao(iV — fc,x, A), 
k =o 

N 

a 2 {N + l,x, A) = (x + 1) ^(—l) fc < 2x + 4|A ai(iV — /c, x, A), and 

k—0 

N—2 

a 3 {N + 1, x, A) = (x + 2) ^ {-l) k < 2x + 6| A) ><f° a 2 (iV - fc, x, A). 

k=0 

Continuing this process, we can deduce that, for 1 < i < iV, 

JV-i+l 

Oi(JV +l,x,A) = pf + i-1) ^ (-l) fc <2x + 2*|A) >^ } ai_i(!V-fc,x,A). (2.15) 

fc=o 

Note that, here the matrix Oj(j, x, A)o<i,j<jv+i is given by 


/I 

—2x 

(2x)(2x + A) 

— (2x)(2x + A)(2x + 2A) •• 

■ (-l)»+i < 2*|A >«A 

0 

< X >i 




0 

0 

< X > 2 



0 

0 

0 

< X > 3 


Vo 

0 

0 

0 

< X >N+1 ) 


Now, we give explicit expressions for <n(N + l,x, A). By (2.14) and (2.15), we get 

N 

a\(N + 1, x, A) = x ^ (—l) fel < 2x + 2|A > ^ a 0 (lV — fci, x, A) 

/ci=0 

N 

= X J2 (“ 1 ) JV < 2x + 2|A >if } < 2x|A 

/ci=0 

N 

=< X >1 < 2;r + 2 I A > fef )< 2;r l A 

fci—0 
N-l 

a 2 {N + 1, x, A) = (x + 1) ^ (—l) fc2 < 2x + 4|A a\ (N — fc 2 , x, A) 

k 2 —0 

TV—1 N-k 2 -l 

= <x> 2 J2 J2 (- 1 ) JV-1 < 2x + 4|A >jV } 

k 2 — 0 fci—0 

X < 2x + 2|A >if- fc2 - 1} < 2x|A >K-t 1 -” 1 2) 
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and 


a 3 (N + l,x, A) 

N-2 

= (x + 2) (— l) fes < 2x + 6|A >j^ « 2 (AT — fc 3 , a;, A) 

fe3=0 


W 


N-2 N-k 3 -2 N-k 3 -k 2 -2 

=<^>3^ X) X (-!) W ~ 2 < 2x + 6|A >i 3 

k 3 —0 k 2 —0 /ci—0 

X < 2* + 4|A >if- fe3 - 1) < 2a; + 2|A >(^ 3 -^- 2 ) < 2a; | A _ 

Continuing this process, we obtain 


a* (TV + 1, x, A) 

TV—2+1 N—ki~ 2+1 N—ki -^2—^+1 

=< x >i Y. X X (-1)*-* 1 <2x + 2i|A>jJ° 


fci=0 /ca_i—0 


fci —0 


x < 2i + 2(i - i)i a >£-*-» ■ ■ ■ < 2x|A ■ 


(2.16) 


Therefore, by (2.16), we obtain the following theorem. 

Theorem 1. For TV = 0,1, 2,..., the functional equation 

N 

pW = ^ 0i (TV, x, X)F(t, x + i, A)(l + A t)~ N 

i=0 


has a solution 


where 


F = F(f, x, A) 


2 y 

(1 + Af) 2 / A + 1 / ’ 


a 0 (TV,x,A) = (-l) iV <2x|A>^- 1) , 
qn(N, x, A) =< x >jv, 


a; (TV, x, A) 


iV—2 N—ki—i N—k■ 

= (-l) i < a> i (C q h rY X 

ki—0 ki- 1=0 


:- k 2 —2 

X (- 1 )""* 

ki—0 


< 2x + 2*|A ^ 


x < 2x + 2(i - 1)|A 2) • • • < 2x|A >^_yy- 1 _.;i fc fc 2 2 _y_; 1} , 


(1 < i < TV- 1). 


Here is a plot of the surface for this solution. We choose A = 1/10. The viewing windows is 

{(f,x) : — 4 < t < 10, 0 < x < 15}. In Figure 1 (left), we plot of the surface for this solution. In 
Figure 1 (right), we shows a higher-resolution density plot of the solution. 

From (1.1), we note that 

/ f) \ N 00 , n 00 fk 

F(N) = Ut) X^(*)^ =X ( 2 - 17 ) 

' ' n —0 fc=0 

From Theorem 1, (1.3), and (2.17), we can derive the following equation: 
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-4 -2 0 2 4 6 8 10 


Figure 1: The surface for the solution F(t,x, A) 


N 


J2^n+N,x(x)^ =F^ N) = '52 a i( N , x ,\) F ( t , x + i,\)(l + \t) 

71=0 1 = 0 

N ( 2 

= y^ i a i (N,x,X){l + A t)~ N f 

n A 


i=0 

N 


oo / n 


71=0 \l=0 ' ' 

f n\(N + 1-1 


i =0 

oo / N 


(1 + \t) 2 / x +1 

N + l-l 


N- 1 


l'-Tn-l,\{X + i ) 


TEE 


in n-i 


t n 

n! 

r 


(—Xyi\ai(N, x, X)T n ~i,x(x + i) -. 


n! 


n=0 \2=0 Z=0 

By comparing the coefficients on both sides of (2.18), we obtain the following theorem. 
Theorem 2. For k = 0, 1, , and N = 0, 1, 2,..., we have 


JV 


Tu+nA x ) = EE 


i=0 Z=0 


n\ /IV + l — 1 


l J \ IV- 1 


(-A ) l l\ai(N, x, A)T n -i,\(x + i), 


where 


ao{N,x,A) = ( — 1)^ < 2 x|A 

ajv(iV, x , A) =< x >jv, 
ai{N,x, A) 

AT—i N—ki—i N—ki - k^—i 

= (-i) i <a> i (c/) i E E ••• E (- 1 ) 

fcj=0 /cj_i =0 /ci=0 


x < 2a; + 2(i- 1)|A >j£^ 
(1 < i < TV- 1). 


< 2a; + 2*|A >),. 
< 2 a; IA - re 2 -- 

' l A ^ N-ki-ki-! - k 2 — k\—i 


(2.18) 


(2.19) 


Let us take n = 0 in (2.19). Then, we have the following corollary. 
Corollary 3. For N = 0,1, 2,..., we have 

N 

Tn,x( X ) = E a i( N > X 1 a )7o,a(z + *)■ 

2=0 
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3. Zeros of the generalized degenerate tangent polynomial 

This section aims to demonstrate the benefit of using numerical investigation to support theo¬ 
retical prediction and to discover new interesting pattern of the zeros of the generalized degenerate 
tangent polynomial T n ,\{x). By using computer, the generalized degenerate tangent polynomials 
T„, a( x) can be determined explicitly. The first few of them are 

%,x{ x ) = !> 

Ti,\(x) = - x , 

T 2 ,\(x) = —x + Ax + x 2 , 

73,a(x) = 3Aa: — 2A 2 x + 3x 2 — 3Ax 2 — x 3 , 

T± : \(x) = 2x — llA 2 a: + 6A ,3 x + 3x 2 — 18Acc 2 + llA 2 a: 2 — 6 :e 3 + 6Ax 3 + x A , 

T 5 ,x(x) = -20Ax + 50A 3 a: - 24A 4 a: - 10a; 2 - 30Ax 2 + 105AV - 50A 3 a; 2 

— 15a: 3 + 60Aa; 3 — 35A 2 a: 3 + 10a; 4 — lOAa; 4 — a; 5 , 

T 6 ,\{x) = -16a; + 170 A 2 x - 274A 4 a; + 120A 5 a: - 30a; 2 + 150Ax 2 + 255AV 

- 675A 3 a; 2 + 274AV + 15a: 3 + 225Ax 3 - 510AV + 225A 3 a; 3 

+ 45a: 4 — 150Ax 4 + 85A 2 a; 4 — 15a; 5 + 15Aa; 5 + a; 6 . 

We investigate the beautiful zeros of the generalized degenerate tangent polynomials T n) \{x) by 
using a computer. We plot the zeros of the T n ,\(x) for n = 20, A = 15/10,10/10, 5/10,1/10, and 
x € C(Figure 2). In Figure 2(top-left), we choose n = 20 and A = 15/10. In Figure 2(top-right), 
we choose n — 20 and A = 10/10. In Figure 2(bottom-left), we choose n = 20 and A = 5/10. In 
Figure 2(bottom-right), we choose n = 20and A = 1/10. Prove that T n ,\(x),x € C, has Im(x) = 0 
reflection symmetry analytic complex functions(see Figure 2). 

Stacks of zeros of the generalized degenerate tangent polynomials T n ,\(x) for 1 < n < 20, A = 
1/10 from a 3-D structure are presented(Figure 3). 

Our numerical results for approximate solutions of real zeros of the generalized degenerate 
tangent polynomials T n ,x(x) = 0, A = 15/10 are displayed (Tables 1, 2). 


Table 1. Numbers of real and complex zeros of T n ,x(x) 


degree n 

real zeros 

complex zeros 

1 

1 

0 

2 

2 

0 

3 

3 

0 

4 

4 

0 

5 

3 

2 

6 

4 

2 

7 

3 

4 

8 

4 

4 

9 

3 

6 

10 

4 

6 

11 

3 

8 

12 

4 

8 

13 

3 

10 

14 

4 

10 
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Re(x) Re(x) 




Re(x) Re(x) 


Figure 2: Zeros of T n ,\{x) 


Plot of real zeros of T n ,\(x) for 1 < n < 20 structure are presented(Figure 4). 

We observe a remarkably regular structure of the complex roots of the generalized degenerate 
tangent polynomials T n ,\{x). We hope to verify a remarkably regular structure of the complex 
roots of the generalized degenerate tangent polynomials T n ,\{x) (Table 1). Next, we calculated an 
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Figure 3: Stacks of zeros of T n ,\(x), 1 < n < 20 



Re(x) 

Figure 4: Real zeros of T n ,x(x) for 1 < n < 20 

approximate solution satisfying T n ,x(x) = 0, A = 15/10, x £ R. The results are given in Table 2. 
Table 2. Approximate solutions of T n ,x{x ) = 0,x £ M 


degree n 

X 

1 

0 

2 

-0.50000, 0 

3 

-1.5000, 0, 0 

4 

-2.0000, -1.7247, 0.7247, 0 

5 

-3.0000, 1.6113, 0 

6 

-3.5000, -3.3258, 2.6128, 0 

7 

-4.5000, 3.6997, 0 

8 

-5.0001, -4.8845, 4.8524, 0 

9 

6.0575, -6.0000, 0 
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Finally, we shall consider the more general problems. How many zeros does T n ,\{x) have? 
T n , \(x) = 0 has not n distinct solutions(see Table 2). Find the numbers of complex zeros Cj- n x ( x ) 
of T n ,x(x), Im(x) ^ 0. Since n is the degree of the polynomial T n ,x{x), the number of real zeros 
Rj~ n x(x) lying on the real line Im(x) = 0 is then Rj- n x ( x ) = n — Cj- n x ( x ), where Cj- n x ( x ) denotes 
complex zeros. See Table 1 for tabulated values of Rj- n x ^ and Cj- n x ^ x y The author has no doubt 
that investigations along this line will lead to a new approach employing numerical method in the 
research field of the generalized degenerate tangent polynomials T n ,\{x) to appear in mathematics 
and physics. 

Acknowledgement: This work was supported by the National Research Foundation of 

Korea(NRF) grant funded by the Korea government(MEST) (No. 2017R1A2B4006092). 
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Abstract 


In the paper, the authors establish several new inequalities of the Hermite-Hadamard type 
for functions whose derivatives are extended s-convex in the absolute value and present some 
applications to special means of positive real numbers. 
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1 Introduction 

The following definitions are well known in the literature. 

Definition 1.1. Let I be an interval in K = (— 00 , 00 ). Then a function /:/—)• R is said to be 
convex if f(tx + (1 — t)y) < tf(x ) + (1 — t)f(y) holds for all x,y £ I and t € [0,1]. 

It is famous that, for any convex function / defined on [a, b\, the Hermite-Hadamard inequality 



holds true. 

Definition 1.2 (U iB]). Let s £ (0,1] be a real number. A function f : R 0 = [0, 00 ) —i K 0 is said 
to be s-convex (in the second sense) if f(tx + (1 — t)y) < t s f{x) + (1 — t) s f(y) holds for all x,y £ I 
and t £ [0,1]. 

Definition 1.3 ([12]). A function / : R. — > R is said to be extended s-convex if f(tx + (1 — t)y) < 
t s f(x ) + (1 — t) s f(y) holds for all x,y £ / and t £ (0,1) and for some fixed s £ [—1,1]. 
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In recent decades, a lot of integral inequalities of the Hermite-Hadamard type for various kinds 
of convex functions have been established. Some of them can be recited as follows. 

Theorem 1.1 ([I] Theorem 6]). Let / :/ Cl-)Rfca differentiable function on 1° and a,b £ 1° 
with a < b such that f £ Li([a, 6]). If \f'\ q is s-convex on [a, b] for s £ (0,1], then 


f(a) + rf(b) 


1 

b — a 


x 


f(x)dx 
s - r + 1 + — 


< 


b — a 

(r + l)(s + l)(s + 2) 
2r s+2 


1) 


S + l 


!/'(«)! 


(s + 1) - 1 + 


!) 


s+l 


imi • (i-i) 


Theorem 1.2 (j4] Theorem 3.1]). Let / : / C I 0 -> E te differentiable on 1°, a,b £ I with a < b, 
and f £ Ti([a, b]). If \ f'\ is s-convex on [a, b] for some s £ (0,1], then 


f(Xa+(l — X)b) 


1 

b — a 


f(x)d: 


(s + l)(s + 2) + + + 

+ [\f(b)\ + (s + l)|/'(Aa + (1 — X)b)\] }. (1.2) 


Theorem 1.3 (0 Theorem 2.2]). Let f : 1° C I —>• 1 be a differentiable mapping on 1° and 
a,b £ 1° with a < b. If |/'| is convex on [a, b ], then 


/(«) + fib) 
2 


b — i 


f{x)d: 


< 


(b-a)(\f(a)\ + \f(b)\) 


Theorem 1.4 ([7] Theorems 4]). Let f : I C K 0 —>■ K be differentiable on 1°, a,b £ I with a <b, 
and f £ Ti([a, b]). If \f'\ q is s-convex on [a, b} for some fixed s £ (0,1] and q > 1, then 


b — a , 


f(x) d: 


< 


6-! 


1/9 


4 |_(s + l)(s + 2) J ( 2 ) 


i/p 


\f(a)\ q + (s + l) 


, ( a + 9 

2^ 


1/9 


\f(b)\ q + (s + l) 


r 


1/9 


where ^ | = 1. 

Theorem 1.5 (p] Theorems 1 and 3]). Let f : I C K 0 —>■ R be differentiable on 1° and a,b £ I 
with a < b. If \f'(x)\ q is s-convex on [a, b] for some fixed s £ (0,1] and q > 1, then 


f(a) + f(b) 1 


b — a 


f{x)d: 


< 


b — a (1 


2 V 2 


1-1/9 


2 + 1 / 2 8 


1/9 


[\f>(a)\ q + \f'W- 


1 1/9 


Theorem 1.6 (O Theorems 1 and 2]). Let f : I C 
a < b. If \ f\ q is convex on [a, b] for q > 1, then 


/(a) + m 1 


and 


2 

a + b 


b — a , 

1 


f(x)dx 


< 


(s + l)(s + 2)_ 

> K be differentiable on 1° and a,b £ I with 


b- a f\f(a)\ q + \f(b)\ q \ 1/q 


b 


f(x) d: 


< 


b-af\f(a)\ q + \f'(b)\ q \ 1/q 
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Theorem 1.7 (jT2J Theorems 3.1(2) and 3.2]). Let 0 < A,/i < 1 and / :ICKAMfca 
differentiable function on 1°, a,b £ I with a < b, and f £ Li[a,b\ such that \f'(x)\ q for q > 1 is 
extended s-convex on [a, b} for some fixed s £ [—1,1]. 

1. If —1 < s < 1, then 


A/(g) + nf(b) 2 — \ — fj f a + b 

O ' O J 


b — a 


f(x)dx 


< 


b — a 


(s + l)(s + 2)_ 


1/9 


- A + A ; 


1-1/9 


(2(1 - A) s+2 + (s + 2)A - 1) |/»| 9 + (2A S+2 + s +1 


f 


- (s + 2)A) 

— (s + 2 )/i) 

2. If s = — 1, we have 


a + b 


1/9 


+ I 2 _ ^ + ^ 


1-1/9 r 

2 ' (2/l s+2 + S + 1 


r 


+ (2(1 ^ /i) s+2 + (s + 2 )fj, — l) |/ , (&)|‘ i 


11/9 


; (1-3) 


< 


a + b 
2 

b — a 
23 - 2/9 


b — a 


f(x) d : 


{ [(2 In 2 - 1)|/»| 9 + \f(b)\ q ] 1/q + [\f(a)\ q + (2 In 2 - 1) |/'(&) | 9 ] 1/<? } - (1.4) 


For recent generalizations of the Hermite-Hadamard type inequalities, please refer to ram 
□i and the references cited therein. 

The main aim of this paper is to establish new inequalities of the Hermite-Hadamard type for 
the class of functions whose derivatives to certain powers are extended s-convex functions. 


2 Lemmas 


In order to prove our main results, we need the following lemmas. 

Lemma 2.1. Let f : I C K. —>• K. be differentiable on 1° and a,b £ I with a < b. If f £ Li([a, &]), 
A, n £ R, and f £ [0,1], then 

A/(„)+ ,,/(<■) + 2-A-j, 1 

2 2 b — a 




f{x)dx 

(1 - 0 f\ 2(1 - f)t - A )/'(i(£a + (1 - m + (1 - t)a)dt 
Jo 

+ € [ (m - 2 ft)f(t(fa + (1 - f)b) + (1 - t)b)dt 
Jo 


In particular, when £ = 0,1, 


'VZ’(a) + (1 - A)/(&) - — L- f f(x)dx = (b-a) [ (t - A)/'((l - t)a + tb) dt. 
o-a J a J o 
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Proof. Integrating by part and changing variables of integration yield 

^ (1 - 0 J (2(1 - Z)t - X)f'(t(fa + (1 - £)&) + (1 - t)a)dt 

+ £ [ (M - 2 &)f(t(Za + (1 - £) 6 ) + (! - t)b)dt 
Jo 


(2 — 2^ — A)/(£a + (1 — £)b) + Xf(a) — 


b-> 


+ W-p)f(£a + (l-m + Pf(.b)- 


b-i 


>ta+(l-t)b 


r ta+(l-()b 

f{x)dx 

a 

f(x)dx\ 


X f(a) + nf(b) 2 — X — n 


/Ua + (1-0M - 


2 2 
This completes the proof. 

Lemma 2.2. Let A £ K and s > —1. Then 

f (s + 1) — (s + 2)A 

fi 


1 


b-< 


fix) cl: 


J \X — t\t s dt = < 


(s + l)(s + 2) 

2A S+2 - (s + 2)A + (s + 1) 

(5 + l)(s + 2 ) 

(5 + 2)A — (5 + 1 ) 

l (s + l)(s + 2) 


A < 0, 

, 0 < A < 1, 
A > 1 


and 


f \X — f| s dt = 
J 0 


1 


s + 1 


(1-A) s+1 - (-A) s+1 , A < 0, 
A s+1 + (1 — A) s+1 , 0 < A < 1, 

A s+1 - (A - l) s+1 , 


A > 1. 

Proof. These follow from straightforward computation of definite integrals. 


□ 


□ 


3 Main results 


We are now in a position to establish some new integral inequalities of the Hermite-Hadanrard type 
for differentiable and extended s-convex functions. 

Theorem 3.1. Let 0 < A ,/x, £ < 1 and / TCl^MJea differentiable function on 1°, a,b G I 
with a < b, and f £ Ti([a, b]) such that \f\ q for q > 1 is extended s-convex on [a, b] for some fixed 
s € [—1,1]. 

1. If £ € (0, 1) and s € (—1,1], then 


Xf(a) + ix fib) 


2 * ^ f^a+il-m- 


b — a 


fix) d. 


b-> 


: {(i-£) 

x [E( 1 - A, O)] 1 " 1 ^ [E( 1 - 2 - 2£ - A, s)\f(a)\ q + E( 1 - A, s)|/'(£a + (1 - £)&)| 

+ {[Eft, ix, O)} 1 - 1 ^ [£(£, ix, s)\fita + (1 - m\ q + m 2C - M, *)\ f'(b )\ q ] 1/? }; 


9] V« 

(3.1) 
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2. If £ £ (0,1) and s = — 1, we have 


m a +(i-m- 


b~, 


f(x)dx 
1 1/9 


b — a 


< ^I 7? {( 1 - £) 2 - 2/9 [(£ - 1 - lnOI/»r 


+ (1 - OI/'W] 1/q +e~ 2 ^ [£|/'(a)|« - (£ + ln(l - 0)l/ , (ft)l fl ] 1/9 }; (3.2) 


3. If f = 0,1 and s ^ — 1, we tuwe 


A/(a) + (1 - A)/(6) - 


6-: 


f(x)dx 


< 


b — a 


ni/g 


(s + 1) (s + 2) _ 


(2A 2 — 2A + 1) 1-1/9 


x [(2(1 - A) s+2 + (s + 2)A - 1) |/'(a)| 9 + (2A S+2 - (s + 2)A + s + l) |/'(6)| 9 ] 1/? , (3.3) 


where 


E(£, A, s) = [ |2£f — A|t s dt. 

Jo 


Proof. For £ € (0,1) and s £ (—1,1], from Lemma 2.1 using Holder’s integral inequality and 
extended s-convexity of \ f \ q , we have 


V(a)y/W + 2-A- £/Ka + (1 _ ot) _ 1 


b -, 


/(®)d: 


b — a 


(1 - 0 / 12(1 - £)t - AH/'(t(£a + (1 - 0&) + (1 - t)a)| dt 
Jo 

+ £ [ \p-2&\\f(t{£a+(l-Z)b) + (l-t)b)\dt 
Jo 


< 


b-< 


(1-0 / 12(1 — 0* — A| dt 


1-1/9 


' r 1 -| 1/9 

/ |2(1 - £)i - A||/'(t(0a + (1 - m + (1 - t)a)| 9 dt 
Jo 


(3.4) 


< 


a l \ 1 1/9 r /*1 

\fi — 2£t| dtj J \/j - 2£t\\f'(t(£a + (1 - £)b) + (1 - t)b)\ q dt 

{(1-0 12(1 - £)i - A| dt) /Q jf’ |2(1 - 0* - A| 


5 — a 


x (t s |/'(0« + (1 - 06)l 9 + (1 - 0 s |/(a)] 9 ) dt 


1/9 


+ M / |m — 201 dt 

1/9 


1-1/9 


Im - 20l(i s |/'(Ca + (1 - oor + (1 - OI/'WI 9 ) dt 

o 

From Lemma |2.2[ we have 

[ |2£t-ti|dt = £’(0/1,0), [ \2£t- /j,\t s dt = E(£,n,s), 

Jo Jo 


(3.5) 


989 


Jian Sun ET AL 985-996 
































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


and 


f |2£t — /z|(l — t) s dt = E(£, 2£ — /q s). 
Jo 


(3.6) 


By virtue of ( |3.5[ ) to ( |3.6[ ) in ( |3.4[ ), we obtain ( |3.1 1. 

For £ £ (0,1) and s = —1, since \f'\ q is extended s-convex, by Lemma 2.1 and Holder’s integral 
inequality, we have 

f{& + (1 - £)b) - 7 -!— f f(x)dx < (b — a)(l — £) 2 
0 O' J a 

x [ + 1 — t)a+ (t — t£)&)|d£ + {b- a)£ 2 f t\f(t£a+(l — t£)b)\dt 

Jo Jo 


/ r 1 \ /*i 

< (6 - a)(l - £) 2 yj tdtj J t|/'((t£ + 1 - t)a + (i - tf)b)\ q dt 

/ /*1 \ 1 — 1/9 r r 1 

+ {b-a)£, 2 (J tdtj J t\f(t£a + {l-tt;)b)\ q d 


1/9 


< 


b — a 
2 1 ~ 1 /9 


(1-C) 2 


[ (t(t£+l-t) 1 \f{a)\ q + i(i-t£) 1 \f(b)\ q ) dt 
Jo 


i/q 




Uo 


+ «(1 - *e)- 1 |/ , (6)r) dt 


1/9 


We thus deduce the inequality (3.2). 

For £ = 0,1 and s / — 1, by Lemma 2.1 Holder’s integral inequality, and extended s-convexity 
of \f\ q , we have 

A/(a) + (1 - A)/(6) - —^— f f{x)dx < {b - a) [ \t - A||/ , ((l - t)a + tb)\dt 
b~ a J a J o 

<(&-«)(/ |t — A| d/^ ^ |t~ A||/'((l-f)a + f&)| 9 dtj 


1/9 


<(&-«) (y 1 |t - A| dJj 1 1/9 (y 1 1 1 - A|((l - t)'|/'(a)|* + t s |/'(&) \ q ) dt 


1/9 


We arrive at the inequality (3.3). Theorem 3.1 is proved. 


D 


Corollary 3.1.1. When £ £ (0,1) and q = 1 in Theorem 3.1 
1. if — 1 < s < 1, we have 


A/(a) + hf(b) + 2 - A - n 


f(Z a + (1 - Ob) - ~ [ f(x)d; 

b-a J a 


b — 


< — {(1 - 0^(1 - e, 2 - 2^ - A, s)|/'(a)| 

+ [(1 - £)£(! - £, A, a) + £E(Z ,»,*)] \f(fa + (1 - $b)\ + fE(f, 2£ - s)|/'(&)|}; 
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2. if s = — 1, we have 


f{& + (! - Qb) - 7-!— [ f{x)dx 
0 a J a 

<(b- a)[(2£ - 1 - ln£)|/'(a)| + (1 - 2£ - ln(l - £))|/'(&)|], 


Corollary 3.1.2. Under conditions of Theorem \3.1\ 
1. if —1 < s < 1, then 


f(a) + 2/ 


2 a + b 


2 / 


a + 2b 


m 


(s + 5)|/'(a)| + (4s + 5) 


f 


! f 2 a -f- b 


b — a / 
+ (4s + 5) 


f{x)dx 
/ f CL “h 26 


< 


b — a 


18(s + l)(s + 2) 

+ (* + 5)|/'(&)| 


2. if s = —1, then 
, / 2a + b 


A 


+ f 


a + 26 


b — a 


f(x)dx 


<^(21n3-ln2)(|/(a)| + |/ , (6)|). 


Proof Since 


/(«) + 2/ 


2 a + b 


2 / 


a + 2b 


+m 


b — a , 


f(x)dx 


1 

< - 
“ 2 


/(a) 


+ 2 / 


2 a b 


6-, 


/(a:) dz 


1 

+ 2 


2 / 


a + 2 b 


m 


b-> 


f{x)dx 


< 


(b ~ a)[(s + 5)|/'(a)| + (4s + 5)|f(^)| + (4s + 5)|f (^)| + (s + 5)|f 

18(s + 1) (s + 2) 


and 


, / 2a + b 


+f 


cl + 2 b 


b — a 


f(x) dx 


1 

< - 
~ 2 




a + 2b 


b-< 


f(x) dx 


< ^(21n3-ln2)(|/'(«)| 


i fm. 


Corollary |3.1.2| is thus proved. 


□ 



Theorem 3.2. Let s £ (—1,1], A,/z,£ € [0, 1], / : / C K. — y R. be a differentiable function on 1°, 
a,b £ I with a < b, and f £ Li([a, b]). When \ f'\ q for q > 1 is extended s-convex on [a, b], 
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1. if £ € (0,1), then 

A f(a) +nf(b) 2 - A - n 


/(£a+(l-£)&)- r— [ f( x ) d ~ 

b- a J a 


< 


b-~ 


2(s + l) 1 /? 


(1-0 

+ £ 


F( 1 - 0, A, 
q 


1-1/9 


<7-1 

1 l-l/q 




<7-1 


[|/'(a)|« + |/'(^+(l-00l 9 ] 1/9 

O/'wr+i/'^+a-ooi 9 ] 179 }; (3.7) 


2. if t; = 0,1, 7/ien 


a/w + a - wm - rb / /W H s (lr 0 ) 


1-1/9 


(s + I) 1 / 9 V 2 ?- 0 
x [ A (29-l)/(9-D + (! _ A )(29 —l)/(9-l)] 1_1/9 [|/ , (a)| 9 + \f\b)\ q } 1/q , (3.8) 


where 


F(£, A, s) = [ \2&-\\ s dt. 
Jo 


Proof. For £ G (0,1), by Lemma 2.1 Holder’s integral inequality, and the extended s-convexity of 
|/'| 9 , we have 

A f(a) + fif(b) 2 - A - n 


< 


b — a 


f(& + (1 ~00 ~ 7-^— / /(Od ; 

0 O' J a 

(1 - 0 f 1 12(1 - 0* - A||/'(i(£a + (1 - 0&) + (1 - t)o)| dt 
Jo 


H [ \p- 2£t\\f(t(Za + (1 - 00 + (1 - t)b) I dt 

*/o 

{(1-0 (Y |2t(l - 0 - Al 9 /^- 1 ) dt) 1 1/9 jf 1 |/'(t(£a + (1 - 06) + (1 - i)a)|®di 


b — a 


< 


6 — a 


/ /*1 \ i 1/9 r /*1 

+^y | / i-2^i 9 /( 9 - i )dtj i/'(^«+(i-oo + (i-ooi ? d7 

/ /-l \ 1-1/9 

(l-ofy 127(1-0 -Al^-^dtj 

+ e{y 1 | M -2e7| 9/(9 - 1) d7^ 


r*l I 1/9 

(7 s |/ , (^ + (l-OOI 9 + (l-i) S |/ , (OI 9 )d7 

D 

r*l 11/9 

(7 s |/ / (ea+(l-00l 9 + (l-*) s |/ , (0l 9 )di 


1-1/9 


From Lemma 2.2 we derive the inequality (3.7). 

For £ = 0,1, since |/'| 9 is extended s-convex, from Lemma 2.1 and by Holder’s integral inequality, 
we have 
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A/(a) + (1 - A)/(6) - 7—*— [ f(x)dx < (b - a) [ \t - A||/ , ((l - t)a + tb)\dt 
0 a J a JO 

a l \ 1-1/9 /pi \ 1/9 

\t — A| 9 /^ -1 ) dtj (jf \f'((1 — t)a + tb)\ q dtj 

<(b-a) H 1 1 t - X\ q /^d?j 1 1/9 Qf' ((1 - ty\f(a)\ q + tV'(b)\ q ) dt 


1/9 


b — a / q — 1 


1 - 1/9 


( A (2,-l)/(g-l) + (]_ _ A )(29-l)/(9-l )) 1 1/9 ( |/'( a ) | ? + | /' (&) |«) : V*. 


(s + l) 1 / q \2q-l / 

Hence, we acquire the inequality (3.8). The proof of Theorem 3.2 is complete. □ 


Theorem 3.3. Let / :ICK->Rfca differentiable function on 1°, a,b £ I with a < b, and 
f £ Li([a, &]). Let 0 < £ < 1 and 0 < £, r < 1. If \f'\ q for q > 1 is extended s-convex on [a,b\ for 
s £ (—1,1], then 


/(O* + (1 - Ob) ~ I-"— [ f(x)d: 

0 a J a 


< {b-a)\ (1-0 


9" 1 


(2 — /)</ — 1J 


1 - 1/9 


x [B(£q +1,8 + 1)| f(a)\ 9 + {lq + s + 1 + (1 - f)b)\ q ] 1/q + £ 


q~ 1 


1-1/9 


(2-r)q-l 

x [(rq + s + l) _1 |/'(0i + (1 - 001 9 + B{rq + 1, s + 1 )\f(b)\ q ] 1/q 


where 


B(a,/3) = f ^{l-tf^dt, a,/3 > 0 
Jo 


is the noted beta function. 


Proof. Since \ f\ q is extended s-convex, from Lemma 2.1 using Holder’s integral inequality, we have 

rb 


i i—i/9 r /-i 

fl- «)9/(9—1) dt 


/(£« + (1 - 00 - [ f(x) d 

b-a J a 

<(b-a)( 1-0 2 

+ (&-a)0 

< (6-a)(l-0 


/o 


t (l-r)9/(9-l) dt 

9-1 


[ t iq \f(t(£a + (1 - 00 + (1 - t)a)\ q dt 
Jo 

r nmo*+(i - oo + (i - *)or d/ 

Jo 


+ {b — a)0 


L (2 — £)q — l J L/o 

9-1 


1-1/9 r /*! 0/9 

+(i - oor + (i - trim*) d/ 


.(2 — r)9 — 1J Uo 

Theorem |3.3| is thus proved. 


t rfl (t 8 |/'( 6 * + (1 - oor + (1 - 0 s |/'(0l 9 ) d t 


1/9 


□ 
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4 Applications to means 


In this final section, we apply some inequalities of the Hermite-Hadamard type for extended s- 
convex functions to construct some inequalities for means. 

For two positive numbers a, b > 0 and s £ [—1,1], define 


A(a, b ) = 


a + b 


A({a,b) =£a + (l-£)b, £ € [0,1] 


and 


L s (a,b) = < 


b s+1 - a s+1 

(s + 1 )(b - a)_ 
b — a 

In b — In a ’ 


l/s 


\(h b 


b \ 1 /(b—a.) 


e \a u 
a , 


a 7 ^ 6 , s / 0 ,- 1 ; 
a y b,s = —1; 

a y b, s = 0; 
a = b. 


These means are respectively called the arithmetic, weighted arithmetic, and generalized logarithmic 
means of two positive number a and b. 

Let /(x) = ^q-j- for x > 0, — 1 < s < 1, and q > 1. If 0 < sq < 1, we have 

|/'(Ax + (1 - A)s/)]« < X sq x sq + (1 - X) sq y sq < X s \ f'(x)\ q + (1 - \) s \f'(yW 

for x, y > 0 and A £ (0,1). If — 1 < sq < 0, we have 

I/ 7 (Ax + (1 - X)y)\ q < {x sq ) x (y sq ) 1 - x < X s \f(x)\ q + (1 - Xy\f(y)\ q 

for x,y > 0 and A € (0,1). These mean that, when — 1 < sq < 1, the function |/'(x )| 9 = x sq is 
extended s-convex on R + = (0,oo). Consequently, applying the inequality (3.3) to x sq yields 

Theorem 4.1. Let b > a > 0, q > 1, —1 < s < 1, — 1 < sq < 1, and 0 < £ < 1. Then 

|A { (»'+ i ,6>+ 1 ) - q+jKoi < +me - 2 { +d] 1 -^ 

x [(2(1 - £) s+2 + {S + 2)£ - 1)« S9 + (2f+ 2 - (s + 2)£ + s + 1 )b sq ] 1/q . 

In particular, if £ = \, then 


\A(a s +\b s+1 ) - L s s +l(a,b)\ < 

Taking f{x) = ^ for x > 0, 
inequalities for means. 


b — a 


1 


1/9 


2 2 +(*—2)/9 + 2 

— 1 < s < 1 and q > 1 in Corollary 


(s + iy- 1/q [{2 s s + l)A{a sq ,b sq )} 1/q . 

derives the following 


3.1.2 


Theorem 4.2. Let b > a > 0 and — 1 < s < 1. Then 


A(a s+ 1 , 6 s+1 ) + 2 A 


2 a + b y +1 ^ a + 2& y +1 ^ 


-3 L s +l(a,b) 


< 


b — a 

3(7+2) 


(s + 5)Al(a s , b s ) + (4s + 5 )A 


2a + 6^ A ^a + 26^ i ^ 
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Applying the inequality (3.8) to x sq 


yields 


Theorem 4.3. Let b > a > 0, q > 1, —1 < s < 1, — l<sq<l, and 0 < £ < 1. Then 


| A^a s+1 ,b s+1 ) - L s +l(a, b)\ < 2^(6 - a) ( 


(s+i)(g~ i )y 1/9 
2q- 1 


x ^(2?-i)/(9-i) + ( 1 _^(2 9 -i)/( 9 -i)j 1 1/9 [A{a sq ,b sq )] l/q . 


Furthermore, if £ = \, we have 


A(a s+1 ,6 s+1 ) — L s s ff\(a,b)\ < (b 


a) 


(s + l)(g~l) 

2(2g — 1) 


1-1 /q 

[A(a sq ,b sq )] 1/q . 
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Abstract 

We can find many convex iterative algorithms for common fixed points for a uni¬ 
formly closed asymptotically family of countable quasi-Lipschitz mappings in the do¬ 
mains of Hilbert spaces and there are only few non-convex iterative algorithms. In this 
report, we present a new non-convex hybrid iteration algorithm concerning Suantai it¬ 
erative scheme. We also establish strong convergence theorems of common fixed points 
for a uniformly closed asymptotically family of countable quasi-Lipschitz mappings in 
the domains of Hilbert spaces. 

2010 Mathematics Subject Classification: 47H05, 47H09, 47H10 

Key words and phrases: hybrid algorithm, nonexpansive mapping, quasi-Lipschitz 
mapping, quasi-nonexpansive mapping 


1 Introduction 

Fixed point theory of special mappings like nonexpansive, asymptotically nonexpansive, 
contractive and other mappings is an active area of interest and finds applications in many 
related fields like image recovery, signal processing and geometry of objects. From time to 
time, some versions of theorems relating to fixed points of functions of special nature keep 
on appearing in almost in all branches of mathematics. Consequently, we apply them 
in industry, toy making, finance, aircrafts and manufacturing of new model cars. For 
example, a fixed-point iteration scheme has been applied in intensity modulated radiation 

* Corresponding author 
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therapy optimization to pre-compute dose-deposition coefficient matrix, see [21]. Because 
of its vast range of applications almost in all directions, the research in it is moving rapidly 
and an immense literature is present currently. The construction of fixed point theorems 
(e.g., Banach fixed point theorem) which not only claim the existence of a fixed point 
but yield an algorithm, too (in the Banach case fixed point iteration x n+ \ = f(x n )). 
Any equation that can be written as x = f(x) for some map / that is contracting with 
respect to some (complete) metric on X will provide such a fixed point iteration. Mann’s 
iteration method was the stepping stone in this regard and is invariably used in most 
of the occasions see [11]. But it only ensures weak convergence, see [3] but, we require 
strong convergence in many real world problems relating to Hilbert spaces, see [1]. So 
mathematician are in search for the modifications of the Mann’s process to control and 
ensure the strong convergence, (see [2,5,7-9,14-19], and references therein). 

Most probably the first noticeable modification of Mann’s Iteration process was pro¬ 
posed by Nakajo and Takahashi [13] in 2003. They introduced this modification for only 
one nonexpansive mapping in a Hilbert space where as Kim and Xu [6] introduced a mod¬ 
ification for asymptotically nonexpansive mapping in the Hilbert space in 2006. In the 
same year Martinez-Yanes and Xu [12] introduced a modification of the Ishikawa Iteration 
process for a nonexpansive mapping for a Hilbert space. They also gave modification of 
Halpern iteration method in Hilbert space. Su and Qin. [20] gave a monotone hybrid 
iteration process for nonexpansive mapping in a Hilbert space. Liu et al. [10] gave a novel 
iteration method for finite family of quasi-asymptotically pseudo-contractive mapping in 
a Hilbert space. Hence, we can find many iterative methods for finding fixed point of 
different type of mappings in literature. If we talk about the iterative algorithms for com¬ 
mon fixed points of a uniformly closed asymptotically family of countable quasi-Lipschitz 
mappings in the domains of Hilbert spaces, 

Let H be the fixed notation for Hilbert space and C be nonempty, closed and convex 
subset of it. First we recall some basic definitions that will accompany us throughout this 
paper. Let P c {-) be the metric projection onto C. 

A mapping T : C —> C is said to be non-expensive if \\Tx — Ty\\ < \\x — y\\ for all 
x,y e C. And T : C — > C is said to be quasi-Lipschitz if Fix(T) / f> and For all 
p € Fix(T), ||Tx —p || < L\\x — p ||, where L is a constant 1 < L < oo. 

If L = 1, then T is known as quasi-nonexpansive. It is well-known that T is said to be 
closed if for n —► oo, x n — ► x and || Tx n — x n \\ —> 0 implies Tx = x. T is said to be weak 
closed if x n —*■ x and || Tx n — x n \\ —> 0 implies Tx = x. as n —> oo. It is admitted fact that 
a mapping which is weak closed should be closed but converse is no longer true. 

Let {T n } be a sequence of mappings having a non-empty fixed points set F. Then {T n } 
is defined to be uniformly closed if for all convergent sequences {z n } C C with conditions 
|| T n z n — z n \\ —> 0, n —> oo implies the limit of {z n } belongs to F. 

In 1953 [11], Mann proposed an iterative scheme given as: 

x n+ i = (1 - a n )x n n + a n T(x n ), n = 0,1, 2,.... 

Guan et al. in [4] established the following non-convex hybrid iteration algorithm 
corresponding to Mann iterative scheme: 

.To 6 C = Qo, choosen arbitrarily, 

IJn — (1 G::,,) X n CX n T n X n , V L 9, 

< C n = {z G C : || y n - z\\ < (1 + (L n - l)a n )\\x n - z\\C A, n> 0, 

Qn — {A £ Qn—1 ■ {%n Y Xq X n ) L 0}, H ^ 1, 
x n+l = PcoCnnQ„ x 0- 
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In [4] Guan et al. established non-convex hybrid iteration algorithm and proved some 
strong convergence results relating to common fixed points for a uniformly closed asymp¬ 
totic family of countable quasi-Lipschitz mappings in H. They applied their results for 
the finite case to obtain fixed points. In this article, we establish a non-convex hybrid 
algorithms corresponding to Karakaya iteration scheme. Then we also establish strong 
convergence theorems with proofs about common fixed points related to a uniformly closed 
asymptotically family of countable quasi-Lipschitz mappings in the realm of Hilbert spaces. 
An application of this algorithm is also given. We fix cdC n for closed convex closure of 
C n for ah n > 1, A = {z £ H : \\z — P]?xq\\ < 1}, T n for countable quasi-L n -Lipschitz 
mappings from C into itself, and T be closed quasi-nonexpansive mapping from C into 
itself to avoid redundancy. We also present an application of our algorithm. 


2 Main results 

In this part we formulate our main results. We start with some basic definitions. 

Definition 2.1. Let {T n } be a family of countable quasi-L n -Lipschitz mappings from C 
into itself, where C is a closed convex subset of a Hilbert space H . Then {T n } is said to 
be asymptotic if lim, woo L n = 1. 

Proposition 2.2. Let C be a closed convex subset of a Hilbert space H. Then for x £ H 
and z £ C, z = Pcx if and only if we have (x — z, z — y) > 0 for all y £ C. 

Proposition 2.3. Let {T n } be a family of countable quasi-L n -Lipschitz mappings from C 
into itself, where C is a closed convex subset of a Hilbert space H. Then the common fixed 
point set F is closed and convex. 

Proposition 2.4. Let C be a closed convex subset of a Hilbert space H. Then for any 
given xq £ H, we have p = Pcx o if and only if (p — z, xo — p) > 0, Vz £ C. 

Theorem 2.5. Let C be a closed convex subset of a Hilbert space H, and let {T n } be 
uniformly closed asymptotically family of countable quasi-L n -Lipschitz mappings from C 
into itself. Suppose that a n , /3 n , y n , a n and b n £ [0,1], a n + (3 n £ [0,1] and a n + b n £ [0,1] 
for all n £ N and Yl'?f=o( a n + Pn) = oo. Then {x n } generated by 

.To £ C = Qo, choosen arbitrarily, 

2 In — (1 U/, 3 n ) x,i a n T n z n T f3 n T n t n , n 3 d, 

z n — (1 a n b n j X), -)- a n T n t n T b n T n x n , ft 3 0, 

tn — (1 3n)x n T Tn'h'nXm Tt 0, 

< C n = {z £ C : II y n - z\\ < [1 + (L„(l - a n - b n ) 

+L n ((l )ttn -f- b n ')a n 'y n L n \ ) o:,, 

+{L n { 1 - In) ~ 1) + 7 n L 2 n )Pn] \\x n -z\\}nA, n > 0, 

Qn — {z £ Qn— 1 • {Xn A *^0 x n ) 7 0}, n 7 1, 

f x n+\ = PcoC n nQn X 0 

converges strongly to PfXq. 

Proof. We give our proof in following steps. 
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Step 1. We know that coC n and Q n are closed and convex for all n > 0. Next, we 
show that FflAc coC n for all n > 0. Indeed, for each p 6 F n A, we have 

WVn-pW 

— ||(1 o: n P n yx n A - a n T n z n d~ f3 n T n t n p | 

= ||(1 (x n Pn)x n d - a n T n ((l a n — b n )x n + a n T n t n + b n T n x n ) + / 3 n T n t n p\\ 

— ||(1 o r/ Pn)x n -(- cx n T n \(\ a n b n ) x n -(- a n T n ((1 7nj x n d~ PnTnX n ) + b n T n x n \ 
d~ Pn-^nii. 1 r )n)x n d - r y n T n X n \ p\\ 

— ||(1 QL n Pn)(x n p) d~ (ojji a n Qi n b n a n d~ Pn PnlrpipPnXn P) 
d~ (c l n d n 0, ri G: tl Z n d~ b n a n d~ PrPfn ) (T), X n p) + Un^JiTn) (T n X n P) || 

(1 OL n Pn) \\x n p || + ( QL n Q, n Qt n b n Qt n d~ P n Pn^'/n )11 T n X n p\\ 

d - ( CL n CXn a n/T n 7n d~ b n CX n d“ Prp/n ) L,i \\T,i X n p | d~ (X n (X n 7n ) | T n X n p | 

— [Id - (T n (l Q>n b n ) d* L n ((1 7n) (,; n T b n )(l n 'y n L n l)c>! n 
d" (A n (l — 7n) — 1) d - 'JnL/jpPn] \\x n — p\\, 

and p 6 A, so p 6 C' n which implies that FnA C C n for all n > 0. therefore, FnA C cdC n 
for all n > 0. 

Step 2. We show that F n A C coC ra n Q n for all n > 0. it suffices to show that 
F n A C Q n , for all n > 0. We prove this by mathematical induction. For n = 0 we have 
F fl A C C = Qq. Assume that F fl A C Q n . Since x n +i is the projection of To onto 
coC n fl Q n , from Proposition 2.2, we have 

(x n + 1 - x n+ i - t 0 ) <0, \/z € coC„ n Q n , 

as 

FnAc coC„n Q n , 

the last inequality holds, in particular, for all z € F n A. This together with the definition 
of Q n + 1 implies that F fl A C Q n +i. Hence the FnAc cdC n fl Q n holds for all n > 0. 

Step 3. We prove {x n } is bounded. Since F is a nonempty, closed, and convex subset 
of C, there exists a unique element zq G F such that zq = Ppx o- From x n +i = PcoC n r\Q n x o , 
we have 

\\x n +\ ~ xq || < \\z - .Toll 

for every z € cdC n Fl Q n . As zo G F n A C coC„ n Q n , we get 

||T n+ i - to|| < ||^o - aro|| 

for each n > 0. This implies that {x n } is bounded. 

Step 4. We show that {x n } converges strongly to a point of C (we show that { x n } is 
a cauchy sequence). As x n+ \ = PcoC n nQ„xo C Q n and x n = P Qn x 0 (Proposition 2.4), we 
have 

||.T n+ l - To|| > ||T„ - To|| 

for every n > 0, which together with the boundedness of ||T n — to|| implies that there exsists 
the limit of ||T n —To|| - On the other hand, from x n+m G Q n , we have (x n —x n+m , x n —xo) < 
0 and hence 

| Y'n+m X n | — | (XnXm *To) (x n To) 11 

— H-^n+m -Toll || X n To 11 2(t n+m X n , X n To) 

< 11 Xn+m - Toll 2 “ ||T re - T 0 11 2 — ► 0, n -> OO 
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for any m > 1. Therefore {x n } is a cauchy sequence in C, then there exists a point q G C 
such that lim n _ >0O x n = q. 

Step 5. We show that y n —> q, as n —> oo. Let 

D n = {z G C : || y n — z\\ 2 < ||x n — z|| 2 + ( L ^ + 2L 2 — L n — 2)(L^ + 2L 2 — L n )}. 

From the definition of D n , we have 

D n — { 2 ; G C . (jjn ■Z) Vn %) — (-^re *T)i ■2-) 

+ (-^n + 2L 2 — L n - 2)(L^ + 2L 2 - L„)} 

= {zfC: ||y n || 2 - 2(y n , 2 ) + ||z|| 2 < ||.t„|| 2 - 2{x n , z) + ||z|| 2 
+ + 2L 2 — L n - 2)(L^ + 2L 2 - L n )} 

= {z £ C : 2(x„ -y n ,z) < ||x n || 2 - ||y„|| 2 
+ (Ll + 2L 2 - L n - 2)(L3 + 2L 2 - L n )}. 

This shows that D n is convex and closed, n G Z + U {0}. 

Next, we want to prove that C n C D n , n > 0. In fact, for any z G C n , we have 

||yn - z\\ 2 < [1 + (L n ( 1 - an - M + £ 2 ((1 - 7n)«n + b n )a n ^ n Ll - l)a n 
+ (L n (l - 7 „) - 1) + 7 n L 2 )/3 n ] 2 ||rc n - z|| 2 
— ||*Tn ^ll T 2[(L n (l a n bn) T L n ((l 7 n)&n T b n )a n y n L n l)<T n 

+ (L n (l — 7n) — 1) + 7n-L 2 )/3 n ] + [(L n (l — a n — b n ) 

T L n ((l 7 n)®n T b n )a n 'ynL n l)®re 

+ (L n (l - 7„) - 1) + 7nL 2 )/3 n ] 2 j|.T n - z|| 2 

< ||x n — z|| 2 + [2(Lfj + 2L 2 — L n — 2) + (L^ + 2L 2 — L n — 2) 2 ] ||x n — z|| 2 

= ||x n — z|| 2 + (L^ + 2L 2 — L n — 2)(Lf l + 2L 2 — L n )\\x n — z ||". 

From 

Cn — i_Z G C . || y n z\\ [1 T (L n (l CL n b n ) T L n ((l 7n)®n T b n )cin'ynL n 1 )&n 

+ (L n (l - 7 n ) - 1 ) + 7 n L 2 )/?„] ||x n - z||} n A, n > 0 , 

we have C n C A, n > 0. Since A is convex, we also have coC n C A, n > 0. Consider 
x' n G coC n _i, we know that 

||Vn ~ z \\ < 11 % n ~~ ^|| 2 + (L^ + 2L 2 — L n — 2)(L^ + 2L 2 — L n )||x n — z|| 2 
< ||x n — z|| 2 + ( L ^ + 2L 2 — L n — 2)(L^ + 2L 2 — L n ). 

This implies that 2 G and hence C n C D„, n > 0. Sinnce D n is convex, we have 
co(C n ) C D n , n > 0. Therefore 

11 Vn — Xn+ 111“ < ll-Tn — X n -|_i ||“ + (L^ + 2L 2 — L n — 2)(L^ + 2L 2 — L n ) —> 0 

as n —> 00 . That is, y n —> q as n —> 00 . 

Step 6. We show that gGF. From the definition of y n , we have 

T dn^nLn T b n Ol n T n T f3 n T finTinTn T dn®n77i-^n) T,, | 

— 11 11 > 0 
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as n —> oo. Since a n G (a, 1] C [0,1], from the above limit we have 

lim || T n x n -x n \\ =0. 

n—> oo 

Since {T n } is uniformly closed and x n —> q. we have q G F. 

Step 7. We claim that q = zq = Pf x o, if not, we have that ||a?o — p\\ > ||®o — zo||- 
There must exist a positive integer N, if n > N, then ||xo — x n \\ > ||,to — zq\\, which leads 
to 


1 \zq x n | — 11-SO X n X n Xq 11 — ||z 0 \\x n 1£o|| T X n ,X n Xq ). 

It follows that (zq — x n , x n — xq) < 0, which implies that zo G Q n , so that zq G F, this is 
a contradiction. This completes the proof. □ 

Now, we present an example of C n which does not involve a convex subset. 

Example 2.6. Take H = R 2 , and a sequence of mappings T n : R 2 —> R 2 given by 

T n : (h,t 2 ) ^ € R 2 , n> 0. 

It is clear that {T n } satisfies the desired definition of with F = {(fi, 0) : t.\ G (—oo, +oo)} 
common fixed point set. Take xq = (4, 0), ao = f, we have 

1 6 / 1 4 6 \ 

Vo = -jXo + ~T 0 x 0 = (4 x - + - x -, 0J = (1,0). 

Take 1 + (Lq — l)oo = we have 

C 0 = 1 2 G R 2 : || y 0 ~ z\\ < y|||x 0 - z||j. 

It is easy to show that z\ = (1, 3), z 2 = (—1, 3) G Cq. But 

z! = —z\ + —Z 2 = (0, 3)gC'o, 

since ||yo — <s|| =2, ||xo — z\\ = 1. Therefore Co is not convex. 

Corollary 2.7. Let C be a closed convex subset of a Hilbert space H, and let T be a 
closed quasi-nonexpansive mapping from C into itself. Assume that a n , (3 n , y n , a n and 
b n G [0,1], a n + /3 n G [0,1] and a n + b n G [0,1] for all n G N and Y^=o( a n + Pn) = oo. 
Then {x n } generated by 

xq G C = Qo, choosen arbitrarily, 

Vn — (1 OL n Pn)x n T Oi n Tz n A f3 n Tt n , n A 0, 
z n — (1 a.,, b tl j x r) -)- a n Tt n T b r ,Tx r ,, n 7 f), 

< t n = (1 - 7 n)x n + 7 nTx n , n > 0, 

C n = {z G C : ||y n - z\\ < \\x n - z||} n A, n > 0, 

Qn — {z G Qn— 1 • ( X n Z , Xq X n ) 7 0}, H 7 1, 

, x n +1 = Pc„nQn X 0 

converges strongly to Pf x o- 
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Proof. Take T n = T, L n = 1 in Theorem 2.5, in this case, C n is convex and closed and , 
for all n > 0, by using Theorem 2.5, we obtain Corollary 2.7. □ 

Corollary 2.8. Let C be a closed convex subset of a Hilbert space H, and let T be a 

nonexpansive mapping from C into itself. Assume that a n , (3 n , j n , a n and b n G [0,1], 

a n + Pn G [0,1] and a n + b n G [0,1] for all n G N and Yl^=o ( a ™ + Pn) = oo. Then { x n } 

generated by 

xo G C = Qo, choosen arbitrarily, 

Un — (1 OL n Pn) x n T OL n Tz n -\~ Pr/Ttn. n 7 0, 
z n — (1 a,, bn)x n -f- a n Tt n T b n Tx n , n 7 0, 

< t n = (1 - 7 n)x n + 7 nTx n , U > 0, 

C n = {z G C : ||y n - z|| < ||x n - z||} nA, n > 0, 

Qn — {- G Qn—1 ■ { x n Z,Xo X n ) 7 0}, 71 7 1; 

„ x 'n+l = -Pc„nQ„^0 

converges strongly to Pp(T) x o- 

3 Applications 

Here, we give an application of our result for the following case of finite family of asymp¬ 
totically quasi-nonexpansive mappings {T u }^~q. Let 

\\T?x-p\\ < kij\\x-p\\, \/x G C, p G F, 

where F is common fixed point sets of {T n and limj—^ k t J = 1 for all 0 < i < N — 1. 
The finite family of asymptotically quasi-nonexpansive mappings {T u }^~q is uniformly 
L-Lipschitz if 

\\T-x - T-y\\ < Lij\\x-y\\, Vx,y G C, 
for all i G {0,1, 2, ...,N — 1}, j > 1, where L > 1. 

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H, and let {T n }^ Zq 1 be 
a finite uniformly L-Lipschitz family of asymptotically quasi-nonexpansive mappings with 
the nonempty common fixed point set F. Assume that a n , P n , q n , a n and b n G [0,1], 
a n + Pn £ [0,1] and a n + b n G [0,1] for all n G N and ( a ™ + Pn) = oo. Then { x n } 
generated by 

' xq G C = Qo, arbitrarily, 

y n = (1 - a n - Pn)x n + a n T^z n + P n T?^t n , n > 0, 

Zn = (1 - a n - bn)x n + a n T^t n + b n T^x n , n > 0, 

t n = (1 - 7 n)x n + 7 nT^Xn, n > 0, 

Cn = {z G C : || y n z\\ < [1 + a n b n ) 

+%),i(n)(( 1 - 7 n)a n + &n)On7n*f (n)J(n) - 1K 

+ 1 - 7n) ~ 1) + 7n^ 2 (n) J(n) )AJ IK - «||} flA, n > 0, 

Qn — {■Z £ Qn—1 ■ { x n Z,X o X n ) 7 0}, 71 7 1, 

.*T n +l = PcdC n r\Q. n x G 

converges strongly to Pfx q. 
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Proof. We can drive the prove from the following two conclusions. 

Conclusion 1 {T' ) ^ = g 1 }^ =0 is a uniformly closed asymptotically family of countable 
quasi-L n -Lipschitz mappings from C into itself. 

Conclusion 2 

F = nJU F (T n ) = r\n=oHT 3 i$), where F(T n ) denotes the fixed point set of the map¬ 
pings T n . □ 

Corollary 3.2. Let C be a closed convex subset of a Hilbert space H, and let T be a 
L-Lipschitz asymptotically quasi-nonexpansive mapping with the nonempty common fixed 
point set F . Assume that a n , /3 n , y n , a n and b n £ [0,1], a n +(3 n £ [0,1] and a n + b n £ [0,1] 
for all n £ N and ( a n b f3 n ) = oo. Then { x n } generated by 

xq £ C = Qo, arbitrarily, 

Un — (1 (dn) x n b OL n T Z n b f3 n T t n , 71 b 0, 

z n — (1 a n b,f)x n b a n T t n b b n T x n , n b 0, 
tn — (1 'JnjXn "b 'JnT X n , Tl P 0, 

< C n = {z £ C : II y n - z\\ < [1 + {K n ( 1 - a n - b n ) 
b H n ((1 'yn)cL n b b n )cb n , y n K n l)ci! n 
b(A' n (l - 7 „) - 1) b 7 n Kl)/3 n ] \\x n - z\\} n A, n > 0, 

Qn — {■£ b Qn—1 ■ {Xn Z, Xq X n ) b 0}, Tl P 1, 

k *T n +i = PcoC n nQ„ x 0 

converges strongly to PfXq. 

Proof. Take T n = T in Theorem 3.1, we get the desired result. □ 
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Abstract 

Let A be the family of functions f(z) = z + a 2 z 2 + ... which are analytic in the open unit 
disc D = {z : \z\ < 1}, and denote by V of functions p{z) = 2 + piz + P 2 Z 2 + ... analytic in D 
such that p(z) is in V if and only if 


p(z) + 


1 + 2 
1-2 


^p(z) 


i + <K*0 

l - 4>{z) ’ 


for some Schwarz function <j>(z) and every 2 E O. 

Let f(z) be an element of A , and satisfies the condition 


2 


/'(*) 

m 




p 2 (z) 


where pi(z),p 2 (z) E V and k > 2, then f(z) is called function with bounded radius rotation. 
The class of such functions is denoted by Rk- This class is generalization of starlike functions. 
The main purpose is to give some properties of the class Rk- 


1 Introduction 


Let C be the family of functions <j>(z) which are analytic in D and satisfy the conditions <^(0) = 0, 
|<^( 2 )| < 1 for all 2 £ D. If fi ( 2 ) and / 2 ( 2 ) are analytic functions in D, then we say that fi(z) is 
subordinate to A( 2 ), written as f\{z) + h{z) if there exists a Schwarz function (j> £ Q, such that 
fi ( 2 ) = f 2 (4>(z)),z £ D. We also note that if / 2 univalent in D , then fi(z) + f 2 {z) if and only if 
/i(0) = / 2 (0), /i(D) C / 2 (D) implies /i(B r ) C / 2 (O r ), where D r = {2 : | 2 | < r, 0 < r < 1} (see [2]). 

Denote by V the family of functions p(z ) = 1 +pi 2 + p 2 z 2 + P 3 Z 3 H-analytic in B such that p 

is in V if and only if 


p(z) + 


1 + 2 


1 - 2 




J- + <t>{z) 
1 - (j>(z) 


z £ B 


( 1 . 1 ) 
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Let f(z) be an element of A. Then f(z) is called convex or starlike if it maps D onto a convex 
or starlike region, respectively. Corresponding classes are denoted by C and S*. It is well known 
that C C S'*, that both are subclasses of the univalent functions and have the following analytical 
representations. 

/"(*)' 


f(z) G C Re l 1 + z 


and 


f(z) e S* 


Re[ z 


/'(*) 

m 

/(*) 


>0, z G 


> 0, z G 


( 1 . 2 ) 


(1.3) 


More on these classes can be found in [2]. Let f(z) be an element of A. If there is a function g(z) 
in C such that 

/( ^>0, 2GD (1.4) 


Re 


9'(z) 


then f(z) is called close-to-convex function in D and the class of such functions are denoted by CC. 

A function analytic and locally univalent in a given simply connected domain is said to be of 
bounded boundary rotation if its range has bounded boundary rotation which is defined as the 
total variation of the direction angle of the tangent to the boundary curve under a complete circuit. 
Let 14 denote the class of functions f(z) G A which maps D conformally onto an image domain of 
boundary rotation at most kn. The class of functions of bounded boundary rotation was introduced 
by Loewner [3] in 1917 and was developed by Paatero [5, 6] who systematically developed their 
properties and made an exhaustive study of the class 14. Paatero has shown that f(z) G 14 if and 
only if 


/* Z7T 

f{z) = Exp - / log (1 - ze ~ lt ) d/i(t) 
. Jo 

where /i(t) is real-valued function of bounded variation for which 

n 2 -k p2ir 

/ d/j,(t) = 2 and / \dp(t)\ < k 

Jo Jo 


for fixed k > 2 it can also be expressed as 


/•27T 

Jo 



/'(*) 


dO < 2/e7t, z = re 


w 


(1.5) 


( 1 . 6 ) 


(1.7) 


Clearly, if k-\ < fc 2 then 14, C 14 2 that is the class 14 obviously expands on k increases. 14 is 
the class of C of convex univalent functions. Paatero showed that 14 C S, where S is the class of 
normalized univalent functions. Later Pinchuk proved that 14 is close-to convex functions in D if 
2 < k < 4 [7], 

Let Rk denote the class of analytic functions / of the form f(z) = z + a 2 z 2 + a^z 3 + ... having 
the representation 


f(z)= zExp 


pZTT 

/ log (l - ze~ lt ) 
Jo 


dfi(t) 


( 1 . 8 ) 


where p(t) is given in (1.6). We note that the class Rk was introduced by Pinchuk and Pinchuk 
showed that Alexander type relation between the classes 14 and Rk exist, 


/ € 14 ^ zf(z) G R k 


(1.9) 
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Rk consists of those function f{z) which satisfy 



Re[re x9 


gre 19 ) 

f{re iB ) 


) 


dO < kn, z = re l9 . 


( 1 . 10 ) 


Geometrically, the condition is that the total variation of angle between radius vector f{re lB ) makes 
with positive real axis is bounded kn. Thus, Rk is the class of functions of bounded radius rotation 
bounded by kn, therefore Rk generalizes the starlike functions. 

Pk denote the class of functions p(0) = 1 analytic in D and having representation 


i r 27T i - l . ze -n 

*>-2 i < L11 » 

where p(t) is given in (1.6). Clearly, P 2 = P where P is the class of analytic functions with positive 
real part. For more details see [7]. From (1.11), one can easily find that p(z) G Pk can also written 
by 

P(^) = (^ + ^)pi(2) - - ^)p 2 (2), 2GD (1-12) 

where pi(z),p 2 (z) G V. Pinchuk [7] has shown that the classes 14 and Rk can be defined by using 
the class Pk as gives below 

/ G 14 G Pk (1.13) 

/ 0) 

and 

z 

f&Rk & e p k (!-!4) 

f(z) 

At the same time, we note that 14 generalizes of convex functions. 


2 Main Results 

Lemma 2.1. Let p(z) be an element of Pk, then 


P(z) - 


1 + r 2 


1 — r 2 


< 


kr 


1 — r 2 


Proof. Let f(z) be an element of 14 . Using (1.13), we can write 

f"( z ) 

P{z) = 1 + G Vk 

On the other hand M.S. Robertson [8] proved that if f(z) G 14, then 


/"(*) 
' f'{*) 


2 r 1 


1 — r 2 


< 


kr 


1 — r 2 


Therefore the relation can be written in the following form, 


n , _/"(*) x 1+^ 2 
l 1 + ^T777v) - 


f'{z) 1 - r 2 

Using the definition of the class 14, we obtain (2.1). 


< 


kr 


1 — r 2 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 

□ 


1008 


Yasar Polatoglu ET AL 1006-1013 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Theorem 2.2. Let f(z ) be an element of Rk, then 

r 


(1 —r) 2 ( 1 +r) 2 (1 —r) 2 (l + r) 2 


1 — hr + r 2 


<\f'(z)\ < 


1 + hr + r 2 


(1 — r) 2 2 (l+r ) 2+ 2 (1 — r) 2+ 2 (1 + r) 2 2 

Proof. Using the definition of Rk, then we can write 


f'(z) 1 + r 2 


f(z) 1 - r 2 
This inequality can be written in the following form. 


< 


kr 


1 — r 2 


1 — kr + r 2 


f(z) 1 + kr + ', 


1 2 <Rez J -^-< 

1 - r 2 f(z) 1 - r 


On the other hand, we have 


Thus we have 


1 - kr + r 2 d , ... . 1 + kr + r 2 

< 7r, l °g\f(z)\ < 


r( 1 — r 2 ) 9r ' r(l — r 2 ) 

Integrating both sides (2.10), we get (2.5). The inequality (2.7) can be written in the form 


1 — kr + r 2 


< 


f’(z) 


1-r 2 | f(z) 

In this step, if we use (2.5), we obtain (2.6). 
Corollary 2.3. For k = 2 in (2.5), we obtain 


< 


1 + kr + r 2 
1 — r 2 


(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

□ 


r r 

< \f(z)\ < 


(1+r) 2 - yi - (1-r) 2 

This is well known growth theorem for starlike functions [2]. 
Corollary 2.4. For k = 2 in (2.6), we obtain 

' '■ </'<u< 1 + r 


(1 


(1 - r) 3 


This is well known distortion theorem for starlike functions [2]. 
Corollary 2.5. The radius of starlikeness of Rk is 

k-VW^L 


Rs * = 


-,k> 2 


( 2 . 12 ) 
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Proof. Since 


Se| S £ai> 1 - tr + r2 


/(-') 


1 — r 2 


□ 


Hence for R < Rs * the left hand side of the preceding inequality is positive which implies (2.12). 
We note that all results are sharp because of extremal function is 


f*(z) = 


z( 1 — z) 2 1 
(l + z)i +1 


Indeed, 


tt(z) 1 -kz + z 2 


ft 1\ 1 + z 
4 + 2 1-z 


k _ 1\ 1-z 
4 2^1 + 2 


/* (z) 1 ~ 2 2 

Thus, f*(z) € Rk and f*(z) is extremal function. 

Lemma 2.6. Let p(z) = 1 + p\Z + P 2 Z 2 + ... be an element ofVk, then 

\Pn | < ft 

Proof. Method I. Since p{z) £ Vk, then we have 

P( " )= (i + 0 P1(2) “(^O P2(2) 

= (1 + a\z + ci 2 z 2 + ...) - (1 + biz + b 2 z~ + ...) 

Then we have 


/ft 1\ f k 1', 

Pn ~ * 4 + 2 J ° n “ V 4 " 2 * K 


Thus 


\Pn\ = 


ft 1 \ (k 1 , 

4 + 2 ) “ U ~ 2 1 K 


/ft 1\ 

< ( ^ + ^ ) I 0 *! 


ft _ 1 I |, 

4 2,1 |6 " 


/ft 1\ /ft 1\ 

< - + - 2 +- 2 

.4 2 l 4 2/ 


This shows that, 

\Pn | < ft 

Method II. Since p(z) € Vk, then p( 2 r) can be written in the form 

^ 1 + ze-' u 


P(Z) = IL 


1 — ze~ 


-dp(t) 
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and 


Then 


/»2-7T />2-7T 

/ dfi{t) = 27r and / |d/x(t)| < &7r. 

Jo Jo 


p(z) = 1 + Pi 2 + P 2 Z 2 + - = ^ J 


1 1 + 2e“ 


1 — 2e _ 


-dp{t) 


1 1 + 0 e- i( - ze- u + ze~ u 


2n 


p2n 


2n 


1 - 


1 — ze~ 
2ze~ u 
1 — ze~ lt 


-dp(t) 


dfi(t) 


\Pn\ < \dp{t )| < k 


is obtained. 

We note that this lennna was proved first by K.I. Noor [4] (Method II). 
Theorem 2.7. Let f(z) be an element of Rk, then 


□ 




y=0 


Proof. Since f{z) £ Rk, then we have 


where p(z) € Vk- Thus 


f(z) 


(2.13) 


zf\z) = f(z)p(z) 

Comparing the coefficients in both sides of zf'(z) = f(z)p(z), we obtain the recursion formula 

n— 1 


a n = 


1 \ ' 

— 2^Pn-»av, n> 2 


n — 1 


and therefore by Lemma 2.6, 


Induction shows that 


a n = 


n - 


1 




n —2 


- (n^l)! II( fc + ^- 


y=0 


□ 


Corollary 2.8. For k = 2, we obtain |a„| < n. This inequality is well known coefficient inequality 
for starlike functions. 
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Indeed, 


If we take k = 2, 


.. n —2 

^T^rnrll (* + ") = 


k(k + 1 )(k + 2 )...(k + (n — 2)) 


( n — 1)! „=o ("-!)! 


. 2.3.4...(n — 2).(?i — l).n 

On < -V--— = n 


(«-!)! 

Corollary 2.9. Let f(z) be an element ofVfthen 

^ n —2 




(2.14) 


ZY = 0 


Proof. Using the theorem of Pinchuk 


f(z) e V k <^> ^/'(z) g J?* 


we get (2.14). 


□ 


Corollary 2.10. For k = 2, we obtain \a n \ < 1. This inequality is well known coefficient inequality 
for convex functions. 

We note that all these inequalities are sharp because extremal function is, 

z(l-z )^ 1 


f*(z) = 


(1 + Z) 


i+i 
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POLY-GENOCCHI POLYNOMIALS WITH UMBRAL CALCULUS 

VIEWPOINT 

TAEKYUN KIM 1 , DAE SAN KIM 2 , GWAN-WOO JANG 3 , AND JONGKYUM KWON 4 ’* 


Abstract. In this paper, we would like to exploit umbral calculus in order to 
derive explicit expressions, some properties, recurrence relations and identities 
for poly-Genocchi polynomials. 


1. Review on umbral calculus 

The purpose of this paper is to use umbral calculus in order to derive some new 
and interesting expressions, recurrence relations and identities for poly-Genocchi 
polynomials. To do that we first recall the umbral calculus very briefly. For more 
details, the reader may refer to [11, 12]. We denote the algebra of polynomials in a 
single variable x over C by P and the vector space of all linear functionals on P by P*. 
The action of a linear functional L on a polynomial p(x) is denoted by (L\p(x)). We 
define the vector space structure on P* by (cL + c' L'\p(x)) = c(L\p(x)) +c'(L'\p(x )), 
where c, d G C. We define the algebra of formal power series in a single variable t 
to be 

r = |/(*) = !>*£ Keel. (l.i) 

[ fc >0 ' J 

A power series /(f) £ J defines a linear functional on P by setting 

(f(t)\x n ) = a n , for all n > 0. (1.2) 

By (1.1) and (1.2), we have 

(t k \x n ) = n\S nt k, for all n,k> 0, (1.3) 

where S n ^ is the Kronecker’s symbol. Let /i(t) = y)„ >0 {L\x n )^j. From (1.2), we 
have (/i(t) \x n ) = (L\x n ). So, the map L i-a /l(<) is a vector space isomorphism 
from P* onto T. Thus, T is thought of as set of both formal power series and linear 
functionals. We call T the umbral algebra. The umbral calculus is the study of 
umbral algebra. 

The order 0(f(t)) of the non-zero power series f(t) G J is the smallest integer 
k for which the coefficient of t k does not vanish. Suppose that f(t),g(t ) G T such 
that 0(f(t)) = 1 and 0(g(t )) = 0, then there exists a unique sequence s n (x) of 
polynomials such that 

(. 9{t)(f{t)) k \s n (x )) =n\5 n>k , (1.4) 


2010 Mathematics Subject Classification. 11B83, 42A16. 
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Fourier series of finite products of Bernoulli and Genocchi functions 


where n,k> 0. The sequence s„(x) is called the Sheffer sequence for ( g{t),f(t )) 
which is denoted by s n (x) ~ (g(t),f(t)) (see [11, 12]). In particular, if s n (x) ~ 
(g(t),t), then s n (x) is called the Appell sequence for g(t). For /(f) G T and 
P(x) G P, we have (e yt \p(x)) =p(y), ( f{t)g{t)\p{x)) = ( g{t)\f(t)p(x)) and 

fn _ T n 

= \ xn )~v p( x ) = c 1 - 5 ) 

n>0 n>0 


From (1.5), we obtain (t k \p(x)) = p^ k \ 0) and (1| p^ k \x)) = p( k \ 0), where p( fe )(0) 
denotes the fc-th derivative of p(x) with respect to x at x = 0. So, we get that 
t k p(x) = p( k \x) = ^ w p{x ), for all k > 0. Let s n (x) ~ ( g(t),f{t )). Then we have 


3 r vf(t) _ 

<?(/») 


n>0 


n! 


( 1 . 6 ) 


for all y G C, where /(t) is the compositional inverse of /(t) satisfying = 

= t. Let s n (x) = Y2 =o c n,krk(x), for s„(x) ~ ()) and r n ( x) ~ 
Then we have 

CM “K*M (<lft,)))V )’ (L7) 

(see [11, 12]). 

For s n (x) ~ (g(t),f(t)), we have the recurrence relation 

s„ + i(x) = ^a: - j^js n (x). (1.8) 

Finally, for any h(t) G J 7 and p(x) G P, we have the following. 

(h(t)\xp{x)) = {d t h(t)\p(x)). (1.9) 


2. Introduction 

Let r be any integer. We recall here that 

OO n 

Li r {x) = “ 7 - ( 2 - 1 ) 

' n r 

71=1 

is the rth polylogarithm function for r > 1, and a rational function for r < 0. It is 
immediate to see that 


^-{Li r+ i(x)) = -Li r (x). 
ax x 


The Poly-Genocchi polynomials Gn^ (x) of index r are given by 


2Lj r (l e *) xt 
e* + 1 


= £<*’<*>*• 


71=0 


( 2 . 2 ) 


(2.3) 


( V ) (r) / 

For x = 0, Gn = Gii (0) are called poly-Genocchi numbers of index r. In 
particular, if r = 1, Gn\x) = G n are the ’classical’ Genocchi polynomials defined 

by 

o f °°. t n 

e« = Y,G n {x)- (see [8]). (2.4) 

gt _|_ 1 L — J n \ 

71=0 
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The Poly-Genocchi polynomials G„ (x) were first introduced in [3], even though 
they were called poly-Euler polynomials and denoted by E^(a;). For the obvious 
reason, it seems more appropriate to call them poly-Genocchi polynomials rather 
than poly-Euler polynomials. There are other definitions for poly-Euler numbers 
and poly-Euler polynomials. Indeed, in [10, 13] the poly-Euler numbers Em^ are 
defined by 


Lir(l ~ e 4t ) _ ^(r)^ 

4 1 cosht ^ m n 


(2.5) 


For poly-Euler polynomials, see [2]. The poly-Bernoulli polynomials Bn\x) of 
index r are given by 


Llri ] f t] e xt = £ (see [1, 4, 6]). (2.6) 

e l — 1 ' n\ 

n —0 

(r) (r) / 

When x = 0, Bn = B„ (0) are called poly-Bernoulli numbers of index r. In 
particular, if r = 1, Bn\x) = B„ are the Bernoulli polynomials defined by 



°° -in 

n—0 


The Euler polynomials E n {x) are given by 


(2.7) 


2 

e* + 1 


^2 E n(x) 

n—0 


t n 

n\ 


( 2 . 8 ) 


As is well knwon, 

E n {x) = G n+ i(x), (n > 0). (2.9) 

n + 1 

Writing Li r { 1 - e _t ) = a n% =t + J2n=2 from ( 2 - 3 ) ancl ( 2 - 7 ) we 

see that 

oo n oo / n— 1 , v \ „ 

E G Sr’M^ = E E ()k->«w ^f. (2.io) 

n—0 ' n—1 \Z=0 V 7 / 

This implies that 

Gg r) (a;) = 0, G^s) = 1, deg G^ r) (x) = n - 1, (n > 1). (2.11) 


In this paper, we would like that to exploit umbral calculus in order to derive 
explicit expressions, some properties, recurrence relations and identities for poly- 
Genocchi polynomials. 


3. Explicit expressions 

It is important to observe that sometimes we can not directly apply the umbral 
calculus techniques to the generating function (2.3) of poly-Genocchi polynomials, 
since 2Llr ( 1 ~ e —1 j s a delta series, and hence is not invertible. Instead, we have to 
use the next generating function for (n > 1), which follows from (2.3) and 

( 2 . 10 ). 
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Fourier series of finite products of Bernoulli and Genocchi functions 


2Li r (l - e-*) 




t(e* + \) ' n + l n! 

v ' n—0 


(3.1) 


(oc'} ~t(c^t I 2.1 

We see from (2.11) that ^+ 1 — is the Appell sequence for 2L i (l-J-*) ' name ly 


g { ;Ux) 

n+l 


g(t) = 


f(e* +1) 
2Li r (l - e~*) 


J(t) = t . 


(3.2) 


We will compute e —- | x n+1 ^ in four different ways in order to get inter¬ 

esting identities. Firstly, we have 

Lir{l-e *) ^„ +1 ^ 

-EHr (r '~ 1 | V 1 ) 

t ^ m r 1 / 

, m—1 / 


n+2 


= E<-D’ 


! /I 1 


m =1 
n+2 


m r \t ml 


771=1 

n+2 




(e _t — l) m \x n+1 


(-'>\;..n 


\J=m 
n+2 


n-t-z I n-t-z / \ j 

= E E ^(j, m)EE(™ + 


171 

m=l j—m 

n+2 I 

£(- 1 ++" —S 2 (n + 2 ,m). 
n + 2 m r 

m=l 


(3.3) 


Secondly, we get 


-^a( 1 e *) i^n+i ^ 
e* - l+v(l - e_t ) a; n4-i 


e* — 1 


e* - 1 


E*£ 


j.n 

t , 

m=0 / 


n+l 


= E 

m=C 

n+l 

= E 

m=C 

n+l 

= E 


m=0 


n + l 
m 

n + l 
m 

n + l 
m 


e — 1 


]^( r ) / °_y|^,n— to+1 


S (r ) 

m 

B+ 


n—m+1 


l 


du 


n — m + 2 


(3.4) 
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Thirdly, we obtain 


Li r ( 1 e *)|„,n+l 


j\Li r (l-e- s ))'ds\x n+1 ^ 

1 [* {Lir-l(l-e~ S )),^n + l\ 


e s - 1 


-ds \x ri 


/ 


,n+1 


ml 

/ 

r* 

, . . s m dsb n+1 

ml \t 


1 

m =0 N u 

oo 1 

m—0 7 

oo 


n+l,m 


m—0 

i pi r_1 ) 
"n + 2~°" +1 • 


Lastly, in [7] we showed that 


OO OO 


/./,.(1 - e _t ) = th+ '" +ir - 1+1 

3 1=0 jr— 1=0 

r—1 


n 




^ iiKii + • • • + ji +1) 

which follows from the well-known integral representation 

. r* i r y i r y i r v 

lk{l ~ e ~ J 0 e v - 1 ev-lJo e y — 1 J 0 e» - 1 

(fc- 2 ) times 


(r > 2), 


(3-5) 


(3.6) 


dy--- dydydy, (3.7) 


Now, 


£i r (l - e *) 
t 


n+1 


( 4 J 1 + -+ir-l| a .n+l> 


OO OO 1—1 

= £'">?-o0'Yo;+-.+a+i) 

-£••• £ n ; . H , 1 + % +J . + 1 ) <" +i > ! w^-. 

j 1= 0 j r _ 1= 0i=l Ji ‘ Ul + + 


5, 


(3.8) 


r—1 


=(n + !)! X! II 




iiH-l-Jr-i=n+l i=1 


J i - (J1 H-+ ji + 1) 
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Fourier series of finite products of Bernoulli and Genocchi functions 


Theorem 3.1. For all integers r > 2, and n > —1, we have the following. 
/ Li r {\ — e~*) |a .w +1 \ 


1 ra + 2 

=—!— y (-i) m+ 

n + 2 ^ v ' 

m=l 

=”f 


: S 2 (?i + 2,?ti) 


to ) n — m + 2 


1 pb - -!) 

"n + 2^ n+1 


=(« + !)! n 

ji4 -bjr-I=n+1 i=l 


iiKil ”1-+ Ji + 1) 


Similarly, the following was derived in [7] except for the first one which is left as 
an exercise to the reader. 

Theorem 3.2. For all integers r >2, and n > —1, we have the following. 


(Li r {l — e~ t )\x n+1 ') 

71+1 i 

= £(-ir+" +1 ^S 2 (n + l,TO) 

a —* m' 


=E( n :>s’ 

m—0 x 7 


=(n + i)! £ II /1(/j . • . , ; - 


The following is also immediate from (2.3). However, we derive it by using 
umbral calculus. 


G ( n\y) = ( G m(v)z-.\v" 

\ 7 —' m! 

\m—0 

= C^Vr'^ v) 

_ / 2 Li r ( 1 - e _; ) | y l f I r T 
~\ e* + l 1 Z! 




=e ; ml. 
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7 


Thus we have shown 


G !. r) <*>= e (YKv- 

;=o ' ' 


Next, in order to express poly-Genocchi polynomials in terms of Euler polyno¬ 
mials, we first observe the following. 


G^{y) = 


= l Li r ( 1 — e 


2Li r (l e 4 ) yt . n 


e 4 +1 


-e" \x 


e 4 + 1 

OO 


e yt x n 


= ^ r {\-e- t )\Y J E l {y) T ,x n 'i 


(3.10) 


From this and Theorem 1.2, after simple manipulations, we obtain the following 
explicit expressions for Gn\x), as linear combinations of Euler polynomials. 

Theorem 3.3. For any integer n > 0, we have 


n l 


= H) 


l—l m= 1 


\Z+m 


ml 


S 2 (l,m)E n _i(x) 


n l—l 

-EE 

l—l m —0 


l J \m 


Bm E n -l(x) 


1=1 


=E 


=E 


E 


w* n - 


% 


/i- _l ' 7i v i JiKjl + * " + + 1) 

Z = 1 Ji,— - \-J r -!=l-l 1=1 


E n -i(x). 


This time we want to express poly-Genocchi polynomials in terms of Genocchi 
polynomials. For this, we first observe the following. 

2Li r (l - e 4 ) t ^ 


G$\y) = 


1 


Li r ( 1 — e 4 ) 2 1 


t 


e 4 + 1 


e yt x n 


Li r ( 1 — e 4 ) ^ r, t v 
-7 - \2^Gi[y) r x 


(3.11) 


1=0 


=E 

1=0 


Gi(y) 


Li r (l — e *). z 


From this and Theorem 1.1, after simple manipulations, we get the following 
explicit expressions for G^^ai), as linear combinations of Genocchi polynomials. 
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Fourier series of finite products of Bernoulli and Genocchi functions 


Theorem 3.4. For any integer n > 0, we have 


n- 1 z+i 


g ( :\ x ) = E E 


1 (n 


n— 1 Z 

-EE 

Z—0 m =0 
n— 1 


Z—0 m=l 


l 

l — m + 1 


z + i W 


(-i) 


Z+m—1 


ml 


S 2 (l +1, m)G n _i(x) 


C)(™) b » g "-' w 


Z=0 x 7 


=E 


E 


Bj 


l -0 il,--- ,ir-l>0jlH-hir-l=i 


<n), nMrT^ +3i+ i) 


G n -i{x). 


As a final remark in this section, we mention the following Appell identity. 

B^ix + y) = ( n )Bf\y)x n -i. (3.12) 

j =o ^ 


4. Recurrence relations 


From (1.9), for s n (x) ~ ( g(t),t ) we have 


Sn+iOd 



s n ( x ). 


Here we apply this recurrence relation to 



ra+1 



*(e‘ + l) A 

2Li r (l — e -4 ) ’ y ' 


Then 


Gl r | 2 A') 

71 + 2 


Observe first that 


1 

71 + 1 


xG 


( r) 
n+1 


0) 


9'(t) 1 (r) 

9(t)n+ 1 n+1 


0*0 ■ 


M - toXW 

1 e* (Li r (l — e" 4 )) 4 

t e 4 + 1 Li r (l — e -4 ) 

1 e* 1 L?: r _!(l - e" 4 ) 

t e 4 + 1 Li r (l — e -4 ) e 4 — 1 

1 A _+_ Z Li r _i(l - e~ 4 ) \ 

t \ e 4 + 1 Li r (l — e -4 ) e 4 — 1 / 

1 /2Li r (l - e" 4 ) 2Li r (l-e~ t ) 1 2 2Li r (l - e" 4 ) 

t V t(e* + 1) 1 e 4 + 1 2 e 4 + 1 e 4 + 1 

2 I/i r _i(l — e _4 )\ <(e 4 + 1) 

e 4 + 1 e 4 — 1 / 2Li r (l — e -4 ) 


(4.1) 


(4.2) 


(4.3) 


(4.4) 
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Now, 


g(t) n + r" +lW 

1 /2Li r (l — e -4 ) 2Li r {l — e -4 ) 1 2 21+(1 - e“ 4 ) 

Z t\ t{e t + 1) + 

2 Li r ._ 1 (l — e -4 ) 
e 4 + 1 e 4 — 1 


e 4 + 1 2 e 4 

+i 

e 4 + 1 

-)® n . 

2Z+(1 - e“ 4 ) 

1 2 2Li r (l 

e 4 + 1 

h* n+i - 

2 e 4 + 1 

e f - 


n+ IV t(e 4 + 1) 

2 Li r _i(l — e -4 ) 
e 4 + 1 e 4 — 1 

Note here that the expression in bracket of (4.5) has order > 1, and 

x n _ t(e t + 1) G^ l _l 1 (x) 

2Li r (l — e -4 ) n + 1 

We now compute the four pieces in the expression of (??): 


t(e 4 + 1) 


21+(1 — e *) x n+ 1 = ^1+1 tl x n+ 1 


1=0 


l+ 11!' 


n+1 


=E+rn<w +i -' 


,.o ! + I V ‘ 

2Z+(1 - e -4 ) 


e 4 + 1 


,n +1 _ \ ' ^(r) t n+1 

~ T\ x 

1=0 


n+1 

=E 

1=0 




(4.5) 


(4.6) 


(4.7) 


(4.8) 


2 2Li r (l^e" 4 ) _ +1 2 

-X — 


e l + 1 e* + 1 


z=o x 7 


n + ^ G^ 2 x n+1 ~ l 


l 


i e t 


e 4 + 1 


n+1 

=E 

1=0 


i=0 


(4.9) 


2_I/i r _i(l e 4 +. n+1 _ 


2 ~(r-l) t l 


e 4 + 1 e 4 — 1 


e 4 + 1 




z=o 

n+1 




n+1 


z(r\ 


, , , , |B, |r_1| *" +1 “ i 

e + 1 1;v i 1 

n+1 


=E 

1=0 


n + 1 ^R (r_1 + 

^ )+ rL n+ i_i(a.). 


(4.10) 


1022 


T. KIM ETAL 1014-1031 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


10 


Fourier series of finite products of Bernoulli and Genocchi functions 


Putting everything altogether, we arrive at the following theorem. 
Theorem 4.1. For any integer n > 0, we have 


g ( ;Ux) 


1 ^y(r) , - . 1 




-xG n+1 (x) + 


n + 2 n + \ n +i\~/ ■ n+1 

n+1 


1=0 

(r) 


n + lVl 

i j ( 2 G ‘ 


+ - E ( t ) ( m + 0 - w > o+w ) 


Assume that n > 1, 


g^ r) (y) = ( 2£ir i 1 , 


e 4 + 1 


= d, 


2Li r (l - e~ f ) 
e 4 + 1 


e yt \x 


n— 1 


2Li r (l - e“ 4 ) 
e 4 + 1 


(a t e^)|. 


„n— 1 


It is easy to see that the second term in (4.11) is equal to yG„\y). 
term, we observe that 

/2Li r (l — e -4 )' 


d f 


e 4 + 1 


V 

2 L \ ia e Zf t) e~t(e t + 1) - 2Li r (l - e - 4 )e 4 
(e 4 + l) 2 

2 Li r _i(l — e -4 ) 2Lv(l-e“ 4 ) 1 2 2Li r (l - e“ 4 


+ ~- 


e 4 + 1 e 4 - 1 e 4 + 1 2 e 4 + 1 e 4 + 1 

So the first term can be written as three sums: 

2 Li r _\(l — e -t ) „ n -i\ /ILiril-e-t) 


-e» \x 

n -t 


e yt \i 


, e 4 + 1 e 4 — 1 
1 / 2 2I4 r (l — e -4 ) 

+ 2 \e 4 + l e 4 + l 

We now compute the three terms in (4.13): 

2 Li r _i(l — e _t ) 
e 4 + 1 e 4 — 1 
2 Z4 r _i(l — e _t ) 


e 4 + 1 


e yt I x n ~ x 


Vt \3 


e 4 + 1 


e 4 — 1 


e yt x n ~ l 


t l 


e 4 + 1 


1=0 


=£ 

1=0 

n —1 


n — 1 


B^iy) 


„n—l—l 


e 4 + 1 




2Li r (l e ) „ v t\„n—i 


e 4 + 1 


e yt \x" 


= G ( ;Uy), 


^ (4.11) 

For the first 

(4.12) 

) 


(4.13) 


(4.14) 


(4.15) 
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J 2 _ 2Z'i r (l e *) t . n _i 


e 4 + 1 e 4 + 1 
2 2Li r (l — e -4 ) 
e 4 + 1 e 4 + 1 




e 4 + 1 




\ r 

r) 1 


i=0 


r 


=E( n 7 1 ) G 7fo> / 2 i — 1 -' 


;=o 

n—1 


e 4 + 1 




(4.16) 


Putting everything altogether, we have the following theorem. 

Theorem 4.2. For any integer n > 1, we have the following recursive relation. 

(! - x)Glf\x) + G G 2i(a;) 

=E ( n 7 V-.-.(Br n w+fo«w). 

;=o ' ' 


5. Connections with other families of polynomials 

In this section, we will exploit (1.7) in order to express poly-Genocchi polyno¬ 
mials as linear combinations of well known families of polynomials. To express 
poly-Genocchi polynomials in terms of Bernoulli polynomials, with noting that 


G n+1^ „ f t( e * + !) t j B M 
n+1 \2Li r (l — e 4 )’ ’ n 


e 4 - 1 


(5.1) 


we let Gn Jf ( 1 x) = ELo C n,kB k (x). Then 


_ 1 /e 4 -12L Jr (l-e- 4 ) k 
Cn ' k ~kl\ t t(e* + 1) 1 

; — 1 2Li r (l — e -4 ) _ k 


t 1 t(e 4 +1) 
e 4 -l 


IE- 


i—k 


t. ' z —' i + i i\ 

1=0 


n—k 

E 

1=0 


1 f n ~ k \r^ / e *~ 1 1 

Z + l V l 1+1 


„n—k—l 


(5.2) 
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Fourier series of finite products of Bernoulli and Genocchi functions 


n—k 


1=0 

n—k 

E 


1 (n—k 


1V l 


G 


( r ) 

Z+l 


i—k—l 


du 


1 


i =o 


(/ + l)(n — k — l + 1) \ l 


n — k 


G 


( r ) 
l + l 


1 


(n + 1 )k 


n—k 

E 

1=0 


n + 1\ (n — l 


l + lj\k- 1 


G 


(r) 

Z+l ■ 


Thus we get the following result. 

Theorem 5.1. For any integer n > 0, we have the following. 


n (r) ( \ SG SG 1 A 1 + 1 \ (n — l 

G n +1 W = 


k= 0 Z=0 


fcW + 17 Vfe-1 


G^Mx). 


Write G " + , 1 l' t) = ELo G n ,k{x) n , with 


n+1 0 

G+liA) 


n+1 


Gz+a-e-T*) ( 1,e * ^ 


where (x) n are the lower factorial polynomials. Then 


Cn ' k ~k\ 


1 / 2Li r (l e 0/t ixfei « 


i(e* + 1) 


-(e* — l) fc |x T 


21+1 e t ) 1 t _ jxfc r 

t(e t + 1) l k\ [ ’ ' 


21+1-e+ 
t(e* + 1) I 


Es 2 (Z,/c) + 


Z=fc 


■n;iw W'.'r i r' 


Z—/c 


£(e* + 1) 


=E J^(+) 


l=k 

1 

n+1 


g: 


(r) 

n—Z+l 

' n — l + 1 


E 


n+1 

l 


S 2 (l,k)G^l 


n— Z+l ’ 


Thus we obtain the following theorem. 

Theorem 5.2. For any integer n > 0, we have the following. 


n+1 

l 


S 2 (l,k)GW(x) k . 


G n+l(*) = EE 
Zc—0 Z=fc 

Let Ob n (x ) denote the ordered Bell polynomials given by 


1 

2-e* 


= ^2 Ob n (a 


t n 


n =0 


n\ 


I ’ 


(5.3) 


(5.4) 


(5.5) 


(5.6) 
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The ordered Bell polynomials have been of great use in number theory and enu- 
merative combinatorics. 

Here we would like to express the poly-Genocchi polynomials in terms of ordered 
Bell polynomials. With observing that 


G ( n r h(x) 

n +1 


( *(e* + l) 

\2Li r (l -e-t)' 


,t) ,Ob n (x ) ~ (2 - e\t) , 


(5.7) 


we let 


n+1 


YIk=o C n,kOb k {x). Then 


C n ,k = TT 


k\ 



(2-e*) 
2 — e* 


2Li r (l - e _t ) 
t(e 4 + 1) 

. 2Li r (l — e -t 
1 tie* + 1 ) 




n—k 


y(r) 


E ,+1 


1=0 


l + l 


n—k 

l 


(2<y„_ fc , / — i) 


i 

n + l 



Gl\(2J n _ 


fe,/ 


-I)- 


(5.8) 


Thus we get the following result. 

Theorem 5.3. For any integer n > 0, we have the following. 


n n—k 

fc=0 1=0 


n + l 

l + l 


n — l 
k 


G\ r ^(2 5 n _ k 


1 )Ob k (x). 


We recall here that the Bernoulli polynomials of the second kind b n (x) are given 
by 


log(l + 1 ) 


( 1 + t) x = Y\b n {x) — , (see [9]). 
' n\ 


n—0 


With noting that 


g ( ;Ux) 

n + l 


tie* + 1 ) 
2Li r (l - e-*) 



,b n (x) 



(5.9) 


(5.10) 
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we let 


n+l 


= J2k=o G n,kh(x). Then 


1 ft 2Li r (l e l ) t .xfei r 
C "'‘=+<-l ((e< + l) (C - 1 * 11 

t 2Li r (l - e *) | 1 / t _ i)k r, 

e* — 1 t(e* +1) fc! J ' 


t, 2Li r (l — e 4 ) ^ c n n 

k l = K 


v: 


=£ (") S 2 ((, fc) / -W 


Z=fc 


- 1 1 t(e t + 1) 


Z=fc 


= E , Wfe )( - r-rl 

z —' v / / \ e r — 1 ' m + 1 m! 

\ m=0 


oo ^(r) m \ 

1 | ^ ' < - T m+1 1 ^.n— l 


= W ( " )Sad, t) £ (" - V .-T|x"-‘- 


Z=fc 


m—0 


m+l \ Tfi J \e t — 1 


1 x+ w-' /n + 1 \ f n — m 


sr^ / //'ll 

•“ ■'+ V TO + 1 


n +lrf n\ m +l/ \ l 

l—k m —0 


52(4)G^iB„_ i _ ra . 


(5.11) 


Thus we deduced the following theorem. 

Theorem 5.4. For any integer n > 0, we have the following. 


n—l 


Cw=EEE 


/c—0 /—fc m—0 


n+l 
m + 1 


n — m 


S 2 Q, k)G^ +1 B n _i_ m b k (x). 


The exponential polynomials + ( 2 :) (also called Bell or Touchard polynomials) 
are given by 

. °° 

e x(e -1 ) = ^0„(a;)_. (5.12) 

' n\ 

n —0 

With noting that 

^n+l( a ') /" t(e 4 + 1) j\ j, f \ /a /1 1 j.\\ /c io\ 

~ (2Lv(l-e->)'V ' ~ (1> log(1 + ()) ' (5 ’ 13) 


we write 


n+l 


J2k=o C n,k<j>k(x). Then 


C n . k =i ( 2Ll : { ) T * } (log(l +t)) fc |^ 


/c! \ t{e l + 1) 

6 ) I 1 /, 2 i\\fc r 

+ 1 ) 'fcT (loe( i + ‘» V 


/ 2Li r (l - e _t ) 
\ t(e‘ + 1) 


l—k 



(5.14) 
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= ^2 ( ", )Si(l,k) (' ^ Lir — e ~ t] \x n ~ l 


l—k 


£(e* + 1) 


l=k 


n — l + 1 


1 


E 

l=k 


n+ 1 




n-l -\-1 ’ 


n + 1 f—' V l 
Thus we have the following result. 

Theorem 5.5. For any integer n > 0, we have the following. 


<£!>« = ££'' n+lw -" lV7<r> 


l 


Si{l,k)G^!_ l+1 4> k (x). 


k—0 l—k 

The Daeliee polynomials D n (x) are given by 

log(l T t) 


t 


(1 +tr = Y / D n(x)- i . 

' n! 


n —0 


(5.15) 


(5.16) 


G yr) (x) 

Let " 4 ^ 1 = ELo Cn,kD k (x), with noting that 

G ( :Ux) ( t{e* + 1) 


n + 1 \2Li r (l-e-ty t ' ,Dn{x) 


e 4 - 1 


Then we have 


, e* — 1 




fc! \ t t(e* + 1) 
e 4 — 1 2Z,i r (l - e“ 4 ) 1 
f i(e 4 +1) fc! 

e 4 - 1 2L* r (l - e“ 4 ) 


(e 4 — l) k 


00 t l 

Y / S 2 ( l ,k)-x r ‘ 


t t(e 4 +1) f^ k l'- 

=E ^j^a,fc)/—i 2 Li : ( !~ e .~V -‘ 


t 1 t(e 4 +1) 


i=A: 


=E 


e* — 1, 


E 


/^( r ) j.m ^ 

°m +1 1 ri-l 


t 1 ' m+lm! 

m—0 




=E , *(/,fc)E 


n —l q(t 


m+1 


Z=fc 


m—0 
n—l 


m + 1 V Tn 


- l\ / e 4 - 1, 


n—l—m 


=£ (") s 2 (i, *) £ 2 E f n - b [' 


m—0 


m + 1 V wi 


(5.17) 


(5.18) 
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n—l 


=E , W)E 


g: 


(r) 

m+1 


l=k v 7 m =0 

n n—l 


n + 1 ' m + 1 V tti 

l=k m—0 x 


(m + l)(n — l — m + 1) \ m 

1 v "v v 1 (Tl ~\~ 1^ (Tl — TTI + 1 

+7 2^ 2^ 


(5.19) 


l 


S 2 (l,k)G^ +1 . 


Thus we derived the following result. 

Theorem 5.6. For any integer n > 0, we have the following. 


n n n 


-l 


<#+!(*) = EE E 


1 fn + 1\ fn — m + 1 


m + 1V m )\ i 


k—0 l—k m—0 

The Mittag-Leffler polynomials M n (x) are given by 




/ 1 + 1 \ 
VI-t 


X oo 


) =E M -( 


n=0 


t n 
x) — . 
TV. 


Write 




n+1 = Dl'=o Cn,k M k{x), with observing that 

G^Ux) ( t(e 4 + 1) 


n+1 \2L?' r (l — e 4 ) 

Then we have 


, M n(x) ~ ( !, 


e 4 - 1 
e 4 + 1 


C n ,k = — 


1 2Li r {l - e" 4 ) /e 4 - 1 


k\ \ f(e 4 + 1) \e 4 + 1 

= 2 -* ((^- r ) t 2 I, :: ( , 1 rf'~ ,) iA(»‘ - 1 )**” 


' e 4 + 1 f(e 4 + 1) k\ 

,-k/, 2 , fc 2Lf r (l-e- 4 ) 


=2' fc (ITTT) 


e 4 + 1 f(e 4 + 1) 


Ew% a 




Z=/c 


^-‘E,^*)( 


2Zn r (l e *)^ n _[ 


' e 4 + 1 1 f(e 4 + 1) 


/ 0 oo ^(r) m \ 

= 2 -‘E ,«■«.*> ((++‘1 £ 


Z=/c 


^ e* + 1' 1 ' m + 1 ml 

m—0 


n—l s~,(r) 

= 2 -*e E m+1 


l=k 


l—k 


m=0 

n—J 


n — l 


m + 1 V ixi ) \ e 4 + 1 


( —)V 


fc I ^n—l—m 


=r*EM^,*)E 


m+1 


m—0 


.-l 


m + 1 V TO / n -'- m 


E. 


(fc) 


■)-* 


n+1 


Z=fc m=0 V V 7 


(5.20) 


(5.21) 


(5.22) 
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(k) 

Here E„ 4 are the Euler numbers of order k given by 

k oo 


e 4 +1 


= E^’E 


(5.23) 


n —0 


Thus we deduced the following theorem. 

Theorem 5.7. For any integer n > 0, we have the following. 


n n n—l 


~i~k 


Tl + 1 \ fn — m 

m + 1 


S 2 (l,k)G% +1 E^ m M k (x). 


4 trW = EEE 2 

k— 0 l—k m= 0 
The Boole polynomials Bl n (x) are given by 

1 00 J-71 

i+o+oxd= (“4) 

v n =0 

To express the poly-Genocchi polynomials in terms of Boole polynomials, we let 
r- = YX= o C n ,kBlk(x ), with noting that 

Then 


(5.25) 


G - Vfl I e O ft u 

C ”’ fc ^fc!\ ( +e } f(e 4 +1) ( ] 

2Li r (l — e -4 ) 1 


= ((l + e At ) 




= ((l + e At ) 


2Li r (l - e" 4 ) 
t(e 4 + 1) 




Z=fc 


=£ (? W fc ) ( i + e V Li : (1 e , 




l—k 


t(e 4 + 1) 
oh 


n / \ / oo l 

= E (?) ■&(*, *) (1 + ■ e At I E — 


(5.26) 


m—0 


m . + 1 ?n! 


n / \ n—l ^(r) , 

=E (")^<‘- fc > E (sri (" ”) <!+ e 

l=k m =0 x 7 


At | ^n—l—m\ 


m —0 
n—Z 


n / \ n—l ^(r) , 

Z — Zc 7Tb —0 

n n— 


ItEE 


n + 1 


n + 1 \ /n — m 

m + 1 / I l 


l ')S 2 {l,k)G% ¥1 (5 n - l , m + \ n - l ~ m )- 


l—k m—0 

So we obtained the following theorem. 

Theorem 5.8. For any integer n > 0, we have the following. 


n n n—l 


gSi(*) = eEE 

k—0 l—k m—0 


n + 1 \ fn — m 


m 


1 


l 


y,(l, k)G^ +1 (d n - l>m + A n - l ~ m )Bl k (x). 
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Abstract 

The objective of this paper is to investigate and extend some Pach- 
patte type dynamic inequalities on time scales in three independent 
variables which provide explicit bounds on unknown functions and 
their derivatives. Some applications are also discussed here in order 
to illustrate the usefulness of our results. 
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1 Introduction 

The theory of time scales was created by Hilger [11] in order to unify the 
theories of differential equations and of difference equations and in order to 
extend those theories to other kinds of the so-called ’’dynamic equations”. 
The two main features of the calculus on time scales are unification and 
extension of continuous and discrete analysis. Since then, many authors 
have studied different aspects of dynamic and integral inequalities on time 
scales by using various techniques (for example, see [1-22] and the references 
therein). 

Our work is related to the explicit bounds of Pachpatte [15], [19] in the 
form of dynamic inequalities with three variables which can be used as handy 
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tools to study the properties of certain differential and dynamic equations on 
time scales. We hope the results given here will assure greater importance 
in near future. 


2 Notations and Preliminaries on Time Scales 

ffere, we begin by giving some necessary material for our study. 

Throughout this paper, we assume that a time scale T is an arbitrary 
nonempty closed subset of R where R denotes the set of real numbers and 
R + = [0, oo). Also Xi and T 2 be two time scales with atleast two points and 
<f> = T\ x T 2 and N — $ x /, where J = [a, b\. Furthermore / : T —* R is 
rd-continuous provided / is continuous right dense point T and has a finite 
left sided limit at each left dense point of T and will be denoted by C r d- The 
partial delta derivative of z(x,y ) for (x,y) G N with respect to x is denoted 
by z Al (x,y). 

Before giving our main results, we introduce the following lemma which 
is required in our theorems. 

Lemma[8]: Let u,a,f G C r d{T\ x T 2 ,R ) and a is nondecreasing in each 
of the variables. If 

n y 

f(s,t)u(s,t)AtAs, (2.1) 

. 0 

for (x,y) G Tf x T 2 , then 

u(x,y) < a(x,y)e C (x, y )(x,x 0 ), (2.2) 

where 

C(x,y)=f f(x,t)At, (2.3) 

Jya 

for (x,y) G 7i x T 2 . 


3 Results and discussion 


Our main results are based on the following theorems of integral inequalities 
with three independent variables which can be used in certain situations. 


Theorem 3.1. Let u(x,y, z), f(x,y,z) and g(x,y, z) EC r d(N, R + ) and c be 
a nonnegative constant. If 


u 2 (x, y, z) < c 2 +2 


x py fb 



XO jyo J a 


f(s, t, r)u 2 (s, t, r)+g(s, t, r)u(s , t, r) Ar At As, 

(3.1) 
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for (x,y,z) G N,then 


u(x,y,z) <p(x,y,z)e w{Xt y)(x,x 0 ), 


where 


x ry r-b 


p(x,y, z) = c + / / / g(s,t,r)ArAtAs, 


and 


xq Jyo Ja 


y r h 


W( x , y) — / f(x,t,r)Ar At, 


y 0 J a 


for ( x, y, z) £ N. 


(3.2) 


(3.3) 

(3.4) 


Proof. Let c > 0 and define a function z(x, y) by the right hand side of (3.1), 
then 



z(x 0 ,y) = c 2 , u{x, y, z) < y/z(x,y), 

(3.5) 

and 

rx r-y 

z(x,y) = c 2 + 2 / / E(s,t)AtAs, 

Jx o jyo 

(3.6) 

where 



E(x,y) = 

[ \f(x,y,r)u 2 (x,y,r) + g(x,y,r)u(x,y,r) Ar. 

(3.7) 


a 


From (3.5), (3.6) and (3.7), we notice that 


z Al (x,y) = 2 E(x, t), 

Jyo 


which implies 

z Al (x,y) 


y r b r 


< 2 



f(x,t,r)y/z(x,t) + g(x,t,r) 


ArAt. 


y/z[x,y'j j y 0 j a 

Now from (3.8) above we have by taking delta integral 

m b __ 

f(s, t, r)\fz(s, t) ArAt As, 

. 


(3.8) 


(3,9) 


where p{x,y,z) be defined as in (3.3). Clearly p(x,y,z) is nonnegative, con¬ 
tinuous and nondecreasing (x, y, z) G N. We assume that p(x, y,z) >0 for 
(. x,y,z ) G N. From (3.9), it is easy to observe that 


\fz{x,y) 

p(x,y,z) 


< 1 + 



xo Jyo Ja 


f(s , t, r) ArAtAs. 

P(s,t,r) 


(3.10) 
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Define a function v(x,y) by 


v(x,y) = 1 + 


x py pb 



f(s,t,r ; 


Vz(s,t) 
p(s, t, r) 


ArAtAs, 


' xo «/ yo J a 

it follows from (3.10) and (3.11) that 

v(xo, y ) = 1, y/z{x, y) < p{x, y, z)v(x, y ), 


now from (3.11) and delta derivative with respect to x yields 


t |A ‘(l, y) 
v(x,y) 


< W(x,y), 


(3.11) 


(3.12) 


(3.13) 


where W(x,y) be defined as in (3.4). Keeping y fixed and set x = s and 
delta integrate the resulting inequality with respect to s from xq to x for 
(. x,y,z ) G N and using (3.12), we have 


v(x,y) < e w{x , y) (x,x 0 ). (3.14) 

The desired inequality in (3.2) follows by using (3.14) and (3.12) in (3.5). □ 


Remarkl: If we take f = 0 and Tf = T 2 = R, then Theorem 3.1 reduces 
to [18] Theorem l(a 3 ). 

Remark2: It is interesting to note that the inequalities established in The¬ 
orem 3.1 with three variables become the inequalities of Theorem 1 (a])aml 

Theorem f (bf)withTi — T 2 — R and Tf = T 2 = Z of one variable 
respectively given in [19]. 

RemarkS: Theorem 3.1 reduces to [18] Theorem 2 (63) with Ti = T 2 = Z 
and f = 0. 


Theorem 3.2. Let u(x,y,z), f(x,y,z), g(x,y,z), h(x,y,z ) andm(x,y,z ) 
eC rd {N,R+). If 


u(x, y, z ) < g(x, y, z)+h(x, y, z ) 
for (x, y, z ) G N, then 


x py pb 



xo Jyo J a 


f(s, t, r)u(s, t, r)+m(s, t, r) ArAtAs, 

(3.15) 


where 


u(x, y, z) < g(x, y, z) + h(x, y, z)p l (x, y, z)e w *( x>y )(x, x 0 ), 
ry A 

W*(x,y) — / f(x,t,r)h(x,t,r)ArAt, 

Jyo J a 


(3.16) 
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Pi(x,y,z) = 


x ry rb 



xo J y o J a 


f(s,t,r)g(s,t,r) + m(s,t,r) ArAtAs, (3.17) 


for ( x,y,z ) G N. 

Proof. Define a function z(x,y) by 


z(x,y) = 


x ry rb 



xo -Jyo Jo, 


f(s,t,r)u(s,t,r)+m(s,t,r) ArAtAs, (3.18) 


then 

and 

where 


z{x o, y) = 0, u{x, y, z) < g(x, y, z) + h(x, y, z)z(x, y ), 


x ry 



z{x,y) — / / E(s,t)AtAs, 


xo J yo 


-6 ^ 


E{x, y) = j | f(x, y, r)u(x, y, r) + m(x, y, r) 
From (3.19), (3.20) and (3.21), we notice that 

z Al (x,y) = 2 I E(x,t), 


A r. 


'yo 


z Al (x,y) < 


v r b r 



yo J a 

y r b 


f(s,t,r)g(s,t,r) +m(s,t,r) 


Ar At 



yo J a, 


f(x,t,r)h(x,t,r)z(x,t) ArAt, 


which implies 


z(x,y) < px{x,y,z) + 


x ry rb r 



xo Jyo J a 


(3.19) 

(3.20) 

(3.21) 


f(s, t, r)h(s, t, r)z(s, t ) ArAtAs, 


where p\{x,y,z) be dehned as in (3.17). The remaining proof can be com¬ 
pleted by following a suitable modifications at the proof of Theorem 3.1 given 
above. Here we omit the details. □ 


Remarkf: By taking m—0, it is easy to observe that the bound obtained 
in Theorem 3.2 reduces to the bound obtained in Theorem 2.1 given in [15]. 

Remark5: Theorem 3.2 with Ti = T 2 = R and m=0 reduces to Theorem 
l(a 2 ) given in [18]. 

RemarkG: If we take Tf = T 2 = Z and m—0, then Theorem 3.2 takes the 
form of Theorem 2(b 2 ) given in [18]. 
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Theorem 3.3. Let u(x,y,z), f(x,y,z), g(x,y,z ) and c be defined as in 
Theorem 3.1. If 

u 2 (x,y,z) < 


f(s, t,r)u(s, t,r) 



u(s,t,r)+ 

for (x, y, z) G N, then 

u(x,y,z) < p 2 (x,y,z)e Wl (x, y )(x,x 0 ), 


where 


p 2 (x,y,z) = c + 


x py fb 



h(s,t,r)ArAtAs, 


xo Jyss J a 


and 


Wfix,y) = 
for (. x,y,z ) G N. 


y r b 



yo J a 


f(x,t,r) + g(x,t,r) ArAt, 


(3.22) 

(3.23) 

(3.24) 

(3.25) 


Proof. Let c > 0 and define a function z(x, y) by the right hand side of (3.22), 
then 

z(x o, y) = c 2 , u{x, y, z) < y/z(x, y), (3.26) 


and 


x py 



z(x,y) = c z + 2 / / E(s,t)AtAs , 


(3.27) 


xo J yo 


where 

E(x,y) = 

pb px py fd 

/ \f{x,y,r)u{x,y,r)(u{x,y,r) + 



'xo Jyo Jc 

+h(x, y, r)u(x, y, r 
From (3.26), (3.27) and (3.28), we notice that 


g(s, t, r)u (, t, t) At At As 
Ar. (3.28) 


z Al (x,y) = 2l E(x,t ), 


'yo 
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which implies 


z X {x,y) 

Vz(x,y) 


y r b 


< 2 



yo Ja 


x pt pd 


+ 



g(s,q,r)y/z(s, 

f Xq j to Jc 

now from (3.29) above we have by taking delta integral 


f(x,t,r)\^/z(x,t) 

+ h(x, t, r)l ArAt, (3.29) 


Vz(x,y) < p 2 {x,y,z ) 


X ry rb 


+ 



xo J yo J a. 


f(s,t,r)(^/ r z(s,t)+ 


s pt pd 



g(a , s, r)yfz((j, <;) At As Act ) ArAtAs , 


Sq J to J c 


(3.30) 

where p 2 (x,y,z) be defined as in (3.24). Clearly p 2 (x,y,z) is nonnegative, 
continuous and nondecreasing (. x,y,z ) G N. We assume that p 2 (x,y,z) > 0 
for ( x,y,z ) G N. From (3.30), it is easy to observe that 


y/z(x,y) 


x ry rb 


P2{x,y,z 

f*S pt pd 


< 1 + 



xo J yo J a 


r)(4^I 

'P2\s,t,r) 


+ 



g(a, <;, t)AAAL/\ t Ac, Act ) 


So Jt 0 d C 


Dehne a function v(x,y ) by 
v(x,y) = 1 + 


P2{cr^,r) 


x ry rb 


ArAtAs. 


(3.31) 



s pt pd 


+ 





Xo dy o da 

V^(o-,0 


\P2{s,t,r) 


ArAqAa) 


s 0 Jt 0 Jc 


ArAtAs , 


P2(ct,<;,t) 
it follows from (3.31) and (3.32) that 

v(x 0 , y) = 1, y/z(x, y) < p 2 (x, y, z)v(x, y). 
Now from (3.33) and delta derivative with respect to x yields 

v Al (x,y) 

< W x {x,y), 


(3.32) 

(3.33) 

(3.34) 


v(x,y) 

where Wi(x,y) be defined as in (3.25). Keeping y fixed and set x = s and 
delta integrate the resulting inequality with respect to s from x 0 to x for 
(. x,y,z) G N and using (3.33), we have 

v(x,y) <e Wl ( Xi y)(x,x Q ). (3.35) 

The desired inequality in (3.23) follows by using (3.33) and (3.35) in (3.26). 

□ 
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Remark7: We note that Theorem 3.3 is the further extension of Theorem 
1 ( 0 , 2 ) given in [19] with three variables. 

Remark8: Theorem 3.3 with f—0 and Ti = T 2 = R converted into Theo¬ 
rem l(as) given in [18]. 

Remark9: By taking g=0 and T\ = T 2 = R in Theorem 3.3, it reduces to 
Theorem l(a\) given in [19] with three variables. 

RemarklO: If we put g=0 and Ti — T 2 = Z in Theorem 3.3, then it 
reduces to Theorem f(b\) given in [19] with three variables. 

Theorem 3.4. Let u(x,y,z), f(x,y,z), g(x,y,z) and c be defined as in 
Theorem 3.1. Let L G C r d(N, R + ) which satisfies the condition 

0 < L(x, y, z, v) — L(x, y, z, w ) < k(x, y, z, w)(v — w ), (3.36) 


for (x, y, z) G N and v > w > 0 where k G C r d(N , R+). If 


u 2 (x, y,z ) < c 2 + 2 







f(s, t, r)u(s , t, r)L(s, t, r, u(s , t, r )) 


+g(s,t,r)u(s,t,r) ArAtAs, 


(3.37) 


for (x, y, z) G N, then 


u(x,y,z) <p(x,y,z) + q(x,y,z)e W2 ( x ,y)(x,x 0 ), 
where p(x,y,z) be defined as in (3.3) and 


(3.38) 


r x ry 


q(x,y,z) = c+ / / f(s,t,r)L(s,t,r,p(s,t,r)) ArAtAs, (3.39) 

J xq Jyo J a 

ry fb 

W 2 (x,y)= / / r)A:(x,t,r,p(x,t,r))ArAt, (3.40) 

Jyo J a 

for (. x,y,z ) G N. 

Proof. Let c > 0 and define a function z(x, y) by the right hand side of (3.37), 
then 

z(x o, y) = c 2 , u(x, y, z) < y/z(x, y), (3.41) 


and 


n y 

E(s, t)AtAs, 

_ 0 


(3.42) 
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where 


E(x, y)= f(x, y, r)u(x, y , r)L(x, y, r, u(x, y, r)) + g(x, y, r)u(x , y, r ) 


A r. 


From (3.41), (3.42) and (3.43), we notice that 


(3.43) 


z Al {x,y) = 2l E(x,t ), 


' yo 


which implies 

z Al {x,y) 
y/z(x,y) 


y r b r 


< 2 



yo J a 


f(x,t,r)L(x,t,r,y/z(x,t))+g(x,t,r) ArAt. (3.44) 


Now from (3.44) above we have by taking delta integral 


Vz(x,y) < p(x,y,z) + 





f(s, t, r)L(s, t, r\fz(s , t)) ArAt As, (3.45) 


' xo J yo J a 

where p(x,y,z) be defined as in (3.3). Let 

fX ny fb 


v(x,y) = 



f(s, t, r)L(s, t, r, y/z(s, t)) ArAt As, 


' xo J y 0 J a 

it follows from (3.45) and (3.46) that 

v(x Q , y) = 0, y/z{x, y) < p(x, y, z) + v(x, y). 
Now from (3.46), (3.47) and (3.36), we observe that 


(3.46) 


(3.47) 


x ry rb 



xo J yo Ja 


v(x,y) < q{x,y,z) + / / / f(s,t, r)k(s,t, r,p(s, t, r))v(s, t) ArAtAs, 

(3.48) 

where q(x,y,z ) be defined as in (3.39). Clearly q(x,y,z) is nonnegative, 
continuous and nondecreasing (x, y, z) G N. We assume that q(x, y, z) > 0 
for ( x,y,z ) G N. From (3.48), it is easy to observe that 


v(x,y) 

q(x,y,z) 


< R(x,y), 


where 


R{x,y) < 1+ 


x ry rb 



f(s,t,r)k(s,t,r,p(s,t,r)) 


xq Jyo J a 


v(s,t) 

q(s,t,r] 


(3.49) 


ArAtAs, (3.50) 
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and 

R(x 0 ,y) = 1 . 

Now from (3.50) and delta derivative with respect to x yields 

R Al (x,y) 


R(x, y) 


< W 2 (x,y), 


(3.51) 


(3.52) 


where W 2 (x,y) be defined as in (3.40). Keeping y fixed and set x = s and 
delta integrate the resulting inequality with respect to s from xq to x for 
(. x,y,z ) G N and using (3.51), we have 


R(x,y) <e W2 ( Xty) (x,x 0 ). (3.53) 

The desired inequality in (3.38) follows by using (3.47), (3.49) and (3.53) in 
(3.41). □ 


4 Some Applications 


In this section, we present some applications of the Theorem 3.2. Consider 
the following dynamic integral equation of the form 

m b 

F(x, y, z, s, t, r, u(s, t, r))ArAtAs, (4.1) 

. 

where (. x,y,z ) G N and d G C r d(N,R), F G C r d(N 2 x R,R). 

First, we shall give the following theorem concerning the estimate on the 
solution of (4-1)- 

Theorem 4.1. : Assume that the function F in (4-1) satisfies the condition 


I F(x,y,z,s,t,r,u(s,t,r )) |< q(x,y,z) f(s,t,r ) | u \ +h(s,t,r) 

where f,q,h G C r d(N,R). If u(x,y, z) is a solution of (4-1), then 
I u(x, y,z ) |< d(x, y , z) + q{x, y, z)B(x, y, z)e M ( x , y )(x, x 0 ), 


R(x,y,z) = 


x f-y fb 



xo Jyo J a 


f(s,t,r ) | d(s,t,r) + h(s,t,r) j ArAtAs, 


y r b 


M(x,y) — / / f(x,t,r)q(x,t,r)ArAt, 


yo J a 


for (x, y, z) e N. 


(4.2) 


(4.3) 

(4.4) 

(4.5) 
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Proof. Let u G C r d(N,R ) be a solution of (4.1). Then from the hypotheses, 
we have 


u(x,y,z) |<| d(x,y,z ) | + 


x py pb 



<| d(x,y,z ) | +q(x,y,z) 


' xq Jy o «/ a 

r x ry r 

'XQ Jyo Ja 


F(x,y, z, s,t,r,u(s,t,r)) \ ArAtAs 

(4.6) 

f(s,t,r ) | u(s,t,r ) | +h(s,t,r)] ArAtAs, 


(4 -7) 

for ( x,y,z ) G N. Now an application of the inequality given in Theorem 3.2 
to (4.7) yields the desired estimate in (4.3). □ 


The next theorem gives the estimation on the solution of equation (f.l) 
assuming that the function F in equation (4-1) satisfies the Lipschitz type 
condition. 


Theorem 4.2. : Assume that the function F in (4-1) satisfies the condition 


I F(x, y, z, s,t,r, u)—F(x, y, z, s, t,r,v) \< q(x,y,z ) f(s,t,r ) | u-v \ +h(s,t,r) 

(4.8) 

where f,q,h G C r d(N,R). If u(x,y, z) is a solution of (4-1), then 
| u(x, y, z) - dfx, y,z) \< k(x, y, z) + q(x, y, z)B 1 (x, y, z)e M ( x , y )(x, x 0 ), (4.9) 
where M(x,y) be defined as in (4-5) and 


k(x,y,z) = 


Bi{x,y,z) = 


x py pb 



F(x,y,z,s,t,r,d(s,t,r )) | ArAtAs, (4.10) 


x 0 Jyo Ja 


x py pb 



f(s,t,r) | k(s,t,r) + h(s,t,r) \ ArAtAs, (4.11) 


x 0 Jyo Ja 


for (.x,y,z ) G N. 


Proof. Let u G C r d(N,R ) be a solution of (4.1). Then from the hypotheses, 
we have 


u(x,y,z) - dfx, y, z) \< 


x py pb 



F(x,y, z, s,t,r,u(s,t,r)) j ArAtAs 


x o J y o J cl 




< 



F(x,y,z,s,t,r,u(s,t,r))—F(x,y,z,s,t,r,d(s,t,r)) \ ArAtAs 


xo Jyo Ja 


11 


1042 


Khan 1032-1046 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 



F(x,y, z,s,t,r,d(s,t,r)) \ ArAtAs 


f(s,t,r ) | u(s,t,r)—d(s,t,r ) | +h(s, t, r)J ArAtAs, 

(4.12) 

for (x,y,z) G N. Now an application of the inequality given in Theorem 3.2 
to (4.12) yields the desired estimate in (4.9). □ 


We next consider the equation (4-1) and also the following integral equa¬ 


tion 


v{x,y,z) = g(x,y,z) + 





L(x, y, z, s, t, r, v(s, t, r)) ArAtAs, (4.13) 


xo Jy o J a 
2 


for g G C rd (N, R), L G C rd (N 2 x R,R). 

Theorem 4.3. : Suppose that the function F in (4-1) satisfies the condition 
(4-8). Then for every solution v G C rd (N, R) of (4-13) and u G C rd (N, R) a 
solution of equation (4-1), we have the estimates 

I u(x,y,z)-v(x,y,z) \< [d^x, y, z)+k 1 (x, y, z)]+q(x, y, z)B 2 (x, y, z)e M (x, y )(x, x Q ), 

(4.14) 

where M(x,y) be defined as in (4-5) and 


di(x,y,z) =| d(x,y,z) - g(x,y, z) |, 


(4.15) 





xo Jy o J cl 
‘X ry nb 


h(x,y,z) = 

B 2 {x,y,z) = 

■J xo J yo J a 

for (.x,y,z ) G N. 



F(x, y, z, s, t, r, v(s, t, r))—L(x, y, z, s, t, r, v(s, t, r)) \ ArAtAs, 

(4.16) 

f(s,t, r ) d(s, t, r) + k(s, t, r) + h(s, t, r) ArAtAs, 

(4.17) 


Proof. Since u{x,y,z) and v{x,y,z) are respectively solutions of (4.1) and 
(4.13) we have 


X ry rb 


+ 



u(x, y, z) - v(x, y,z) |<| d(x, y, z) - g(x, y, z) 


F(x, y, z, s, t, r, u(s, t, r))—F(x, y, z, s, t, r,v(s, t, r)) \ ArAtAs 


XO J yo J a 
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+ 



x f-y j-b 

F(x, y, z, s, t, r, v(s, t, r))—L(x, y, z, s, t, r, v(s, t, r)) \ ArAtAs, 

(4.18) 

\v(x,y,z)—v{x,y,z)\<di{x,y,z) + ki(x,y,z) 

x ry pb r 1 

/ / f(s,t,r)\u — v\+h(s,t,r) ArAtAs , (4.19) 

Jxo Ao A 1 

for (x,y,z) E N. Now an application of Theorem 3.2 to (4.19) yields (4.14). 

□ 


xo J yo 


+q(x,y,z) 
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Divisibility of Generalized Catalan Numbers and 

Raney Numbers 

Jacob Bobrowski * Tian-Xiao He ' and Peter J.-S. Shiue * 


Abstract 

The Raney numbers, also called Fuss-Catalan numbers, are defined by Rk{n , r) = 
r( fc "+”)/(fc» + r). A generalized Lobb numbers is introduced. The relation¬ 
ship between Raney numbers and generalized Lobb numbers and the relation¬ 
ship between generalized Lobb numbers and generalized Catalan numbers are 
given. Based on the relationships among Raney numbers, generalized Lobb 
numbers, and generalized Catalan numbers, we present the divisibility of a 
certain class of those numbers. 

AMS Subject Classification: 05A15, 65B10, 33C45, 39A70, 41A80. 

Key Words and Phrases: Raney numbers, Fuss-Catalan numbers, Lobb 
numbers, generalized Lobb numbers, generalized Catalan numbers, Catalan 
numbers, divisibility. 


1 Introduction 


The Fuss-Catalan numbers or Raney numbers are numbers of the form 


R k {n,r) 


r 

kn-\-r 


kn + r\ 
n ) ’ 


(i) 


which are named after N. I. Fuss and E. C. Catalan (see [5, 6,13, 15, 17]) and initially 
studied by Raney in [17]. The Fuss-Catalan numbers have several combinatorial 
applications. They count for example (see, for instance, [8]): 

(i) the number of ways of subdividing a convex polygon, with n(k — 1) + 2 
vertices, into n disjoint k + 1-gons by means of nonintersecting diagonals, 

(ii) the number of sequences (ai, a2, a n k), where at € {1,1 — k}, with all 
partial sums oi + ... + a* nonnegative and with ai + ... + a„.k = 0, 

* Department of Mathematical Sciences, University of Nevada, Las Vegas, Las Vegas, Nevada, 
89154-4020, USA. 

tDepartment of Mathematics, Illinois Wesleyan University, Bloomington, Illinois 61702, USA 
t Department of Mathematical Sciences, University of Nevada, Las Vegas, Las Vegas, Nevada, 
89154-4020, USA. This work was completed while on sabbatical leave from University of Nevada, 
Las Vegas, and the author would like to thank UNLV for its support. 
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(iii) the number of noncrossing partitions 7r of 1, 2,?r(fc — 1), such that k — 1 
divides the cardinality of every block of 7r, 

(iv) the number of k-cacti formed of n polygons, etc. See [1, 3, 4, 6, 16, 18, 19] 
for more details and examples. 

The generating function R k (t) for the Fuss-Catalan numbers, {R k (n, l)} n >o is 
called the generalized binomial series in [6], and it satisfies the function equation 
Rk{t ) = 1 + tRk(t) k . Hence, from the Lambert’s formula for the Taylor expansion 
of the powers of R k (t) (see [6]), we have 


R 


r 

k 


Mty = E 

n> 0 


r 

mn + r 


kn + r\ 
n ) 


( 2 ) 


for all r£ Z. Equation (2) implies the following formula of Rk(t)' 

R k {t ) = l + tR k k {t). 


(3) 


Lobb [12] defines his Lobb numbers as 


L n. rn • 


2n + 1 


2 n 


m + n+ 1 \m + n 

for n > m > 0, which have the following combinatorial interpretation: Let L ra , m be 
the number of sequences of length 2 n with n + m of the terms equal 1 and n — m 
of the terms equal —1. It is natural to extend Lobb numbers to the number of 
sequences with (k — 1 )n + m terms equal to 1 and n — m terms equal to 1 — k. We 
denote the extended Lobb numbers by n and define them as 


k km +1 / kn 

n ' m ' (k — 1 )n + to + 1 \n — m 


(4) 


Generalized Lobb numbers include many number sequences as their special cases. 
For instance, when k = 2, L‘ 2 n m are classical Lobb numbers; when to = 0, 


T k — 
^n, o — 


1 


kn 

n 


=: C k (n) 


(k — 1 )n + 1 

are the generalized Catalan numbers; when k = 2 and to = 0, then 


T 2 

• L 'n, 0 — 


1 


1 


=: C 2 (n) = C(n) 


(5) 


( 6 ) 


are the classical Catalan numbers; when k = 1, then 


L 


l 

n,m 



are the binomial numbers. Other special cases can be seen in [7, 8]. The following 
relationship between generalized Lobb numbers and Raney numbers make us switch 
our results between the generalized Lobb numbers and the Raney numbers (see, for 
example, [9]): 


L n,m = R k{n - TO, km + 1), 


(7) 
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which can be proved below. From (1) and using the transformation n —► n — m and 
r —> km + 1, we have 


Rk(n — to, km + 1) = 
km + 1 fkn + 1 


km + 1 


k{n — to) + /cm - 
n — to. 


kn + 1 \_7i — to 

km + 1 f kn 
{k — l)n + to + 1 \n — n 


k(n — to) + /cm + 1 
/cto+ 1 (fcn + 1)! 

kn + 1 ((/c — l)n + to + l)!(n — to)! 


= T k 


or equivalently, 

^+r-i r=i =Rk(n,r). (8) 

This paper is arranged as follows. In next section, we discuss the relationship 
between the generalized Lobb numbers and Raney numbers and the relationship 
between the generalized Lobb numbers and Ballot numbers. Some properties and 
identities of the generalized Lobb numbers are given. In Section 3, we discuss 
the divisibilities of the generalized Lobb numbers, Raney numbers, and generalized 
Catalan numbers. 


2 Properties of the generalized Lobb numbers and 
Raney numbers 


Proposition 2.1 Let L^ lm be defined by (4). Then 




Particularly, 


Li m = 


2 to + 1 


2 n 


2 n 

n — to 


2 n 

n — m — 1 


n.m i , -| \ 

n + m. + 1 \n — to 
For generalized Catalan numbers and Catalan numbers, there are 

L n,0 = C k{n) = - (k - 1) an(l 

Ll , 0 = C 2 („) = ( 2 "j 

Formula (9) also shows 


2 n 

n — 1 


n,m 


(9) 


( 10 ) 


( 11 ) 
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Proof. The right-hand side of (9) generates 

kn \ (k — l)(n — m) 


RHS = 


n — mj kn — n + m+l)\n — 


kn 


1 - 


(k — l)(n — to) 
kn — n + to. + 1) 
km. + 1 f kn 


kn 

n — to. 
= L* 


(k — l)n + to + 1 \n — TOy 
The results for special cases are straightforward from (9). 

Proposition 2.2 Let L* m be defined by (4). Then it can be written as 

km + 1 (kn + 1 N 


Ln ’ m kn+ 1 \n — m) 


Particularly, 

2 2m. + 1 /2n + 1 

n ’ m ~ 2n+ 1 In - m 


2m + 1 / 2 n 

n + m+lln-TO 


2m. + 1 / 2?i 

n + to + 1 In + to 


Proof. The right-hand side of (12) can be changed to 

km T 1 (fcn+1)! 


tiffS = 


kn + 1 (n — m)\{kn — n + to + 1)! 
/cto+ 1 (fcn)! 

(k — 1 )n + to + 1 (n — to)! ((A: — l)n + to)! 

The special case (13) follows from (12). 

Proposition 2.3 Set Vf m be defined by (4). Then 

t k _ t k I rfe 

J-V r — 1 — i— 2 ~r ±j -i r — 2 , n • 

n—m , fc n—m, fc n—m— 1, ——1-1 


( 12 ) 


(13) 


Proof. From Corollary 3 of [14], we have 

Rk(n,r ) = Rk{n,r - 1) + t? fc (n - l,r + k - 1), 
which implies (14) by using (8). 

Lobb numbers m are also related to Ballot numbers (see, for example, [6]) 

a — b (a + b\ a — b fa + b 


(14) 

(15) 


B(a , b ) = 


a + b V a 


(16) 


Proposition 2.4 Let L\ m and B{a,b) be defined by (4) and (16), respectively. 
Then 

Ln, m = B{n + TO + l,n - to), (17) 

or equivalently, 


B(n,m) = Li 


(18) 


Hence, L‘i im is a special case of Ballot numbers. 
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Proof. Substituting a = n + m + 1 and b = n — m yields 

r , . 2 m -P 1 / 2 n -P 1\ 2 

B(n + to + 1, n — to) = 


2n + 1 \n — m 

where the last equation is from (12). 

Corollary 2.5 Let Lbe defined by (4). Then 

L^, ^ = LL-l 2m — 1 + L\ n -i 2m+l • 

2 ’ 2 2 ’ 2 

Proof. From [6], we have 

B(n, k) = B(n — 1, k) + B(n, k — 1). 

Thus, 

B{n + m + 1, n — m) = B{n + m, n — m) + B(n + m + l,n — m — 1), 
which implies (19) by using (18). 


(19) 


3 Divisibility of generalized Catalan numbers, gen¬ 
eralized Lobb numbers, and Raney numbers 

We now consider the divisibility properties of generalized Lobb numbers, generalized 
Catalan numbers, and Raney numbers. 

Theorem 3.1 Let Ck{n) := ( fc j ) 1 )/((fc — l)n + 1) (k> 2), and let n = (fc + l)t + 1 
( t = 0,1, 2,...). Then 
(a) If k is odd, then 

( 20 ) 


((k-l)t+l)\C k (n). 

(b) If k is even and t is even, then 

((k-l)t+l)\C k (n). 

(c) If k is even and t is odd, then 

((k - l)t + 1)12C' fc (rz.). 


( 21 ) 


( 22 ) 


Proof. First, we express Lobb numbers Vf m in terms of generalized Catalan num¬ 
bers Cfc(n): 


k km +1 / kn 

n ’ m = (fc-l)n + m + l U - m 


= (fcm+1) 


= (km -P 1) 


( kn)\ 

(n — m)\((k — l)n + m + 1)! 


(kn)\ 


_ I ["* . 

i ii /=i , 


n — j + 1 


= (km+l)C k (n)H™ 


n\((k — l)n + 1)! 3 (k — l)n + j -P 1 
n — j -pl 


3 (k — 1 )n + j + 1 ’ 
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Therefore, for non-negative integer t 


L 


k 

(fc+i)t+i,i 


Cfc((fc +1 )t +1) 


(fc + i)((fc + i )t + 1) 

{k — l)((/c + 1 )t + 1) + 2 


— Cfe((fc + 1 )t + 1) 


(k + 1 )t + 1 
(k- l)t + 1' 


(23) 


Secondly, we consider different cases for k. In case (a), let k be odd, i.e., k = 21 + 1, 
l = 0, 1, 2,.... Then, 

(k- l)t + 1 = 2lt + 1 

and 

(fe + l)t + 1 = 2(1 + l)t + 1. 

Noting (fc + 1)£ + 1 = (fc — l)t + 1 + 2 1, we have 


gcd [(k + 1 )t + 1, (A: — l)t + 1] = gcd [2 1, (k — l)f + 1] = 1 

because (k— l)f+l is an odd integer. From (23), we have proved (( k — 1 )t + 1)| Ck{{k+ 
l)f + 1) when k is odd. In case (6), we assume k = 21 (l £ Z), an even number. 
Then 

(k-l)t+l = {21 - l)t + 1, 

{k + l)t + 1 = {21 + l)t + 1 = {21 - l)t + 1 + 2 1. 

Thus, 

(/cd [(fc + 1 )t + 1 ,{k — 1 )t + 1] = gcd [2 1, {21 — l)t + 1]. 

If t is even, then gcd [2 1, {21 — l)t + 1] = 1, which implies {{k — 1 )t + 1)| Ck{{k + 
1)< +1). Finally, considering the case (c), where k is an even number 21 and t is an 
odd number 2u + 1 {l, u £ Z), we have 


gcd [2 1, {21 - 1 )t + 1] = gcd [2(2 u + 1), {21 - 1)(2 u + 1) + 1] 
= gcd [2(2u + 1), — 2u\ = 2 

So that ((k — 1)£ + 1)| 2 Ck{{k + l)t + 1), which completes the proof. 


Example 3.1 For k = 3 and t = 1, we have {k — l)t + 1 = 3 and (k + l)t + 1 = 5. 
( 73 ( 5 ) = 273 and 3 |C 3 ( 5 ). For k = 3 and t = 2, we have {k — l)t + 1 = 5 and 
{k+l)t+l = 9. Thus 5|C 3 (9) = 246675. For k = 2 and t = 2, we have {k—l)t+l = 3 
and {k + l)f + 1 = 7, which implies 3|C2(7) = 429. 

Example 3.2 For k = 3, from Theorem 3.1 there holds 2 1 + 1| C3{4t + 1). Thus, 

1| C 3 (l), 3| C 3 (5), 5| C 3 (9), 7| C 3 (13), 9| C' 3 (17), etc. 

Here, {2 1 + 1 : t = 0,1,2,...} and (4f + 1 : t = 0,1,2,...} form arithmetical 
sequences. 
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7 


Remark From the expression of Lobb numbers L k m in terms of generalized Catalan 
numbers Cfc(n), we have 


T k 

Vi ^ 


k +1 

(k — 1 )n + 


2 (rf-l) = (t + 1 > C ‘ ( ” ) (tV 


n 

l)n + 2 ’ 


(24) 


Hence, provided 

gcd ((k + l)n, (k — l)n + 2) = 1, 

or equivalently, 

gcd ((fc + l)n, —2(n — 1)) = 1, (25) 

we have 

({k-l)n + 2)\C k (n). (26) 

Note (25) implies that (k + l)n must be odd, or equivalently, n is odd and k is 
even. In other words, if k is even and t is even, Ck((k + 1 )t + 1) has two divisors 
(k — l)t + 1 and ( k 2 — 1 )t + k + 1, which are given by (21) and (26) respectively. 

Example 3.3 If n = 3 and k = 2, then gcd ((fc + 1 )n, (k — 1 )n + 2) = gcd (9.4) = 1. 
From (26), 5|C 2 (3). Actually, C 2 (3) = 5. Similarly, if n = 3 and k = 4, then 
gcd (11,4) = 1, which implies 11|C4(3). Actually, 64 ( 3 ) = 22. While n = 3 and 
k = 6 yield 17|Ce(3), where Ce(3) = 51, and n = 5 and k = 2 yield 7|C 2 (5), 
where C 2 (5) = 42. An non-example is given by n = 7 and /c = 2, which yields 
gcd (21, —12) = 3^1. Since C 2 (7) = 429, which does not have divisor 21. 

Sury [20] proves if n/ (p z — l)/(p — 1) for any prime p > 3, then 


p\ C p (n). (27) 

A natural question is what is a divisor of C p {{p l — 1 )/(p — 1)). We now apply 
Theorem 3.1 to answer this question. 


Corollary 3.2 Let Ck{n) be the generalized Catalan numbers defined by (5). Then 
for an odd integer l we have 


p l + 1 
p+ 1 



(P > 3)- 


(28) 


Proof. If k = p > 3 and n = (k + l)t + 1 = (p l — l)/(p — 1), then 

1 (P l 1 \ = P l ~P 

k +1 V p -1 y p 2 -i’ 


where t is an integer because l is odd. Thus 


(fc- l)t+ 1 


(/c T l)t T 1 — 2f — 


- 1 
P~ 1 


V-i 


+ 1 
p +1 ’ 


Substituting k = p,n= (/c+l)f+l = (p z — l)/(p— 1), and (fc—l)t+l = (p ! + l)/(p+l) 
into (20) of Theorem 3.1, we obtain (28). 
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In [11, 10], the following result is given 

(2 i+ 1 -3)| C 2 (M,), 

where M; are the Mersenne numbers, 2 l — 1 [l = 0,1,2,...), and 62 ( 71 ) = Vf 0 
are classical Catalan numbers. Thus, for l = 4 and 5, there are 29|6 2 (-/Vf4) and 
61|6 2 (M 5 ), respectively. 

We obtain the following corollary from Theorem 3.1, which extends the results 
shown in [ 11 , 10 ]. 

Corollary 3.3 Let 62 ( 71 ) be the Catalan numbers. Then 

62 (2* - 1) (29) 

for l = 1,3,5, 7,.... Combining [11], 62 (M*,) has two different divisors, 2 l+1 — 3 
and ( 2} + l)/3, when odd l > 1. Furthermore, if l is odd and not a prime, then all 
of its divisors are divisors 0 / 62 ( 2 * — 1 ). 

Proof Set (k + l)t + 1 = 2 l — 1. Then t = (2* — 2 )/{k + 1). Let fc = 2, we have 
t = (2* — 2)/3. Here t is even because 

3f = 2* - 2 


2 + 1 
3 


is even. Thus, 


(k- l)t + 1 = (2- l)t + 1 = 


2 * + 1 


From Theorem 3.1 (b), for k = 2 and t = (2* — 2)/3 we obtain 
2 * + 1 


= ((*-l)t+l) 


C k ((k + l)t + l) = 6 ( 2 * - 1 ) 


for l = 1,3, 5, 7,.... To prove that 6 ' 2 (M;) has two different divisors, 2 * +1 — 3 and 
(2* + l)/3, when odd l > 1, we only need to show 


2 * +1 - 3 7 ^ 


2 * + 1 


when l > 1. This is clearly true, otherwise, there is a contradiction 

3.2* — 2 * _1 = 5 


for l > 1. Finally, from [2], we know that (2* + l)/3 is a prime only if Ms a 
prime. Hence, if l is not a prime number, then (2* + l)/3 is a composite number. 
Additionally, when l is odd and not a prime, then all of the divisors of such composite 
number are also divisors of 62 ( 2 * — 1) because of (29). 


Example 3.4 For l = 1,3,5, and 7, Corollary 3.3 generates 6 ±i 
l = 1,3,5, and 7. For examples, 


62 ( 2 * - 1 ) for 


1|6 2 (1), 3|6 2 (7), 11|6 2 (31), and 43|6 2 (127). 
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Among the above results, the second and fourth are new. Actually, we may give 
infinitely many new results from Corollary 3.3. 

We now extend the result on Catalan numbers shown in Corollary 3.3 to gener¬ 
alized Catalan numbers. 


Theorem 3.4 Let C k (n) := L k n 0 be the generalized Catalan numbers defined by 
(5). If k is even and l = 1 (mod <f(k + 1)), where <f(n ) is Euler’s totient function, 
then 


(k - 1) 


2—2 
k + 1 


C k (2 l - 1). 


(30) 


Proof. Let 


(k + l)t+ 1 = 2 l - 1, 


the Mersenne numbers. Then t = (2 l — 2)/(7c +1), where t is even because k is even, 
and 


2 / — 2 


To prove (30), we need to show the right-hand side of the above equation is an 
integer, i.e., 


(k — 1)(2 J — 2) = 0 (mod k + 1). 


The last equation is equivalent to 


—4(2 i_1 - 1) = 0 ( mod k+ 1) 


because 

(k - 1){2 1 -2) = {k + l)(2 l - 2) - 4(2 i_1 - 1). 

Therefore, if gcd (4, k + 1) = 1, then we need 

2 /_1 = 1 ( mod k + 1). (31) 

From Euler theorem, if gcd (2, k + 1) = 1; i.e., k is even, then 

2 0(fc+i) = x ( TOO d k+1), 

where </>(n) is Euler’s totient function, i.e., the number of the positive integers less 
than or equal to n that are relatively prime to n. Comparing the above equation 
and equation (31), we should have 

7 — 1 = 0 ( mod <f(k + 1)), 


or equivalently, 


£ = ucj){k + 1) + 1 


for some integer u. Now, we assume that k is even and i = 1 ( mod <f(k+ 1)), where 4> 
is Euler’s totient function. Under the conditions, ({k— 1)7+1 = (k— 1)(2 ; — 2)/(7c+l) 
is an integer when t, = ( 2 l —2) /(/c+1). Now k is even and t is even. Then by Theorem 
3.1 (b) 


(k - 1) 


2 ' - 2 
k + 1 


C k ( 2 l 


!)■ 
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Example 3.4 Let Ck(n) := L k n 0 be the generalized Catalan numbers defined by (5). 
Since k = 4 is even, and </>(fc + 1) = <f(5) = 4, from Theorem 3.4, for l = 1 (mod 4), 
i.e., I = 1,5,9,..we have 

((d-^TTT + i) 

which implies 

C 4 ( 2 l - 1) (32) 

for l = 1,5,9,.... 

In Theorem 3.4, the condition l = 1 ( mod (j){k + 1)) can be replaced by l = 
1 ( mod k ) when k + 1 is a prime number greater than 3. In this case, the condition 
of that k is even is automatically satisfied. Hence, we have the following corollary 
of Theorem 3.4. 

Corollary 3.5 Let Ck(n) := L k 0 be the generalized Catalan numbers defined by 
(5). If k + 1 is a prime number greater than 3, and fsl ( mod k), then 

+ c ^ 2 '- 1 )- ( 33 ) 

Proof. It is sufficient to note that if k + 1 is a prime number greater than 3, then k 
is an even number and (f>(k + 1) = k. Hence, Theorem 3.4 implies the corollary. 

From the above discussion, the key to get divisibility of Ck{n ) by using (23) is 

((k — 1 )t + 1)| (k + 1 )t + 1. 

Hence, we may have a special case of Theorem 3.1, which is more easier to be 
applied. 

Example 3.6 Let Cfc(n) := L k 0 be the generalized Catalan numbers defined by 
(5). If t is even, then 

(t+ l)|C 2 (3f+ 1) and (3t + 1)| C 4 (5t + 1). (34) 

Thus, 

1| (72(1), 3| (72(7), 5| (7 2 ( 13), 7| C 2 ( 19), 9| C 2 ( 25), etc. 

and 

1|(7 4 (1), 7|(7 4 (11), 13|(7 4 (21), 19|(7 4 (31), 251 (7 4 (41), etc. 

In general, if t = 2m, then we have 

(2m + 1)| C2(6m + 1), (6 m + 1)| C 4 (10m + 1), (10m + 1)| ^(ldyn + 1), etc. 
for k = 2,4, 6, etc. More generally, for k = 2 u and t = 2m, we have 
(2(2u - l)m + 1)| C 2u (2(2u + 1 )m + 1), 

where the sequences of {2{2u— l)m+lt = 0,1,2,...}, {2(2 m— l)m+lm = 0,1, 2,...}, 
{2(2it + l)m + lf = 0,1, 2,...}, and {2(2u+l)m+lm = 0,1, 2,...} are arithmetical 
sequences. 
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We now transfer the divisibility from the generalized Lobb numbers to Raney 
numbers and Ballot numbers. 

Theorem 3.6 Let Rk(n,m) be Raney numbers defined by (1). If k is an odd inte¬ 
ger, then we have 

((k-l)t+l)\R k {{k+l)t+l,l). (35) 

If k is an even integer and n = (k + 1)1 + 1 is odd, then (35) holds. If both k and 
n = (k + 1)1 + 1 are even, then 

((k - 1)1 + 1)| 2 R k ({k + 1)1 + 1,1) (36) 


holds. 

Proof. By using the relationship (7) between the generalized Lobb numbers and 
Raney numbers, we may establish Theorem 3.6 from Theorem 3.1. 

Theorem 3.7 Let B(a,b) be Ballot numbers defined by (16). If n = 31 + 1 is odd, 
then we have 

(( k — 1)1 + 1)| B((k + 1)1 + 2, (fc + 1)1 + 1). (37) 

If n = 31 + 1 is even, then 1 is odd and 

(( k — 1)1 + 1)| 2B((k + 1)1 + 2, (fc + 1)1 + 1) (38) 


holds. 

Proof. From the relationship between Lf m and B(a, b) shown in (17) and Theorem 
3.1, we may obtain (37) and (38). 
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COUPLED FIXED POINT THEOREMS FOR TWO MAPS IN CONE 
6-METRIC SPACES OVER BANACH ALGEBRAS 

YOUNG-OH YANG* AND HONG JOON CHOI 


Abstract. In this paper, we obtain some coupled fixed point results for two map¬ 
pings satisfying some contractive conditions in cone Ametric spaces over Banach 
algebras with a solid cone by virtue of the properties of spectral radius. Also we give 
an example as an applications of one of the main results. 


1. Introduction 

In 2007 the concept of cone metric space was introduced by Huang and Zhang in 
[4], where they generalized metric space by replacing the set of real numbers with an 
ordering Banach space, investigated the convergence in cone metric space and proved 
some fixed point theorems for contractive mappings on these spaces. Recently, in 
([1],[3], [4], [6], [7], [8], [10], [11]) some common fixed point theorems have been proved 
for contractive maps on cone metric spaces. Gnana Bhaskar and Lakshmikantham([2]) 
introduced the concept of coupled fixed point of a mapping F : X x X —> X and 
investigated some coupled fixed point theorems in partially ordered sets. Since then 
this new concept is extended and used in various directions([2], [5]). 

In 2013, in order to generalize the Banach contraction principle to more general form, 
Liu and Xu([8]) introduced the concept of cone metric spaces over Banach algebras, by 
replacing Banach spaces with Banach algebras as the underlying spaces of cone metric 
spaces, and proved some fixed point theorems of generalized Lipschitz mappings with 
weaker and natural conditions on generalized Lipschitz constants by means of spectral 
radius. Furthermore, they gave an example to explain that the fixed point theorems in 
cone metric spaces over Banach algebras are not equivalent to those in metric spaces. 

Motivated by the above works, in this paper, we obtain some coupled fixed point 
results for two mappings satisfying some contractive conditions in cone 6-metric spaces 
over Banach algebras without the assumption of normal cones by virtue of the prop¬ 
erties of spectral radius. Our main results generalize the corresponding main results 
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Key words and phrases, cone metric spaces over Banach algebras, coupled fixed point, spectral 
radius. 
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in cone metric spaces obtained by H.K. Nashic, Y. Rohen and C. Thokchom([5]. Also 
we give an example as an applications of one of the main results. 

Let A always be a real Banach algebra. That is, A is a real Banach space in which 
an operation of multiplication is defined, subject to the following properties (for all 
x, y, z G A, a G M): 

(1) (xy)z = x(yz); 

(2) x(y + z) — xy + xz and (x + y)z = xz + yz; 

(3) a(xy) = ( ax)y = x(ay ); 

(4) |M| < \\x\\\\y\\. 

In this paper, we shall assume that A is a real Banach algebra with a unit (i.e., 
a multiplicative identity) e. An element x G A is said to be invertible if there is an 
inverse element y G A such that xy = yx = e. The inverse of x is denoted by x~ 1 . 

Let A be a real Banach algebra with a unit e and 6 the zero element of A. A 
nonempty closed subset P of Banach algebra A is called a cone if 

(i) {6,e}c P; 

(ii) aP + (3yP C P for all nonnegative real numbers a, (3 ; 

(iii) P 2 = PP C P ; 

(iv) P fl (— P) = {6*} i.e, x G P and — x G P imply x = 9. 

For any cone P C A, we can define a partial ordering Y with respect to P by x A y 
if and only if y — x E P. x -< y stands for x A y but x ^ y. Also, we use x <C y to 
indicate that y — x G int P where int P denotes the interior of P. If int ? / 0 then P 
is called a solid cone. 

Definition 1.1. Let X be a nonempty set, s > 1 be a constant and A be a real Banach 
algebra. Suppose the mapping d : X x X —> A satisfies the following conditions: 

(1) 6 Y d(x, y) for all x, y G X and d(x, y) = 6 if and only if x — y ; 

(2) d(x,y) = d(y,x) for all x, y G X ; 

(3) d(x, y) A s[d{x, z) + d(z, y)} for all x,y,z G X. 

Then d is called a cone b-metric on X, and (X, d) is called a cone b-metric space over 
the Banach algebra A. 

If s = ljtheri every cone 6-metric is a cone metric space. 

Definition 1.2. Let (X, d) be a cone 6-metric space over the Banach algebra A. Let 
{x n } be a sequence in X and x G X. 

(1) If for every c G A with 6 -C c, there exists a natural number N such that 
d(x n ,x) -C c for all n > N, then {x n } is said to be convergent and {x n } 
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converges to x, and the point x is the limit of {x n }. We denote this by 
lim x n = x or x n —> x in —> oo). 

n—>oo 

(2) If for all c E A with 6 <C c, there exists a positive integer N such that 
d(x n ,x m ) -C c for all m, n > N, then {x n } is called a Cauchy sequence in 
X. 

(3) A cone 6-metric space (. X , d) is said to be complete if every Cauchy sequence 
in X is convergent. 

Definition 1.3. Let E be a real Banach space with a solid cone P. A sequens 
{x n } C P is called a c—sequence if for any c E A with 0 < c, there exists a positive 
integer N such that x n <C c for all n > N. 

Lemma 1.4. ([Q\, [8]j Let E be a real Banach space with a cone P. Then 
(pi) If a <C b and b -C c, then a -C c. 

(p 2 ) If a ■< b and b <C c, then a -C c. 

(ps) If a ■< b + c for each @Cc, then a A 6. 

(jq) If 0 L u <C c for each 0 <C c, then u = 6. 

(ps) If {a: n }, {i/ n } are sequences in E such that x n —> x, y n —» y and x n -< y n for all 
n > 1, then x P y. 

We define the spectral radius of a; G A by 

rbr) = lim ||a; n || 1/n = inf ||a: n || 1/n . 

fi—>oo n>l 

Lemma 1.5. ^[8]j Let x,y be vectors in the Banach algebra A. If x and y commute, 
then the spectral radius p satisfies the following properties : 

(1) r(xy) < r(x)r(y); 

(2) r(x + y) < r(x) + r(y); 

(3) | r(x) — r(y) \ < r{x — y). 

Lemma 1.6. ^[8]j Let A ba a real Banach algebra with a unit e and x E A. If 
0 < r(x) < 1, then 

(1) e — x is invertible, (e — a;) -1 = and 

r((e — t) _ 1 ) < (1 — r(x)) -1 . 

(2) ||a; n || —> 0 as n —y 00 . 

Lemma 1.7. (\Q\) Let P be a solid cone in the Banach algebra A and ||x n || —■> 0 as 
n —y 00 , then {x n } is a c—sequence. 
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Lemma 1.8. f[8]j Let P ba a solid cone in a Banach space A and and {x n } be a 
sequence in P. If k G P is an arbitrarily given vector and {xn\ is c—sequence in P, 
then {kx n } is a c—sequence. 

Lemma 1.9. (^[8]j Let A be a Banach algebra with a unit e and let P be a solid cone 
in A. The following assertions hold true: 

(1) For any x,y G A, a G P with x F y, we have ax F ay. 

(2) For any sequences {a; n }, {y n } C A with x n —> x (n —> oo) and y n —> y (n —» oo ) 
where x,y G A, we have x n y n —■> xy (n —> oo). 

Lemma 1.10. Let (X,d) be a complete cone metric space over a Banach algebra 
A and let P be a solid cone in A. Let { x n } be a sequence in X. If {x n } converges to 
x G X, then we have: 

(1) {dfx n ,x)} is a c-sequence. 

(2) For any p G N, {d(x n , x n+p )} is a c-sequence. 

Lemma 1.11. (^[8]j Let P be a solid cone in a real Banach algebra A and k G P. If 
r(k) < 1 ,then the following assertions hold true: 

(1) If u G P and u F ku, then u = 9. 

(2) If k y 9,then (e — k ) -1 y 6. 

Definition 1.12. Let (X,d) be a cone 6-metric space over the Banach algebra A. An 
element (x, y) e X x X is called a coupled fixed point of F : X x X —> X if x = F(x, y) 
and y = F(y,x). 

Note that if (x, y) is a coupled fixed point of F, then (y, x) is also a coupled fixed 
point of F. 


2. Main results 

In the following, we always assume that (X, d) is a cone 6-metric space over the 
Banach algebra A. In this section, we establish a common coupled fixed point results 
for two mappings S,T : X x X —> X satisfying certain contractive condition on cone 
metric spaces over Banach algebras. The following results generalize the corresponding 
results in cone metric spaces obtained by H.K. Nashie, Y. R.ohen and C. Thokchom([5]). 

Theorem 2.1. Let (X,d) be a complete cone b-metric space over the Banach algebra 
A with the coefficient s > 1 and let P be a solid cone in A. Suppose that S , T : 
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X x X —> X are two mappings satisfying the condition 

d(S(x,y),T(u,v )) aid(x, u) + a 2 d(S(x, y), x) + a^d{y, v) (2-2.1) 

+ a 4 d(T(u, v),u) + asd(S(x, y),u ) + aed(T(u, v),x) 

for all x,y,u,v G X, where a, G P and a t aj = (i,j = 1, 2, 3,4, 5, 6). If 

s[r(ai) + r(a 2 ) + r(a 3 )] + r(a 4 ) + r(a 5 ) + (s 2 + s)r(a 6 ) < 1, 

t/ten S' and T have a common coupled fixed point in X. 

Proof. Let xq and yo be any points X. Let 

^2fc+l = S(x2k,y2k)i U2k+1 = S(y2k, x 2k) 


and 


^2fc+2 — T(x 2 k+l,y 2 k+l), U 2 k +2 ~ T(y 2 k+ 1 , x 2 k+l) 


for k — 0,1, 2, • • •. Then we have 


d( x 2k+l, x 2k+2) 


= d(S(x2k, y2k),T(x2k+l,y2k+l)) 

p a\d(x2ki x 2k+l) + d2d(S(x2k, y2k)i x 2k) + «3^(l/2fc, V2k+l) 
+ a 4 rf(T(x2fe+l, V2k+l)i x 2k+\) + a§d{S(x2k,y2k)i x 2k+l) 

+ a e d(T(x 2 k+l,y2k+l): x 2k) 

= a\d{x 2 ki x 2 k+l ) + 02(i(x2fc+l, x 2 k) + a 3 ^(l/ 2 fc> Z/2fc+l) 

+ 0 4 d(a;2fc+2, ^2fc+l) + Ct 5 ^( 2 ; 2 fc+l) ^2fc+l) + &C>d{ x 2 k+ 2 -> x 2 k) 

Z2 0 >ld( x 2 ki x 2 k+l) + tt 2 d( x 2 k+l, x 2 k) + « 3 ^( 2 / 2 fc> Z/2fc+l) 

+ 0 4 d(T 2 fc-|-2, ^2fc+l) + O5 • d 

+ S06[d(T2A:, ^2fc+l) + ^(^2fc+l, ^2fe+2)] • 


which implies that 


(e — 0 4 — Sa6)rf(x2fc+l,X2fc+2) Z2 (Ol + 0 2 + Sa§)d{x2ki x 2k+l) + «3^(2/2fc, 2/2fe+l)- 

By hypothesis and Lemma 1.8, e — (a 4 + sa 6 ) is invertible. Putting a = (e — a 4 — 
sa 6 ) _1 (oi + a 2 + sa 6 ), f3 = (e — a 4 — sa 6 ) _1 a 3 , we have 

d(x 2 fc+i, ai2fc + 2) z< ad{x 2 k, x 2 k+i ) + (dd(y 2 k, V 2 k+i)- (2.2.2) 
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Similarly, 

d(y2k+l,V2k+2) = d(S(y2k,X2k),T(y2k+l,X2k+l)) 

dl Q'ld(y2k,y2k+l) + 0>2d(S(y2k,y2k),y2k) + 0’zd{x2ki %2k+l) 

+ 0>4d{T(y2k+l-,X2k+l),y2k+l) + Q-bd(S(y2k, X2k)i y2k+\) 

+ a6d(T(y 2 k+i,X2k+i)-,y2k) 

— 0>ld(y2k,y2k+l) + 0 J 2d{y2k+l,y2k) + « 3 ^(^ 2 fc> %2k+l) 

+ 04^(l/2fc+2, y2k+l) + dbd{y2k+li d2k+l) + d6^(l/2fc+2, 1/2 k) 

A aid(y 2 fc,Z/2fc+i) + ci2d{y2k+ii y2k) + o,^d{x2k, X2k+i) 

+ &Ad{y2k+2, y2k+l) + «5 '6 

+ sa 6 [rf(?/ 2 fc, Z/ 2 fc+l) + rf(?/ 2 fe+l) Z/ 2 fc+ 2 )]- 

which implies that 

d(j/ 2 fc+i, y2k+2) ^ ad(s/ 2 fc, J/ 2 fc+i) + (3d(x 2k , X 2k + 1 ). (2.2.3) 

Adding both inequalities, we have 

^(^2fc+l> ^2fc+2) + d(y2k+l, y2k+2) A (a + j3) [d(x2k, ^2fc+l) + d(y2k, y2k+l)] 

= h[d{x2ki x 2k+l) + d{y2ki V2k+l)\ 

where h = a + f3 = (e — 04 — so 6 ) -1 (ai + 02 + 03 + sae). Also we have 

d(ai2fc+2, ai2fc+3) + d{y2k+2,y2k+3) = h[d(x2k+l, x 2k+2) + d(y2k+h y2k+2)\- 
Therefore 


d(x n ,a: n+1 ) + d(y„,j/„+i) A h[d(x n - U x n ) + d(j/„-i,j/„)] 

A • • • r< /i n [d(xo,®i) + d(j/ 0 , 3 /i)] 

By hypothesis, Lemma 1.7 and Lemma 1 . 8 , we have 

r(h) < r((e — 04 — sa6) _1 )r(ai + 02 + 03 + sae) 

< r(fli) + r(o 2 ) + r(a 3 ) + sr(a 6 ) 1 

1 — r(a 4 ) — sr(a 6 ) s 

which means that e — h is invertible, (e — h ) _1 = an( l 11 h n \| —> 0 as n —> 00. 

Now if S n = d(x n ,x n+ 1) + d(y n ,y n+ 1), then the above relation implies 

5 n A h 8 n -1 A • • • ^ h n < 5 0 . 
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For m > n, we have 

d[x n , Xm) + C?(|/ n , Urn) I^ ^m— 1 T dm —2 T ' ' ' T d n 

F ( h m “ 1 F / 7 m “ 2 + • • • F /i n )< 5 0 
= /T re (l + /L+--- + /L m - n - 1 ) ( 5 o 

oo 

F h n (^h% o 

i=0 

= (e~/i) _1 /i% 

since r(h) < 1 and P is closed. Since r(h) < 1 , ||(e — h)~ 1 h n 5 0 \\ —■> 0 as n —■» oo, and 
so for any c G A with 0 < c, there exists JVeN such that for any n > m > N, we 
have 

d{x n , x m ) + d(y n , y m ) F (e - hy l h n 5 0 -C c. 

Thus (d(a; n ,a; m ) + d(y n ,y m )} is a c-sequence in P. Since 

9 — d(x n , x m ), d(y n , Urn ) F d[x n , x m ) T d(y n , £/ m ), 

{d(x n , a: m )} and {c?(2/„, |/ m )} are c-sequences and so Cauchy sequence in X. Since A" 
is complete, there exists a; G X and y G X such that x n —> x and ?/ n —»• y as n —> oo. 

Now we show that x = S(x,y ) and y = S(y,x). On the contrary, let us assume that 
x 7^ S(x,y ) or y ^ S(y,x) so that d(x,S(x,y )) = k y 9 and d(y, S(y,x)) — l y 9. 
Then we have 

k = d(x,S(x,y)) F d(x, 2^+2) F d(x 2 jt+ 2 , S'tr, 2/)) 

= d(x, x 2 k+2 ) F d(T(x 2 fe+i, 2/ 2 fc+i), I/)) 

F rf(x, X2/C+2) + aid(x, x 2 k+i) F a 2 d(S(x, y), x) + a 3 d(y, y 2 *+i) 

+ a 4 d(T(x 2 jk+i,?/2fc+i),^2fe+i) + a 5 d(S(x,y),£2fc+i) 

+ a6 c ^(^( a; 2fc+l5 J/2fc+l)) 

= rf(x, x 2 fc +2 ) + a\d(x, X2k+i) F a 2 d(S(x, y),x) + a 3 d(y,y 2 k+i) 

F a 4 d(x2fe+2, ^2fe+i) F a 5 rf( 5 '(a:, 7 /),X 2 fe+i) F a 6 d(x 2 jk+2, a) 

which implies that 

k = d(x,S(x,y)) F (e + a 6 )d(x, ^+2) + a 1 d(x,x 2 k+i) + a 2 d(x, S(x,y)) 

+ &zd(y,y2k+i) F a 4 d(T2fc+2, ^2fc+i) + a$d(S(x, y), X2fc+i)- 
Taking n —> 00, by Lemma 1.6 and Lemma 1 . 10 , we have 

k — d(x, S(x,y)) F (e + ae )9 + ai ■ 9 + d2d(S(x,y),x) + a 3 ■ 9 
+ a 4 • 6* + a 5 d(S(x, y), x) + a 6 ■ 9 

and so d(x, S(x,y)) F (a 2 + a 3 )d(x, S(x,y)). Since r(a 2 F 0,5) < 1 , by Lemma 1 . 11 , 
d(x, S(x,y)) = 9. Therefore x = S(x,y). Similarly we can prove that y = S(y,x). It 
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follows similarly that 

x — T(x,y) and y — T(y,x). 

Therefore (x, y) is a common coupled fixed point of S and T. 

In order to prove the uniqueness, let (x / , y') 6lx X be another common coupled 
fixed point of S and T. Then 

d{x,x') = d(S(x,y),T(x',y')) 

-< a\d(x , x 1 ) + a, 2 d(S(x, y),x) + a 3 d(y, y) 

+ a 4 d(T(V, y'),x') + a 5 d(S(x, y),x') + a 6 d(T(x ', y r ),x) 

= a\d(x, x') + a, 2 d(x, x) + a 3 d(y, y') 

+ a 4 d(V, x') + a$d(x, x') + aed(x', x) 

= (ai + a 5 + a 6 )d(x',x) + a 3 d(y,y') 

which implies that 

(e - ai - a 5 - a e )d(x,x') E a 3 d(y,y'). 

Since r(ai + a 5 + a 6 ) < 1, e — (a 4 + a 5 + a 6 ) is invertible and 

d(x, x') -< (e - ai - a 5 - a 6 ) _1 a 3 d(i/, y'). 

Similarly we can prove that 

d(y,y') E (e - a 4 - a 5 - a 6 ) _1 a 3 (i(:r, x'). 

Adding both sides, we get 

d(x, x') + d(y, y') -< (e - a 4 - a 5 - a 6 ) _1 a 3 [d(x, a/) + d(y, y% 

Since r((e — a 4 — as — ae) _1 a 3 ) < 1, by Lemma 1.11, we have d(x,x') + d(y,y') = 0. 
Therefore x — x' and y = y'. □ 

The following results generalize the corresponding results in cone metric spaces 
obtained by H.K. Nashie, Y. R.ohen and C. Thokchom([5]). 

Corollary 2.2. (Theorem 2.1 of [5]j Let (X,d) be a complete cone metric space with 
a solid cone P. Suppose that S, T : X x X —> X are two mappings satisfying the 
condition 

d(S(x,y),T(u,v )) Y a\d(x, u) + a, 2 d(S(x, y), x) + a 3 d(y, v) 

+ a 4 d(T(a, v), u) + asd(S(x, y),u ) + aed(T(u, v),x) 

for all x,y,u,v G X, where a t (i = 1,2, 3,4,5, 6) are non-negative real numbers such 
that E-=i a ? + 2a6 < 1. Then S' and T have a common coupled fixed point in X. 

Proof. Taking s = 1 and letting A as a real Banach space in Theorem 2.1, we get the 
required result. □ 
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Corollary 2.3. Let (. X , d) be a complete cone metric space over the Banach algebra 
A and let P be a solid cone in A. Suppose that S,T : X x X —■» X are two mappings 
satisfying the condition 

d(S(x,y),T(u,v )) aid(x,u) + a 2 d(S(x,y),x) + a 3 d(y,v) (2.2.4) 

+ a 4 rf(T(w, v),u) + a 5 d(S(x, y),u ) + a 6 d(T(u, v),x) 
for all x,y,u,v G X, where ai G P and ataj = ajOi (i,j = 1, 2, 3,4, 5, 6). If 
s(r(ai) + r(a 2 ) + r(a 3 )) + r(a 4 ) + r(a 5 ) + (s 2 + s)r(a 6 ) < 1, 
then S and T have a common coupled fixed point in X. 

Proof. Taking s — 1 in Theorem 2 . 1 , we get the required result. □ 

Corollary 2.4. Let (X,d) be a complete cone b-metric space over the Banach algebra 
A with the coefficient s > 1 and let P be a solid cone. Suppose that T : X x X —> X 
is a mapping satisfying the condition 

d(T(x, y ), T(u, v)) ■< a\d{x, u ) + a 2 d{T(x, y),x) + a 3 d(y, v) + a 4 d(T(ti, v),u) 

+ a 5 d(T(x,y),u) + aed(T(u,v),x) 

for all x,y,u,v G X, where ai G P and ayi-j = a^aj (■ i,j = 1, 2, 3,4, 5, 6). If 
s(r(a i) + r(a 2 ) + r(a 3 )) + r(a 4 ) + r(a 5 ) + ( s 2 + s)r(a 6 ) < 1, 
then T has a unique coupled fixed point in X. 

Corollary 2.5. Let (X,d) be a complete cone b-metric space over the Banach algebra 
A with the coefficient s > 1 and let P be a solid cone. Suppose that S, T : X x X —> X 
are two mappings satisfying the condition 

d(S(x, y ), T(u, v)) f ad(x, u ) + bd(y, v ) + c[d(S(x, y),x) + d(T(u, v ),«)] 

+ e[d(S(x,y),u) + d(T(u,v),x)] 
for all x, y,u,v G X, where a,b, c, e G P are commuting. If 

s(r(a) + r(b)) + (s + l)r(c)) + (s 2 + s + l)r(e) < 1, 
then S and T have a unique common coupled fixed point in X. 

Corollary 2.6. Let (X,d) be a complete cone b-metric space over the Banach algebra 
A with the coefficient s > 1 and let P be a solid cone. Suppose that S, T : X x X —> X 
are two mappings satisfying the condition 

d(T(x,y),T(u,v)) ad(x,u) + bd{y,v) + c[d(T(x,y),x) + d(T(u,v),u)\ 

+ e[d(T(x,y),u) + d(T(u,v),x)] 


1067 


YOUNG-OH YANG ET AL 1059-1069 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


10 YANG AND CHOI 

for all x, y,u,v G X, where a,b,c,e G P are commuting. If 

s(r(a) + r(b)) + (s + l)r(c)) + (s 2 + s + l)r(e) < 1 , 
then T has a unique coupled fixed point in X. 

Now we give an example showing that Theorem 2.1 is a proper extension of known 
results. In this example, the conditions of Theorem 2.1 are fulfilled. 

Example 2.7. Let A = Cr[ 0 , 1 ] and define a norm on A by ||a;|| = ||a:||oo + Halloo for 
x G A. Define multiplication in A as just pointwise multiplication. Then A is a real 
Banach algebra with unit e = l(e(6) = 1 for all 6 G [0,1]). The set P = {x G A : x > 0} 
is a cone in A. Moreover, P is not normal. 

Let X = {1,2,3}. Define d : X x X —> A by d(l,2)(t) = d(2,l)(t) = d(2,3)(t) = 
d(3,2)(t) = e t ,dfl,3)(t) = d( 3,1) (6) = 3e t ,d(x,x)(t) = 6 for all t G [0,1] and for 
each x G X. Then (A", d) is a solid cone 6-metric space over Banach algebra with the 
coefficient s — }. But it is not a cone metric space over Banach algebra since it does 
not satisfy the triangle inequality. 

Define two mappings S,T by S(x, y) — 1 for any (x, y) G X x X, and 

T(x,y)=\ f = 

j 1 , otherwise 

Let ai, 02 , a 3 , 04 , as, 06 G P defined with ai(t) = a^it) = 03 (f) = 0 . 2 , 04 ( 6 ) = 0 . 1 , 05 ( 6 ) = 
0.4, 06(6) = 0.05 for all 6 G [0,1]. Then, by definition of spectral radius, r(ai) = r(o 2 ) = 
r(o 3 ) = 0.2, r(a 4 ) = 0.1, r(a 5 ) = 0.4, r(a 6 ) = 0.05 and so 

s[r(ai) + r(o 2 ) + r(a 3 )] + r(a 4 ) + r(a 5 ) + (s 2 + s)r(a 6 ) = 0.9875 < 1. 

Since d(S(x, y), T(3, 1))(6) = rf(l,2)(6)) = e f for any x,y G X, by careful calculations, 
we can get that for any x, y, u, v G X, S and T satisfy the contractive condition (2.2.4) 
of Theorem 2.1. Hence the hypotheses are satisfied and so by Theorem 2.1, S and T 
have a common coupled fixed point in X. Since 5(1,1) = 1 = 7(1,1), (1,1) is the 
unique coupled fixed point of 5 and T. 
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FOURIER SERIES OF SUMS OF PRODUCTS OF 
POLY-GENOCCHI FUNCTIONS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , DMITRY V. DOLGY 3 , AND JIN-WOO PARK 4 ’* 


Abstract. Recently, some authors introduced poly-Genocchi polynomials as 
an analogy to poly-Bernoulli polynomials. In this paper, we will consider three 
types of sums of products of poly-Genocchi functions and derive their Fourier 
expansions. In addition, we will express each of them in terms of Bernoulli 
functions. 


1. Introduction 


The Bernoulli polynomials B m (x) are given by the generating function 





OO 

Y B m{x) — . 

' ml 

m —0 


When x = 0, B m = B m ( 0) are called Bernoulli numbers. 

The Genocchi polynomials G m (x) are defined by the generating function 


2 1 

e* + 1 


°° 4.771 

Y G m (x) — 

' ml 

777—0 


For x = 0, G m = G m ( 0) are called Genocchi numbers. 

Let r be any integer. The poly-Bernoulli polynomials Bm (x) of index r are given 

by 


Li r { 1 — e *) 
e t — 1 


= E 1 

771 = 0 


'(») — . 

to! 


where Li r [x) = X)m=i TUx is the rth polylogarithm function for r > 1, and a 
rational function for r < 0. We note here that this definition of poly-Bernoulli 
polynomials are slightly different from the Kaneko’s original definition [1, 2, 3, 5]. 
Indeed, if B^(x) denotes the Kaneko’s poly-Bernoulli polynomial of index r, then 
Bm (i) = it'(i — 1). Also, for x = 0, I™ = Bm (0) are called poly-Bernoulli 
numbers of index r. Clearly, 


B«(x) = B m (x), B^(x) = 1, b£>(*) = x m , 

= S m,0, in'ix) = toB^ } _i(x), (to > 1). 


2010 Mathematics Subject Classification. 11B68, 11B83, 42A16. 

Key words and phrases. Fourier series, Bernoulli polynomial, Euler function, Genocchi poly¬ 
nomial, poly-Genocchi polynomial, poly-Bernoulli polynomial. 
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Fourier series of sums of products of poly-Genocchi functions 


As an analogy to this construction of poly-Bernoulli polynomials, the poly-Genocchi 
polynomials (x) of index r are given by 




m—0 


(i.i) 


When x = 0, G™ = G™ (0) are called poly-Genocchi numbers. Unfortunately, 
the poly-Genocchi polynomials were named as poly-Euler polynomials. But, as 
we clearly have Gm (a;) = G m (x), it seems more appropriate to call them poly- 
Genocchi polynomials (see [6]). There are other definitions for poly-Euler numbers 
and polynomials. Indeed, in [7, 8], the poly-Euler numbers are defined by 


Lir{ 1 ~ e 4t ) _ ^ 


j-4 1\ 

4 1 cosh t 


m =0 


ml 


For poly-Euler polynomials, see [4]. 
As is known or one can see, 


4~(Li r + i(x)) = -Li r ( x). 
ax x 


In addition, since Gm ( x ) are Appell polynomials, 


dx 


= mG^l^x), (m > 1). 


Here we claim that 

G^ +1 )(l) + <G^ +1) (0) = 2 b£>_ I( ( m > 1). 

From (1.1), we clearly have 


E 

m—0 


•+i) 


(1) + ' 


r+l) 


— 2Li r+ i(l — e ^). 


( 1 . 2 ) 


(1.3) 


Differentiation of LHS of (1.3) with respect to t gives 


OO I'm 


m—0 


On the other hahd, differentiation of RHS of (1.3) with respect to t yields 


2Li r (l — e *) _ t 
1 — e~ l 


-LI lb 

= 2 E b S’L- 


m—0 


From these, we get the desired result. Writing Li r ( 1 — e *) = 
t + 2 r, from (1.1) we obtain 

_°°_ 4-m °° ( m ~ l fm\ \ 

E G S’= E (E (, )<■”•-<«w) sj' 

m—0 m—1 \ /—0 v / / 

where E m (x) are Euler polynomials given by 

2 


t2_ 
n n.\ 


e l + 1 


— ^ ^ Ejmix) 


m =0 


ml 
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3 


In particular, this implies that 

G G \x) = 0 , G^ r) (a;) = 1, degG^(x) = to — l,for m > 1. 

As a quick application of ( 1 . 2 ), we express Gm + 1 '*(ai) as a linear combination 
of Euler polynomials. For this, we recall that, for a polynomial p(x) G Q[x] with 
deg p(x) = in, 


P { x ) = ^2 b jEj{x), bj G 
3=0 


where 


bj 2 j\ 


— (p 0 ) (l) +p (j) (°)) > 3 = 0 , 1 ,- - .,m. 
We now apply this to the polynomial p(x) = Gm + 1 \i), and let 

m 

<Gt +l \x) = Y J ^ j E j {x). 


3=0 


Then 


Hi 
2 j 

= /< 






= J \ j for 0 <j< rn - 1 , 

1 0 , for j = m 


Thus 


(x), (to > 1). 


m— 1 

G£ +1) 0r)=£ 

3=0 

Also, for p(x) G Q[x], with deg p{x) = to, 

m+1 

p(x ) = E h 3 G A X )i b 3 e Q, 

3 = 1 

where bj = ^ (p(J“ 1 )(l) +p0’ _1 )(0)), for m = 1,..., to + 1. 
Applying this to p{x) = Gm +l \x), we see that 

b = { ^( m j +1 )® m-j, for 1 < j < TO., 
! 0, forj = TO+l. 


Thus we obtain 

^ +1 \x) = 


1 


TO + 1 


E 

3 = 1 


TO + 1 

3 


" m -jGj( x )> (m>l). 


For any real number x, we let 

(x) = x — |_xj G [0, 1) 
denote the fractional part of x. 

Here we will consider the following three types of sums of products of poly- 
Genocchi functions a m ((x)), 0 m ((x)), and 7 m ((x)) and derive their Fourier expan¬ 
sions. In addition, we will express each of them in terms of Bernoulli functions. 

(a) a m ((x)) = Er=i 1 Gi r+ 1 ) ((x))G^^ ) ((x», (to > 3); 
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(b) 0 m ((x)) = ELY ^^< +1) ((^))^L ) ((x)) (m > 3); 
(C) 7 m{{x)) = ET=1 ^STHfcJ G fc r+1) (< a; )) G m-fc ) ((*))» ( TO ^ 3 )' 


2. The sums of products of poly-Genocchi functions, type I 
For integers r, s, m, with m > 3, let 


m— 1 


<*m(x) = ^ G k\ X ) G m-k\ X )' 


k=l 


m— 1 


CW = E {^ < Gi r _ + L 1) (a;)G^+fc ) (a;) + (m - fc)G^ r+1) (a:)G^^ ) _i(a;)} 


k =1 


= E («-*(*) + E(™-fc)< + 1 ) (*)G^.-i(*) 


k—2 
m —2 


fc=l 


= E ( fc + l)Gi r+ 1 ) (ar)G^ 1 fc ) _ 1 (o : ) + E (™ " AOC^toG^daO 


fc=l 


fc=l 


=(m+ l)a m _i(a;). 
From this, we have 


CTm+l (*t) ^ 

m + 2 




r 1 l 

I CXjji^x'jdx — ' ( Q°tyi — (— 1(13 ^m+l(b)) • 

Jo m + 2 


For m > 3, we put 

A rn = A m (r, 5) = O m (l) O m (0) 


m— 1 




k =1 
m—1 


_ ^N(r+!)^(S+1)^ 


7 — k 


k =1 


m—1 

SO 


i(r+l) 

r fc 


»(r 

6 fc- 


■)(- 


-(«+!) 
17 m—k 


= — 2 


j( r+1) B (s) , +Bi r) ,G (s+ ! ) 

k m—k —1 1 Ac— 1 m—k 


l (s) , E _ G[ r+ 1 ) G (s+ I )N ) 

m—k— 1 y k m—k I 


i[ r) 1 B (s) , , 

Ac— 1 m—k— 1 


fc=l 


Thus 


e^m(0) — 
•<=>-A m = 0 

m— 1 


/c=l 


'i— k— 1 


4 r) G (s+1 t } 

Ac—l m—AC 


D( r ) to( s ) 
^k-l^m-k-l 


= 0 , 


/ a m (x)(Ja; = 

Jo 


1 

m + 2 


-A. 


ra +1 • 
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We are now going to consider the function 

m— 1 

am{(x)) = G^ r+1} ((ai))G^^ ) ((a;)), (to > 3), 


k =1 


defined on R, which is periodic with period 1. 
The Fourier series of a m ((x)) is 


(m) g2irinx 


where 


E 

71— — 00 

= [ a m ({x))e~ 2 ™ nx dx = [ a m {x)e- 2mnx dx. 

Jo Jo 


Now, we would like to determine the Fourier coefficients A ^ 
Case 1 : n ± 0. 


= [ a m {x)e- 2 ™ x dx 

Jo 


27 Tin ]° + 2 TTin 


_ / / \ — 2ixinx 7 

a m (x )e ax 


fji -j- \ f'^ 


=——————— A ^ 71 — 1 )--—A„ 

2tt in 2 tt in 

from which we can easily deduce that 


m—z 

A (m) = —L_ 

” TO + 2 


(™ + 2 )j 

+ 2 ^ (2nin)j 
.7 = 1 




Case 2 : n = 0. 


4"° = [ a m (x)dx = 

Jo 


1 


TO. + 2 


-A. 


ra +1 • 


We recall the following facts about Bernoulli functions B m ((x)): 
(a) for to > 2, 


B m {(x)) = -to! ^ 


00 g 2ninx 


n——oo 

7ly£ 0 


( 2Trin) r 


(b) for to = 1, 


- E 


00 g27r inx 


n =—oo 
n^O 


27 rin 


Bi((x)), for x ^ Z, 
0, for 




« m ((i)), (to. > 3) is piecewise C 00 . Moreover, a m ((x)) is continuous for those 
integers m > 3 with A m = 0, and discontinuous with jump discontinuities at 
integers for those integers m > 3 with A m 0. 
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Assume first that m is an integer > 3 with A m = 0. Then a m (0) = a m (l). 
Hence a m ((x)) is piecewise C°°, and continuous. Thus the Fourier series of a m ((x)) 
converges uniformly to a m ((x)), and 





1 


TO + 2 

TA m x 


-A. 


m+1 


m 


1 m—2 

1 


2 ^ 

3 =2 


TO + 2 

j 


^m-j+lBj{(x )) 


B i((x)), for x <£. Z, 
0, for ifZ. 


Now, we are ready to state our first theorem. 


Theorem 2.1. For each integer l > 3, let 

i -1 


A i = A i(r,s) = -2^ (d 


'(r+iJ-nTTs) i 
T k ^l-k-l + ^k-l^l-k 


d( r ) tr>( s ) 


fc=l 


Assume that A m = 0 7 for an integer m> 3. Then we have the following. 
( a ) El’Li 1 G^' +1) «*))G^+fc ) «a:)) has the Fourier series expansion 


m —1 


^G^ +1) ((a : ))G^l ) (^)) 


fc=1 

1 

to + 2 


-A 


m+1 


y —— y 

' 1 m -I- 9 ' 


1 '+T (to. + 2), 


n=—oo 
n^O 


+ 2 A-/ (27t mV 

i—i v 7 


A„,_ 


j+i e ' 


27rinx 


(b) 


for all itl, where the convergence is uniform. 


m- 1 . m—2 , I 9 \ 

E Gi r+ 1 ) ((o ; ))Gyb(<^)) = —^ E (” t U m -j + 1 Bj((x)), 

fc =1 1=0 v 2 / 


1=0 


for all x € R. 


Assume next that in is an integer > 3, with A m 7^ 0. Then a m (0) 7^ a m (l). 
Hence a m ((x)) is piecewise C 00 , and discontinuous with jump discontinuities at 
integers. Thus the Foureir series of a m {(x )) converges pointwise to a m ((x)), for 
x ft Z, and converges to 

7^ (ctm(0) + a m (l)) = a m (0) + — A m , 
for x £ Z. We are now ready to state our second theorem. 
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Theorem 2.2. For each integer l > 3, we let 

i -1 


A ; = A i(r,s) = -2^ (i 


^+ 1 ) b w_ i+b w i gJi+ 1) 


B (s) 


fc=i 


Assume that A m ^ 0, for an integer m > 3. Then we have the following 

(a) 


1 


to + 2 


Am+1 + E TO + 2 E 


1 (m + 2 )j , ^ inx 

— n -I 


n= — o o 
n^O 


+ 2 ' (27rin)-? 

.7 — 1 


-i+i e 


E m- 

k= 


m - 1 ^- (r+1) « ; r))G^+' ) (^}), Z, 


Efc'i 1 + i A m , for x€Z. 


(b) 

1 


m + 2 ^ \ j 


m -2 


1 

TO + 2 


7=0 
m—2 


E ( m + 2 ) A rn _ J - + iB j «*)) = E Gi r+1) ((a ; })G^+b« a; )), for x $ Z; 


m— 1 


k=l 
m— 1 


/ I o\ 1 

E ( m ^ jA m _j+iS i ((a;)) = E G i r+1)G m-k + 2 Am ’ f or x e Z ‘ 

j=o \ J / fc=l 


j= 

jA i 


3. The sums of products of poly-Genocchi functions, type II 


Let 


m— 1 


A"(*) = E k\(m — fc)! G fc r+1) ^ G ^-fc^’ - 3) - 


k =1 


fc=l 


/3m (a:) = E 

m—1 

= E 


t + 1 1) (^) G m-fc(^) + 


k\(m — k)\ k 1 

'+ 1 ) /’^)in( s+1 ) 


to — k 
k\(m — k)\ 


&t +1 \x)< + -Li{x) 


m—1 1 m—2 1 


m—2 


k= 
m—2 


l 


E jfc!( m _ fc _ i)i G fc ) (*) G Lfc-i(*) + E k\(m — k — l)!' u ' fc 

=2pm-l{x). 

From this, we obtain that 

(fS m+1 {x)\ = ^ 


(r+1) / \/p (s+1) 




f 1 1 

J Pm(x)dx = -(/3 m+ i( 1) - y8 m +l(0)). 
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For m > 3, we let 

fi m = f l m (r, s) = /3 m ( 1) - 0m{ 0) 

m— 1 

= £ kUm -k)\ (Gr +1> (1)GE1 ) (1) - G^’G^y) 


k\(m — k)\ 

m— 1 1 

E k[(m ^ k y. ((- G i r+1) + 2 ®l-i) - Gi r+ 1 ) G^jt } ) 

771— 1 ^ 

k\(m — k)\ ( 




r( 7 ’) (n( s+1 ) _ ow( r ) ire( s ) 


fc=l 






Then 


/3 m (O)=0 m (l)<i=»n m = O 


m— 1 

V -(G[ r+1) B {s) , ,+B[ r) 1 G (s+ !. ) - 2B[ r) 1 B (s) , ,")=(), 

/ V k\(m — k)\ V m—AC—1 1 Ac —I ra—Ac AC —1 m— Ac—1 y ’ 

f 1 1 

J p m (x)dx = 


/0 

We now would like to consider the function 

771— 1 


/u<*» = E fc! ( W 1 - fc )! ^ r+1)((a:))G -^ )(<a;)) ’ (m - 3)> 


fc=i 


defined on M, which is periodic with period 1. 
The Fourier series of /3 m ((x)) is 


?( m )g^ 7r * na ' 


where 


E ^ 

71—— OO 

B { ™ ] = f P m {(x))e~ 2mnx dx= [ p m (x)e~ 2 ™ x dx. 

Jo Jo 


Next, we want to determine the Fourier coefficients Bn 
Case 1 : n ± 0. 


B { n m) = [ /3m(x)e~ 2 ™ x dx 

Jo 




1 


— 2tt inx~\ ^ _ 

J 0 27 vin 


/ (\-—2 , Kinx 


P'm( x ) e 


dx 


~ 2nin ( ^ m(1) ^ m(0)) + 2 t nn j 0 

= 2 IS ®”"" 1 - 2^”' 

from which by induction we can easily deduce that 

i m ~ 2 oj 

= - « E 7d—+ 


/3 m _ 1 (a;)e-“da ; 


2 (2niny 

1=1 x ' 
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Case 2 : n = 0. 


pi 1 

Bt ] = J Pm{x)dx = 


Pm({x)), (to > 3) is piecewise C°°. Moreover, it is continuous for those integers 
to > 3 with = 0, and discontinuous with jump discontinuities at integers for 
those integers to > 3 with il m ^ 0. 

Assume first that to is an integer > 3 with fi m = 0. Then /3 m (0) = /3 m ( 1). 
Hence 0 m ((x)) is piecewise C°°, and continuous. Thus the Fourier series of /3 m ((x}) 
converges uniformly to /3 m ((x)), and 


Pm({x}) 


= a 


m+1 


£ - £ 


1 2 J 


71—— OO 

n^O 


2 (27rm)- 

7 = 1 v ' 


■ “m— 


m—j -\-1 


1 ^ 2 J 


— 'S t ‘m+l + „ E ,, ftm-j+l j! E 


00 g 2irinx 


2 ^ j\ 
7 =1 J 


TI— — 00 
Tly^O 


(27rin)f 


_I 0 , i V —O BfWUO for^Z, 

- 2 n m+1 + 2 ^ !im-j +1 Bj(W) + 0j for ^ € z . 


7=2 

Now, we are ready to state our first theorem. 
Theorem 3.1. For each integer l > 3, let 


n, = n,(r,S) = -2g (' 


j_TD( r ) fp( s + 1 ) 

jfe!(/-jfc)! ^ k M i-k-i+®k-i®i-k 


c( r ) TTD ( S ) 


Assume that fl m = 0, for an integer m > 3. Then we have the following. 

(a) Y?k=i fc!(m 1 -fc)! ( ^fc r+1 ^ a: )) ( ^TO-fc (i x )) has the Fourier series expansion 


E 

k =1 


k\{m — k)\ 


^ +1 \{x))G { ^{{x)) 


= a 


m+1 


1 m ^ e\j 

E llE (2+7+^ m - i+1 

7 = 1 7 


n=—oo 
n^O 


(b) 


for all i£l, where the convergence is uniform. 


m— 1 

E 

fc=i 


i 


k\{m — fc)! 




r+l) 


| m 2 

(+)G^b(+) = - ^ -H m _ J+1 + (+), 

7=0 J ' 

7#1 


for all x£t. 

Assume next that to. is an integer > 3 with Q. m ^ 0. Then /3 m (0) ^ /3 m (l), 
and hence j3 m ((x)) is piecewise C 00 , and discontinuous with jump discontinuities 


1078 


T. KIM ETAL 1070-1083 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


10 


Fourier series of sums of products of poly-Genocchi functions 


at integers. Thus the Fourier series of /3 m ((x)) converges pointwise to /3 m ((&)), for 
x £ Z, and converges to 

2 (Pm{ 0) + Pm{ 1 )) = Pm( 0) + 

for x € Z. 

We are now ready to state our second theorem. 

Theorem 3.2. For each integer l > 3, let 
i -1 


1 






n,-n,(r,s)- 2 E fe!( ^ fc) 

Assume Cl m ^ 0, for an integer m > 3. Then we have the following 
(a) 




oo / m —2 

^m+l + X! ( X! 


2^ 


2 ^ ( 27 rm )^ ro - j+1 

7 — 1 v 7 


n =—oo 
n^0 


Jl'xinx 


f Z?Ji /or a: £ Z, 

1 EfcTi 1 m^tG^G^ + ifi m , for x <E Z. 


(b) 


1 ^ 2- 7 


m— 1 


2 X/ jj — XI 


j=o 

m—2 


^ fc!(m — fc)! fc 


^({a^G^ (<*>), forxi Z; 


m—1 


2 X] -i\ ^m-j+lBj((x }) - X + )<G L-fe + 2^ m ’ f° r X 6 Z - 


2 L ' 7 ! 
J=0 7 


fc=l 


4. The sums of products of poly-Genocchi functions, type III 
Let 

m— 1 1 

Tm(x) = fc( m - fc ) G ir +1) ( a: ) G m-fc ) ( a; )> ( m ^ 3 )' 

771—1 

T^(*) = X fc ( m _ fc) + (to - fc)G^ +1) (a;)G^+X 1 ( a; )} 

m— 1 1 m—2 1 

= E + E 

k—2 
771 — 2 

= £ 

fc=i 


fe=i 


sr -L_ + i)cr> W GEL,W 


771 — 2 


= (?n — 1) X] 
k =1 

= (to - l)7m_l(x). 


1 


fc(m — fc — 1) 


xxogxxx) 
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From this, we have 


and 


7m+l 


(») V 


m 


= 7m 0*0, 


f 1 1 

/ 'J m (x)dx = — (7m+l(l) - 7m+l(0)) . 

J 0 m 


For m > 3, we let 

h-m = h-miyi = ^miX) Tra(O) 


771— 1 

k(m — k) 

„ t -i 

y _1_ (( 

^ k(m — k) V V 


k 

m— 1 


E yXk) 

■Gi r+1) +2B^ 1 ) ( 

(' 


(s+ 0 + 2B (s) , ,' 

m—k 1 in—k— 1 


- Gi r+1) G (s+ Y 

k 77i—k . 


= -*£ 


fe=l 


, 4 r+1) l (s) , , +bY,G ( s+ E 2 BYiB ( s) , , 

V Ac m—Ac— 1 1 Ac— I ra— Ac Ac— 1 m—k— 1 


Then 7 m (0) = 7 m (l) •£=>• A m = 0, and 

f 1 1 

/ 'j m (x)dx = — A m+ i. 

Jo ™ 

We are now going to consider 

ra— 1 

7m(0*0) = E fc( m - fc ) G EY0*0)YYfc (0*0), ( TO ^ 3 )’ 

defined on K, which is periodic with period 1. 

The Fourier series of 7 m ((x)) is 


E C( n 


ra) g2ninx 


n ——oo 


where 


Ci m) = f 7m((x))e- 2 ™ x dx 

Jo 


= / 7m 0*0 


i- 2 * inx dx. 


Now, we want to determine the Fourier coefficients C < n m ' 1 . 
Case 1 : n ± 0. 


CL m) = f 7 m(x)e- 2 ” inx dx 

Jo 

*• 1 


/ („\„-2-Kinx 


to 


0 27rm 

to — 1 A 1 


7m 0*0 


dx 


= - (7m(l) - 7m(0)) + [ lm yx)e-^™dx 

JiTTZTl Z7TITI J q 


J_A 


2nin 


2'xin 


li 
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from which by induction on m we can deduce that 


Case 2 : n = 0. 


'-'n 


-1 rn-2 / x 
1 \ - ( m)j A 

_ / , / o • \o A m— j+1 ■ 

m z -—' 27 Tiny 

7 = 1 ^ ' 


Co m) = [ 7 m(x)dx = —A m+1 . 

Jo m 

'Ym(ix)), (m > 3) is piecewise C°°. Further, it is continuous for those integers 
?n > 3 with A m = 0, and discontinuous with jump discontinuities at integers for 
those integers m > 3 with A m 7 ^ 0. 

Assume first that m is an integer > 3 with A m = 0. Then 7 m ( 0 ) = 7 m (l). 
Hence 7 is piecewise C°° , and continuous. Thus the Fourier series of 'y m {{x}) 
converges uniformly to 7 m ((&)), and 


7m «X» 



Now, we can state our first theorem. 


Theorem 4.1. For each integer l > 3, let 
l -1 

n (^+l)]rn(s) 


A,=A,(r,.) = -2g j ^F_( 


»(r) ,r.(s+l) _ qtoM to( s ) 


"ft ^l-k-l I ■ 


Assume that A m = 0, /or an integer m > 3. TTien we have the following 

( a ) Sl-L/ i( x )) has ^he Fourier series expansion 


E 

>c=i 


i 


k{m — k) 




oo / m—z 

=—A m+ i + ^ I — ^2 
m z ' \ m z —' 


n =—oo 
n^0 


Mj 

m ' (2mn\ 
i=i v ; 


rA m _ 


7+1 e 


2ninx 


(b) 


for all i£l, where the convergence is uniform. 


m— 1 1 1 m—2 / \ 


A-J k(m — fc) 
for all i£l. 


7=0 

7^1 
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Assume next that m is an integer > 3 with A m ^ 0. Then 7 m (0) ^ 7 m (l), 
and hence 7 m ((a;)) is piecewise C°°, and discontinuous with jump discontinuities 
at integers. Thus the Fourier series of 'y m ({x)) converges pointwise to 'y m ({x)), for 
x £ Z, and converges to 

2 (7m (0) + 7m(l)) = 7m(0) + 2^ m ' 

We can now state our second theorem. 


Theorem 4.2. For each integer l > 3, let 

‘- 1 i 


A, = A,(r, S ) = -2 ^——(■ 


k =1 


+1) TTD (• s ) 

k{l~k) 


+ Bi r 2 1 G z ( l + fc 1) -2B^ 1 B[-Li)- 


Assume that A m ^ 0, for an integer m> 3. Then we have the following 
(a) 

m —2 


(b) 


+ X I Y. 

m z —' l to z —' 


1 


( to ) 


TL— — 00 

n^O 


m (2 tt in) 

7 = 1 v 7 


0 A 

1 v m.— 


m-j -\-1 


fcp^^i r+1) ((®}) < G^fc«a:», forxi. Z, 

ELY ^- E vGL r+1) GL a+ i ) + U. 


E m— 1 1 

/c=l 


k{m—k) ^k 


¥ m—k ~ 2 iLm ’ 


for x € Z. 


. m—2 / S 

— E ( j y m W+ 1 -®t(( a: )) 


i=o 

m— 1 


= E 


—J fc(m — fc) 


f° r Xfil] 


1 

m 


m —2 / \ 

E " 

d—n \ *7 / 


j=0 


m—1 


= E 

k=l 


k(m — k) 


+ oAm, V.eZ. 
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Hesitant fuzzy normal subalgebras in 5-algebras 
Jung Mi Ko 1 and Sun Shin Ahn 2 * 

1 Department of Mathematics, Gangneung-Wonju National University, Gangneung 254 57, Korea 
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Abstract. The notions of a hesitant fuzzy subalgebra and a hesitant fuzzy normal subalgebra of a 5-algebra are 
introduced, and related properties are investigated. A quotient structure of a 5-algebra using a hesitant fuzzy 
normal subalgebra is constructed. The fundamental homomorphism of a quotient 5-algebra is established. 


1. Introduction 

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc. 
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [9] introduced 
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life. 
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and 
perfectly described in terms of the opinions of decision makers. Also, hesitant fuzzy set theory is 
used in decision making problem etc. [2, 3, 10, 11], and is applied to MTL-algebras [5]. On the 
while, J. Neggers and H. S. Kim [7] introduced the notion of 5-algebra and investigated several 
properties. Y. B. Jun et ah [4] defined the notion of a fuzzy 5-algebra and studied some related 
properties of it. 

In this paper, we discuss applications of a hesitant fuzzy set in a (normal) subalgebra of 
a 5-algebra. We introduce the notion of hesitant fuzzy (normal) subalgebra of a 5-algebra, 
and investigate some properties of it. Also we consider a new construction of a quotient 5- 
algebra induced by a hesitant fuzzy normal subalgebra. Finally, we establish the fundamental 
homomorphism of 5-algebra. 


2. Preliminaries 

A B-algebra ([7]) is a non-empty set A" with a constant 0 and a binary operation satisfying 
axioms: 

(Bl) x * x = 0, 

(B2) x * 0 = x, 

(B) (x * y) * z = x * (z * (0 * y)) 

°2010 Mathematics Subject Classification: 06F35, 03G25, 06D72. 

''Keywords: y-inclusive set; hesitant fuzzy (normal) subalgebra; 5-algebra. 

* The corresponding author. Tel.: +82 2 2260 3410, Fax: +82 2 2266 3409 (S. S. Ahn). 

"E-mail: jmko@gwnu.ac.kr (J. M. Ko); sunshine@dongguk.edu (S. S. Ahn). 
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for any x,y,z in A. For brevity we call X a B-algebra. In X we can define a binary relation 
“ < ” by x < y if and only if x * y = 0. 

Proposition 2.1.([1, 7]) Let (A;*,0) be a B-algebra. Then 

(i) the left cancellation law holds in X, i.e., x * y = x * z implies y — z, 

(ii) if x * y = 0, then x — y for any x,y E X, 

(iii) if0*x = 0*y, then x = y for any x,y E X, 

(iv) 0 * (0 * x) = x, for all x E X, 

(v) x * {y * z) = {x * {d * z)) * y for all x,y,z E X. 

Let (X;*x,0.y) and (T;*y,0y) be 5-algebras. A mapping p : X —> Y is called a homomor¬ 
phism if p(x *x y) = fix) *y <p{y) for any x,y E X. A homomorphism ip : X —y Y is called an 
isomorphism if p is a bijection, and denote it by X = Y . Let <p : X — » Y be a homomorphism. 
Then the subset {a: G X\p[x) = 0y} of X is called the kernel of the homomorphism p, and 

denote it by Ker p. A non-empty subset S of X is called a subalgebra of A" if x * y E S for any 

x,y E X. 

A non-empty subset N of X is said to be normal if {x*a) * (y *b) E N for any x*y,a*b E N. 
Then any normal subset N of a 5-algebra X is a subalgebra of X, but the converse need not be 
true ([8]). A non-empty subset X of a 5-algebra X is a called a normal subalgebra of X if it is 
both a subalgebra and normal. 

Let A be a 5-algebra and let A be a normal subalgebra of X. Define a relation on 1 
by x V if and only if x * y E N , where x,y E X. Then it is a congruence relation on X 
([13]). Denote the equivalence class containing x by [x]x, i.e., [a ;]jv := {lJ £ X\x ~at y} and let 
X/N := {[x]jv|x E A}. 

Theorem 2.2. ([8]) Let N be a normal subalgebra of a BG-algebra X. Then X/N is a B-algebra. 

The 5-algebra X/N is discussed in Theorem 2.2 is called the quotient B-algebra of A by N. 

Theorem 2.3.([8]) Let N be a normal subalgebra of a B-algebra X. Then the mapping 7 : X 
X/N given by y(x) := is a surjective homomorphism, and Kery = N. 

Theorem 2.4.([ 8 ]) Let p : X —> Y be a homomorphism of B-algebras. Then Kerp is a normal 
subalgebra of X. 

Theorem 2.5. ([8]) Let p : A —>• Y be a homomorphism of B-algebras. Then X/Kerp = Imp. 
In particular, if p is surjective, then X/Kerp = Y. 

Definition 2.6. ([9]) Let 5 be a reference set. A hesitant fuzzy set on E is defined in terms of a 
function that when applied to E returns a subset of [0,1], which can be viewed as the following 
mathematical representation: H E := {(e, h^(e))|e E E} where h E '■ E —» <^([0,1]). 
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Definition 2. 7.([ 2 ]) Given a non-empty subset A of a set X, a hesitant fuzzy set H\ 
{(x,hx(x))\x G X} on satisfying the following condition: hx(x) = 0 for all x ^ A (briefly, 
A-hesitant fuzzy set ) on X, and is represented by Ha {(x,Iia(x)) \ x G X}, where h\ is a 
mapping from X to A^([0,1]) with Ha(x) = 0 for all x A. 

For a hesitant fuzzy set H x '■= {(x,h x (x)) \ x G X} of a set X and a subset 7 of [0,1], the 
hesitant fuzzy 7 -inclusive set of H x , denoted by H x {y), is defined to be the set H x ( 7 ) := {x G 
X |7 C h x (x)}. For any hesitant fuzzy set H x = {(x, h x (x)\x G A"} and Gx = {(x, g x (x))\x G 
X}, we call Hx a hesitant fuzzy subset of Gx, denoted by H X CG X , if h x (x) C g x (x) for all 
x G X. The hesitant fuzzy union of Hx and Gx, denoted by H X GG X , is defined to be the hesitant 
fuzzy set (hxUgx)(x) — h x (x) U g x (x) for all x G X. The hesitant fuzzy intersection of H x and 
Gx, denoted by HxGGx, is defined to be the hesitant fuzzy set (h x Eg x )(x) = h x (x ) fl gx(x) 
for all x G X. 

3. Hesitant fuzzy normal subalgebra 

In what follows let X denote a 5-algebra X unless otherwise specified. 

Definition 3.1. Let X be a 5-algebra. Given a non-empty subset (subalgebra as much as 
possible) A of X, let Ha '■= {(x,hA(x)) \ x G X} be an A-hesitant fuzzy set on X. Then 
Ha := {(x,hA(x)) \ x G A"} is called a hesitant fuzzy subalgebra of X related to A (briefly, 
A-hesitant fuzzy subalgebra of X) if it satisfies the following condition: 

(3.1) Iia(x) D h A (y) C Ha{x * y) for all x,y G A. 

An A-hesitant fuzzy subalgebra of X with A = X is called a hesitant fuzzy subalgebra of X. 

Proposition 3.2. Every hesitant fuzzy subalgebra H\ ■— {(ar, hx{x))\x G X} of a B-algebra X 
satisfies the following inclusion: 

(3.2) hx(x) C hx( 0) for all x G X. 

Proof. Using (3.1) and (Bl), we have hx(x) = hx(x) fl hx(x) C h x {x * x) = hx( 0) for all 
x G X. □ 

Example 3.3. Let X = {0,1,2,3} is a 5-algebra ([ 6 ]) with the following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

2 

1 

3 

1 

1 

0 

3 

2 

2 

2 

3 

0 

1 

3 

3 

1 

2 

0 


Let H x ■= {(x, hx{x))\x G X} be a hesitant fuzzy set on X defined by 

Hx = {(0, [0,1]), (1, (§, §)), (2, (f, |), (3, (J, |)))} . 
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It is easy to verify that H x '■= {(x, h x {x )) | x G X} is a hesitant fuzzy subalgebra of X. 

Theorem 3.4. A hesitant fuzzy set Hx '■= {(x,h x (x)) |x G X} of a B-algebra is a hesitant 
fuzzy subalgebra of X if and only if Hx( 7 ) := {x G X\y C h x (x)} is a subalgebra of X for all 
7 G ^([0,1]) whenever it is non-empty. 

Proof. Assume that H x {(x, h x {x))\x G X} is a hesitant fuzzy subalgebra of A". Let x, y G X 
and 7 G <£^([0,1]) be such that x, y G H x ( 7 ). Then 7 C hx{x) and 7 C h x (y )• It follows from 
(3.1) that 7 C hx(x) fl h x (y ) Q h x (x * y) Hence x * y G h x {f y). Thus H x {y) is a subalgebra of 
X. 

Conversely, suppose that H x ( 7 ) is a subalgebra X for all 7 G <£^([0,1]) with H x ( 7 ) 7 ^ 0- Let 
x,y £ X, be such that h x {x) = y x and h x (y) = 7 r Take 7 = 7 a: D y y . Then x,y G H x ( 7 ) 
and so x * y G H x ( 7 ) by assumption. Hence h x {x) fl h x (y) = 7 a; Cl 7 ^ = 7 C h x (x * y). Thus 
H x \= {(x, hx(x))|x G A"} is a hesitant fuzzy subalgebra of A". □ 

Theorem 3.5. Every subalgebra of a B-algebra can be represented as a 7 - inclusive set of a 
hesitant fuzzy subalgebra. 

Proof. Let A be a subalgebra of a .B-algebra X. For a subset 7 of [0,1], define a hesitant fuzzy 
set H x on X by 

h x :X^3*({ 0,1]), J 

Obviously, A = Hx (7) • We now prove that Hx is a hesitant fuzzy subalgebra of A". Let x, y G X. 
If x,y G A, then x*y G A because A is a subalgebra of X. Hence hx(x) = hx(y) = hx(x*y ) = 7 , 
and so hx(x) 0 hx(y) Q h x (x * y). If x G A and y ^ A, then hx{x) = 7 and hx(y) = 0 which 
imply that h x (x) 0 h x (y) = 7 0 0 = 0 C h x (x * y). Similarly, if x ^ A and y G A, then 
hx{x) O h x (y) Q h x (x * y). Obviously, if x ^ A and y ^ A, then h x {x) O h x (y ) C h x (x * y). 
Therefore H x is a hesitant fuzzy subalgebra of X. □ 

Any subalgebra of a H-algebra X may not be represented as a 7 -inclusive set of a hesitant 
fuzzy subalgebra of X in general (see Example 3.6). 

Example 3.6. Let X = {0,1,2,3} be a H-algebra with the following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

0 

3 

2 

2 

2 

3 

0 

1 

3 

3 

2 

1 

0 


Let H x := {(x, h x (x))\x G X} be a hesitant fuzzy set on X defined by 

Hx = {(0, [0,1]), (1, (|, !)), (2, (f, f),(3, (f, f)))} . 
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It is easy to verify that H\ '■= {(x,hx(x)) \ x G A"} is a hesitant fuzzy subalgebra of X. The 
y-inclusive set of Hx are described as follows: 

[{ 0 } if 7 e {[o,i]} 

Hx(j)=lx if 7 e {S|0 CSC (8,4)} 

I 0 otherwise. 

The subalgebra {0,1} cannot be a 7- inclusive set Hxiyi) since there is no 7 C [0,1] such that 
Hx{ 7) = {0,1}. 

Definition 3.7. A hesitant fuzzy set Hx '■= {(x,hx)\x G X} on a 5-algebra X is said to be 
hesitant fuzzy normal if it satisfies: 

(3.3) hx(x * y) fl hx(a * b) C hx((x * a) * (y * b )) for all x, y,a,b G X. 

A hesitant fuzzy set H x on a 5-algebra X is called a hesitant fuzzy normal subalgebra of X if it 
satisfies (3.1) and (3.3). 

Example 3.8. Let A" = {0,1, 2, 3} be a 5-algebra as in Example 3.3. Let Hx '■= {( 2 ;, hx)\x GX} 
be a hesitant fuzzy set on A" defined by 

Hx = {( 0 , [ 0 , 1 ]), ( 1 , (1, !)), ( 2 , (i, !)), (3, [ 0 , 1 ])} . 

It is easy to verify that H x {(x,h x (x)) \ x G X} is hesitant fuzzy normal. 

Proposition 3.9. Every hesitant fuzzy normal Hx of a B-algebra X is a hesitant fuzzy subal¬ 
gebra of X. 

Proof. Put y 0,b 0 and a y in (3.3). Then hx(x* 0) r\h x (y*0) C hx((x*y) * (0*0)) for 

any x, y G X. Using (B2) and (Bl), we have hx(x) D hx(y) ^ hx(x*y). Hence H x is a hesitant 
fuzzy subalgebra of A". □ 

The converse of Proposition 3.9 may not be true in general (see Example 3.10). 

Example 3.10. Let X = {0,1,2, 3,4, 5} be a 5-algebra ([ 8 ]) with the following table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

2 

1 

3 

4 

5 

1 

1 

0 

2 

4 

5 

3 

2 

2 

1 

0 

5 

3 

4 

3 

3 

4 

5 

0 

2 

1 

4 

4 

5 

3 

1 

0 

2 

5 

5 

3 

4 

2 

1 

0 


Let H x be a hesitant fuzzy set defined by 

H x = {(0, 73 ), (1,7i)» ( 2 > 7i)» (3,7i)» ( 4 > 7i)» ( 5 > 72 )} • 
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where 71,72 and 73 are subsets of [0,1] with 71 C 72 C 73 . It is easy to check that H\ is a 
hesitant fuzzy subalgebra of X. But it is not hesitant fuzzy normal since hx( 1 * 4) D hx {3 * 2) = 
h x ( 5) n h x { 5) = 72 £ 7i = Ml) = M(1 * 3) * (4 * 2)). 

Theorem 3.11. A hesitant fuzzy set H\ '■= {(x, hx(x))\x G X} of a B-algebra is a hesitant 
fuzzy normal subalgebra of X if and only if Hx{ / y) G X\y C hx(x)} is a normal subalgebra 

of X for all 7 G <^([0,1]) whenever it is non-empty. 

Proof. Similar to Theorem 3.4. □ 

Proposition 3.12. Let a hesitant fuzzy set fix of a B-algebra X be hesitant fuzzy normal. 
Then hx(x * y) = hx(y * x) for any x, y G X. 

Proof. Let x, y G X. By (Bl) and (B2), we have hx(x * y) = hx{{x *y) * (x * x)) D hx(x * x) tl 
hx(y*x) = hx(0) tlhx(y*x) = hx(y*x). Interchanging x with y, we obtain hx(y*x) D hx(x*y), 
which proves the proposition. □ 

Theorem 3.13. Let H\ '■= {(x,h x (x))\x G A"} be a hesitant fuzzy normal subalgebra of a 
B-algebra X. Then the set Xf x = {iG X\hx(x) = hx( 0)} is a normal subalgebra of X. 

Proof. It is sufficient to show that X hx is normal. Let a, b,x,y G X be such that x * y G X hx 
and a * b G X^ x . Then hx(x * y) = hx( 0) = hx(a * b). Since Lfx is a hesitant fuzzy normal 
subalgebra of X. it follows that hx((x *a) * (y* b )) D hx(x *y) (1 hx(a *b) = hx( 0). Using (3.2), 
we conclude that hx((x * a) * (y *b)) = hx{ 0). Hence (x * a) * (y *b) G X hx . This completes the 
proof. □ 

Theorem 3.14. The intersection of any set of a hesitant fuzzy normal subalgebra of a B-algebra 
X is also a hesitant fuzzy normal subalgebra. 

Proof. Let {(Hx) a \(x G A} be a family of hesitant fuzzy normal subalgebras of a .B-algebra X 
and let a, b,x,y G X. Then 

rW(hx)a((:r *a)*(y* b)) = inf (h x ) a ((x * a) * (y * b )) 

> inf {(hx) a (x *y)Pi (h x ) a (a * b)} 

qG A 

= [inf (hx)a(x * y)] n [inf ( h x ) a (a * 6)] 

aGA qGA 

=((n„ eA (hv)a)(^ * y)) n ((n aeA (/i x ) a )(o * &)) 

which shows that D a £A(Hx)a is hesitant fuzzy normal. By Proposition 3.9, r\ ae \(Hx) a is an 
int-soft normal subalgebra of X. □ 

The union of any set of hesitant fuzzy normal subalgebra of a B-algebra X need not be a 
hesitant fuzzy normal subalgebra of X. 
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Example 3.15. Let X := {0,1, 2, 3,4, 5} be a 5-algebra as in Example 3.10. Let Hx 
{(x, h x {x))\x G A"} and Gx '■= {{x, g x {x))\x € X} be hesitant fuzzy sets of A" defined as follows: 


hx ■ X —> 1 ]), x i —y 


73 if a; G { 0 ,4} 

7 i if x G {1,2, 3, 5} 


g x : X —>• £*([0,1]), 


73 if x G {0, 5} 

72 if x G {1,2,3,4} 


where 71 C 72 C 73 C [0,1], It is easy to check that Hx and Gx are hesitant fuzzy subalgebras 
of X. But Hx U Gx is not a hesitant fuzzy subalgebra of X because 

{hx U gx){ 4) H {hx U gx){ 5) =(hx(4) U gx(4)) D (hx(5) U gx(5)) 

=(73 U72) n (71U73) = 73 
^72 = 71 u 72 = hx(2) u 5-x(2) 

= (/ly U fi'x)(2) = (/i* U gx)(4 * 5). 


Since every hesitant fuzzy normal subalgebra of a 5-algebra A" is a hesitant fuzzy subalgebra of 
X, the union of hesitant fuzzy normal subalgebra need not be a hesitant fuzzy normal subalgebra 
of a 5-algebra. 


4. Quotient 5-algebras induced by a hesitant fuzzy normal subalgebra 

Let Hx '■= {{x, hx{x))\x G X} be a hesitant fuzzy normal subalgebra of a 5-algebra X. For 
any x, y G X, we define a binary operation “ ~ /lx ” on X as follows: x ~ hx y yy hx(x*y ) = /ix(0). 

Lemma 4.1. The operation ~ /lx is an equivalence relation on a B-algehra X. 

Proof. Obviously, it is reflexive. Let x ~ /lx y. Then hx{x*y) = hx{ 0). It follows from Proposition 
3.12 that hx{ 0) = h x (x *y) — hx(y * x). Hence ~ ftx is symmetric. Let x,y, z G X be such that 
x ~ hx y and y ~ hx z. Then hx(x * y) — hx{ 0) and hx(y * z) — hx{ 0). Using Proposition 3.12, 
(3.3), (Bl), (B2) and (3.2), we have hx{ 0) = hx{x * y) fl hx(y * z) — hx{x * y) fl hx{z * y) C 
hx{(x * z) * (y * y)) = h x ((x * z) * 0) = h x (x * z) C hx( 0). Hence hx(x * z) = h\(0), i.e., ~ /lx is 
transitive. Therefore “ ” is an equivalence relation on X. □ 

Lemma 4.2. For any x, y,p,q G X, if x ~ hx y and p ~ hx q, then x * p ~ /lx y * q. 

Proof. Let x, y,p,q G X be such that x ~ /lx y and p rs-/ hx q. Then h x (x*y ) = h x (y*x) = h x { 0) 
and h x (p*q ) = h x {q*P ) = /ix(0). Using (3.3) and (3.2), we have h x { 0) = h x (x*y)r\h x (p*q) Q 
h x ((x * p) * {y * q)) C h x { 0). Hence h x ((x * p) * {y * q)) = h x { 0). By similar way, we get 
h x ((y * q) * {x * p)) = /ix(0). Therefore x * p ~ hx y * q. Thus “ ~ ,lx ” is a congruence relation 
on X. □ 
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Denote (hx)x and X/hx the equivalence class containing x and the set of all equivalence classes 
of X, respectively, i.e., (hx) x '■= {y G X\y ~ hx x } and X/hx '■= {(hx) x \ x G X}. Define a binary 
relation • on X/hx as follows: (hx) x • ( hx) y = {hx) x *y for all ( hx) x , (hx) y £ X/hx■ Then this 
operation is well-defined by Lemma 4.2. 

Theorem 4.3. IfHx '■= {(x,h x ( x ))\ x G X} is a hesitantfuzzy normal subalgebra of a B-algebra 
X , then the quotient algebra X/hx '■= (X/hx, •, (hx)o) is a B-algebra. 

Proof. Straightforward. □ 

Proposition 4.4. Let p : X —> Y be a homomorphism of B-algebras. If Hy '■= {(y,hy(y))\y G 
T} is a hesitant fuzzy normal subalgebra of Y, then (hy o p,X) is a hesitant fuzzy normal 
subalgebra of X. 

Proof. For any x, y,a,b G X, we have 

(h Y o g)((x * x a) * x (y *x b)) =h Y (p((x * x a) * x (y *x b)) 

=h x ((g(x) *y fi(a)) * Y (fi(y) *y y(b))) 

Dhy(p(x) *Y p(y)) n h Y (p(a ) * Y p(b)) 

=h Y (p(x *x y)) n h Y (p(a *x b)) 

—(hy o p)(x *x y) n (h Y O p)(a *x b). 

Hence hy o y is hesitant fuzzy normal. By Proposition 3.9, (hy o p, A") is a hesitant fuzzy normal 
subalgebra of X. □ 

Proposition 4.5. Let H\ be a hesitant fuzzy normal subalgebra of a B-algebra X. The 
mapping 7 : X —> X/hx, given by y(x) := (hx) x , is a surjective homomorphism, and Kery = 
{x G X\y(x) = O.v)o} = X hx . 

Proof. Let (hx) x G X/hx■ Then there exists an element x G X such that y(x) = (, hx) x ■ Hence 
7 is surjective. For any x, y G X, we have y(x * y) — (hx) x *y — (hx) x • (hx)y — l ( x ) • l(y)- Thus 
7 is a homomorphism. Moreover, Ker 7 = {x G X\y(x) = (hx) 0 } = {a: G X\x ~ hx 0} = {a: G 
X\h x (x) = h x (0)} = X hx . □ 

Example 4.6. Let X = {0,1,2,3} be a D-algebra ([4]) with the following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

0 

3 

2 

2 

2 

1 

0 

3 

3 

3 

2 

1 

0 
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Let Hx be a hesitant fuzzy set defined by 


h x : X -> &(U), x ^ 


72 if X E {0, 2} 
7 i if x E {1,3} 


where 71 C 72 C [0,1]. It is easy to check that Hx is a hesitant fuzzy normal subalgebras of X. 
Then X hx = {a; G X\h x (x) = hx(0)} = {0, 2}. Define x ~ hx y if and only if h x (x * y) — h x ( 0). 
Then (hx) 0 = {x E X\x ~ hx 0} = {a: G X\h x (x * 0) = hx(0)} = {0,2} and (hx) i = {x G 
X\x ~ hx 1} = {x G X\hx(x * 1) = hx( 0)} = {1,3} Hence A './hx = {(h x )o,(h x )i}- Let 
p : X —> X/h x be a map defined by 92 ( 0 ) = p(2) = (hx) 0 and 92(1) = p( 3) = (hx)i- It is easy 
to check that p is a homomorphism and Kerp = {x G X\p(x) = (hy)o} = {x G X\x ~ /lA ' 0} = 
{x e X\hx(x) = hx(0)} = x hx . 


Theorem 4.7. Let X := (X; *x, Ox) he a B-algebra and Y := (Y ; *y, 0y) be a B-algebra and let 
p : X —y Y be an epimorphism. If Hy '■ = {(y, hy)\y EY} is a hesitant fuzzy normal subalgebra 
ofY, then the quotient algebra X/(hy o p) := (X/(hy o /a), «x, (hy o /a) 0x ) is isomorphic to the 
quotient algebra Y/hx '■= (Y/hy, *y, (hy) 0y ). 


Proof. By Theorem 4.3 and Proposition 4.4, X/hyop : (X/(h Y op), m x , (hy o/a) 0x ) is a .B-algebra 
and Y/hy := (Y/hx, *y, (hy)o y ) is a B-algebra. Dehne a map 

V ■ X/(hy O p) —>■ Y/hy , (by O /a) x !->• (hy)/j,(x) 

for all a; G A". Then the function 77 is well-defined. In fact, assume that (by o /a) x = (hy o /a). y for 
all x,y E X. Then we have hy(/x(x) *y /x(y)) = hy(/x(x*xy)) = (hyo/x)(x*xy) = (hy o/x)(0 x ) = 
hy(p(0x)) = hy(0 Y ). Hence (h Y )^ x ) = ( hy ) #1 ( y ). 

For any (hy o p) x , (h Y o fx) y E X/(h Y op), we have r/((hy o /a) x (hy o /a) y ) = 77 ((hy o /a) x * y ) = 
(hy) M (a,* xy ) = (hy)^)*^) = (hy) M(x) • (MmD) = h((hy ° //)*) *y y((h Y o /a) y ). Therefore 77 is a 
homomorphism. 

Let (hy) a G Y/hy. Then there exists x E X such that /a(x) = a since p is surjective. Hence 
h((hx 0 h)x) = (hy)fi(x) = (hy ) a and so 77 is surjective. 

Let x,y E X be such that (hy) M ( x ) = (hy) /t ( y ). Then we have (h Y op)(x*xy) = hy(p(x*xy)) = 
hy(p(x) *y p(y)) = hy( 0 y) = hy(p(0x)) = (hy o p)(0 X )- It follows that (hy o p) x = (hy o p) y . 
Thus 77 is injective. □ 


The homomorphism 7 r : X —* X/h x , x —>■ (. h x ) x , is called the natural homomorphism of 
A" onto X/hx ■ In Theorem 4.7, if we dehne natural homomorphisms 7 ry : A" —» X/hy o p and 
7 Ty : Y —» Y/hy then it is easy to show that rjon x = 7 Tyo/a, i.e., the following diagram commutes. 
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X/(h Y o n) —Y/hy 


Proposition 4.8. Let H x be a hesitant fuzzy normal subalgebra of a B-algebras X. If J is a 
normal subalgebra of X, then J/hx is a normal subalgebra of X/h x . 

Proof. Let H x be a hesitant fuzzy normal subalgebra of a 5-algebras X and let J be a normal 
subalgebra of A". Then for any x, y G J, x*y G J. Let ( h x ) x , (h x ) y G J/h x . Then ( h x ) x »(h x ) y = 
( h x ) x * y G J/h x . Hence J/h x = {(h x ) x \x G J} is a subalgebra of Xjh x . 

For any x*y,a*b E J, (x*a)*(y*b) G J, so for any (h x ) x • ( h x ) y , (, h x ) a • (h x )b e J/h x , we 
have ((h x ) x • (h x ) a ) • {(h x ) y • ( h x ) b ) = (/ij) x * a • {h x ) y *b = (hx)(a:*a)*(j/*&) e J/h x . Thus J/h x 
is a normal subalgebra of X/h x . □ 

Theorem 4.9. Let H x be a hesitant fuzzy normal subalgebra of a B-algebras X. If J* is a normal 
subalgebra of a B-algebra X/h x , then there exists a normal subalgebra J = {x G X\(h x ) x G J*} 
in X such that J/h x = J*. 

Proof. Since J* is a normal subalgebra of X/h x , so (h x ) x • (h x ) y = (, h x ) x * y G J* for any 
(h x ) x , ( h x ) y G J*. Thus x*y E J for any x,y G J. And {h x ) xw • (h x ) yifb = (/ix)(x*o)*(j/*6) e J* 
for any (h x ) x * y , (h x ) a * b G J*. Thus (x * a) * (y * b) £ J for any x * y, a * b E J. Therefore J is a 
normal subalgebra of X. By Proposition 4.5, we have 

J/h x —{(h x )j\j G J} 

={(h x )j\3(h x ) x G J* such that j ~ hx x} 

={(h x )j\3(h x ) x G J* such that (h x ) x = ( h x )j } 

={(h x ) j \{h x ) j G J*} = J*. 

Theorem 4.10. Let H x be a hesitant fuzzy normal subalgebra of a B-algebra X. If J is a 

X / h \ 

normal subalgebra of X, then —ttt— = X/J. 

J/h x 

Proof. Note that = {[(h x ) x \ J/hx \h x G X/h x }. If we define ip : —>■ X/J by 

J/ n x JIn x 

<p([(h x ) x \j/ hx ) = [x]j = {y G X\x J y}, then it is well defined. In fact, suppose that 

[(h x ) x ]j/h x — [(hx)y]j/h x - Then (h x ) x ~ J / hx {h x ) y and so (h x ) x * y = ( h x ) x • ( h x ) y G J/h x . 

X/h x 

Hence x*y G J. Therefore x y, i.e„ [x]j = [y\j. Given [(h x ) x ]j/ hx , [( h x ) y \j/h x e Tlu X , we 

J / n x 

have (f([(h x ) x ] J/hx • [(h x ) y ] J/hx ) = <p([(h x ) x • (h x ) y ] J/hx ) = [x * y}j = [x]j * [y}j 
= <p([{h x ) x \ j/h x ) * </?([( b X ) y \j/h x )• Hence ip is a homomorphism. 
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Hesitant fuzzy normal subalgebras in B-algebras 

Obviously, tp is onto. Finally, we show that <p is one-to-one. If (p([(hx)x]j/h x ) = ( p([(hx)y] J/h x )i 
then [x]j = [; y}j , i.e., x y. If (, h x ) a £ [(h x ) x \j/ hx , then (h x ) a ~ J/hx (h x ) x and hence 
( h x ) a *x £ J/h x . It follows that a*x G J, i.e., a ~ J x. Since is an equivalence relation, 
a y and so J a = J y - Hence a * y G J and so ( h x ) a * y £ J/h x ■ Therefore (h x ) a (h x ) y . 

Hence (h x ) a £ [{h x ) y ]j/ hx . Thus [(h x ) x ] J/hx C [{h x ) y ]j/ hx . Similarly, we obtain \{h x ) y } J/hx 
[( h x ) x \j/ hx ■ Therefore [{h x ) x \ J/hx = [( h x ) y ]j/ hx ■ This completes the proof. 
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IMPULSIVE PERIODIC SOLUTIONS OF SECOND ORDER 
DIFFERENTIAL EQUATIONS WITH SINGULARITY 

SHENGJUN LI 1 - 2 , YANHUA WANG 1 


Abstract. In this paper, we study the impulsive periodic solutions of second 
order singular ordinary differential equations. The proof of the main result 
relies on a nonlinear alternative principle of Leray-Schauder, together with 
a truncation technique and the result is applicable to the case of a strong 
singularity as well as the case of a weak singularity. 


1. Introduction 


Impulsive effects occur widely in many evolution processes in which their states 
are changed abruptly at certain moments of time, for example, in population bi¬ 
ology, the radiation of electromagnetic waves, the spread of heat, the diffusion of 
chemicals, the maintenance of a species through instantaneous stocking, harvesting. 
The impulsive diffferential equation is also an adequate apparatus for the mathe¬ 
matical simulation of such processes and phenomena. For the general aspects of 
impulsive differential equations, we refer the reader to the classical monograph [9]. 

In this paper, we study the existence of positive solution for the periodic bound¬ 
ary value problem with impulse effects: 


( x" + a(t)x = tGl', 

\ z(0) - x(T) = 2/(0) - x'(T) = 0, 


under the impulse conditions 


(1-2) —Ax'\t=t k = Ik(x(tk)), k = l,2,...,p, 

where 1 = [0, T\, t\, t 2 , ■ ■ ■, t p G 1 with 0 = to < t\ < ■ ■ ■ < t p < t p+ \ = T, 
1' = 1 \ {ti,t 2 , ■ ■ ■ ,t p }; the nonlinearity f(t,x ) is continuous in (t,x) € J' x R, 
f(t^,x),f(t^,x) exist, f(t^,x) = f(t k ,x) and T-periodic in t; Ax'\ t = tk = x'{t^)~ 
x'(tfr) with x'(tfr) = lim x'(t); a(t) is continuous, T— periodic function; the impul- 

sive Ik : R —f M.(k = 1, ... ,p) are continuous functions. We are mainly interested 
in the case that f(t,x) presents a repulsive singularity at x = 0 , which means that 


lim f(t,x ) = +oo, uniformly in t. 

£—>• 0 + 

By an impulsive periodic solution of (1.1), we mean that x G PC(I) satisfying 
(1.1). PC(I) denotes the class of the maps x : 1 —> K. such that x(t) is continuous at 
t tk, and left continuous at t = tk, the right limit x(t^) exists for k = 1,2,... ,p. 
Note that PC(I) is a Banach space with the norm ||x||pc = sup t6 j |:r(£)|. 


2010 Mathematics Subject Classification. 34C25. 

Key words and phrases. Periodic solution; Impulse; Singularity; Leray-Schauder alternative 
principle. 
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Impulsive differential equations have been studied by many authors [3, 6, 16, 
17, 20, 21, 22], Some classical tools have been used to study such problems in the 
literature. These classical techniques include the obtention of a priori bounds for 
the possible solutions and then the applications of the coincidence degree theory 
of Mawhin [18], the method of upper and lower solutions with monotone technique 
[2] and some fixed point theorems [4] and variational methods [23, 24], 

On the other hand, singular periodic problems without impulse effects have 
also been investigated extensively in the literature by variational methods [15], 
or topological methods [5, 8, 11, 12, 13], which were started with the pioneering 
paper of Lazer and Solimini [10], in this paper, they proved that a necessary and 
sufficient condition for the existence of a positive periodic solution for equation 

x"(t) = \ + e(t) 
x A 

is that the mean value of e is negative, e < 0, here A > 1, which is a strong force 
condition in a terminology first introduced by Gordon [7]. Moreover, if 0 < A < 1, 
which corresponds to a weak force condition, they found example of functions e 
with negative mean values and such that periodic solutions do not exist. Since 
then, the strong force condition became standard in the related works; see, for 
instance [26, 27]. The study of impulsive singular problems is more recent and 
the number of references is much smaller [14, 21]. In this paper, we will apply a 
nonlinear alternative principle of Leray-Schauder to study the impulsive periodic 
solutions of second-order singular differential equations (1.1) and (1.2). Our main 
aim is to obtain some new existence results for positive impulsive periodic solutions 
of the singular problem 

(1.3) x "(t) + a(t)x = + px^, 

-Ax'\ t =t k = c k x, k = l,...,p, 

where a, f3 > 0 and /i E R is a given parameter. Here we emphasize that new 
results are applicable to the case of a strong singularity as well as the case of a 
weak singularity. 

The rest of this paper is organized as follows. In Section 2, some preliminary 
results will be given. In Section 3, we will state and prove the main results. To 
illustrate the new results, some applications are also given. 

2. PRELIMINARIES 
Let us consider the linear equation 

(2.1) x" + a(t)x = 0. 

When (2.1) is nonresonant, i.e., its unique T-periodic solution is the trivial one, as 
a consequence of Fredholm’s alternative, the nonhomogeneous equation 

(2.2) x" + a{t)x = h(t) 

admits a unique T-periodic solution which can be written as 

x(t) = f G(t,s)h(s)ds, 

Jo 
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where G(t,s) is the Green’s function of (2.1) associated with periodic boundary 
conditions 


(2.3) x(0) = x(T), x'(0) = x'(T). 

Throughout this paper, we always assume that the following standing hypothesis 
is satisfied: 

(H) a(t) is a continuous T-function and the Green’s function of (2.1) is positive 
for all (t,s) G [0, T\ x [0,T], 

In other words, the strict anti-maximum principle holds for (2.1)-(2.3). In order 
to guarantee the positivity of G(t,s), it is prove in [25] that if a(t) satishes a >- 0 
then the positivity of G(t, s) is equivalent to 

Ai(a) > 0, 

where the notation a >- 0 means that a(t) > 0 for all t G [0, T] and a(t) > 0 for t in 
a subset of positive measure, A 1 (a) denotes the first anti-periodic eigenvalue of 

x" + (A + a(t))x = 0 


subject to the anti-periodic boundary conditions 


x(0) = —x(T), x'(0 ) = —x'(T). 

Now we make condition (H) clear. When a(t) = k 2 , condition (H) is equivalent 
to saying that 0 < k 2 < Ai = (n/T) 2 , where Ai is the first eigenvalue of the 
homogeneous equation x" + k 2 x = 0 with Dirichlet boundary conditions x(0) = 
x(T) = 0. For a non-constant function a(t), there is an L p -criterion proved in [25]. 
To describe these, we use || • || 9 to denote the usual L 9 -norm over (0,T) for any 
given exponent q £ [1, oo]. The conjugate exponent of q is denoted by p : ^ ^ = 1. 

Let M(g) denote the best Sobolev constant in the following inequality 

C\\uf q < IKII1 for all u G Hq(0,T). 

The explicit formula for M(g) is 


M (q) 


2 -n (J2_y 2/q ( r(l/g) \ 2 

q T^/i\q+2) \ r(l/2+l/ q) ) ’ 

4^ 

T > 


for 1 < q < oo, 
for q = oo, 


where T(-) is the Gamma function of Euler. 

Lemma 2.1 [25] Assume that a >- 0 and a G L p [0,T] for some 1 < p < +oo. If 


||a|| p < M(2g), 


then (2.1) satisfies the standing hypothesis (H), i.e, G(t,s ) > 0 for all (t,s) G 
[0,T]x[0,T]. 

When a(t) = k 2 and 0 < k << 7r/T, we have 


G{t,s) = 


sin k(t-s )-\-sin k(T—t-\-s) 
2/c(l—cos kT ) 
sin k(s-t )-\-sin k(T-s-\-t) 
2/c(l—cos kT) 


Under hypothesis (H), we always denote 


0 <s<t<T, 
0 < t < s < T. 


M= max G(t,s), m= min G(t,s ), er = —. 
0 <s,t<T ^ 0 <s,t<T K M 

Thus M > m > 0 and 0 < er < 1. 
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Now, we define the operator T : PC (I) —> PC (I) by 

,-T P 

(Tx)(t)= / G(t, s)f(s, x(s))ds + ^ G(t, t k )I k (x(t k )). 

Jo k=i 

Lemma 2.3 T is continuous and completely continuous. Moreover, x(t) is an 
impulsive periodic solution of (1.1) and (1.2) if and only if x(t) is a fixed point of 
T. 

Proof. The proof is similar to that of [1], and therefore we omit the detail. 


3. Main results 


In this section, we state and prove the new existence results for (1.1). In order 
to prove our main results, the following nonlinear alternative of Leray-Schauder is 
need, which can be found in [19]. Let us define the function uj(x ) = G(x,s)ds 
and use || • ||i denote the usual L 1 — norm over (0,T), by || • || the supremum norm 
of C[0, T\. 

Lemma 3.1 Assume fl is a relatively compact subset of a convex set E in a normed 
space X. Let T : Q —► E be a compact map with 0 G Cl. Then one of the following 
two conclusions holds: 

(i) T has at least one fixed point in Cl. 

(ii) There exist u € DCl and 0 < A < 1 such that u = A Tu. 

Now we present our main existence result of positive solution to problem (1.1). 
Theorem 3.2 Suppose that (1.1) satisfies (H). Furthermore, assume that there 
exists a constant r > 0 such that 


(Hi) There exists a continuous function <f> r >- 0 such that f(t,x ) > <j> r (t) for all 
(t,x) G [0, T] x (0, r\. 

(H 2 ) There exist continuous, non-negative functions g(x), h(x) and ip(x) on 
(0, 00 ) such that 

f(t, x ) < g( x) + h(x), for all (t, x) € [0, T] x (0, 00 ), 

p 

Ik(x) > 0, k = 1,... ,p, Ik(x) < i[>(x) for all x £ (0, 00 ), 
fc=1 


where g{x) > 0 is non-increasing, h(x)/g(x) and il>{x) is non-decreasing. 
(H 3 ) The following inequality holds 

r — Mip(r) 


9^{ l + W)} 


> M 


Then (1.1) has at least one positive T-periodic solution x with 0 < ||x|| < r. 
Proof. Since (H 3 ) holds, let Nq = {no, no + 1, • • • }, we can choose no € {1, 2, • • • } 

such that — < <rr and 
n 0 

IMIsi(ot) |l + + Mi/j(r) + — < r. 

I 9Vr) J n 0 

Consider the family of equations 

(3.1) x"(t) + a(t)x(t) = A f n (t,x(t)) + —, 

n 


1098 


SHENGJUN LI ETAL 1095-1103 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


IMPULSIVE PERIODIC SOLUTIONS OF SECOND ORDER DIFFERENTIAL EQUATIONS 5 
associated with boundary conditions 


(3.2) x '(t k ) = x'(t£) + Ik,n(x(tk)), k=l,...,p, 


where As [0,1], n € N 0 and 


f f(t, x ) if x > 1/n, 

\ /(t, 1/n) if x < 1/n. 


and 


Ik,n{x) 


I k {x) if x > 1/n, 
Ifc(l/n) if x < 1/n. 


Problem (3.1)-(3.2) is equivalent to the following fixed point of the operator equa¬ 
tion 


(3.3) 


,-T V 

x{t) = X G(t , s)f n (s, x(s))ds + V] G(t, t k )I k ,n{x(t k )) 

k =1 


= \{T n x)(t) + 

n 


1 

n 


Now we show ||a;|| ^ r for any fixed point x of (3.3). If not, assume that a; is a 
fixed point of (3.3) for some A € [0,1] such that ||a:|| = r. Note that 


T P 

x(t) - ^ = A J G{t , s)f n (s, x(s))ds + ^2 G ( < ’ tk)I k ,n{x(t k )) 

,-T P 

> Am / f n ( s , x(s))ds + my^Ik, n {x(tk)) 

Jo k =i 

rT P 

= a MX / f n (s, x(s))ds + aM V I k , n (x(t k )) 

Jo k=i 

> cr max <A / G(t, s)f n {s, x(s))ds + V' G(t, t k )Ik,n(x(t k )) 

*6[0,T] J o f-f 


fe =1 


= CT a; - 


n 


By the choice of no, 1/n < 1/no < °" r ■ Hence, we have 

x(t) > cr\\x -|j-|— > a ( ||a;||-) H— > or, for all 0 < x < T. 

n n \ n J n 
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Thus, from condition (H 2 ) we have 

x(t) = A [ G(t, s)f n (s, x(s))ds + S'] G(t , t k )I k , n {x{t k )) + - 

J o ti 

T P 

= A f G(t, s)f(s, x(s))ds + Y] G{t, t k )I k {x(t k )) + - 

J o ti 

< f G{t,s)f(s,x(s))ds + 'S2G(t,t k )I k (x{t k )) + - 

J o ti 

< [ G(x,s)g(x(s)) (l + ds + Mip(x(t k )) + - 

Jo l 3(a;(s))J n 

<g(ar)il-\—[ G(t, s)ds + Mip(r) 4— 
l gir) J Jo n 

< g(ar) (l + j ||w|| + Mip(r) + —. 

I 9{r) J n 0 

Therefore, 

r = IH<9K){l + ^y}lHI + T 

This is a contradiction to the choice of no, so ||x|| ^ r. 

Using Lemma 3.1, we know that 

x{t) = ( T n x)(t ) + - 
n 

has a fixed point, denoted by x n , in B r = {x G PC (I) : ||x|| < r}, that is, the 
equation 

(3.4) x"{t) + a(t)x(t ) = f n (t, x(t)) + —, 

n 

has a periodic solution x n with ||x n || < r. Since x n (t) > 1/n for all t G [0,T] and 
x n is actually a positive solution of (3.4). 

Next we claim that these solutions x n have a uniform positive lower bound, i.e., 
there exists a constant <5 > 0, independent of n G N 0 , such that 


min x n (t) > 6 
te[o,T] 


for all n £ Nq. To see this, we know from (Hi) that there exists a function (f> r >- 0 
such that f{t,x) > q i r (t ) for (t,x) G [0,T] x (0, r]. Now let x r (t) be the unique 
periodic solution to the problem (2.2) with h = <j> r (t). Then 


Let 


x r (t) = f G(t,s)(/) r (s)ds > M\\cj) r \\i > 0. 
Jo 


E = 



[0, T\ : x n (t) > 



E' = [0, T]\E. 
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So we have 

f T 

X 


f 1 

(t) = / G{t, s)f n {s,X n (s))ds + G(t,tk)Ik,n(x(tk)) + - 

J o 

= [ G(t,s)f(s,x n (s))ds+ [ G(t,s)f ds + y2G(t,t k )I k {x{t k )) +- 

J e J E' V nj n 

> / G(t, s)4> r ds + / G(t,s)</) r ds 
J E J E' 

= f G(t,s)<j> r (s)ds > M\\(j) r \\i =: 5. 

Jo 

In order to pass the solutions of the truncation equation (3.1) (with A = 1) to 
that of the original equation (1.1), we need the fact |K|| is bounded. Now we show 
that 


(3.5) 


IK II < H 


for some constant H > 0 and for all n > n o- 

Integrating (3.1) from 0 to T (with A = 1), we obtain 


a(t)x n (t)dt = 


fn(j , *Tn(f)) d” 


a{t) 


dt. 


Since x(0) = x(T), there exists to € [0,T] such that x' n (to) = 0, therefore 


IK II = max \x'(t) | = max 

n " 0 <t<T 0 <t<T 


x”{s)ds 


= max 

0<t<T 


/' 

f n (s,X n (s)) + ^ - a(s)x n (s) 

ds 

Jto 

71 



< 


[ fn(s,x n (s))+ a ^-ds+ [ a(s)x n (s) 

Jo [ fl Jo 

2 f a(s)x n (s)ds = 2r||a||i =: H. 

Jo 


ds 


The fact |K|| < r and ||KII ^ H show that {x„}„ 6 Ar 0 is a bounded and 
equi-continuous family on [0,T]. Thus the Arzela-Ascoli Theorem guarantees that 
{x n } n £N 0 has a subsequence {x ni }j £ N converging uniformly on [0,T] to a function 
x € C[0,T]. / is uniformly continuous since x n satisfies 6 < x n (t) < r for all 
t G [0, T]. Moreover, x n . satisfies the integral equation 

rp p 

x ni {t)= [ G(t,s)f(s,x ni (s))ds + Y^G(t,ti)I k {x ni (t)) + —. 

•'o i=1 n i 

Letting i —> oo, we arrive at 

I>t v 

x(t)= / G(t,s)f(s,x(s))ds + 'S2G(t,t i )I k (x(t)). 

Jo i=i 

Therefore, a; is a positive periodic solution of (1.1) and satisfies 0 < ||x|| < r. 

p 

Corollary 3.3 Assume that a > 0, /3 > 0, Cfc > 0, k = 1,2,... ,p, M c k < 1- 

fc=l 
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(i) if /3 < 1, then (1.3) has at least one positive periodic solution for each 

H > 0. 

(ii) if yS > 1, then (1.3) has at least one positive periodic solution for each 
0 < H < H*, where n* is some positive constant. 

Proof. We will apply Theorem 3.2. To this end, the assumption (Hi) is fulfilled 
with <f> r (t) = r~ a . If we take 

p 

g(x) = x~ a , h(x) = nx 13 , ip{x) = CkX , 

k— 1 

then conditions (H 2 ) is satisfied. Let ui(t) = J Q T G(t, s)ds. Now the existence con¬ 
dition (H 3 ) becomes 

r (1 - M J2 c k) ~ M E c k 1 

y ^_1 J k—1 1 

M < \\tjj\\r a+ P(ar)~ a r a +P 

for some r > 0. So (1.3) has at least one positive periodic solution for 

r (1 - M J2 c k) - M Y, c k 

0 < n < ^L* := sup- tt — fc ~ 1 ' „ ———— - 

r >0 ||w||r Q+ ^(crr) “ r a+@ 

p 

Note that n* = oo if Since M Ck < 1, it is easy to see that /.i* = oo if /3 < 1 and 

fc=l 

//* < oo if /3 > 1. We have (i) and (ii). 

Acknowledgment 

This work is supported by the National Natural Science Foundation of Chi¬ 
na (Grant No.11461016), Hainan Natural Science Foundation(Grant No.117005), 
China Postdoctoral Science Foundation funded project (Grant No.2017M612577), 
Young Foundation of Hainan University (Grant No.hdkyxj201718). 

References 

1. R.P.Agarwal, D. O’Regan, Multiple nonnegative solutions for second order impulsive differ¬ 
ential equations, Appl. Math. Comput. 114(2000), 51-59. 

2. D. D. Bainov, M. B. Dimitrova and A. B. Dishliev, Oscillation of the solutions of impul¬ 
sive differential equations and inequalities with retarded argument, Rocky Mount. J. Math. 
28(1998), 25-40. 

3. D. Chen, B. Dai, Periodic solution of second order impulsive delay differential systems via 
variational method, Appl. Math. Lett. 38 (2014), 61-66. 

4. L. Chen, C. C. Tisdell, R. Yuan, On the solvability of periodic boundary value problems with 
impulse. J. Math. Anal. Appl. 331(2007). 233-244. 

5. J. Chu, S. Li, H. Zhu, Nontrivial periodic solutions of second order singular damped dynamical 
systems, Rocky Mountain J. Math., 45 (2015), 457C474. 

6. B. Dai, D. Zhang, The existence and multiplicity of solutions for second-order impulsive 
differential equations on the half-line, Results Math. 63 (2013), 135-149. 

7. W. B. Gordon, Conservative dynamical systems involving strong forces, Trans. Amer. Math. 
Soc. 204(1975), 113-135. 

8. R. Hakl, P. J. Torres, On periodic solutions of second-order differential equations with 
attractive-repulsive singularities. J. Differential Equations 248 (2010), 111-126. 

9. V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of impulsive differential equa¬ 
tions, World Scientific, Singapore, 1989. 


1102 


SHENGJUN LI ET AL 1095-1103 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


IMPULSIVE PERIODIC SOLUTIONS OF SECOND ORDER DIFFERENTIAL EQUATIONS 9 

10. A.C. Lazer, S. Solimini, On periodic solutions of nonlinear differential equations with singu¬ 
larities. Proc. Amer. Math. Soc. 99 (1987), 109-114. 

11. S. Li, F. Liao, W. Xing, Periodic solutions of Lienard differential equations with singularity, 
Electron. J. Differential Equations, 151 (2015), 1-12. 

12. S. Li, W. Li, Y. Fu, Periodic orbits of singular radially symmetric systems, J. Comput. Anal. 
Appl. 22 (2017), 393-401. 

13. S. Li, Y. Zhu, Periodic orbits of radially symmetric Keplerian-like systems with a singularity, 
J. Funct. Spaces, 2016, ID 7134135. 

14. S. Li, X. Tian, H. Luo, Impulsive periodic solutions for a singular damped differential equation 
via variational methods, J. Comput. Anal. Appl. 24 (2018), 848-858. 

15. J. Li, S. Li, Z. Zhang, Periodic solutions for a singular damped differential equation, Bound. 
Value Probl. 5 (2015). 

16. R. Liang, Z. Liu, Nagumo type existence results of Sturm-Liouville BVP for impulsive differ¬ 
ential equations, Nonlinear Anal. 74 (2011), 6676-6685. 

17. J.J. Nieto, D. O’Regan, Variational approach to impulsive differential equations. Nonlinear 
Anal. Real World Appl. 10 (2009) , 680-690. 

18. D. Qian, X. Li, Periodic solutions for ordinary differential equations with sublinear impulsive 
effects. J. Math. Anal. Appl. 303 (2005), 288-303. 

19. D. O’Regan, Existence theory for nonlinear ordinary differential equations, Kluwer Academic, 
Dordrecht, 1997. 

20. H. Shi, H. Chen, Multiplicity results for a class of boundary value problems with impulsive 
effects, Math. Nachr. 289 (2016), 718-726. 

21. J. Sun, D. O’Regan, Impulsive periodic solutions for singular problems via variational meth¬ 
ods. Bull. Aust. Math. Soc.86 (2012), 193-204. 

22. J. Sun, H. Chen, J. J. Nieto, M. Otero-Novoa, Multiplicity of solutions for perturbed second- 
order Hamiltonian systems with impulsive effects. Nonlinear Anal. 72 (2010), 4575-4586. 

23. J. Sun, H. Chen, J. J. Nieto, Infinitely many solutions for second-order Hamiltonian system 
with impulsive effects. Math. Comput. Modelling. 54 (2011), 544-555. 

24. Y. Tian, W. Ge, Applications of variational methods to boundary value problem for impulsive 
differential equation. Proc. Edin. Math. Soc. 51 (2008), 509-527. 

25. P. J. Torres, Existence of one-signed periodic solutions of some second-order differential equa¬ 
tions via a Krasnoselskii fixed point theorem, J. Differential Equations, 190 (2003), 643-662. 

26. P. Yan, M. Zhang, Higher order nonresonance for differential equations with singularities, 
Math. Methods Appl. Sci. 26(2003), 1067-1074. 

27. M. Zhang, Periodic solutions of equations of Ermakov-Pinney type, Adv. Nonlinear Stud. 
6(2006), 57-67. 

1 College of Information Sciences and Technology, Hainan University, Haikou, 

570228, China 

2 School of Mathematics and Statistics, Central South University, Changsha, Hu¬ 
nan, 410083, China 

E-mail address: shjli626@126.com (S. Li) 

E-mail address: yanhuawang80@126.com (Y. Wang) 


1103 


SHENGJUN LI ET AL 1095-1103 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


On Gauss diagrams of Knots: A modern approach 


Young Chel Kwun 1 , Abdul Rauf Nizami 2 , Waqas Nazeer 3 , 
Mobeen Munir 4 and Shin Min Kang 5,6 ’* 


department of Mathematics, Dong-A University, Busan 49315, Korea 
e-mail: yckwun@dau.ac.kr 

department of Mathematics, Faculty of Information Technology, University of Central Punjab, 

Lahore 54000, Pakistan 
e-mail: arnizami@ucp.edu.pk 

division of Science and Technology, University of Education, Lahore 54000, Pakistan 

e-mail: nazeer . waqasSue . edu. pk 

division of Science and Technology, University of Education, Lahore 54000, Pakistan 

e-mail: mmunir@ue.edu.pk 

department of Mathematics and RINS, Gyeongsang National University, Jinju 52828, Korea 

e-mail: smkang@gnu.ac.kr 

6 Center for General Education, China Medical University, Taichung 40402, Taiwan 


Abstract 

Gauss diagrams were introduced by Polyak and Viro as an appropriate device to 
describe finite-type invariants, which now appear as a very convenient way of coding 
knots in computer-recognizable form. 
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1 Introduction 

Gauss diagrams were introduced by Polyak and Viro [14] as an appropriate device to 
describe finite type invariants in 1994. 

Planar diagrams are convenient for presenting knots graphically, while Gauss diagrams 
are suited better for coding knots in a computer-recognizable form. 

Goussarov [7] proved that any Vassiliev invariant can be calculated as a function of ar¬ 
row polynomials on the knot diagram. Polyak used in [15] the notion of chord diagrams to 
define their representations in Gauss diagrams of plane curves. He also obtained invariants 
of generic plane and spherical curves in a systematic way via Gauss diagrams. Moreover, 
he proved that any Gauss diagram invariants are of finite degree. Fiedler showed in [6] 
that Gauss diagram invariants can be effectively used to show that a given knot is not 
isotopic to any closed braid. (Actually, it a well-known theorem of Alexander that each 
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link in M 3 is isotopic to a closed braid. But this is no longer the case for knots in the 
solid torus.) Mortier introduced in [10] decorated Gauss diagram as an efficient tool for 
recovering a knot diagram from it, and established characterization of the decorated Gauss 
diagrams of closed braids. Kauffman [9] gave a formula for Vassiliev invariants of a knot 
in terms of its chord diagram, which was related the Gauss diagram of the knot. Ochiai 
showed in [17] that the Gauss diagram formulas for the Kontsevich integral agree with the 
formulas for Vassiliev invariants which are introduced by Polyak and Viro [14]. Recently, 
Nizami [12] studied Kauffman bracket 2 and 3-strand braid links. 

Our main contribution in this regard is the answer to the question “What happens to 
the Gauss diagram if a knot is mirrored and what happens to it if a knot is reversed ?” We 
prove that the Gauss diagram remains unchanged if a knot is mirrored, and is mirrored if 
the knot is reversed. 

This paper is organized as follows: Section 2 includes basic, relevant material (including 
knots, braids, Gauss codes, Gauss diagrams, and Reidemeister moves) which is necessary 
to understand the results. We tried to make it interesting, particularly for a new reader. 
The results we got are presented in Section 3. 


2 Preliminary Notions 

This section is devoted to basic notions, relevant to Gauss diagrams. 

2.1 Knots 

A knot is an embedding of the unit circle S' 1 in M 3 . A link is an embedding of a disjoint 
union of such circles; each circle in a link is called a component. A 1-component link is 
actually a knot. 

Knots are usually studied via projecting them on a plan; a projection with extra 
information of overcrossing and undercrossing is called the knot diagram. 



overcrossing 


undercrossing 



Trefoil knot 



Hopf link 


Two knots are called isotopic if one of them can be transformed to the other by a 
diffeomorphism of the ambient space onto itself. A fundamental result about the isotopic 
knot diagrams is: 


Theorem 2.1. [18] Two knots K\ and K-i are equivalent if and only if a diagram of K\ 
can be transformed into a diagram of by a finite sequence of ambient isotopies of the 
plane and local (Reidemeister) moves: 
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An oriented knot is an image of an embedding of S 1 into M 3 together with the choice 
of one of the two possible directions on it. Each crossing of an oriented knot is either 
positive or negative: 



positive crossing 



negative crossing 


The local writhe of a crossing is defined as +1 or -1 for positive or negative crossing, 
respectively. The writhe (or total writhe) of a diagram is the sum of all the local writhes, 
or, equivalently, the difference between the number of positive and negative crossings. 



A knot with total writhe 0 

The set of all knots that are equivalent to a knot K is called a class of K. 

Remark 2.2. By a knot K we shall always mean a class of the knot K. 

2.2 Braids 

An n-strand braid is a set of n non intersecting smooth paths connecting n points on a 
horizontal plane to n points exactly below them on another horizontal plane in an arbitrary 
order. The smooth paths are called strands of the braid. 

1 2 3 



1 2 3 

A 3-strand braid 

The product ab of two n-strand braids is defined by putting the braid b below the braid 
a and then gluing their common end points. 

A braid with only one crossing is called the elementary braid; the ith elementary braid 
x t with n strands is: 


1106 


Young Chel Kwun ET 1104-1113 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


1 i i+1 n 



1 i i+1 n 

Xi 


A useful property of elementary braids is that every braid can be written as a product 
of elementary braids. For instance, the above 3-strand braid is X\X 2 X\X 2 - 

The closure of a braid b is the link b obtained by connecting the lower ends of b with 
the corresponding upper ends. 



Remark 2.3. 1. All braids are oriented from top to bottom. 

2. By a braid b we shall mean the link b. 

3. By a braid knot we shall mean a knot obtained as a closure of a braid. 
An important result connecting knots and braids is by Alexander: 

Theorem 2.4. ( [1]) Each link can be represented as the closure of a braid. 


2.3 Gauss Diagram 

Planar diagrams are convenient for presenting knots graphically, while Gauss diagrams 
are suited better for coding knots in a computer-recognizable form. 

A Gauss diagram is a diagrammatic representation of the classical Gauss code of the 
knot. The Gauss code is obtained from the oriented knot diagram by first labelling each 
crossing with a naming label (such as 1,2,...) and also indicating the crossing type (+1 or 
—1). Then choose a basepoint on the knot diagram and begin walking along the diagram, 
recording the name of the crossings encountered, their sign and whether the walk takes 
you over or under that crossing. For example, if you go under crossing 1 whose sign is + 
then you will record it as U 1+. You may see the following knot along with its Gauss: 



Gauss code: U1 — 02 — U3 + 04 + U2 — Ol — UA + 03+ 

To form a Gauss diagram from a Gauss code, take an oriented circle with a basepoint 
chosen on the circle. Walk along the circle marking it with the labels for the crossings in 
the order of the Gauss code. Now draw chords between the points on the circle that have 
the same label. Orient each chord from overcrossing site to undercrossing site. Mark each 


1107 


Young Chel Kwun ET 1104-1113 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


chord with +1 or —1 according to the sign of the corresponding crossing in the Gauss 
code. The resulting labelled and basepointed graph is the (based) Gauss diagram for the 
knot. See, for instance, the knot and its Gauss diagram: 



Gauss diagram of K 


Remark 2.5. 1. A knot can be uniquely recovered from its Gauss diagrams and also 
from Gauss code. 

2 . Gauss diagrams are considered up to orientation-preserving homeomorphisms of the 
circle. 


2.4 Reidemeister moves for Gauss diagrams 

As we know, two oriented knot diagrams represent the same knot if and only if they are 
related by a sequence of oriented Reidemeister moves. The corresponding moves translated 
into the language of Gauss diagrams are: 





vn 3 (i) 



Vih(II) 


3 The results 

In this section we shall prove that the Gauss diagram remains unchanged if a knot is 
mirrored, and it is mirrored if the knot is reversed. Here we also show that the Reidemeister 
move VVL% for Gauss diagrams is a combination of the moves Vfl 2 and VQ' 3 , and that the 
move RH 3 is a combination of the moves Vfl 2 and RH 3 . 
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Theorem 3.1. (a) The Gauss diagram remains the same if a knot is mirrored. In this 
case all the crossings switch their signs. 

( b ) The Gauss diagram is mirrored if a knot is reversed. 

Proof, (a) In the mirror image K of a knot K the overcrossings remain overcrossings and 
undercrossings remain undercrossings. So, the sequence of over and under crossings in the 
Guass code of K remains the same as in the knot K . However, since the positive crossings 
change to negative and negative to positive in K , the signs of chords in the Gauss diagram 
of K change accordingly. You may observe some examples: 





~.3„,3 

• l 1 x 2 



U/ l U/ 2 



Gauss diagram x\ 



Gauss diagram of x\x\ 



Gauss diagram of xfa;! 
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(6) The proof will be finished with just two reasons: When a knot K is reversed, 
the sign of each crossing remains unchanged, a positive crossing remains positive and a 
negative crossing remains negative. However, the Gauss code of —K reverses. Just have 
a look at the examples: 





~.3„,3 



Gauss diagram of xfx^ 



_^. 3^.3 

X\X2 
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□ 


We now show that in case of Gauss diagrams the second and third Reidemeister moves 
are related to two special moves, which we shall denote by V: 




vn' 3 (i) 




v%(ii) 


Theorem 3.2. (a) Each of the moves VQ 3 is a combination of the moves VPI 2 and VPi' 3 . 
( b ) Each of the moves VPt ' 3 is a combination of the moves VO .2 and WO 3 . 


Proof, (a) Here is the proof of the first part (which is denoted by C ) of the HH 3 : 


Now goes D: 
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(6) Just see the step-by-step application of the concerned moves: 



F goes in a similar way: 
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Abstract 

We give the Jones polynomial of the alternating links that correspond to a family 
of positive-signed connected planar graphs. We first find the general form of the Tutte 
polynomial of the family of graphs and then specializes it to the Jones polynomial. 
Then we recover the flow and chromatic polynomials from it as special cases. Finally, 
we give useful combinatorial information about the graph by evaluating the Tutte 
polynomial at some special points. 

2010 Mathematics Subject Classification: 05C31, 57M27 

Key words and phrases: Tutte polynomial, Jones polynomial, flow polynomial, 
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1 Introduction 

The Tutte polynomial was introduced by Tutte [21] in 1954 as a generalization of chro¬ 
matic polynomials studied by Birkhoff [1] and Whitney [24]. This graph invariant became 
popular because of its universal property that any multiplicative graph invariant with a 
deletion/contraction reduction must be an evaluation of it, and because of its applications 
in computer science, engineering, optimization, physics, biology, and knot theory. 

In 1985, Jones [10] revolutionized knot theory by defining the Jones polynomial as a 
knot invariant via Von Neumann algebras. However, in 1987 Kauffman introduced in [13] 
a state-sum model construction of the Jones polynomial that was purely combinatorial 
and remarkably simple; we follow this construction. 

Our primary motivation to study the Tutte polynomial came from the remarkable con¬ 
nection between the Tutte and the Jones polynomials that up to a sign and multiplication 
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by a power of t the Jones polynomial VrJt) of an alternating link L is equal to the Tutte 
polynomial To(—t, — f -1 ). For detail study about knot theory, we refer [9,12,15,16,18,19]. 

This paper is organized as follows: In Section 2 we give some basic notions about graphs 
and knots along with definitions of the Tutte and the Jones polynomials. Moreover, in 
this section we give the relation between graphs and knots, and the relation between the 
Tutte and the Jones polynomials. Then the main result is given in Section 3. Finally, in 
Section 4 we specialize the Tutte polynomial to the Jones and the chromatic polynomials, 
and in Section 5 we give interpretations of some evaluations of the Tutte polynomial. 

2 Preliminary notions 

2.1 Basic concepts of graphs 

A graph G is an ordered pair of disjoint sets (V, E) such that E is a subset of the set V 2 of 
unordered pairs of V. The set V is the set of vertices and E is the set of edges. If G is a 
graph, then V = V(G) is the vertex set of G, and E = E(G) is the edge set. An edge x, y 
is said to join the vertices x and y, and is denoted by xy\ the vertices x and y are the end 
vertices of this edge. If xy £ E(G), then x and y are adjacent , or neighboring, vertices of 
G, and the vertices x and y are incident with the edge xy. Two edges are adjacent if they 
have exactly one common end vertex. 

We say that G' = (V'. E') is a subgraph of G = (V, E) if V' C V and E' C E. In this 
case we write G' C G. If G' contains all edges of G that join two vertices in V' then G' 
is said to be the subgraph induced or spanned by V' , and is denoted by G\V']. Thus, a 
subgraph G' of G is an induced subgraph if G' = G\V{G')\. If V = V' then G' is said to 
be a spanning subgraph of G. 

Two graphs are isomorphic if there is a correspondence between their vertex sets that 
preserves adjacency. Thus, G = (V. E) is isomorphic to G' = (V 7 , E r ). denoted G — G' , if 
there is a bijection p : V — > V 1 such that xy £ E if and only if p(xy) £ Eh 

The dual notion of a cycle is that of cut or cocycle. If {FI, V2 } is a partition of the 
vertex set, and the set C, consisting of those edges with one end in V\ and one end in V 2 , 
is not empty, then C is called a cut. A cycle with one edge is called a loop and a cocycle 
with one edge is called a bridge. We refer to an edge that is neither a loop nor a bridge 
as ordinary. 

A graph is connected if there is a path from one vertex to any other vertex of the graph. 
A connected subgraph of a graph G is called the component of G. We denote by k{G) the 
number of connected components of a graph G, and by c(G) the number of non-trivial 
connected components, that is the number of connected components not counting isolated 
vertices. A graph is ^-connected if at least k vertices must be removed to disconnect the 
graph. 

A tree is a connected graph without cycles. A forest is a graph whose connected 
components are all trees. (Spanning trees in connected graphs play a fundamental role in 
the theory of the Tutte polynomial.) Observe that a loop in a connected graph can be 
characterized as an edge that is in no spanning tree, while a bridge is an edge that is in 
every spanning tree. 

A graph is planar if it can be drawn in the plane without edges crossings. A drawing 
of a graph in the plane separates the plane into regions called faces. Every plane graph 
G has a dual graph , G*, formed by assigning a vertex of G* to each face of G and joining 
two vertices of G* by k edges if and only if the corresponding faces of G share k edges in 
their boundaries. Note that G* is always connected. If G is connected, then (G*)* = G. 
If G is planar, it may have many dual graphs. 


1115 


Kwun ET AL 1114-1126 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


A graph invariant is a function / on the collection of all graphs such that f(G\) = 
f{G 2 ) whenever G\ = G 2 . A graph polynomial is a graph invariant where the image lies 
in some polynomial ring. 


2.2 The Tiitte polynomial 


The following two operations are essential to understand the Tutte polynomial definition 
for a graph G. These are: edge deletion denoted by G' = G — e, and edge contraction 
G" = G/e. 



G G -e 2 Gfe 2 

The deletion and contraction operations 

Definition 2.1. ([21-23]) The Tutte polynomial of a graph G is a two-variable polynomial 
Tg(x, y ) defined as follows: 


Tc{x,y) 


1 if E is empty, 

xT(G/e) if e is a bridge, 

yT(G — e) if e is a loop, 

T(G — e) + T(G/e) if e is neither a bridge nor a loop. 


Example 2.2. Here is the Tutte polynomial of the graph G 



T(^) = T(/\) + T( 0") 

= xT {/) + T("C) + T(‘ 0) 

= x 2 T{.) + xT{.) + y 
= x 2 + x + y. 


Remark 2.3. The definition of the Tutte polynomial outlines a simple recursive procedure 
to compute it, but the order of the rules applied is not fixed. 


2.3 Basic concepts of Knots 


A knot is a circle embedded in R 3 , and a link is an embedding of a union of such circles. 
Since knots are special cases of links, we shall often use the term link for both knots and 
links. Links are usually studied via projecting them on a plan; a projection with extra 
information of overcrossing and undercrossing is called the link diagram. 



Two links are called isotopic if one of them can be transformed to the other by a 
diffeomorphism of the ambient space onto itself. A fundamental result about the isotopic 
link diagrams is: Two unoriented links L\ and L 2 are equivalent if and only if a diagram 
of L\ can he transformed into a diagram of L 2 by a finite sequence of ambient isotopies of 
the plane and local (Reidemeister) moves of the following three types: 
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Rs 

The set of all links that are equivalent to a link L is called a class of L. By a link L 
we shall always mean a class of the link L. 

2.4 The Jones polynomial 

The main question of knot theory is Which two links are equivalent and which are notl 
To address this question one needs a knot invariant, a function that gives one value 
on all links in a single class and gives different values (but not always) on links that 
belong to different classes. In 1985, Jones revolutionized knot theory by defining the 
Jones polynomial as a knot invariant via Von Neumann algebras [10]. However, in 1987 
Kauffman introduced in [13] a state-sum model construction of the Jones polynomial that 
was purely combinatorial and remarkably simple. 

Definition 2.4. [10,11,13] The Jones polynomial Vk{1) of an oriented link L is a Laurent 
polynomial in the variable y/t satisfying the skein relation 

t^VL+it) -tV L _(t) = (t 1 / 2 -t~^)V Lo (t), 

and that the value of the unknot is 1. Here L + , L_, and Lq are three oriented links having 
diagrams that are isotopic everywhere except at one crossing where they differ as in the 
figure below: 



L+ L 0 

Example 2.5. The Jones polynomials of the Hopf link and the trefoil knot are respectively 
V(QO) = -t-5/ 2 - t"V 2 and V($) = -t~ A + t~ 3 + t. 

2.5 A connection between Knots and graphs 

Corresponding to every connected link diagram we can find a connected signed planar 
graph and vice versa. The process is as follows: Suppose K is a knot and K' its projection. 
The projection K' divides the plane into several regions. Starting with the outermost 
region, we can color the regions either white or black. By our convention, we color the 
outermost region white. Now, we color the regions so that on either side of an edge the 
colors never agree. 



k k’ g 


The graph G corresponding to the knot projection K' 
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Next, choose a vertex in each black region. If two black regions R and R' have common 
crossing points ci, C 2 , .. c n , then we connect the selected vertices of R and R' by simple 
edges that pass through ci, C 2 , .. c n and lie in these two black regions. In this way, we 
obtain from K' a plane graph G [17]. 

However, in order for the plane graph to embody some of the characteristics of the 
knot, we need to use the regular diagram rather than the projection. So, we need to 
consider the under- and oner-crossings. To this end, we assign to each edge of G either 
the sign + or — as you can see in the following figure. 



K G(K) 


A signed graph corresponding to a knot diagram 

A signed plane graph that has been formed by means of the above process is said to be 
the graph of the knot K [17]. 

Conversely, corresponding to a connected signed planar graph, we can find a connected 
planar link diagram. The construction is clear from the following figure. 



A knot diagram corresponding to a signed graph 
The fundamental combinatorial result connecting knots and graphs is: 

Theorem 2.6. ([15]) The collection of connected planar link diagrams is in one-to-one 
correspondence with the collection of connected signed planar graphs. 


2.6 Connection between the Tutte and the Jones polynomials 


The primary motivation to study the Tutte polynomial came from the following remarkable 
connection between the Tutte and the Jones polynomials. 

Theorem 2.7. ([9,15,19]) (Thistlethwaite) Up to a sign and multiplication by a power 
of t the Jones polynomial Vp{t) of an alternating link L is equal to the Tutte polynomial 
T G (—t, —t -1 )- 

For positive-signed connected graphs, we have the precise connection: 

Theorem 2.8. ([2]) Let G be the positive-signed connected planar graph of an alternating 
oriented link diagram L. Then the Jones polynomial of the link L is 


/ T \ b(L)-a(L)-\-3wr(L) 

V L (t) = (-1 r r(Z,) t -LL-U- 


where a(L) is the number of vertices in G, b(L) is the number of vertices in the dual of G, 
and wr{L) is the writhe of L. 
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Remark 2.9. In this paper, we shall compute Jones polynomials of links that correspond 
only to positive-signed graphs. 

Example 2.10. Corresponding to the positive-signed graph G: we receive the right- 

handed trefoil knot L: It is easy to check, by definitions, that V(fS0; t ) = — t 4 + f 3 + t 

and T(Z±\; x, y ) = x 2 + x + y. Further note that the number of vertices in G is 3, number 
of vertices in the dual W+W of G is 2, and withe of L is 3. Now notice that 

V( : / j = (—) 3 t —t, — f -1 ) = —t 2 (t 2 —t — G 1 ), 

which agrees with the known value. 

3 The main result 

In this section we give the general form of the Tutte polynomial of the following graph: 

For reference purposes, we denote 
this graph by G* 3 jn , where n is the 
number of edges parallel to one of 
the edges, as you can observe in the 
figure. 

Theorem 3.1. The Tutte polynomial of the graph G^^ n is 

n 

T G 3 ,n( x ,y) = (x + x 2 ) + (l + x)^y l + y n+l . 

i =1 

Proof. We prove it by induction on n. For n = 1, we have 



vt( V 7 ) = I'( . ) + T(OO) 


= x +x + y + ’ 

= x 2 + x + y + xy + y 2 
= x + x 2 + (1 + x)y + y 2 

l 

= (x + x 2 ) + (1 + x) ^2 y l + y 

i =1 


T(OO) 


1+1 


Just for authentication, we check for two more values of n. So, for n = 2 we get 


T{ 


) = rpZ) + t(°IP ) 

= X 2 + X + (x + l)y + y 2 + T( 1 ) + T( 

= x 2 + x + (x + 1 )y + y 2 + xy 2 + y 3 
= X 2 + X + (x + l)(y + y 2 ) + y 3 


= (x + x 2 ) + (i+ x) +y 

i =1 


2+1 
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Similarly, if we take n = 3, then 


n 



= x 2 + x + (x + l ){y + y 2 + y 3 ) + y A 

3 

= { x + x 2 ) + (i + x)J2v i + y 3+1 - 
i=l 


We now suppose the result holds for n = k, that is, 



k 

(x + x 2 ) + (l + x)'£y i + y k+1 . 

i =1 


Now for n = k + 1 the Tutte polynomial becomes 



(3-1) 


(3.2) 


Note that in the second term of equation (3.2) k + 1 loops are attached to the graph V. 
Now applying the inductive step on the first term and definition on the second term of 
equation (3.2), we get 



[(x + x 2 ) + (1 + x) y i + y k+l } + y k+1 T(0) 

1=1 

k 

[(x + x 2 ) + (1 + x) J2 y { + y k+1 ] + y k+1 1^(() + t(0)} 

i= 1 
k 

[Or + x 2 ) + (1 + x) Y, y { + y k+1 ] + y k+1 [* + y] 

i =1 
k 

(x + x 2 ) + (1 + x) J2 y i + y k+1 + xy k+1 + y k+2 

i= 1 
k 

(. X + X 2 ) + (1 + x) J2 y i + (1 + x)y k+1 + y k+2 
1=1 
k+1 

(x + x 2 ) + (i + x)Y J y i + y k+ \ 

i=l 


which is the desired result. 


□ 


4 Specializations 

In this section we specialize the Tutte polynomial Tc 3n (x,y) to the chromatic and the 
Jones polynomials. 
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4.1 The Jones polynomial 

The alternating links L that correspond to the graphs are given in the following table. 


n 

1 

2 

3 

4 

5 

6 


G 




A 

A 

A 


V 

V 

A 1 

A 

L 

© 



@ 

b 

O;' 1 

! 

l ® / 


o(L) 

3 

3 

3 

3 

3 

3 


b(L) 

3 

4 

5 

6 

7 

8 


wr(L) 

0 

5 

2 

7 

4 

9 



Lemma 4.1. The number of vertices b(L) in the dual of G^,n is n + 2. 

Proof. Obvious from the table. □ 

Lemma 4.2. The writhe of the link L corresponding to the graph Gz, n is 


iur(L) 


n + 3, n is even, 
n — 1, n is odd. 


Proof. It is also obvious from the table. 


□ 


Proposition 4.3. The Jones polynomial of the alternating link L that corresponds to the 
planar graph Gz, n , when n is a even, is 


n—1 

V L (t) = -t n+4 + t n+3 - t n+2 - 2 - t 2 + t. 

i =1 


Proof. We prove it by specializing the Tutte polynomial of the graph G^^ n using Theorem 
2.3, which says that 


v L {t) 


( T \ b(L)-a(L)-\-3wr(L) 

(_i r (i)r^-4— 



/ x (t\ b(L)-a(L)-\-3wr(L) 

Observe that, from Lemmas 4.1 and 4.2, the factor (—l) wr ^>t 3 reduces to 

— t n+2 . Now using this factor and substituting x = —t and y = —1 _1 in Theorem 3.1, we 
have 


v L {t) = (-r+ 2 ) [ -1 +1 2 + (i - 1) £(-*)“* + M)""" 1 ] 

n 

= t n+ 3 - t n+A + ( t n+ 3 - t n+2 ) + * 

i =1 

= -t n+A + t n+3 + ( t n+3 - t n+ ' 2 ) [ — t _1 + f -2 — t~ 3 H-f t~ n+2 - t~ n+l + t _n ] + t 

= -t n+4 + t n+3 + [ - t n+2 + t n+1 — t n 4-h t 5 - t A + t 3 ] 

x [t n+1 — t n 4- t 4 + t 3 - t 2 ] + t. 

= -t n+4 + t n+3 - t n+2 + 2 [t n+1 -t n -\ -b t 5 - t 4 + t 3 ] -t 2 +t, 

which hnally reduces to the desired result. □ 
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Proposition 4.4. The Jones polynomial of the alternating link L that corresponds to the 
planar graph Gz, n , when n is odd, is 

n— 1 

V K (t) = t n+1 - t n + t n ~ l + 2 - r 1 + t~ 2 . 

i =1 

/ j \ b(L)-a(L)-\-3wr(L) ^ 

Proof. In this case, the factor (—1) wr v L >t 3 reduces to t n . The proof is 

however similar to the proof of Proposition 4.3. □ 

With the understanding that span of Vjflt) is the difference of the largest and smallest 
exponents of t, we have: 

Proposition 4.5. If L is the alternating link corresponding to the planar graph G:^ n , then 
spanVL(t ) = n + 3 (n € N) and deg = 

Proof. Obvious from Propositions 4.3 and 4.4. □ 

4.2 The flow polynomial 

The flow polynomial was investigated by Tutte in 1947 in [20] as a function which could 
count the number of flows in a connected graph. 

Definition 4.6. Let G be a graph with an arbitrary but fixed orientation, and let K be 
an Abelian group of order k and with 0 as its identity element. A A'-flow is a mapping (f 
of the oriented edges E(G) into the elements of the group K such that: 

£ «V)+ £ «V) = o (4.1) 

~e =u—>v ~e =u<—v 

for every vertex v, and where the first sum is taken over all arcs towards v and the second 
sum is over all arcs leaving v. 

A Ji-flow is nowhere zero if <f> never takes the value 0. The relation (4.1) is called the 
conservation law (that is, the Kirchhoff’s law is satisfied at each vertex of G). 

It is well known [2,3,5] that the number of proper A'-flows does not depend on the 
structure of the group, but rather only on its order, and this number is a polynomial 
function of k that we refer to as the flow polynomial. 

The following, due to Tutte [21], relates the Tutte polynomial of G with the number 
of nowhere zero flows of G over a finite Abelian group (which, in our case, is Z^). 

Theorem 4.7. ([21]) Let G = (V, E) be a graph and K a finite Abelian group. If Fa(k) 
denotes the number of nowhere zero K-flows then 

F G {k) = (—l)l B H y l+ fc (G) r ( 0 , i-k), 

where \E\ is the number of edges, |P| is the number of vertices, and k(G) is the number 
of connected components of G. 

Proposition 4.8. The flow polynomial of the graph G:^ n is 

1—1 l n 

Fa ,„(*) = - k)((l - k)<'+ 1 - 1)], 


n + 4, n is even, 
n + 1, n is odd. 
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Proof. We prove it by specializing the Tutte polynomial to the flow polynomial by the 
relation Fc 3n (k) = (—1)I E H V l +fc ( G ')T(0,1 — k). 


Observe that in the graph 
k(G) = 1, \E\ = n + 

3, and \V\ = 3. Since 

the factors (— 1 )I E H V l+ fc (G) 
and T(0,1 — k ) reduces re¬ 
spectively to (—l) n+1 and 
££(1-*;)'■ 

0 2 4 6 8 10 

k 

Flow polynomials F verses the order A of the group K 

(The curves for n = 2, 3,4, and 5 appear respectively from right to left.) 

The sum of the geometric series (1 — k) 1 (with first term (1 — k), common ratio 

(1 — k), and number of terms n + 1) is ((1 — k) n+1 — l). Finally, applying Theorem 
4.7, we receive the desired result. □ 

4.3 The chromatic polynomial 

The chromatic polynomial, because of its theoretical and applied importance, has gener¬ 
ated a large body of work. Chia [4] provides an extensive bibliography on the chromatic 
polynomial, and Dong, Koh, and Teo [6] give a comprehensive treatment. 

For positive integer A, a A-coloring of a graph G is a mapping of V(G) into the set 
{1, 2, 3, • • • , A} of A colors. Thus, there are exactly \ n colorings for a graph on n vertices. 
If ^ is a A-coloring such that <f>{u) / 4>(v) for all uv E E, then f> is called a proper (or 
admissible ) coloring. 

Definition 4.9. The chromatic polynomial P G ( A) of a graph G is a one-variable graph 
invariant and is defined recursively by the following deletion-contraction relation: 

Pg( A) = P(G - e) - P(G/e) 

We wish to find the number of admissible A-colorings of a graph Gs tn . Since the 
chromatic polynomial counts the number of distinct ways to color a graph with A colors, 
we recover it from the Tutte polynomial To 3n (x,y). The following theorem gives the 
precise relation between these polynomials. 

Theorem 4.10. [2] The chromatic polynomial of a graph G = (V, E) is 

P G ( A) = (-l) |y| - fc(G) A fc(G) T G (l - A, 0), 
where k{G ) denote the number of connected components of G. 

Proposition 4.11. The chromatic polynomial of the graph G^ )U is 

Pg 3 J A) = A 3 -3A 2 + 2A. 
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Proof. Although one can directly compute the chromatic polynomial of G 3 jn by definition, 
we recover it from the Tutte polynomial. 


Since |V| = 3 and k(G ) = 1, 
the factor (—1)AI -fe ( G ) \K G ) 
reduces to A. Also, the factor 
Tq( 1 — A, 0) is A 2 — 3A + 2 for 
every n G {0,1,2,---}, and 
the result is thus established. 



i 

The chromatic polynomial/’verses the number of colors l 


□ 


5 Evaluations 

In this section, we evaluate Tc 3n {x,y) at some points, and give the corresponding useful 
combinatorial information about 

Theorem 5.1. ([7]) If G = (V, E) is a connected graph, then 

1. Tq{ 1,1) is the number of spanning trees of G. 

2. Tg( 2,1) equals the number of spanning forests of G. 

3. Tq{ 1,2) is the number of spanning connected subgraphs of G. 

4. Tg( 2,2) equals 2^ E \ and is the number of subgraphs ofG. 

Proposition 5.2. The following statements hold for the connected, planar graph G% n . 
l.T G3in (l,l) = 2n + 3. 

2- Tg 3i „(2, 1) = 3to + 7. 

3. T G3j „(2,2) = 2-+ 3 . 

4. 7b 3 n (l, 2) = 3 • 2 n+1 — 2. 

Proof. We prove it step by step using directly Theorem 3.1: 

1. For different values of to, we get the following different values of T(l, 1). 


TO 

1 

2 

3 

4 


T( 1,1) 

5 

7 

9 

11 



It is now clear that Tq 3ti ( 1,1) = 2n + 3. 

2. This result is similarly followed from the table: 


TO 

1 

2 

3 

4 


T{ 2,1) 

10 

13 

16 

19 



3. Since for the graph G 3 jn we have \E\ = n + 3, the result follows from the Theorem 
5.1. 
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4. Directly substituting x = 1 and y = 2 in Theorem 3.1 we receive 


T Gs J l,2) = 2 + 2^2 < + 2 


n+1 


i=l 


= (2 + 2 2 + 2 3 +-h 2 n+1 ) + 2 n+1 

= - 2(1 - 2 n+1 ) + 2 n+1 , 


= 2 


which reduces to the desired result. 


□ 
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FOURIER SERIES OF SUMS OF PRODUCT OF 
POLY-BERNOULLI AND EULER FUNCTIONS AND THEIR 

APPLICATIONS 

TAEKYUN KIM, 1 DAE SAN KIM, 2 GWAN-WOO JANG, 3 and JONGKYUM KWON 4 * 


Abstract. We consider three types of functions given by sums of products of 
poly-Bernoulli and Euler functions and derive their Fourier series expansions. 
In addition, we will express each of them in terms of Bernoulli and Euler 
functions. 


1. Introduction and preliminaries 


As is well known, the Euler polynomials E rn (x) are given by the generating 
function 

2 °° t m 

T- T e xt = V E m {x)— (see [6,10,11,13,14,16,19]). (1.1) 

e* +1 ml 

171=0 

For any integer r, the poly-Bernoulli polynomials B^(x) of index r are given 
by the generating function 


Llr f t _l V = it (see [1-3,5,7,9,12,15]), (1.2) 

m= 0 

w here Li r (x) = Y2m=o 7Y 1S the r ^ 1 polylogarithmic function for r > 1 and a 
rational function for r < 0. 

Observe here that 


-^(Li r+1 (x)) = i Li r {x ). 

As to poly-Bernoulli polynomials, we note the following: 

^(i) = (m > 1). 


(1.3) 

(1.4) 


= B m (i),B<’' l (i) = l,B<°>(z) = x m , 

Bg? = s m , a , B<; +1| (1) - B£ +1 >(0) = B«,( 0), (m > 1 ). 

For any real number x, we let 

< x >= x — [x] G [0,1) 
denote the fractional part of x. 

2010 Mathematics Subject Classification. 42A16, 11B68, 11B83. 

Key words and phrases. Fourier series, poly-Bernoulli function, Euler function. 
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1 


(1.5) 


( 1 . 6 ) 
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2 TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, and JONGKYUM KWON 

Here we consider three types of functions given by sums of products of poly- 
Bernoulli and Euler functions and derive their Fourier series expansions. In ad¬ 
dition, we will express each of them in terms of Bernoulli and Euler functions. 

( 1 ) a m (x) = Y^T=o B k +1 \ x ) E m-k(x), {m > 1 ), 

(2) p m (< X >) = EZLo kK m-k)i B k +1) E m -k(< x >), (m > 1), 

(3) 7 m{< X>) = J2k=i k^=k) B k +1) Em-k(< X >), (m > 2). 

For elementary facts about Fourier analysis, the reader may refer to any book 
(for example, see [4,18,20]). Some related works about Fourier series expansion 
for higher-order Bernoulli functions can be found in the recent papers in [8,17]. 

2. The function a m (< x >) 


For integers r, m with m > 1, we let 

m 

E B t +1> WS„-dd. 


Otm. I % ) 


( 2 . 1 ) 


k =0 


III 

y (k:By ] (x)E m _ k (x) + (m - (x)E m _ k _ l (x) S j 

k =0 

m m— 1 

y kB^y (x)E m _ k (x) + y(in - k)By i \x)E m _ k ^ 1 (x) 

k =1 k =0 

m— 1 m —1 

y(k + l)B[.' +1) (a;)F m _i_ fc (a;) + y{m - k)B ( ^ +1) (x)E m _ 1 _ k (x) 


k =0 


k =0 


m— 1 


= (m + 1) y B { y\x)E m _i_ k (x) 


k =0 


= (m+ l)a m _i(i). 


( 2 . 2 ) 


f Q)m+1 {x) ^ 
\ rn + 2 




/ 1 

/ a m (x)dx = -— 

/g 771 + 2 


(®m+l(l) «m+l(0)) 


(2.3) 


o.„(l) - a m (0) = J] (Bt +1| (l)B m - fc (l) - Bi r+1) B m -») 

/c=0 


m 

= J] ((B< r+1) + (~E m _ k + 25 m , k ) - B[! r+1) F m _,) 
a-=i 

+ B( r+1) (l)F, m (l)-Bi r+1) F m 
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^ (_ B j ( +1) E m _ k + 2B^ +1) 5 m , k - B tUE m - k + - B % +1) E, 

k= 1 

2E m T 25 m fi 

m m 

-2 V B«r +1) E,„_ t - Y B + 2B£ +1 > + 2B£ ) _ 1 - 2 E m 

k= 1 k= 1 

m —1 m —1 

_o \ A T3( r +1) Z? _ \ A rM 7? _ 1 _ rM 

2 / y B k E m _k / J B fc _ 1 E/ m _fc + B m _ 1 


k =0 


k =1 


m—k 


(2.4) 


For m > 1, we put, 


A m — U m (l) CX m (0) 


m— 1 


- 2 V - ]T b^., + b“, 


m —1 


(r) 


[W 


k =0 


k= 1 


(2.5) 


Then a m (l) = a m (0) 4=4- A m = 0, and 


/ a m (x)dx = —A m+1 . 
/ o m + 2 


( 2 , 6 ) 


Now, we will consider the function 

CK m (< X >) = XU'Lo B i r+1) (< x >) E m-k(< X >), (m > 1) 

defined on (—oo, oo), which is periodic with period 1. 
The Fourier series of a m (< x >) is 


2^ 4 m Y , 


where 


= / a m (< x >)e~ 2ninx dx 


= / a m (a;)e- 27rma: da;. 


(2.7) 
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Now, we would like to determine the Fourier coefficients A^. 

Case 1 :n / 0. 


A™ = / a m {x)e~ 2ninx dx 

Jo 


2nin 

1 

2tt in 

m + 1 




—2ninx 


1 | i r 

o 2k in J o 




m + 1 

2mn 


Jijm- 1) 


-A r 


27rin n 27rin 

f m ^(m-2)_1 


a' m (x)e- 2ninx dx 


a m _i(x)e ~ mnx dx 


~A r 


cr . A m —\ 1 . i-l m 

2mn J 2mn 


2-Kin \ 2irin 

(m + l)m (m _ 2) m + 1 _1 A 

(2Kin) 2 n {2 k in) 2 m 1 2k in m 

( m + l ) m ( m ~ 1 A (m-3) _ —/\ 


2Kin 


(I 2nin ) 2 \ 2k in 

( m + 1)3 ^(m-3) _ ( m + l)j-i 

(2nin) 3 n (27T m) J 


m —2 


m + 1 


(27rm) 


A m _i 


2Kin 


~Ar 


Am — 


1 


(m + l) m (Q) ^ (m + l)j 

(: 2Kin) m n (27Tin)-? m 5+1 


b-i A 

L -±m.— n-\ 


1 (m + 2)j 


m + 2 (2Kin)i 

7=1 


where Ai°' = fg e 2mnx dx = 0. 


m—j+1 


Case2 : n — 0. 


Ao m) = / a m (:r)ote =-— 

,/ 0 rri + 2 


A 


m+1 • 


We recall the following facts about Bernoulli functions -B n (< 2 ; >) 
(a) for m > 2, 

00 ^2ninx 

B m (< x >) = -m\ Y 


n=—oo,n^0 


(2Kin) 


( 2 . 8 ) 


(2,9) 


( 2 . 10 ) 


(b) for m = 1, 


- £ 

n=—oo,n/:0 


00 g 2ninx 


B i(< x >), for x 
2nin | 0, for ieZ. 


(2.H) 


1130 


T. KIM ET AL 1127-1145 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


FOURIER SERIES FOR POLY-BERNOULLI AND EULER FUNCTIONS 5 

a m (< x >), (m > 1) is piecewise C°°. Moreover, a m (< x >) is continuous for 
those positive integers m with A m = 0 and discontinuous with jump discontinu¬ 
ities at integers for those positive integers m with A m ^ 0. 

Assume first that m is a positive integer with A m = 0. Then a m (l) = a m (0). 
a m (< x >) is piecewise C°° , and continuous. So the Fourier series of a m (< x >) 
converges uniformly to a m (< x >), and 


a m < x >) — 


1 


m + 2 
1 

m + 2 


A m+ i + 

n=—oo,n^0 

l 


m 


(m + 2 ) 

+ 2 ' (27T in)i 

1 = 1 x 7 


E 


7 A „2irinx 

L±m-j+ 1 e 


-A. 


m+1 


E 


m + 2 z - 
j=i 


m + 2 
3 


A 


m—j+1 


x E 


00 g2ninx 


n=—oo,n^0 


(27rin) 


1 


m + 2 

A m X 


-A. 


m+1 


m + 2 


E 

7=1 


m + 2 

j 


A m—j+l X ^ 21 > ) 


l?i(< a; >), for a+ Z, 
0, for ai G Z. 


( 2 . 12 ) 


Now, we can state our first theorem. 
Theorem 2.1. For each positive integer l, let 


i -i 


i-i 


Ai = -2 £ i# +1 V* - E + *f-i- 

fc=0 fc=l 

Assume that A. m = 0, for a positive integer m. Then we have the following. 
(a) £r=o^ +1) (< a; >)E m _ k (< x >) has the Fourier series expansion 

m 

J2B { k +1 \<x>)E m _ k (<x>) 


k =0 


m + 2 


-A 


m+1 


E 


n=—oo,n^0 


m 


1_ Y" ( m + 2 )j A 

+ 2 (27Tin)J Am ~ j+1 1 

7 = 1 v 7 


Jl'Kinx 


for all x G (—oo, oo) ; where the convergence is uniform. 


(b)J2 B k +1 \<X>)E m -k(<X>) 


k =0 


m + 2 


-A 


m+1 


m + 2 


E + 2 ) A m-j+lBj(< X >), 

7=2 \ J / 
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for all x G (—00, 00), where Bj(< x >) is the Bernoulli function. 


Assume next that m is a positive integer with A m ^ 0. Then a m ( 1) ^ a m (0). 
Thus a m (< x >) is piecewise C°° , and discontinuous with jump discontinuities 
at integers. The Fourier series of a m (< x >) converges pointwise to a m (< x >) , 
for x fi Z, and converges to 


1 

2 


(^m(O) T Q+i(l)) 


1 

^m(O) T ^ 

m _. 


(2.13) 


for iGZ, 


Next, we can state the second theorem. 
Theorem 2.2. For each positive integer l, let 


1 -1 


i-i 


A, = -2 ^ B+'-EU - V + Bj:\. 

k =0 k =1 

Assume that A m ^ 0, for a positive integer m. Then we have the following. 


m + 2 


-A. 


m+1 


E 


1 \ ^ ( m + 2 )j A \ 2tt inx 

m + 2 2-*/ ( 2 niny m ~j +1 ) 

n=—oo,r+0 \ j =1 v ’ / 

. IEZo B k +1 \< x >)Em-k{< X >), for x (£ Z, 
1 Er=o 4 r+1) ^m-fc + I A m , for xez. 


, 1 . 1 v - '' f TTl + 2 . 

(k)_ , n^m+l + _ , 0 / ; ( ■ ) A m _j-|_ii?j(< X >) 

j =1 V J 


771 + 2 


777 + 2 


E S^ r+1) (< x >)E m _ k (< x >), for x £ Z, 


k=0 


1 1 /777 + 2 

771 + 2 "* +1 777 + 2 l j 

i=2 v 




E -Bfc r+1) -^m-fc + ^ A m , for X e Z. 


k=0 
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3. The function f3 m (< x >) 


Let p m ( x ) = Eto k \^ n - ky B k + 1 \ x ) E m - k ( x ), (m > 1). 


171 ( u 

P'm(x) = \ k\(m - k)\ B *- ll){x)Em - k ^ 

m 

= XJ Jk - l)!(m - ky B k-i\x)Em-k(x) 


k\(m — k — 1)! 


^k +l \ X )Ern-k-\{ x ) 


k\{m — 1 — k)\ 


^k +1 \ X )Em-l-k(x) 


k\(m — 1 — k)\ 


B t + 1 \ x ) E m - 1 - k ( x ) 


= 2f3 m _ i ( x ). 

So, / 3 ' m ( x ) = 2/3 m _i(x), and from this we obtain f ^ rn p (x ^ \ = p m ( x ). 


Pm (t) dx Pm- 1-1 (1) Pm+ 1 ( 0 ) 


For m > 1, we have 


= tt m (r) = p m {l) - p m (0) 

m 

= XJ k\{m-kyS Bik ) ^ Rl 

m 1 

X ^ J- f H'i 


(B<’- +1) (i)£; m - l (i) - B>r +1, E m _ t ) 


£ kllm _ k)l {( B l r+1> + + 2^,0 - 


( — 2i? m + 25 m fl) 





m 

v 

p»( r +l) p 

L>/, 

m 

v 

p>( r ) p 
-*-^^—12-^m—/c 

n( r +i) 

1 o ™ 

2^ 

k= 1 

A;!(m — A;)! 

2_/ 

l-=i 

/c!(m — 

k)\ 

m! 

m— 1 

v 

■p»( r +i) p 

Jh m —k 

m— 1 

_ v 

B (r ) E 
D k- 1-^1 

m—k 

i _L B (r) 

2^ 

k =0 

k\(m — k)\ 

2^ 

^=1 

k\(m — 

k)\ 

• _ | *~*m— 

ml 


+ 2 —- - 2 — 
m\ m\ 


Then /3 m (l) = /3 m (0) = 0. 
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Also, 

1 

I Pm\X)dx ~£lm+l- 


Now, we are going to consider the function 

1 


Pm(< X> ) = Y1 k\(m-k )\ B ^ r+1) ( < x x >), (m > 1) 


k =0 


which is defined on (—oo, oo), and periodic with period 1. 
The Fourier series of /3 m (< x >) is 


£ b. 


(m) 2ninx 
n ^ ? 


where 


= / P m (< x >)e~ 2ninx dx = / (5 m (x)e~ 2ninx dx. 

Jo Jo 

We are going to determine the Fourier coefficients B^. 

Case 1: n ^ 0. 

= f f3 m ( x )e- 27Tinx dx 


i o 


1 [ /3 m (x)e- 2 ™ xl1 


2mn L 

1 


+ A— P'm(x)e- 2 ” inX dx 


J o 27 Tin 


2k in 
2 

2irin n 


,(1) - Pm(0) )+^—J Pm-i(x)e~ 2mnx dx 


g(m-l) 


2-Kin 


-a 


2 _f 2 B (m- 2)_ \ _ 

in V 2nin n 2nin m J 


2nin 


= (-^—\ 2 B {m ~ 2) - 
V2tt in) n 


2nin 
2 1 
^J"m —1 K 7 


-a 


(2nin 


2k in 


3 =1 V ’ 

171 0 7 — 1 

_ v 2 _o 

/.i o • \, ^m—j+l j 

a' ( 2mny 

where B^ = e~ 2nmx dx = 0. 

Case 2: n = 0. 


(3.4) 
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B, 


(m) 


— / Pm (x) — ~^to+ 1- 
Jo ^ 


(3.5) 


f3 m (< x >), (m > 1) is piecewise C°°. Moreover, /6 m (< x >) is continuous for 
those positive integers m with Q m = 0 and discontinuous with jump discontinu¬ 
ities at integers for those positive integers m with Q m ^ 0. 

Assume hrst that m is a positive integer with Q m = 0. Then j3 m ( 1) = /3 m (0). 
f3 m (< x >) is piecewise C °°, and continuous. Thus the Fourier series of j3 m (< x >) 
converges uniformly to {3 m (< x >), and 

Pm(< x >) 

1 “ x ™ 2*'- 1 

"2 m+ i + 2- l ^(2mny 

3 =1 V ’ 


n=—oo,n^0 
2 J_1 


_q \ 27rtn® 

y ^ jf +1 ) & 

OO 

E 


1 2- 7-1 / g2ninx 

= ^ m+1 + ^ — n m _ j+1 x (a./! ^ 57 

J=1 J n=—oo,n^0 ' y 

1 ™ 2 i_1 
r2 m _|_i -f- J ^ ^ ) 

j-'j 


(3.6) 


+ x 


£>i (< x >), for re ^ Z, 


0, for iGZ. 

Now, we are ready to state our hrst theorem. 
Theorem 3.1. For each positive integer l, let 




i 1 oh+i) jp 
X>k XSl—k 


1 rj( r ) p 


+ -S (r) 


^ *!(*-*)! ^ *;!(*-*)! I!' 

Assume that Q m = 0, for a positive integer m. Then we have the following. 
( a ) ^2k =o k\(m-k)\ Bk +1 \< x >)E m -k(< x >) has the Fourier series expansion 


E 


k\{m — k)\ 


B { f +1 \< x >)E m _ k (< x >) 


k =0 


— X^m +1 + ^ ( _ 19 ' 

2 , V Z —■' (zmny 

n=—oc,n^0 j = l v 7 


2 J ’ 


-l 


j klm— j+ 1 ^ ^ 


2mnx 


for all x G (—oo, oo), where the convergence is uniform. 

(b)E 1 D< ’ +11 


1 1 2 i _1 

k!(m — k)\^ k ^ X x >) = —y— £l m ~j+iBj(< x >), 

fc=o >' j =2 J' 


for all x G (—oo, oo), where Bj(< x >) is the Bernoulli function. 

Assume next that m is a positive integer with VL m ^ 0. Then, /3 m (l) ^ /3 m (0). 
Thus /3 m (< x >) is piecewise C 00 and discontinuous with jump discontinuities at 
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integers. The Fourier series of f3 m (< x >) converges pointwise to !3 m (< x >), for 
x ^ Z, and converges to 


2 (^( 0 ) + f3 m (1) ) — Pm( 0) + 2 ^“ m 


E 

k =0 


_1_p>( r +l) P 1 io 


for iGZ, 

Now, we can state our second theorem. 
Theorem 3.2. For eac/i positive integer l, let 




1 1 dL+L p i i rD p, 

Ui. Vjl-k \ 


E 


+ -_B (r) 


(3.7) 


*!(*-*)! - A:)! /!' 

Assume that Q m ^ o, for a positive integer m. Then we have the following. 


OO 


(a)-^m+l + 

n=—oo,n^0 


m 

E 




-1 


—' (2nin) 


■ hi m — 1 


m—j+1 ) ^ 


Jl'Kinx 


E ra 

k =1 


p=fcT!- B i r+1) (< ® >)E m -k(< x>), 


E m 

k =' 


0 k\(m—k)\ ‘ 

m 1 Ri r+1 i P iO 

m—k 1 o' “r 


0 k\(m-ky.k 

Here the convergence is pointwise. 

(b) 


for x ^ Z, 
for igZ, 


1 ™ 2- 7-1 

—T / v rj hl m _ j_)_i Fj (<C 21 l>) 
2 i=i J - 


ui ^ 

= J2 k\(m-k)\ B ^ +1) ^ < X x >)’ f° r x $ Z ’ 


1 ™ 2-? -1 

— ^ ^ Tj ^m— j+l^j X >) 

2 2=2 J - 

m 1 ^ 

= XJ fc!( m _ jfc)!^ + + 2 fim ’ for XeZ ~ 

Here Bk(< x >) is t/ie Bernoulli function. 


4. The fuction 7 m (< a; >) 
Let 7 m (x) = EllY fc(^fc) B fc r+ 1 ) (®)- B m-fc(a;), (™ > 2). 
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in —1 


7 'mix) = Y k(m _ k) (kB^\x)E m _ k (x) + (m - k)B^ +1 \x)E m -k-i(x)^j 


k =0 


—' k(m — k ) 

1 

m — 1 — k 


m— 2 1 m—1 i 

Y m - 1 - F B fc’ +1) ( a: )- g "*-l-fc( a; ) + 


fc=l 


m—2 


E m - i(x) + Y ~—l- r B< r+ 1 ) (x)£ m _i_ fc (a;) 


m — 1 ±y ' ' ^ m — 1 — k 

k= 1 
m—2 -j 

— + Y T^k +l \ X ) E m-l-k{x) 


m — 1 


fc=i 


m—2 


= (m ~ 1) Y77: \ -M B fe r+1) ( a; )- E '"‘-i-fc( a; ) + 7 E m-i(x) + 


m — 1 
So, 


“ k{m — 1 — k) 
bH(i) + E m - i(x)) + (m - l)7 m _i(x). 


m — 1 


m — 1 


(4.1) 


7m (27 = 


m — 1 
From this, we obtain 


B^i } (x) + + (m - l)7 m _i(a;). 


m 


x 


B lHfW 


m(m + 1 ) 


m(m + 1 ) 


-E'mH-l(^) ) ) O'm(^)* 


7 m {x)dx 


m 

1 

m 


7m+l i x ') / . h\ 

mym + 1 ) 

^7m+l(l) — 7m+l(0) — 




m(m + 1 ) 


E m +1 (t) 


i i 


1 


m(m + 1 ) 

^7m+l(l) 7m+l(0) 


rn(m + l) v " m+1 

E m +i 

1 


B<£1>(1) - B 


(r+1) 

m +1 


m 


i 


m{m + 1 ) 

^7m+l(l) 7m+l(0) 


m(m + 1 ) 
— 2E m+ i + 2<5 m+ i ) o 

1 


b£ } 


B (r) + 

m 1 


m 


m(m + 1 ) m m(m + 1 ) 


E, 


m+1 


For m > 2, we let 


(4.2) 
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A m — A m (r) — 'Tm(l) 0 / m(0) 


m— 1 




k 

m— 1 


^ k(m — k) ^ k 

m— 1 1 

E 


(r+1) + + 2^,0 - B<r +1) £ m _, 


—' k{m — k) 


m— 1 


OT3( r +I) TTi _ TdF) Z7 1 

-C/ m—k 




(4.3) 


So, 


7m(l) = 7m(0) Am = 0. 


(4.4) 


Also, 


/ 7 m (x)da; = — ( A m+1 - - -—+ ~ ( -, 77 

/ 0 m \ mym + 1 ) m(m + 1 ) 


E. 


'm+l 


(4.5) 


We are now going to consider 


m— 1 


7 rn(< X >) = V 77-7T B fc r+1) ( < x >) E m-k{< X >), (4.6) 

kym — k) 


which is defined on (—oo, oo), and periodic with period 1. 
The Fourier series of 7 m (< x >) is 


E -» 


(m) ^2-jrinx 


(4.7) 


where 


C< m) = f\ m {<x>)e- 2 ” inx dx= [\ m {x)e~ 2mnx dx. 
Jo Jo 


(4.8) 
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Now, we are ready to determine the Fourier coefficients Cn m \ 

Case 1: n / 0. 


Ci m) = / 7 m(x)e- 2winx dx 

Jo 

1 V(x)e-“ 11 ‘ 


2nin 

1 

2nin 


o 27 rin J 0 


7 ' m (x)e- 2mnx dx 


7m(l) - 7m(0) 


27rm Jo 
1 


((m - l) 7 m _i(x) + —+ ^——E m _i(x))e~ 

\ m — 1 m — 1 / 


2nin 

1 


Am + 


27rin n 
r 1 

(r+1) / \ —2irinx, 


2nin(m — 1) ,/ 0 




2nin(m — 1) J 0 
where, for l > 1 and n^O, 


E m _ 1 {x)e~ 2mnx dx. 


I B [ r+1 \x)e- 2ninx dx = 

Jo 


( 0 fc-l_-o( r ) 


—^ (27 rin 


pi l 

/ Ei(x)e~ 2ninx dx = 2^^ 

Jo 


(l)k-i 


(2nin) 


E, 


l—k+l • 


Thus 


^ ^ rd(m— 1) ^ a 

n “ 2 t xin n 2t rin r 

_ 1 _0 A-_ ?_ 


2nin(m — 1) 2n in(m — 1) 




where, for m > 2 , 


m —1 


Am = 7m(l) - 7m(0) = ~ -- - (^ ^ 


“ &(m — k)\ 


B fc _ x ) -Em—fc, 


TO— 1 


©m — ^ 


(m - l) fc _i 


—^ (2nin) 


B 


(r) 


k m—k—1 ’ 


fc: 
m—1 


<* m = y hui%7 g ro _ t . 

jt=i v ' 


2ninx dx 


(4.9) 


(4.10) 


(4.11) 
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Cl™) = ^^Cl™- 1 ) - — A m - 


m 


2n in 
1 rm — 2 


2ir in 


27 nn V 2irin 


(j(rn— 2) 


27T in(m — 1) 

1 a 1 

•**■771—1 


+ 


2n in(m — 1) 




2n in 


2n in(m — 2) 


@m-1 + 


2n in(m — 1) 


d> i 
^ m— 1 


2mn^ rn 2n in(m — 1 ) + 2n in(m — 1 ) 

(m-l)(m-2) (m - 2) m-l _ 1 _» m- 1 

{2mn) 2 n (2 tt in) 2 m 1 2mn m (2inn) 2 {m — 2 ) m 1 

1 2 (m - 1 ) 2 

( 2nin)(m — 1 ) " m ( 2mn) 2 (m — 2 ) m 1 27 rin(m — 1 ) m 


. ( m ~ !) ! r (l) _ V- 1 ( m ~ jjjzi A • _ V' ( m ~ Djzl Q 

(27T in)™- 2 n (2niny m 3+1 “ (2niny(m — j) ~ m 3+1 

(2niny (m — j) m 3 

\- (m - l)j-i . \- (m - jjj -1 p, 

“ (27T in,y m 3+1 (2niny(m — j) m ~ j+1 

I 'sr 2(m - 1 ) J -1 ^ 

(2niny(m — j) m 3+l ' 

(4.12) 

where Cj^ = 0 . 

Before proceeding further, we note the following. 


m— 1 

E 


2(m - l)j_i 

^ (2niny(rn — j) 


$ 


J 

m —1 

E 


m—j+l 


2(m - l)j_i (m - j) fc _i 


?-i \ ^ 

- n 


—j' (2niny(m — j) “ (2mn) 


k -E'm—j—k+l 


m —1 m—j 


2{m - l)j + fc -2 
^ (2vrfn)J+ fe (m - j) 


EE 


£ 


m—ji—fc+1 


3 

m— 1 


\ ^ 1 \ ^ 2(m - l) s _2 p 

£/m “ s+1 


m — ? *—' (2nin 

7 = 1 J s=j+l V 


(4.13) 
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s— 1 


\ - 2(m - l ) s —2 F \ ^ 1 

( 2nin) s m 5+1 


s=2 


3 = 1 


rn — j 


2 (lTl)s H m _ 1 — H m -s 

' / , To 7 \T i 1 -C J m—s+ 1* 

m z ' ( Zmn) s m — s + 1 

S =1 


m —1 

£ 


(m - jjj-i 

y (27 riny(m — j ) 


j 

in —1 


0m-j+l 


(m- l)j_i (m - j)fc_i p(r ) 


— uu-i y v- i pi 

(2niny(m — j) ( 2nin) k ™-j-k 

m— 1m—i 

££ 


m—1 m-j , , 

(??T — 1) j'+A;—2 tjM 

y ^ (27rm)J+ fe (m - j) m ~ j ~ k 


J 

m— 1 


1 V 1 - (m - l) a _2 B (r) 


E— E 


i=i 


m — j (2nin) 


s=j +1 


_ \ ^ (m ~ l)s—2 p (r) 


S—1 


£ 


(27iin) 


B (r) y ^ 

m—s / . 

^ rn — 


m — j 


1 \ A (^)s Hyyi— 1 H m — S -p>(r) 

J—' r 


y 

m ^ (2mn) s m — s + 1 

S=1 x 7 

Putting everything together, we obtain 


1 A (m) 


n(rn) _ £ v-'/ts a 

^n / j (c\ • \ s ^*-m—s-\-l 

m 2 mn) s 

S=1 x 7 

1 ^ ( m )s H m _i — H m _ s ( r ) 


(4.14) 


--E 

m ^ (2nin) s m — s + 1 

S=1 x 7 


t-j (r) 2 (^)s H m _i H m _ s 

*-*m—s "I / , ~ ; " : -t^m — 

rn ^ 


m ' (27rm) s m — s + 1 

5=1 x 7 


m—5+1 


1 A (m) 


--E 

m < ^ 


■A-m— s+1 “t 


m (2nin) 

s=i v 1 

Case 2: n = 0. 

C ( 0 m) = I 7 m(x)dx = — (a 
J o rn V 


gm ~ 1 ^P (BW,- 2 g. 

m — 5 + 1 


m—s+1. 


m+1 


-B (r) + 

“* * TY) 1 


m{m + 1) m m{m + 1) 


E, 


m+1 


(4.15) 

(4.16) 


7 m (< a; >), (m > 2) is piecewise C 00 . Moreover, 7 m (< a: >) is continuous 
for those positive integers m > 2 with A m = 0 and discontinuous with jump 
discontinuities at integers for those positive integers m > 2 with A m y 0. 
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Assume first that A m = 0. Then 7 +I) = 7 m ( 0 ). 7 m (< x >) is piecewise 
C°° and continuous. So the Fourier series of 7 m (< x >) converges uniformly to 
7 m(< x >), and 


7m(< x >) 


= — A 


m 


*■772+1 


1 Rh) 1 2 f 

■■t y,n H-7- ~ Xi'm+l 


m(m + 1 ) m m(m + 1 ) 


- £ (1 E+( A -.f + — . + (BW, - 2 E re _, +1 )) )e M ” 


m ^ (2mn) 

S=1 ' ' 

1 


m — s + 1 


n=— 00 , 717^0 

( A m +1 7 7 S 7 \ E m +1 

m \ mym + 1 ) mym + 1 ) 

i E (’")+— + 

m ^ V s / V m — s + 1 


S=1 


B (r) 

m 

Hm— 1 H m — S , -v(r) 


B rr) _ c — 2£ 1 m _ s+ i / 


00 ^ g2ninx 


X -5! 


, (2mn) 

n=— oo,n+0 


— ( A m+ 1-7 —7 tB^ 4 7 —-T^m+1 

m \ + 1 ) mym + 1 ) 


1 E ( m ) +-+■ + +‘ (Bl;7 - 2£ m _. +1 ) )fl,(< ^ >) 

m \s J \ m — s + 1 


+ A m x 


T>i (< x >), for x Z, 


0 , 


for 16 Z, 


where H m = |. 

Now, we are able to state our hrst theorem. 


(4.17) 


Theorem 4.1. For each integer l > 2, ZeZ 


A, = 


^ 1 


tt Mi - k) 


2B[: +1) + B^ 1 )E l _ k , 


with A] = 0. 

Assume that A m = 0, for the an integer m > 2. 
Then we have the following. 
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( a ) SfclTi 1 k(m-k) B k +1 \< x >)E m -k(< x >) has the Fourier series expansion 


17 


m— 1 

E 

k 


B^ +1 \<x>)E m _ k (<x>) 


—' k(m — k) 


1 + , 2 .. E 


rn \ m+1 m(m + 1) m ' m(m + 1) 


m+1 


oo 


n=—oo,n^0 


1 m / n 

1 x - 


m ^ (2nin) 

S = 1 ' 


Hm —1 Hm— S / rj( r ) 


s / A , '■■'m-s / 9 77 , \ I \ „27rmx 

■‘‘■m—s+1 T - v “m—s ^X^m—s+l) 1)6 , 


m — s + 1 


for all x G (— 00 , 00 ). i/ere the convergence is uniform. 

(b) 

m—1 


E 


—^ k(m — k ) 


4 r+1) (<a;>)£ m _ fc (<a;>) 


-I (A 1 hM 1 2 

I ^m+l / | -1 \ • / | -t \ 

m \ m[m + 1) m[m + 1) 


E, 


m+1 


1 

m 


e (:) (w. + 

s=2 A ' 


g .,-1 _ 2En 

m — s + 1 


s+ i)).B s (< a; >), 


for all x G (— 00 , 00 ). i/ere .B fe (< x >) is the Bernoulli function. 

Assume next that m is an integer > 2 with A m Z 0. Then, ImiX) Z 7m(0). 
Hence 7 m (< x >) is piecewise C°° and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of 7 m (< x >) converges pointwise to 7 m (< x >), 
for x fz Z, and converges to 

1 1 m_1 1 1 
-(7m(0) + 7m(l)) — 7m(0) + ~A m = ^ /,'(//) — ~k 'j^k +1 ' > Em-k + “A m , 

for x G Z. 

Next, we can state our second theorem. 


Theorem 4.2. For each integer l > 2, let 

1 -1 




with A] = 0. 

Assume that A m Z 0, for an integer m > 2. 
Then we have the following. 
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- I A 

m 


i -m+l 


-B {r) + 

m 1 


m(m + 1) m m{m + 1) 


E, 


m+l 


1 ^ ^ (m)g f H rn —\ H m _ s . -j(r) 

A m -s+1 H-:— ( 


/ \m (2mn) s V‘" L 0_rA m — s + 1 

n=—oo,n+0 8 =1 

Er=i X x >)£ m _ fc (< x >), for x£7L, 


2 -EE- 


m—s+1, 


k(m—k )' 

\r^\m—1 1 p( r +l) Z7 1 I 1 A 

Z^fc=l fcjm-fc+fc ^m-k T 2 ^m, 

Here the convergence is pointwise. 

(b) 


for iGZ, 


m 


( ^-m+1 


E 


s=2 
m—1 

E 


-_B W + 

m 1 


m{m + 1) 171 m{m + 1) 




m+l 


m 


— J k(m — k ) 


a H m —\ H m _ s (r ) _ 9p 

^m— s+1 i 1 {JJ m —s ^n'm.—s+l, 

m — s + 1 


i?[, ,+1) (< x >)£ m _ fe (< x >), for x £ Z, 


JlTtinx 


B s (< x >) 


m 


I A m -i-i 


m 


E 


-_B W + 

m. 1 


m{m + 1) m m{m + 1) 




m+l 


s=2 
m—1 


A H m ~i Hm-s / p(r) _ op 

■‘‘■m—s+1 A [JD m _ s ^-t-Yn—s+F 

m — s + 1 


+ (< a; >) 


V W 1 TT -Bfc +1) .gm-fc + A Am, for X G Z. 
k(m — k) 2 
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Abstract 

First we characterize a differential subcopmlex of de de Rham complex for lo¬ 
cally conformally calibrated GL-manifolds. Then we give co-effective complex for G 2 - 
manifolds and prove that in dimension different from 3 this complex is elliptic. 

2010 Mathematics Subject Classification: 53C15, 53C10, 53C25, 53C30 

Key words and phrases: locally conformally calibrated G 2 -ma.nifolds, co-effective 
complex, ellipticity of co-effective complex 


1 Introduction 

Recently, the theory of special G'-structures on smooth manifolds has enjoyed a lot of 
success among mathematicians and physicist as they exhibit some nice properties. For 
example GVstructure can be geometric models in the theory of super strings with torsion 
[16]. Also Donaldson and Segal [9] suggested recently that manifolds with non-vanishing 
torsion G' 2 -structure can be the right framework for guage theory in dimension 7. Main 
computable models for manifolds with Gb-structure are homogeneous spaces having co¬ 
homogeneity one [8,22,26]. 

* Corresponding author 


1146 


Mobeen Munir ET AL 1146-1156 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


In 1884 Killing exposed a vigorous proof of the presence of smallest of the remarkable 
simple lie algebra ■ In 1907, Reichel [25], a student of Engel [10], succeeded in achieving 
the uniform geometric explanation of the Lie groups G 2 and G 2 , which are two real forms 
of C ?2 • In 1914, Cartan proved that G 2 and G 2 can be treated as the automorphism group 
of octonions and split-octonions respectively. Later these groups appeared in the Bereger’s 
celebrated list of potential holonomy of pseudo-Riemannian rnertic see [1]. In 1989 Bryant 
and Salamon [5] gave construction of first complete but non-compact Riemannian man¬ 
ifolds having holonomy G 2 , while the first compact example was given by Joyce [17] in 
1994. Fernandez and Gray [13] classified all GVstructures in 16 classes in 1982 by decom¬ 
posing the covariant derivative in 4 irreducible components. A lot has already been said 
about these different classes. For example, in [24] Friedrich et all discussed special proper¬ 
ties of nearly parallel G' 2 -structures and prove that they carry Einstein metric. Kath [18] 
initialized the study of psudo-Riemannian 7-nranifolds with a (^-structure. Munir and 
Nizami [24] gave classification of (^-structures using intrinsic torsion with sixteen classes 
of algebraic types of (^-structures and also proved some strict inclusion relations among 
the classes of these structures. Manifold with G 2 are relatively less explained as compared 
to those admitting G' 2 -structures. To our knowledge there are only a few papers discussing 
a few properties about them, see, for example, [4,18-20,22,24], 


We recall that a 7-dimensional smooth manifold M 7 is said to admit a (^-structure if it 
has a section of the bundle J-(M 7 ) / G 2 on M 7 , where J-(M 7 ) is the frame bundle on M 7 . It 
is noted that G 2 is the automorphism group of a 3-form ip over M 7 which is called a 3-form 
of GVtype [21]. It is known that GL(M 7 )-orbit of (p is an open orbit of the GL(M 7 )-action 
on A 3 (M 7 ). A 3-form in that open orbit is known as indefinite 3-form. The presence of a 
G 2 -structure on a manifold M" is equivalent to the presence of an indefinite differential 
3-form ip over M 7 . A manifold with a (^-structure is said to be parallel if = 0 or 
dip = d* = 0 and almost parallel or calibrated if dip = 0 , locally conformal calibrated if 
dip = 0 A (p where 9 is the differential 1-form on M and 6 = j(*(*dip A <p) [3, 7,11,12]. 


In this paper, we study manifolds with a locally confromally calibrated Gx' 2 -structure 
which constitute the class W 2 © W 4 of [24]. We first construct a differential sub-copmlex 
of de Rharn complex for locally conformally calibrated G' 2 -manifolds, then we have a co¬ 
effective complex and determine its ellipticity. Bouche [2] constructed similar complex 
for symplectic manifolds where as Fernandez and Ugrate [14] discussed the co-effective 
complex for GVmanifolds. In Section 2 we describe some properties and representation of 
the group G 2 and construct the co-effective complex for locally conformal calibrated G 2 - 
manifolds. We use this name as the complex is analogue to the complex developed by [2] 
for the case of symplectic manifolds. In Section 3 we discuss the ellipticity of this complex. 
However it is important to remark that we study these manifolds for two particular reasons. 
First, they having striking similarities with those admitting a G 2 -structure and secondly, 
because of their interesting class in pseudo-Riemannian geometry, see [6,27]. 
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2 Co-effective complex for locally conformal calibrated G2- 
manifolds 

In this section first we introduce basic representations for G^-rnanifolds. Then we give 
simple characterizations of locally conformal calibrated G' 2 -manifolds in the form of a 
complex. 

Let A q (M) be the space of differential (/-forms on M. Our main purpose is the study 
of those manifolds for which the sequence 

-♦ B q ~ 1 (M) 4 B q (M) 4 B q+ 1 (M) -»• • • • (2.1) 

is a differential complex. Here B q (M) is the subspace of A q (M) defined by 

B q {M) = {/? G A q (M) | 0 A Cp = 0} 

and d denotes the restriction to B q (M) of the exterior differential d of M. A Cj' 2 -manifold 
is defined as a 7-dimensional Riemannian manifold M (in which a Riemannian metric 
g(p = (1,1,1,—1,-1,—1,-1) is defined) endowed with a 2-fold vector cross product P 
satisfying the following axioms 

1. (P(X 1 ,X 2 ),X 1 ) = (P(X 1 ,X 2 ),X 2 ) = 0 

2. \\P(X 1 ,X 2 )\\ 2 = \\X 1 \\ 2 \\X 2 \\ 2 -(X 1 ,X 2 ) 2 

for X \, X 2 G X(M). The fundamental 3-form on M is then defined as 

v(X 1 ,X 2 ,X 3 ) = (P(X 1 ,X 2 ),X 3 ) 

for X\, X‘ 2 , X 3 G 3C(M) and inner product for x, y G A q (M) is defined as 

(x,y)V M = xA*y (2.2) 

where Vm is the volume form on M. It is proved that A q (M) splits orthogonally into G 2 - 
irreducible components A q of dimension l [3]. An isometry known as Hodge star operator 
defined as =t= : A q {M) —> A l ~ q {M ) make two irreducible component isomorphic. For 
example the representation of G 2 on A 1 {M) and A 7 (A I) are isomorphic. So it is sufficient 
to describe the representation of G 2 on A 2 (A 1) and A 3 (Af) as follows 

A 2 (Af) = {*(a A *tp) | a G A 1 (A/)} 

A 2 4 (M) = {0 G A 2 {M) \(3A*(p = 0) 

< A 3 (M) = {f<p\f€ 3(M)} (2.3) 

A 3 (Af) = {*(a A <f) | a G A 1 (M)} 

A 2 7 (M) = {7 G A 3 (M) \ 'yAip = 'yA*ip = 0. 

From above, it is easy to compute 

A l(M) © A4(M) = {7 G A 3 (Af )| 7 A tp = 0}. (2.4) 
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Af(M) © A£ 7 (M) = {A G A 4 (M)|A A ^ = 0}. (2.5) 

For a seven dimensional manifold M, a G^-structure on M can be distinguished by a 
globally defined 3-form p which can be written at each point as 

p = e 123 + e 145 + e 167 + e 246 - e 257 + e 347 + e 356 

with respect to some local co frame e 1 , e 2 ,e 7 see [5]. It induces a Riemannian metric 
gcp and volume form dV gi p on M given by 

gp{X, Y ) = -i x p A i Y p A p 

for any pair of vector fields X, Y on M. 

Now we have the following result [23]. 

Proposition 2.1. Let M be a G 2 -manifold with a fundamental 3-form p. Then 

(1) For any differential 1-form a on M, *(*(a A p) A p) = 4 a. 

(2) If there is a differential 1-form rj on M such that dip = r//\p, then rj = j(*(*d<pA<p) 
and M is locally conformal calibrated. 

Definition 2.2. Let M be a G 2 manifold having 3-form ip. For each l, 0 < l < 7, we 
denote the space B l (M ) = {A G A*(M)|A A p = 0}. Also, the orthogonal compliment of 
B\M ) in A q (M) is denoted by A l (M). 

Lemma 2.3. Let M be a G 2 -manifold. Then we have the following 

B l {M) = { 0} for 0 < Z < 2, 

B 3 {M) = Af(M) © A 3 7 (M), 

B 4 (M) = A 4 (M) © A2 7 (M), 

B l {M) = K\M) fori) < l <7. 

Therefore, 

A\M) = A \M) for 0 < l < 2, 

A 3 {M) = A 3 (M), 

A a (M) = A 4 (M), 

A q (M) = {0} for 5 < l < 7. 

Proposition 2.4. Let M be a G 2 manifold endowed with fundamental 3-form p. Then 
M is locally conformal calibrated if and only if for any differential 3-form p G A 3 (M) © 
A 3 7 (M), the exterior differential dp G A 4 (A/) © A| 7 (M). 

In the following, we take B 3 (M) = A 3 (M) © A| 7 (M) and B A (M) = A 4 (Af) © A| 7 (M). 
Here we give the co-effective complex for locally conformal calibrated GVmanifold. 

Theorem 2.5. Let M be a G 2 -manifold. Then M is locally conformal calibrated iff there 
exist the complex 

0 -> A l(M) © A| 7 (M) 4 A 7 (M) © A| 7 (M) 4 A 5 (A/) 4 A 6 (M) 4 A 7 (M) -»• 0, (2.6) 

where d denotes the restriction to B q (M)(q = 3, 4) of the exterior differential d of M 
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Proof. From Proposition 2.4 it is clear that (2.6) is a complex if M is locally conformal 
calibrated. To prove the converse, let us first show that for any / € Q(M) and y £ 
B 3 (M) = Ag(M) © j(M) we have 

ir 4 od(fy) = fTT 4 od(y), (2.7) 

that is, the operator -K 4 od : B 3 (M) —> A 4 (M) is tensorial, where denotes the orthogonal 
projection of A 4 (A/) onto A a (M) = A \{M). In fact, since y £ Af(M) © A 27 (M), from 
equation (2.4) and equation (2.5) it follows that df A y £ A|(M) © Af 7 (M), that is, 
7 T4 (df A y) = 0; thus 


vr 4 od(fy) = ir 4 (df Ay) + 7 T 4 (fdy) = fir 4 (dy), 

which shows equation (2.7) Now suppose that equation (2.6) is a complex, that is, d(dy) = 
0 for any y £ B 3 (M). Since dy = ir 4 od(y) + dy , applying d to this equality we get 

d(ir 4 od(y)) = 0 (2-8) 

for any y £ B 3 (M). Therefore, if / is any function on M, from equation (2.7) and equation 
( 2 . 8 ) we get 

0 = d(n 4 od(fy)) = d{fi: 4 od{y)) = df A ir 4 od(y) 

. Since ir 4 od(y) £ Af(M), there is h y £ Q(M) such that ir 4 od(y) = h y * (p and thus 
h y (df A *<p) = 0, for any/ £ 3f(M). But a A *a = 0 iff a = 0, for a £ A 1 (M), which 
implies that the function h y must be zero. Therefore, ir 4 od(y) = 0 for any y £ B 3 (M ), 
that is, d(B 3 (M)) C B A (M), and Proposition 2.4 implies that M is locally calibrated. □ 

Definition 2.6. Let M be a G^-manifold.For 0 < q < 3, the map d q : A q {M) —> A q+ 1 {M) 
is defined by 

dq = TTq + lod (2.9) 

where 7 t 9+ i : A q+ 1 {M) —► A q+ 1 (M) is the orthogonal projection of A I?+ 1 (M) onto A q+ 1 (M ). 

Theorem 2.7. Let M be a G 2 -manifold with fundamental 3-form <p. Then M is locally 
conformal calibrated if and if the sequence 

0 -»• A°(M) 4 A 1 (M) 4 A 2 (M) 4* Af(M) ^4 Af(Af) -»• 0 (2.10) 


is a complex. 

Proof, consider a £ A 1 (M). From equation (2.9) we see that d 2 {da) = iV 3 od(da ) = 0. 
This proves that d 2 od = 0. Now, let us suppose that M is locally conformal calibrated, 
and let /3 £ A 2 (M). Using the fact that 

A 3 (M) = A?(Af) © A 3 (M) © A4(M), 

we have 

df3 = d 2 (d + y , ( 2 - 11 ) 
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where d 2 f3 G A?(M) = Af(M) and y G Af(M) 0 A| 7 (M). Proposition 2.4 implies that 
ciy G A^(M) 0 A| 7 (M). Then taking equation (2.11) the exterior differential d of M, we 
obtain 

0 = d(d 2 f3) + dy 

which means that d(d 2 /3) G A 7 (M) 0 A| 7 (M). Thus d 3 (d 2 P) = 0 because d 3 (d 2 (3) is the 
image of d(d 2 {3) by the orthogonal projection it 4 : A 4 (M) —> „4 4 (M) = A 4 (M). To prove 
the converse, let (3 be a 2-form on M . Therefore, the exterior differential df3 of (3 is 

d(3 = d 2 (3 + y, ( 2 . 12 ) 

where d 2 (3 G A 3 {M) and y G A \{M) 0 A| j{M). Appling exterior differential d of M on 
equation ( 2 . 12 ),we get 

0 = d(d 2 /3) + d-f. (2.13) 

Applying the projection -it 4 to equation (2.13) and using equation (2.9) together with 
the hypothesis d^,od 2 = 0 , we obtain 

0 = TTi{d{d 2 (3)) + 7r 4 (d7) 

= d 3 od 2 ((3) + 7 r 4 (d 7 ) 

= ^{d'j), 

which implies that d'y G A 4 (Af) 0 A^M). Moreover, using equation (2.7) we conclude 
that 

d(Al(M) 0 A| 7 (M)) c A|(Af) 0 A| 7 (M). 

From Proposition 2.4 it follows that M is locally conformal calibrated. □ 


3 Ellipticity of the coeffective complex 

In this section we determine the ellipticity of the complex given in (2.6) and (2.10) 
Theorem 3.1. The complex given ( A*(M),d ) in (2.10) is elliptic in degree q for any 

qA 2 . 

Proof. It is obvious that the complex ( A*(M),d ) is elliptic in degrees 0 and 1, because 
the de Rharn complex (A*(M), d) of M is elliptic. The complex ( A*(M ), d) is elliptic in 
degrees 3 and 4 if for any point m G M and for any 1-form y, non-zero at m, the complex 

A 2 (T,;M) a - d2 -\ A|(T^M) a - d3 -\ Ai(T,;M) -»• 0 
is exact in the steps 3 and 4, where Tf n M is the cotangent space of M at m,and 

< ?M2)(/3 ) = 7T 3 (/U, A P), (3.1) 

^(^ 3 ( 7 )) = Mh A 7 ), 
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for P G A 2 (T* n M) and 7 G A ^(T* n M). Therefore, to prove that the complex ( A*(M ), d) is 
elliptic in degree q = 3 it is sufficient to prove that 

ker(a n (d 3 )) C Im(a n (d 2 )). (3.2) 

Let 7 G Af(T^M) be such that 7 G Ker(a 7 T (d 3 )), or equivalently 114(11 A 7 ) = 0. This 
implies that 7 A 7 G A j(T* n M) 0 A| 7 (T* n M), and so 7 A 7 A Cp m = 0. Since 7 A (p m G 
A 6 (T^M) ,from the ellipticity of the de Rharn complex it follows that there is 7 G AP(T* n M) 
satisfying 

7 A (f>m = 7 A 7 . (3.3) 

Now, we use the isomorphism A0 m : A 2 (T* n M) —> A b (T* n M) given by h(p m ((3) = 
P A <p m , for P G A 2 (T* n M). This isomorphism implies that there is v G A 2 (T* n M) such 
that 7 = v A </3 m . Thus equation (3.2) becomes 

7 A (f>m = /a A v A <p m = 7T 3 (/x A i/) A <£ m . 


Therefore, we have 


(7 - 7 r 3 (/i A 1 /)) A = 0. (3.4) 

But the wedge product by (p m is also an isomorphism A (p m : A ^(T* n Al) —+ A ®(T* n AI) and 
so, from equation (3.4), it follows that (7 — 7 t 3 (/u. A v)) = 0, using equation (3.1), 


7 = 7T 3 (/i Av) = (T 7 r (d 2 )(^), 


which proves equation (3.2). To prove the ellipticity of the complex (A*(M), d) in degree 
7 = 4, we show 

Af(T* M) C JmK(d 3 )) 

Let A G A \(T* n M). Then A A <fi m G hP (T* n M). Now, from the ellipticity of the de Rharn 
Complex of M , we conclude that 


/i Aw = A A(^ m , ( 3 . 5 ) 

for some u G A & (T* n M). Using the isomorphism A (p m : A ^(T* n M) — > A & (T* n M) again, we 
obtain u = 7 A (p m for some 7 G A.^(T* n M). Then equation ( 3 . 5 ) becomes 

A A (p m = /x A 7 A (p m = 7 t 4 (7 A 7) A ip m , 


which implies that 

(A — 717(7 A 7 )) A (p m = 0 . ( 3 . 6 ) 

But A (p m : A \(T* n M) —► A ‘ (T* n M) is an isomorphism, and hence, from equation ( 3 . 6 ), 
we have 


A = 717(7 A 7 ) = 00 ( 4 )( 7 ). 
Thus A G /m(o 0 (d 3 )). This completes the proof. 


□ 
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Remark 3.2. As 


J^(-l ) q dim(A q (T^M)) = 1- 7 +21- 7+1 = 9 

<7=0 

so the complex ( A*(M ), d) is not elliptic in degree q = 2 . 

Theorem 3.3. The complex ( B*(M ), d) given by (2.6) is elliptic in degree q for any q / 3. 

Proof. It is obvious that the complex ( B*(M ), d) is elliptic in degrees 6 and 7, because it 
is the de Rharn complex of M. Now we show that ( B*(M ), d) is elliptic in degree q = 4, 
we must prove that for m. £ M and for non-zero 77 £ T* n (M), the complex 

A?(T* M) © A| 7 (T* M) ^ A 4 (Z* M) © A| 7 (Z* M) ^ A 5 (Z* M) (3.7) 

is exact in degree 4. A £ A 7 (Tf n M) © k\ 7 (Tf n M) satisfy 77 A A = 0. We must show that 
there is 77 £ A© A| 7 {Tf n M) such that A = 77 A 77 . By the definition of ellipticity of 
the de Rharn complex there exist 7/1 £ A ^(Tf n M) such that 

A = /x A 7 / 1 , (3.8) 

where rji = t/i' + t/i" with r/i £ A 7 (T^M) and 7 / 1 " £ k\{Tf n M) © k\ 7 {Tf n M) Now equation 
(3.8) becomes 

A = /xA7/i=/xAt/i / + /xA 7 / 1 ". (3.9) 

But A and // A 771 " £ A 7 {Tf n M) © A 2 7 {Tf n M) hence 774(77 A 771 ') = 0, which implies that 
rji £ Ker(a fl (d 3 )). From Theorem 1.8 it follows that t/i' £ Imfa^df). This means that 
there exist w £ A 2 {Tf n M) such that t/i' £ 773(77 Au). Let z/ £ A \{Tf n M) © A^Z^M) be 
the image of 77 Aw by the orthogonal projection of A 3 (Tf n M) onto Af (T^M)||Ai^T^M). 
Then we get 

0 = 77 A (77 A w) = 77 A t/i' + 77 A cr 

and we obtain A = 77 A (—a + 7 / 1 "). Now implies that the form 7 / = —a + 7 / 1 " is such that 
7 / £ k\(Tf n M ) © k 2 7 (Tf n M) and A £= 77 A 7 /. This proves that equation (3.7) is exact in 
degree 4. 

Finally, we must prove that the complex 

AfcM) © A 4 7 (T* M) ^ k\Tf n M) ^ A 6 (T*M) 

is exact in degree 5. Let (3 £ k^(Tf n M) satisfy 77 A /? = 0. We must find a 4-form 
f £ Af (T^M) © k A 27 (Tf n M) such that 

/3 = 77 A £. (3.10) 

By the ellipticity of the de Rharn complex ofM we see that there is a = k A (Tf n M) such 
that 

(3 = 77 A a. (3.11) 

Because k A (Tf n M) = k\(Tf n M) © A|(T^M) © k\ 7 {Tf n M) and a £ A 4 (Z,;M) we have 

a = a' + a", (3-12) 
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where a' £ A \(T* n M) and a" £ A© A^T^M). By Theorem 1.8 there exist 
r] £ ki(T* n M) such that 

o' = 7T4(/r A rj) (3.13) 

from equation (3.13) it follows that 

0 = /iA(/iAr/)=/iAa , + /iAt;, (3.14) 

where v is the image of v A // by the orthogonal projection of A 4 (T^Af) onto subspace 
Ay(T^M) © A| ^{T* n M). The identity equation (3.14) implies that n Aa' = —/./ A u. Thus 
from equation (3.11) and equation (3.12) we conclude that 

/3 = /x A (—u + a') 

Consider r/ = — u + a". Then £ £ h^(T* n M) © Af 7 (T^M), and moreover /3 = // A rj. This 
proves equation (3.10) and completes the proof. □ 

Remark 3.4. 

7 

'^^(—l) q dim{B q (T* n M)) = -28 + 34 - 21 + 7 - 1 
<7=3 

so complex ( 13 *(M ), d) is not elliptic in degree q = 3. 
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Shift and invert weighted Golub-Kahan-Lanczos 
bidiagonalization algorithm for linear response eigenproblem 

Hong-xiu Zhong 1 , Guo-liang Chen 2 , Wan-qiang Shen 3 . 

Abstract: Weighted Golub-Kahan-Lanczos bidiagonalization algorithm(wGKL lt ) is used 
to solving the linear response eigenproblem. In this paper, we present an improvement to wGKL u 
based on the shift-and-invert strategy. Due to the interior eigenproblem being transformed to the 
exterior eigenproblem, our new algorithm saves lots of calculus. Numerical examples illustrates 
the behaviors. 

Keywords: Linear response eigenproblem, Golub-Kahan-Lanczos, Shift and invert. 

AMS classifications: 65F15, 15A18, 81Q15. 


1 Introduction 


In this paper, we consider the eigenvalue problem of the form 


Hz = 


0 

M 


I< 

0 


u 

v 


= A 


u 

V 


= Az, 


( 1 . 1 ) 


where K,M € C nxn , are hermitian positive definite. 

Such a problem is referred as the linear response eigenvalue problem(LREP)[l, 14, 20]. It 
arises from linear response problem that computes excitation states (energies) of physical systems 
in the study of collective motion of many particle systems [3, 9, 11, 14, 8]. In the linear response 
problem, although there are cases that one of K and M may be indefinite [12], however, usually 
both of them are positive definite [14]. So in this paper, we consider the case that both of K 
and M are positive definite. There are a great deal of excellent work in developing efficient 
numerical algorithms for linear response problem [1, 2, 10, 15, 16, 18, 20]. 

As we all known, the classical Lanczos method is efficient and easy to execute for symmetric 
eigenvalue problem [13]. In order to take advantage of the classical Lanczos method, in [20], 
Tsiper proposed a Lanczos-type method for the linear response problem, and based on reducing 
both K and M to tridiagonal matrices. While in [18], Teng and Li presented another Lanczos- 
type method which can be viewed as a natural and elegant extension of the classical Lanczos 
method. It is based on reducing one of K and M to a tridiagonal matrix and the other to a 
diagonal matrix. We can see, both the above two methods reduce the original H to a unsymmet- 
ric matrix. Thus the calculation of its eigenpairs can not use any advantages from symmetric 
matrix eigenvalue calculation, consequently, it may generate extra computation and storage. 

Recently, to avoid this problem, the weighted Golub-Kahan-Lanczos(wGKL) [21] was pro¬ 
posed for solving LREP, denoted by wGKL-LREP. It aims to generate a projection matrix 
0 B 1 

B k = | ^ „ | of H at /cth iteration, where B k is an upper or lower bidiagonal matrix. Due 


Bl 


0 
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to the symmetry of B^, the eigenpairs of H can be constructed just from B *., not the whole B^. 
In the following discussion, we focus on Bk is an upper bidiagonal matrix, the corresponding 
algorithm of which is wGKL u -LREP, the lower case can be similarly discussed. 

Since often in linear response eigenvalue problem, the first l smallest positive eigenvalues A j 
for z = 1,2,--- , Z are of interest. They lie in the middle of the spectrum of H, and often crowd 
together, thus it is not easy to get them with the above algorithms. Fortunately, we can apply 
the preconditioning technique, the notion of which is better known for linear systems than for 
eigenvalue problems. A typical preconditioned iterative method for linear systems amounts to 
replacing the original linear system Ax = b by the equivalent system P~ 1 Ax = P _1 6, where P 
is a matrix close to A in some sense. For eigenvalue problems, the best known preconditioning is 
the so-called shift-and-invert technique. If the shift a is suitably chosen, the shifted and inverted 
matrix P = (A — a I) -1 will have a spectrum with much better separation properties than that 
of the original matrix A, and this will result in faster convergence. In this paper, we consider 
the shift-and-invert technique of weighted Golub-Kahan-Lanczos bidiagonalization algorithms. 
Since we are particularly interested in the smallest eigenvalues with the positive sign of H, thus 
a = 0 is often an obvious choice. 

The paper is organized as follows. In section 2, we will give an outline of wGKL u -LREP. 
The shift-and-invert version of wGKL u -LREP will be described in section 3. In section 4, some 
numerical examples are illustrated the numerical behavior of our new algorithm. In the end, the 
conclusion will be given in section 5. 

2 Preliminary 

In this section, we will give some preliminary of the weighted Golub-Kahan-Lanczos upper 
bidiagonalization algorithm (wGKL n ) and its application algorithm (wGKL n -LREP) for Linear 
response eigenvalue problem. Lemma 2.1 [21] is the basic theory of the above algorithms. 

Lemma 2.1. Suppose 0 < K,M € C nxn . Then there exist an M-orthogonal matrix X £ C nxn 
and a K-orthogonal matrix Y £ C nxn such that 

MX = YB , KY = XB t , (2.1) 


where B is upper bidiagonal. 

Let X = [xi, • • • , x n \, Y = [yi, ■ ■ ■ , y n \, and 

\ a-i Pi 

Pn-1 

then from Lemma 2.1, wGKL w can be described as follows. 

Algorithm 1 (wGKL u ). 

Choose .xi satisfying ||xi||m = L and set /?o = L yo = 0. Compute g\ = Mx\. 
For j = 1,2,••• 

s i = 9j/Pj-i - Pj-iVj-i 
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fi = K Sj 

a i = 

Vi = s j/ a j 

tj- i-i = fj/ a j ~ a j x j 

9j- i-i = Mtj +1 

3j = (tj+i9j+i)^ 
x j+i = tj+i/Pj 

End 

Suppose Algorithm 1 runs k iterations, we have the following relation 

MX k = Y k B k , KY k = X k B k + f3 k x k+ ie k = X k+1 [ B k (5 k e k ] , 


and 

X%MX k = I k = Y k KY k . 


Define 


Xi = 


r Xi 

0 


0 

Bj 1 

3 

0 

Yj _ 

% — 

. Bj 

3 

0 


Then from (2.2) and (2.3), we obtain 


HX fc = X fc B k + 3k 


%k +1 

0 


T 

e 2k 


( 2 . 2 ) 

(2.3) 


(2.4) 


with X^MXt = I k , here M 


M 0 
0 K 


Consequently, the first l smallest positive eigenvalues of H together with their corresponding 
eigenvectors can be approximately constructed from B*,, which is obviously symmetric. 

Since K and M are hermitian positive definite, all eigenvalues of KM (and MK ) are real 
and positive. Denote these eigenvalues by A \ (1 < i < n) in descending order, i.e., 


A? > A| > • • • > Xl > 0, 


where all Aj > 0 and thus Ai > A 2 > • • • > X n > 0. From Theorem 2.1 [1], we know the 
eigenvalues of H are ±Aj, 1 < i < n. 

Suppose B k has an SVD 

B k = $ fc E fc *£, (2.5) 


where ,(j) k \ <E R kxk , = [ipi,--- ,ip k \ € R kxk , Y k = diag(ai,--- ,a k ), with 

<Ji > • • • > a k > 0, & k = I k and ’FjT’Ffc = I k , then from (2.4), by using an orthogonal matrix 



Ik Ik 
Ik Ik 


the following equation is hold 



X k ^> k 

X k T /,- 

1 

x k ^> k 

Xk'&k 

Y k 

V'/,T, 

-Y k * k 

“71 

. Y k * k 

-Y k $ k _ 

0 



, 3k 
72 

%k+i 

p t 





0 

e 2k 


~&k . 
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Thus we may take ±<7i, • • • , ±cp c as Ritz values of H and 


J y/2 [ ±Y k (j>j 


j = l,...,k 


as corresponding M-orthonormal right Ritz vectors. Meanwhile, using the residual norm 

||TTA± _ A±|| — Pk\4>jk\ 

Zj ± a J Z j IIm - 


j z j IIM 


as the stopping criterion, here <fjk is the fcth component of <f>j. 

Algorithm 2 (wGKL^-LREP). 

1. Run k steps of Algorithm 1 with an initial x\ satisfying ||xi||m = 1 and, an appropriate 
integer k to generate B k , X k , and Y k ; 

2. Compute an SVD of B k as in (2.5), select /(< k) smallest singular value aj, and the 
associated left and right singular vector <f>j and ifj, j = 1, • • • , l; 

3. Form a j} zi = -4 [ 1 , 3 = h" - ,1; 


3. Form a jt % = ^ ^ 

4. If Pk = 0, break. 


3 Shift and invert weighted Golub-Kahan-Lanczos bidiagonal- 
ization algorithm 

Usually, the first l smallest positive eigenvalues A i of H for z = 1,2,--- , Z are of interest. They 
lie in the middle of the spectrum of H, and often crowd together. Thus it is necessary to present 
an accelerating strategy for wGKL. a when applying it for linear response eigenvalue problem. In 
this section, we will propose a shift-and-invert version of wGKL u for solving the eigenproblems 
of H. 

Choosing a shift a, the shift-and-invert strategy is simply transformed the original problem 
Ax = Xx into (A — (jI)~ l x = ax. The simplest possible scheme is to run Arnoldi’s method on the 
matrix {A — <r/) -1 . Thus, the eigenvalue of the original problem is A = ^ + a, the eigenvectors 
of A and (A — cr/)^ 1 are identical. 

For linear response eigenvalue problem Hz = Az, where H is from (1.1). As the above 
discussion, using the shift-and-invert strategy, is running the weighted Golub-Kahan-Lanczos 
upper bidiagonalization algorithm(wGKL. u ) on matrix (H — <t/) - 1 . Since we are interested in 
the smallest eigenvalues with the positive sign of H, thus a = 0 is often an obvious choice. It 

is clear that the inverse matrix of H is H -1 = Pi ^ . Because K and M _1 are 

A (J 

also both hermitian definite, thus we can directly apply wGKL. u to H _1 . Theorem 3.1 gives 
the theoretical relations of our new algorithm. Here, we still use the same denotation without 
misunderstanding. 

Theorem 3.1. Suppose 0 < K, M € C nxn . Then there exist an M -1 -orthogonal matrix 
X € C nxn and a K~ l -orthogonal matrix Y G C nxn such that 

M~ x X = YB, R-'Y = XB t , (3.1) 

where B is upper bidiagonal. 
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Proof. Since K , M > 0, then K 1 , M 1 > 0. Suppose I\ 1 = LL H , M 1 = RR H are the 
Cholesky decomposition of K and M _1 . From [7], we can assume 

= UBV H , (3.2) 

where U, V € C nxn are unitary matrices, B is upper bidiagonal. Thus let X = R~ H V , T = 
L~ h JJ , from (3.2), we have 

L h RR h X = L h YB, R h LL h Y = R h XB t . 

By multiplying L~ H and R~ H , respectively, and (3.1) holds obviously. Clearly, X H M~ 1 X = /, 
YnK-'Y = I. □ 


From Theorem 3.1, we can get the following algorithm. 

Algorithm 3 (wGKL u on H _1 ). 

Choose x\ satisfying ||ici|| 1 = and set /3 q = 1, yo = 0. Compute g\ = 
For j = 1,2,--- 

s i = 9j/Pj- 1 - Pj-Wj-i 
fj = K- l sj 

<*3 = 

Vj = s j/ a j 

tj +1 = fj/ a j ~ a j x j 

9j +1 = 

Pj = (tj +l g j+1 ) 1 2 

x j +1 = / Pj 

End 


Remark 1. /?r Algorithm 3, we need to solve linear system Kf = s and Mg = t. Here we 
use LU decomposition to solve it. After lots of experiments, we found it is not suitable to 
use iterative methods to solve these linear system, because iterative methods are not the exact 
methods generally. Even LU decomposition is an accurate method for linear system problems, 
but it will encounter some problems, such as more time and more memory, especially for large 
scale problems. Fortunately, because we transform the interior eigenproblem to the exterior 
eigenproblem, thus compared to the methods in the numerical examples, our algorithm still shows 
its superiority. 

Let Xk, Y k , B k be generated by Algorithm 3 after k iterations, we have 

M l X k = Tfc-Bfc, K l Y k = X k B k + P k x k +ie k = X k +i [ B k Pk^k ] T , (3.3) 


and 

X k M ~ 1 X k = 4 = Y k K~ l Y k . 


Define 



r Yi 

0 


0 

B j 1 

X? — 

j 

0 

*3 . 

% — 

iu 

J 

0 


Then from (3.3) and (3.4), one has 


H^Y,. = Y k B k + p k 


0 

%k +1 


e L 


(3.4) 


(3.5) 
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with Yf KY t: = I 2k , where e k = hk{-, k), K = Q . 

Similar as the discussion in section 2, suppose B k has an SVD 

Bk = (3.6) 

where $ k = [<pi, ■ ■ ■ ^k = [Vh, • • • , V’fc], S k = diag{oi , • • • , a k }, with o x > • • • > a k > 0, 
= I k , 'hfc'hfc = I k . From (3.5), we may take Toy,..., ±a k as Ritz values of H _1 , i.e., 
approximate eigenvalues of H _1 , 


~± _ Y k <j)j 

j V2 [ ±X k il>j 


j = 1 ,... ,k, 


as corresponding K-orthonormal Ritz vectors. Meanwhile, using the residual norm 


H 1& t ±a j*t I 


K = 


Pk\4*jk I 


(3.7) 


as the stopping criterion, here V’jfc is the fcth component of ipj. Consequently, ..., are 
approximate eigenvalues of H, z±, j = 1,..., k, are the corresponding approximate eigenvectors. 
The following is the shift-and-invert version of wGKL n for solving LREP of H. 


Algorithm 4 (Shi ft - and- i n ver t- w G K L u -LREP). 

1. Run k steps of Algorithm 3 with an initial x\ satisfying ||aii|| M -i = 1 and an appropriate 
integer k to generate B k , X k , and Y k ; 

2. Compute an SVD of B k as in (3.6), select /(< k) largest singular value &j, and the 
associated left and right singular vector (f>j and ifj, j = 1, • • • , l; 

V k (f>j 


3. Form 


z, = 


l 

V 2 


4. If P k = 0, break. 


Xkfjj 


3 J 


j = 1, 


J; 


Remark 2. Generally, (3.7) is hold for the approximate eigenpairs (aj,zj) of H _1 , but not H. 
While, we need to solve the approximate eigenpairs of H. Thus for fairness and accuracy, we 
don’t use (3.7) as the stopping criterion in actual algorithm, instead, we take normalized 1-norm 
of the residual. R will be elaborated in numerical examples. 


4 Convergence analysis 

5 Numerical examples and results 

In this section, we test Algorithm 2 (wGKL n -LREP) and Algorithm 4 (Shift-and-invert-wGKL u - 
LREP) with several numerical examples for solving the eigenvalue problem of H, where the 
initial vector are xi/||xi||m and x\/\\xi\\ M -i, respectively, here, x\ is randomly selected. The 
numerical results are labeled with Alg-3 and Alg-4 respectively. In fact, Alg-4 is Alg-3 added 
with the precondition strategy, it’s the accelerated version of Alg-3. For comparison we tested 
the first algorithm presented in [18] with the initial vector xi/||xi|| 2 - The numerical results are 
labeled with Alg-TL. We also tested the block Chebyshev-Davidson method (BChevbyDLR) 
presented in [19], and the locally optimal block preconditioned 4-D CG method (LOBP4DCG) 
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in [2]. The experiments have been carried out in double precision (Digits=64) floating point 
arithmetic in Matlab R2014a with a PC-Intel(R)Core(TM)i5-6200U CPU 2.4GHz, 8GB RAM. 
The same as in [19], for the LOBP4DCG method, we use the generic preconditioner 


$ = H 1 


0 K - 1 \ 
AT 1 0 ) ' 


The preconditioned search vectors qi and pi in [2] are computed by using the linear CG method 
[5] with maximal 5 iterations. The initial block size in BChevbyDLR and LOBP4DCG are 
chosen to be l, the methods are denoted by BChevbyDLR(Z), and LOBP4DCG(Z), respectively. 

We only compute the approximate eigenvalues with positive sign. For illustrating the quality 
of computed approximations, we report the normalized residual 1-norms for the jth approximate 
eigenpair (<jj,Zj~): 


r(aj) 


H H Z+ -CTjZ+ll 1 
(IlHUi +£T j )||z+|| 1 ’ 


if r(<jj) < tol = 10 —8 , the eigenpair (<7j, Zj~) is considered as converged. The “exact” eigenvalues 
A j are computed with MATLAB code eig. 

In this example, we tested the above algorithms with five problems. Table 1 lists the com¬ 
posed 5 problems. The matrices K and M of Test 1 come from the linear response analysis for 
Na2, which is generated by the turboTDDFT code in QUANTUM ESPRESSO-an electronic 
structure calculation code that implements density functional theory (DFT) using plane-waves 
as the basis set and pseudopotentials [6, 18]. The matrices K and M of the other test, are ex¬ 
tracted from the University of Florida sparse matrix collection [4]. All K and M are symmetric 
positive definite. 

We compute the first 10 smallest approximate eigenvalues with positive sign. For block size l 
of BChebyDLR(Z), we choose l as 5 and 10. For LOBP4DCG, we set 10 as the initial block size. 
The two algorithms are both applied with a deflation procedure. We report the total number 
of matrix-vetor products (denoted by “MV”), iteration number (denoted by “iter”), and CPU 
time in seconds. And we count the K~ l y or M~ l x in Alg.4 as one matrix-vector products. The 
numerical results are listed in Table 1 and 2. ” denotes the algorithm didn’t converged in 

1000 iterations. 

From Table 2, we can see, since Alg-3 and Alg-TL didn’t use any acceleration strategy, thus 
they can’t converge within 1000 iterations. Alg-4 converged faster than the other algorithms, 
because of the least number of matrix-vector products, and this phenomenon also happens in 
some other tests not reported here, where the matrices K and M have a relatively large condition 
number. However, we also observe that for some other problems not reported here, where most 
of the K and M are both well-conditioned, even though Alg-4 used the least number of matrix- 
vector products, much lower than BChebyDLR and LOBP4DCG, it still converged slower than 
BChebyDLR and LOBP4DCG. 

There are three main reasons for this phenomenon. The first is that BChebyDLR and 
LOBP4DCG are both block type methods, while Alg-4 is not. Usually block type methods with 
relatively small block sizes are more competitive than non-block versions, especially when the 
desired eigenvalues have clusters or even multiples. The second reason is that we use Cholesky 
decomposition of K and M to solve K~ 1 y and Af _1 x, while K and M are very sparse, their 
Cholesky factor may be a full lower triangular matrix, which will cost much time to solve. 
Thus in Alg-4, the CPU time used for one matrix-vector products must be more than the time 
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used in BChebyDLR and LOBP4DCG. Consequently, it is necessary to consider a inverse free 
precondition strategy to accelerate Alg-3. The third reason is that BChebyDLR method refined 
the basis matrices at every step, which can make eigenvectors converge in fewer iterations [13, 17], 
since the refined basis matrices contains the information of the wanted eigenvectors. While in 
Alg-4, we don’t use any refined restart. Above all, Further reseach is required to make Alg-4 
more effective. 


Table 1 Test problems 


Problem 


Test 1 

Test 2 

Test 3 

Test 4 


Test 5 

n 


1862 

8032 

9801 

23052 


73752 

K 


Na2 

bcsstk38 

fv2 

bcsstk36 


oilpan 

M 


Na2 

msc23052 

fv3 

bcsstk36 


oilpan 

Table 2 



Alg-4 

BChebyshev(5) 

BChebyshev(lO) 

LOBP4DCG(10) 

Alg-3 

Alg-TL 


MV 

240 

4680 

6760 

4592 

- 

- 

Test 1 

iter 

19 

18 

13 

47 

- 

- 


CPU 

0.905 

3.3906 

2.3696 

8.7745 

- 

- 


MV 

42 

- 

- 

6824 

- 

- 

Test 2 

iter 

10 

- 

- 

40 

- 

- 


CPU 

0.6080 

- 

- 

3.5316 

- 

- 


MV 

42 

10920 

24440 

5114 

- 

- 

Test 3 

iter 

10 

42 

41 

50 

- 

- 


CPU 

0.5531 

1.5495 

2.8754 

2.2148 

- 

- 


MV 

214 

- 

- 

- 

- 

- 

Test 4 

iter 

18 

- 

- 

- 

- 

- 


CPU 

14.3342 

- 

- 

- 

- 

- 


MV 

42 

- 

- 

- 

- 

- 

Test 5 

iter 

10 

- 

- 

- 

- 

- 


CPU 

45.4148 

- 

- 

- 

- 

- 


Example 2: The number of matrix-vector products (MV), number of iterations (iter), and CPU time in 
seconds for computing 10 smallest positive eigenpairs. For BChebyDLR(l) the filter degree used is 25, 
and the block size is l = 5,10. For LOBP4DCG(l) the initial block size l = 10. Here ” stands for the 
algorithm does not converge within 1000 iterations. 

6 Conclusion 

We propose a shift-and-invert weighted Golub-Kahan-Lanczos bidiagonal algorithm for solving 
the linear response eigenproblem(LREP). This algorithm can effectively calculate the smallest 
positive eigenvalues and associated eigenvectors of LREP. Numerical examples show that our 
new algorithm can appears faster than Alg.TL, BChebyDLR and LOBP4DCG, especially for 
the case of K and M have a relatively large condition number. 
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ABSTRACT 

This paper is mindful with the solution of the nonlinear difference equation 

Xn—lXn—6 r. . 

Xn+ 1 — 7—T— 7 j H O, 1, ..., 

a:n- 4 (±l ±x n -ix n - e ) 

where the initial conditions X-q , X-5, X-4, X-3 , X-2, X-\, Xq are arbitrary non zero real numbers and we 
study the behaviors of the solutions. Also, we gained the equilibrium points of the previous equations. 

Keywords: stability, periodicity, solution of difference equation. 

Mathematics Subject Classification: 39A10. 


1. INTRODUCTION 

In this paper we deal with the behavior of the solution of the following difference equations 

Xn— lXn — 6 


Xn +1 — 


X n -i(±l ± X n -iX n -6) 


, n = 0,1,. 


( 1 . 1 ) 


where the initial conditions X-q, X-$, X- 4 , X- 3 , X- 2 , X-\, Xq are arbitrary non zero real numbers. 

Here, we display some basic definitions and some theorems which will be beneficial in our research. 

Let I be some interval of real numbers and let / : I k+1 —* /, be a continuously differentiable function. Then 
for every set of initial conditions X-k+ 1 ,..., Xq € I, the difference equation 


X n -\-i f (x n , X n — i , ..., X n —k ), U 0, 1, ** *, (1*^) 

has a unique solution {x n }^ = _ k [39]. 

Definition 1.1. (Equilibrium Point) 

A point x £ I is called an equilibrium point of Eq.(1.2) if 

x = f{x,x,...,x). 

That is, x n = x for n > 0, is a solution of Eq.(1.2), or equivalently, x is a fixed point of /. 

Definition 1.2. (Stability) 

(i) The equilibrium point x of Eq.(1.2) is locally stable if for every e > 0, there exists 5 > 0 such that for all 
X-k, x- k + 1 ,..., X-i, Xq € I with 
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we have 


\x-k ~ x\ + \x_k+i - x\ + ... + \x 0 - x < 6. 


\x n — x\ < e for all n > —k. 


(ii) The equilibrium point x of Eq.(1.2) is locally asymptotically stable if x is locally stable solution of Eq.(1.2) 
and there exists 7 > 0, such that for all x_k, X-k+i, ■ ■■, X-i, Xq £ / with 


\x~k -x\ + \x-k+i - x\ + ... + |x 0 - *1 < 7) 


we have 


lim x n = x. 

n—>o o 

(iii) The equilibrium point x of Eq.(1.2) is global attractor if for all X-k,X-k+i ,..., X-\, Xq £ 7, we have 


lim x n = x. 

n—»00 


(iv) The equilibrium point x of Eq.(1.2) is globally asymptotically stable if x is locally stable, and x is also a 
global attractor of Eq.(1.2). 

(v) The equilibrium point x of Eq.(1.2) is unstable if a? is not locally stable. 

The linearized equation of Eq.(1.2) about the equilibrium x is the linear difference equation 


Vn+i = Y 


i =0 


df(x, X, ..., x) 
dx n -i 


Un—i- 


Theorem A [38]: Assume that p,q £ R and k £ {0,1, 2,...}. Then 

\p\ + \q\ < !> 

is a sufficient condition for the asymptotic stability of the difference equation 

x n+1 +px n -Vqx n -k = 0, n = 0,l,.... 


Remark: Theorem A can be easily extended to a general linear equations of the form 

Xn+k + PlXn+k—1 T ••• T PkXn 0, Tl — 0, 1, ..., (1*^) 

where Pi,P 2 ,...,Pk € R and k € {1, 2,...}. Then Eq.(1.3) is asymptotically stable provided that 

k 

Ew < L 

i=1 


Definition 1.3. (Periodicity) 

A sequence {x n }™ = _ k is said to be periodic with period p if x n+p = x n for all n > —k. 

In recent years, the study of difference equations has acquired a new significance, due in large part to their 
use in the formulation and analysis of discrete-time systems and the study of deterministic chaos. 

However, there have not been any effective general methods to deal with the global behavior of rational 
difference equations of order greater than one so far. From the known work, one can see that it is so complicated 
to understand thoroughly the global behaviors of solutions of rational difference equations although they have 
simple forms (or expressions). One can refer to [1], [5-14] for examples to illustrate this. Therefore, the study of 
rational difference equations of order greater than one is worth further consideration. The behavior of solutions 
differential equations has been studied by many researchers for example: 
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El-Metwally and Elsayed [9] has obtained the solutions of the difference equation 

X n X n —3 

x n +1 T~T -: ; 7* 

®n- 2 (±l ± X n X n - 3 ) 

Elsayed [13] studied the behavior of the solutions of the difference equation 

x n — 7 

x n +1 • 

dzl it CXX-fi—iXfi—^Xfi—^Xfi—Y 

Cinar [2]-[3] has got the solutions of the following difference equation 

x n—l 

x n+l — ii J • 

±1 +ax n x n ^ 1 

In [4], Cinar and Yalcinkaya studied the behavior of the following difference equation 

x n—3 


x n +1 — 


1 + x n ~i 


Elabbasy et al. [6] investigated the global stability, boundedness, periodicity character and gave the solution of 
some special cases of the difference equation 


ax 


n—k 


Xn + 1 O, 1-rK 

P + 7 1L=0 X n-i 

In [29] Erdogan and Uslu investigated the global behavior of the following recursive sequence 

_ f Xn 

X n + 1 — • 

A + Y.Xn-j 
i =1 

Karatas et al. [35] gave that the solution of the difference equation 

Xn—5 

x n+l — z : • 

1 + X n -2X n -5 

See also [15]-[37]. Other related results on rational difference equations can be found in refs. [40]-[51]. 

2. ON THE EQUATION = X N - 1 X N - 6 /(X N -, i (l +Xn^Xn-h)) 

In this section we realize a form of the solutions of the equation 

x n— 1 x n—6 


x n+l — 


n = 0,1, 


x n— 4(1 H” x n—l x n—o) 

where the initial values are arbitrary positive real numbers. 

Theorem 2.1. Let {x n }'^L_ e be a solution of Eq.(2.1). Then for n = 0, 1,2,... 


( 2 . 1 ) 


*^10n—6 


x 10n —4 


a n r(U[(5i)bg+l}) 

_ i =1_ 

n ' 

b n g n ~ 1 {fl[(5i - 3)af + 1]) 


n— 1 

a n f n e( n [(5i + l)bg + 1]) 

_i=0_ 

n — 1 

b n g n ( n [(5i + 3)o/ + l]) 

i—0 


n— 1 

b n g n ( n [(5i)a/ + 1]) 

_ i—0 

^10n-5 — - 5 

a njn-i( Yl [(5 i + 3 )bg + 1]) 
i—0 
n—1 

b n g n d(U [(5z + l)a/ + l]) 

™ _ i=o _ 

x 10n-3 ~ n _ 1 ? 

a n f n ( n [{bi + A)bg + 1]) 

*=o 
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x 10n-2 — 


•^lO n — 


♦TlOn+2 — 


a n f n c\Jl[(5i-3)bg+l] 
b n g n ^ Y[ [(5* + 4 )af + 1]^ 

/ n—1 

a n+lfn n [(5i + 3)bg+l) 

V i —1 


b n g n IT [(5 i)af + 1] 
2=1 


n— 1 \ 

a n+ifn+i | n [( 5 i + 4 )bg+ 1] J 
b n g n d ^ n [(5z + 1 )af + 1]^ 


x 10n-l 


x 10n+l 


g n b n+l [01(5*-3)0/ + !] 


a n f n II [(5*) 65 +1] 


i n— 1 

b n+l g n+l ( n [(5t + 3)0/+ 1] 


a n f n e ( IIJ(5i + 1 )bg + 1] 


2*1077+3 — 


b n+l g n+l j n [(5t + 4)0/ + 1] 


a n f n c ( ri [(5* + 2 )bg + 1] J 


where x _ 6 = g, x-$ = f, X -4 = e, X -3 = d, X -2 = c, a;_i = 6 , £0 = a. 

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is 


2+077-16 — 


ahOn —14 


24071-42 — 


a n-ifn -1 U[( 5 i)bg+ 1 } 
* i= 1 


6 n -i v n_2 ( n [( 5 < - 3 )af + 1 ] 


2 = 1 
n—2 


a n ~ i/"-i e ( n [( 5 *+ 1)65+1] 

n—2 


6"-i /"- 1 n [( 5 * + 3 )a/ + 1 ] 

V 2=0 

/ n—1 

a”-i/"-i c n [( 5 i- 3)65+1] 


n—2 


6 n_ i 5 n ^ 1 II [(5* + 4)a/ + 1] 
V 2=0 

/ n—2 

a "/"- 1 n [(5* + 3)65 + 1 ] 


^10n-10 — 


^10n-8 


2=0 


1 ♦TlOn—15 — 


b n-l g n-l n[(5i)a/+l] 

' 2=1 


a n_ i /” -2 n [(5i + 3 ) 65 + 1 ] 
2=0 


5 x 10n —13 — 


b n-l g n-l d l n [(5j +1 ) a / +1 ] 

y 2=0 

/ n—2 

a n ~ 1 / n_1 ( n [(5i + 4)65 + l] 
V 2=0 


240n-ll — 


/ n—1 

b n g n-l / n [(5t - 3)0/ + 1] 
/ n—1 

a n-lfn-l j pp [(5i)bg + 1] 

V i=1 


( n —1 

b n-l g n-l 1 [(5 i'jaf + 1] 

/ n—2 

a n f n n [(5i + 4)65 + 1] 
V 2=0 


b n - 1 g n ~ 1 d ( n [(5i + 1 )af + 1] 


i x 10n —9 — 


/ n —2 

6 n 5 n n [(5i + 3)a/+ 1] 

V 2=0 

a n ~ 1 f n ~ 1 e ^ n [(5i + 1)65 + 1]^ 

/ n—2 

b n g n n [(5i + 4)a/+ 1] 


5 *^ 10 n —7 — 


2 = 0 


I n_1 \ 

a n-l fn~l c | PP [(5j -|- 2)65 + 1] j 


Now, it follows from Eq.(2.1) that 
2*10n—82*10n —13 


XlOn-6 


2*1077 — 11 (1 + 240n—8240n —13) 


a"/" ( .n > [( 5i + 4 )6g + l] 


frn-i g n,~ irf ( n o [(5i+l)a/+l] 


b n-i g n-i d( ,n o [( 5 i+l)o/+l] 
a n-i fn—i j [( 57 + 4 ) 65 + 1 ] 


bngn-l n [(5i-3)a/+l] 


a „_i f„-i | n^{U)bg+l] 


1 + 


a"/" ( .n [( 57 + 4 ) 65 + 1 ] ) b n ~ 1 g n ~ 1 dl II [(5i+l)a/+l] 


i»-i j»-ij j n o [(5i+l)a/ + l]J a"- 1 / 11 - 1 I [(5i+4)6g + l] 
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/n—2 \ /n—1 \ 

( . n [(5i+l)o/ + l]J ^.n[(5*)ft5 + l]J 

/n—1 \ f n—2 \ 

b n g n ^ In [(5* - 3 )af + 1] J In [(5i + 1 )af + 1] J ([5(71 - 1) + 1] af + 1 + af ) 


a f ( .5 0 [( 5i + 1 ) a /+ 1 ] 


II [(5i+l)a/+l] 


n—1 

a"-i fi ( Il[(5i)bg+1} 

' i—1 


b n g n ~1 jj [(5^ — 3)a/ + 1] ) ) 1 + 


a f ( n [(5i+l)a/+l] 


2 =1 


/ n—1 

a n f n n [(5i)&0 + 1] 

V i=l 


.n [(5i+l)a/+l] 


a nfn ( n u\^i)bg+ 1] 


i—1 


forign—i n [(5i — 3)a/ + 1] ) ((5n — 3)a/ + 1 ) b n g n ~ x II [(5i — 3)a/ + 1] 


2=1 


Similarly 

*Tl0n—5 — 


Xio—7XiQn—12 


•TlOn—lo(l + #10—7^10n—12) 


b n g n ( n Q [(5i+4)af+l] 


a n-l fn-i c j n o [(5i + 2)6p + l] 


a n f n 1^ [(5i-3)6p+l] 
b — 1 g"- 1 (V[(5i+4)a/+l] 


a nfn-l j n o [(5i+3)fep + l] 


-1 „7l-l 


& 71-1 t/ 


n [(5£)a/+l] 


(1 + 


n [( 52 - 3 ) 65 +!] 


II [(5i—3)6p+l] 


b n g n ( ,n o [(5i)a/+l] 


b n g n fV[(57)a/+l] 


an f n -\ n o [( 5i+ 3) 6 S + 11 j (( 5n- 2 )b S + 1 ) gn j n—1 n [(5i — 2)&ff + 1] ((571 - 2)6ff + 1) 


6 n g n ( 'n 1 [(5i)a/+ 1] 


/ n—1 

6" 5 ” n [(5 i)af + 1] 
V 2=0 

n—1 


a nfn- 1 / JI _ 2 )bg + 1] I a nfn-l | JJ [( 5 ^ -f 3 )ftp -f 1] 


2=0 


The other relations can be proved similarly. Hence, the proof is completed. 
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Theorem 2.2. Eq.(2.1) has a unique equilibrium point which is the number zero and this equilibrium point is 
not locally asymptotically stable. 

Proof: For the equilibrium points on Eq.(2.1), we can say 


x 2 

x{l + x 2 ) ’ 

then, we get x 4 = 0. Therefore, the equilibrium point of Eq.(2.1) is x = 0. Let / : (0, oo) 3 —*■ (0, oo) be a 
function defined by f(u,v,w) = We see that 


f u (u,v,w) = 


w 


v(l + uw ) 2 ’ 


f v (u,v,w) 


uw 


v 2 (l + uw) ’ 


f w (u,V,W) 


t>(l + uw) 2 ' 


Consequently, 

f u (x,x,x) = 1 , f v (x,x,x) = 1 , f w (u,v,w) = 1 . 

The proof follows by using Theorem A. 

Numerical Examples: 

For confirming the results of this section, we consider numerical examples which represent different type of 
solutions to Eq. (2.1). 

Example 2.3. We take X-q = —7 , X -5 = 1.5, X -4 = —3, X -3 = 2, x -2 = 12, X-\ = 2/7, xo = 9. (See figure 
11 - 

Example 2.4. See figure 2, since x_ 6 = 2.1, x_ 5 = 4, x _4 = 3, x_ 3 = .8, x_ 2 = 1.2, x_i = 7, x 0 = 4. 
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n 

Figure 1. 

plot of x(n+1 )=x(n-1 )x(n-6)/(x(n-4)(1 +x(n-1 )x(n-6)) 
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Figure 2. 



plot of x(n+1 )=x(n-1 )x(n-6)/(x(n-4)(1 +x(n-1 )x(n-6)) 
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3. ON THE EQUATION X N+1 = X N _ x X N _ & /(X N ^{1 - X N _ x X N _ 6 )) 

In this section we obtain a specific form of the solution of the second equation in the following form : 

Xn—lXn—6 


Xn +1 — 


n = 0,1,..., 


X-n— 4(1 X n — 1 X n —Q ) 
where the initial values are arbitrary nonzero real numbers with x_ x x_6 / 1. 
Theorem 3.1. Let {x n }'^L_ 6 be a solution of Eq.(3.1). Then for n = 0,1,2,... 


(3.1) 


XlOn —6 


^lOn—4 


#10n-2 


^lOn — 


^10n+2 — 


n—1 

a n f n ( 1 - n (5i)6g) 
_2—1_ 

n 5 

b n g n_1 (1 — II (5 i — 3)af) 

i—1 

n—1 

a n f n e (1- n (5i+l)bg) 
_ 2 — 0 _ 

n—1 

b n g n (1 — II (5 i + 3 )af) 

2=0 


a n fn c I x _ n (5i - 3 )bg 

n—1 

b n g n ( 1 — II (5* + 4)a/ 


a n +i/ n ( 1 - n (5i + 3)bg 


b n g n ( 1 — II (5 i)af 


a n+lfn+l ( [i_ n [(hi + 4)}bg 
' 2=0 


b n g n d [1 — II [(5* + l)]a/ 
' 2=0 


^10n-5 


*Tl0n—3 


n—1 

b n g n { 1 - n (5 i)af) 
_ 2 = 1 _ 

n—1 

a n fn-1 _ n (5* + 3 )bg) 
2=0 

n—1 

b n g n d (1 - n (5?: + 1 )af) 
_ 2=1 _ 

n—1 

a n f n (1 — n (5i + A)bg) 
2=0 


ail0n-l 


g n b n + 1 ( 1 - n (5i - 3 )af 


a n f n ( 1 — II (5 i)bg 


^10n+l — 


b n+l g n+l | n ( 5 i + 3 )]a/ 


a n f n e ( [1 — II (5 i + 1 )]bg 


*^10n+3 — 


2=0 
n—1 


b n+i g n+i [1 _ n [(5 i + 4 )}af 
' 2=0 


a n J n c [1 — n [(5* + 2)]bg 
' 2 = 0 


Proof: The proof as in the previous section so it will be left to the readers. 

Theorem 3.2. Eq. (3.1) has a unique equilibrium point which is the number zero and this equilibrium point is 
not locally asymptotically stable. 

Example 3.3. We put x_ 6 = 1.7, £_ 5 = 8, x_ 4 = 3, x_ 3 = 9.8, x_ 2 = 1.2, £_i = 7.2, x 0 = 3.5. (See figure 
3). 

Example 3.4. See figure 4, since x_ 6 = 7, X- 5 = - 2, = 3, ai _3 = 2.5, x_ 2 = 12, X- X = 5, x 0 = -7. 


plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(1-x(n-1)x(n-6)) 

10 -;-1-1-1-1-1-1- 


8 ‘! |"i 

6 -11; 
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Figure 3. 
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plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(1-x(n-1)x(n-6)) 
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Figure 4. 
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4. ON THE EQUATION X N+1 = X n ^X n _q/{X n _ 4 (-1 + X N -!X N - 6 )) 

In this section we realize a form of the solutions of the equation 

%n—l%n —6 


*£n+1 


%n— 4( 1 l^n—6) 


Tl = 0, 1, . 


(4.1) 


where the initial values are arbitrary positive real numbers with X-iX-q 1. 
Theorem 4.1. Let {x n }^ = _ 6 be a solution of Eq.(4.1). Then for n = 0,1,2,... 


T-20n—9 — 


X20n — 6 — 


£20n-3 — 


X20n — 


£20n+3 — 


£20n+6 — 


£20 n+9 — 


g 2 n b 2n (af - l) r 

~,2n — 1 f2n—1 


f2n~ 1 e {bg — l) n ’ 


%20n-8 


'f 2n (bg-iy 


J2n 4*2n 




b2 n g2n-i(af — l) n ’ 
g 2 n b 2 n d(af - l) n 
a 2 n f 2n (bg — l) n ’ 

a 2n+lj-2n( b g _ ]_)n 

b 2 n g 2 n (a,f — l) n ’ 

g 2n+l b 2n+l( a f _ yr. 

a 2n f 2n C (bg — l) n 
a 2n+1 f2 n+1 e (bg - l) n+1 
b 2n+l g 2n+l( a f _ !)n+l ’ 
g 2n+l b 2n+2( a j- _ yn 

a 2 "+i/2«+i(6 5 - !)«+!’ 


X20n-5 — 


b 2n-l g 2n-l^ a j _ > 

g 2 n b 2n (af - l) n 


£20n-7 = 


g 2 n b 2n (af -l) r 

Y 2n— 1 f2n—1 


f 2 n ~ l c(bg - l) r 


~2n /*2n 


X20n-2 — 


£20n+l — 


a 2 nf2n-l(p g _ l)n > 

a 2 n f 2 n c(bg- l) n 
b 2n g 2n ( a f — l) n ’ 

g 2n+l b 2n+l( a j- _ yr 


X20n—4 


£20n-l — 


£20n+4 — 


£201+7 — 


£20n+10 — 


a 2n f 2n e (bg — l) n + 1 ’ 

a 2ri +i/ 2 "+i(6 5 - l) re 


£20n+2 


f 2 n e(bg - 1)" 
b 2 n g 2n (af - l) n ' 
g 2 n b 2n+1 (af - l) n 
a 2 ”/ 2n (6ff — l) n ’ 

a 2n+1 f 2n+1 (bg — l) r 


b 2n+l g 2n( a f _ 1 )n 
5 2n+l 6 2n+l d _ 1 )n+l 

a 2n+lJ2n+l( &5 _ 1 )n > 

a 2n+2 j2n+l( 6ff _ -qn+l 
^2n+l^,2n + l (df — l) n + 1 ’ 


£20n+5 — 


6 2n # 2n d (a/ - l) n+1 ’ 

5 2n+l 6 2n+l(- a J^ X )n 


a 2n+l f2n^ bg _ l)n+l ’ 

a 2n+l f2n+l c ( bg _ jy 


£20n+8 — 


6 2 «+l 5 2n+l( a /_ 1 )r 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is; 


~2n—1^2n— 1 


£20n-17 — 


£20n-14 


£20n-ll — 


(a/ - 1) 


n—1 


~,2n— 1 f2n —1 


_ _ f 2n ~ 1 (bg — l)”^ 1 _ g- 

i_l> £20n-16 b 2n-l g 2n-2^ a f _ > £20n-15 

1 g 2 n ~ 1 b 2n ~ 1 d(af - l) n a : 


a 


a 2n-2 f2n-2 c ( bg _ 

2 n-lf2 n -l e ( bg _ i)n 

b 2n-l g 2n-l^ a j- _ 
g 2n-l b 2n( a f _ yn-1 

a 2n ~ 1 f 2n ~ l (bg — l) n 


2 ”-i6 2jl -i(a/ 1 ) 


n—1 


a*"--if 

2n— 1 J-2n-l 


£20n-13 — 


£20n-10 — 


* 2n— 1 t /*2 n—1 (bg — 1) 


—f, £20n-12 — 


2n—1 f2n—2(Ug _ 

f 2 n ^c(bg - l) 71 " 1 


b 2n-l g 2n-l^ a j _ I'jn-1 


l 2 n f 2 n~l( bg _ 1)" 
b 2n-l g 2n-l( a f _ l)r 


Now, it follows from Eq. (4.1), we get: 


X20n—9 — 


_£20n-ll£20n-16_ 

£20n—14(~ 1 + £20n-ll£20n-16) 
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(' 


1 b 2n (af~l) r 


,2 n— 1 f 2n — 1 


(bg-iy 


2n- 1 £ 2n — 1 


(bg-l) T ' 


b 2n-l g 2n-2( af _ iy 




/ g 2n ~"/ 2 "~i e (bg—l) rl \ , / 

^ b 2 n-l g 2 „-l (af-l)») ^ 

^ „2n-1 u 2n t i\n-l 


9 

2n — l t 2 


g 2n-l b 2n( a J_ 1 - ) n-l 




2n-l y 2n— 1 ^ bg — 1)' 
2n— 1 


-) (-£3 






,2n — 1 f 2n— 1 




\ / a 2 "/ 2n ~ 1 (bg 1 ) n \ 

/ ^ i>2n-1 g 2 n-l (o/-l)nJ 


/ a 2n ~1/ 2n ~ 1 e (bg — l) n \ , bg \ 

\ 6 2rl—1 g 2n —1 (a/-!) 11 / ' (6g-l)/ 


6 2 ” 5 2n (a/ - l) n 

1 2n ~ 1 f 2n-l e ( bg _ l)r 


Also, we obtain 


®20n-8 — 


a; 20n-10 ;:c 20n-15 


„2n f2n — 1 


l2« — 1 n 2n — 1 


(bg—1)" 




n 2n — 1 1 2n — 1 


a 2n — 1 y 2ro—2 


(a/-!)" 


(bg-l ) 7 " 1 


*T20n—13( 1 + *T20n—10*T20n — 15 ) ( ) ( _1 +( 


n 2n f2n— 1 


.2 n — 1 „2n — 1 


(bg- l) 71 


(af-iy 


0 ( 


7 2n —1 u2n— 1 


„2n — 1 f 2ro — 2 . 


(a/- 




s^)) 


(*) 


,2n—1 -C 2n—1 


/ 211,-1 (bg — l) r 


a 2n J- 2n(p g _ j) 


n —1 


g 2 n-l b 2 n-l d ( a / - 1)™(-1 + ^) ff 2n-i 6 2n-i d (af - 1)"' 

Thus, the proof of the other relations is similar. 

Theorem 4.2. Eq.(4.1) has a periodic solution of period ten iff af = bg — 2 and will be taken the form 
{- e ,h~c’9, f, e, d, c, 6,a,f, 

Proof: First suppose that there exists a prime period twenty solution 

2 2 2 f 1 , 22 

1 J) ) 9: 7) 6, u, c, 0, fl, , , •••, 

e d c e d 

of Eq.(4.1), we see from the form of the solution of Eq.(4.1) that 

g 2n b 2n (af-l) n 2 a 2n f 2n (bg - l) n ~ l 2 


n— 1 


a 2n ~ 1 f 2 n ~ l e(bg — l) r 
a 2 n f 2n (bg - l) n 

b 2n g 2n-l( a f _ 


= 9 


_ _ g 2n b 2n (af - 1) 

e’ b 2n ~ 1 g 2n ~ 1 d(af — l) n d ’ a 2n ~ 1 f 2n ~ 1 c(bg — l) r 

a 2n+2 f2n+l (p g _ X )n+1 


& 2 «+lg2n+l(' a y _ ]_)n+l 


= a. 


Then 


af = bg = 2. 

Second assume that af = bg = 2. Then we see from the form of the solution of Eq.(4.1) that 


*^20n—9 


^20n—2 


2 _ 2 _ 2 - _ , _ _ . 

? *^20n—8 — 1 5 *^20n—7 — 5 *^20n—6 — dn *^20n—5 — J■> %20n —4 — ^5 *^20n— 3 — 

e a C 

_ _ 2 _2 , 

£5 *^20n—1 — ^5 *^20n — *^20n+l — 5 *^20n+2 — 7 5 •••? *^20n+9 — ^5 *^20n+10 — 

e a 


Thus we have a periodic solution of period ten and the proof is complete. 


Theorem 4.3. Eq.(4.1) has a periodic solution of period twenty iff af — bg = —2 and will be taken the form 

I h2l — n f p d r b n — — —— o —p 3d c —k- n X 

X e ’ d 5 3c’ j 5 3e ’ 3d’ c ’ -3’ 0065 -3 ,(X ’ e ’ d mmm T * 

Proof: The proof as the proof of the previous theorem and so it will be omitted. 


Theorem 4.4. Eq. (4.1) has three equilibrium points which are 0, ±y/2 and there equilibrium points are not 
locally asymptotically stable. 


Example 4.5. See Figure 5 if we put a:_ 6 = 5, X - 5 = — .4, x -4 = -3, X - 3 = 4.6, X -2 = —6, X-i = —2/5, x 0 = 
5. (See figure 5). 

Example 4.6. Figure 6 shows the solutions where x _ 6 = 2.1, X -5 = .4, X -4 = —3, X -3 = 4.6, X -2 = 
1.2, X-i = .6, xq = 9. 
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plot of x(n+1 )=x(n-1 )x(n-6)/(x(n-4)(-1 +x(n-1 )x(n-6)) 
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Figure 5. 

plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(-1+x(n-1)x(n-6)) 
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Figure 6. 

The proof of the theorems in the following section as in this section so it will be left to the readers. 

5. ON THE EQUATION X N+1 = X N _ 1 X N _ & /(X N _ A {-1 - X N _!X N _ 6 )) 

In this section we realize a form of the solutions of the equation 


1 

A 

ft 1 

I 



A J A A 

v Yv L 

1 /v 


n V 

aJIv A 

V v 

JU 

aU U M (A M ft y 


Xn- i-1 


Xn— \Xn —6 


:> n — 0,1, 


%n— 4 ( 1 ^n—l^n—6 ) 

where the initial values are arbitrary positive real numbers. 

Theorem 5.1. Let {x n }'^L_ 6 be a solution of Eq.(5.1). Then for n = 0,1,2,... 


(5.1) 


X20n — 9 

X20n — 6 

X20n-3 

X20n 

X20n+3 

X20n+6 


g 2n b 2n(_l _ a fy 

i 2n ~ 1 f 2n ~ 1 e (—1 — b 


X20n-8 


a 2n f2n(-l_ bg )n-l 
b 2n ~ l g 2n ~ 1 d{—af — 1) ] 


;> X20n-7 


g 2n b 2 n ( '_ 1 _ a fjn 

2 2n ~ 1 f 2n ~ 1 c(— 1 — i 


a 2n f 2n (-l-bg) n _ g 2n b 2n (-l-af) n _ a 2n f 2n e (-1 

,X20n-5 — n„ r 7 i a; 20n-4 — 


b 2n g 2n_1 (—1 — a/) 

g 2n fc2 n d 

a 2n j- 2n(^_l _ bg y 

a 2n + 1/ 2n (-l - 
6 2n g 2n (—1 — af) n ’ 

5 2n+l b 2n+l(_ 1 _ a ^„ 
a 2n f 2n c (_l _ bg ’ 
a 2n+l/2n+l e (_ 1 _ ^n+l 
& 2n+l ff 2n+l(_ 1 _ a /)n+l 


, ^20n-2 — 

l 

X20n+1 


a 2n j 2n-l(_l _ bg y 

a 2n f 2n c(—1 - bg) r 
b 2n g 2n (—1 — a/)’ 

g 2n+l b 2n+l(_ a f _ ^ 


, •t'20n—1 — 


b 2 n g 2 n _ af) n ’ 

g 2n b 2n+l(-l- a f)n 

a 2n j 2 _ b g) n ’ 

a 2n+1 f 2n+1 (- bg -iy 


X20n+4 


CL 2 n f 2n e( — bg — l) n + 1 ’ 

a 2n+1 f 2n+1 (—1 — bg) 


X20n+2 — 


b 2n g 2n d (_ a J _ l)n+l ' 

g 2n+l b 2n+l(_ 1 _ a fy 


b 2n+l g 2r*(_ 1 _ a /)n ’ X20n + 5 a 2n+l f 2n(_ 1 _ bg )n +1 > 


') 2t20n+7 — 


5 2n+l 6 2r l +l d ('_ 1 _ a /)«+l 
a 2n+lJ2n+l(_ 1 _ 


"? *^20n+8 — 


a 2n+l J2n+l c (_ 1 _ bg y 
b 2n+l g 2n+l(_l _ a J)ra ’ 
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g 2 n+ 1 b 2 n+ 2 (-l- a f) n _ a 2n+2 f 2n+1 (-l -bg ) n+1 

X20n+9 — a 2n+l j 2n+l l _ fjg'jn+l > X 20n+10 — tfn+l g 2n+l _ a f)n+l ’ 


Theorem 5.2. Eq.(5.1) has a periodic solution of period ten iff af = bg = —2 and will be taken the form 
{^, /> e, d, c, b,a,=f, =£-,■■■}■ 

Theorem 5.3. Eq.(5.1) has a periodic solution of period twenty iff af = bg = 2 and will be taken the form 

/ 2 2 —2— f p d C h O 2 2 / p Q.7 p _2 l p 2 2 1 

l e > d' -3c> j ’ e ’ L ’ u ! “> 3e ’ 3d > c > »’ -3 > c > -3 ’ e > d‘"J ■ 

Theorem 5.4. Eq. (5.1) has a unique equilibrium point which is the number zero, and this equilibrium point is 
not locally asymptotically stable. 

Example 5.5. We take x_ 6 = 3, x_ 5 = 7.4, x_ 4 = -2.3, a;_ 3 = -13, a;_ 2 = 6, x-i = -2, x 0 = 2. (See figure 
7). 
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Abstract 

In this paper, we, motivated by Mihet [2], give the concept of two nonlinear contractions 
(((p, e—A)-contraction and (p>, b n )~ contraction) in KM-fuzzy metric spaces, and obtained some 
fixed point theorems. We answer the open question posed by Mihet in [2, open question 2], 
Finally, an example can be used to be exemplify our results. 

Keywords: Fuzzy metric space; fixed point; fuzzy contraction 


1 Introduction and preliminaries 

In 1975, Kramosil and Michalek [6] gave a notion of fuzzy metric space (KM-fuzzy metric space), 
which was modified later by George and Veeramani [4]. Since then, many authors have contributed to 
the study of these concepts of fuzzy metric, fixed point theory is one of the most important topics of 
research. The first attempt to extend the well-known Banach contraction theorem to KM-fuzzy metrics 
was done by Grabiec in [8]. Later, Gregori and Sapena [5] gave another notion of fuzzy contractive 
mapping and studied its applicability to fixed point theory in both contexts of fuzzy metrics above 
mentioned. In their study, the authors needed to demand additional conditions to the completeness 
of the fuzzy metric in order to obtain a fixed point theorem, which constitutes a significant difference 
with the classical theory. Later, this notion of fuzzy contractive mapping and others that appeared 
in the literature were generalized by D. Mihet in [7] introducing the concept of fuzzy ^-contractive 
mapping and he obtained a fixed point theorem for the class of complete non-Archimedean KM-fuzzy 
metrics. 

t Corresponding author: Chuanxi Zhu. Email: chuanxizhu@126.com.Tel:+8613970815298. 
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Natural Science Foundation of Jiangxi, China (20132BAB201001,2010GZS0147,20142BAB211016) and the Scientific 
Program of the Provinical Education Department of Jiangxi(150008) and the Innovation Program of the Graduate 
student of Nanchang University(colonel-level project). 


1 


1192 


Dangdang Wang ET AL 1192-1199 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Recently, D. Wardowski [9] has provided a new contribution to the study of fixed point theory in 
fuzzy metric spaces. In [9], the author introduced the concept of fuzzy H-contractive mappings, which 
constitutes a generalization of the concept given by V. Gregori and A. Sapena, and he obtained the 
next fixed point theorem for complete fuzzy metric spaces in the sense of George and Veeramani. 


In this paper, we, motivated by Mihet [2], give the definition of three nonlinear contractions ((</?, e— 
A)-contraction and {tp, 6 n )-contraction) in Km-fuzzy metric spaces, and obtained some fixed point 
theorems. Finally, an example can be used to be exemplify our main results. 


Throughout this paper, let := [0,+oo), jV be the set of all positive integers, $ w :={for each 
t > 0, there exists r > t such that lim^oo p n (t) = 0}. 

A mapping F : £% —>• is said to be a distribution function if it is non-decreasing and left 

continuous with inf teR F(t) = 0, swp teR F(t) = 1. 

Let S> + the set of all distribution functions, while H £ 3> + will always denote the specific distri¬ 
bution function defined by 


m 


0, if t < 0, 
1, if t > 0. 


A mapping A : [0,1] x [0, 1] —>• [0, 1] is called a triangular norm (for short, a t-norm) if the following 
conditions are satisfied: (a, 1) = a; (a, b) = (6, a); a > b, c > d => (a, c) > (b, d); (a, (6, c)) = ((a, 6), c). 


Definition 1.1 [11] A t-norm is said to be of H-type if the family of functions {A m (t)} mgi/ p- is e- 
quicontinuous at t = 1, where A 1 (t) = A(t, t), A m {t) = A (t, A= 1, 2, • • ■ , t £ [0, l](A°(f) = 
t). 


Definition 1.2 [12] A fuzzy metric space in the sense of Kramosil and Michlek (briefly, a KM-fuzzy 
metric space) is a triple ( X , M, A) where A is a nonempty set, A is a t-norm and M is a fuzzy set on 
X 2 X [0, oo) satisfying the following conditions for all x, y, z £ X ands , t > 0: 

(FM-1) M(x,y, 0) = 0; 


(FM-2) M(x, y, t.) = 1, for t > 0 if and only if x = y\ 

(FM-3) M(x,y,t ) = M(y,x,t ); 

(FM-4) M(x, z,t + s) > A (M(x,y,t), M(y, z, s)); 

(FM-5) M(x,y ,) : & + —>• [0,1] is left continuous. 

Lemma 1.1 [1] If (X,M, A) is a KM-fuzzy metric space satisfying the condition: 
(FM-6) lim^oo M(x, y, t) = 1 for all x, y £ X, 
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then (A, F, A) is a Menger space, where F is defined by 


Fx,y(t ) 


M ( x , y, t), if t > 0, 
0 , if t< 0. 


( 1 . 1 ) 


On the other hand, if (A, M, A) is a Menger space, then (A, M, A) is a KM-fuzzy metric space 
with (FM-6), where M is defined by M(x,y,t) = F x . y {t) for t > 0. 


Definition 1.3 [1] Let (A, M, A) be a complete KM-fuzzy metric space with a t-norm A of H-type, 
T : A —y A be a mapping satisfied 


M(Tx,Ty,p(t)) > M(x,y,t) V i, y G A and f > 0 (1.2) 

where p G <3?^. Then T is said to be a fuzzy (^-contraction. 

Lemma 1.2 [1] Let (A, M, A) be a complete KM-fuzzy metric space with a t-norm A of Id- 
type, T : A —>• A be a mapping satisfied (1.2). Suppose that there exists some xo € A such that 
lim^oo M(xo, Txo, t) = 1. Then T has a unique fixed point x* in Yq = {'!J G A| lim^oo M(xo,y,t) = 
!}■ 

In Fang [1] has given the definition of fuzzy (^-contraction and obtained some fixed point theorems 
in KM-fuzzy metric spaces. In this paper, we also obtain some fixed point results in KM-fuzzy metric 
spaces by cocerning nonliner contractions. 


2 Fuzzy (ip, e — A)-contractions 

In this section, we give the definition of fuzzy (tp, e — A)-contraction in KM-fuzzy metric spaces and 
obtain some fixed point theorems. 

Definition 2.1 Let (A, M, A) be a KM-fuzzy metric spaces. A mapping T : X —> A is called a 
fuzzy contraction of (e — A)-type, if for some k G (0,1), 

M(x, y, e) > 1 — A => M(Tx,Ty, ke) > 1 — kX, Ve > 0, VA £ (0,1). 

More generally one defines the concept of fuzzy (tp, e — A)-contraction. 

Definition 2.2 Let (A, M, A) be a KM-fuzzy metric spaces and p € <F U ,. A mapping T : A —>• A 
is said to be a fuzzy (p, e — A)-contraction if the following implication holds: 

M(x,y,e ) > 1 —A => M(Tx,Ty,<p(e)) > Ve > 0,VA G (0,1). (2.1) 

Theorem 2.1 Let (A, M, A) be a KM-fuzzy metric space with A of H-type and p : [0, oo) —>• [0, oo) 
be a function with the properties: 
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i) ¥>((0,1)) C (0,1); 

ii) lim^oo p n (t. ) = 0, V t > 0. 

Then every fuzzy (p,£ — A)-contraction on X have a unique fixed point. 

Proof We show that every fuzzy (p,£ — A)-contraction T : X —>• X with p satisfying i) and ii)is a 
fuzzy (^-contraction. 

Indeed, let us assume by contradiction that T is a fuzzy (p, e — A)-contraction, but it is not a 
fuzzy (^-contraction. Then M(Tx,Ty,p(t )) < M(x,y,t ), for some x,y G X. t > 0, and p(X) > 
1 — M(Tx,Ty,p(t)), for every A G (1 — M(x,y,t), 1). In particular 

<p( A) > 1 - M(Tx,Ty, p(t)), VA G (1 - M(Tx,Ty,<p(t)), 1). 

Let a = 1 — M(Tx,Ty,p(t)). From M(Tx,Ty,p(t )) < M(x,y,t), it follows that a > 0 and from 
i) we obtain 0 < a < 1. Hence <^((0,1)) C (0,1), which contradicts ii). 

By Lemma 1.2, it follows that T have a unique fixed point. 

If the assumption p((0, 1)) C (0,1) in Theorem 2.1 is replaced by the stronger condition ip(t) < 
t,Vt G (0,1), we can consider <p G 

Theorem 2.2 Let (X , M, A) be a KM-fuzzy metric space with A of H-type and cp : [0, oo) —>• [0, oo) 
be a function with the properties: 

i) p : [0, oo) —>• [0, oo) ; 

ii) p€$ w . 

Then every fuzzy (p,£ — A)-contraction on X have a unique fixed point. 

For the proof it suffices to see that any fuzzy ( p , e — A)-contraction T satisfying i) is a fuzzy p- 
contraction: if we suppose that M(Tx, Ty , p(s)) < M(x, y, s) for some i,|/Gl, £ > 0, then we reach 
a contradiction by choosing A G (0,1) such that M(Tx,Ty,p(£)) < 1 — A < M(x,y,£). 

3 Fuzzy (</?, ^-contractions 

Definition 3.1 Let (X,M, A) be a KM-fuzzy metric space and b n be an increasing sequence in 
(0,1) converging to 1. A mapping T : X —>• X is called a fuzzy 6 n -contraction if 

(Vn G jV, 3k n G (0,1), Vx, y G X, t > 0) M(x, y, t) > b n =$■ M(Tx,Ty, k n t) > b n . 

As a natural extension, we introduce the notion of fuzzy ( p , 6„)-contraction. 
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Definition 3.2 Let (X,M, A) be a KM-fuzzy metric space and b n be an increasing sequence in 
(0,1) converging to 1, ip : [0, oo) —> [0, oo) be a given function. A mapping T : X —>• X is said to be a 
fuzzy (ip, 6„)-contraction if 

(Vn £ jV,^ x, y £ X, t > 0) M(x, y, t) > b n =$■ M(Tx , Ty, <p(t)) > b n . (3-1) 

Lemma 3.1 Let (X,M, A) be a KM-fuzzy metric space and T be a fuzzy (ip, 6 n )-contraction 
on X with ip £ <fv Let xq £ X and (x n ) n C X be defined by x n+ \ = Tx n for n £ ML Then 
lim, woo M(x n ,x n+ i,t) = 1 for all t > 0. 

Proof Let t > 0 and e £ (0, 1) be given, m £ jV be such that b m > 1 — s. 

By the definition of fuzzy metric spaces, there exists s > 0 such that M(xq, x\,s) >b m . As ip £ <1?^, 
there exists r > s with lim n _ ) . 00 <p n (r) = 0. By the monotonicity of M(x, y, •), we get M(xq, x\,r ) > b m 
and, inductively, 

M(x n ,x n+1 ,tp n (r)) > b m , Mn £ ML 

Let no £ jV such that ip n (r) < t for n > no- Then 

M(x n ,x n+ i,t) > M(x n ,x n+ i,ip n (r )) >b m > 1- e, Vn > n 0 . 

So lim n _ ) . 00 M(x n , x n+ i, t) = 1, concluding our proof. 

In Theorem 3.3 of Mihet [2], the t-norrn is releated to the sequence (b n ) n . Now, we consider A is 
an arbitrary t-norrn of H-type, whether the conclusion of Theorem 3.3 in [2] remain holds? we can see 
the following consequence. 

Lemma 3.2 [2] Let (A, F, A) be a probabilistic metric space and T be a probabilistic (ip, b n )~ 
contraction on X with p £ Let xq £ X and (x n ) n C X be defined by x n+ \ = Tx n for n £ jV. 
Then lim, woo F XnjXn+1 (t ) = 1 for all t > 0. 

Lemma 3.3 [1] Let (X, M, A) be a KM-fuzzy metric space, where the t-norm A is continuous at 
(1,1). Suppose that there exists xq,x\ £ X such that lim^oo M(xq, x\, t) = 1. Define Yq = {y £ 
X\ lirn^oo M(x o, y, t ) = 1}. Then (Yo, F, A) is a Menger space, where F defined by (1.1). If (A, M, A) 
is complete, then (Yq, F, A) is a Menger space. 

Theorem 3.1 Let (X,F,A) be a complete Menger PM space with a t-norm of H-type, and 
T : A —>• A be a probabilistic (ip, 6 n )-contraction, where b n £ (0,1) and lim n _ > , 00 b n = l,and ip £ 
Then T is a Picard mapping. 

Proof Because of in whole proof of Theorem 3.3 in [2], t-norm only be used to show that x n is a 
Cauchy sequence, so we only need to prove x n is a Cauchy sequence under the condition of Theorem 

3.1. 
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For given e > 0, by (PM-4) we get 

F x „,x n+P (t ) > A(F XntXn+1 (~), A(F Xn+ljXn+2 (~), ■ ■ ■ , F Xn+p _ ljXn+p (-))), for x G X. 

By Lemma 3.2, we know lim^oo F XntXn+1 (t) = 1, for t > 0,n € Mb Therefore, F XnjXn+p (t) -* 
l,n —>• oo, for n,p € jF ,t > 0, so the sequence (x n ) n is a Cauchy sequence. 

In fact, above Theorem improve the Theorem 3.3 in Mihet [2], at the same time, the reader could 
find in this Theorem a way of addressing the recent open question posed by Mihet in [2. open question 
2 ]- 

Theorem 3.2 Let (X , Af, A) be a complete KM-fuzzy metric space with a t-norm A of H-type, 
T : X —> X be a fuzzy ( 99 , ^-contraction, where ( b n ) n C (0,1) and lim n _ ) . 00 b n = 1, <p € Suppose 
that there exists some xo G A such that lim^oo Af (x 0 , Txq, t) = 1. Then T has a unique fixed point 
x* in Yq = {y G X\ lim^oo M(xq, y, t) = 1}, and {T n (yo)} converges to x* for each yo € Yq. In 
particular, {T n x 0 } converges to x*. 

Proof We dehne a mapping F : Yq x To —■> S> + by (1.1). Since ( X , Af, A) be a complete KM-fuzzy 
metric space and there exists some xq € A such that lim^oo M(xq, Txq, t) = 1, by Lemma 3.3 we 
know that (Yq. Af, A) is a complete Menger space. 

We can prove that (3.1) implies that 

M(Tx, Ty,t) > b n . (3.2) 

In fact, since (p € for each t > 0, there exists r > t such that ip(r) < t and M(x. y, r ) > b n . By 
definition of fuzzy (tp, 6„)-contraction, we get 

M(Tx,Ty,t ) > M(Tx,Ty,<p(r )) > b n . 

It is not difficult to prove that T is a self-mapping on Yq. In fact, if y G Yq. then lirn^oo Af (xq, y, |) = 
1. By the hypothesis M(xq,Txq, |) = 1. In addition, using (FM-4), we get 

M(x 0 ,Ty,t ) > A(Af (x 0 , Tx’o, ^), Af (Tx 0 , Ty, ^)) > A(M(x 0 ,Tx 0 , ^),b n ). 

Let n —>• 00 , t —>• 00 in the above inequality. From the continuity of A at (1,1), we obtain 
lim^oo M(xo, Ty, t) = 1. i .e.,Ty G To- This show that T is a mapping of Yq into itself. 

Clearly (3.1) implies that 

F Xi y(t) >b n ^ F TX:Ty ((p(t)) > b n , for x, y G Y 0 , t > 0 and n G JV , 

where F 1 is defined by (1.1). This show that T is a probabilistic (tp, 6 n )-contraction in (Yq, F, A). Thus, 
by Theorem 3.1, we conclude that T has a unique fixed point x* in Yq, and (T n (yo)} converges to x* 
for each yo € To- In particular, {T n xo} converges to x*. This complete the proof. 
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4 An example 


Example 4.1 Let X = [0, oo) and M(x,y,t ) = for all x, y € X and t > 0. Then 

(X,M,A p ) is a complete KM-fuzzy metric space. Let Tx = | for x € X, <p(t) = | for f > 0. Define 
function b n = n € MG 


It is easy to see that ( b n ) n C (0,1), lim^oo b n = 1, ip £ 


T is a fuzzy (</?, 6„)-contraction on X. 


In fact, since M(x,y,t) > b n , so 


M(Tx, Ty, ip(t)) = M(|, |) 


min{|,|} 
max{|, |} 


minjx, j/} > 
maxjs, y} — 


By the Theorem 3.2, we know T has a unique fixed point. And 0 is the unique fixed point of T. 
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ON SUBCLASSES OF ANALYTIC FUNCTIONS 
WITH FIXED SECOND COEFFICIENTS 

A. Y. LASHIN 1 AND F.Z. EL-EMAM 2 


Abstract. Let A be the class of analytic functions in the open unit disc U 
with normalization /(0) = / (0) — 1 = 0. The purpose of the present paper is 
to obtain several sufficient conditions of starlikeness and strongly starlikeness 
for some subclasses of A with fixed second coefficients that satisfy certain 
conditions for the quotient of the representations of convexity and starlikeness. 


AMS (2010) Subject Classification. 30 C45. 

Key Words. Univalent functions, Starlike functions, Convex functions, Strongly 
starlike functions, Fixed second coefficients. 


1. Introduction 


Let A denote the class of all functions / which are analytic in the open unit disc 
U = {z : \z\ < 1} and normalized by the conditions /(0) = / (0) — 1 = 0. Further 
let 

V(*)' 


S*(a) := < f £ A :^St 


f(z) 


> a, 0 < a < 1, z £ U , 


and 


S(a) :=< f £ A : 


arg 


zf'(z) 

m 


< a —, 0 < a < 1 , z £ U 


be the subspaces of A consisting of starlike functions of order a and strongly starlike 
functions of order a, respectively. Note that S*(0) = S’(l) = S* is the well-known 
space of normalized functions starlike (univalent) with respect to the origin, we 
denote by K, the family of all convex functions in U defined as: 


K:= lf£ A: f (0)^0, 3?(1 + ^AM)>0, 


z£U 


In m Silverman investigated an expression involving the quotient of the analytic 
representations of convex and starlike functions. Precisely, for 0 < b < 1 he consid¬ 
ered the class 


G b := 


f £ A: 


l + zf"(z)/f'(z) 
zf{z)/f(z) 


z £ U 


and proved that G b C S , *(2/(l+-\/l + 86). Obradovic' and Tuneski in m improved 
this result by showing G b C S*(h(z)) C S*( 2/(l+Vl + 86), where h{z) = 1/(1 +bz). 
Tuneski in m gave a sufficient conditions for a function / £ G b to be in the 
class S*( l+gz ) and its subclasses, where — 1 < B < A < 1. Sokol in m gave a 
generalization of main theorem contained in P3| . Further Obradovic and Owa 0, 
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Nunokawa ®w and Kamali [3] obtained a sufficient conditions for starlikeness of 
functions which satisfies a certain conditions for the modulus of 


1 + zf"(z)/f'(z) 

zf'(z)/f(z) 


Let A(/3) consists of analytic functions / £ A of the form 
(1-1) f(z) = z +/3z 2 + a 3 z 3 + ..., 


where the second coefficient (3 £ C (C the complex plane) is fixed constant. Several 
authors have investigated functions with fixed second coefficient and these include, 
for example, by Ali et al. mm and Nagpal and Ravichandran [5|. In this paper, 
we prove several sufficient conditions for starlikeness and strongly starlikeness of 
some subclasses of A with fixed second coefficients that satisfy certain conditions 
for the quotient of the representations of convexity and starlikeness . 

To derive our main theorem, we need the following lemma due to Kwon [4], 
which is an extension of a very popular lemma of Nunokawa [5]. 

Lemma 1 . Let p{z) = 1 + (3z + P 2 Z 2 + ... be analytic in U, and p(z) 7 ! 0 (z £ U). 
If there exists a point Zq £ U, such that 


|arg {p{z))\ < for \z\ < \z 0 \ 


and 


|arg (p(zo))| = ^ot (a > 0) 


then we have 



where 


( 1 . 2 ) 


k 


k 



with {p(zo)} a = ±ia. 


2. Main Results 

Theorem 1. If f £ A(/3 ) defined by 0 satisfies 



where 


5 = 


2 


arctan 


4?ysin (71(1 — 77)/2) 


(2 + |/ 3 |) (1 — 77)2 1 1 ^(l + 77) I(H-^) 4- 477COS ( 7 r(l 77)/ 2 ) 


then we have 
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Proof. Let p{z) = = 1 + 0z +P 2- 2 + •••, then we have 

zp(z) = 1 + zf"(z)/f'(z) 
p 2 (z) zf{z)/f(z) 

If there exists a point z 0 £ U, such that 

|arg(p(z))| < ^77 for |z| < |z 0 | and |arg (p(z 0 ))\ = (77 > 0), 

then from Lemma |TJ for the case arg (p(zq)) = 177 , 


arg 


1 + z 0 f" (z 0 )/f' (zo) 
zof{zo)/f(z 0 ) 


= arg 1 + 


= arctan 


Zop'(z 0 ) 

P 2 {zo) 


= arg 1 + — 


ipk 


{ia) r . 






1 + C0S 


(^)y 


Since ^ > 2 +\/ 3 \ ( fll V + a 1 *0 • Now, we define a function g : ( 0 , 00) —> R by 
g(a) = a 1 ~ ri + a~ 1_T? , then g (a) = 2 *~+ 2 (a 2 — ■ Hence g(a) takes the mini¬ 


mum value at a = ( * . Therefore ^ > tttti 


we have 


arg 


\1-77 7 


1 + z of {z 0 )/f (~o) 


a’l - 2 +|/ 3 | 


(iS) 






5(1+77) 


.Thus 


zof(zo)/f(zo) 


( 


> arctan 


= arctan 


2 y 

2+1/31 


(£?) 


5(1-77) 


+ 


(h?) 


5 ( 1 + 7 ?) 


sln (£l+Sl) \ 


1 + 


2+1/31 


(S) 


5 ( 1_ Tl) 


(h?) 




COS 


(^) 


477 sin (71(1 — 77)/2) 


(2 + |/?|) (1 — 77)2H ^(1 +77)2( 1 +I 7 ) +477cos ( 7 r(l — 77)/ 2 ) 




This contradicts our condition in the theorem. For the case p(zo) = (—ia) ?7 (a > 0 ), 
using the same method, we can obtain a contradiction to the assumption. □ 

Theorem 2. If f £ H(/3) defined by satisfies 


( 2 . 1 ) 

£/ien me ZiaT/e 

( 2 . 2 ) 

Proof. Letting 
( 2 . 3 ) 


1 + .-/ (2l)//(2l) 


zf'(z)/f(z) 


- 1 


< 


1 + 


f{z)/zf (z) - 1 


<1 or 5ft 


*/(*) 

/(-) 


> 0. 


/(*) 

*/'(*) 


- 1 = 


1 -.p(~) 

1 + p(~)’ 
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we know that p{z) = 1 + 2 /3z+P2Z 2 + analytic in U, P( 0 ) = 1 , P(z) ^ 0 (z £ U) 

and 

/(*) 2 


zf'(z) 1 +p{z) 


Furthermore, we have 

1 +zf"(z)/f'(z) 


= 1 + 


, zeU. 


2 p zp (z) 


zf'(z)/f(z) ~ ' (1 +p{z)) 2 P{z) 

Suppose that there exists a point zq € U , such that 

ft(p(z)) > 0 for | z | < |« 0 | and ft(p(z 0 )) = 0. 
Then applying Lemma [l] we have, 

zop'(zo) 


P(zo) 


where k is real number and 
1 


k 


1 + 


1 

a H— 
a 


= ik, 


when p(zo) = ia (a > 0), 


( 2 . 4 ) 


k < — 


1 + 


1 


a H— when p(zo) = —ia (a > 0). 


It follows that 


/ 1 + zpf (z 0 )/f (zp) \ 

' ^ z 0 f'(z 0 )/f(z 0 ) ) 

Moreover, we have 


+2afc 

(1 ± ia ) 2 


+2afc(l — a 2 ) 
(1 + a 2 ) 2 ' 


zof "(zo)/f'(z 0 ) _ \ _ 4 a 2 k 

zof'(zo)/f(zo) 


(1+a 2 ) 2 


Therefore by ( 2 . 4 ) we have, 


zof"(zo)/f'(z 0 ) 


zof'(z 0 )/f{z 0 ) 


- 1 


= 3 ? 


zof" (z 0 )/f\z 0 ) 


X zof{z 0 )/f(zo) 

+ ^3 ^ z of"(zo)/f'{z 0 ) 

4 a 2 k 2 


- 1 


Zof(zo)/f(z 0 ) 

4 


- 1 


> 


(1 + a 2 ) 2 (1 + |/ 3 |) 2 ' 


This contradicts the hypothesis ( 2 . 1 ) and therefore, we have (ft {p{z)} > 0 for |z| < 
1 . or 


1 ~p{z) 


1 +p(z) 


< 1 for \z\ < 1 . 


Therefore, by ( 2 . 31 so we obtain It completes the proof of Theorem [ 2 j □ 

Theorem 3 . If f £ A(/ 3 ) defined by 0 satisfies 


( 2 . 5 ) 


zf ( z)/f (z) 


zf(z)/f(z)-l 


< 1 + 


1 + 1 / 31 J ’ 
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5 


then we have 

( 2 . 6 ) 

Proof. The following equation 
(2.7) 


zf ( z)/f(z) - 1 


< 1 


zf (z) _ 1= 1 ~p(z) 


f(z) 1 + p(z)' 

Defines the function p(z) = 1 — 2 f3z + p 2 z 2 + analytic in U, P( 0) = 1, P(z) ^ 

0 (z € U). Then it follows that 

zf\z) 2 


f{z) 1 +p{z) 


Furthermore, we have 


zf"(z)/f'(z) 


= 1 - 


, zeU. 


V zp (z) 


zf'(z)/f{z)-l 1 -p{z) p(z) 

If there exists a point z 0 £ U, such that 

5 i(p(z)) > 0 for \z\ < \zq\ and $t(p(zo)) = 0, 
then Lemma [I] gives that, 

zoP(zq) 


P(z o) 


= ik, 


where the real number k is given by (2.4) and p(zo) = ±ia ( a > 0). It follows that 


3? 


zof"(zo)/f'(z 0 ) 

zof'(zo)/f(z 0 ) - 1 


= R 1± 


ak 


(1 =F ia) 


= 1 ± 


ak 


1 +a 2 r 


and 


zof ' (z 0 )//(z 0 ) \ _ a 2 k 
Zof(z 0 )/f(z 0 ) - 1 ) 1 + a 2 ' 


Therefore, 


zof"{z 0 )/f'{z 0 ) 


zof'(z 0 )/f(z 0 ) - 1 


, , 2afc 2 . 

= 1± ttif + (1+ “ ) 


ak 


1 + a" 


By (2.4) we get 


z 0 f"(z 0 )/f'(zo) 


zof(z 0 )/f(z 0 ) - 1 


> 1 


+ TTUl +<1 + “ 2) (tT pf) 


> 1 + 


1 


This contradicts the hypothesis (2.5). And the proof completed as in Theorem 

□ 


1 

Theorem 4. If f £ A(f3 ) defined by satisfies 


( 2 . 8 ) 


3t 1 + 


zf' (z) 
f'(z) 


> 2(1 + 


Zf (z) 


f'(z) 


1204 


LASHIN ET AL 1200-1207 


































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


A. Y. LASHIN 1 AND F.Z. EL-EMAM 2 


then we have 

(2.9) a(/») 

Proof. We define the function p(z) by 


> 0 


( 2 . 10 ) 


/ (*) = 


2 p(z) 


1 +P{z)' 

Then we see that p(z) = 1 +4 f3z + P 2 Z 2 + ..., is analytic in U,P( 0) = 1, P{z) 7 ^ 
0 (z GU). If there exists a point zo G U, such that 

3 %(p{z)) > 0 for \z\ < |^oI and $t(p(zo)) = 0 . 

Then applying Lemma [lj for the case p{zq) = ia and a > 0, we have 

zoP(z 0 ) 


( 2 . 11 ) 

where k is real number and 
(2.12) k > 

The calculations give 


P(zo) 

1 


= ik, 


1 

a + - 
a 


1 + 


Zo/ 


1 + 2 | 0 | 

f"(z0) 1 I ZQ V (zo) /1 _ p(zo) \ 

'{z 0 ) _ p(z 0) V !+p( 2 0) J 


Zo/" (zo) 


zop'(zo) f 

1 p(z0) A 

/'(«0) 


p(z0) V 

l+p(zo) J 


Therefore, by (|2.11|) and (|2. 12), we have 


1 


3 ? 


Zo/ (zo) 

/'(z 0 ) 


zq/"(zq) 

/'(zo) 


= 3? 


\/l + a 2 / (1 + a 2 ) + ak 


< 


\k\ 

VT 


1 + a 2 


(k > 0) 


2(1 


1 + 2 |/ 3 | 


(a + ~) \/l + a 2 VTTi 


< 2(1 + 


This contradicts the hypothesis (2.8) and therefore, we have 
(2.13) 3?(p(z)) > 0 for \z\ < 1. 

Applying the same method as above, for the case p(zo) = — ia and a > 0, we can 
obtain, 


3? 


1 + s 7+r 

Vl + a 2 

/ (1 + a 2 ) — ak\ 


2 o/"(zo) 
/'(z 0 ) 


1*1 

l 1 + a 2 J 


(k < 0) 


Vl 


\k\ 


VT 


< 2(1 + 


This contradicts the hypothesis (2.8) , So we have (2.13). Furthermore, 

2 p(z) 


*m)-* 


1 +p(z) 


> 0 (see [13]) 
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It completes the proof . 


□ 


/W 



V /W 7 

/ V 4 / 

f(z) 


Theorem 5. If f £ A(/3) defined by (1.1) satisfies 

(2.14) 3? 

then we have 

(2.15) 

Proof. The following equation 

(2.16) 


3? 


/(*) 


> 0 


/(*) 


= p{z). 


Defines the function p(z) = 1 + j3z + P 2 Z 2 + ..., is analytic in U, P( 0) = 1, P(z) ^ 
0 (z GU) . If there exists a point z 0 £ U , such that 

3f i(p(z)) > 0 for \z\ < |^o| and 3 %(p(z 0 )) = 0. 

Then applying Lemmajl] for p(zo) = ±ia and a > 0, we have 

zoP (z 0 ) 


(2.17) 


p{z 0 ) 


= ik. 


where the real number k is given by (1.2). The calculations give 


zp / (-So) 

/(z 0) 


1 + 


ZQ P (Zp) 

p(zo) 


ZQ/ (Zp) _ 1 

/(z 0) 



zop'(zo) 


p(z0) 


1 + ik 

~W' 


Therefore, by (2.17) and (1.2), we have 


3 ? 


ZQ/ (Zp) 

/(z 0) 


zo/'(zq) 

/(z 0) 


- 1 


1 a 


< 


2 + 


This contradicts the hypothesis (2.14) and therefore, we have 

3 %(p(z)) > 0 for \z\ < 1. 


□ 
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Abstract 

The purpose of this article is to establish a kind of non-convex hybrid iteration 
algorithms and to prove relevant strong convergence theorems of common fixed points 
for a uniformly closed asymptotically family of countable quasi-Lipschitz mappings 
in Hilbert spaces. We establish a new non-convex hybrid algorithm and prove strong 
convergence theorem of common fixed points for a uniformly closed asymptotically 
family of countable quasi-Lipschitz mappings in the domains of Hilbert spaces. 

2010 Mathematics Subject Classification: 47H05, 47H09, 47H10 

Key words and phrases: hybrid algorithm, nonexpansive mapping, quasi-Lipschitz 
mapping, quasi-nonexpansive mapping 


1 Introduction 

In mathematics, a fixed point theorem is a result saying that a function / will have at 
least one fixed point (a point x for which f(x) = x ), under some conditions on / that can 
be stated in general terms [3]. Results of this kind are amongst the most generally useful 
in mathematics [7]. 
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The Banach fixed point theorem gives a general criterion guaranteeing that, if it is 
satisfied, the procedure of iterating a function yields a fixed point [6]. By contrast, the 
Brouwer fixed point theorem is a non-constructive result: it says that any continuous 
function from the closed unit ball in n-dimensional Euclidean space to itself must have 
a fixed point [24] but it doesn’t describe how to find the fixed point (See also Sperner’s 
lemma). For example, the cosine function is continuous in [—1,1] and maps it into [—1,1], 
and thus must have a fixed point. This is clear when examining a sketched graph of the 
cosine function; the fixed point occurs where the cosine curve y = cos(.x) intersects the 
line y = x. Numerically, the fixed point is approximately x = 0.73908513321516 (thus 
x = cos(.x) for this value of x). The Lefschetz fixed point theorem [11] (and the Fenchel- 
Nielsen fixed point theorem) [4] from algebraic topology is notable because it gives, in 
some sense, a way to count fixed points. There are a number of generalisations to Banach 
fixed point theorem and further; these are applied in partial differential equation theory. 
See fixed point theorems in infinite-dimensional spaces. The collage theorem in fractal 
compression proves that, for many images, there exists a relatively small description of 
a function that, when iteratively applied to any starting image, rapidly converges on the 
desired image [1]. 

Fixed point theory of special mappings like nonexpansive, asymptotically nonexpan- 
sive, contractive and other mappings is an active area of interest and finds applications 
in many related fields like image recovery, signal processing and geometry of objects [23]. 
From time to time, some versions of theorems relating to fixed points of functions of spe¬ 
cial nature keep on appearing in almost in all branches of mathematics. Consequently, we 
apply them in industry, toy making, finance, aircrafts and manufacturing of new model 
cars. For example, a fixed point iteration scheme has been applied in intensity modu¬ 
lated radiation therapy optimization to pre-compute dose-deposition coefficient matrix, 
see [22], Because of its vast range of applications almost in all directions, the research in 
it is moving rapidly and an immense literature is present currently. 

The Construction of fixed point theorems (e.g., Banach fixed point theorem) which 
not only claim the existence of a fixed point but yield an algorithm, too (in the Banach 
case fixed point iteration x n+ \ = f(x n )). Any equation that can be written as x = f(x) 
for some map f that is contracting with respect to some (complete) metric on X will 
provide such a fixed point iteration. Mann’s iteration method was the stepping stone in 
this regard and is invariably used in most of the occasions see [?]. But it only ensures 
weak convergence, see [5] but more often then not, we require strong convergence in many 
real world problems relating to Hilbert spaces, see [2]. So mathematician are in search 
for the modifications of the Mann’s process to control and ensure the strong convergence, 
(see [10,15,17-20], and references therein). 

First noticeable modification of Mann’s Iteration process was suggested by Nakajo 
and Takahashi [16] in 2003. They introduced this modification for only one nonexpansive 
mapping in the context of Hilbert spaces where as Kim and Xu [9] introduced a vari¬ 
ant for asymptotically nonexpansive mapping in the same context in 2006. In the same 
year Martinez-Yanes and Xu [14] introduced a variant of the Ishikawa Iteration process 
for a nonexpansive mapping. They also gave variant of Halpern iteration method. Su 
and Qin [21] proposed a monotone hybrid iteration process for nonexpansive mapping 
in a Hilbert space. Liu et al. [12] proposed a novel iteration method for finite family of 
quasi-asymptotically pseudo-contractive mapping in the realm of Hilbert spaces. Guan et 
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al. [ 8 ] established the first non-convex hybrid algorithm and proved some strong conver¬ 
gence results relating to common fixed points for a uniformly closed asymptotic family of 
countable quasi-Lipschitz mappings in H. 

In this article, we establish a non-convex hybrid algorithms corresponding to Picard 
iteration scheme. Then we also establish strong convergence theorem of common fixed 
points for uniformly closed asymptotically family of countable quasi-Lipschitz mappings 
in Hilbert spaces. Applications of this algorithm is also given. 


2 Preliminaries 

Let H be the fixed notation for a Hilbert space and C be a nonempty closed convex subset 
of H. First we recall some basic definitions that will accompany us throughout this paper. 

Let P c (-) be the metric projection onto C. A mapping T : C —> C is said to be 
nonexpensive if || Tx — Ty\\ < \\x — y || for all x,y 6 C. And T : C —> C is said to be 
quasi-Lipschitz if Fix(T ) / f> and For all p € Fix(T ), || Tx — p\\ < L\\x — p ||, where L is a 
constant 1 < L < oo. 

If L = 1, then T is known as quasi-nonexpansive. It is well-known that T is said to be 
closed if for n —> oo, x n —> x and || Tx n — x n \\ —> 0 implies Tx = x. T is said to be weak 
closed if x n —>■ x and ||T.T n — x n \\ —> 0 implies Tx = x as n —► oo. It is admitted fact that 
a mapping which is weak closed should be closed but converse is no longer true. 

Let {T n } be a sequence of mappings having the nonempty fixed points set F. Then 
{T n \ is defined to be uniformly closed if for all convergent sequences {z n } C C with 
conditions || Tnz n — z n \\ —> 0, n —> oo implies the limit of {z n } belongs to F. 

Definition 2.1. Let C be a closed convex subset of a Hilbert space // and let {T n } be a 
family of countable quasi-L n -Lipschitz mapping from C into itself. Then {T„} is said to 
be asymptotic if lim^oo L n = 1. 

Lemma 2.2. Let C be a non-empty closed subset of a Hilbert space H. For x £ H and 
z £ C, z = Pcx if and only if we have (x — z, z — y) >0 for all y 6 C. 

Lemma 2.3. ([8]) Let C be a closed convex subset of a Hibbert space H and let {T n } be 
a uniformly closed asymptotically family of countable quasi-L n -Lipschitz mapping from C 
into itself. Then the common fixed point set F is closed and convex. 

Lemma 2.4. Let C be a closed convex subset of a Hilbert space H, for any given x £ H. 
Then we have p = Pcx o if and only if (p — z, xq — p) >0 for all z £ C. 

3 Main Results 

This section contains main results. 

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H and let {T n } be 
uniformly closed asymptotically family of countable quasi-L n -Lipschitz mappings from C 
into itself. Suppose that a n £ (0, 1], and fi n £ [0, 1] for all n £ N. Then {x n } generated 
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by 


xq G C = Qo, choosen arbitrarily, 

Vn = T n z n ^ n 0, 

Z n — (1 OLfijTnXn Qn'I'ntn') ^ 0, 

< tn = (1 fin) fin-Tn^m ^ ^ O 5 

C n = {zeC: ||y n - z|| < L%( 1 + (L n - l)a n /3 n )||x n - z||} flA, n > 0, 

Qn — {■£ £ Qn—1 • (-Til .To T n ) 0}, Tl 1, 

„ x 'n+l = ^coCnriQn-TO 

converges strongly to Pfx o, where cdC n denotes the closed convex closure of C n for all 
n > 1 and A = {z € H : \\z — Pfx o|| < 1}. 

Proof. We give our proof in following steps. 

Step 1. We know that coC n and Q n are closed and convex for all n > 0. Next, we 
show that Fflic coC n for all n > 0. Indeed, for each p G F n A, we have 

\\Vn P\\ = \\T n Z n -p\\ 

= ||T n [(l - a n )T n x n + a n T n t n \ - p\\ 

= \\T n [(l - a n )T n x n + a n T n (( 1 - j3 n ) + f3 n T n x n )\ - p\\ 

= ||(1 - a n Pn)(T%x n -p) + (a n Pn)(T^x n )\\ 

< (1 - a n p n )\\T 2 x n -p\\ + (a n /3 n )\\T^x n \\ 

= L 2 n { 1 + ( L n - l)a n (3 n )\\x n - p\\ 

and p G A, so p G C n which implies that FnA C C n for all n > 0. therefore, Fnd C cdC n 
for all n > 0 . 

Step 2. We show that F n A C coC n n Q n for all n > 0. it suffices to show that 
F n A C Q n for all n > 0. We prove this by mathematical induction. For n = 0 we have 
F D A C C = Qq. Assume that F D A C Q n . Since T n +i is the projection of xq onto 
coC n n Q n , from Lemma 2 . 2 , we have 


(x n +l - Z, Xn+l - To) <0, \/z G coCn fl Q n 

as FflA C coC n n Q n , the last inequality holds, in particular, for all z G F n A. This 
together with the definition of Q n + 1 implies that F n A C Q n + 1 - Hence the FnA C 
coG„ fl Qn holds for all n > 0. 

Step 3. We prove {x n } is bounded. Since F is a nonempty, closed, and convex subset 
of C, there exists a unique element zq G F such that zo = PfXq ■ From t,„+i = PwC n r\Q n x o> 
we have 

||t„+i - To|| < \\z - To|| 

for every z G cdC n D Q n . As zq G F n A C cdC n n Q n , we get 

||t„+i - to|| < ||^o - Toll 

for each n > 0. This implies that {T n } is bounded. 
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Step 4. We show that {x n } converges strongly to a point of C (we show that {x n } is 
a cauchy sequence). As x n+ \ = PmC n nQ n x o C Q n and x n = Pq u x o (Lemma 2.4), we have 

11 2 -n+i — aroll > \\x n ~ aro|| 

for every n > 0 , which together with the boundedness of ||x n — xo|| implies that there exsists 
the limit of \\x n — xo||. On the other hand, from x n+m G Q n , we have (x n —x n+m , x n —xo) < 
0 and hence 


||*Tn+»n T n || — 11(2-71+771 To) (x n To) || 

— 1 1 T77+777 To|| ||*T n To|| 2 (x n -j- m X n , X n To) 
< \\x n+m - x 0 || 2 - ||.T n - .Toll 2 -> 0, n -1 00 


for any m > 1. Therefore {x n } is a cauchy sequence in C, then there exists a point q G C 
such that lim n _ >0O x n = q. 

Step 5. We show that y n —> q, as n —> 00 . Let 
D n = {z eC : || y n - z\\ 2 < ||T n - z\\ 2 + L*(L n - 1 ){L n + 1)}. 

From the definition of D n , we have 

Dn = {% ^ C ' (Ijn 2? Un %) — (%n H” 1)} 

= {z e c : \\y n \\ 2 - 2 (y n , z) + ||z || 2 < ||x n || 2 - 2(x n , z) + ||z || 2 
+ P^,{L n — 1 )(L n + 1)} 

= {z € C : 2(x n - y n , z) < ||x n || 2 - ||y „|| 2 + L*(L n - 1 )(L n + 1)} 


This shows that D n is convex and closed, n E Z + U {0}. 
Next, we want to prove that C n C D n , n > 0. 

In fact, for any z € C n , we have 


11i /77 - ^|| 2 < [L 2 (l + (L n - l)a n p n )] 2 \\x n - z|| 2 

= ||x n - z\\ 2 L* + L*[2(L n - 1 )a n p n + (L n - l) 2 a 2 /? 2 ] ||x n - z|| 2 
< ||x„ - z\\ 2 + L*[2(L n - 1) + (L n - l) 2 ]||T n - z|| 2 

= ||x„ - z\\ 2 Lf x + L^(L n - 1 )(L n + l)||x„ - z|| 2 . 

From 

C n = {z G C : || y n - z\\ < [L 2 (l + (L n - l)a n (3 n )\\\x n - z||} D A, n > 0 , 


we have C n C A, n > 0. Since A is convex, we also have coC n C A, n > 0. Consider 
x n G coC' ra _ 1 , we know that 

hn - z\\ < \\x n - z\\ 2 L* + L„(L n - 1 )(L n + l)||T n - 2 :|| 2 
< \\x n — z\\ 2 + Lf t (l n — 1 ){L n + 1). 


This implies that z € D n and hence C n C D n , n > 0. Since D n is convex, we have 
cd(C n ) C D n , n > 0. Therefore 

\\yn T77+1 11 T ||T n T n _)_i|| T L n [L n l)(L n 1) * 0 
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as n —» oo. That is, y n —► q as n —► oo. 

Step 6 . We show that q £ F. From the definition of y n , we have 

(IT OinPnTn) \\T n X n T n | — WVn *7-n|| > 0 

as n —> oo. Since a n G (a, 1] C [0,1], from the above limit we have 

lim —> oo|| T n x n — x n \\ = 0. 

n 

Since {T n } is uniformly closed and x n —> q, we have q G F. 

Step 7. We claim that q = zq = Ppx o, if not, we have that ||to — p\\ > ||to — so||. There 
must exist a positive integer N, if n > N then \\xq — x n \\ > ||to — so||> which leads to 

11 SO X n || — 11 SO X n -j- X n .To 11 

— II So X n || T \\x n -To || + 2(so X n , X n To) • 

It follows that [zq — x n , x n — To) < 0 which implies that zq^Q h , so that soGlF, this is 
a contradiction. This completes the proof. □ 

Now, we present an example of C n which does not involve a convex subset. 

Corollary 3.2. Let C be a closed convex subset of a Hilbert space H, and let T be a closed 
quasi-nonexpansive mapping from C into itself. Assume that a n G (0,1] , and f3 n G [0,1] 
for all n G N. Then {x n } generated by 

To G C = Qo, choosen arbitrarily, 

y n = Tz n , n > 0, 

z n — (1 ex n ')Tx n T a n Tt n , n T 0, 

< t n = (1 - (3 n ) + / 3 n Tx n , n > 0, 

C n = {z G C : || y n - z\\ < \\x n - z\\} n A, n > 0, 

Qn — {s G Qn— 1 • {%n S, To X n ) T 0}, H T 1, 

T'n+1 = ^CnnQn^O 

converges strongly to PfXq. 

Proof. Take T n = T, L n = 1 in Theorem 3.1, in this case, C n is convex and closed and , 
for all n > 0, by using Theorem 3.1, we obtain Corollary 3.2. □ 

Corollary 3.3. Let C be a closed convex subset of a Hilbert, space H, and let T be a 
nonexpansive mapping from C into itself. Assume that a n G (0,1], and /3 n G [0,1] for all 
n G N. Then {x n } generated by 

To G C = Qo, choosen arbitrarily, 
y n = Tz n , n > 0, 

Zn — (1 ®-n)Tx n T f x n Tt n , n T 0, 

< t n = (1 - j3 n ) + / 3 n Tx n , n > 0, 

C n = {s G C : || y n - z\\ < \\x n - s||} n A, 

Qn — {s G Qn—1 • (*7-n S, To T n ) T 0}, 

Xn+\ = Pc„nQn X 0 

converges strongly to Pf x o- 


n > 0, 
n > 1, 
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4 Applications 

Here, we give an application of our result for the following case of finite family of asymp¬ 
totically quasi-nonexpansive mappings {T u }^~q. Let 

\\T?x-p\\ < kij\\x-p\\, \/x G C, p G F, 

where F is common fixed point set of {T n limj_> 0 okij = 1 for all 0 < % < N — 1. 
The finite family of asymptotically quasi-nonexpansive mappings {T n }n=o is uniformly 
L-Lipschitz if 

\\T-x - T\y || < L itj \\x-y\\, \/x,y G C 
for all i G {0,1, 2, ...,N — 1}, j > 1, where L > 1. 

Theorem 4.1. Let C be a closed convex subset of a Hilbert space H, and {T n }™l q 1 : C —■> C 
be finite uniformly L-Lipschitz family of asymptotically quasi-nonexpansive mappings with 
the nonempty common fixed point set F. Assume that a n G (0,1], and (3 n G [0,1] for all 
n G N. Then {x n } generated by 

.To G C = Qo, choosen arbitrarily, 

Vn = T l(n) Zn ' n - °> 

z n = {1 - a n )T?^x n + a n T^t n , n > 0, 

< t n = (1 - f3 n ) + p n T^x n , n > 0, 

Cn {z G C ■ ||J/n z\\ 5; k i(n),j(n ) 

(1 + ( h(n),j(n ) - l)ot n P)\\x n - Z ||} l~l A, n > 0, 

Qn — {z G Qn—l . (x n Z , 31o 3? n ) ^ 0}, n ^ 1, 

, x n+1 = -PcoCnnQn^O 

converges strongly to Ppx o, where cdC n denotes the closed convex closure of C n for all 
n > 1, n = (j(n) — 1)1V + i(n) for all n > 0 and 4 = {z G H : \\z — Pfx o|| < 1}. 

Proof. We can drive the prove from the following two conclusions. 

Conclusion 1 a uniformly closed asymptotically family of countable 

quasi-L„-Lipschitz mappings from C into itself. 

Conclusion 2 

F = nJU F(T b ) = where F(T n ) denotes the fixed point set of the map¬ 
pings T n . □ 

Corollary 4.2. Let C be a closed convex subset of a Hilbert space H , and T : C —> C be a 
L-Lipschitz asymptotically quasi-nonexpansive mapping with the nonempty common fixed 
point set F. Assume that a n G (0,1] , and f3 n G [0,1] for all n G N. Then {x n } generated 
by 

.To G C = Qo, choosen arbitrarily, 

y n = T n z n , n > 0, 

z n = (1 - a n )T n x n + a n T n z n , n > 0, 

< t n = (1 - Pn) + PnT n x n , n > 0, 

Cn = {z G C : ||y n - z\\ < k n { 1 + (k n - l)a n P)\\x n - z\\} n A, n > 0, 

Qn — {Z G Qn— 1 • {Xn Z,X o x n) ^ 0}, H 1, 

T x n+\ = PcoC n r\Q n x 0 
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converges strongly to PfXq, where coC n denotes the closed convex closure of C n for all 
n > 1, A = {z € H : \\z — Pfx o|| < 1}. 

Proof. Take T n = T in Theorem 4.1, we get the desired result. □ 
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SOME COMMON FIXED POINT THEOREMS IN 
cj-ORBITALLY COMPLETE MODULAR METRIC SPACES 
VIA C -CLASS FUNCTIONS AND APPLICATION 


BAHMAN MOEINI 1 , ARSLAN HOJAT ANSARI 2 , CHOONKIL PARK 3 * 


Abstract. In this paper, some notions are introduced in modular metric spaces. Next 
some common fixed points are established in w-orbitally complete modular metric spaces 
by employing C-class functions that extend and generalize the results of [10,18]. Finally, 
for usibility of our results an application is provided to show the existence of solutions for 
certain system of integral equations. 


1. Introduction 

In 1976, Jungck [8] initiated a study of common fixed points of commuting mappings. On 
the other hand, in 1982, Sessa [17] initiated the tradition of improving commutativity in fixed 
point theorems by introducing the notion of weakly commuting maps in metric spaces. After 
this, Jungck [7] gave the concept of weakly compatible mappings. 

In 2008, Chistyakov [5] introduced the notion of modular metric spaces generated by F- 
modular and developed the theory of this space. In 2010, Chistyakov [6] defined the notion of 
modular on an arbitrary set and developed the theory of metric spaces generated by modular, 
which are called the modular metric spaces. Recently, Mongkolkeha et al. [11,12] and Parya 
et al. [14] have introduced some notions and established some fixed point results in modular 
metric spaces. See [2,4] for more information on fixed point results. 

In this paper, some notions such as “w-orbit, cu-orbitally complete modular rnetris space, 
w-asymptotically regular mapping” are introduced. Continuation, existence and uniqueness 
results are proved for common fixed points of three self-mappings in u;-orbitally complete 
modular metric spaces via C-class functions. Also, suitable examples are provided to demon¬ 
strate the usability of the hypotheses of our results. Finally, these results are applied to prove 
the existence of solutions of a system of integral equations. 

2. Basic notions 

Definition 2.1. [14] Let A be a vector space over M (or C). A functional p : A —> [0,oo) 

is called a modular if it satisfies the following three conditions: 

(i) p(x) = 0 if and only if x = 0; 

(ii) p(ax) = p(x) for all scalar a with |a| = 1 and x, y E A; 

(in) p(ax + (3y) < p(x) + p(y), whenever a, (3 > 0 and a + /3 = 1. 

If we replace (in) by 

(iv) p(ax + (3y) < a s p(x) + (3 s p(y) whenever a, (3 > 0 and a s + (3 s = 1 with an s E (0,1], 
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then the modular p is called an s-convex modular and if s = 1, then p is called a convex 
modular. 

If p is modular in A, then the set, defined by 

X p = {i G I : p(Ax) —> 0 as A —> 0 + }, 

is called a modular space. X p is a vector subspace of X and it can be equipped with an 
T-norm defined by setting 

)|x|| p = inf{A > 0 : p( —) < A}, x £ X. 

A 

In addition, if p is convex, then the modular space X p coincides with 

X* = {x £ X : 3A = A(x) > 0 such that p(Xx) < oo} (2.1) 

and the functional ||x||* = inf{A > 0 : p(j) < 1} is an ordinary norm on X* which is 

equivalent to ||x|| p (see [13]). 

Let X be a nonempty set and A £ (0, oo). A function uj : (0, oo) xIxIa [ 0 ,oo] will be 
written as uj x (x, y) = uj(A, x, y ) for all A > 0 and x, y £ X. 

Definition 2.2. [5] Let A be a nonempty set. A function ui : ( 0 ,oo) x X x X —> [ 0 , oo] is 

said to be a modular metric on X if it satisfies the following three axioms: 

(i) given x, y £ A, uj x (x, y) = 0 for all A > 0 if and only if x = y; 

(ii) uj x (x,y) = uj x (y,x) for all A > 0 and x,y £ A; 

(in) uj x+p (x, y) < uj x (x, z ) + a ; p (z, y) for all A > 0 and x, y, z £ A. 


If, instead of (i), we have the condition 

( i ') uj\(x,x) = 0 for all A > 0 and x £ A, then uj is said to be a (metric) pseudo modular on 
A. Assume that u satisfies (i'), (in) and 

(i") given x, y £ A, if there exists a number A > 0, possibly depending on x and y, such that 
co\(x,y) = 0, then x = y. Then uj is called a strict modular metric on A. 

A modular (pseudo modular, strict modular) on A is said to be convex if, instead of (in), 
we replace the following condition: 

(iv) lo x+p (x, y) A j^uj x (x, z) + j^u^z, y) for all A, p > 0 and x,y,z £ A. 

Clearly, if tv is a strict modular metric, then w is a modular metric, which in turn implies 
that uj is a pseudo modular metric on A, and similar implications hold for convex oj. The 
essential property of a (pseudo) modular metric uj on a set A is as follows: given x,y £ A, 
the function 0 < A — > uj x (x, y) £ [0, oo] is nonincreasing on (0, oo). In fact, if 0 < p < A, then 
we have 


wa(x, y) < u} X -fj(x, x) + ujp,(x, y) = cu M (x, y). 

It follows that at each point A > 0 the right limit u x+ o(x,y) := lim^+o uj x+e (x, y) and the 
left limit co X -o(x,y) := lim^+o uj X - £ (x, y) exist in [0, oo] and the following two inequalities 
hold: 

u x+ 0 (x,y) < u x (x,y) < u X - 0 (x,y). 

It can be checked that if xq £ A, then the set 


Xu, = {x £ A : lim uj x (x, xo) = 0} 

A—^ oo 


is a metric space, called a modular space, whose metric is given by 

= inf{A > 0 : uo x (x, y) < A} for all x, y £ X u . 
Moreover, if uj is convex, then the modular set A w is equal to 


X* = {x £ A : 3 A = A(x) > 0 such that lj x (x, xo) < oo} 
and metrizable by 

d* = inf{A > 0 : uj x (x, y) < 1} for all x, y £ A*. 
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We know that if X is a real linear space, p : X -A [0, oo) and 


u\(x,y) = p{ 


x-y 

A 


for all A > 0 and x, y E X, 


then p is modular (convex modular) on X if and only if u is modular metric (convex modular 
metric, respectively) on X. 

On the other hand, assume that uj satisfies the following two conditions: 

(i) u\(px, 0) = uj\ (. x , 0) for all A, p > 0 and x E X; 

(ii) oj\(x + z, y + z) = c o\(x, y) for all A > 0 and x,y,z E X. 

If we set p(x) = uj\(x, 0) with (2.1), then X p = X u is a linear subspace of X and the 

functional ||ar|| p = d^(x, 0), x E X p , is an F -norm on X p . If uj is convex, then X* = X* = X p 

is a linear subspace of X and the functional ||x|| p = d* (x, 0), x E X*, is a norm on X*. 

Similar assertions hold if we replace the word modular by pseudo modular. If uj is modular 
metric in X, then the set X u is called a modular metric space. 

By the idea of property in metric spaces and modular spaces, we define the following: 


Definition 2.3. Let X u be a modular metric space. 

(1) The sequence (x' n ) n eN hr X u is said to be w-convergent tor £ X u if 

uj\(x n , x) —> 0 as n —> oo for all A > 0. 

(2) The sequence (x' n ) n eN hr X u is said to be cv-Cauchy if 

w\(x m , x n ) -A 0 as m, n — > oo for all A > 0. 

(3) A subset C of X w is said to be w-closed with if the limit of a convergent sequence of 
C always belongs to C. 

(4) A subset C of X u is said to be oi-conrplete if any cu-Cauchy sequence in C is a 
convergent sequence and its limit is in C. 

(5) A subset C of X w is said to be w-bounded if for all A > 0 

Soj(C) = sup {uj\(x,y)-x,y G C} < oo. 

Example 2.4. Let (X, ||.||) be a norm space. Then a function uj : (0,oo) x X x X —> [0, oo], 
defined by 

u\{x,y) = \\x — y ||, for all x,y G X and A > 0, 

is a modular metric. 


Example 2.5. Let (X, ||.||) be a norm space. Then a function oj : (0, oo) x X x X — > [0,oo] 
defined by 

u\(x,y) = ||——-\\ k , for all x,y G X, k > 1 and A > 0, 

A 

is a modular metric. 


Example 2.6. Let 

p(f) = f <p(v,\f(v)\)dfi(v), 

Jn 

where p is a er-finite measure on Q and ip : Q X [0, oo) —> [0, oo) satisfies the following 
conditions: 

(i) (p(v, u ) is a continuous even function of u which is nondecreasing for u > 0, such that 
cp(v, 0) = 0, ip(v, u) > 0 for u / 0 and (p(v, u) — > oo as u —> oo. 

(ii) tp(v, u ) is a measurable function of v for each u G M. The corresponding modular 
space is called a Musielak-Orlicz (or a generalized Orlicz) modular function space 
and is denoted by . If ip does not depend on the first variable, then L^ is called 
an Orlicz space. Then L v is isomorphic to L p . 

An example of functions which satisfy the above conditions is given by 

<p(u) = \u\ p , for p > 0. 
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Now, if we define oj : (0, oo) x X x X —> [0, oo] by 


u\{f,g) = [ I/O) - g(y)\)dfj,(v), 

Jn 

where g and ip satisfy the above coditions, then oj is a modular metric. Also, if 
oj : (0, oo) x X x X —> [0, oo] is defined by 

if \ f t | f(v)-g(v) 

U\{f,9)= / <p(v,\ -7- 1 )dfj,{v), 

Jn A 

then oo is a modular metric. 

In the following, we give some useful notions in modular metric space that will be needed 
to prove our results. 

Definition 2.7. Let X u be a modular metric space. Let /, g be self-mappings of X u . A 
point x in X u is called a coincidence point of / and g if and only if fx = gx. We shall call 
w = fx = gx a point of coincidence of / and g. 

Let C(f,S) and PC(f,S ) denote the set of coincidence points and points of coincidence, 
respectively, of the pair (f,S). 

Definition 2.8. Let X w be a modular metric space. Two self-mappings / and g of X w are 
said to be compatible if and only if lim n _ s . 00 oj\(fSx n . Sfx n ) = 0, whenever {x n } is a sequence 
in X w such that lim n _ ) . 0O fx n = lim, woo Sx n = z for some z € X w . 

Definition 2.9. Let X u be a modular metric space. Two self-mappings / and g of X u are 
said to be weakly compatible if they commute at coincidence points. 

Lemma 2.10. Let X u be a modular metric space and {y n } be a sequence in X u such that 
lim n _ > . 0O uj\(y n , y n +i) = 0 for each A > 0. If {y n } is not an oj-Cauchy sequence in X u , then 
there exist eo > 0, Ao > 0 and two sequences {ra*} and {nt} of positive integers such that 

(i) mt > nt + 1 and nt —> oo as i —>• oo, 

(n) <V 2 A 0 (ymiiVni) > eo and oj 2 \ 0 (y mi -i 1 y n . i ) < e 0 , i = 1,2,3, ••• . 

Proof. If {y n } is not an cu-Cauchy sequence in X w , then there exist eo > 0, Ao > 0 such that 
for each positive integers i, there exist positive integers m,, rq with mi > ni such that 


w 2Ao (jjmi 1 ym ) > e 0- (2.2) 

For i = 1,2,..., let m, be the least positive integer exceeding rii satisfying (2.2), that is, 
for * = 1,2,..., 


W2Ao {ymi,yni) > to, ^2A 0 (j/ rrii — 1 5 ynf) < eo- 

Since lim^oo ujx(y ni , Vm+i ) = 0 for all A > 0, oj 2 \ 0 (yni, Vm+i) < e 0 and thus 

mi > Hi + 1 and n* — > oo as * —> oo. □ 

In the following, we present C-class functions and some examples of them. 

Definition 2.11. [3] A mapping F : [0,oo) 2 —> M is called a C-class function if it is 

continuous and satisfies the following axioms: 

(1) F(s,t) < s; 

(2) F(s, t) = s implies that either s = 0 or t = 0 for all s, t G [0, oo). 

Note for some F we have that F( 0, 0) = 0. 

We denote the set of C-class functions by C. 
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Example 2.12. [3] The following functions F : [0, oo) 2 -A M are elements of C, for all 

s,t £ [0, oo): 

(1) F(s, t) = s — t, F(s , t) = s =$- t = 0; 

(2) F(s,t ) = ms, 0<m<l, F(s,t ) = s => s = 0; 

(3) F(s,t) = ; r G (0, oo), F(s,t ) = s=i-s = 0orf = 0; 

(4) F(s, t) = log(t + a s )/( 1 + t), a > 1, F(s, t) = s => s = 0 or t = 0; 

(5) F(s, t) = ln(l + a s )/ 2, a > e, F(s, t) = s =4> s = 0; 

(6) F(s, t) = (s + £)( 1 /( 1 + i ) r ) — l, l > 1, r G (0, oo), F(.s, t) = s =4> t = 0; 

(7) F(s, t) = s log f+a a, a > 1, F(s, t) = s =$■ s = 0 or t = 0; 

(8) Hm) = s - ( 2 $f)( I ^t), = s t = 0; 

(9) F(s,t ) = s(3(s), (3 : [0, oo) -A [0,1), and is continuous, F(s,t ) = s =>• s = 0; 

(10) F(s,t) = s - ^,E(s,t) = s =>■ t = 0; 

(11) F(s,t) = s — tp(s), F(s,t) = s =$■ s = 0, here </? : [0, oo) -A [0, oo) is a continuous 
function such that <^(i) = 0 t = 0; 

(12) F(s, t) = s/i(s, t), F(s, t) = s =$■ s = 0, here h : [0, oo) x [0, oo) -A [0, oo) is a continuous 
function such that h(t, s) < 1 for all t, s > 0; 

(13) F(s,t) = s- (f±f )t, F(s,t ) = s=>t = 0; 

(14) F(s,t) = lj/ln(l + s n ), F(s,t) = s =>• s = 0; 

(15) F(s,t) = 4>(s),F(s,t) = s =$■ s = 0, here cp : [0, oo) -A [0, oo) is a continuous function 
such that (f)(0) = 0, and <f>(t) < t for t > 0; 

(16) F(s,t) = r G (0,oo), E(s,t) = s =>• s = 0. 

Definition 2.13. [9] A function if) : [0,oo) -A [0, oo) is called an altering distance function 
if the following properties are satisfied: 

(i) if) is nondecreasing and continuous, 

(ii) ip (t) = 0 if and only if t = 0. 

Remark 2.14. We denote by T the set of altering distance functions. 

Definition 2.15. [3] An ultra altering distance function is a continuous, nondecreasing 

mapping p : [0, oo) -A [0, oo) such that ip(t) > 0, t > 0 and </?(0) > 0. 

Remark 2.16. We denote by the set of ultra altering distance functions. 

Definition 2.17. A tripled (ip, tp, F) where ip G T, <p G <1> M and F G C, is said to be monotone 
if for all x, y,z,t G [0, oo) 


X y => F(ip(x),tp(x)) ^ F(ip(y),tp(y)). 
Example 2.18. Let F(s,t ) = s — t,(p(x) = \[x and 


yfx if 0 < x < 1 
x 2 if x > 1 


Then (if), ip, F) is monotone. 

Example 2.19. Let F(s, t) = s — t, <p(x) = x 2 and 


yfx if 0 < x < 1 
x 2 if x > 1 


Then (ip, <p, F) is not monotone. 
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3. Main results 

In this section, we present and introduce some notions in modular metric spaces which 
extend the same notions of Phaneendra [15], Sastry et al. [16], Aamri and Mountawaki [1], 
Next by idea of Liu et al. [10] and Swatmaram et al. [18] and using C-class functions, some 
common fixed point theorems will be established in u> 

Definition 3.1. Let X u be a modular metric space. For given xo £ and self-mappings 
/, S and T on X u , if there exists a sequence {x n }ff =0 in X u such that 

Sx2n — fx 2n+l) Fx2n+1 — fX2n+2i 

then 0(S, T, /, xo) = {fx n : n = 0,1,2,---} is called an (S', T)-w-orbit at xo with respect to 

f- 

Definition 3.2. The space X u is called w-orbitally complete at xo if and only if every u>- 
Cauchy sequence in 0(S , T, /, xo) converges in X u . 

Definition 3.3. The pair ( S,T) is cc-asymptotically regular at xo with respect to / if 
there exists a sequence {x n }™ =0 in X u such that Sx 2 n = fx2n+i, Tx 2 n+i = fx 2 n +2 and 
aj\(fx n . fx n+ i) —* 0 as n —* oo for all A > 0. 

Definition 3.4. Self-mappings / and S satisfy property (E.A) if there exists a sequence 
{x n }™ =l in X^ such that Y\m. n ^ 00 u\{f x n ,z) = lim, woo uj\(Sx n , z) = 0 for some z £ X u and 
all A > 0. 

Theorem 3.5. Let /, S and T be self-mappings on a modular metric space X u satisfying the 
inequality 

^(u x (Sx,Ty)<F(^(M(x,y)), V (W(M(x,y)))), VA > 0, (3.1) 

for all x, y £ X u , where if £ T, tp £ <!>„, F £ C, 

M{x, y) = max{wA(/x, fy),u x (fx, Sx),u\(fy , Ty),uj\(fx,Ty),u\(fy, Sx)} 

and W : [0,oo) —> [0, oo) is a continuous mapping such that W(t ) < t for t > 0. 

Suppose that 

(a) either ( f,S ) or (/, T) satisfies the property (E.A); 

(b) f(X u f) is an u-orbitally complete subspace of X u ; 

(c) (/, S) or (/, T) is weakly compatible. 

Then /, S and T have a unique common fixed point. 

Proof. By the property (E.A) for the pair (/, S), we have 

lim uj\(fx n , z ) = lim uj\(Sx n , z) = 0, for some z £ X p and all A > 0. (3-2) 

n—>• oo n—>oo 

Let liiUn^oo uj\(Tx ni p) = 0 for all A > 0. Now we prove that p = z. By using (3.1) for 
x = x n and y = x n , we have 

ip(uj\(Sx n ,Tx n ) < F(ip(m&x{u\(fx n , fx n ),LU\(fx n , Sx n ), 

uj\(fx n ,Tx n ),u]\(fx n ,Tx n ),uj\(fx n ,Sx n )}), 

(p(W(max{u\(fx n , fx n ),u\(fx n , Sx n ), 

uj\(fx n ,Tx n ),u\(fx n ,Tx n ),uj\(fx n ,Sx n )}))^, VA > 0. 
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Applying the limit as n — > oo and then using (3.2), we get 

p ) < F^(max{0, 0, u x (z,p),ux(z,p), 0}), ip(W (max{0, 0, u\(z, p), w\(z,p), 0)})) 

= F(^(ux(z,p)),y(W{ux{z,p))) 

< (z,p)), VA > 0 

and so, for all A > 0, if(ujx(z,p)) = 0 or ip(W{u\{z,p))) = 0. Thus z = p and hence 

lim uj\(fx n ,z) = lim cu\(Sx n ,z) = lim uj\(T x n ,z) = 0, VA > 0. (3.3) 

n—>oo n—>oo n—>oo 

(3.3) can also be obtained in similar lines whenever (/, T) satisfies the property (E.A). From 
the cv-orbital completeness f(X u ), we see that z G f{X u ) so that z = fu for some u G X w . 
Now, taking x = u and y = x n in (3.1), we get 

ip(uj\(Su,Tx n ) < F(ip(max{u)\(fu, fx n ),u\{fu, Su), 

ux(fx n ,Tx n ),ujx(fu,Tx n ),ujx(fx n ,Su)}), 

<p(W(max{uJx(fu, fx n ),u x (fu, Su), 

UJx(fXn,Tx n ),UJx(fu,Tx n ),U;x(fx n , Su)}))) t VA > 0. 

Applying the limit as n — > oo and then using (3.3) and fu = z, we get 

ip(ux(Su, fu) < F^(max{0, u\(fu, Su), 0,0, u\{fu, Su)}), 


<p(W (max{0, ujx(fu, Su), 0,0, ux (fu, Su)})) 

= F^f(ujx{fu, Su)), <p{W (ux{fu, Su))') 

< ip(ujx(fu, Su)), VA > 0 

and so, for all A > 0, i^{ux{fu, Su)) = 0 or ip(W(ux{fu, Su))) = 0. Therefore, fu = Su = z. 
Then from the weak compatibility of (/, S), we see that fSu = Sf u or f z = Sz. 

Again letting x = y = z in (3.1) and using fz = Sz, we obtain 


xf(ux(Sz,Tz) < F(^j(ujx(Sz,Tz)), ip(W(ujx{Sz,Tz))) 
< i/;(uix{Sz,Tz)), VA > 0. 


That is, 


fz = Sz = Tz. 

Again, taking x = x n ,y = z in (3.1), we get 


il>(ux{Sx n ,Tz) < F(^.fmax{u)x{fx n ,fz),uJx(fx n ,Sx n ), 
vx(fz,Tz),d{fx n ,Tz),ux(fz, Sx n )}), 
<p(W(max{ux(fx n , fz),uJx(fx n ,Sx n ), 

ux(fz,Tz),uj x (fx n ,Tz),ujx(fz,Sx n )}))), VA > 0. 
As n —> oo, this along with (3.3) and (3.4) implies that 


ip{u\(z,Tz) < f(^(wx{z,Tz)),w(W{ux{z,Tz))) 

< if(uJx(z,Tz)), VA > 0. 

That is, z = Tz. Thus z is a common fixed point of self-mappings /, S and T. 
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On the other hand, with minor changes in the above proof, we can prove that fu = Tu = z. 
Suppose that the pair (/, T) is weakly compatible. Then fTu = Tfu or fz = Tz. Proceeding 
as in the previous steps, we get that fz = Tz = Sz = z. 

Let z, z' be two common fixed points of /, S and T. Then from (3.1) with x = z and y = z, 
we get 

u\(z,z ') = ip(uj\(Sz,Tz') < F(ip(max{u\(fz,fz'),u\(fz,Sz), 
ux(fz',Tz'),ux(fz,Tz'),LOx(fz',Sz)}), 
<p(W(max{u\(fz,fz'),u\(fz,Sz), 

v\(fz t f Tz , ),u\(fz,Tz'),ux{fz',Sz)}))'), VA > 0, 

and thus 

V>(^A (z,z') < f(^(ux(z,z')),<p(W(ux(z,z'))') 

<ip(u>x(z,z')), VA > 0, 

which implies that z = z'. Hence the fixed point is unique. □ 

With the same proof of Theorem 3.5, we have the following corollaries. 

Corollary 3.6. If in Theorem 3.5, we replace (3.1) with 

iP(co x (Sx,Ty)) < F{xl>(M(x,y) - W(M(x,y))),cp(M(x,y) - W(M(x,y )))), VA > 0, 

then f, S and T have a unique common fixed point. 

Corollary 3.7. If in Theorem 3.5, we replace (3.1) with 

i/>(u>x(Sx,Ty)) < F(ip(M(x,y)),y}(M(x,y)) S j, VA > 0, 
then f, S and T have a unique common fixed point. 

Theorem 3.8. Let /, S and T be self-mappings on a modular metric space X u satisfying the 
inequality 

fi>(oj x (Sx, Ty) < f(iP(N(x, y)), tp{N(x, y))j , VA > 0, (3.5) 

for all x, y G X u , where ip G T, ip € F G C, such that (ip, p, F ) is monotone and 

N(x, y) = max{u 2 A(/.T, fy),u 2 x(fx, Sx),u 2 x(fy,Ty),uj 2 x(fx, Ty),u 2 x(fy, Sx)}. 
Suppose that at some xo G X u , 

(a) the pair ( S , T ) is u>-asymptotically regular with respect to f; 

(b) the space X u is ui-orbitally complete; 

(c) (/, S) or (/, T ) is a commuting pair. 

Then /, S and T have a unique common fixed point. 

Proof. Since (S , T) is w-asymptotically regular with respect to / at xq, there exists a sequence 
{x n } in X u such that 


Sx 2 n = fx2 n+i, Tx 2n+ 1 = fx 2n+2 for n = 0,1,2, ■ ■ ■ 

and 

WA n = ivx(fx n , fx n+ 1 ) -A 0 as n -> oo, VA > 0. (3.6) 

We will show that {fx n } is an cu-Cauchy sequence. Suppose that the result is not true. 
Then there exist eo > 0, Ao > 0 and two sequences {mi} and {m} of positive integers such 
that 


1224 


BAHMAN MOEINI ET AL 1217-1228 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


FIXED POINT THEOREMS IN oj-ORBITALLY MODULAR METRIC SPACES 

(A) mi > rii + 1 and rii —> oo as i oo, 

(B) U 2 \ 0 (fx mi ,fx ni ) > e 0 and u 2 \ 0 (fx mi -i, fx ni ) < e 0 , i = 1, 2, 3, • • •. 

We have 

£0 < U 2 \ 0 (fXmi,fx ni ) < UXoifXmt, fx ni+ i) + U\ 0 (fx ni+ i, fx Ui ). (3.7) 

Then 

£o < u\ 0 (fx mi , fx ni + 1), as i -> oo. (3.8) 

Now consider uj\ 0 (fx mi , fx Ui+ 1) in (3.7) and assume that both m t and n* are even. Then by 
(3.5), we get 

^\ 0 {fxn i +iJx mi )) = ip(ux 0 (Sx ni ,Tx mi -i)) 

< F(^(max{u 2 \ 0 (fx ni ,fxm i -i),u 2 \ 0 (fx ni ,Sx ni ),uj 2 \ 0 (fx rni -i,Tx mi - 1 ), 

w 2Ao {fXm > TXmi—1 )> w 2Ao ’S' a; ni)})i 

^(max{w 2 A 0 (fx ni ,fx mi -i), ix 2 \ 0 (fx Ui ,S,x ni ), w 2Ao (/^m*- i , Tx mi _ i), 

^2A 0 ( fXm , Tx mi _ 1), CJ 2 A 0 (fXm.i -1 , Sx ni ) })) 

= F^i/i(max{u; 2Ao (/x ni , fx mi —i),uj 2 \ 0 (fx ni , fx ni +i),oj 2 \ 0 (fx rrii — li fx m t ) ? 

w 2Ao (f x m j fXm,i)i w 2Ao (f x mi—1 ) fXm+1 )})> 

(max{w 2Ao (/x ni , /x mi _ i), w 2Ao {fx ni , /x n; +1), cv 2Ao (fx mi _ i, fx mi ), 

U 2 \ 0 (fXni, fXmi),U 2 \ 0 (fx mi -l, fx ni+ l)})) 

< F ^(max{w 2Ao (/x ni , /x m< _i), w 2Ao (/x ni , /x„ i+i ), cu 2Ao (/x mi _i, /x mi ), 

UJ\ 0 (fx ni ,fx ni + 1) + W Ao (/.T ni + l, fx mi ), UJXo(fx mi -l, fx mi ) + U Xo {fx ni+ 1, /x m J}), 
<^(max{a; 2Ao (/x ni ,/x 

mi —l)j W 2Ao (/x ni , /x ni+ i),w 2Ao (/x mi _i, fx mi ), 

UXo (fx ni , fXm+l) + Ux 0 (fx ni + 1 , /x mi ),cv Ao (/x mi _i, /x m J + w Ao (/x„ i+ i,/x mi )})j . 


By (3.6), (B), (3.8) and taking limit as i —> oo, we get 
lim ip(ujx 0 (fx ni+ i, fx mi )) 

%—^OO 

< lim F(^(max{£ O ,0,0,a; Ao (/x ni+ i,/x mi ),a; Ao (/x ni+ i,/x mi )}), 

V(max{£ 0 ,0,0, u Xo {fx ni+l , /x m J,u; Ao (/x nH _i, /x m J})) 

< .IJn F^ip(ujx 0 (fx n »+i) fx mi))i F^Xo^f x rii+\i f x rm))^j 

< lim 'f’{‘ x X 0 {f x n i +l,f x m i ))- 

% —S'-OO 

Thus 

lim ip(u} Xo (fx ni+1 , fx mi )) = 0 or lim F(^ Ao (/xn i+ i, /x m J) = 0 

t—>oo i—> OO 

and so limj_ > . 00 a; Ao (/x ni +i,/x mi ) = 0 and then by (3.8) we conclude that £o = 0, which is 
a contradiction. Hence {fx n j is an cu-Cauchy sequence. Thus by the cu-orbital complete¬ 
ness of X u at xq, we can find some z G X u such that lim^oo fx 2n+ \ = lim,,.-^ Sx 2n = 
lim, woo /x 2n + 2 = lim, woo Tx 2n +i = z, which immediately implies that the pairs (/, T) and 
( S,T ) satisfy the property (E.A). Also every commuting pair is weakly compatible. Since 
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the function 0 < A -A u>\(x,y) G [0, oo] is nonincreasing on (0, oo), N(x,y) < M(x,y) for all 
x, y G Xu and hence 

ip(uJx{Sx,Ty) < F(ip(N(x,y)),ip(N(x,y))^ 

< Ff^(M(x,y)),(p{M(x,y)) S j, VA > 0, 

for all x, y G X u - Therefore, by Corollary 3.7, f. S and T have a unique common fixed 
point. □ 

Example 3.9. Let X = [0,1) U {2} and u : (0, oo) x X x X —> [0, oo] be defined by 

iAj\(x,y) = for all A > 0. 

Then X u is an w-complete modular metric space. 

Define f,S,T : X u -A X u by Sx = Tx = ,'x, fx = x for x G X, F(s , t) = s — t, if(t) = 2 1 
and ip(t) = t. Take xo = 2 and w(t) = \t for t > 0. Then 0{xq, S,T, f) = {Jr : n = 
0, 1, 2, • • • }, /(Xu) = Xu is cu-orbitally complete at xq, (/, S) or (/, T) satisfy the property 
(E.A), (/, S ) or (/, T) is weakly compatible and for all x,y G X u , we have 

ip(u;x(Sx,Ty)) = X-\x-y\ < ^ max{|x - y\, ^x, -y, \x - ^y\,\y - ^x|} 

= F(l>(M(x,y)),' P (W(M(x,y))j). 

Therefore, all the conditions of Theorem 3.5 are satisfied and x = 0 is the unique common 
fixed point of /, S and T. 


4. Application to systems of integral equations 


Consider the following system of integral equations: 


u(a) = {q 4 k\(a, b, u(b))db + q(a), 
u(a) = /q 4 k 2 (a, b, u(b))db + q(a), 


(4.1) 


a G J = [0, A], where A > 0. The purpose of this section is to give an existence theorem for 
a solution of the system (4.1) by using Theorem 3.5. 

Let X := C(J,R n ) with the usual supremum norm, i.e., ||x||^> = max ae j ||x(a)|| for x G 

C(J, R n ). Define u : (0, oo) x X x X — > [0, oo] by u\(x, y) = max ae j Then it can 

be checked that X w is an cu-complete modular metric space. 

Define f,S,T : Xu -A X u by 

f A 

fx(a)=x(a), Sx(a) = / k\(a,b,x(b))db + q(a), aG [0,4], 

Jo 


and 


Tx(a) = f k 2 (a, b, x(b))db + q(a), aG [0,4]. 
Jo 


Theorem 4.1. Consider the integral equations (4-1). Assume the following hypotheses: 

(i) K\ , K ‘2 : [0,A] x [0, A] x R n -a R n and q : [0, A] -A R n are continuous; 

(ii) There exists x G X such that 

f A 

x(a) = / k\(a,b, x(b))db + q(a), a,6 G [0, A], 

Jo 


or 


f A 

x(a) = / k 2 (a,b, x(b))db + q(a), a, 6 G [0, A]; 

Jo 
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(iii) There exists a sequence {x n } in X such that 


lim x n (a) 

= lim 

/ h(a,b, 

x n (b))db + q(a) = z, 

a, b G [ 0 , A], 

z G X , 

n— >-oo 

n—>00 

Jo 


or 


[ A 




lim x n (a) 

= lim 

/ h(a,b, 

x n (b))db + q(a) = z, 

b G [ 0 , A], 

£ G X\ 

n—>00 

n—>00 

Jo 



(iv) For each a,b G J and u, v G X u , 

A 

\\ki(a,b,u(b)) - k 2 (a,b,v(b))\\db 
3 

< - max{||u(a) — u(a)||, ||it(a) — jS'it(a) ||, ||u(a) — Tv (a) ||, ||u(a) — Tv (a) ||, 
||v(a) — 5 u(a)||}. 

Then the system of integral equations (4-1) has a unique solution u* in C(J, R n ) u . 

Proof. By (i), /, S and T are self-mappings on X^. 

By (ii), (/, S) or (/, T) is weakly compatible, since / is the identity mapping on X u . 
By (iii), either (/, S) or (/, T) satisfies the property (E.A). 

Also for each u, v G X u , a, b G J, by (iv), we have 

HS'u(a) — Tv(a)\\ < [ ||fci(a, b,u(b)) - k 2 (a, b,v(b))\\db 

Jo 

3 

< - max{||w(a) — n(a)||, ||tt(a) — jS'zi(a)||, j|n(a) — Tn(a)||, ||u(a) — Tn(a)||, 

|| 77(a) — iS'it(a) ||} 


and so 


II Su(a) - rn(q)|| 

A 

3 ||w(a) — 77(a)|| 1177(a) — Su(a) || ||n(a) — Tn(a)|| 

< _ maX {---,- j -,- - - 

!!»(<.)-s»(o)|| ^ VA>0 

A 

On routine calculations, we get 


u(a) — Tv (a) || 
A 


i/j(ijO\(Su,Tv)) < F^tp(M(u,v)),ip{W(M(u,v)))^j, VA > 0, 

where ip(t) = 2 1, ip(t) = t, F(s, t) = s — t and W(t) = \t. 

Since X u is an cu-complete modular metric space, every cv-Cauchy sequence in 0(S. T, /, xo) = 
{x n : n = 0,1, 2, • • •} (for some xo G XJ) converges in X u . Hence f(X u ) = X u is cu-orbitaly 
complete at xq. Then Theorem 3.5 is applicable, where / is the identity mapping. So S and 
T have a common fixed point. Thus there exists a u* G C(J, R n ) u , a common fixed point of 
S and T, that is, u* is a unique solution to (4.1). □ 
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Abstract 

This paper proposes the concept of trapezoidal interval type-2 hesitant fuzzy 
set (TIT2HFS), which is a generalization of trapezoidal interval type-2 and 
hesitant fuzzy set. Also, we study some of its operation laws and corresponding 
proprties are discussed. 

Key words: Trapezoidal interval type-2 hesitant fuzzy set, Operation laws. 

1 Introduction 

Type-2 fuzzy set was proposed by Zadeh (1975) [19] which is an extension of 
Type-1 fuzzy set [18]. The principal difference between the two kinds of fuzzy 
sets is that the memberships of a type-1 fuzzy set are crisp numbers while the 
memberships of a type-2 fuzzy set are type-1 fuzzy sets [14]; hence, type-2 fuzzy 
sets include more vulnerabilities than type-1 fuzzy sets. Since its presentation, 
type-2 fuzzy sets are getting increasingly consideration. Since the computational 
multifaceted nature of using general type-2 fuzzy sets is very high, to date , 
interval type-2 fuzzy sets [8] are the most widely used type-2 fuzzy sets and have 
been effectively connected to numerous useful fields [1, 3, 6, 7, 9, 10, 15, 16]. 
IT2FS [6] can be viewed as a special case of general T2FS where all the values of 
secondary membership are equal to 1. In particular, interval type-2 trapezoidal 
fuzzy numbers, as a special case of interval type-2 fuzzy sets, can proficiently 
express subjective assessments or evaluations. The concept of Hesitant fuzzy set 
was proposed by Torra (2010) [12] and Torra and Narukawa (2009) [13] to deal 
with the problems where membership of element to a give set includes several 
different values. In this paper, by proposing the concept of TIT2HFS based on 
HFS and IT2TFS. Furthermore, we introduce some operation laws and their 
properties are investigated. 

2 Preliminaries 

In this subsection, we briefly describe some fundamental ideas and essential 
operation laws identified with HFSs that we need in our work. 
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2.1 Hesitant fuzzy set 

Definition 1: [12, 13] 

Let X be a reference set. A hesitant fuzzy set on X is defined in terms of a 
funcation h that returns a subset of [0,1]. To make it understood easily, a HFS 
can be represented by a mathematical symbol : 

M := {< x, }im(x) >| x £ X} 

where /im(x) is a set of some valiues in [ 0 , 1 ], denoting the possible mem¬ 
bership degrees of the element x £ X to the set M. For convenience, [17]call 
h = Hm{x) a hesitant fuzzy element (HFE) and H the set of all HFEs. 

Definition 2: [12, 13] 

Let h, hi and h 2 be three HFEs then: 

(1 )h° = U {l- 7 }. 

7GAI 

(2) hi U h 2 = U max {71,72 }. 

716 / 0 , 726/12 

(3) hi <lh 2 = U min {71,72 } ■ 

7i£hi,7 2 e/i2 

Definition 3: [17] 

Let h, hi and h 2 be three HFEs, and A > 0 then: 

(1 )h x = U | 7 a }• 

(2) Xh = U {1 (1 - 7) A } - 

7 Gti 

(3) hi ® h 2 = U { 71 + 72 ^ 7172 }- 

7iG/ii,72G/i2 

( 4 ) hi ®h 2 = U {7172} ■ 

7l£^l >72^/12 

2.2 Interval type-2 fuzzy set 

The theory of type-1 fuzzy set interdused by Zadeh [18] where the membership 
value of an element is a real value between 0 and 1. A trapezoidal type-1 fuzzy 
number A = (a 1; < 2 , 2 , 0 , 3 , 0 , 4 ; Hi (A), H 2 (A)) in the universe of discourse, where 
0 < -Hi(A) < H 2 (A) < 1 is shown in Fig.l 



Fig.l Atrapezoidal type-1 fuzzy number. 
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Type-2 fuzzy set were introduced as the extension of type-1 fuzzy set which 
is defined as follows. 

Definition 4: [5, 7, 8] 

A type-2 fuzzy set A in the universe of discourse X can be represented by a 
type-2 membership function /.x 4 , shown as follows: 

A = {({x,u) ,Ha(x,u)) |Vx G X,Vu G J x C [0,1]} , 

where 0 < ha(x,u) < 1. The type-2 fuzzy set A also can be represented as 
follows: 


A= f J M A (x,u)/(x,u ) 

xexuej x 


f 

xex 


I Va( x ’ u )/ u 

UGJj; 


/ x ), 


where x is the primary variable, J x C [0,1] is the primary membership of 
x, u is the secondary variable and f /x^(x, u)/u is the secondary membership 

Jx 

function (MF) at x. J denotes union among all admissible x and u. For discrete 
universe of discourse, f is replaced by ]T). 

Definition 5: [5, 8] 

Let A be a type-2 fuzzy set A in the universe of discourse X represented by 
the type-2 membership function /^(x, u). If all /xjfx, it) = 1, then A is called 
an interval type-2 fuzzy set. An interval type-2 fuzzy set A can be regarded as 
a special case of a type-2 fuzzy set, shown as follows: 


A= f f l/(x,u) 
xEXuGJx 


f 

xex 


f l / u 


/x), 


where x is the primary variable, J x C [0,1] is the primary membership of x, 
u is the secondary variable and J l/u is the secondary membership function 

J x 

(MF) at x. 

If X is a set of real numbers, then a type-2 fuzzy set and an interval type-2 
fuzzy set in X are called a type-2 fuzzy number and an interval type-2 fuzzy 
number, respectively. 


Definition 6: [5] 

Let Ai be a trapezoidal interval type-2 fuzzy number in the universe of 
discourse X. ft can represented by 


Ai = (if,If) = ((of , a f,af,af;iJi(Af),iJ 2 (Af)), (af 1 ,af 2 ,af 3 ,af 4 ;Ffi(Af),iJ 2 (Af))) 

where Af and Af are TIFSs, of, of, of, of, of, of, af( and of are the ref¬ 
erence points of the !T2FSs A^, Hj(AY) denotes the membership value of the 
element o(f +1 ^ in the upper trapezoidal membership function Af, 1 < j < 
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2,Hj(Af) denotes the membership value of the element a .[(./+])m the lower 
trapezoidal membership function Af, 1 < j < 2, H 2 {A^ ), Hi(Af) and 

H 2 (Af) e [0,1], 1 < i < n as shown in Fig.2 



Fig.2 A trapezoidal interval type-2 fuzzy number. 


3 Trapezoidal interval type-2 hesitant fuzzy set 


3.1 The concept and operation laws of TIT2HFS 


Definition 7: 

Let X be a fixed set. A trapezoidal interval type-2 hesitant fuzzy set 
(TIT2HFS) on X is in terms of function that return of some trapezoidal in¬ 
terval type-2 fuzzy numbers (TIT2FNs) when applied to each x in X. 

To make it easily understood, we express the TIT2HFS by a mathematical 
symbol: 

E := j < x,Jie(x ) > \x € xj 


where h,E(x) is a set of some TIT2FNs denoting the possible membership 
degrees of the element x £ X to the set E. for convenience, we call He(x ) = h = 

{Ai e h\Ai = -Hi(Af) ,H 2 {Af)), (a^, af 2 , af 3 , af 4 ; H^Af) . H> 

an trapezoidal interval type-2 hesitant fuzzy element (TIT2HFE). 


Example 8: 

A hesitant among different TIT2FNs for a decision making, he / she proviedes 
(0.35,0.45,0.55,0.65; 1,1), (0.4,0.5,0.6,0.7; 0.8,0.8) 

(0,0,0.2,0.3; 0.8,0.8), (0.72,0.77,0.78,0.89; 1,1) 


a TIT2HFS 


hij — 
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, max { a ]{, & 4 7 } 


Definition 9: 

Let h\ = {i G Jn\A= ((aY,al r ,a^a^,Hi(A u ),H 2 (A u )),(a^a^a^a^ 1 H 1 (A L ) 1 H 2 (A L )))} 

& ndh 2 = {Beh 2 \B=((bV,bV,bV,bV-,H 1 (B u ),H 2 (B u )),(bL,b%,bi;,bt,H 1 (B L ),H 2 (B L )))} 
are two TIT2HFEs. Then, we introduce the follow operations: 

(1) The union of hi and /i 2 which is denoted by hiU h 2 can be defined as: 

! ( max {af, } , max {af, } , max {af, 6f } , max ^u 4 

V nim{Hi(A u ),Hi(B u )hmm{H 2 (A^),H 2 (B u )} 

( ma x{af,6f} ,max{ af,6f} , max {af, b%} , max {of, 64} ; 

^ mm{Hi(A L ),Hi(B L )},mm{H 2 (A L ),H 2 (B L )} 

(2) The intersection of hi and h<i which is denoted by hiC\ h^ can be defined 
as: 

( f min {af, &f}, min {af,fef}, min {af,6f}, min {af,6f}| 

~ ~ I V min{Hi{A u ),Hi{B u )\,vAn{H 2 {A u ),H 2 {B u )} 

1 2 Aeh u Beh 2 ] ( min {af, b{ } , min {af, 6f} , min {af, } , min {af, b r { } ; 

{ \ min{Hi(A L ),Hi(B L )},mm{H 2 (A L ),H 2 (B L )} 

(3) The complement of hi denoted by hi can be defined as: 

~ J A G h\\A = ((1 - a 77 ,1 - af, 1 - af,1 - a 4 ; Hi(A u ) , H 2 (A U )), 

1 1 (l - af,l - af,l - af, 1 - a%;Hi(A L ) ,H 2 (A L ))) 

we note that can be replaced max and min by V and A respectively. 


Example 10: 

Let hi = {(0.2,0.3,0.4,0.5; 1,1), (0.25,0.35,0.35,0.45; 0.8,0.8)} and h 2 = 
{(0.5,0.6, 0.7,0.8; 1,1), (0.55, 0.65, 0.65, 0.75; 0.8, 0.8)} are two TIT2HFEs, then: 

(1) hi U h 2 = {(0.5,0.6,0.7,0.8; 1,1), (0.55,0.65,0.65,0.75; 0.8,0.8)} . 

(2) hi C\h 2 = {(0.2,0.3,0.4,0.5; 1,1), (0.25,0.35,0.35,0.45; 0.8,0.8)} . 

(3) hi = {(0.8,0.7,0.6,0.5; 1,1), (0.75,0.65,0.65,0.55; 0.8,0.8)} 


Proposition 11: (De Morgan’s laws in TIT2HFS ) 

Let hi and h 2 be two TIT2HFNs, then we have : 

(1) [hi U h-^j = hlnh%. 

(2) (jiinh 2 S j =hlVJh 2 . 


Proof: 


(1) (jii U h 2 ) 


_ U 

A.£hi ,B£h 2 


A(E:hi ,B£h 2 


max {a} 7 , } , max {af, b 2 } , max {a! 7 , } , max {a 4 7 , & 4 7 } ; 

min{ Hi(A u ),Hi(B u )\,mm{H 2 (A u ),H 2 (B u )} 
max {af, 6f } , max {af, b 2 j , max {af, 6f } , max {a 4 , fe 4 } ; 
mm{Hi(A L ),Hi(B L )},mm{H 2 (A L ),H 2 (B L )} 

1 — max {af, 6} 7 } , 1 — max {af, fc 2 7 } , 1 — max {af, 6f } , 1 — max {a 4 ,} ; 

mm{Hi(A u ),Hi(B u )\,mm{H 2 (A u ),H 2 (B u )} 

1 — max {af, bf } , 1 — max {af, b 2 } > 1 — max {of, } , 1 — max {a 4 , b 4 } ; 
mm{Hi(A L ),Hi(B L )},mm{H 2 (A L ),H 2 (B L )} 
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( min {l — a?, 1 — b [ T } , min {l — a 2 7 , 1 — b%} , min {l — ag 7 , 1 — 6 g 7 } , 
y min {l — a^ 7 ,1 — fcg 7 } ; min { Hi(A u ), ffdl? 77 )} , min {H 2 (A u ),H 2 (B u )} 
f min {l — a r {, 1 — b^j , min {l — a \, 1 — 6 2 } , min {l — Og, 1 — 63 } , 

V min {l - of, 1 - 64 } ;min{# 1 (A i ),.fl r 1 (.B z ')} ,min {U 2 (A i ), -H 2 (-B i )} 

Similarly, we can prove that ^/ii fl /i 2 ^ =h\ U /i 2 .B 

Hu et al.(2015) [2] proposed the concept of interval type-2 hesitant fuzzy 
set (IT2HFS). Also, defined operation laws and corresponding properties are 
discussed. In this subsection, we briefly review some definitions of t-norm and 
t-conorm. Moreover, some other relationships can be established. 

3.2 Operation laws of TIT2HFEs based on Archimedean 
t-norm and Archimedean t-conorm can be defined as 
follows: 

Definition 12: [4, 11] 

A function T : [0,1] x [0,1] —> [0,1] is called a t-norm if it satisfies the 
following four conditions: 

(1) T (1, x) = x, for all x G [0,1]. 

(2) T (x, y) =T(y,x),V x,y <= [0,1] . 

(3) T (x, T (y, z)) = T(T (x, y ), z),\/ x, y,z€ [0,1]. 

(4) If x < x and y < y , then T (x, y) <T (x, y). 

Definition 13: [4, 11] 

A function S : [0,1] x [0,1] —> [0,1] is called a t-conorm if it satisfies the 
following four conditions: 

(1) S (0, x) = x, for all x € [0,1]. 

( 2 ) S (x, y) =T(y,x),V x,y € [0,1]. 

(3) S (x, S (y, z)) = S(S (x, y ), z),V x,y,ze [0,1]. 

(4) If x < x and y < y , then S (x, y) < S (x, y). 

Definition 14: [4, 11] 

A t-norm function T ( x , y) is called Archimedean t-norm if it is continuous 
and T (x, x) < x for all x G (0,1). An Archimedean t-norm is called strictly 
Archimedean t-norm if it is strictly increasing in each variable for x, y G (0,1). 

Definition 15: [4, 11] 

A t-conorm function S (x, y) is called Archimedean t-conorm if it is contin¬ 
uous and S (x, x) > x for all x G (0,1). An Archimedean t-conorm is called 
strictly Archimedean t-conorm if it is strictly increasing in each variable for 
x,y G (0,1). 

It is well known [11] that a strict Archimedean t-norm is expressed via its 
additive generator k as T(x,y) = k~ 1 (k(x) + k(y)), and similarly applied to 
the t-conorm S (x, y) = l~~ 1 (l(x ) + l(y)) with l(t) = k( 1 — t). It is noted that an 
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additive generator of a continuous Archimedean t-norm is a strictly decreasing 
function k : [0,1] —» [0, oo] such that k( 1) = 0. 


Definition 16: [2] 

Suppose 

hi = |dii g hi\A\ = ((aY 1 ,aY 2 ,aY 3 ,aY 4 ;H 1 (AY) ,H 2 {A l [)), (afi,af 2 ,af 3 ,af 4 ;tfi(Af) ,H 2 

and h ‘2 = ^yA 2 G h 2 \A 2 = ((a 21 , < 122 ,£* 23 , a 24 i ^l{A. 2 ^ > H 2 (A 2 )), ( 02 I) a 22 > a 23 ) a 24 ; Hl{A 2 ) ) H 2 
are two IT2HFEs and A > 0. On the basis of Definition 15, we define the op¬ 
eration laws of IT2HFEs as follows 


( 1 )^= 

Ai^hi 

( 2 ) Xh\ = 

Ai£hi 


(3) hi®h 2 = _ _ U_ 

Ai(zhi,A2(zh2 


(4) h\®h 2 = _ U_ 

Ai £ft-i, A.2^.h2 


((fc- 1 (AM<i),fc- 1 (Afc(af 2 ),fc- 1 (Afc(af 3 )^“ 1 (AMO;^ 1 (^)^2K)), 
(/c _1 (A/c(af 1 ),fc _1 (Afc(af' 2 ),A;“ 1 (AA;(af3),/c“ 1 (Afc(af4);17i(Af) ,H 2 (A{))) 

((r 1 (AI(a^ 1 ), r 1 (AZ(a^ 2 ), r^A^a^), i7r(Af) , iL 2 (Af)), 

(r 1 (A/(af' 1 ),r 1 (AZ(af' 2 ),r 1 (AZ(af' 3 ),r 1 (AZ(af 4 ); J ff 1 (Af),F 2 (Af))) 

K a 2l)M _1 (K a 12) + ^(022)). /_1 ( i ( a l / 3) + ! ( a 23))i 
K a 24)); min(H 1 (Af), Hi(A%)), mm(H 2 (A^),H 2 (A%))) 

(r 1 («(af'i) + Z(af'i)),r 1 (Z(af' 2 ) + Z(af 2 )),/- 1 (Z(af' 3 ) A^a^)), 

Z^(Z(af 4 ) + Z(a 24 )); min(7J 1 (Af), -f/i(A 2 )), mm(H 2 (Ai), H 2 (A 2 ))) 
(fc“ 1 (fc(a5 / 1 ) + fc(a^)), fc _1 (fc(of 2 ) + k(a 22 )), fc _1 (fc(af 3 ) + fc(a^ 3 )), 
k~ 1 (k(aY 4 ) + k(a^ 4 )y,mm(Hi(AY),H 1 (A^)),mm(H 2 (AY),H 2 (A^))) 
(fc _1 (fc(af' 1 ) + fc(o 21 )), fc _1 (fc(af 2 ) + k(a% 2 )), &^(fe(af 3 ) + k{a% 3 )), 


(i-HiK 1 ) 

Z^(Z«) 


k (k{ay 4 ) + k{ay 4 ));mm(H 1 (A J l ;), H 1 (Ay)),mm(H 2 (Ay), H 2 (Ay))) 


Theorem 17: 

Let fti = {Ai g fti|Ai = ,H 2 {A\ T )), (ofi, af 2 , af^, af 4 ; FZ'i(Af) ,ff 2 (Af')))|, 

h*2 = | A 2 g /I 2 IA 2 = (( a 21) a 22; a 23) a 24> hi l 5 H 2 {A 2 ) ), (<J 2 1) a 22> a 23> a 24i Hl{A 2 ) , H 2 (A 2 ))) j- 

and ft, 3 = |a 3 g ft. 3 |A 3 = ((a^, a^ 2 . a^ 3 , 034 ; H A A z) > H 2 {A^)), (a£i, af 2 , a^ 3 , a£ 4 ; ffi(A£) ,H 2 (A$ 
are three TlT2HFEs, then the associative for operations ® and (g> are vaild as 
follows: 


(1) hi ® ^Zl2 ® Zi3^j — (/h ® Z?2^ © /13 

(2) fti ® ^2 <g> /13) = (/ii <8 Z 12 ) ® /13- 


Proof: 

we prove part (1), similarly we can be proven (2). 

(1) h\ © ^2 ffi / 13 ) = /ii© 

(Z- 1 (Z(a ^ 1 + Z(a 3 ^ 1 )),Z- 1 (Z(a 2 ^ 2 +Z(ar 2 )), 
l 1 (l(a 23 + l(a 33 )), l 1 (l{a 24 + /( a 34 )); 
min (Hi{A%) ,Hi(A^)),mm (. H 2 (Al r {) ,H 2 (Ag))), 

A 2 €h 2 ,A3&h 3 (/ 1 (/( a 21 + /( a 3l))> / 1 (Z( a 22 + /( a 32))> 

/ _1 (/(023 + /( a 33))>/ _1 (/( a 24 + /( a 34)); 

, min (lFi(A 2 ) , -ffi(A 3 )), min (if 2 (A 2 ) , H 2 (A 3 ))) t 
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= u 

hi,A2 £^ 2 , A 3 (Eft. 3 


= u 

AiGhi ,A-2 £ h*2 


= u 

A\ (Eft-1 ,A.2^h,2 ?^L3G^3 


(iii ® h 2^ ® ft.3.1 


i-HKO +1 + i(«3i))), J _1 (*(«&) + + «))), 

l 1 {l{a 43 ) + l{l 1 {l{a 23 + l{a 33 ))),l 1 (l(aY 4 ) + l{l 1 {l(a 24 + ^( a 34))> 
min((i?i(A] / ), min (ffi(A^) , #1(^3 )))> min((Fi(Af), min (H 2 {AY) ,H 2 (A%))), 
1) + l((rHK<*2i + /(af 1 ))),Z- 1 (Z(af 2 ) + Z^" 1 ^ + Z(a£ 2 ))), 

+ i(i _1 (Ko23 + Z(4 3 ))). ^(M) + ztf- 1 ^ + i(«34))); 
min((J 2 i(Af),min(J 2 i(, 4 £) ,))), min((ffi(Af'),min (H 2 (A%) ,H 2 (A%))) 

i _1 (i(«n) + ^( a 2l) + K°3l))>^ _1 (^( a 12) + ^( a 22) + K a 32))i 
l 1 (l{aY 3 ) + l(a 23 ) + l(a 33 )), l 1 (l{a 4 Y) + l[a 24 ) + l(a 34 )); 
min(ff! «), ! (^), H x (A %)), min(F 1 «), H 2 ), H 2 (A")) , 

l 1 (l(a 41 ) + l(aYi) + l{a 31 )),l 1 (l(a 42 ) + ^( a 22 ) + ^( a 32 ))> 

/ _ 1 (?(af 3 ) + l(a 23 ) + Z(a3 3 )),Z - 1 (Z(aj^) + Z(a 24 ) + l(a 34 )); 
min(ffi(Af), Hi{AY), H^A^)), min(ffi(Af), H 2 (A%), H 2 (A %)) 
Z _ 1 (Z(Z _ 1 Z(fl#1) + Z( a 2i))) + *(°3i))> Z _ 1 (Z(Z _ 1 (Z(af 2 ) + Z(o# 2 ))) + Z(a^ 2 )), 
Z- 1 (Z(Z" 1 (Z(a^ 3 ) + l(a 23 ))) + Z(a&)), Z- 1 (Z(/- 1 (Z(a^) + Z(a&))) + Z(a&)); 
min(min(i? 1 (j 4 4 / ), H 4 (AY )), H 4 (A 3 )), min(min(iJ 1 (^ 4 4 r ), iJ 2 (A^)), H 2 (AY)), 
Z- 1 (Z(Z- 1 (Z(af 1 ) + Z(a&))) + *(<&)), Z- 1 (Z(Z- 1 (Z(af' 2 ) + Z(<&))) + Z(a^ 2 )), 
Z- 1 (Z(Z- 1 (Z(a^) + Z(< 4 ))) + *( 4 »)), Z- 1 (Z(Z- 1 (Z(a^) + Z(<&))) + Z(a&)); 
min(min(Hi(Af),#i(^)), ill (^)>min(min(#i(^f), #2(^2)), #2(^3)) 


Theorem 18: 


Let *-! = jii G iii|ii = ((a^a^a^a^;!?!^) ,H 2 (A[ t )), (ofi, af 2 , af 3 , af 4 ; iii(Af') , i? 2 ( 7 lf')))| , 

/12 = 2 € /j- 2 |y1 2 = (( a 2 i) a 22 > a 23 ) a 24 i -Zft(^ 2 ^) j H 2 (A 2 )), (a 2 i, af^, a 23 , a 24 ; H 3 {AY ) , H 2 (A 2 ))) j- 

and ft 3 = |i 3 G ft 3 |A 3 = ((a^,a^ 2 ,a^ 3 ,a^ 4 ;tfi(A^), H 2 (A%)), (a^,a^ 2 ,a^ 3 ,a^ 4 , H^A^) ,H 2 (A$)))} 
are three TIT2HFEs, then: 

( 1 ) (iii U ® ^3 = (fti ® ii 3 ) U (ii 2 ® ^3) 

(2) (in n ft 2 ) ® ii 3 = (in ® ii 3 ) n (ii 2 ® ij 3 ) 

(3) (iii u ii 2 ) ®h 3 = (iii ® ii 3 ) u (h 2 <g> ii 3 ) 

(4) (iii n ii 2 ) ® ii 3 = (iii ® ii 3 ) n (ft 2 ® ii 3 ) 

(5) iii ® (h 2 u ii 3 ) = (iii ® ii 2 ) u (iii © h^j 

( 6 ) in ® (J12 n h 3 ) = (in ® ^2) n (in ® h 3 ) 

( 7 ) iii ® (ii 2 u ii 3 ) = (iii ® ii 2 ) u (iii ® ii 3 ) 

( 8 ) iii ® (ii 2 n ii 3 ) = (iii ® ii 2 ) n (iii ® ii 3 ) 


Proof: 

We prove (1) and (3). similarly, we can the others. 

( 1 ) (iii U ii 2 ) ® ii 3 = 
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{ ( max {a \\, } , max {af 2 , a^ 2 } , max { af 3 , a^ 3 } , max { af 4 , ; 

V min {H^AY), Hx(A%)}, min {H2(AY),H 2 {A%)} 

f max { afi, fl^i} , max { a { 2 , a% 2 } , max I a [ 3 , a% 3 } , max { af 4 , a£ 4 } ; 

V min{n 1 (Af),n 1 (Af')} , min {n 2 (Af), n 2 (A^)} 


®/l3 


_ _ U_ _ 

Ai^hi ,A2^h,2 ,AsEhs 


y41 £ hi , A 2 £ h,2 , A 3 £ ft-3 


_ u_ 

Ai^hi ,A2Eh,2,AsEh3 


< _u_ . 

A 1 eh 1 ,A 3 eh 3 


f / _1 (Z(max{a^i,a^i}) + Z(a^)), Z _1 (Z(max {af 2 , a^ 2 }) + Z(« 32 ))> \ 
r 1 (i(max {of 3 , a^ 3 } + Z(a^ 3 )), Z _1 (Z(max {a^ 4 , agj) + Z(a^ 4 )); 
min (min {iJ 4 (Af), #1 (A^)} , n 4 (A^)), 

< V min(min{fl'2(Af),H' 2 (A^)} ,H 2 (A%)) J 

( / _ 1 G(maxjo^,a^j)+ Z(af' 1 )),r 1 («(max|af' 2 ,a^ 2 |)+ /(af 2 )), \ 
Z- 1 (i(max {af 3 , a^ 3 }) + Z(a£ 3 )), r^max {af 4 , a£ 4 }) + Z(a£ 4 )); 
min (min {-Hi(Af'), I/ 1 (Af')} , iii(Af')), 

, \ min(min {iJ 2 (Af'),iJ 2 (^)} ,H 2 (A$)) J 

( r 1 (max{Z(af 1 )+ Z(a^),Z(a^)+ Z(a^)}), \ 

Z _1 (max{Z(af 2 ) + /(a^), Z(a^ 2 ) + ^(<4 2 )}), 

Z _1 (max{Z(af 3 ) + l(a 33 ), Z(a^ 3 ) + l(a 33 )}), 
r 1 (max{/(af 4 ) + Z(a^ 4 ), Z(a^ 4 ) + Z(a^ 4 )}); 
min(min{ffi(A^),ffi(A^)},min{Hi(A^),ffi(A^)}), 

\ min(min{iJ 2 (A^),iJ 2 (^)},min{iJ 2 (A^),iJ 2 (A^)}) / 

/ Z- 1 (max{Z(afi)+Z(of' 1 ),Z(a^ 1 ) + Z(afi)}), \ 

Z _1 (max{Z(af' 2 ) +Z(of' 1 ),Z(o^ 2 ) + Z(af' 2 )}), 

Z- 1 (max{Z(af' 3 ) + Z(a£ 3 ), Z(a£ 3 ) + Z(a£ 3 )}), 

Z- 1 (maxZ(af 4 ) + Z(af 4 ), Z(a£ 4 ) + Z(a£ 4 )}); 

min(min{n 1 (Af),n 1 (A^} ) min{n 1 (Af') ) -ff 1 (A£)}), 

. \ min(min{i? 2 (Af'),F 2 (A|')},min{i?2(^),i?2(7l|')}) / , 

/ max{Z- 1 (Z(a5 / 1 )+ Z(a^ 1 )),Z- 1 (Z(ag 1 )+ Z(a^))}, \ 

max{Z _1 (Z(a 42 ) + Z(a^ 2 )), Z -1 (Z(o# 2 ) + Z(a^ 2 ))}, 
max{Z _1 (Z(a 43 ) + Z(a^ 3 )), Z _1 (Z(<4 j) + Z(a^ 3 ))}, 
max{r 1 (/(af 4 ) + Z(a^ 4 )), Z _1 (Z(a^ 4 ) + Z(a(j( 4 ))}; 
min(min{ffi(Af),Fi(A^)},min{Hi(A^),ffi(A^)}), 

\ min(min{n 2 (Af),n 2 (A^)},min{n 2 (A^),n 2 (A^)}) / 

/ max{Z- 1 (Z(afi) + Z(a 31 )), Z _1 (Z(a 2 i) + K a 3i))}> \ 

max{Z _1 (Z(of 2 ) + l(a 31 )), ^ 1 (?(a 22 ) + Z(a 32 ))}, 
max{Z- 1 (Z(af' 3 ) +l(a% 3 )),l- 1 (l(a% 3 ) + l(a$ 3 ))}, 
max{Z _1 (Z(af 4 ) + Z(a 34 )), ? _1 (Z(a 24 ) + Z(a 34 ))}; 
min(min{iJi(j4f'), ni(A 3 )}, min{.ffi(A 2 ), -Hi(A 3 )}), 

, V min(min{i7 2 (7lf),i?2(^3)},min{iJ2(A2),i?2(^3)}) / , 

Z-^ZCafi)+ Z(a^ L )),Z- 1 (Z(o5 / 2 )+ Z(a^ 2 )), \ 

Z- 1 (Z(af 3 ) + Z(a 3 ^ 3 )),Z^(Z(af 4 ) + Z(ar 4 )); 

minin'!(Af),-ffi(A^)},min{n 2 (Af), n 2 (A^)} / 

Z" 1 (Z(af'i) + Z(afi)), Z _1 (Z(af' 2 ) + Z(afi)), \ 

* _1 (*(<* 13 ) + ^( a 33))i ^ _1 (^( a i4) + ^( 034 )); 

mm{n 1 (Af'),n 1 (Af')},min{n2(Af'),n 2 (A3)} / , 
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^~ 1 (K a 2l) + K a 3l)M _1 W a 22) + ^( a 32))> 

+ lla^ 3 )),l- 1 (l(a^) + «)); 

min{i?i(4^), Hi (4^)}, min{ff 2 (A%), H 2 (A%)} 

A 2 eh2,A 3 Bh3 I l 1 (K a 2l) + K a 3l))>l 1 (K a 22) + K a 3l))> 

^ _1 (K a 23) + 1 ( 0 - 33 )) + K a 3i))\ 

min{iJi(^), -Hi(4£)}, min{.ff 2 (4£), H 2 (4f')} 

(/M © ft 3 ) U (fr 2 0 /i 3 ) . 

/ii U /i 2 ) ®h 3 = 

a 2 i } , max {af 2 , a ^ 2 } , max ( 0 ^ 3 , a ^ 3 } , max { af 4 , a ^ 4 } 

U , v m.in{H 1 (A¥),H 1 (A%)} ,m.m{H 2 (A¥),H 2 {A%)} 

A^huAzehz j ( max {af 4 , a 24 } , max {af 2 , a 22 } , max {af'g, a 23 } , max {af 4 , a 24 } 


max {a^, 1 


min {-ffi(4f), Hi(A¥)} , min |# 2 (4f), #2(4 2 )} 


®h 3 


. - .U. . . < 

Ai£hi,A2Eh2,As£h3 I 


. . .u. . < 

AiGhi,A2^h2iA3^h3 I 


/ /c _ 1 (fc(max {oJi.a^}) + fc(a^)), fc _ 1 (fc(max{af 2 ,a^,}) + fe(a^ 2 )), \ 
* _1 (*(“ax { 013 , 4 ^} + k(o 33 )), k~ 1 (k(max {af 4 , a^ 4 }) + fe(a^ 4 )); 
min(min {(4f), #1 (4^)} , i?i (4^)), 

V mm{mm {H 2 (A¥),H 2 (A¥)} ,H 2 {A%)) J 

( fc _1 (fc(max {afi, a 21 }) + k(a 31 )), k~ 1 (k(max {af^, a 22 }) +fc(a 32 )), \ 
fc -1 (fc(max {af 3 , a£ 3 }) + fc(af'g)), Ar^max {af 4 , a£ 4 }) + fc(a£ 4 )); 
min (min {.Hi(4f), i?i(4£)} , H^A^)), 

V mm(mm {H 2 (A¥),H 2 (A¥)} ,H 2 (A%)) J 

( fc-^ma x{k{a¥ 1 ) + k(a¥ 1 ),k{a¥ 1 ) + k(a¥ 1 )}), \ 

k~ 1 (max{k{a¥ 2 ) + k{a% 2 ), fc(a^ 2 ) + fe(a^ 2 )}), 

A; _ 1 (max{fc(a( / o) + k(a 33 ), ktaV-A + k(o 33 )}), 

/c' l (max{fc(af 4 ) + fe(a^ 4 ), fc(a^ 4 ) + fc(a^ 4 )}); 
min(min{iJi(4J 7 ), Hi (-4^)}, min{i?i (4^), £Ti (4^)}), 

\ min(min{iJ 2 (4 4 / ), H 2 (A 3 )}, min{iJ 2 (4 2 7 ), H 2 (A 3 )}) / 

( fc _ 1 (max{fc(af' 1 ) + fe(a 31 ), fc(a 21 ) + fc(afi)}), \ 

fc _ 1 (max{fc(a 42 ) + fc(° 3 i)> fc ( a 22 ) + fc ( a 32 )})> 
fc _1 (max{fc(af 3 ) + fc(a 33 ), fc(a 23 ) + k(a% 3 )}), 

A - 1 (maxfc(af 4 ) + fc(a 34 ), fc(a 24 ) + /c(a 34 )}); 
min(min{i?i (4f), i?i (4f)}, min{ffi (4^), i?i (4f)}), 

V min(min{iJ 2 (4f'), iJ 2 (4 3 )}, min{i? 2 (4 2 ), i? 2 (4 3 )}) / ^ 
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_ _U_ _ < 

AiOzhi ,A2(zh2 yAsdzha 


( max{/c _1 (fc(oj 7 1 ) + ^(a^)) 

maxjfc -1 (fc(a^) + k(a 32 )) 
maxjfc -1 (k(aY 3 ) + k(a 33 )) 
maxjfc -1 (/c(a^) + k(a 34 )) 
min(min{iJi (A^), H\ (A %)}. 
V min(min{# 2 (Af), H 2 {A%)} 
( max{fc _1 (/c(af J ] 


= < 


_ _ U_ _ 

AiEhi ,As£h3 




_ u_ _ 

A .2 G h> 2 > A.% £ 


v 

= (hi 0 


fc_1 ( fc («2l) + fc ( a 3l))}> 

k~ 1 {k(a^ 2 ) + k(a^ 2 ))}, 
k~ 1 (k(a 23 ) + k{a\ 3))}, 
k~ 1 (k(a 24 ) + fc(a^ 4 ))}; 
min{i?i (A 2 ), Hi {A 3 )}), 
min {H 2 (A%),H 2 {A%)}) 


k~ (fc(an) + k{a^ 1 )),k~ 1 (k(aY 2 ) + fc(a§ 2 )), 
/5 _1 (fe(af 3 ) + k(a 33 )), k~ 1 {k{a x ( 4 ) + fc(a^ 4 )); 
min{iJi(Af), -Hi(A^)}, min{.ff 2 (A^), ff 2 (A^)} 
fc _1 (fc(afi) + k(a 31 )), k~ 1 (k(ai 2 ) + fe(afi)), 


k 1 (fc(af’ 3 ) + k(a 33 )), k 1 (k(a^ 4 ) + fc(a£ 4 )); 

min{F 1 (Af'),F 1 (Af')},min{fl' 2 (Af'),i? 2 (>l3)} 

+ ^( a 3i))> ^ _1 (^( a 22) + K°32))» 

k~ 1 (k(a 23 ) + k{a^ 3 )),k^ 1 (k(a^ 4 ) + k(a% 4 )); 
min{Fi (A^), i?i (A^)}, min{ff 2 (A^), i ? 2 (A^)} 
fc“ 1 (fc(a|' 1 ) + k(a 31 )), k~ 1 (k(a 22 ) + k{a ^)), 
/c _1 (fc(a£ 3 ) + k(a 33 )), k~ 1 (k(a 2A ) + fc(af 4 )); 
min{i?i(A^),Hi(Af)},min{ J ff 2 (A|'),iJ 2 (A|')} 


U ( ho ® ft; 


>)-■ 


k(a^i)),k 1 (k(a 21 ) + k(a 31 ))}, \ 


max{ k 1 (fc(af 2 ) + fc(a|i)), ft 1 (k(a% 2 ) + k{a% 2 ))}, 
max{fc _ 1 (ft(af,) + fc(a 33 )), k~ 1 (k(a 23 ) + fc(a 33 ))}, 
max{fc _ 1 (fe(af' 4 ) + ft(a 34 )), ft _ 1 (ft(a£ 4 ) + fc(a£ 4 ))}; 
min(min{iJi(Af'),iJi(A|')},min{iJi(A^),iJi(A^)}), 
min(min{ F 2 (Af), H 2 (A£)}, min{ # 2 (A£), ff 2 (Af")}) 


Theorem 19: 

Let /iiand h 2 be two TIT2HFEs, then: 

(1) U h 2 ^ ® (7ii n h 2 ^j = hi ® h 2 . 

(2) U h 2 ^j <g> (hi n h 2 ) =hi®> /12- 


Proof: 

(1) We know that for any two real numbers a and b, it follows that: 

max {a, b} + min {a, b} = a + b 
max {a, b) . min {a, b} = a.b 


Then we have: 

( 1 ) (hi U h 2 ^ ® (hi n h 2 ^ = 

( max {a'i 7 ,, } , max { af 2 , a^ 2 } , max { a^ 3 , a^ 3 } , max { a^ 4 , a^ 4 } ; 

U V min {H 1 (AY), Hi(A 2 )\ , min {H 2 (A 4 ), U 2 (A 2 )} 

A 1 eh 1 ,A 2 eh 2 ( max{afi,afi} , max {af 2 , a^ 2 ) , max {a( 3 , a^ 3 } , max {af 4 , a£ 4 } ; 
V min {-ffi(Af'), Hi(A 2 )} , min {H 2 {A[), H 2 (A^)} 
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Ai G/ii ,A-2 G h*2 


= < 


= < 


= < 


/ 


min { aft, } , min { aft, “22 } , min { aft, aft } , min { aft, aft } ; 

min { ifi (Aj 7 ), ffi (^)} , min { H 2 (Af ), H 2 (A %)} 
min { aft, aft } , min { aft, aft } , min { aft, aft } , min {,aft, aft } ; 
min { i?i (A {), if 1 (A %)} , min { H 2 {A [), H 2 (A %)} 


Z _ 1 (Z( max 
Z _ 1 (Z( max 
Z _ 1 (Z(max 
Z _ 1 (Z( max 


a 17 

“ill 

n u 

M 12i 


“21 

rt 77 

«22 


„E/ a 77 
“l3> “23 
„E7 n 77 
“14 > “24 


}) + ft 
})+K 

) + Z(min 
) + /(min 


n u 

“ii' 

n u 

“ 12 ' 


n u 

“21 

o 77 

“22 


I)), 

}))• 


\ 


“l3? “23}))? 
a 14> a 24/))i 


_ u _ _ 

Ai(zhi ,A2(zh2 


\ min {H^AY), H^Ag)} , mm {H 2 {A¥),H2(A%)} j 
( / _1 (/(max {aft, aft}) + /(min {aft, aft})), \ 

l- 1 (l (max {aft, aft}) + /(min {aft, aft})), 

/ ” 1 (/ (max { aft, aft j) + Z (min { aft, aft })) 

, Z ~ 1 (/ (max { aft, aft }) + / (min { aft, aft })); 
min {Hi(A^), Hi(A%)} , min {if 2 ft4f), H 2 (A%)} J 


( 1 


1 (max - 
1 (max - 


l (a 


n), l(a. 


Z(a ( 


n), /(“, 


/(“ 12 ); ^(“ 22 )} + min {/(aft), /(< 


/■ 

Z _1 (max {/(aft), Z(aft)} + min {/(aft),/ft 77 


£)})> 


). \ 


23 


A±(zhi ,A2(zh2 


)})> 

l ftmax {/(aft), Z(aft)} + mm {/(aft), Z(aft)}); 

\ min {ffiftl^ffiftl 77 )}, min {ff 2 «), H 2 {A^)} J 
/ _1 (max {/(aft), / (aft)} + min ft («u), l (“ft)}), 
Z _1 (max 
Z _1 (max 

Z _1 (max {/ (“(4) ,Z (aft) } +min{/ (aft) ,Z (aft)}); 
min { H x (Af) , H 1 ( A %)} , min { H 2 (Af ), H 2 )} 

l- 1 {/(a 77 ) + Z(a 2 ft)} , l- 1 ft (aft) + Z(aft)} , 




Z- 7 {/( 


*11 

ift) + 


Z 1 ft(aft) + ft a ft)} : 


_ u_ 

Ai Glii T-A2^h2 


min {ffiftl 77 ), ffiftl 77 )} , min {H 2 (AY), H 2 (A 77 )} 

Z - 1 ft(aft) + Z (a 21 )} , Z - 1 {/ (af 2 ) + Z ( 4 2 )} , 

Z 1 {/ (“fs) (“23)} ' Z 1 (“14) + ; (“24)} ; 

min {Hi (Af), H x (A %)} , min {i? 2 (Af), H 2 (A %)} 


— hi © h 2 . 

Similarly, we can proven (2) .1 


Theorem 20: 

Let Ziiancl h 2 be two TIT2HFEs and A > 0, then: 

(1) A (yhi U h- 2 ^ — A/ii U Xh 2 . 

( 2 ) A i^hi n Zi 2 ^ — A/ii Li Xh 2 . 

(3) (hi U = hi U h 2 . 

(4) (hi fl h^ = h 4 D h 2 . 


Proof: 

In the following, we prove (1) and (3), the rest can be proven analogously: 
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(1) A [hi U /i 2 ) = 


= l 


= < 


max { aY 1 , a % ± } , max { af 2 , a ^ 2 } , max { a\ r 3 , a ^ 3 } , max { a^ 4 , a ^ 4 } ; 
min {i?i (AY ), Hi )j , min {tf 2 (AY ), H 2 (AY)} 

A 1 eh 1 ,A 2 eh 2 ( max { a ii> a 2 i} , max {af 2 , a^ 2 } ,max {af 3 , a 23 } , max { af 4 , a£ 4 } 

V min {H ± (At), Hi(AY)} ,mm{H 2 {A^),H 2 (A%)} 

( ( max { aYi, } , max { af 2 , a ^ 2 } , max jaf 3 , a ^ 3 } , max { a^ 4 , a ^ 4 } ; 

U 1 min{F 1 (Ylf),Fi(^)},min{^ 2 (Ylf),F 2 (^)} 

A 1 £h 1 ,A 2 eh 2 ( max { a [\, } , max {af 2 , a£ 2 } ,max jaf 3 , a 23 } , max {af 4 , af 4 } 

V V min{if 1 (Af), J ff 1 (A|')} ,mm{H 2 {A^),H 2 (A%)} 

l~ 1 (Xl(max {afjjO^}), Z" 1 (Ai(max {af 2 , a 22 }), 

Z _1 (AZ(max ja^o, a^ 3 }), Z _ 1 (AZ(max {oK,, 094 }); 
min {HMYi HmI\\ , min { k(4),)} 


-1 


A/ 


A±(zhi ,A2£h2 


= < 


_ u_ 

Ai(zhi ,A2^h2 


— Xhi U \h 2 . 


I 1 (Ai(max {«n,a 21 }),Z ^A^max {af 2 ,a£ 2 }), 


Z 1 (Xl(max{ah,ako\),l : (AZ(max{af 4 , 094 }); 
min {H x {Af), Hi (At) } , min {ff 2 (Af), H 2 (At)} 
max U~ 1 (Xl(aYi), Z _ 1 (AZ(a^ f 1 )} , max |Z” 1 (AZ(a^ / 2 ), H 1 (Xl(- 



max{Z 1 (A/(a^),/ ^A^a^)} , max U 1 (A/(a^),Z ^A^a^) 
min { Hi (AH, # 1 (40 } , min { H 2 {A”), H 2 (AY)} 
max |Z^ 1 (AZ(af 1 ), Z _1 (AZ(a 21 )} ,max {Z _1 (AZ(af 2 ), Z" 1 (AZ(a 22 )} , 
max {Z -1 (AZ(af 3 ), Z _1 (AZ(a 23 )} ,max {Z -1 (AZ(af 4 ), Z —1 (AZ(a^)} ; 
min { i?! (At ) , H ± (At )} , min { H 2 (At ), H 2 (At )} 


hi U ho) — 


. u , , 
AiGhi ,A2^fi2 


= k~ 


X k 


AiEhi , A 2 G^2 


= < 


A±(zhi ,A2^h2 


= < 


_ u_ 

AiEhi ,A2^h2 


max {a( 7 |, } , max { af 2 , <*22 } > max !«^ 3 ,a 23 } > max { a i4, “m} ; 

min {Hi(A¥),Hi(A%)\, min \h 2 (AY), H 2 (AY)} 
max { ati , a 21 } , max { af 2 , a^ 2 } , max { af 3 , a^ 3 } , max { a(4, a£ 4 } ; 
min { if 1 (Af), Hi ()} , min { if 2 (), H 2 ( A %)} 

max { aYi, «2i} , max {a 12> a 22 } > max { a i3> a 23 } > max { a i4> «24 } I 
min {Hi (AY), Hi (A%)} , min { H 2 (AY), H 2 (AY )} 
max { ati > °21} : max { «12) «22 } > max { a 13 > «23 } ’ max { ai 4 ) °24 } 
min {Hi ( A {), H x (A%)} , min { H 2 ( A {), H 2 (A %)} 

k~ 1 (Xk(ma,x {aYi, a 2i})) k~ x (Xk(ma,x { aY 2 , a\_ 
k~ 1 (Xk(max |a( 3 , aM 2 j), fc _1 (Afc(max ja^A, aM* \ 
min \h\(AY), Hi(lf)} , min { H 2 (AY), H 2 ($)} 
k 1 (Afc(max {af^, a 21 |), fc 1 (A/c(max {af^, a 22 }), 
fc^ 1 (Afc(max |af 3 , a9 3 |), k~ 1 (Xk(max {a{ A , 094)); 
min {Hi(At), Hi(A%)} , min {H 2 (At), H 2 (At)} 
max {k~ 1 (Xk(a¥i), k~ 1 (Xk(aY 1 )\ , max {k~ l (Xk(aY 2 ), k~ x (Xk(aY 2 )) 
max |fc^ 1 (Afc(a 33 ), k -1 (Xk(aYY)} , max jfc -1 (Afc(af 4 ), k~ 1 (Xk(aYY)\ 
min {Hi(AY),Hi(AY)\, min \h 2 (AY),H 2 (AY)} 
max {/c _1 (Afc(af 1 ), k~ x (A/c(a 21 )} , max |fc _1 (Afc(af' 2 ), fc" 1 (A/c(a 22 )} , 
max {k~ 1 (Xk(at 3 ), fc _1 (A/c(a 23 )} , max \k~ 1 (Xk(at A ), fc _1 (A/c(a 24 )} ; 
min {Hi(At), i?i(i 2 )} , min {H 2 (At), H 2 (At)} 
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= h$U~h§M 


4 Conclusions 

We introduced the notions of Trapezoidal interval type-2 hesitant fuzzy set. At 
the same time, some operation laws of TIT2HFS were provided to complete its 
theory. 
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MENGER PROBABILISTIC NORMED RIESZ SPACES AND STABILITY OF 
LATTICE PRESERVING FUNCTIONAL EQUATION 

SEYED MOHAMMAD SADEGH MODARRES MOSADEGH, EHSAN MOVAHEDNIA, JUNG RYE LEE*, 

AND CHOONKIL PARK 


Abstract. The purpose of this paper is to introduce the concept of a Menger probabilistic 
normed Riesz space. We study some properties of these spaces and compare normed Riesz spaces 
with Menger probabilistic normed Riesz spaces. Next, we investigate the Hyers-Ulam stability of 
lattice homomorphisms in Menger probabilistic normed Riesz spaces. 


1. Introduction 

Riesz spaces are named after Frigyes Riesz who first defined them in 1930 [20]. Riesz spaces 
are real vector spaces equipped with a partial order. Under this partial order the Riesz space 
must satisfy some axioms, including the axiom that it is a lattice. 

The theory of probabilistic normed spaces (briefly, PN spaces) was born as a “natural conse¬ 
quence of the theory of probabilistic metric spaces. For the basic theory of vector lattices (Riesz 
spaces) and Banach lattices and for unexplained terminology we refer to [2, 17, 27]. 

The theory of probabilistic metric spaces was introduced in 1951 by Menger [11], He replaced 
the number d(p,q), which gives the distance between two points p and q in a nonempty set S, 
by a distribution function F pq whose value F Ptq (t) at t G [0, +oo) is interpreted as the probability 
that the distance between the points p and q is smaller than t. Menger’s idea was developed by 
the authors in [6, 7, 10]. 

The theory of PN spaces was introduced by Serstnev [23]. It were redefined by Alsina, Schweizer 
and Sklar [3, 4], 

A classical question in the theory of functional equations is the following: When is it true 
that a function which approximately satisfies a functional equation D must be close to an exact 
solution of D1 If the problem accepts a solution, we say that the equation D is stable. The first 
stability problem concerning group homomorphisms was raised by Ularn [26] in 1940. In 1941, 
Hyers [8] solved this stability problem for additive mappings subject to the Hyers condition on 
approximately additive mappings. The result of Hyers was generalized by Rassias [18] for linear 
mapping by considering an unbounded Cauchy difference. The stability problems of several 
functional equations have been extensively investigated by a number of authors, and there are 
many interesting results concerning this problem ([1, 9]). Recently, considerable attention has 
been increasing to the problem of fuzzy stability of functional equations. Several fuzzy stability 
results concerning Cauchy, Jensen, simple quadratic, and cubic functional equations have been 
investigated in [12, 13, 14, 15, 16, 19, 24, 25]. 

In this paper, Riesz fuzzy normed spaces are defined and the stability conditions are verified. 

2010 Mathematics Subject Classification. 54A40, 46S40, 39B62, 39B52. 

Key words and phrases. Menger probabilistic normed Riesz space; Hyers-Ulam stability; lattice preserving func¬ 
tional equation; lattice homomorphism. 
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A nonempty set V with a relation “<” is said to be an ordered set whenever the following 
conditions are satisfied: 

1. x < x for all x € V. 

2 . x < y and y < x imply that x = y. 

3. x < y and y < z imply that x < z. 

If, in addition, for all x, y £ V either x < y or y < x, then V is called a totally ordered set. 
Let A be subset of an ordered set V. x £ V is called an upper bound of A if y < x for all y £ A. 
z £ V is called a lower bound of A if y > z for all y £ A. Moreover, if there is an upper bound of 
A, then A is said to be bounded from above. If there is a lower bound of A, then A is said to be 
bounded from below. If A is bounded from above and from below, then we will briefly say that 
A is order bounded. 

An order set (V, <) is called a lattice if any two elements x, y £ V have a least upper bound 
denoted by x V y = sup{x, y} and a greatest lower bound denoted by x A y = inf{x, y}. 

A real vector space V which is also an order set is an order vector space if the order and the 
vector space structure are compatible in the following sense: 

1. If x, y £ V such that x < y then x + z < y + z for all z £ V. 

2. If x, y £ V such that x < y, then ax < ay for all a > 0. 

(V, <) is called a Riesz space if (V, <) is a lattice and an order vector space. 

A norm || • || on a Riesz space V is called a lattice norm if ||x|| < ||y|| whenever |x| < \y\. In 
the latter case, (V, || • ||) is called a normed Riesz space. 

(V, || • ||) is called a Banach lattice if for all x,y £ V 

1. (V, || • ||) is a Banach space; 

2. V is a Riesz space; 

3. || • || is a lattice norm. 

Let V be a Riesz space and the positive cone V + of V consist of all x £ V such that x > 0. 
For every x € V, let 

x + = x V 0, x~ = —x V0, |x| = x V —x. 

Let V be a Riesz space. For all x, y, z € V, the following assertions hold: 

1. x + y = x V y + x A y , — (x V y) = — x A — y\ 

2. x + (y V z) = (x + y) V (x + z) , x + (y A z) = (x + y) A (x + z); 

3. |x| = x + + x~ , |x + y\ < |x| + |y|; 

4. x < y is equivalent to x + < y + and y~ < x~; 

5. (x V y) A z = (x A y) V (y A z) , (x A y) V z = (x V y) A (y V z). 

A Riesz space V is Archimedean if x < 0 holds whenever the set { nx : n G iV} is bounded 
from above. 

Definition 1.1, [17] Let V be a Riesz space. The sequence { x n } is called uniformly bounded if 
there exist e £ V + and {a n } £ l 1 such that x n < a n ■ e. 

Definition 1.2. [17] A Riesz space V is called uniformly complete if sup {^)” =1 Xj : n £ N} 
exists for every uniformly bounded sequence {x n }, where x n £ V + . 

Definition 1.3. [17] Let V, W be Archimedean Riesz spaces. The function P : V —> W is called 
positive if P(V + ) = {P(|x|) : x £ V} C W+. 

Theorem 1.1. [2] For a function P : V -A W between two Riesz spaces, the following statements 
are equivalent: 

1. P is a lattice homomorphism; 
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2. P(x + ) = P(x) + for all x G V; 

3. P(x A y) = P(x) A P{y); 

4. if x A y = 0 mV, i/iert P(x) A P(y) = 0 holds in W; 

5. P(|x|) = |P(®)|. 

Definition 1.4. [1] Let V and W be Banach lattices and P : V —>• W a positive mapping. We 
define 

(Pi) a lattice homomorphism functional equation: 

P(|x|V|s/|) = P(|x|)VP(M); 

(P 2 ) a semi-homogeneity: for all x € V and every number a G M + 

P(a\x\) = aP(|x|). 

Remark 1.1. [1] Given two Banach lattices V and W and P : V —* W be a positive function 
satisfying the property (Pi). Then the following statements are valid. 

1. P(|x V y\) < P(|x|) V P(|y|) /or all x, y G V. 

2. The semi-homogeneity implies that P(0) = 0. 

3. P is an increasing operator, in the sense that if x,y G V are sac/;, that |x| < |y|, t/ien 

p(M)<p(M). 

A distance distribution function (briefly, d.d.f.) is a non-decreasing function F defined on M + 
that satisfies P(0) = 0 and F(+oo) = 1, and is left continuous on (0, 00 ). The set of all d.d.f’s 
will be denoted by A + ; and the set of all F in A + for which lim a ._ >+00 - F(x) = 1 by D + . The 
elements of A + are partially ordered via F < G if and only if F(x) < G(x) for all x G M + . 

The space A + has both maximal element eo and a minimal element e^, defined by 

( 0 if x < 0 ( 0 if x < +00 

eo(x) = < £cx>(x) = < 

[l if x > 0 , [l if x = 00 . 

Let [P, G; h] denote the condition 

G(x) < F(x + h) + h Vx G ( 0 , . 

For any P, G G A + and h in (0,1], the function dj J defined on A + x A+ by 

d L (F,G) = inf {h \ both [P, G; h] and [G,F\h] hold } 

is called the modified levy metric on A + . Convergence with respect to this metric is to week 
convergence of distribution function, i.e., for any sequence {F n } in A + and any P in A+, we have 
d^(P n ,P) —> 0 if and only if the sequence {F n (x)} converges to F(x) at each continuity point x 
of P. Moreover, the metric space (A + ,</l) is compact. If P and G are in A + and P < G, then 

dr(G,eo) < dL{F,e 0 ). The supremum of any set of d.d.f.’s in A + is in A + (see [5]). 

Definition 1.5. [5] A triangle norm (t-norm, for short) is a binary operation on the unit interval 
[0,1], i.e., a function T : [0,1] x [0,1] —> [0,1] such that for all x,y,z G [0,1] the following four 
axioms are satisfied: 

(Tl) T{x,y) = T(y,x)- 

(T2) T(x,T(y,z)) = T(T(x,y),z)', 

(T 3) T(x, y) < T(x, z) whenever y < z; 

(T4) T(x, 1 ) = x. 
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A t-norm T is continuous if and only if it is continuous in the first component, i.e., if for each 
y £ [ 0 , 1 ] the one place function 

T(-,y) : [0,1] —>■ [0,1], xi — >T(x,y), 

is continuous. A continuous f-conorm T* is a continuous binary operation on [0,1] which is related 
to the continuous t-norm T through T*(x,y) = 1 — T( 1 — x,l — y). A continuous t-norm T is 
Archimedean if T(x,x) < x for all x £ (0,1) (see [ 21 ]). 

Definition 1.6. A triangle function is a binary operation on A + ; namely, a function r : A+ x 
A + —>• A + that is associative, commutative, nondecreasing in each argument and which has eo as 
unit, viz, for all F,G,H £ A + , 

1. t(t(F,G),H) = t(F,t(G,H)); 

2. t(F ., G) = t(G, F); 

3. F < G => t(F,H) < t(G,H); 

4. t(F, e 0 ) = F. 

A triangle function r is Archimedean on A + if t(F,G) < F for all F, G £ A + and F e^, 
G f eo- Moreover, a triangle function is continuous if it is continuous in the metric space (A + , dif)- 
Typical continuous triangle functions are 

t T {F, G)(x) = sup T(F(s),G(t)) T T *(F,G)(x) = mf s+t=x T*(F( S ),G(t)), 

s-\-t=x 

where T and T* are f-norm and f-conorm respectively. If T and T* are continuous f-norm and 
f-conorm, respectively, then tt and tt * are uinformly continuous on (A + ,dif) (see [ 21 ]). 

Theorem 1.2. [21] Let T be an Archmidean continuous t-norm. Then tt is a triangle function 
having no nontrivial idempotent in A + , that is, tt is Archimedean triangle function (there is a 
similar theorem for tt* ). 

Definition 1.7. [5] A probabilistic normed space, which will henceforth be called briefly a PN 
space, is a quadruple (V,u,t,t*), where V is a linear space, r and t* are continuous triangle 
functions with r < t* , and the mapping u : V —f A + satisfies, for all p and q in V, the conditions 

(N 1) u p = e o if and only if p = 9 (9 is the nidi vector in X); 

(N2) u—p = Up ; 

(N 3) u p+q > T(u p ,u q ); 

(1V4) Up < T*(u ap , u ( i- a ) p ) for every a £ [0,1], 

The function u is called the probabilistic norm, a PN space is called a Serstnev space if it 
satisfies (-/VI), (iV3) and the following condition: 

u ap (x) = Up 

holds for all a £ M\ {0} and x > 0. If t = tt and t* = tt* for some continuous t-norm T and its 
t-conorm T* then (V, u , r, r*) is denoted by (V, u , T) and is a Menger PN space. For p £ V and 
t > 0 , the strong t-neighbourhood of p is defined by the set 

fifp(t) = {q £ V : d L (u p - q ,e 0 ) < t} = {q £ V : u p - q (t) > 1 - t}. 

Since r is continuous, the system of neighbourhood {A/" p (t) : p £ V and t > 0 } determines a 
Hausdorff and first countable topology on V, called a strong topology. 
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A sequence {p n } in (V) is, t, t*) is said to be strongly convergent (convergent with respect to 

PN 

the probabilistic norm) to a point p in V, and we will write p n - > p , if for any t > 0, there 

is a positive integer N such that p n is in J\f p (t ) whenever n > N. Thus p n - > p if and only if 

linin^oo di,(v Pn -p, eo) = 0. We will call p the strong limit of {p n }. 

A sequence {p n } in (V, is, r, r*) is said to be strong Cauchy if for any t > 0, there is an integer 
N such that p n is in M Pm (t) whenever n, m > N. If every strong Cauchy sequence is strongly 
convergent to a point p in V. then we say that ( V\ is, r, r*) is complete in the strong topology. 

Theorem 1.3. [ 5 ] Let (V,is,t,t*) be a PN space in which t* is Archimedean and is p / for 
all p G V. Then for every p G V, the mapping R 3 a i —> exp is uniformly continuous. 

Theorem 1.4. [5] Let (V, is, t, t*) be a PN space with r continuous. If V is endowed with 
the strong topology and A + with the topology of levy metric di,, then the probabilistic norm 
v : V — > A + is uniformly continuous. 

Note that if T is an Archmidean continuous f-norm, we use the above theorems in Menger PN 
space (V, is, T). 

Definition 1.8. [22] Let (V,<) be a (real) Riesz space equipped with a probabilistic norm is, 
and continuous triangle functions t and t* such that r < r*. The probabilistic norm on V is a 
probabilistic Riesz norm provided that |a;| < |y| in V implies is x > u y . Any Riesz space, equipped 
with probabilistic Riesz norm is a probabilistic normed Riesz space (PNR space, briefly). If a 
PNR space V is complete with respect to the strong topology, then V is a probabilistic Banach 
lattice (PBL, in short). 

Remark 1.2. In classical Riesz space theory, it is known that every normed Riesz space is 
Archimedean. In general, a PNR space V need not be Archimedean (see [22]). Nevertheless, if 
the condition that the triangle function t* of the PNR space V is Archimedean and n p Coo for 
all p G V is satisfied, then V is also Archimedean (see [ 5 ]). 


2. Main results 


Definition 2.1. A Menger probabilistic normed Riesz space ( MPNR- space, for short ) 
ternary ( V , v, T, <) where ( V, <) is a real Riesz space, T is a continuous t-norm and v : 

(for x £ V the distribution function u(x) is denoted by n x and v x (t) is the value of v x 
satisfies the following conditions: 

(Ml) v x (0) = 0 for all x G V; 

(M2) n x = eo if and only if x = 6 (6 is the nidi vector in V); 

(M3) v ax (t) = v x ( |^|) for all x £ V and a£l \ {0}; 

(M4) v x+y (ti + f 2 ) > T(v x (t\), v y (t 2 )), for all x,y G V andt\,t 2 ^^ + ; 

(M5) norm Riesz Menger property: v x (t) > v y (t) whenever |x| < |y| for all x, y G V and t G R + . 


is a qua- 
V D+ 
at t G 


Example 2.1. Let (V, ||.||, <) be a normed Riesz space. Define v : V D + by 

t 


Vx(t) = < 


t + ||x| 


ift> 0, 


0 ift< 0. 


Then (V, u, T, <) is a Menger PN space. It is clear that (Ml) — (M4) hold. Suppose that \x\ < |y| 
for all x,y G V. Then ||x|| < ||y|| since ( V., || • j], <) is a normed Riesz space. Therefore, 
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t 

t + \\x 


> 


t 

t + M 


and so is x (t) > is y (t ) for all t > 0 . 

Lemma 2.1. If (R, is, T ) is a Menger PN-space, then (R, is, T, <) is a Menger probabilistic normed 
Riesz space. 

We show that norm Riesz Menger property is satisfied in (R, is, T, <). Let |a:| < \y\ for x,y G 
R \ {0}. Then 

Mt) = V2 V (t) = Vy ^ > lSy(t) 

for all t G R + . 


Definition 2.2. Let ( V,is,T ,<) be an Menger probabilistic normed Riesz space. Let {x n } be a 
sequence in V. Then {x n } is said to be convergent if there exists x G V such that 

linr is x — x (t) = 1. 
n—>• oo 

In this case, x is called the limit of {x n }. 


Definition 2.3. The sequence {x n } in a Menger probabilistic normed Riesz space ( V , is, T, <) is 
called Cauchy if for each e > 0 and 5 > 0, there exists some no such that 

> 1 — e 


for all m, n > no- 


Clearly, every convergent sequence in a Menger probabilistic normed Riesz space is Cauchy. 
If each Cauchy sequence is convergent in a Menger probabilistic normed Riesz space (V, is, T, <), 
then ( V,is,T,<) is called a Menger probabilistic Banach Riesz space (briefly, MPBR- space). 

Definition 2.4. A sequence {x n } in a Menger probabilistic normed Riesz space ( V,is,T,<) is 
called order Menger convergent to x as n -A oo if there exists a sequence {y n }|0 as n -A oo and 
is Xn - x (t) > iSy n (t ) for all n & N and t. > 0. We write x = OM — lim^oo x n . 

Theorem 2.1. Let ( V,is,T ,<) be a Menger probabilistic normed Riesz space. Then each lattice 
operator is continuous. 


Proof. Assume that 


for all t, s > 0. Then 


lirn is Xn - x (t) = 1 

n—¥ oo 


& lirn is yn -y(s) = 1 


V Xn/\yn—X/\y 


(t + s) — 


> 

> 


^Xn/\y n —Xn/\y+x n /\y—x/\y (f + s ) 

^ (ls Xn s\y n -x n S\y{t)i V X nl\y—xl\y (®)) 

T (v yn -y(.t)Wx n -x(s)). 


As n —>• oo, we have 
So 


lim is, 

n —>oo 


XnAyn-xAy 


-xA y(t + s) — 1. 


lim x n A y n = x A y. 

n—>oo 

ft is easy to see that the other lattice operations are continuous. 


□ 
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Theorem 2.2. Let (V. is, T, <) be a Menger PNR space and T be an Archimedean continuous 
t-norm and is x / eoo for all x G V. Then V is Archimedean Menger PNR space. 

Proof. Let (V, is, T , <) be a Menger probabilistic norrned Riesz space. Consider x, y G V + such 
that nx < y for all n G N. Then 

Vnx(t) > Vy(t), Vt > 0 

and so 

v x > v y (t), Vt > 0. 

Replacing t by nt, we get 

is x (t) > vJnt) = isvft) Vt > 0. 

y n 

Since T is an Archimedean continuous t-norm and is x ^ , the probabilistic norm is is continuous 

(see Theorem 1.3) and we have x = 0. Hence V has Archimedean property (see Theorems 1.4 
and 1.2). □ 

Throughout this article we will assume that Menger PN space (V, is. T, <) has an Archimedean 
continuous t-norm T and is x ^ e ac . 

Proposition 2.1. Assume that {x n } and {y n } are sequences in Menger probabilistic norrned 
Riesz space (V. is. T. <) such that x n —> x and y n ^t y in order Menger as n —>• oo. Then 


OM - 

lim ( 

[x n + 

yn) = 

= X + 

y, 


n—>oo 



OM - 

lim 

V 

Vu) = 

= x V 

y, 


n—>oo 



OM - 

lim 

n—>oo 

[x n A 

Vn) = 

= x A 

y- 


Theorem 2.3. Let (' V, is, T, <) be a Menger probabilistic norrned Riesz space. If x n —> x (in order 
Menger or in norm) and x n > y for all n, then x > y. If x n x and x n > 0 for all n G N, then 
x > 0. This shows that the positive cone V + is closed. 


Proof. It may be assumed that y = 0. Since \x — x n \ < \x — x n \, 

V x -- x -(t) > Vx-x n {t) 

and so the sequence { x n \ converges to x as n —> oo. Thus p - 

J aC dC n 

x~ = 0 and hence x > 0 . 


(t) > 1 , which means that 

□ 


Theorem 2.4. Let ( V,is,T ,<) be a Menger probabilistic norrned Riesz space. Every increasing 
convergent sequence { x n } C V is convergent to u = sup{x n : n G N}. 


Proof. Suppose that {x n } is an increasing convergent sequence and 

lim is x x (t) = 1 for all t > 0 for all n G N. 

n—>oo 

Since for every m > n, we have x rn — x n G V + , it follows from Theorem 2.3 that x > x n and 
x n < u < x for all n G N. So by (M4) 

is u -x n (t) > is x -x n (t) for all t > 0 . 


Therefore, we have 


Hence u = x. 


lim is Xn - u (t) = 1 for all t > 0 . 

n—>oo 


□ 
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Theorem 2.5. Every Menger probabilistic Banach Riesz space is uniformly complete. 


Proof. Let {V. v, T, <) be a Menger probabilistic Banach Riesz space and {x n } C V + be a se¬ 
quence such that x n < a n e for a suitable sequence { a n } £ l 1 and some e £ V + . We show that 
suplE^i x i : n £ N} exists. Let 

OO 

y n = X1 + X2 + ... + x n and b n = ^ aj. 

j=n +1 


By Theorem 2.1 and {PN 4), we have 


u y n+p -y n (t) — Vx n+1 +...+x n+P (t) > a„+j.e(t) ~ u b n .e(t) 

for all t > 0. As n -A 00 , we get 


lim = 1. 


So {y n } is a Cauchy sequence in Menger probabilistic Banach Riesz space and therefore there 
exists y £ V such that y n —> y. Since y n is increasing and convergence sequence, by Theorem 2.4, 
we have 


lim v yn -\,y n {i) = 1, 

n—> 00 

that is, y n —> sup {EE 1 Xi : n £ IV}. Using a unique limit, we have 

OO 

y = su p(E Xj : n £ AT}. 

Thus the proof is complete. □ 


Definition 2.5. (i) Let (V, u. T. <) be a Menger probabilistic normed Riesz space. The subset A 
of V is said to be solid if the following conditions hold: 

(1) x £ A if and only if |x| £ A; 

(2) 0 < x £ A and y £ V + imply that x A y € A. 

(ii) The subset A of V is called an ideal inV if A is a solid linear subspace ofV . 

(in) An order Menger closed ideal A of V is called a band. 

Theorem 2.6. Let (V,u,T,<) be a Menger probabilistic normed Riesz space. The closure solid 
subset of V is solid. 

Proof. Suppose that A C V is a solid and x £ A. Assume that {x n } C A is a sequence such that 
x n —> x as n —> 00 . It follows from (A/5) that 

V \x n \ — \x\if) — l, \ Xn —x\(f) Vxn-xif)- 

Therefore \x n \ —> \x\ as n —> 00 and so \x\ £ A, since A is a solid. 

On the other hand, suppose that \x\ £ A. Then there exists x n C A + such that x n -A |x|. It 
follows from Theorem 2.1 that 

x n A x -> x A |x| = x, 

as n —> 00 and hence x £ A. 

Finally, suppose that 0 < x £ A and y £ V + . Then there exists x n C A + such that x n —> x as 
n — > 00 . It follows from Theorem 2.1 that 


x n A y -A x A y. 

Therefore, x A y £ A. Thus the proof is complete. 


□ 
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Theorem 2.7. Let (V,u,T,<) be a Menger probabilistic normed Riesz space. Then every band 
in V is closed. 

Proof. Suppose that B is a band and assume that { x n } C B is a sequence such that x n —> x for 
some x G V. It follows from Theorem 2.1 that 

\x n \ A |x| —> \x\ 

as n —> oo. For every n G N, let 


Vn = (,\Xn\ V ... V |iCi|) A |x|. 

Then {y n } is an increasing sequence and 

Vn = (W A |x|) V ... V (|xi| A |x|) 
and so \x n \ A \x\ < y n < |x|. By (M4), we have 

V \x\— y„(f) — ^1 a: | — | ajn | A | rc | (f) 

for all t > 0. Hence y n —> |x| asn A oo. Theorem 2.4 implies that |lc| = sup{y n : n G N} G B. 
Hence i£8. □ 


Theorem 2.8. Let (V,v,T,<) be a Meng er probabilistic normed Riesz space. We define the 
function || • || by 

||.t|| = inf{t > 0, n x (t) = 1} for all x G V. 

Then || ■ || is a lattice norm on V and (E , |j • ||, <) is a normed Riesz space. 

Proof. It suffices to show that || • || satisfies the lattice norm conditions. 

(1) From (Ml) and (M2) it is easy to see that ||x|| > 0 and ||x|| = 0 if and only if x = 0. 

(2) From (M3), for any a G M \ {0}, 

||era?|| = inf{f > 0, v ax {t) = 1} = inf > 0, v x 

= |ck| inf{t > 0, u x (t) = 1} 

= |a| • ||x||, 

and if a = 0, then the above equality still holds. 

(3) By definition of || • ||, for any e > 0, we have 

3 t\ G A such that t\ < ||x|| + 
where A = {t > 0; v x {t) = 1}. Therefore 

v x (||®|| + |) = 1 , Vy (l|y|| + |) = !• 

Hence from (M4) it follows that 

Vx+y (Ill'll + ||y|| + e) = 1 =>• ||x|| + ||y|| + e G A 
for all x, y G V. By definition of A. 



Letting e -A 0, we have 
So || • || is a norm on V. 


x + y || < ||x|| + ||y|| +e. 
\\x + y\\ < \\x\\ + ||y||. 
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(4) Finally, assume that |x| < \y\ for all x, y G V. Then v x (t) > v y (t). We define 

||x|| = inf A '2 = inf{f > 0 ; v x (t) = 1 }; 

||y|| = inf A\ = inf{f > 0 \v y {t) = 1}. 

If t,\ G A], then u x {t\) = 1 and so A\ C A 2 - Therefore ||y|| > ||x||. Thus the proof is complete. □ 

Theorem 2.9. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. We define the 
function || • || a by 

||x|| a = inf{f > 0, v x (t) > 1 — a} for all x € V , a G (0,1). 

Then || • || a is a lattice semi-norm. 

Proof. The proof is the same as in the proof of the above theorem. □ 

Theorem 2.10. Let ( E , || • || a , <) be a normed Riesz space. We define the function v x (t ) by 

v x (t) = sup{a G ( 0 , 1 ) : ||x|| Q < t}. 

Then ( V ’ v,T,<) is a Menger probabilistic normed Riesz space, where T is a t-norm. 

Proof. The proof is the same as in the prrof of Theorem 2.8. □ 

Corollary 2.1. Let (V,u,T, <) be a Menger probabilistic Banach Riesz space, and || • || be defined 
in Theorem 2.8. If P : E -» E is a positive linear operator then P is continuous. 

Proof. Assume that P fails to be continuous. Hence for every n G N there exists x n G V such 
that ||x n || < 2~ n and n < ||Px n ||, i.e., x n — > 6 but Px n 6 , where 9 is a null vector in V. Since 
P is a positive linear operator, Px < P\x\ then vp x (t ) > v P \ x \(t). So 

||P|x||| = inf{f > 0 , vp\ x \(t) = 1} > inf{t > 0 , vp x (t ) = 1 } = ||Px|| 

for all x G V. We may assume that x n > 0. Let 

x = G V + . 

n 

Then x > x n and so ||Px|| > ||Px n || > n for all n G N. This is a contradiction. □ 

3. HYERS-ULAM STABILITY OF LATTICE HOMOMORPHISMS IN MENGER PNR SPACES 

Using the direct method, we investigate the Hyers-Ulam stability of lattice homomorphisms in 
Menger probabilistic normed Riesz spaces. 

Theorem 3.1. Let f be a positive function from a Menger probabilistic normed Riesz space 
(V, v, T, <) to a Menger probabilistic Banach Riesz space {W, y, T, <), where T is an Archimedean 
continuous t-norm and u p , y q e^, for all p G V and q G W. Let 

(^•1) Tf(rx\/r]y)—Tf(x)\/r]f(y)if) — L'p(rx\/r]y,Tx/\riy)(f) 

for all x, y G V and t > 0. Here </?:UxU-aU is a mapping such that 

(3-2) <p(x,y) < 

for all r, ?7 > 1 and for some a G [0,1). Then there exists a unique positive function T : V —>• W 
which satisfies the properties (P1),(P2) and inequality 

h r £(x)—f(x)if) — ^p{x,x) 

for all x G V + . 
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Proof. Putting y = x and r = r/ in (3.1), we have 

Pf(Tx)-Tf(x)(t) ^ U (p( TX,TX )(*)■ 

By (M5) and (3.2), we obtain 

( 3-3 ) ^/W-/ W (rQ “ 4 ) -^M (t) - 

Replacing x by tx in (3.3) and using (3.2) and (M 5), we have 

^'-f{r^ X )_f(jx)^ T — V <fi(TX,Tx)(t) — U T a ip(x,x){^) = I/ tp(x,x){'ja) ■ 

Hence 

( 3 - 4 ) ^ ^(x,x)W- 

By comparing (3.3) and (3.4) and using (M4), we have 


(3.5) 


"A/<*,)-/(.) (p“-‘ +P(«- 1 ))t) > »)(*)- 


Again, replacing x by tx in (3.5), we get 


^^2f{Px)-f{rx) 


(fj a 1 +r 2(a 1} )t) > V^ TXiTX )(t) > > Vy(x,x) {£) 

and so 

P-6) ((t 2 ^- 11 +r 3( “" 1 >)*) > .)(«)• 

By comparing (3.3) and (3.6), we obtain 


^ T5f(T 3 x)-f(x) 


^ T (a-l) +T 2(a-l) +T 3( a -l) )t } ) > ^ x) (*). 


With this process, we have 


(3.7) 


/(r n x)-/(x) 


^T Ha 1 } t] > ^( x , x ){t) 


\k=l 


for all n G N. If m G N and n > m, then n — rn E N. Replacing n by n — m in (3.7), we get 


(3.8) 




Yl rHa 1}t ^ 


. fc=l 


IS 


Replacing x by r m x in (3.8) and using (M5), we obtain 

(3 ' 9) > ( £ T ‘ ( “~ 1)t ) a ‘ V< “ )W ' 

T r \fc=m+l / 

Let c > 0 and e > 0 be given. Since v^ x x ){t) G D + , lim^oo u <p(x,x) (t) = 1- Therefore, there 
some to > 0 such that 

^ip(x,x)(fo^ — 4 

Fix some t > to- The convergence of r fc ( Q_ Pf guarantees that there exists some no > 0 such 
that for each n > m > n o, the inequality 

n 

J2 T k ^ a ~ l h<c 

k=m +1 
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holds. It follows that 

x)^ — ^^f(T n x)-^f(r m x) ( r j 

T T r r \k=m +1 / 

— ^ip(x,x)Ao) 

> 1-e. 

So { ^kf(r n x)J is a Cauchy sequence in the Menger probabilistic Banach Riesz space (W, /j, T, <) 
and thus this sequence converges to T(x) E W. It means that 

lim ii i , s At) = 1. 

n—»oo ^^f{r n x)-T(x) y 

Furthermore, by putting m = 0 in (3.9), we obtain 


So 


^Arf(r n x)-f(x) 


^^kf{T n x)-f(x) 


1} M > 


k/c=l 


(0 > *V(x,x) r^i"- 1 )) ' 


Since n p ,fi q A e oo and T is an Archimedean continuous f-norm, norm probabilistic is continuous 
(see Theorems 1.3 and 1.4 ). Thus we have 

t L T{x)-f{x)A) > v <f>{x,x) ^ ^ tj . 

Next, we show that T satisfies (PI). Putting r = rj = r n in (3.1), we get 

t^f(T n xVT n y)—T n f(x)\/T n f(y)(t) A ^ , ip{r n x\jT n y,T n x/\T n y)A) — ^ip(xVy,xAy) 


Replacing x by r n x and y by r n y in the last inequality, one can get 

^/(r“(T"iVT"t/))-r n /(T"i)VT"/(r"j;)(^) — ^ip(r n x\/T n y ) T rl x/\T n y ) 


t 

■na 


> 


t 


which implies 


— v <p(x\/y,x/\y) l 2na ) ’ 


M f(r 2n (x\/y)) f(r 71 x) f(r n y) A) — ^T 2n ( a ~ l )<p(x\/y,xAy)A) • 


T n X ^ T n 


Since norm probabilistic is continuous, the term on the right-hand side of the above inequality 
tends to 1 as n —> oo. By Theorem 2.1, we obtain 

t L T(xVy)-T(x)WT(y)A) > 1 

for all x, y G V. This means that 

T(x V y) = T(x) V T (y). 

Consequently, the property (PI) holds. We show that T(rx) = rT(x) for all x G V + and r > 1. 
In fact, in the inequality (3.1), we choose rj = r and y = 0 and substitute 2 n r for r and consider 
Remark 1.1. Then 


(3.10) 


t* J (f(2 n Tx)—2 n Tf(x))A) — ^ / y>(2 n TX, 0 )(*) 
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for all x € V + . Now, replacing x by 2 n x in (3.10), we obtain 

P/ f(4 n Tx) rf(2 n x)\ ( 4 ™) — — ^ / 4 na T a ip(x,0) if) • 

/ 4 s “ 2" J 

Therefore, 

P f(4 n rx) T f(2 n x) (^) — i/ 4 n (“- 1 )T < V(x,0)(^)- 
4 n 2 n 

Since norm probabilistic is continuous, the term on the right-hand side of the above inequality 
tends to 1 as n -A 00 . Thus 

T (tx) = r T(x), 

as desired. □ 

Corollary 3.1. Let f be a positive function from a Menger probabilistic normed Riesz space 
(V, v, T, <) to a Menger probabilistic Banach Riesz space (IT, p, T, <), where T is an Archimedean 
continuous t-norm and v p , p q / eoo, for all p e V and q 6 W. Let p : [0,oo) -A [0, 00 ) be a 
continuous function, for which there are numbers i)£R and 0 < r < 1 such that 

(3-11) ^/(^p|y / 3| j ,|) a P^ a )R\^\L / hp{h)f{\y\) ^ (^) — u (g(x r Vy r ))(t) 

for all x,y £ V and a,f3 £ M + . XTien f/iere exists an unique positive mapping T : V —> W which 
satisfies the properties (Pi), (P 2 ) and the inequality 

/^(F(|x|)-T(|x|)(0 > 7 2, i \W 

y 2—2 r y 

/or all x e T + . 

Proof. Putting a = (3 = 2 and x = y in (3.11), we get 

h 2p(2)/(|x|)V2p(2)/(|x|) \ (^) — ^(r)x r )(f) 

(/ (2N)_ - p(2)Vp(2) -J 

for all x £ T and r £ [0,1). Therefore, 

M(/(2|x|)-2/(|x|))(0 — v {r)x r )(f)i 

V(lf(2\x\)-f{\x\))^ - ^)( 2t )- 

The rest of the proof is similar to the previous one. □ 
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FOURIER SERIES OF SUMS OF PRODUCTS OF 
POLY-GENOCCHI AND POLY-BERNOULLI FUNCTIONS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , DMITRY V. DOLGY 3 , AND JONGKYUM KWON 4 >* 


Abstract. In this paper, we consider three types of functions given by the 
sums of products of poly-Genocchi and poly-Bernoulli functions and derive 
their Fourier series expansions. Moreover, we will express each of them in 
terms of Bernoulli functions. 


1. Introduction 

Let r be any integer. The following series 


Li r {x) = — 

m r 


m= 1 


(l.i) 


is the rth polylogarithm function for r > 1, and a rational function for r < 0. Then 
it is easy to see that 


4~(Li r + i(x)) = -Li r (x). 
ax x 


( 1 . 2 ) 


The poly-Bernoulli polynomials Bm\x) of index r are given by (see [5-7]) 


Li r ( 1 — e *) 
e 4 — 1 


to ! 


m =0 


(1.3) 


When x = 0, Bm = Bm\o ) are called poly-Bernoulli numbers of index r. In 
particular, if r = 1, B m {x) = Bm\x) are the Bernoulli polynomials defined by 



B m{x) 

m—0 


ml 


(1.4) 


We note here, in passing, that this definition of poly-Bernoulli polynomials are 
slightly different from the original definition (see [4-6]). As to poly-Bernoulli poly¬ 
nomials, we need to note the following: 


B ( 0 r \x) = 1, b£\x) = x m , B^ = s m>0 , 

j- r B^{x) = toB£>_ 1 (z),.B& +1 >(1) - B% +1) = B^_ ± , (to > 1) 

2010 Mathematics Subject Classification. 11B83, 42A16. 

Key words and phrases. Fourier series, poly-Genocchi polynomial, poly-Bernoulli polynomial. 
* corresponding author. 


(1.5) 
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2 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions 


The poly-Genocchi polynomials Gm\x) of index r were introduced in [3] as an 
analogy to poly-Bernoulli polynomials and defined by (see [8-11]) 


2Li r {l - e"‘) 
e* + 1 


-e = 


v j .m 

m—0 


( 1 . 6 ) 


When x = 0, G$ = (0) are called poly-Genocchi numbers of index r. In the 

special case of r = 1, G m (x) = Gm\x) are the Genocchi polynomials given by 


2 t 

e 4 + 1 


E Gm(x) 

m —0 


ml 


(1.7) 


We would like to mention here that the poly-Genocchi polynomials were named 
as poly-Euler polynomials in [3] and denoted by E„ . However, for the obvious 
reason it seems more appropriate to call them poly-Genocchi polynomials rather 
than poly-Euler polynomials. In fact, there are other definitions for poly-Euler 
numbers and polynomials. For these, the interested reader may refer to the papers 
[1,16,17]. 

As to poly-Genocchi polynomials, we need to note the following properties. 


-GW(ai) = toG&L .(^G^l) + G& +1 > = 2 B%_ lt (m > 1), 

G o'\x) = 0, G^ix) = 1, deg G^(x) = m - 1, (m > 1). 

The properties in (1.8) immediately follow from the identity 

oo / m— 1 


( 5Z (7 )am-lEl(x) 

m =0 
e_< ) = 

polynomials given by 


m—1 \ l —0 


t m 

m\' 


( 1 . 8 ) 


(1.9) 


where Li r { 1 - e 4 ) = Y^=i a n \r = t + J2T=2 a nh’ and E m{x) are the Euler 


e* + 1 


— ^ l Emix) 




m =0 


For any real number x, we let 

< x >= x — [x\ € [0,1) 


( 1 . 10 ) 

( 1 . 11 ) 


denote the fractional part of x. 

We also need the following facts about Bernoulli functions B m {< x >): 
(a) for m > 2, 

^2-Kinx 

. (27 Tin) 171 ’ 

,/o v J 


oo 

B m {< X >) = —to! y: 


( 1 . 12 ) 


(b) for to = 1, 


OO 

- E 

n=— oo,n^0 


^277 inx 

2irin 


B\ (< x >), for x ^ Z, 
0, for x £ Z. 


(1.13) 


Here we will consider the following three types of sums of products of poly- 
Genocchi and poly-Bernoulli functions a m (< x >),/3 m (< x >), and y m (< x >), 
and derive their Fourier series expansions. In addition, we will express each of them 
in terms of Bernoulli functions. 
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(1) 

( 2 ) /?„ 


« * >) = E^o 1 X »G^« s >), (m > 2), 

«^»=Er=o 1 


^Tl4 r+1) (< * »G^l } (< a: », (m > 2), 


k\{m—k)\ 

k^k) B k +1 \< x >) G TO-fc(< 21 >)» ( m > 2 )- 

For related recent works, one may refer to the papers (see [2,12-15]). 


(3) 7™« * » = ELY 


3 


2. The function a m (< x >) 


Let a m (x) = YJk Lo 1 B k +1 \ x ) G m-k ( x )> ( m > 2 ). 


-//c —0 -^fe \ 

Then we now consider the function 

a m {< x>) = J27 =o B k +1 \< x >) G ™-fc ) (< x >). ( TO > 2), 

defined on R, which is periodic with period 1. 

The Fourier series of a m {< x >) is 


(m) ^2izinx 


where 


E 

n=— oo 

4 ra) = / a m (<x>)e- 2 ™ x dx= [ a m (x)e~ 2mnx dx. 

Jo Jo 

Before proceeding further, we need to observe the following. 

m— 1 

a 'm( x ) = E ( fe - B fc- + l 1) ( a; ) G m-fc ) ( a: ) + ( m - k ) B k +1 \ X ) G m-k-l( X )) 


( 2 . 1 ) 


( 2 . 2 ) 


k=0 
m— 1 


= e +e 


k=l 
m —2 


/c—0 


= E( fc +i)4 r+1) WGEf- 1 w + 


/c—0 


/c—0 


m—2 


= {m + l)Y, B £ +1 \ x )G£tZk(x) 


k—0 


= (m + l)a m _i(a;). 


From this, we obtain 


/ a m+ i(i) y 

\ m + 2 


— cr m (x), 


and 


r 1 l 

/ cr m (x)dx — ■ — (rr m _|_i(l) rrm+i(0)). 

do m + 2 


(2.3) 

(2.4) 

(2.5) 
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4 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions 


For m > 2, we put 

= G^ra ( 1 ) ( 0 ) 


m —1 


E (Bl r+1) (l)C3 ! ^fc ) (l)-4 r+1) G^jt ) ) 

k—0 
m— 1 

E (-®i r+ 1 ) (l)^m-fc ( 1 ) - b£ + 1 ) G^) + G<£ +1) ( 1 ) - G<£ +1) 

k=l 
m— 1 

E (( B i r+1) + B k-1 + 2i?£_ fc _i) - B^c^) 


k =1 


_ / 7 OH- 1 ) _L 9 r( s ) _ ( 7 ( s + 1 ) 

Lr m Lr m 

m—1 m—1 

E op( r + 1 )/ /^( s +l) I r>( s ) \ I \ A p( r ) ( /^( s +l) _I_ on( s ) \ 

lB k \-^m-k + B m-k-1) + 2 ^ ^k-lV-^m-k + 


( 2 . 6 ) 


fc=o 


fc=i 


Clearly, we have 
and 


^m(l) ( T m ( 0 ) 


/ a m (x)dx = 

J o 


A m = 0, 


1 


m + 2 


-A. 


ra +1 • 


We are now going to determine the Fourier coefhcients A 
Case 1 : n ^ 0. 


ylW = f a m {x)e- 2 ™ x dx 

J o 


1 

2-7T in L 


i(x)e 


— /' 

J o 27rm 7 0 

m + 1 f 1 




~ 2tt rn (c * m(1) “ m(0)) + 27rin J 0 am -^ 

= 171+1 A(m- 1)_J_A 

27rm n 27rm m 

from which by induction on to we can show that 




—2'Kinx 


dx 


(2.7) 


( 2 . 8 ) 


(2.9) 



1 ( m + 2 )i A 

m + 2 (27rinV 
j=i 


Case 2 : n = 0. 

/*1 1 

4 m) = / oim(x)dx = -— A m+ 1 . (2-10) 

Jo TO. + 2 

a m (< x >), (to. > 2) is piecewise C°°. Moreover, a m (< a: >) is continuous for 
those integers to > 2 with A m = 0, and discontinuous with jump discontinuities at 
integers for those integers to > 2 with A m ^ 0. 
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5 


Assume first that A m = 0, for an integer m > 2. Then a m (0) = a m ( 1). So 
a m (< x >) is piecewise C 00 , and continuous. Thus the Fourier series of a m (< x >) 
converges uniformly to a m {< x >), and 


i(< x >) = 


1 


m + 2 

OO 


A m+1 


E 

n=— oo,n^0 


1 ^ (to + 2) 


1 


m + 2 


*m+l 


X I -j! E 


1 


A m +1 


m 

+ 2 ^ 

j=i 

. _L 

-j m- 

1 V 

L to + 2 a 
3 = 


g) 2-ninx 

( 

,n^0 

(2 7rm) J ’ 

y 

1 + - 

-j m- 

1 . y 


0 A 


m + 2 

j 


A. 


m—j+l 


( 2 . 11 ) 


m + 2 
T A m x 

We can now state our first result. 


to + 2 


i=2 

i?i(< a: >), for a; ^ Z, 
0, for ieZ. 


E ( m ^ A m-j+l^(< X >) 


Theorem 2.1. For each integer l > 2, let 

i -1 

^(r+l)/ ^y(s+l) , p( s ) 


Aj=2E4 r+1) (-G'}'t 1) +B J ( : ) fc _i) 

+ E 5 i-i(- G E 1) + 2i?E-i)- 

k =1 

Assume that A m = 0, for an integer m > 2. F/ien we have the following. 


( 2 . 12 ) 


(a) ^fcLc) 1 ^ ^ >) ^ as Fourier series expansion 

3 (r-+ 1 ) ^ 


;fc=0 ^k 
m —1 

e < +i, « - »G^y« -» 

fc =0 

1 


m + 2 


*ra+l 


E 


1 ^(m + 2), 


E 


m + 2 ' (27 t mV 

j=i 


l+i e 


,2irinx 


n=— oo,n^0 

for all x € R, where the convergence is uniform. 

(b) 

m —1 

E -®fc" +1 )(< x >) G TO-fe (< * >) 

/c —0 

m —1 


i 


TO + 2 


-A. 


ra +1 


1 / m + 2\ 

+ m + 2?\ j J A x >), 
1 — 2 
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6 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions 

for all iel. 


Assume next that A m y 0, for an integer m > 2. Then a m (0) ^ a m ( 1). 
Hence a m (< x >) is piecewise C°°, and discontinuous with jump discontinuities at 
integers. The Fourier series of a m (< x >) converges pointwise to a m (< x >) , for 
x Z, and converges to 


1 


(o?m(0) T O m (l)) £^ 771 ( 0 ) 


1 


for x € Z. 

Now, we can state our second result. 
Theorem 2.2. For each integer l > 2, let 

1 -1 


A l = 2Y / Br 1 \-G\ s _ + k 1) +Bl s J k _ 1 ) 


k=0 

l-l 




k=l 


(2.13) 


(2.14) 


Assume that A m ^ 0, for an integers m > 2. Then we have the following. 


(a) 


1 


m + 2 


-A. 


m+1 


E 

n——oo,riy^0 


1 ^ (m + 2 )j 


+ 2 E (2ni n y 
1 = 1 v 7 


Jl'Kinx 


T,Z=o B[ r+1 \< x »G^(< x »,for x $ Z, 
XT^B^G^ + h^rnJorxeZ. 


(b) 


1 


m + 2 


^ fm + 2\ 

/ , ( ■ J A m -j+iBj(< x >) 

l=o v 7 7 


m—1 


= E +1 (< ^ >) G m-fc (< 21 >)> 


k—0 


1 


m + 2 


V ^ 1 /m + 2 \ 

/ . ( • j A m _j+iSj(< a; >) 

—n a-l-\ \ J / 


i=o, l#i 


m— 1 

E 4 r+ 1 ) GEl } + iU ro , for x G Z. 


fc =0 
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3. The function /3 m (< x >) 

Let /? m ( x) = £r="o 1 kK Ji-k)\ B k +1 \ x ) G m-k ( x )» ( m > 2 )- 
Then we consider the function 

/3 m (< x >) = E^ 1 k\(^-ky B k +1) (< x >) G m-k(< X >), (to > 2), 

defined on R, which is periodic with period 1. 

The Fourier series of /3 m (< x >) is 


B^e 2 * inx , (3.1) 


where 


(3-2) 


Before continuing our discussion, we need to note the following. 


m— 1 


A.M = g W) 


m— 1 


Tsrr 


1 


^ (fc — l)!(m — k)\ 
1 




k 

m—2 




E fc!(m — 1 — fc)! k 

' A +1 \ x ) G t + -l k {x) 


/c—0 
m—2 


= E 

k—0 

m—2 

+ E 


fc!(m — 1 — At) ! 
1 


fc!(m — 1 — fe) 


fc =0 

= 2/3 to _i(x). 
From this, we have 


and 


—i 4 r+ 1 ) (a ; )G^+ 1 1 L fc ( a; ) 




(3.3) 

(3.4) 


f3 m (x)dx = ^/3 m+ i(l) -/3 m+ i(0)y 


(3.5) 
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Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions 


For to > 2, we set 

On = Pm( 1) - An(0) 

771— 1 

= £ 


i 


k\(m — k) 

1 

^ k\(m-k ) 


k =0 

771— 1 




= £ 


_ p( r + 1 )/^( s + 1 ) N \ 

15 k U m-k J 

i ( B £ +1 \l)G^(l)-Bi r+1) G {s+1 A 


- k J 


+ 1-g£ +1) (i)-—,g<£ +1) 

ml ml 


1 


k\(m — k ) 


( /R( r +l) I R( r ) W _ /^( S + 1 ) _i_ Od( s ) \ _ R( r +1) /^( s +l)\ 

| ^m-k + ^^m-k-l) ^k ^m-k J 


= £ 

fc=i 

+ A(- g - +1) + 2S --i) - 4^ +1) 

m! m! 


771— 1 


E o( r +l)/ /^( S +1) | r( s ) \ 
k=o k\(m-k)\ k y^m-k+^m-k-l) 


771— 1 

£ 


i 


dot ^ i odw a 

— fed k~l\ ^m-k ~ rAr, m-k-l)' 

Pm(0) = 0m(l) ^ = 0, 


^ fc!(m — /c)F 
Now, 
and 

f 1 1 

J i^rri (7,’ )d/X — — 

We are now ready to determine the Fourier coefficients Bn" 1 . 
Case 1: n y 0. 


4 m) = ^ Pm(x)e- 2 * inx dx 

J 0 


1 


27rin l 


Pm{x)e 


1 


o 27rin Jo 


p' m (x)e- 2 ™ x dx 


L(wi'- w ' >) + 2Ss/ 


27t in 
2 




! 


-fin 


27tw 27rin 

from which by induction on to we can easily deduce that 

m—1 


Si m) = - £ a* 


“f (2-7rm) J 

7 = 1 v 7 


771—j-]~ 1 • 


(3-6) 

(3.7) 

(3.8) 


(3.9) 


(3.10) 


Case 2: n = 0. 
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p 1 -j 

B ( 0 m) = J /3 m (x) = -n m+1 . ( 3 . 11 ) 

Pm{< x >), (to > 2) is piecewise C°°. Moreover, /3 m (< x >) is continuous 
for those integers to > 2 with A m = 0, and discontinuous at integers with jump 
discontinuities for those integers to > 2 with A m ^ 0. 

Assume first that A m = 0, for an integer to > 2. Then /3 m (0) = /3 m ( 1). So 
/ 3 m (< x >) is piecewise C°° , and continuous. Thus the Fourier series of /3 m (< x >) 
converges uniformly to /3 m (< x >), and 


-i lib —J. 

Pm(< X>)= -n m+1 + E (- E 


n——oo,n^0 j —1 

v- 


2 j ~ 1 
(27t my 


)■ 


00 g 2'Kinx 


- + E 7T Qro - J ' +1 X V J 

j = l J 


n=— 00 , 717^0 


m— 1 


1 A 2 J ’ -1 
= ~^m+l + / J Tj Qm—j +1 Bj (^ ^ > ) 
2 7=2 • / ' 


+ Y 


5i(< x >), for x ^ Z, 


0 , 


for x £ Z. 


(3.12) 


Now, we can state our first theorem. 
Theorem 3.1. For each integer l > 2, let 


l -1 


^ = E + ^-Ei) 


/c—0 
/-I 


k!(l-k)! 


+ E fc!(z_A :) ! B *- l( - G!,( ^ 1) + 


(3.13) 


Assume that tt m = 0, for an integer m > 2. Then we have the following. 

(a) EZ=o Myhy jB^ +1 \< x >)G'EL ) (< * >) has the Fourier series expansion 

m —1 1 


/c— 0 


1 oo m— 1 

= 2^ m +!+ E ( - E 


2 j ~ 1 
' (27rm) J 


(3.14) 


n=—oo,n^0 j 

for all x G R, where the convergence is uniform. 


Qm—j+ 1 ^ ^ 


2irinx 
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for all x G R. 


f—' k\(m 
k=0 v 


l 2 J_1 

= 7) ^m+1 + / J 77 Qm—j + 1 (< X >), 

^ i =2 J - 


(3.15) 


Assume next that f l m ^ 0, for all integer m > 2. Then /3 m (0) ^ /3 m (l). Thus 
fim{< x >) is piecewise C 00 , and discontinuous with jump discontinuities at inte¬ 
gers. The Fourier series of /3 m {< x >) converges pointwise to (3 m {< x >), for x £ Z, 
and converges to 

2 (/^rre(0) + /3 m ( 1)) = /3m(0) + -f2 m , (3.16) 

for x GZ. 

We can now state our second theorem. 


Theorem 3.2. For eac/i integer l > 2, let 

2 i Bi r+I> (-G!l+ ,) + B<:> ) 


n, = Y. 

k—0 

/-I 

+E 


k\(l - k) 


1 


(3.17) 


+2B\ S \_ X ). 




^m-k)\ 

Assume that f2 m ^ 0, /or an integer m> 2. T/ien we fiane t/ie following. 


(b) 


I 00 , of- 1 \ 

«2 n ”« + E (-E^^)''“ 

n——oo,n^0 j=l v 7 

= f EfcL'o 1 fc!(m-fc)! - B fc +1) ( < * >) G m-fc(< * >) J° r ^ Z > 

\ET=o W^W< r+1) G^ + \V m Jor X G Z. 

m-1 2J-1 

^ ^ 7j ^m—j +1 / ) 

i=o 

m—1 1 

= E fc!(m-fc)! g fc r+1) (< * >) ( ^m-fc ) (< * >). /or* £ Z, 


fc— 0 
m—1 


_^ 2 J — 1 

^ ^ 7j ^m—j +1 X 


= E 


+ /or x £ Z. 


k\{m — k)\ 
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4. The function 'y m (< x >) 

Let 7m(*) = E^i 1 kir^ B k +1 \x)G^tk{x), (m > 2). 

Then we are going to consider the function 


m— 1 


7m(< x>)=^2 B k +1) (< x >)G^li ) (< X >), (to > 2), 

defined on K, which is periodic with period 1. 

The Fourier series of 7 m (< x >) is 


(4.1) 


£ C< ~ 


m) ^ 2'jrinx 


n——oo 


(4.2) 


where 


<#"> = [ lm{<x>)e-^ inx dx= [ lm (x)e-^ inx dx. 

Jo Jo 


(4.3) 


Before going further, we need to observe the following. 


l'm{x) = 

k =1 
m-z 

= E 


! (kB^\ x)G ^{x) + (to - k)B^ +1) (x)G^ + _ti(x)) 

B ( ; +1 \x)G^ + _Z k ( x ) 


k[rn — k) 

1 


fc =0 
m— 1 


in — 1 — k 


+ £ X +,> Wg£:Lm 


fc=l 


fc = l 


+ £ (fir'McEEw 


/c=l 


m—2 






s + l) 


TO — 1 

1 


fc =1 


fc(?n — 1 — fc) 


G^^i) + (w - l)7m-i(a;)- 


TO — 1 

From this, we immediately see that 


— (7m+i(a:)- 1 

to m(m + 1) 


(4.4) 


G m+l ) ( a: ))^ =7mW, (4-5) 
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/ 7 m{x)dx 
Jo 

= — [lm+\{x) - 
TO 


(s+1) 

m(m + l) " m+1 


Gi£}'(a;)] 


( 7m+l (1) 7ro+l(0) 

to- \ m{m + 1) 


If , , , ^ 2 

— — 7m+l(l) — 7m+l(0) H- - -—prv^m+l 

to \ m(m +1) T 


(g^D-g^o)) 

(G&? - Btf)) . 


(4.6) 


For m > 2, we let 


-A-m — Tm (1) Ym.(0) 


= E 


k(m — k) 


(^(DG^dJ-B^G^) 


k 

m— 1 


+-°fe-lK ^m-k + ^^m-k-l) ^k ^m-k ) 

m— 1 


= E 


“ rX^+l)/_/^f( s +l) I o( s ) \ 

&k V ^m-fe + ^m-k-l) 


—' k(m — fc) 


k 

m— 1 


+ E 


4 r T(-Gr^ + 2Ci fc -i) 


s+1) | o o( s ) 


—fc(ra — A:) 


(4.7) 


Now, 


r )m (0) — Tm (1) < t^ > — O 5 


(4.8) 


and 


f lm {x)dx = - (A m+1 + —(G^+P - BW)) . (4.9) 

Jo m\ to(to + 1) ^ / 


Now, we want to determine the Fourier coefficients C„ . 
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13 


Case 1: n ^ 0. 


Ci m) = f 7 m{x)e~ 2 * inx dx 
Jo 


lo 

1 

2tt in L 


lm {x)e~ 2mnx 


1 


o 2tt in 


i m {x)e-^dx 


— ilmO) 

nn \ 


2k in 

1 


2nin . 


— + (m - l) 7m -i {x)\e- 2 ™*dx 

ITl J q v Til J. J 


(4.10) 


= —A m + + —— -- f 1 G { ^{x)e- 2 * inx dx 

2mn 2inn 2mnym — 1 ) y 0 


to — 1 
2'Kin 

where 


ci 


m— 1) 


l 


-A, 


2'Kin 2Kin(m — 1) 




= E 


(rn l)fc_i /^(s+ 1 ) _ d( s ) \ 

vVm-fc °m-k- 1/' 


—| (2ivin) k 


(4.11) 


Here we can show that 
C 1 

/ G[ s+1 \x)e- 2 ™ nx dx 

Jo 

= f2£jfc=i $^{Gl + k % - B[%)M n 0, 
lm(G , / ( ;t 1) -^ ) ),forn = 0. 

From this, by induction on m we can show that 


r (m) (to - 1)! (2) _ y- (to - l)j—1 . 

(2Kin) m ~ 2 n ^ (2niny m ~ J+l 

j=i 

y- 2 2 ( m _ 1 )j-l * 

( (2Kiny{m — j) 


Further, we can easily show that C„ = ^^Tn^ 2 ' 
Thus we deduce that 


m— 1 


Mm) __ 1 V" A 

L n -To • + l 

m ( 27Tin)^ 

.7 = 1 V 7 


J = 
m—2 


2 (to)j 


- e 

m “J (2'Kin) 0 (m — j) 




m-j -\-1 • 


(4.12) 


(4.13) 


1270 


T. KIM ETAL 1258-1275 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


14 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions 


Here we note that 

m—2 


V 2 ( m )j ■!' 

(27t iny(m — j) m J+ 


m -2 rn - j -1 . 

_ y^ 2(m)j y- (to — j)fc-i , „( s +i) _ „(«) \ 

” + (27rm)J(m-j) + (27rm) fc 1 m-j-fc+i m-j-fcJ 

7 — 1 fc— 1 


m—2 m—j—1 


= v V 2 ( TO )j+fc-i . r (^+i) _ R («) \ 

(^nn\j+k( m - n\ y m-j-k+1 m-j-k) 


3=1 k =1 


(27rm) J+/c (?7i — j) 


m—2 1 m —1 / \ 

1 ' (TO)o-i . (s+i) _ ( s ) 

v^m—a+1 -°m—o 


= 2 y — y 

TO — j (27T*n)° 

m—1 


_oV (TO)a-l rr ( s +l) _ R ( s ) 'y 1 
Z^ ( O-rrin > l^m-a+1 m-aJ Z^ m 


^2 ( 27Ftn ) 

m—1 

= 2 E 


i=i 


to- j 


(to) o-l /tt(s+ 1) _ o(s) WIT _ tt \ 

\'~ r m — a+1 JD m — a )\ rL rn — 1 ^ m — a ) 


a=2 ( 2?rin ) a 

m-1 , , tt(s+ 1) _ R (s) 

.) \ ' l,TO,J a '-r m _ a _|_i D m—aiTT tt \ 

— 2 / , , r, ■ \ a I 1 H-m-a)- 

^ (2mn) a m — a+1 

a— 1 x 7 

Putting everything altogether, we obtain 
1 m_1 

Tr(m) _ _ 1 \ m ) a A 

' - ' / n / v /q • \a 

m (27nn) a 

a —1 x 7 

9 m_1 (VrA 7++ 1 ) _ n(») 

i z \ ^ \ ,n )a ^m— a+1 ^m—a/Tj tt \ 

+ ~ , /r> • x a -, -l^m-1 - t±m-a)- 

to (2mn) a m — a +1 

a— 1 x 7 
1 m_1 

1 y^ (m) a 
to ' (27t in) a 

a —1 v 7 


x A m _ a _|_i 2 


^-y(s+ 1 ) _ zo( s ) 

- ^m—a+1 m—a 

m — a + 1 


(-^m-l ^m-a) 


(4.14) 


(4.15) 


Case 2: n = 0. 




1 

TO. 



Jm(x)dx 




2 f r ++l) 
m(m + l) V m+1 



(4.16) 


7 m (< x >),(to > 2) is piecewise C 00 . Moreover, 7 m (< x >) is continuous for 
those integers m > 2 with A m = 0, and discontinuous with jump discontinuities at 
integers to > 2 with A m ^ 0. 

Assume first that A m = 0. Then 7 m ( 0 ) = 7 m (l). So J m (< x >) is piecewise 
C °°, and continuous. Thus the Fourier series of 7 m (< x >) converges uniformly to 
7 m(< x >), and 
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7m(< X >) 


1 


( Am+1 ”t“ / . , \ 

to \ m{m + 1) 


oo m— 1 


" E (E 


n=—oo,n^0 a—1 


Q m)g 
(2nin)° 


Y h-m-a+i 2 


^y(s + l) _ E>( S ) 

^m— a+1 - 0 m—a 

m — a + 1 
2 


(-^771—1 a) ^ 


2ninx 


— — A m+ i + ■ . ,, 

m \ m(m + 1) 


(g^;> - + s g (r) 


/ /^( s +l) _ Z}( s ) 

..I a 0 a+1 m—a 

X I A m _ a _|_i z 


m — a + 1 
2 


(JH-m— 1 Hm—a ) ^ ^ 


°° ^2ninx 


n=— oo,n^0 


(2mn) c 


— — A m+ i + ■ . ,, 

to \ + 1 ) 




/~*( s +i) _d( s ) \ 

x i A m _ a+1 - 2 m : a+i , r~ a (g m _i - i? m _ Q ) s a (< I >) 


E A m x 


to — a + 1 
i?i(< x >), for x Z, 


0, 


for iLl 


(4.17) 


Now, we can state our first result. 
Theorem 4.1. For each integer l > 2, let 


i -1 


A. = Ej77 1 H B l r+1, <- 0 . < -i ,, + B a-.) 


k=l 

l-l 


k(l - k) 


+ Er77^ B 7- ) .(-G, < it ,> +2B«_ 1 ). 


fc=l 


k(l - k) 


(4.18) 


Assume that A m = 0, for an integers to > 2. Then we have the following. 

(a) LrE ^ +1 \< a; >)G f Efe' ) (< x >) has the Fourier series expansion 


m— 1 


E l7A) B ‘ r+1>(< * >)G ”" ,(< * >) 


= - f A m+1 + _ b<;))Y _ T f; qtEEl 

' /to ' (znin) 1 

7 n=—oo,n^0 a—1 v ' 


m(m + 1) 


(4.19) 


GEE - B. 


_ «) 

x (A m _ a+1 - 2 ^ TO -° +1 Er~° ( g ^-1 - ^™-a)))e : 
v to — a + 1 " 

for all i£l, where the convergence is uniform. 


2'ninx 
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o>)£ 


k (m - k) 

m—1 

= - E 

m z ' 

a=0,a^l 

x B a {< X >), 


B^ +1 \< x »G^{< x » 


f /^( s +i) _rA*) 

a cy K ~ T m—a +1 ^m—a 


TO — a + 1 


( B m— 1 B m— a) 


(4.20) 


for all i£l. 

Assume next that A m ^ 0, for an integers to > 2. Then J m (0) 7 ^ 7 m (l). 
So 7 m {< x >) is piecewise C°° , and discontinuous with jump discontinuities at 
integers. Hence the Fourier series of 7 m (< a: >) converges pointwise to 7 m (< a; >), 
for a; ^ Z, and converges to 


r, (7m(0) + 7m(l)) — 7m(0) + r,A m , 


(4.21) 


for a: G Z. 

Next, we can state our second result. 


Theorem 4.2. For each integer l > 2, let 
1 -1 

A< = £ 


fc=l 

/-I 


fc(Z - k) 






(4.22) 


fc=i 


k ( l - k )' 


Assume that A m 7 ^ 0, /or an integers m > 2 . TTien we have the following. 


(a)— ( A m+ i H- -7 -—— 

to \ to(to + 1) 




00 

£ 


( 


\ ' 


^(s+1) _ p( s ) 

v ( A i _ 9 m-a+1 


n—— oo,n^0 

2'ninx 


(m)a 

' (2nin) 0 

a— 1 v 7 


^(if m _i-F m _ a )))e 

m — a + 1 

fe(£fc) s i r+1) (< 21 >)G.£fc ) (< a: >),for x$7L. 
Xk=i k(XkA +1) G { Xi! + §A m ,/or x G Z. 


(b) 


m—1 / 

1 / m 

m V a 

a—0 v 


^ /^y(s+l) _ ro( s ) ^ 

\ 0 a+1 ^m—a/Tj jj \ 

^m-a+1 ^ 1 \^-m— 1 H-m—a) 

m — a + 1 


x H a (< a: >) 


= £ 

fe=i 


1 


k{rn - k) 


B k +1 \< x >)<££(< x >), for x i Z, 
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1 

m 


m— 1 

E 

a=0,a^l 

x B a (< X >) 

m— 1 j 


-A-m—a+1 2- 


>(*+ 1 ) 
T m— a+1 


m — a + 1 




= E 


^ k{iJi — k) 


+ lAm, forxe Z. 
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ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATIONS IN 
^-HOMOGENEOUS F-SPACES 

SUNGSIK YUN 


Abstract. Let 

Mif(x,y): = jf(x + y) - ^f(-x-y) 

+\f( x - y) + \f(y ~ x )~ f ( x ) - /(y)> 


y) := 2/ (£±») + / (^) + / (^) - /(*) - /(y). 

We solve the additive-quadratic p-functional equations 

Mif(x,y) = pM 2 f(x,y) 

and 


( 0 . 1 ) 


M 2 f(x, y) = pMi/(x, y), (0.2) 

where p is a fixed nonzero number with p 1. 

Using the direct method, we prove the Hyers-Ulam stability of the additive-quadratic 
p-functional equations (0.1) and (0.2) in /3-homogeneous E-spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [23] 
concerning the stability of group homomorphisnrs. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [8] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [14] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was 
obtained by Gavruta [7] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. 

The functional equation f(x+y)+f(x — y) = 2f(x)+2f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [22] 
for mappings / : E\ —>• E 2 , where E\ is a normed space and E 2 is a Banach space. Cholewa 
[5] noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by an 
Abelian group. The stability problems of various functional equations have been extensively 
investigated by a number of authors (see [1, 3, 4, 6, 9, 10, 11, 12, 13, 15, 17, 18, 19, 20, 21, 
24, 25]). 

Definition 1.1. Let A be a linear space. A nonnegative valued function || • || is an F-norrn 
if it satisfies the following conditions: 

(FNi) ||x|| = 0 if and only if x = 0; 

2010 Mathematics Subject Classification. Primary 39B62, 39B72, 39B52, 39B82. 

Key words and phrases. Hyers-Ulam stability; additive-quadratic p-functional equation; /3-homogeneous 
E-space. 
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(FN 2 ) ||A®|| = Hx’ll for all x G X and all A with |A| = 1; 

(FN 3 ) jjx + y || < ||x|| + ||y|| for all x,y G X; 

(FN 4 ) j|A n x|j —> 0 provided \ n —>• 0; 

(FN 5 ) j|Ax n jj —> 0 provided x n -A 0. 

Then ( X , || • ||) is called an F*-space. An F-space is a complete F*-space. 

An F-norrn is called /3-homogeneous (/3 > 0) if ||tx|| = |t| / 9 ||x|| for all x G X and all t G C 
(see [16]). 

In Section 2, we solve the additive-quadratic p-functional equation (0.1) and prove the 
Hyers-Ulam stability of the additive-quadratic p-functional equation (0.1) in /3-homogeneous 
F-spaces. 

In Section 3, we solve the additive-quadratic p-functional equation (0.2) and prove the 
Hyers-Ulam stability of the additive-quadratic p-functional equation (0.2) in /3-homogeneous 
F-spaces. 

Throughout this paper, let fii, @2 be positive real numbers with /3 1 < 1 and @2 < 1. Assume 
that A is a /3i-homogeneous real or complex F*-space with norm || • || and that Y is a @ 2 - 
homogeneous complex F-space with norm || • |j. 

Let p be a nonzero number with p 1. 


2. Additive-quadratic p-functional equation (0.1) in /3-homogeneous F-spaces 

We solve and investigate the additive-quadratic p-functional equation (0.1) in /3-homogeneous 
F*-spaces. 

Lemma 2.1. 

(i) If a mapping f : X —> Y satisfies M\f(x , y) = 0, then f = f 0 +fe, where / G (x) := -b-Uy/l-U 

is the Cauchy additive mapping and / e (x) := C ^f ie quadratic mapping. 

(ii) If a mapping f : X Y satisfies M 2 f(x,y) = 0, then f = f a + f e , where f 0 (x) := 

IC)-f{-x) ^ s a d(liii ve mapping and / e (x) := CC+f(~ x ) j s quadratic mapping. 

Proof, (i) 

Mif 0 (x, y ) = f 0 (x + y)~ f 0 {x ) - f 0 {y ) = 0 
for all x, y G X. So f Q is the Cauchy additive mapping. 

Mif e (x, y) = ~ fe {x + y) + ~/e(x - y) - f e (x) - fe(y) = 0 
for all x, y G X. So f 0 is the quadratic mapping. 

(ii) 

m 2 fo(x,y) = 2f 0 - fo(x) - fo(y) = 0 

for all x, y G X. Since M 2 /( 0 , 0) = 0, /( 0) = 0 and f a is the Cauchy additive mapping. 


M 2 f e {x,y ) = 2 f e 


x + y 


+ 2 f e 


x-y 


~ fe(x) ~ fe(V ) = 0 


for all x, y G X. Since M 2 /( 0 , 0) = 0, /(0) = 0 and f e is the quadratic mapping. 

Therefore, the mapping / : X -A Y is the sum of the Cauchy additive mapping and the 
quadratic mapping. □ 

From now on, for a given mapping / : X Y, define / 0 (x) := ./^ — and / e (x) : = 

fM+f{ U £ or all x G X. Then f Q is an odd mapping and f e is an even mapping. 
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Lemma 2.2. If a mapping f : X -A Y satisfies /(0) = 0 and 

Mif(x,y) = pM 2 f(x,y ) (2.1) 

for all x,y £ X, then f : X -A Y is the sum of the Cauchy additive mapping f a and the 
quadratic mapping f e . 

Proof. Letting y = x in (2.1) for f Q , we get f a (2x) — 2 ffix) = 0 and so f a (2x) = 2 f 0 (x) for all 
x € X. Thus 

/» (|) = \h(x) ( 2 . 2 ) 

for all x € X. 

It follows from (2.1) and (2.2) that 

fo{x + y) - fo{x) - f 0 (y ) = p ( 2 f 0 ~ f»{x) - fo(y)j 

= p(fo(x + y)~ fo(x ) - f 0 {y)) 

and so 

fo(x + y) = fo(x) + fo(y ) 

for all x, y € X. 

Letting y = x in (2.1) for / e , we get \f e (2x') — 2 f e (x) = 0 and so f e ( 2x) = If fix) for all 
x & X. Thus 

/. (|) = j/«W (2.3) 

for all i£l, 

It follows from (2.1) and (2.3) that 

\fe(x + y) + \fe(x -y)~ ffix) - ffiy) 

= p( 2 /e(^) + 2 /e(^)-/e(,)-/e(y)) 

= P Q/e(z + y) + ^/e(x - y) - fe(x) - / e (y)^ 

and so 

ffix + y) + ffix - y) = 2 ffix) + 2 ffiy) 

for all .t, y & X. 

Therefore, the mapping / : X —>• Y" is the sum of the Cauchy additive mapping f Q and the 
quadratic mapping f e . □ 

We prove the Hyers-Ulam stability of the additive-quadratic p- functional equation (2.1) in 
/3-homogeneous F-spaces. 

Theorem 2.3. Let r > and 9 be nonnegative real numbers and let f : X Y be a 
mapping satisfying /( 0 ) = 0 and 

\\Mif(x,y) - pM 2 f(x,y)\\ < 9(\\x\\ r + ||y|| r ) (2.4) 

for all x,y G X. Then there exist a unique additive mapping A : X -A Y and a unique 
quadratic mapping Q : X —>• Y such that 

\\ffix) - A(x )|| < 2 fe( 2 / 3 l f_ 2 fe) lkir. ( 2 - 5 ) 
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II fe(x) ~ <20*011 < 2hr A6 _ 4fe |k) 

for all x e X. 

Proof. Letting y = x in (2.4) for f a , we get 

Ad 


( 2 . 6 ) 


for all x € X. So 


for all x 6 X. Hence 


||/o(2x) - 2f 0 (x)\\ < ^\\x\ 
fo(x) - 2 fo 11 ' 40 


(2.7) 


202+0l r 


X 


2 l fo 


2 l 


- 2 m f 0 


x 

2 m 


< |>/o (5)-^/.(^i) 


< 


Ad 


m— 1 


2 ^ 2 i 


H o/3i 


2/3 2 +/3ir 20rrj 

3=1 


( 2 . 8 ) 


for all nonnegative integers m and l with m > l and all x 6 X. It follows from (2.8) that the 
sequence {2 k f 0 (-^)} is Cauchy for all x € X. Since Y is complete, the sequence {2 k f a ( §)} 
converges. So one can define the mapping A : X -+ Y by 


A(x) := L “ 2t/ »(!0 


for all Since f Q is an odd mapping, A is an odd mapping. Moreover, letting l = 0 and 

passing the limit m —> oo in (2.8), we get (2.5). 

It follows from (2.4) that 

A(x + y) - A(x) - A(y) - p ^2 A ^ - A(x) - A(y)j 


= lim 

n—>oo 


x + y 


-fo 


-fo 


-2 n p ( 2 fo 

for all x, y € X. So 


x + y 
2 n +i 


_ f I ___ ) f JL 

J O \ / JO \ o n 


Ad 2 fen 
< -X. lim - 3 —||x|| r = 0 
— 202 n->oc 20i rn 


A(x + y)~ A(x) - A{y) = p ^2 A (yjy) - M x ) ~ A (v)j 

for all x, y £ X. By Lemma 2.2, the mapping A : X -+ Y is additive. 

Now, let T : X -+ Y be another additive mapping satisfying (2.5). Then we have 


||A(x)-T(*)|| = 

< 

< 


2 q A ( — — 2 q T ( — 
2 i 


X 

20 
x 
20 
8 d 


2 q A(-)- 2 q f 0 
2021 


+ 


21 


2 q T - -2 q f 0 - 


2i 


202{2.0i r — 2 ^ 2 ) 2 0 ir i 


which tends to zero as q —> oo for all x E X. So we can conclude that A{x) = T(x) for all 
This proves the uniqueness of A. 
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Letting y = x in (2.4) for f e , we get 


for all x G X. So 


for all x G X. Hence 


^/ e (2x) - 2 f e (x) 


fe(x) - 4/ e 


40 „ 

< —o~ X 
2#2 


(2.9) 


< 


40 

20 i r 


x 


4 fe ( 2 Z ) 


S | 1 || 4 V,(|)- 4 ^/,(^) 


< 


3=1 

40 


m —1 

E 


402J 


2ftr Z—/ 2 fil r j 
3=1 


( 2 . 10 ) 


for all nonnegative integers m and l with rn > l and all x € X. It follows from (2.10) that the 
sequence {4*/e( Jf)} is Cauchy for all x € X. Since Y is complete, the sequence {4 k f e (#)} 
converges. So one can define the mapping Q : X —> Y by 


Q(x ) := lim 4 k f e ( 

' k^oc J \2 k J 


for all x G X. Since f e is an even mapping, Q is an even mapping. Moreover, letting l = 0 
and passing the limit m —> oo in (2.10), we get (2.6). 

It follows from (2.4) that 


Q 


-P 2Q 


x + y 
2 

x + y 




= lim 

n—>oo 


4” I If, 


+ 2 Q 
x + y 


x-y 
2 

x-y 


2 

f x + y 
\ 2 n+1 


- 4 n p [2f e 

40 4 /3an 

< —5- lim —5 —llxir = 0 

_ 202 n-S-OO 2Pl rn 


+ )/« 

+ 2/ e C- ! ' 


- Q(x) - Q(y) 

- Q(x) - Q(y) 
x-y 


2 n+l 


fe nr , fe n r. 


fe ( 0 „ ) fe ( on 


for all x, y G X. So 


-Q 

2^ 


x + y 
2 

= p(iQ 


+ \q 


x + y 


x-y 

2 

+ 2 Q 


- Q(x) - Q(y) 
x-y 


- Q(x) - Q{y) 


for all x, y 6 X. By Lemma 2.2, the mapping Q : X —> Y is quadratic. 

Now, let T : X —> Y be another quadratic mapping satisfying (2.6). Then we have 


\\Q(x) - T(x)|| = 
< 

< 


4 


— 4' ? T 


2 ? 


4 ?< 2 or, 4 <? /e or, 


29 


+ 


X 


29 


4 9 T _ _ 49 / _ 

\ 0/7 J C \ 0/7 


29 


80 


4029 


20i r — 402 2 0 ir 9 


x 
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which tends to zero as q —>• oo for all x £ X. So we can conclude that Q(x) = T{x) for all 
x £ X. This proves the uniqueness of Q, as desired. □ 

Theorem 2.4. Let r < ^ and 8 be nonnegative real numbers and let f : X — >• Y be a mapping 
satisfying /(0) = 0 and (2.4). Then there exist a unique additive mapping A : X —>• Y and a 
unique quadratic mapping Q : X —> Y such that 

II fo(x) - A(x)\\ < VWT llsll 


2/32(2^2 - 2 hir) 
||/e(x)-Q(x)|| < 4fe W 2 p ir Ikf 

for all x & X. 

Proof. It follows from (2.7) that 


fo(x) - \fo{2x) 


, 4^ || | 

— 4/32 l|a:| 


for all x £ X. Hence 


3j/o(2V) - T/o(2™x) 


m —1 


< 


N : 4* ( 2 'd - ( 23+1 d 


3=1 

49 


in— 1 




4/3 2 2/32J 

3=1 


< — V 


X 


( 2 . 11 ) 

( 2 . 12 ) 


(2.13) 


for all nonnegative integers m and l with rn > l and all x £ X. It follows from (2.13) that the 
sequence {^r/o(2 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{ 2 *,, / 0 (2 n x)} converges. So one can define the mapping A : X —* Y by 


A(x) := lim — f Q (2 n x) 

V ' n.->oo 2 n v ’ 

for all x € X. Moreover, letting l = 0 and passing the limit rn -Y oo in (2.13), we get (2.11). 
It follows from (2.9) that 


fe(x) - — f e(2x) 


48 ,, 

< 773 - X 
4 P 2 11 1 


for all x £ X. Hence 




m— 1 


< 


< 


T. Jj/.H 

3=1 

m-1 ^jhrj 


ra A ( 2J+I d 


4J+i 


48 


4/32 4^ 4/32J 
3=1 


E 


X 


(2.14) 


for all nonnegative integers m. and l with rn > l and all x £ X. It follows from (2.14) that the 
sequence f e (2 n x)} is a Cauchy sequence for all x £ X. Since X is complete, the sequence 
{X/ e (2 n x)} converges. So one can define the mapping Q : X —> Y by 

Q(x ) := lim -^—f e (2 n x) 

2 n—»oo 4 n ^ 6 ' ^ 

for all x £ X. Moreover, letting l = 0 and passing the limit rn —r oo in (2.14), we get (2.12). 
The rest of the proof is similar to the proof of Theorem 2.3. □ 
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3. Additive-quadratic ^-functional equation (0.2) in /3-homogeneous F-spaces 

We solve and investigate the additive-quadratic p- functional equation (0.2) in /3-homogeneous 
F* -spaces. 

Lemma 3.1. If a mapping f : X —>■ Y satisfies /( 0) = 0 and 

M 2 f(x,y) = pMif(x,y ) (3.1) 

for all x, y G X, then f : X -A Y is the sum of the Cauchy additive mapping f Q and the 
quadratic mapping f e . 


Proof. Letting y = 0 in (3.1) for f 0 , we get 

f ° (I) = 

for all x G X. 

It follows from (3.1) and (3.2) that 

fo(x + y)~ f 0 (x ) - f 0 (y) = Vo (yy ) ~ M x ) - fo(y) 

= p(fo(x + y)~ f 0 (x) - f 0 (y)) 

and so 

fo(x + y) = f 0 (x ) + f 0 (y) 

for all x , y G X. 

Letting y = 0 in (3.1) for f e , we get 


fe = \fe{x) 


for all x E X. 

It follows from (3.1) and (3.3) that 


\fe{ x + V) + \fe(x ~ y) ~ f e {x) ~ fe{y) 


= Ve 


x + y 


+ 2/e 


x-y 


~ fe(x) ~ fe{y) 


and so 

for all x, y e X. 


= P (j/e (x + y) + \ fe{x -y)~ fe{x) ~ fe{y)^J 
fe {x + y) + fe(x - y) = 2 f e (x) + 2 f e (y) 


(3.2) 


(3.3) 


□ 


We prove the Hyers-Ulam stability of the additive-quadratic p- functional equation (3.1) in 
/3-homogeneous F-spaces. 

Theorem 3.2. Let r > V and 6 be nonnegative real numbers and let f : X Y be a 
mapping satisfying /(0) = 0 and 

\\M 2 f(x,y)-pM 1 f(x,y)\\ < 0(\\x\\ r + \\y\\ r ) (3.4) 

for all x,y G X. Then there exist a unique additive mapping A : X -A Y and a unique 
quadratic mapping Q : X Y such that 

2 • 2 P ir 0 

\\fo{x) - A{x) II < 2 p H2 p ir _ 2 p 2) \\ x \\f (3-5) 
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2 • 2^ ir e 

\\f e (x)-Q(x) ll< 2fe(2/3ir _ 4fe) 

for all x G X. 

Proof. Letting y = 0 in (3.4) for f 0 , we get 


(3.6) 


fo(x) - 2 fo ^ = 2 fo ^ - fo(x ) 


20 „ 

< — 5 - UC 
- 2/?2 11 1 


(3.7) 


for all x & X. So 
2 l fo 


2 l 


~ 2 m fo 


x 

2 m 


< g||^(|)- 2 J+ 1 /»(^i) 


26 ^ 2^i 

— 262 E 20 ir i X 
j=l 


(3.8) 


for all nonnegative integers m and l with m > l and all x G X. It follows from (3.8) that the 
sequence {2 k f 0 (f^)} is Cauchy for all x G X. Since Y is complete, the sequence {2 k f 0 ( £)} 
converges. So one can define the mapping A : X —> Y by 


A(x) := lim 2 k f Q ( 

k—t OO \ 


for all x E X. Since f 0 is an odd mapping, A is an odd mapping. Moreover, letting l = 0 and 
passing the limit m —> 00 in (3.8), we get (3.5). 

Letting y = 0 in (3.4) for / e , we get 


fe(x) - 4/ e - 


4/e - fe(x) 


26 „ 

< —5- X 

- 2^2 11 1 


(3.9) 


for all x & X. So 


x 


47e ( ) - 4™ f e 


X 

2 m 


m— 1 y s 

< £ (J) - 4J +1 / e 


< 


3=1 

26 


X 


23+ 1 


in— 1 

E 


4/2 3 


2 ft 2^ ir 3 
j=i 


(3.10) 


for all nonnegative integers m and l with rn > l and all x E X. It follows from (3.10) that the 
sequence {4 */e( p)} is Cauchy for all x G X. Since Y is complete, the sequence {4 k f e (#)} 
converges. So one can define the mapping Q : X —> Y by 


Q( X ) := Um4‘/«(j) 


for all x G X. Since f e is an even mapping, Q is an even mapping. Moreover, letting l = 0 
and passing the limit m —> 00 in (3.10), we get (3.6). 

The rest of the proof is similar to the proof of Theorem 2.3. □ 

Theorem 3.3. Let r < ^ and 6 be nonnegative real numbers and let f : X — >• Y be a mapping 
satisfying /(0) = 0 and (3.4). Then there exist a unique additive mapping A : X —>■ Y and a 
unique quadratic mapping Q : X —>• Y such that 

2 • 2 for6 „ 


,(x)-A(x)|| < 2fe(2 ft _ 2 fr r) l|S|l 


(3.11) 
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\\fe(x) - Q{x) || < 2fe( 2 4fe 2 _^ ir) lkl| r 

for all x £ X. 

Proof. It follows from (3.7) that 


(3.12) 


fo(x) - ^/o( 2x) 


< 


2 • 2^ r 6 , 

4-^2 I 


for all x £ X. Hence 


ffo(2‘x) - Pf'QTx) 


m— 1 


< 


< 


-i -| 

E jjA (^) - jsrA (^) 

3=1 


2.2^ ir 0 m_1 2/ 3 i r l 


4/32 


E 

3=1 


2023 


(3.13) 


for all nonnegative integers m and l with m > l and all x £ X. It follows from (3.13) that the 
sequence f 0 (2 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{ 2 v/o( 2 "/e)} converges. So one can define the mapping A : X -A Y by 

A(x) := lim —f 0 (2 n x) 

v ' n->oc 2 n y 

for all x £ X. Moreover, letting l = 0 and passing the limit m —> oo in (3.13), we get (3.11). 
It follows from (3.9) that 


fe{x) - jfe(2x) 


2 ■ 2^ ir 9 

< - a - \\x\ 

802 


for all x £ X. Hence 


l/ e ( 2 A - 


m—1 i i 

£ E Jj/« ( 2 'd - 4Hl/e (2 J+I x) 

3=1 


< 


2 . 2 Pi r Q m ~ 1 r i 


802 


E 

3=1 


402 j 


(3.14) 


for all nonnegative integers m and l with rn > l and all x £ X. It follows from (3.14) that the 
sequence f e (2 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{^r/e( 2 n x)} converges. So one can define the mapping Q : X — > Y by 

Q(x) ■= 2n x) 

n—> oo 4 ™ 

for all x £ X. Moreover, letting l = 0 and passing the limit m —> oo in (3.14), we get (3.12). 
The rest of the proof is similar to the proof of Theorem 2.3. □ 
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Abstract 
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1. Introduction and Definitions 

Let A denote the class of all analytic functions / of the form 

OO 

f(z) = z + ^2 a nZ n (1-1) 

71=2 

in the open disk U = {z : \z\ < 1} normalized by /(0) = 0 and /'(0) = 1. A function / is 
subordinate to the function g, written as f < g or f(z ) A g(z), provided that there is an analytic 
function w(z) defined on U with w( 0 ) = 0 and |u;(z)| < 1 such that f(z) = g[w(z)\ for z € U. 
In particular, if the function g is univalent in U, then f ~< g is equivalent to /(0) = </(0) and 
/(U) C g( U). For two functions f,g 6 A, the Hadamard product is defined by 

OO 

f(z) * g{z) = z + a n b n z n (UD), 

71=2 

where a n and b n are the coefficients of / and g, respectively. 
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Let V denote the class of analytic functions of the form p(z) = 1 + p\z + P2Z 2 + • • • such that 

3f?(p(z)) > 0 hi U. 

Let S denote the subclass of A consisting of univalent functions. Let S* ( 7 ) and /C( 7 ) be the 
class of all starlike functions of order 7 and convex functions of order 7(0 < 7 < 1 ), respectively. 
A function / G A is in the class 77 ( 7 ), if it satisfies the inequality: 

$l(f'(z)) >7 (z € U, 0 < 7 < 1 ). 

We write 7Z(0) = 77, the familiar class of functions in A which are of bounded turning in U. It is 
well known that S* </_ 77 and 77 / S* (see [13]). 


The class of k-starlike functions is introduced and studied by Kanas and Wisniowska ([6], [7]) (For 
more details, see [5],[8],[9],[10]) as defined by / £ k — ST, if and only if 

s (hL)) >fe ]^hl _ 1 1 (°< t <oo., e u). (1.2) 

One may be easily see that the conditions (1.2) may be rewritten into the form 

$t(p(z)) > k\p(z) — 1] (z G U). 

Also, it is easy to see that p( U) is a conical domain 

Jlfc = {oj 6 C : 9?(<u) > k\ui — 11} , 


Clk = jw = u + iv : u > k\J ( u — l) 2 + u 2 | , 
where 0 < k < 00 . For k > 1, the curve dk\ is the ellipse dehned by 

cAlfc = {uj = u + iv : u 2 = k 2 (u — l ) 2 + k 2 v 2 } 


For k > 2 + \/2, this ellipse lies entirely inside £, where £ = {w 6 C : |w 2 — l| < l} is the interior 
of the right half of the lemniscate of Bernoulli (it 2 + v 2 ) 2 = 2 (u 2 — v 2 ). Therefore k — ST C SC* 
for k > 2 + s/2. 


Recently, Sokol and Stankiewicz [18] dehned the class SC* given by 

= |/ G 5 : - 1 < 1, * € uj . (1.3) 

It is easy to see that 

/ <E SC* 77 A Qo{z) = Vl + z (<jo(0) = 1) 

and C C {w : |w — \/2/2| < \/2/2}. 

Analogous to the class SC*, recently Patel and Sahoo [16] dehned a class 1Z. A function / e S 
is said to be in the class 1Z, if it satishes the condition 

77= {feS: |(/(z)) 2 -l| < 1 ( z£ U)}. (1.4) 

It follows from (1.4) and the definition of subordination that a function / £ 77 satishes the subor¬ 
dinate relation 

f\z) < VlT^ (z € U). (1.5) 
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Sokol and Paprocki [14] studied the class of analytic and univalent functions defined by 


S*(a,b) 


f€S: 



<b , 


zf'W Y 

/0) )z=0 


1 (z€0) 


( 1 . 6 ) 


where a > 1,6 > \. For the choice of a = 1, the class of <S*(1,6) investigated by Janowski [3]. 
For the choice of a = 2, b = 1, the class <S*(2,1) investigated by Sokol [141. It is easy to see that 
/ G S* (a, b) if and only if 


zf(z) 

m 


-< Qo{z) 


1 + z 

i + (¥) 



i 

a. 


(9o(0) = 1). 


Note that the set, 


Q(a, b) 


(1.7) 


( 1 . 8 ) 


is connected with the class S*{a,b ) and is a leaf-like set. The concept of leaf-like domain was 
investigated by Sokol and Paprocki [14]. For more details related to the leaf-like domain, one may 
refer to the recent papers (see [1, 4, 17, 18, 19, 20, 21, 22, 23]). 

Motivated essentially by the work of Sokol and Paprocki [14] and Sahoo and Patel [16], we 
introduce the class 7 Z(a, b) related to the concept of leaf-like domain as given below. 

A function f € S is said to be in the class lZ(a, b ), if it satisfies the condition 

\(f'(z)) a -b\ <b (z€V). (1.9) 

Let 

Q = € C : 0 < K(cv), \u a — b\ < b for z G U, a > 1 , b > - 

It is easy to see that, the set Q represents all points on the right half plane such that the product 
of the distances from each point to the end points —b and b is less than b. It follows from (1.9) and 
the definition of subordination that a function / G lZ(a, b) satisfies the subordinate relation 

f ' iz) * (lT(H)l) (L10) 

All powers are principle one. In the present investigation, the authors obtain several differential 
subordination results involving in the classes lZ(a,b) and S*(a,b). Apart from the differential 
subordination results, certain sharp coefficient estimates are obtained for the class of functions 
TZ(a, b) and S* (a, b). 



2. Main Results 

To prove main results, we need the following lemmas. 

Lemma 2.1. [12] Let q be univalent in U and let (p be analytic in a domain containing g(U). Let 
zq'(z)<p(q(z)) be starlike. If p is analytic in U, p( 0) = q{ 0) and satisfies 

zp'(z)ip{p{z)) < zq\z)ip{q(z)), ( 2 . 1 ) 

then p(z) -< q(z) and q is the best dominant. 
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Lemma 2.2. [2] If a function uj is analytic for \z\ < |zo| < 1) w(0) = 0, and\u(zo)\ = max{|a;(z)| : \z\ < |zo|}, 
then 

2 »“' (2 » ) - ■ ( 2 . 2 ) 


Ul{z 0 ) 


> 1 . 


Theorem 2.1. Let function f £ A. Then 

'zf'(z) 


ft 


1 zf"(z) . . r- - 

< "t / -s qo(z) = \J 1 + z. 


(2.3) 


r(z ) y 4 /'(*) 

Proof. Let us denote Q(f , 2 ;) = f{z). Suppose that Q(f, z) -f< qo(z). The function go is univalent in 
U so there exist zo,(o such that |zo| = ro < 1, |Co| = 1) Q(f,z) (|z| < ro) C go(U) and Q(f,zo) + 
go (Co)- Then the function w(z) = q^ 1 (Q{f, z)) is analytic in \z\ < ro and w(0) = 0, w(zo) = Co- 
Thus \oj(z)\ assumes at zq its maximum in \z\ < \zq\ and by Lemma 2.2, zqlo'(zo) = muj(zo), m > 1. 
Differentiating qo(uj(z)) = Q(f,z) we obtain 

zu/(z) u(z) zf"{z) 


Then we have 


u(z) 2(1 +u(z)) f'(z) 

zof'(zo) _ zqu'(zq) uj(zq) 
f'{z 0 ) 


m 1 

uj{zq) 2(1 + cj(zo)) 4 “ 4’ 
zf"{z) 


which contradicts the hypothesis of the theorem. Hence + qo(z) = \/l + z. 


(2.4) 

(2.5) 

□ 


Theorem 2.2. A function f £ TZ(a, b) if and only if there exist an analytic function q with g(0) = 1 
and q{ U) C Q(a,b) such that 


f{z) = f q(t)dt (z £ U). 
Jo 


( 2 . 6 ) 


Proof. Let / G 7 Z(a,b) and let q(z) = f(z). If / is given by (2.6) with an analytic q satisfying 
q{0 ) = 1 and q( U) C Ll(a,b), then 


q(z) A qo(z) = 


1 + z 


T + (¥k 

Now differentiating (2.6), we obtain f(z) = q(z). Therefore 


f'(z) A Qo{z) = 


1 + z 


l + (¥) 


and hence / £ 7Z(a,b). 

Next we determine the lower bound for ft so that 


□ 


implies that 


1 Pzp'(z) 

p(z) 

( 

p(z) A 


1 + z 


i + (¥k 


1 + Z 


1 + (¥)* 
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Lemma 2.3. Let 


If 


Po — 


2a 


(2b- 1) L 


(26) a — 11 ( a > 1,6 > - 


1 Pzy'(z, 


l + z 


v( z ) \i + { l fr)z 


(P > Po), 


then 


p(z) + 


l + z 


The lower bound Po is the best possible. 
Proof. Define the function q : U —> C by 


q(z) = 


!+(¥)* 


l + z 

,i + (¥k 


(2.7) 


( 2 . 8 ) 


with q( 0) = 1. Since 


q( U) = |a; € C : \u a — b\ < b, | arg(w)| < 


is the right half of leaf-like set, g(U) is a convex set and hence q is a convex. Let us take the 
subordination, 


| Pzjt(z) Pzq'(z) 

' q(z) ' 


(2.9) 


1 


p(z) 

Performing a calculation, one can find that 

pzp’(z) _ Pz(2b — 1) 

p(z) a |_(1 + z)(b + (1 - b)z)\ 

is convex in U (and hence starlike). Thus, in view of Lemma 2.1, it follows that p(z) -< q(z). To 
conclude the proof, it is left to show that, 


( 2 . 10 ) 


q(z) = 
Since 

and 


l + z 

i + (¥K 


a ! Pzq'(z) | Pz(2b — 1) 
q(z) a 


1 


h( U) = \u: »(cj) < 1 + 


(l + z)( 6 +(l- 6 )*) 

P(2b-1) 

2a 


= : h(z). (2.11) 


q( HJ) = {w : |t o a — b\ < b} C ju; : 9?(w) < (26) « | , 
it follows that q( U) C h( U) if 

P(2b — 1) 


(26)« < 1 + 


2a 


Thus q(z) + p(z ) for 


/5> 


2a 


26-1 

and this completes the proof of Lemma 2.3. 


(26)« - 1 


□ 
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Theorem 2.3. Let /5q be given in Lemma 2.3 and f G A. If f satisfies 


1 oli zf"(z ) zf'(z) 

1 + 0 1 + ¥ ' y ’ 


-< 


1 +z 


m f( z ) j + 


(0 > 0o)> 


( 2 . 12 ) 


then f € S*(a, b ). 

Proof. Define the function p : U —*• C by 

*) = (.6 D). 

/(*) 

Then the analytic function p satisfies p(0)= 1. A simple calculation yields, 

= 1 + zf(z) zf(z) 


(2.13) 


(2.14) 

□ 


p(z) " ' f(z) f(z) 

Therefore an application of Lemma 2.3 gives Theorem 3. 

Similarly by taking p{z) = z 2 f'(z) / f 2 (z) and p{z) = f\z) in Lemma 2.3, we have the following 
results, respectively. 

Theorem 2.4. Let 0o be given in Lemma 2.3 and f G A. If f satisfies 


1 + 0 1 + 


then 


(zf(z)Y' 2 zf\z) 

/'(«) m 

z 2 f(z) 


+ 


l + z 


1+(¥K 


(0 > 0o), 


(2.15) 


+ 


1 + 2 


/ 2 w (^)-y ' 

Theorem 2.5. Let 0o 6 e given in Lemma 2.3 and f G A. If f satisfies 

l + z V 


then 


Lemma 2.4. Let 




fa) -< 

a(3 - 26) 


T + (¥K 


(0 > 0o), 


(2.16) 


1 + 2 


.!+(¥) + 


0 o = 


(26-1) 


(26)- - 1 a > 1 , 6 > 


// 


then 


i- +++; -< 


1 + 2 


pl — CK ( 2 ) 


(0 > 0o), 


p(z) + 

The tower bound 0 o is the best possible. 


1 + 2 


i + (¥k 


(2.17) 


(2.18) 


1291 


Sivasubramanian ET AL 1286-1301 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Differential subordination 

Proof. Let q be a convex function given by 


q(z) = 


1 + z 


i + (¥k 


(z £ U). 


Then we obtain 


(3zp'(z) fjzq'(z) 

p 1 ~ a (z) q l ~ a (z) 


A simple computation implies that 

pzp’(z) _ /3z(2 b - 1) 
p 1 ~ a (z) ab 


i + ((¥H 2 


(2.19) 


( 2 . 20 ) 


is convex in HJ(and hence starlike). Thus, in view of Lemma 2.1, it follows that p(z) -< q{z). To 
conclude the proof, it is left to show that, 

, i 


q{z) = 


1 + z 


T + (¥k 


t MM = i M2&-1) 
q 


ab 


1 


i + ((++) 2 


=: ft(z). ( 2 . 21 ) 


Since 


and 


h( U) = \ u : »(w) < 1 + 


1 ( 26 - 1 ) 
a(3 - 26) J ’ 


g(U) = {w : |w a - b\ < b} C {a; : »(w) < (26)-} , 
it follows that g(U) C /i(U) if 

(3(26-1) 


(26)- < 1 + 


a(3 - 26)' 


Thus q(z) + p(z) for 


P> 


a(3 - 26) 


26-1 

and this completes the proof of Lemma 2.4. 


(26)- - 1 


□ 


By taking p(z) = zf'(z)/f(z) and p{z) = f(z) in Lemma 2.4, we state the following Theorems 
2.6 and 2.7, respectively as below. 


Theorem 2 . 6 . Let ff) be given in Lemma 2.f and f £ A. If 

’z 2 f"(z ) , zf'(z) f zf(z)s 


1 + 


P 


m + /w v /(*) 


/(*) 


1 —a 


¥ 


1 + z 


i + (¥¥ 


(P > Po), 


( 2 . 22 ) 


f/ien / £ 5* (a, 6 ) 

Theorem 2.7. Let /3 q 6 e given in Lemma 2.f and f £ A. If 


then 


, Pzf{z) 

/'(*) A 


1+z 


i + (¥¥ 


1 + Z 

i + (¥¥ 


(/3 > AT 


(2.23) 
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For the function 


q(z) = 


1 + z) 


i+ (¥)*, 


= i + 


26 - 1 26 - 1 /26 - 1 1 

-z + 


ab 


2ab \ ab 6 ~*~ 


(2.24) 


we have g(HJ) = 17 (a, 6) and from (2.6) we can obtain a function /o, related to q of the form 

fo(z) = [ q(t)dt (z G U) (2.25) 

Jo 


= z + 


26 - 1 , 26 - 1 /26 - 1 1 


ab 


-z‘ + 


2a6 V ab 


- T )z° + • • 


It is easy to see that 


(2.26) 

(2.27) 


V(a, 6) = {p eV : p(z ) -<! q{z)} . 

Corollary 2.1. A function f belongs to the class 1Z(a, 6 ) (a > 1, 6 > |) if and only if 

TO) ~< gO)- ( 2 - 28 ) 

Theorem 2.8. d function f G 77.(a, 6) (a > 1,6 > if and only if there exist an analytic function 
p satisfying 


p{z) P p atb := 


l + z 




such that 


f(z) = f p(t)dt (p( 0 ) = 1 , zG U). 
Jo 

Moreover, if for the function f a }> G 77.(a. 6 ), it takes the form 

\Vb+ (\/l + 6 - l) 2 ] “ - (Vb) 


fa,b(z) = 


2±a 


then 


(Vr+6-i)(¥) 


/0) ^ fagbjz) 


(Z€V), 


(2.29) 


(2.30) 


(2.31) 


Proof. Let / G 77.(a, 6 ) and let p(z) = f'(z). Integration of this equation yields (2.29). If / is 
given by (2.29) with an analytic function thenp(z) -< p a ,b{z )• Now differentiating (2.29), we obtain 
f'(z)=p(z). Therefore 


TO) -< 


1 + 2 


i + (¥k 


and consequently / G 77.(a, 6 ). 


Now we proceed to prove that f a y t G 77.(a, 6 ). For this purpose we will show that the inclusion 
relation 


- L- 

w 2 — 62 


Let w G b- Then 


G C : 0 < 3f7(w), 

< Vl + 6-1 


< Vl + 6- l,a>l,6>||cQ. 


a 1 

cj 2 — b 2 


LU 2 -|- 6 2 


< Vl + 6+1. 


(2.32) 

(2.33) 
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By multiplying these inequalities, we obtain 

\u a — b\ < b =>• u> € Q. 

Denoting 


(2.34) 


Qa,b(z) = 


Vb + (vT+T- 1 


we pose that 

Then 


UJ 


2 : = [<la,b{z)\ = Vb + (vT+ 6 - l) 2. 


q a jb( U) = |wGC: 0 < K(w), 


q 1 

UJ 2 — + 


< Vl + b- l,a>l,b>-\cQ. 


(2.35) 


(2.36) 


Hence q a ,b(z) -< p a ,b(z), by putting q a ,b(z) in (2.29) implies (2.30). To prove the subordination 
relation (2.31), firstly we show that f a ,b( z )/z is convex univalent function. We observe that 


fa,b(z) = 


_ 2+q 


Vb + (a/1 + b- l) z “ - (Vb) 


2+a 


(Vb) 


2+q 


(vr+ 6 - i)m 

2+a\ (\A+b-l )z (2+a\ (v/l+&-l) 


i+m 


Vb 


+m 


ab 


+ 


-(Vb) 


2+q 


(vT+ 6 - 1 ) {^)(Vb)i 


= z+VV±Vl z 2 


a 


Vb 


= z 


+ ^ A (a, b) z n G A 


n=2 

Let us consider the function 


F a ,b(z) = 


a 


v~b 


y/l + b - 1 L 2 


/a,&(^) _ 1 


G A 


A simple computation gives, 


jpi , n _ 

Q ’ b(z) Vl + 6-1 


f'a,b(V fa,b(z ) 


and 


a ’ bU 


z f",b(V ~ fa,b( z ) Z fL,b( z ) ~ 2z fa,b( z 


(2.37) 


(2.38) 


(2.39) 


Then we obtain 


fa,b(z) 

fa,b( z ) 
fa,b ( Z ) 


2+q 


\/ft + (\/l + b - l) z “ - (Vb) 


2+q 


vT + (Vi + 6 - i 

2(vT+ 6-1) r 


(2.40) 


a 


+ (Vl + b ~ I s ) z 


i 4-i 
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The aim of our calculation is to show that 1 + zFf b (z) / Ff b {z) has a positive real part in the unit 
disk. Let z G Q a ,b, that is, ft(z) > 0. Since 0 < y/1 + b — 1 < 1, then by using (2.40), we have 


ft ( i + i =» 


2 f'a,b( Z ) 


K,b( Z ) J \zf a)b (z)-f a ,b(z) 

Hence for choosing suitable parameter a,/3(a > 1 ,b> we have 


- 1 > 0 . 


(2.41) 


(2.42) 


Consequently, we obtain that F a b G 1C, where 1C is the class of convex functions. Therefore f a ,b(z)/z 
is a convex function. Now by using the fact that if for F, G G 1C, satisfy f < F and g -< G, then 
f*g -< F*G and k(z) = z/{ 1 — z) is a convex function, then we immediately establish (2.31). This 
completes proof of the theorem. □ 

As a consequence of the subordination (2.31), we obtain the following result. 

Theorem 2.9. If f G TZ(a,b) and \z\ = r, then 

\fa,b(~r)\ < \f(z)\ < \f a ,b(r)\ 

and 

\fa,b(-r)\ < \f(z)\ < \fa tb (r)\. 

Let / G 7 Z(a, b). Then 

1 + w{z) 


f\z) = 


B = —el-1,1) (ZS U), 


1 + Buj(z) J b 

where ui satisfies Schwarz’s Lemma, so w(0) = 0 and |cv(z)| < \z\ (z G U) and 


|u/Wl <Mw- ( z€U >- 


1-2 


Then from (2.45) and (2.46), we get 

zf'(z) 


ftU + 


f'{z) 


= 

1 + ft 

> 

1 — 


a 

> 

1- 


a 

> 

1 - 


a 

> 

1- 


(1 + B)zcj'(z) 


a(l + cv(2:))(l — Blo(z)) 

(l + B)\z\(l-\u(z)f) 
1 - \z\i)(l - \u(z)\)(l - \B 
(1 + B)\z\{l + \u(z)\ 


(1 + B)\z\ 


(1 + B)r 


a(l — r)(l — |H|r)' 
Therefore we can easily obtain the following result. 


(2.43) 

(2.44) 

(2.45) 

(2.46) 
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Theorem 2.10. Let ro denotes the smallest positive root of the equation 

(1 + B)r 


1 - 


= 0. 


a(l — r)(l — \B\r) (2-47) 

If the function belongs to the class IZ(a, h), then it maps disc U ro = {z G C : \z\ < ro} onto a convex 
set. For B = 0, this result is sharp. 


Proof. The function 


h(r) = 1 — 


(1 + B)r 


a(l — r)(l — \B\r) 

with h( 0) = 1 and h(r) —> oo as r -A 1 is an decreasing function in [0,1). Therefore (2.47) has 
positive solution in [0,1). If B = 0, then (2.47) has form 

r 


and for the function 


we have 


1 - 


= 0. 


»U + 


a( 1 — r) 

f(z) = [ (1 + t)*dt (z € U), 

Jo 

zf"(z) 


f'(z) 


= 

1 + 5R< 

> 

1 - 




a 

> 

1 - 



a(l + z ) 
z 


(2.48) 


□ 

3. Coefficient inequalities 
Lemma 3.1. [11] Let the function oj £ Bq be given by 

lo(z) = d\z + d2Z 2 + • • • (z G U), (3.1) 

where 

Bq = {lo € A : uj(0) = 0, \co(z)\ <1 (z € U)} (3.2) 

Then for every complex number s, 

\d 2 -sd\\ < l + (|a| -l)|d!| 2 . (3.3) 

Now we determine an sharp upper bound for the class TZ(a, b ). 

Theorem 3.1. If the function f given by (1.1) belong to the class 7 Z(a, b), then for —oo < p < oo 


I«3 - pa\\ < S 


2b-l 
Gab 
26-1 
3a6 
26- 1 
3a6 




26- 1 
ab 


+ 


1 


3/i 


- 1 


26-1\ 1 
ab + b 


, n < ai(a,6) 
<Ti(a, 6) < p < (72(a, 6) 
p > cr 2 {a,b), 


(3.4) 


1296 


Sivasubramanian ET AL 1286-1301 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


12 


S. Sivasubramanian et al. 


where <Ti(a, h) and o 2 (a, 6) is given by 


and 




02(a, b) = 


4 ab 


3(26-1) LV 2a6 


26—1\_1_ 

26 


4a6 


26- 1 
2ab 


~Tb + 1 


3(26-1) 

The estimates in (3.4) are sharp. 

Proof. By the definition of subordination, there exists a function u> £ Bq such that 

1 + w{z) 


(3.5) 

(3.6) 


n*) = 


{z € U), 


, 1 + (VM*)/ 

Suppose that ui(z) is given by the series (3.1). A simple calculation shows that 

'26 — 1\ di 


a 2 = 


and 


03 = 


26-1 

3ab 


ab 


26 - 1 1 . 2 , 
~2^~^ dl + d2 


Then, by using (3.7) and (3.8), easily we get 


03 - = 


26-1 

3a6 


d 2 + 


26-1 1 3/r 26 — 1 \ 2 

2a6 26 4 a6 J 1 


(3.7) 

(3.8) 

(3.9) 


Suppose that /x < <ri(a,6), then (3.9) gives 


103 - joa|| < 


26-1 

3ab 


N + 


26-1 1 3/i 26 - 1 


2a6 


26 


4 ab 


Idil 5 


Applying the estimates |c?21 £ 1 — Mil 2 °f Lemma 3.1 and the well known estimate |c?i| < 1 of the 
Schwarz lemma, we have 


103 - pa 2 2 1 < 


26- 1 
3ab 


1 + 


26-1 1 3/i 26 - 1 


< 


2ab 26 4 ab 

26—1^ (2b —\ 1 3/126-1' 

26 4 ab 


- 1 


3a6 


2a6 


(3.10) 


which proves the first inequality in (3.4). 
From (3.9) we have, 

2, / 26 — 1 

103 - M0 2 | = 


3a6 


C?2 + 


26-1 1 3/i 26 - n 2 

2ab 26 4 a6 | 1 


On the other hand if /1 > a 2 (a,b); then using the estimates \d 2 — d\\ < 1 from Lemma 3.1 and 
M < 1, we get 


103 - pa 2 1 < 


26- 1 
3ab 
26- 1 
3ab 


1 + 


3/i 26 - 1 1 26 -1 

4 ab 26 2a6 


3/i 26 - 1 1 26 —1 

4 ab 26 2ab 


(3.11) 
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which is precisely the last inequality in (3.4). 

Finally , if o\ (a, 6) < /i < 02(0, b ), then 

26-1 1 3/t 26-1 <1 

2ab 26 4 ab ~ 

Therefore we obtain 

103 - £ (xsr) • (312) 

which proves the middle inequality in (3.4). 

Next, we discuss sharpness of the inequality (3.4). Suppose p < <ri(a, 6). Then equality holds in 
(3.4), that is, in (3.10) if |di| = 1 (and hence cfe = 0). Thus cu(z) is a rotation of z and the extremal 
function is a rotation of q a ,b( z )• Next, if /t > 02(01,6), equality holds in (3.4), that is, in (3.11) if 
d\ = — 1 and hence |^2 — ^il = 1- Therefore u(z) = iz and the extremal function is q a ^ (iz). Lastly, 
if 01 (a, 6) < p < 02(016), then equality holds in (3.4) if g?i = 0 and |c?2| = 1- Therefore u(z) is a 
rotation of z 2 and f'(z) = q a j, (e™ z 2 ). This completes proof of Theorem 3.1. □ 

Letting p = 0 (or // = 1, respectively) in Theorem 3.1, we get the following result. 


Corollary 3.1. If the function f given by (1.1) belong to the class lZ(a,b), then 


M < 


26- 1 
3o6 


and 103 — O21 < 


26- 1 
3o6 


(«> 1,6 > i) 


T6e estimates in (3.13) are sharp for the function /o £ A defined by 

< 1 + z 2 Y 


fo(z) = 


(z € U). 


\! + (Y) z2 J 

For the choice of a = 2, 6 = 1 in Theorem 3.1, we have the following corollary. 
Corollary 3.2. If the function f given by (1.1) belong to the class 11(2, 1), then 


(3.13) 


(3.14) 


1 03 - Atoll < < 


3 At + 2 -10 

48 ’ M 3 

g ’ 3 — h — w 

3/a + 2 
48 ’ 


(3.15) 


H > 2 . 


If we take a = 2, 6=1 and // = 0, and a = 1, 6 = 1 and /f = 1 in Theorem 3.1, then we have 
the following corollaries, respectively. 


Corollary 3.3. If the function f given by (1.1) belong to the class 7t(2,1), then 

1 

03 < X- 

b 

Corollary 3.4. If the function f given by (1.1) belong to the class 11(1, 1), then 

1 03 - al| < -. 

b 

Next we prove a sharp coefficient inequalities for the class S* (a, 6). 


(3.16) 


(3.17) 
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Theorem 3.2. If the function f given by (1.1) belong to the class S*(a,b) [a > 1 , b > 
for —oo < n < oo, 


2 ), then 


I o 3 - tial | < { 


2b- 1 
2 ab 
2b-1 
2ab ’ 
2b- 1 
2 ab 


' 3 / 26 — 1 \ 1 

' /X 2 H ) + 26 


3 /26 — l\ 1 
/J 2 H ab J + 26 


, n<a 3 (a,b) 
( 73 (a, b) < n < < 74 ( 0 , 6 ) 

H > < 74 ( 0 , 6 ), 


where a 3 (a,b) and < 74 ( 0 , 6 ) is ghien by 


03(0,6) = 


06 


2(26- 1 ) [2 


3/26-1 


06 


and 


04 ( 0 , 6 ) = 


06 


2(26- 1 ) |_2 V ab 


3/26-1 


26 1 


26 + 1 


The estimates in (3.18) are sharp. 

Proof. From (1.7), it follows that, 

zf\z) _ f 1 + cv(z) 

f( z ) \1 + (^tt) 

where uj(z) is given by (3.1). From (3.21), we have 
zf(z) 


f(z) 


Since 


, .26—1 . , 
- 1+{ ^T ]dlZ + 

zf{z) 


26 — 1 \ , / 26 — 1 
d 2 + 


(z € U), 


26 — 1 1 \ .2 1 9 

--)d\\z 2 + 


f(z) 


ab J \ 2 o 6 / \ 06 

= 1 + a 2 z + (2ii3 — ol )^ 2 T ( 3 (i 4 + 0-2 — ‘ia 3 a 2 )z^ + ..., 
2 n 


comparing the coefficients of z and z 1 in (3.22) and (3.23), we reduce that 


26 — 1 , . 
a 2 = I -— d\ 


ab 


and 


«3 = 


26-1 

2ab 


<h + ( v 


3 26-1 


2 ab 




(3.18) 


(3.19) 

(3.20) 


Following a similar method adopted for Theorem 3.1, one can easily show that inequality 
satisfied and is sharp for the functions as in similar lines mentioned in Theorem 3.1. 

Letting /r = 0 (or p, = 1, respectively) in Theorem 3.2, we get the following result. 

Corollary 3.5. If the function f given by (1.1) belong to the class S*(a,b), then 


(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.18) is 

□ 


M < 


26- 1 


and | ci 3 — a|| < 


26-1 


2ab J ' ° - V 2a6 

The estimates in (3.26) are sharp for the function /o £ A defined by 

t 1 + z 2 ^ “ 


(a > 1,6 > ^). 


fo(z) = 


l+(¥)* 2 . 


(z e U). 


(3.26) 


(3.27) 
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For the choice of a = 2, b = 1 in Theorem 3.2, we have the following result. 
Corollary 3.6. If the function f given by (1.1) belong to the class S*( 2,1), then 


03 - f-ial | < 


If we take a = 2, b = 1 and /a = 0, and a = 2, b = 1 and /j = 1 in Theorem 3.2, then we have the 
following corollaries, respectively. 

Corollary 3.7. If the function f given by (1.1) belong to the class S*( 2,1), then 

|o 3 | < J. (3.29) 

Corollary 3.8. If the function f given by (1.1) belong to the class S*( 2,1), then 

|o 3 -ol|<|. (3.30) 

Acknowledgements 

The work of the authors are supported by a grant from Department of Science and Technology, 
Government of India vide ref: SR/FTP/MS-022/2012 under fast track scheme and by the Basic 
Science Research Program through the National Research Foundation of Korea (NRF) funded by 
the Ministry of Education, Science and Technology (No. 2016R1D1A1A09916450). 

References 

[1] R. M. Ali, N. E. Cho, V. Ravichandran and S. Sivaprasad Kumar, Differential subordination for functions 
associated with the lemniscate of Bernoulli, Taiwanese J. Math. 16 (3) (2012), 1017-1026. 

[2] I. S. Jack, Functions starlike and convex of order a, J. London Math. Soc. 3 (1971), 469-474. 

[31 W. Janowski, Extremal problems for a family of functions with positive real part and for some related families, 
Ann. Polon. Math. 23 (1970/1971), 159-177. 

[4] R. Jurasinska and J. Sokol, Some problems for certain family of starlike functions, Math. Comput. Modelling 
55 (11-12) (2012), 2134-2140. 

[5] S. Kanas and A. Wisniowska, Conic regions and k-uniform convexity II, Zeszyty Nauk. Politech. Rzeszowskicj 
Mat. 170 (1998), 65-78. 

[6] S. Kanas and A. Wisniowska, Conic regions and k-uniform convexity, J. Comput. Appl. Math. 105 (1999), 
327-336. 

[7] S. Kanas and A. Wisniowska, Conic regions and k-starlike functions, Rev. Roumaine Math. Pures Appl. 45 
(2000), 647-657. 

[8] S. Kanas and T. Yaguchi, Subclasses of k-uniformly convex functions and starlike functions defined by generalized 
derivative I, Indian J. Pure Appl. Math. 32 (9) (2001), 1275 - 1282. 

[9] S. Kanas, Coefficient estimates in subclass of the Caratheodory class related to conical domains, Acta Math. 
Univ. Comenian. (N.S.) 74 (2) (2005), 149-161. 

[10] S. Kanas and D. Raducanu, Some class of analytic functions related to conic domains, Math. Slovaca 64 (5) 
(2014), 1183-1196. 

[11] F. R. Keogh and E. P. Merkes, A coefficient inequality for certain classes of analytic functions, Proc. Amer. 
Math. Soc. 20 (1969), 8-12. 


1 - 4/i 
16 ' 
1 
4 

4 y. - 1 


B < -r 


— —- < /; < - 

• 4 Y l-l Y 4 


16 


M > !■ 


(3.28) 


1300 


Sivasubramanian ET AL 1286-1301 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


16 S. Sivasubramanian et al. 

[12] S. S. Miller and P. T. Mocanu, Differential subordinations, Monographs and Textbooks in Pure and Applied 
Mathematics, 225, Dckker, New York, 2000. 

[131 P. T. Mocanu, On a subclass of starlike functions with bounded turninq, Rev. Roumaine Math. Pures Appl. 55 
(5) (2010), 375-379 

[14] E. Paprocki and J. Sokol, The extremal problems in some subclass of strongly starlike functions, Zeszyty Nauk. 
Politech. Rzeszowskiej Mat. 20 (1996), 89-94. 

[15] M. Raza and S. N. Malik, Upper bound of the third Hankel determinant for a class of analytic functions related 
with lemniscate of Bernoulli, J. Inequal. Appl. 2013, 2013:412, 8 pp. 

[16] A. K. Sahoo and J. Patel, Hankel determinant for a class of analytic functions related with lemniscate of Bernoulli, 
Int J. Anal. Appl. 6 (2) (2014), 170-177. 

[17] J. Sokol, On some subclass of strongly starlike functions, Demonstratio Math. 31 (1) (1998), 81-86. 

[18] J. Sokol and J. Stankiewicz, Radius of convexity of some subclasses of strongly starlike functions, Zeszyty Nauk. 
Politech. Rzeszowskiej Mat. 19 (1996), 101 105. 

[19] J. Sokol, Coefficient estimates in a class of strongly starlike functions, Kyungpook Math. J. 49 (2) (2009), 
349-353. 

[20] J. Sokol, On sufficient condition for starlikeness of certain integral of analytic function, J. Math. Appl. 28 (2006), 
127-130. 

[21] J. Sokol, On sufficient condition to be in a certain subclass of starlike functions defined by subordination, Appl. 
Math. Comput. 190 (1) (2007), 237-241. 

[22] J. Sokol, Radius problems in the class SjC.*, Appl. Math. Comput. 214 (2) (2009), 569-573. 

[23] J. Sokol, A certain class of starlike functions, Comput. Math. Appl. 62 (2) (2011), 611-619. 


1301 


Sivasubramanian ET AL 1286-1301 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


On iterative approach to common fixed points of 
nonexpansive mappings in Hilbert spaces 

Muhammad Saeed Ahmad 1 , Waqas Nazeer 2 , Shin Min Kang 3,4 ’* 
and Syeed Fakhar Abbas Naqvi 5 


department of Mathematics, Government Muhammadan Anglo Oriental College, Lahore 54000, 

Pakistan 

e-mail: saeedahmadOmao . edu. pk 

division of Science and Technology, University of Education, Lahore 54000, Pakistan 

e-mails: nazeer . waqasOue . edu. pk 

department of Mathematics and RINS, Gyeongsang National University, Jinju 52828, Korea 

e-mail: smkangOgnu. ac . kr 

4 Center for General Education, China Medical University, Taichung 40402, Taiwan 

department of Mathematics, Lahore Leads University, Lahore 54000, Pakistan 

e-mail: fabbas27@gmail.com 


Abstract 

In this paper, we introduce a viscosity rule for common fixed points of two non¬ 
expansive mappings in Hilbert spaces. The strong convergence of this technique is 
proved under certain assumptions imposed on the sequence of parameters. 
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variational inequality 


1 Introduction 

Fixed points of special mappings like nonexpansive, asymptotically nonexpansive, contrac¬ 
tive and other mappings has become a field of interest and has a variety of applications 
in related fields like image recovery, signal processing and geometry of objects. Almost 
in all branches of mathematics we see some versions of theorems relating to fixed points 
of functions of special nature. As a result we apply them in industry, toy making, fi¬ 
nance, aircrafts and manufacturing of new model cars. A fixed-point iteration scheme has 
been applied in intensity modulated radiation therapy optimization to pre-compute dose- 
deposition coefficient matrix, see [15]. Because of its vast range of applications almost in 
all directions, the research in it is moving rapidly and an immense literature is present 
now. Constructive fixed point theorems (e.g., Banach fixed point theorem) which not only 
claim the existence of a fixed point but yield an algorithm, too (in the Banach case fixed 
point iteration x n+ \ = f(x n )). Any equation that can be written as x = f(x) for some 
map f that is contracting with respect to some (complete) metric on X will provide such a 
fixed point iteration. Mann’s iteration method was the stepping stone in this regard and 

* Corresponding author 
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is invariably used in most of the occasions see [6]. But it only ensures weak convergence, 
see [2] but more often then not, we require strong convergence in many real world problems 
relating to Hilbert spaces, see [1]. So mathematician are in search for the modifications 
of the Mann’s process to control and ensure the strong convergence. For literature review 
we refer to the readers (see [3,4,8-12], and references therein). 

In this paper, we shall take H as a real Hilbert space, (•, •) as inner product, || ■ || as 
the induced norm, and C as a nonempty closed subset of H. 

Definition 1.1. Let T : H —> H be a mapping. Then T is called nonexpansive if 

\\T(x)-T(y) || < \\x-y\\, Vx,y G H. 

Definition 1.2. A mapping / : H —► H is called a contraction if for all x,y G H and 
8 G [0,1) 

\\f{x)~ f{y)\\ < 0\\x-y\\. 

Definition 1.3. P c \ H —> C is called a metric projection if for every x G H there exists 
a unique nearest point in C, denoted by P c x, such that 

||x — P c x || < ||x — y\\,Vy G C. 

In order to verify the weak convergence of an algorithm to a fixed point of a non¬ 
expansive mapping we need the demiclosedness principle: 

Theorem 1.4. ([5]) (The demiclosedness principle) Let C be a nonempty closed convex 
subset of the real Hilbert space H and T : C —> C such that 

x n —x* G C and (I — T)x n —» 0. 

Then x* = Tx*. Here —> and —^) denotes strong and weak convergence, respectively. 

Moreover, the following result gives the conditions for the convergence of a nonnegative 
real sequence. 

Theorem 1.5. Assume that {a n } is a sequence of nonnegative real numbers such that 
a n + i < (1 — 7 n )a n + S n ,\/n > 0, where {'J n } is a sequence in (0,1) and {S n } is a sequence 
with 

(1) E“ 0 7n = OO. 

(2) lim, woo sup ^ < 0 or < °°- 

Then a n —> 0. 

The following strong convergence theorem, which is also called the viscosity approxi¬ 
mation method , for non-expansive mappings in real Hilbert spaces is given by Moudafi [7] 
in 2000. 

Theorem 1.6. ([7]) Let C be a non-empty closed convex subset of the real Hilbert space 
H. Let.T be a non-expansive mapping of C into itself such that F(T) is nonempty. Let f 
be a contraction of C into itself. Consider the sequence 

x n +1 = 1 *2 f(x n ) + T~7- T ( x n), n>0, 

J- i €n 1 + € n 

where the sequence {e n } in (0,1) satisfies 

(1) lini /7,—.oc e n — 0, 

( 2 ) E^Lo e n = °°> and 
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(3) lim n _ >0O |^— - j- \ = 0. 

Then {.x n } converges strongly to a fixed point x* of the non-expansive mapping T, 
which is also the unique solution of the variational inequality 

((l-f)x,y- x )> o, V £ F(T). 

In 2015, Xu et al. [13] applied viscosity method on the midpoint rule for nonexpansive 
mappings and give the generalized viscosity implicit rule: 

x n +i = ot n f{x n ) + (1 - a n )T ^ Xn + ^' l+1 ^ ) Vn > 0. 

They also proved that the sequence generated by the generalized viscosity implicit rule 
converges strongly to a fixed point of T. Ke et al. [14], motivated and inspired by the idea 
of Xu et al. [13], proposed two generalized viscosity implicit rules: 

®?i+l — Ot-nf(Xn) T (1 Ot-n)T {s n X n ~t~ (1 S n ]x r j-|-l) , 


2-71+1 — OL n X n -j- fif(x n ) "T '’fn'T (s n X n T (1 S n )x n - |-l). 

In this paper, we give a viscosity approximation method for common fixed point of 
two nonexpansive mappings in Hilbert spaces. Our contribution in this direction is the 
following viscosity rule 


e n+ i = a n f(e n ) + fi n S{e n ) + 7 n T(e n ). (1.1) 

We prove strong convergence of (1.1) under certain assumptions. We also solve some 
examples to check the validity of ( 1 . 1 ). 


2 Main result 

Following Theorem 2.1 is about convergence of our proposed viscosity technic. 

Theorem 2.1. Let S and T be two non-expansive mappings from a closed convex subset 
X of real Hilbert space H into X with U := F(T) C\F(S) 0. Also let that f : X —► X be 
a contraction with coefficient 0 £ [0, 1). Assume that the sequence {e n } in X is generated 
by ( 1 . 1 ), where {a n }, {fin] and { 7 ™} are sequences in ( 0 , 1 ) satisfying 

(1 ) OL n T fin T 7 n — 1 > 

(2) lim n — >oc cx n — 0, 

(3) K+i - a n \ < 00 and X^L 0 l/^n+i - fin\ < 00 , 

( 4 ) X “=0 = OO, 

(5) lim^oo ||T(e n ) - S'(e n )|| = 0. 

Then {e n } converges strongly to e* £ U, which satisfy the variational inequality 

(e*-f(e*),V-e*)> 0, Vy £ U. 

Proof. We will prove this theorem into the following five steps. 
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Step 1. In this step, we show e n is bounded. Take ( € U arbitrarily, we have 

lkn +1 - Cll = II atnf(e n ) + PnS(e n ) + 7 n T{e n ) - Cll 

= II a nf( e n) + PnS(e n ) + 7 n T(e n ) — ( a n + f3 n + 7n)CII 

< anil/(en) - Cll + Pn\\S(e n ) - Cll + 7n|| T(e n ) - C|| 

= a n ||/(e n ) - /(C) + /(C) - Cll + Pn\\S(e n ) - C|| + 7 n||T(e„) - Cll 

< a n \\f(e n ) - /(C)II +«n||/(C) - Cll +Pn\\e n - Cll +ln\\e n - Cll 

< 9a n \\e n — C|| + a n ||/(C) — Cll + (Pn + 7n)ll e n “ Cll 
= 9a n \\e n — C|| + a n ||/(C) — Cll + (1 — a n )||e n — C|| 

= (1 — a n + a n 9)\\e n — C|| + a n \\f(Q — C|| 

= [1 - a„(l - 0 )]||e„ - C|| +a„(l -9) ^^ 11/(0 ~ Cll • 

Thus, 

||e„+i - Cll < max |||e„- Cll, yzT§ 11/(0 “Cllj • 

Similarly 

j|en - Cll < max j||e„_i — Cll, ( 3-^0 11/(0 “Cll) j ■ 

From this 

lkn+i “Cll < max|||e„-Cll, 11/(0 “ Cll) j 
< max | ||e„_i — Cll, 11/(0 “ Cll) } 


< max 11|e 0 — Cll» (^3^ 11/(0 “ Cll) | • 

We obtain 

ll e n+i - Cll < max|||e 0 - Cll, j-^||/(C) “Cllj • 

Hence, we concluded that {e n } is a bounded sequence. Consequently, {/(e n )}, {iS l (e n )} 
and {T(e„)} are bounded. 

Step 2. Now, we prove that ||e„+i — e„|| —> 0 as n —> oo 

|| ^n+1 || 

= ||(^n/(^n) fin^i^-n) {^n—l/(^n—l) fin —1 S(^6 n — i) + 'Tri—l^X^n—1)} || 

= ll«n {/(«n) - /(e n -i)} + ( a n - a n -i)/(e n -i) + Pn(S(e n ) - 5(e n -i)) 

+ (f3 n - /?„_i)S(e„_i) + 7n{T(e n ) - T(e„_i)} + (q n - 7 n -i)T(e„_i)|| 
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= || a n {f(e n ) - /(e n _i)} + (a n - a„_i)/(e n _i) + P n {S(e n ) - 5(e n _i)} 

+ {Pn ~ Pn-i)S(e n -i) +7 n {T(e n ) — T(e„_i)} + ( a n — a n -1 + P n ~~ /?n-i)T’(e n -i)|| 

= ||a n {/(e n ) - /(e n _i)} + (a n - a n -i){f(e n -i) - T(e„_i)} + /3 n {S(e n ) - 5(e n _i)} 

+ (P n - p n -i){S(e n -i) - T(e n -i)} + 7 „{T(e n ) - T(e n _i)}|| 

< an||/(e n ) - /(en-i)ll + |«n - a n -i|||/(e n _i) - T(e n _i)|| + P n \\S(e n ) - 5(e n _i)|| 

+ | p n - /? n _i|||S(e n _i) - T(e n _i)|| + 7 n||r(e n ) - T(e n _i)|| 

< a n 9\\e n — e n _i || + /?n||7i 7i— 1 || "d7ra||tra — 1 || 

+ (\ot n — OL n - 1 | + | P n — P n ~i\)M2 

= ( a n 9 + P n + 7 n ) \\e n — e n _i || + (| a n — a n -i \ + | P n ~ Pn- 1|)-^2 
— {at n 9 T 1 Cl n )||c n € n _i|| + (|dra Oi n — 1 | + |Pn Pn— 1|)-^2 
= (1 — a n ( 1 — 0))||e n — e n _i || + ( \a n — a n _i | + | P n — p n -i\)M2, 
where 

M 2 > max (sup ||/(e n ) - T(e n )|| , sup ||S(e n ) - T(e n )||j . 

fn >0 ra >0 J 

Note that J2™=o \ a n+i ~ «n| < oo, Yl™=o \Pn+i - Pn\ < oo and Y1™=0 a n = oo. 

Using Theorem 1.5, we have lim, woo ||e n +i — e n |j = 0. 

Step 3. Now, we will show that lim^^oo |je n —S'(e n )|| = 0 and lim, woo ||e n —T(e„)|| = 0. 
Consider 

||Ui d(7/) I — ||Ti Ti+i T 7 /+1 5(e n )|| 

— | 7i 7i+l | T H^n+l '-’(Ti)II 

= ||Ti — Ti+i|| + || oc n f{e n ) + p n S(e n ) + r y n T(e n ) — S(e n )|| 

= ||e n - e n+ i || + || a n f(e n ) + 7 „T(e n ) - (1 - P n )S(e n ) || 

— ||7i Ti+l|| T || Ot-nfi^n) d 7n-^XTi) (®n T n /n)^{.^n) || 

< ||e„+i - Till + a n \\f(e n ) - 5(e n )|| + 7 „||T(e n ) - S(e n )||. 

Then by lim n ^ 0O a n = lim, woo ||T(e„) - S l (e n )|| = 0, and lim, woo ||e„+i - e n || ->• 0, we get 
||e n — S l (e n )|| -> 0 as n -> oo. 

Now, consider 

|| 7 i T() | — ||e n e„_|_i -j- Cn+i T( 6 n ) | 

5: ||Ti — Ti+l|| + ||Ti+1 — T{ e n) || 

= || 7 i — Ti+i|| + \\ot n f(e n ) + P n S(e n ) + 7 n T(e n ) — T(e n )|| 

= ||e n - e n+ i || + || a n f(e n ) + P n S(e n ) - (1 - 7 „)T(e n )|| 

— ||Ti Ti+1 || T || Ot-nfi^n) T Pn$ (^n) (®n "d Pn)'-^'{^n)\\ 

< Il e n+i — &n|| + Oi n \\f(e n ) — T(e n )|| + Pn\\T(e n ) — S'(e n )||. 

Then by lim n ^oo a n = lim, woo ||T(e n ) - S l (e„)|| = 0, and lim^oo ||e n+ i - e n || ->• 0, 
we get ||e n — Te n || -> 0 as n -> oo. 

Step 4. In this step, we will show that limsup,, woo (e* — f(e*),e* — e n ) < 0, where 

e* = Puf(e*). 

Indeed, we take a subsequence {e ni } of {e n } which converges weakly to a fixed point 
C e u = F(T) n F(S). From lim, woo ||e n - 5(e n )|| = 0 , lim n ^ 0O ||e„ - T(e n )|| = 0 and 
Theorem 1.4 we have £ = and ( = TQ. This together with the property of the metric 
projection implies that 

lim sup(e* - /(e*), e* - e n ) = limsup(e* - /(e*), e* - e ni ) 

oo n^oo 

= (e*-/(e*), e*-C)<0. 
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Step 5. Finally, we show that lim n _» 0O e n = e* as. Now we again take e* 6 U is the 
unique fixed point of the contraction Pjjf. 

Consider 

H^n+l — || 

= ||a n /(en) +PnS(t n ) + 7 nT{e n ) -e*|j 2 
= || a nf( e n) + f3 n S(e n ) + 7 n T(e n ) — ( a n + f3 n + 7 n ) e *|| 2 
= II a n{f( e n) ~~ e *} + Pn{S(e n ) — e*} + 7 n {T(e n ) — e *}|| 2 

= al\\f(e n )-e*\\ 2 + Pl\\S(e n )-e*f + 7 l\\T(e n )-e*)\\ 2 
+ 2a n p n {f(e n ) - e*,S(e n ) - e*) + 2a n ~/ n (f(e n ) - e*, T(e n ) - e*) 

+ 2 / 3 n 7 n ( 5 (e n ) — e*, T(e n ) — e*) 

< «n||/( 6 n ) - el 2 + Pn\\e n - e *|| 2 + ~f 2 Je n - e *)|| 2 

+ 2 a n /3 n (f(e n ) - f(e*),S(e n ) - e*) + 2 a n /3 n (f(e*) - e*,S(e n ) - e*) 

+ 2 a n 7 n (/(e n ) - /(e*), T(e n ) - e*) + 2 a n 7 n (/(e*) - e*, T(e n ) - e*> 

+ 2 / 3 n 7 n ( 5 (e n ) — e* ,T(e n ) — e*) 

< (Pl + Ohn - e *)|| 2 + 2 a,AII/(e„) - /(Oil ' ll^n) - e*|| 

+ 2a n 7 n ||/(e„) -/(e*)|| • ||T(e n ) - e*|| + 2/3 n 7 n ||5(e„) - e*|| • ]|T(e n ) - e*|| + L n 

— (Pn + 7n)ll e n — e *II" + 2a n /3 n (9||e n — e*|| • ||e n — e* |j 
+ 2 a n 7 n 0 ||e n — e*|| • ]\e n — e || + 2/3 n 'y n \\e n — e* || • ||e n — e* || + L n 

= (fin + 7 n + 2/3 n 7 n + 2a n r y n 6 + 2a n (3 n 6 ) ||e n — e* || 2 + 

= [(/?n + 7n) 2 + 2a n 0(7n + /3 n )]||e n — 6*11' + L n 
= (Pn + 7 n) [Pn + 7n + 2a n 0] ||e n — e* || 2 + L n 
= (1 — a n )[l — CL n + 2a n 0]||e n — e*|| 2 + L n , 

where 

Ln = a 2 ||/(e n ) - el 2 + 2a n (3 n (f(e*) - e*, S(e n ) - e*> + 2a n7n (/(e*) - e*, T(e n ) - e*). 

Note that since a n 9 < 1 (2 a n 6 < 2), 1 — a n + 2a n 0 < 2 + 1 — a n < 3, using this in 
(1.1) we have 

Ikn+i ~~ e * || 2 < 3(1 — a n )\\e n — e* |j 2 + L n . (2.1) 

Also we get 

lirnsup — = limsup — [a 2 ||/(e n ) - e*|j 2 + 2 a n (3 n (f(e*) - e*,S(e n ) - e*) 

n—>oo (%n n —>00 (%n 

+2a nln (f(e*)-e*,T(e n )-e*)] 

= lirnsup [a n \\f(e n ) - e *|| 2 + 2f3 n (f(e*) - e*,S(e n ) - e*) ( 2 - 2 ) 

n —>00 

+ 2 7 n (/(e*)-e*,T(e n )-e*}] 

< 0 . 

From (2.1), (2.2) and Theorem 1.5 we have 

lim ||e n+ i - e *|| 2 = 0 , 

n—>oo 

which implies that e n —► e* as n -» oo. This completes the proof. □ 
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BEST PROXIMITY POINTS INVOLVING F-CONTRACTION ON A 

CLOSED BALL 

AFTAB HUSSAIN AND CHOONKIL PARK* 


Abstract. In this paper, we introduce a new idea of best proximity point of E-contraction on 
a closed ball and obtain new theorems in a complete metric space. That is why this outcome 
becomes useful for contraction of a mapping on a closed ball instead of the whole space. At the 
same time, some comparative examples are constructed which establish the superiority of our 
results. Our results that have come into being give a proof of extension as well as substantial 
generalizations and improvements of several well known results in the existing comparable 
literature. 


1. Introduction and preliminaries 

Let A and B be two nonempty subsets of a metric space (X , d) and T : A -A B. A point 
x £ A is said to be a fixed point of T provided that Tx = x. A point x* £ A, where 
inf{d(x,Tx*) : x £ A} is attained, is a best approximation to Tx* £ B in A. Such a point is 
called an approximate fixed point of T. 

Clearly, T(A) fT A ^ 0 is a necessary but not sufficient condition for the existence of a fixed 
point of T. If T(A) fT A = 0, then d(x,Tx ) > 0 for all x £ A and hence an operator equation 
Tx = x does not admit a solution. In such situations, it is a reasonable demand to settle down 
with a point x* in A which is closest to Tx* in B. Thus instead of having d(x*,Tx*) = 0, one 
finds a point x* in A such that d(x*,Tx*) < d(x,Tx*) holds for all x in A. Such point is called 
a best approximate point of T or approximate fixed point of T. The study of conditions that 
assure existence and uniqueness of approximate fixed point of a mapping T is an active area of 
research. 

Suppose that d(A, B) = inf({o?(a, b) : a £ A, b £ B}) is the measure of a distance between 
two sets A and B. A point x* is called a best proximity point of T if d(x*,Tx*) = d(A,B). 
Thus a best proximity point problem defined by a mapping T and a pair of sets (A, B ) is to 
find a point x* in A such that d(x*, Tx*) = d(A, B). As d(x, Tx) > d(A, B) holds for all x £ A, 
so the global minimum of the mapping x -A d(x,Tx) is attained at a best proximity point. If 
we take A = B, then a best proximity point problem reduces to fixed point problem. From 
this perspective, best proximity point problem can be viewed as a natural generalization of 
fixed point problem. The aim of best proximity point theory is to study sufficient conditions 
that assure the existence of best proximity points of mappings satisfying certain contractive 
conditions on its domain equipped with some distance structure. For more results in this 
direction, we refer to [1, 2, 4, 5, 6, 7, 9, 20] and references therein. 

Fixed point results of mappings satisfying certain contractive conditions on the entire domain 
have been at the centre of rigorous research activity and it has a wide range of applications in 

2010 Mathematics Subject Classification. Primary 46S40; 47H10; 54H25. 

Key words and phrases, best proximity point; non-self-mapping; a-proximal E-contraction; closed ball. 
‘Corresponding author. 
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different areas such as nonlinear and adaptive control systems, and parameterized estimation 
problems, fractal image decoding, computing magnetostatic fields in a nonlinear medium and 
convergence of recurrent networks. From the application point of view, the situation is not yet 
completely satisfactory because it frequently happens that a mapping T is a contraction not 
on the entire space X. Arshad et al. [3] established fixed point results of a pair of contractive 
dominated mappings on a closed ball in an ordered complete dislocated metric space. Hussain 
et al. [10] introduced the concept of an a-admissible mappings with respect to y and modified 
(a, ^)-contractive condition for a pair of mappings and established common fixed point results 
of four mappings on a closed ball in complete dislocated metric space. 

Jleli et al. [12] obtained best proximity point results of (a, ^-proximal contractive type 
mappings in complete metric space. For more work in this direction, we refer to [11, 14, 16, 17, 
18, 19]. 

In this paper, we obtain best proximity point results of a -//-proximal F-contractive mappings 
on a closed ball in complete metric spaces. Our results extend, unify and generalize various 
comparable results in [5, 6, 12], 

In the sequel, the letter N will denote the set of all natural numbers. The following definitions, 
notations and results will also be needed in the sequel. 

Let ( X , d) be a metric space and A and B be nonempty subsets of X. For xq G X and e > 0, 
the set B(x o,e) = {y £ X : d(xo,y) < e} is a closed ball in X. 

In 2012, Wardowski [21] introduced a concept of T-contraction as follows: 

Definition 1. [21] Let ( X , d) be a metric space. A self mapping T is said to be an F-contraction 
if there exists r > 0 such that 

\/x, y G X, d{Tx,Ty) > 0 =>• r + F ( d(Tx,Ty )) < F (d(x, y )), 

where F : M + -A M is a mapping satisfying the following conditions: 

(FI) F is strictly increasing, i.e., for all x, y 6 M+ such that x < y, F(x) < F(y); 

(F2) For each sequence {a n }^ =1 of positive numbers, lim n _ ) . 0O a n = 0 if and only i/lim r) ,_ 5 . oc F(a n ) 
—oo; 

(F3) There exists k e (0,1) such that lima -A 0 + a k F(a) = 0. 

We denote by Ap the set of all functions satisfying the conditions (F1)-(F3). 

Suppose that 

Aq : = {a £ A : d(a, b) = d(A, B) for some b e B} , 

Bo : = {b £ B : d(a , b) = d(A, B ) for some a € A} , 

and CB(B ) is the set of all nonempty closed and bounded subsets of B. A point x € X is said 
to be a best proximity point of T : A -a CB(B) if d(x,Tx ) = dist(A, B). The set B is said to 
be approximatively compact with respect to the set A if each {v n } in B with d(x, v n ) -a d(x, B ) 
for some x in A has a convergent subsequence [8]. 

Definition 2. Let a,r] : A x A -A [0,oo). A mapping T : A -a B is (a-rj)-proximal admissible 
if for any x\,X 2 ,u\,U 2 G A, 

( a(x 1 ,x 2 ) > ri(x 1 ,x 2 ) 

< d(u\,Tx\) = d(A,B) imply that a{u\,U 2 ) > y{u\,U 2 ), 

{ d{u 2 ,Tx 2 ) = d(A,B) 
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Note that if A = B and T is (a-r/)-proximal admissible then T is a-admissible with respect 
to T], 


Definition 3. [13] A mapping T : A —>• CB(B) is said to be an of- proximal contraction of 
Ciric type if there exist two functions a : A x A —> [0,oo), F G Ap and r > 0 such that for 
each xi,X 2 ,ui,U 2 G A and v\ G Txi,V 2 G Tx 2 with a(x\,x 2 ) > 1 and d{u\,v 1 ) = dist(A, B) = 
d(u 2 ,v 2 ) we have 

a(u\,u 2 ) > 1 and r + F (d(ui,u 2 )) < F (M(xi,x 2 )), 


whenever min {d(ui, u 2 ), M(xi, x 2 )} > 0, where 

M(x i,x 2 ) = max l^d(xi, x 2 ), d(xi, ui), d(x 2 , u 2 ), + d( x 2 -, u i) | ^ 


Definition 4. A mapping T : A —>■ CB(B ) is said to be an a-rj-proximal F-contraction of Ciric 
type on a closed ball if there exist two functions a : A x A —>• [0, 00 ), F £ Aj? and r > 0, r > 0 
such that for each x\, x 2 ,u±,u 2 G A and v\ G Tx\,v 2 G Tx 2 with a(x\,x 2 ) > rj(xi,x 2 ) and 
d(ui,vi) = dist(A , F?) = d(u 2 ,v 2 ) we have 


a(ui,u 2 ) > rj(ui,u 2 ) and t + F (d(u\,u 2 )) < F(kM(xi,x 2 )) 
for all x\,x 2 G Y = B(xi,r) and 

d(xi,Tx±) < (1 — k)r, where 0 < k < 1, 
whenever min {d(ui, u 2 ), M(xi, x 2 )} > 0, where 


M(x i,x 2 ) 


max 


d(x 1 ,x 2 ),d(xi,u 1 ),d(x 2 ,u 2 ), diyXl '-y d ^ X2 ' — | . 


( 1 . 1 ) 

( 1 . 2 ) 


2. Main results 


We start with the following result. 

Theorem 5. Let A and B be nonempty closed subsets of a complete metric space (X, d). 
Assume that To is nonempty and T : A —»• CB(B) is an a-g-proximal F-contraction of Ciric 
type mapping on a closed ball satisfying the following assertion: 

(i) for each x G To, we have Tx C Bo; 

(ii) there exist x±,x 2 G To and v\ G Tx\ such that a(xi,x 2 ) > rj(xi,x 2 ) and d{x 2 l v\) = 
dist(A , B); 

(Hi) T is continuous; 

(iv) B is approximatively compact with respect to A. 

Then there exists an element x* G B(xo,r) such that d(x*,Tx*) = dist(A,B). 

Proof. From (ii), there exist x\,x 2 in To and v\ G Tx 1 such that a(xi,x 2 ) > r){xi,x 2 ) and 
d(x 2 ,vi) = dist(A, B). Since v 2 G Tx 2 C Bo, there exists X 3 G To satisfying d(x 3 ,v 2 ) = 
dist(A,B). From (1.1), we have a(x 2 ,^ 3 ) > g(x 2 ,X 3 ) and 

t + F(d(x 2 ,X 3 )) < F ^k max |d(xi, .x 2 ), d(.xi, .x 2 ), d(x 2 , x 3 ), d ^ Xl ' x ^ ^ d (x 2 ,x 2 ) 

< F (km.ax{d(xi,x 2 ),d(x 2 ,x 3 )}) 

= F (kd(xi,x 2 )). (2.1) 
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Otherwise we have a contradiction. From above we get X2,x 3 G A$ and V2 G Tx2 satisfying 
a(x 2 , 313 ) > rj(x 2 ,x 3 ) and d(x 3 ,^ 2 ) = dist(A,B). 

Since U 3 G Tx 3 C F>o, there exists X 4 G vlo satisfying d(x4,v 3 ) = dist(A, B). 

From (1.1), we can obtain a(x 3 ,X 4 ) > i](x 3 ,X 4 ) and 

r + F(d(x3,X4)) < F ^kmax.^d(x2,X3),d(x2,X3),d(x3,X4), + d(x 3 , ,r 3 ) 

< F (kmax{d(x2,X3),d(x 3 ,X4)}) 

= F (kd(x 2 , 2 : 3 )). (2.2) 

Otherwise we have a contradiction. From (2.1) and (2.2), we have 

t + F (d(x 3 , £4)) < i 7 [k 2 d{xi, z 2 )) - 2 r. 

Continuing this way, we can obtain a sequence { x n } in Aq and v 3 in Bq such that v n G 
Tx n ,a(x n ,x n . |_i) > ?/(.x n ,x n+ i), d(.x n+ i,u n ) = dist(A,B) and it satisfies 

F(d(x n , x n +i)) < F (k n d(xi, X 2 )) — nr for each n G N \ {1}, 

which implies 

F(d(x n , x n+ \)) < F (d(x 1 , X 2 )) — nr for each n G N \ {1}. (2-3) 


Now we show that x n G B(xi,r) for all n G N. By (1.2), we have d(x\,Txi)) < r and hence 
x\ G B{x 0 , r). Let x' 2 , ■ • • , xj G B(xq, r) for some j G N. Note that a(xj_i, Xi) > rj(xi-i, Xj_i) 
and T is an a-r/-proximal F-contraction of Ciric type mapping on a closed ball. Since l 7 is 
strictly increasing, 


d(x i,x j+1 ) = 
< 


d(x 1 , X 2 ) + d(x 2 , x 3 ) + d(x 3 ,Xi) + ... + d(xj,Xj + i) 

(1 — k)r + (1 — k)kr + (1 — k)k 2 r + ... + (1 — k)k^~ 1 r 


(1 — k)r 1 + k + k 2 + • • • + y 


-1 


(1 ^ l) 'M) s r - 


which implies that x ]+ \ G B(xi,r) and hence x n G B(x 1 , r) for all n G N \ {1}. From (2.3), we 
obtain linin^oo F (d(x n , x n +i)) = — 00 . Since F G Ap, we have 


lirn d(x n ,x n+ 1 ) = 0 . 

n —>00 


(2.4) 


From (i 7 3), there exists K G (0,1) such that 

lirn ((d{x n ,x n+ i)) K F (d(x n , x n+ i))) = 0. (2.5) 

From (2.3), for all n G N, we obtain 

(d(x n , x n+ i)) K (F (d(x n , x n+ i)) - F (d(x 0 , xi))) < - (d(x n , x n+1 )) K nr < 0. (2.6) 

Using (2.4), (2.5) and letting n —»• 00 in (2.6), we have 

lim (n(d(x n ,x n+ i)) K ) = 0. (2.7) 

By (2.7), there exists n\ G N such that n (d(x n , x n+ \)) K < 1 for all n > ri\ . So we get 

d(x n , x n+ i) < —— for all n > n\. (2-8) 

UK 
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Now, m, n G N such that m > n> n\. Then by the triangle inequality and from (2.8) we have 
d(x n ,Xm ) < d(x n ,x n+ 1) + d(x n+ 1,4+2) + d(x n+ 2 , x n+ 3) + ... + d(x m -I,x m ) 

m— 1 00 

= d(xi,x i+1 ) < ^2d(xi,x i+ i) (2.9) 

i=n i=n 

< 

The series A: is convergent. By taking limit as n —> 00 in (2.9), we have lim nim _ 5 . oc d(x n , x m ) 

iK 

0. Hence {x n } is a Cauchy sequence in A. Since A is closed subset of a complete metric space, 
there exists x* in A and x* G B(xi,r) such that x n —> x* as n —> 00 . As d{x n+ i,v n ) = dist(A, B) 
we have d{x* ,v n ) = dist(A,B). Since B is approximatively compact with respect to 

A, we get a subsequence {v Uk } of {v n } with v nk G Tv nk that converges to v*. 

Thus 

d(x*,v*) = ^lirn d(x nk ,v nk ) = dist(A,B). 

By (iii), when T is continuous, we get v* G Tx* and hence dist(A, B) < d(x*,Tx*) < d(x*,v*) = 
dist(A, B). Therefore, d(x*,Tx*) = dist(A,B). □ 

In the following theorem, the assumption of continuity is replaced with the following suitable 
condition: 

(H) If { x n } is a sequence in A such that x n — »• x* G Aq as n —> 00 , and a(x n ,x n+ 1 ) > 
ij(x n ,x n+ 1 ) for all n, then we have a(x n ,x*) > r](x n ,x*) for all n. 

Theorem 6. Let A and B be nonempty closed subsets of a complete metric space (X. d). 
Assume that Aq is nonempty and T : A —> CB(B) is an a-r]-proximal F-contraction of Ciric 
type mapping on a closed ball satisfying the following assertion: 

(i) for each x G Aq, we have Tx C Bo; 

(ii) there exist xi,X 2 £ Aq and v\ G Tx 1 such that a(x 1 , 0 : 2 ) > i](xi,X 2 ) and d(x 2 ,vi) = 
dist(A , B ); 

(iii) (. H ) holds; 

(iv) B is approximatively compact with respect to A. 

Then there exists an element x* G B(xo,r) such that d(x*,Tx*) = dist(A,B). 

Proof. The proof follows from similar lines of Theorem 5. From the condition ( H ), assume that 
we have 

a(x n ,x*) > r](x n ,x*) 

for all n G N U {1} and x n —> x* G B(xo,r) as n —> 00 . For each x* G Aq, we have Tx* C Bq. 
This implies that for z* G Tx*, we have w* G Ao such that d(w*,z*) = dist(A,B). Further 
note that d(x n+ i,v n ) = dist(A, B). We claim that d(w*,z*) = 0. On contrary assume that 
d(w*,z*) / 0. Now from (1.1), we get 

, T?(M fa: u *\ d{x n ,w*) + d{x n+1 ,x*)\\ 

T + F(d(x n+ i,w ))< F Ik max < d(x n , x ),d{x n ,x n+1 ),d(x ,w ),--- M- 

Letting n -> 00 , we obtain 

T + F(d(x*,w*)) < F(kd{x*,w*)) <F(d(x*,w*)). 
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This implies 


T + F(d(x*,w*)) <F(d(x*,w*)), 
which is not possible. Hence d(x*,w*) = 0. Thus we get 

distfA, B) < d(x*,Tx*) < d(x*,z*) = dist(A, B) 
and hence d(x*,Tx*) = d(A, B). □ 

If we take y(x, y) = 1 for all x, y £ X in Theorems 5 and 6, then we obtain the following 
results. 


Corollary 7. Let A and B be nonempty closed subsets of a complete metric space (X. d). 
Assume that Aq is nonempty and T : A —>• CB(B) is an ap-proximal F-contraction of Ciric 
type mapping on a closed ball satisfying the following assertion: 

(i) for each x £ Ho, we have Tx C Bq; 

(ii) there exist x\,X 2 £ Ho and v\ £ Tx\ such that a(x 1 , 22 ) > 1 and d(x 2 ,^ 1 ) = dist(A,B); 
(in) T is continuous; 

(iv) B is approximatively compact with respect to A. 

Then there exists an element x* £ B(xo,r) such that d(x*,Tx*) = dist(A,B). 

Corollary 8 . Let A and B be nonempty closed subsets of a complete metric space (X. d). 
Assume that Ho is nonempty and T : A —>• CB(B) is an aF-proximal F-contraction of Ciric 
type mapping on a closed ball satisfying the following assertion: 

(i) for each x £ Ho, we have Tx C Bo; 

(ii) there exist x\,X 2 £ Ho and v\ £ Tx 1 such that a(xi,X 2 ) > rj(x 1,^2) and d(x 2,^1) = 
dist(A , B); 

(Hi) ( H ) holds; 

(iv) B is approximatively compact with respect to A. 

Then there exists an element x* £ B(xo,r) such that d(x*,Tx*) = dist(A,B). 


Example 9. Let X = MxR be endowed with a metric d ((xi, X 2 ) , (yi, 2/2)) = |xi — yi| + |x2 — 2/2 
for each x,y £ B(x\,r) C X. Define the mapping T : A —>• CB(B) by 


T(0,x) 


(^IM 1 ’!) l f x ^ 0 

(l,x),(l,x 2 ) otherwise, 


where A = {(0, x) : — 1 < x < 1} and B = {(1, x) : —1 < x < 1}, and «,?):HxH-> M + 


a((0,x), (0, y)) 


1 ifx,y £ [ 0 , 1 ] 
0 otherwise. 


and rj{{0 ,x), (0 ,y)) 


l if x,y £ [ 0 , 1 ] 
0 otherwise. 


Take F(x) = lux for each x £ M + and r = It is easy to see that T is an a-y-proximal 
F-contraction of Ciric type mapping on a closed ball. For each x £ Ho, we have Tx C Bo- Also 
for x 1 = (0, |) £ Ho and v\ = (1, |) £ Tx\, we have X 2 = (0, such that a(xi,X 2 ) > r/(xi,X 2 ) 
and d(x 2 , fi) = dist{A , B).Moreover {x n } is a sequence in A such that x n —> x £ Ho as n -A 00 , 
and a(x n ,x n+ i) > rj(x n ,x n+ i) for all n, we have a(x n ,x*) > y(x n ,x*) for all n. Further note 
that B is approximatively compact with respect to A. Therefore, all the conditions of Theorems 
5 and 6 hold. Hence T has a best proximity point. 
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Abstract 

The Euler difference scheme for a two-dimensional Lotka-Volterra competition model is 
considered. Recently, we have shown that the difference scheme has positive and bounded 
solutions, and that the solutions of the scheme converge to the equilibrium points under 
some sufficient conditions. In this paper, we find asymptotic lines of the solutions of the 
Euler discrete scheme in two categories of partitions of domain. We present sufficient 
conditions under which the line between the two equilibrium points of the scheme is the 
asymptotic line of the solutions of the scheme in each category. Numerical examples are 
given to verify the results. 

Keywords: Euler difference scheme, competition model, asymptotic line 


1. Introduction 

The two-dimensional Lokta-Volterra competition model is given by 

^ = x(t)(r i - a n x(t) - a 12 y(t)), ^ = y(t)(r 2 - a 2 ix(t) - a 22 y(t)) r (1) 

where yy > 0 and a tJ > 0. Here x{t ) and y(t ) denote the population sizes or population 
density in two species x and y at time t, which are competing for a common resource. 
The parameters ry are the intrinsic growth rates and an (i — 1,2) measure the inhibiting 
effect on the two species x and y, respectively, where a± 2 and a 2 i are the interspecific 
acting coefficients. 

The dynamics of the model (1) is well-known [1-4], Many reseachers have studied the 
Lokta-Volterra models; the solutions of (1) are positive and bounded, and the system (1) 
is stable. There are a number of works on investigating continuous time models [5-10]. 
But relatively few theoretical papers are published on their discretized models [11-14], 
Recently, we have studied the global stability of the discrete-time Lokta-Volterra 
model. In [15], Choo has introduced a method to present global stability in the dis¬ 
crete Lokta-Volterra predator-prey model for the case that all species coexist at a unique 
equilibrium. In [16], we have shown the global stability of the Euler difference scheme for 
a three-dimensional predator-prey model using a new approach. 


* Corresponding author 

Email addresses: yhkimQkw.ac.kr (Young-Hee Kim), smchoo@ulsan.ac.kr (Sang-Mok Choo) 
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In this paper, we consider the Enler difference scheme for the two-dimensional Lokta- 
Volterra competition model given by 

x n+1 = x n {l + f(x n ,y n )At}, y n+ i = y n {l + g(x n ,y n )At}, (2) 

where 

f(x,y) =r 1 -a 11 x-a 12 y, g(x, y) = r 2 - a 2 ix - a 22 y, (3) 

and At is a time step size, x n = x 0 + nAt and y n = y 0 + nAt with (x 0 , t/ 0 ) = (x(0), 7 /( 0 )). 

In [17], we have shown the Euler difference scheme has positive and bounded solutions, 
and have presented sufficient conditions for the global stability of the fixed points of the 
discrete competition model with two species. The main idea of our approach has been 
to divide the domain used for the boundedness of solutions of the discrete model and to 
describe how to trace the trajectories with respect to each partition. We have obtained 
the following global convergences to (Cfrya^ 1 ) in Figure l-(a) and (ryabiSO) in Figure 
l-(b). In the numerical results the line between the two points (0,r 2 ab 2 ) and (riabi\0) 
looks like the asymptotic line in the two cases: one is riabi 1 < T 2 a 21 1 and ria ^ 1 < r 2 ab 2 
as in Figure l-(a), and the other is riabi 1 > r 2 %f 1 and nab/ > r 2 ab 2 ' as in Figure l-(b). 




O 0.5 1 

X 


Figure 1: Trajectories for different initial points, (a) r\ = l,an = l,ai 2 = 2, r 2 = 3.5, a 2 i = 3,a 22 = 2. 
(b) ri = l,an = l,ai 2 = l,r 2 = 1.5, a 2 i = 3, a 22 = 5. The box and circle symbols denote initial and 
equilibrium points, respectively. 

Therefore the goal of this paper is to find some conditions under which the line between 
the two points plays a role as the boundary dividing the convergence region surrounded 
by the four lines f(x,y ) = 0, g(x,y ) = 0, x = 0 and y = 0. 

The paper is organized as follows. In Section 2, we give some conditions under which 
the solutions of ( 2 ) are positive and bounded, and converge to equilibrium points of 
(2) starting in the partitioned regions of the domain. In Section 3, we have sufficient 
conditions under which the line between the two equilibrium points of the scheme ( 2 ) is 
the asymptotic line of the solutions of the scheme. In Section 4, some numerical examples 
are presented to verify our results. 

2. Positivity, boundedness and stability of the discrete solutions 

For the positivity and boundedness of the solutions (x n ,y n ) of (2), we assume 

At < 1/max{ri,r 2 } (4) 
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and consider constants x* and y* such that 

rial i 1 <x*< Ui(y*), r 2 af 2 < y* < U 2 (x*), (5) 

where 

1 + riAt - a 12 r 2 At . 1 + r 2 At - a 21 T 4 At 

U ' (n - )= - 2^At -' U * M = - 2^Kt -■ (6) 

Then we have the positivity and boundedness of (x n ,y n ) using x* and y* in (5) as follows 
(see [17]). 

Theorem 1. Let (x n ,y n ) be the solution of (2). Assume that (4) and (5) hold. 

If(xo,yo) e ( 0 , 2 ;*) x (0,7/*), then (x n ,y n ) e ( 0 , 2 ;*) x (0,7/*) for all n. 


Let V = (0,a;*) x (0,7/*) for 2 ;* and y* defined in (5). To discuss the stability of the 
Euler difference scheme (2) for each initial position (xo,yo) contained in V, we partition 
V by two lines f(x,y) = 0 and g(x,y ) = 0 into the four regions 

I = {x G V I /(x) > 0, g(x) >0}, II = {x € V \ /(x) < 0, g(x) > 0}, 

III = {x G V | /(x) < 0, g(x) < 0}, IV = {x G V \ f(x) > 0, g(x) < 0}, 

where x = (x,y), and f(x,y) and g(x,y ) are given in (3). 

Since the location of the regions depends on the x and //-intercepts of the two lines, 
there are four categories C,(l < i < 4) of partition in T> as in Figure 2; we use the 
symbol C\ for the two conditions < r 2 afl and r 1 a7 2 1 < r 2 af 2 , the symbol C 2 for 

> r 2 af± and r 1 a7 2 1 > r 2 af 2 , the symbol C 3 for riaf^ > r 2 afl and r-iaff < r 2 af 2 , 
and finally the symbol C 4 for rxabx 1 < r 2 af^ and riaf 2 > r 2 af 2 - The magenta circles in 
Figure 2 denote the stable points of the difference model (2) in the categories. 






Figure 2: Two lines / = 0 and g = 0 and regions with stable points. The values of the parameters are 
(a) r 2 = 3 . 5 ,a 2 i = 3.0, a 22 = 2 in the category Ci. (b) r 2 = 1.5, a 2 i = 3, a 22 = 5 in the category C 2 . (c) 
r 2 = 1.7 ,021 = 3, a 22 = 1 in the category C 3 . (d) r 2 = 3.5, a 2 i = 2.5, a 22 = 5 in the category C 4 . 

For the stability we assume 

1 > At (an 2 ;* + a 22 y* + x*y*\a 12 a 24 - aua 22 \At). ( 8 ) 

Then we have the following lemma (see [17]). 
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Lemma 1. Let (x n ,y n ) be the solution of (2). Assume that (4), (5) and ( 8 ) hold. Then 
we have 

(i) If (. Xk,yk) £ I for some k, then (xk+i,yk+i) is not contained in III. 

(ii) If (xk,yk) £ HI for some k, then (xk+i,yk+i) is not contained in I. 

(iii) If (x k ,yk) £ II for some k, then (x n , y n ) e II for all n > k. 

(iv) If (x k ,yk) £ IV for some k, then (. x n ,y n ) G IV for all n > k. 

In the following theorem, we have the global stability of the solutions of (2) for the 
category C\ and C 2 as in Figure 2-(a) and Figure 2-(b), respectively (see [IT]). 

Theorem 2. Let (. x n ,y n ) be the solution of (2). Assume that (4), (5) and ( 8 ) hold. Then 
we have 

(i) If riafi < r 2 afi and riaff < r 2 aff, then (0,r 2 a7 2 ) is globally stable. 

(ii) If riO.fl > and r^fl > r 2 afl, then (ria.fl , 0) is globally stable. 

Remark 1. Under the same conditions as in Theorem 2, we have the convergence of 
the solutions (. x n ,y n ) of ( 2 ) for the category C 3 as in Figure 2-(c). If riaf± > r 2 afl 
and r\aff < r 2 aff, then the solutions converge with the limit (r\afl , 0 ) or ( 0 , r^a^ 1 )- 

We have the global stability of the solutions for the category C 4 as in Figure 2-(d) 

where each component of the equilibrium point is positive. If a n ® 22 — cii 2 a 2 i ^ 0, 
r\afi < r 2 af\ and riafj > r 2 aff , then ( 61 , 62 ) is globally stable, where ( 81 , d 2 ) = 
(a n a 2 2 - ai 202 i ) _1 (ria 22 - r 2 a 12 , -na 21 + r 2 a u ) with f( 6 1 , d 2 ) = g( 6 1 , d 2 ) = 0. See [17] 
in detail. 

Remark 2. Using the results in this section, we present the asymptotic lines of the dis¬ 
crete solutions in C\ and C 2 in the next section. In the case of C 3 and C 4 , the corresponding 
asymptotic lines will be treated in the future work. 

3. Asymptotic lines of the discrete solutions in Ci and C 2 

In this section, we give sufficient conditions under which the line between the two 
equilibrium points of the scheme ( 2 ) is the asymptotic line of the solutions of the scheme 
in the two categories C\ and C 2 . 

First, we consider the category C\ as in Figure l-(a), which is the case 

non 1 < r 20*21 > r 'i«i 2 1 < r 2 a 22 ■ (9) 

By Theorem 2, (0, r 2 aff ) is the unique equibrium point in this case. 

Denote the line between the two points (rqaU 1 ,!)) and (0, r 2 aff ) as h(x,y ) = 0, where 

h(x, y) = r 4 r 2 - r 2 a u x - n a 22 y. (10) 

The condition that (xk,Vk) is located between two lines h(x,y) = 0 and g(x,y ) = 0 is 
equivalent that 

f \r 2 - r 2 a u x k - ria 22 y k < 0 ( 11 ) 

and 

f 2 - a- 21 x k - a 22 y k > 0 . ( 12 ) 

The equation ( 12 ) implies (. x k ,yk) £ II, which gives (x k +i, yu+i) G II due to Lemma 1 -(iii). 
Therefore r 2 — a 2 ix k +i — o 22 y k +i > 0. In this case, we have the following lemma. 
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Lemma 2. Assume that for some a k > 0 


r iT 2 - r 2 a u x k - r 1 a 22 yk = -al < 0. 


Then we have 


(13) 


r\r 2 - r 2 a u x k+1 - ria 22 yk+i = o ? k {-1 + At [a 2 k — + p(x k )] } 

+ x k At(^—){r 1 a 22 (a u - a 21 ) - r 2 a n (ai 2 - a 22 )}(x k a u - r x ), 
f ia 22 


where 


p(x) = 


r 2 anai 2 2r 2 on 


f 1<2'22 

Proof. We have from (2) and (3) that 


r i 


+ a 2 i)x + r 2 . 


r\r 2 - r 2 a 11 x k+ 1 - ria 22 ?/ fe+ i = r x r 2 - r 2 anx fc - na 22 y k 
— r 2 auX k At(r i — a u x k — ai 2 y k ) — r ia 22 y k At(r 2 — a 21 x k — a 22 y k ). 

Then, by (13) and (15), we have from (16) that 

r if 2 f2&llXk+l ~ fl&22yk+l 

2 A ./ rir 2 - r 2 a ll x k + a 2 k , 

= -a k - r 2 a 11 x k Atir 1 - a n x k - a 12 -) 

r i0 22 

- (rir 2 - r 2 anx k + a k )At{ - a 2 \x k -) 

r i 

1 {X 1 

= a k (At —) + «fc{-l - r 2 a n x fc At(-) - (rir 2 - r 2 a u x k ) • ( - At—) 

f 1 f 20-22 f 1 


At{-a 21 x k + 


r 2 anXk 
f i 


)} + a° k {-r 2 a u x k At(ri - a u x k - a 12 


nr 2 - r 2 anx k ^ 
fl022 


- (r pr 2 - r 2 a u x k )At(-a 2 ix k + —)} 

n 

X 

= a fc{ — 1 + At —b P^fc)]} + G(x k ). 

Here the last term in (17) is 

nt \ A + t nn-nanxk, 

G(x k ) = - r 2 a u x k Atyr\ - a u x k - a l2 -—-) 


(fif 2 - r 2 a u x k )At( - a 21 x k + 


r l0 2 2 
nanXk 

f i 


) 


2 r / u,/ , r 20ll«12x / x A / 

= x fc {(-r 2 a n )At( - an H-) - (-r 2 a n )At(-a 2 i H-U 

x nr*. n _ -r*. 7 


r xa 22 

+ —r 2 a n At(ri - - (rir 2 )At( - a 2i + ^11)} 


n 


022 


r i 


= xl{{-r 2 au)At (——) + r 2 a n At—(-ria 2i + a n r 2 )} 
f 10,22 r 1 

- x fc At(^-bl){aii(ria 22 - r 2 a i2 ) + a 22 (-na 2 i + r 2 a n )} 

a 2 2 

= x k At(—^—){ria 22 (oii - a 2l ) - r 2 an(ai 2 - a 22 )}(a; fc aii - n). 
»’ia 22 / 


Hence we obtain the result. 


(14) 


(15) 


(16) 


(17) 


(18) 


□ 
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In the following lemma, we consider the case that the point (x k , y k ) is located between 
two lines h(x,y) = 0 and f(x,y ) = 0. It is equivalent to the case that (x k ,y k ) satisfies 

f i' r 2 - r 2 a ll x k - r x a 22 y k > 0 (19) 

and 

r\ - a u x k - a 12 yk < 0. (20) 

The equation (19) and (20) implie ( x k ,y k ) £ II, which gives {x k+ \,y k+ f) £ II due to 
Lemma l-(iii). Therefore r\ — a n x k+ i — a\ 2 y k +i < 0. We have the following result in this 
case. 

Lemma 3. Assume that for some a k > 0 


1 1 V'} - r 2 a n x t - r,a 22 p h = a; > 0. 


( 21 ) 


Then we have 


f i r 2 - r 2 a n x k+1 - r x a 22 y k+l = a 2 k { 1 + A t[a 2 k -h q(x k )]} 


r i 


r 2 


+ x k A t( —— ){ria 22 (a u - a 2l ) - r 2 a u (a 12 - a 22 )}(x k a u - ri), 
r\a 22 


( 22 ) 


where 


q(x) 


r 2 anai 2 x 

-h a 2 Ax - r 2 . 

na 22 


(23) 


Proof. By a similar way in the proof of Lemma 2, we have from (16), (21), (23) and (18) 
that 


r l' r 2 f 2&llXk+l — r l a 22Vk+l 


— — r 2 auX k At(r i — a,\\X k — a\ 2 


nr 2 - r 2 a u x k - af . 


(rrr 2 - r 2 a u x k - a 2 k )At( - a 21 x k + 


r ia 22 

r 2 aux k + a 2 k 


r i 


) 


= al(At-) - a 2 k {-1 - r 2 a u x k At( ^-) - (ryr 2 - r 2 a u x k ) ■ ( - At—) 

r i r 2 a 22 r i 

- A t( - a 21 x k + r A^A) } + a k {—r 2 anx k At(ri - a u x k ~ 


(24) 


r i 

{fir 2 - r 2 a u x k )At{ - a 21 x k + r2(lllXk )y 


f \a 22 


r i 


= a 2 k {l + At[a 2 k — + g(x fc )]} + G(x k ). 
Hence we obtain the result. 


□ 


Since the solution (. x k ,y k ) of (2) and off = \rir 2 — r 2 aux k — ria 22 y k \ in (13) and (21) are 
bounded by Theorem 1, it is possible to take At so small, which satisfies the inequalities 


At{a 2 k y + p(x k )} <1, 1 + At{a 2 k ^~ + q(x k )} > 0. 


(25) 
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We divide the region II based on the two lines h(x,y ) = 0 and x = rqoqi 1 , and then 
the region is partitioned into three parts II 0 , II U and II d (see Figure 3). 

11 ° is the region with the three boundaries g(x,y ) = 0 , y = 0 and x = riaifl- 

II U is the region with the three boundaries g(x,y ) = 0, h(x,y ) = 0 and x = 

II d is the region with the three boundaries f(x,y ) = 0, h(x,y ) = 0 and x — 0. 

In the following theorems, we have the results that if the solution (x n , y n ) of (2) starts 

at IF or II d , it remains in the same region. 

Theorem 3. Let the conditions (4), (5), (8) and (25) hold. Let (. x n ,y n ) be the solution 
of (2) with Tiaf) < r 2 af), r\af.) < rqa ^ 1 and 

f io 2 2 (an - « 2 i) - r 2 a n (ai 2 - a 22 ) > 0 . (26) 


If for some k 
then for all i > k 


(*£fc; Vk ) G If ) 


{xi,Vi) 


e IF, 


where IF is the the region with the three boundaries 

g(x,y ) = 0, h(x,y ) = 0 and x = riaf^. 

Proof. Since x n > 0 and y n > 0 for all n in Theorem 1, g(x,y) = r 2 — a 2 \X 
h(x,y ) = rir 2 — r 2 anx — r\a 22 y , the inclusion ( Xk,yk) £ IF is equivalent to 


a 22 y and 


t 2 - a 21 x k - a 22 y k > 0, ryr 2 - r 2 a u x k - r x a 22 y k < 0. 


Then it is enough to show that for all i > k 


r 2 - a 2 \Xi - a 22 yt > 0, (27) 

ri-r 2 - r 2 a n Xi - < 0. (28) 


Note that due to Lemma l-(iii) 

if (x k ,y k ) G II, then (x^yf) G II for all i > k. (29) 

Since (x k ,y k ) G IF and IF C II, we have (x^yf) G II for all i > k due to (29), so that the 
definition of II yields the inequality (27). 

Now it remains to show the inequality (28), which can be proved using the equality 
(14) in Lemma 2: 


fir 2 - r 2 a u x k+1 - ria 22 y k+ i = a 2 k {-1 + A t[a 2 k -b p(x k )]} 


r i 


r 2 


+ x k At( ——){ria 22 (an - a 2l ) - r 2 a u (a 12 - a 22 )}(x k a u - rq), 
f\a 22 


(30) 


where 

/ \ /r2anai2 2r 2 an \ 

p(x) = (-b a 2 i)x + r 2 

na 22 r i 
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and 


o? k = -{nr2 - r 2 a n x k - na 22 y k ) > 0 

due to r\r 2 — r 2 ai\X k — r\a 22 yk < 0. Applying both (25) and (26) into (30) with ay < r x af) 
for all i > k obtained from (29), we have that 


r iT 2 - r 2 a u x k +i ~ r x a 22 y k +i < 0. 


Using mathematical induction, we can obtain the desired result. □ 

Theorem 4. Let the conditions (4), (5), (8) and (25) hold. Let (x n ,y n ) be the solution 
of (2) with r x aff < r 2 af(, r x aff < r 2 aff and 

r 1022(011 — 021 ) — r 2 O 11 (012 — 022 ) A 0. (31) 


If for some k 


{x k ,yk ) e II d , 


then for all i > k 


{xi, yf) e H d , 


where II d is the the region with the three boundaries 


f{x,y ) = 0 , h(x,y ) = 0 and x — 0 . 

Proof. Since x n > 0 and y n > 0 for all n in Theorem 1, f(x,y) = n — an x — a\ 2 y and 
h{x,y ) = r^r 2 — r 2 anx — r\a 22 y, the inclusion ( x k ,y k ) £ H d is equivalent to 


n - on x k - a 12 y k < 0, rir 2 - r 2 anx k - r x a 22 y k > 0. 


Then it is enough to show that for all i > k 


r 1 - a u xi - ai 2 yi < 0, (32) 

rrr 2 - r 2 a u Xi - na 22 yi > 0. (33) 

Since ( x k ,y k ) € II d and II d C II, we have {xi,yf) G II for all i> k due to (29), so that the 
definition of II yields the inequality (32). 

Now it remains to show the inequality (33), which can be proved using the equality 
(22) in Lemma 3: 


r x r 2 - r 2 anx k+ i - r l a 22 y k+ 1 = a 2 k { 1 + A t[a\ -b q{x k )]} 


n 


r 2 


(34) 


+ x k A t {— —){r 1 a 2 2 (an - a 2 i) - r 2 an(ai 2 - a 2 2 )}(^fcan - n), 


na 22 


where 


q{x) 


r 20nfli2 , \ 

-b a 2 i)ai - r 2 

r x a 22 


and 


oil = r i r 2 ~ r 2 a n x k - na 22 y k > 0 

due to r x r 2 — r 2 a u x k — r x a 22 y k > 0. Applying both (25) and (31) into (34) with ay < rya^i 1 
for all i > k obtained from (29), we have that 


nr 2 - r 2 oni|fe + i - na 22 y k +i > 0. 

Using mathematical induction, we can obtain the desired result. 


□ 
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Remark 3. In C i, we have from Theorem 3 that if ria 22 (an — a 21 ) — n 2 au(ai 2 — 022 ) > 0 
in (3), then the sequence ( x k ,y k ) in 11“ defined by (2) remains in 11“ as follows: 

(i) If (. x k ,y k ) ^ I U III for some k, then there exists a positive integer / such that 
(■ Xk+hUk+i ) G II. 

(ii) If (x k ,y k ) G II for some k, then (x k+i , y k+i ) G II for all i > 1 and lim fc _ ) . 00 (x fe , y k ) = 
(0, r 2 a 22 1 ) by Lemma l-(iii) and Theorem 2-(i). 

(iii) By (ii). if (x k , y k ) G II, then there exists a nonnegative integer l such that (x k +i, y k +i ) G 
11“ U ll d . If there exists m such that ( x k+i+m , y k +i+m ) G 11“, then (, x k+t+i , y k +i+i ) Gll“ 
(i > m) by Theorem 3. Otherwise, (x k+ i +i , y k +i+i) G II d for all i > 1. 

Also we have from Theorem 4 that if ria 22 (an — a 2 i) — ' r 2 a n(ai 2 — 022 ) < 0 in (3), then 
the sequence (x k ,y k ) in II fi defined by ( 2 ) remains in ll d . 

In the case of C 2 , we divide the region IV into two parts IV U and IV d by the line 
h(x,y) = 0 (see Figure 4). 

IV U is the region with the three boundaries f(x, y) = 0, h(x, y) — 0 and x — 0. 

IV d is the region with the three boundaries g(x, y) = 0, h(x, y) — 0 and y — 0. 

In the following theorems, we have the result that if the solution (x n ,y n ) of (2) starts 
at any part of IV, it remains in the same part. 

Theorem 5. Let the conditions (4), (5), (8) and (25) hold. Let (x n ,y n ) be the solution 
of (2) with riaf) > r 2 af), r\af) > r^a^ 1 and 


0^22(^11 — a 2 i) — r 20 n(fl'i 2 — *^22) A 0 . 


(35) 


If for some k 


{x k , y k ) G IV U , 


then for all i > k 


(xi, yf) G IV 


where IV U is the the region with the three boundaries 


f(x,y) = 0, h(x,y ) = 0 and x — 0. 

Proof. Since x n > 0 and y n > 0 for all n in Theorem 1, f(x,y) = rq — anx — ay/y and 
h(x,y ) = r 1 r '2 — r 2 anx — r\a 2 2 y , the inclusion (x k ,y k ) G IV U is equivalent to 


r 1 - a u x k - a 12 y k > 0, r^r 2 - r 2 a u x k - r x a 22 y k < 0. 


Then it is enough to show that for all i > k 


r 1 - a n xi - ay 2 y t > 0, (36) 

r iT 2 - r 2 a n Xi - ria 22 yi < 0. (37) 

Note that clue to Lemma l-(iv) 

if (x k ,y k ) G IV,then {x^yf) G IV for all i > k. (38) 

Since (x k ,y k ) G IV U and IV U C IV, we have {xi,yf) G IV for all i> k due to (38), so that 
the definition of IV yields the inequality (36). 
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As in the proof of Theorem 3, we use the equality (14) in Lemma 2 with a\ > 0 to 
show the inequality (37). Applying both (25) and (35) into (14) with x x < r x af) for all 
i > k obtained from (38), we have that 

t ir 2 - r 2 a u x k+1 - r x a 22 y k+1 < 0. 

Using mathematical induction, we can obtain the desired result. □ 

Theorem 6. Let the conditions (4), (5), (8) and (25) hold. Let (x n ,y n ) be the solution 
of (2) with rqaR 1 > r 2 af), r x af' 2 > r 2 af 2 and 

r 1022(011 — O 21 ) — r 2011(012 — O 22 ) < 0. (39) 

If for some k 

{x k ,y k ) G IV d , 

then for all i > k 

( x i,yi) G IV d , 

where IV d is the the region with the three boundaries 

g{x , y) = 0, h(x, y) = 0 and y = 0. 

Proof. Since x n > 0 and y n > 0 for all n in Theorem 1, g(x,y ) = r 2 — a 2X x — a 22 y and 
h(x,y ) = r x r 2 — r 2 anx — r x a 22 y, the inclusion (x k ,y k ) G IV d is equivalent to 

f 2 - a 2 ia; fc - a 22 y k < 0, r x r 2 - r 2 a u x k - ria 22 y k > 0. 

Then it is enough to show that for all i > k 

r 1 - a u Xi - a 12 yi < 0, (40) 

r\r 2 - r 2 auXi - na 22 yi > 0. (41) 

Since ( x k ,y k ) G IV d and IV d C IV, we have ( x^yi ) G IV for all i > k due to (38), so that 
the definition of IV yields the inequality (40). 

As in the proof of Theorem 4, we use the equality (22) in Lemma 3 with a\ > 0 to 
show the inequality (41). Applying both (25) and (39) into (22) with aq < riof) for all 
i > k obtained from (38), we have that 


r \r 2 - r 2 a u x k+ i - r x a 22 y k+x > 0 . 
Using mathematical induction, we can obtain the desired result. 


□ 


Remark 4. We have similar results as Remark 3. In the case of C 2 , we have from Theorem 
5 that if ria 22 (an — a 2X ) — r 2 an(ai 2 — CI 22 ) > 0 in (3), then the sequence (x k ,y k ) dehned 
by ( 2 ) remains in IV U as follows: 

(i) If (x k ,y k ) G I U III for some /c, then there exists l such that (x k+ i,y k+ i) G IV. 

(ii) If (. x k ,y k ) G IV for some k , then (x k+i , y k+i ) G IV for all i > 1 and lirn k ->oo(x k ,y k ) = 
(riabi 1 ,0) by Lemma l-(iv) and Theorem 2-(ii). 

(iii) By (ii), if (x k ,y k ) G IV, then (x k ,y k ) G IV U U IV d . If there exists m such that 
(xk+m, yk+m) G IV M , then (x k+i ,y k+i ) GlV“ {1 > m) by Theorem 5. Otherwise, 
(x k+i , y k+i ) G IV d for all i > 1. 

As a similar way, we have from Theorem 6 that if r 1 a 2 2 (an — a 2X ) — r 2 an(a 12 — a 22 ) < 0 
in (3), then the sequence (x k ,y k ) in IV d dehned by (2) remains in IV d . 
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4. Numerical examples 

In this section, we provide simulations that illustrate our results in Theorem 3- 
Theorem 6 for the difference scheme (2) with A t = 0.001 and (x*, y*) = (rxa^+50, 

50). The values of parameters used in the following examples satisfy the conditions in 
(4), (5), (8) and (25). From the following examples, we verify the result that the line 
h(x,y ) = rir 2 — r 2 a ux — rya 22 ?/ = 0 is the asymptotic line of the solutions (. x n ,y n ) of (2). 

Example 1. Let (ry, an, ay 2 , r 2 , a 2 i, a 22 ) = (1, 0.5,1,4,1, 2), which satisfies the three 
conditions rycy/ < rla^.j < T' 2 a 2 r 2 and 

r iu 22 (uii — u 2 i) — r 2 an(ai 2 — a 22 ) = 1 > 0 

in Theorem 3. Then the solutions (. x n ,y n ) of (2) converge to (0,r 2 a2 2 = 2) as displayed 
in Figure 3-(a). The sequence of the solutions in II" remains in II". 

Example 2. Let (ry, an, Gq 2 , r 2 , a 2 i, a 22 ) = (1,1,1, 5,4, 2), which satisfies the condi¬ 
tions ryafj 1 < r 2 a^j 1 , rya^ 1 < rya^f and 

t 1022(011 — o 2 i) — r 2 on( 0 'i 2 — a 22 ) = —1 < 0 

in Theorem 4. Then the solutions ( x ni y n ) of (2) converge to (0,r 2 O2 2 = 2.5) as displayed 
in Figure 3-(b). The sequence of the solutions in II d remains in H'h 



Figure 3: Trajectories for different initial points in the regions I, II, III in the category Ci with (a) 
r 1 = 1, an = 0.5, a i2 = 1, r 2 = 4, a 2 i = 1, a 22 = 2. (b) r x = 1, an = 1, a 12 = 1, r 2 = 5, a 2 i = 4, a 22 = 2. 

The box and circle symbols denote initial and equilibrium points, respectively. The green line segment is 
x = ri ajy in the region II. 


Example 3. Let (ry, on, ai 2 , r 2 , a 2 i, a 22 ) = (3,1,1.5,1,0.5,1), which satisfies the three 
conditions riOn 1 < rya^ 1 , rioj^ 1 < and 

7io 22 (on — o 2 i) — r 2 an(oi 2 — o 22 ) = 1 > 0 

in Theorem 5. Then the solutions (x n ,y n ) of (2) converge to (riajd 1 = 3,0) as displayed 
in Figure 4-(a). The sequence of the solutions in IV“ remains in IV". 
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Example 4. Let (ri, an, ai 2 , r 2 , a 2 i, 022 ) = (4,1, 2,1,1,1), which satisfies the condi¬ 
tions ria^ 1 < r 2 02 i 1 , rqa^ 1 < r 2^2 and 

ria22(an — 021 ) — r2an(ai2 — a22) = —1 < 0 

in Theorem 6. Then the solutions ( x ni y n ) of (2) converge to (ria^ 1 = 4,0) as displayed 
in Figure 4-(b). The sequence of the solutions in IV d remains in IV d . 




<a) 


<*» 


Figure 4: Trajectories for different initial points in the regions I, III, IV in the category C 2 with (a) 
ri = 3, an = 1, a 12 = 1.5, r 2 = 1, a 2 i = 0.5, a 22 = 1, (b) r 1 = 4, a ±1 = 1, a 12 = 2, r 2 = 1, a 21 = 1, a 22 = 1. 
The box and circle symbols denote initial and equilibrium points, respectively. 

Example 5. Let (rq, an, ai 2 , r 2 , a 2 i, 022 ) = (1,1,1,2.5,1,1), which satisfies the three 
conditions ria{l < r 2 a 2 l , rqaj^ 1 < r 2 a 22 and 


Fl 022(011 — a2i) — 'r 2 an(a 1 2 — a 22 ) — 0 

in Theorem 3 and Theorem 4. Then the solutions ( x n , y n ) of (2) converge to (0, r 2 a 22 = 
2.5) as displayed in Figure 5-(a). For the trajectory of the solutions from III to II, if 
(x k ,yk) in H“, then (xk+i,yk+i) £ for all i > 0 remains in II“. Also for the trajectory of 
the solutions (xk,yk) from I to II, if (xk,yk) hi H d , then (xk+i,yk+i) £ for all i > 0 remains 
in IF*. Therefore the line h(x,y ) = 0 is the asymptotic line of the solutions. 

Example 6. Let (r 1; an, ai 2 , r 2 , a 2 i,a 22 ) = (2.5,1,1,1,1,1), which satisfies the condi¬ 
tions rid^i > r 2 ci 2 i, ria ^2 > r 2 a 22 and 


fi 022(011 — a2i) — 'r 2 an(a 1 2 — a 22 ) — 0 

in Theorem 5 and Theorem 6. Then the solutions ( x n ,y n ) of (2) converge to (irajj, 1 = 
2.5,0) as displayed in Figure 5-(b). For the trajectory of the solutions from III to IV, 
the sequence of the solutions in IV“ does not cross the line h(x,y ) = 0, which is the 
asymptotic line of the solutions. Also for the trajectory of the solutions ( x n , y n ) from I to 
IV, the sequence of the solutions in IV d remains in IV d . 


1327 


Young-Hee Kim ET AL 1316-1329 






















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 




Figure 5: (a) Trajectories for different initial points in the regions I, II, III with n = l,On = l,ai 2 = 
1,7*2 = 2.5,a2i = 1 ,022 = 1 hi the category C\. The green line segment is x = riaR 1 in the region II. 
(b) Trajectories for different initial points in the regions I, III, IV with r i = 2.5, an = l,ai 2 = 1,7*2 = 
1,021 = 1,^22 = 1 hi the category C 2 . The box and circle symbols denote initial and equilibrium points, 
respectively. 


5. Conclusions 

In this paper, we have found sufficient conditions under which the line h(x,y ) = 0 
between the two equilibrium points of the scheme (2) is the asymptotic line of the solutions 
of the scheme in C\ and C 2 , respectively. In these conditions, the line h(x,y ) = 0 plays 
a role as the boundary dividing the convergence region surrounded by the four lines 
f(x, y) = 0, g(x, y) = 0, x = 0 and y = 0, and the sequence of the solutions of (2) starting 
in the partitioned regions of the domain does not cross the line h(x,y ) = 0. Some 
numerical examples are presented to verify our results. We have obtained the results in 
the two categories C\ and C 2 , but the methods used in this paper can be applied to find 
the asymptotic lines of the solutions of (2) in the other categories C 3 and C 4 , which will 
be shown in the future work. 
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Existence and global attractiveness of pseudo 
almost periodic solutions to impulsive partial 
stochastic neutral functional differential equations 

Zuomao Yan* and Fangxia Lu 
January 5, 2018 


Abstract: In this paper, we introduce a new concept of p-inean piecewise 
pseudo almost periodic for a stochastic process and establish a new composition 
theorem about pseudo almost periodic functions under non-Lipschitz conditions. 
Using this composition theorem, the analytic semigroup theory and fixed point 
strategy with stochastic analysis theory, we also study the existence and the 
global attractiveness for p-mean piecewise pseudo almost periodic mild solutions 
for impulsive partial neutral stochastic neutral functional differential equations. 
Moreover, an example is given to illustrate the general theorems. 

2000 MR Subject Classification: 34A37; 60H10; 35B15; 34F05 
Keywords: Impulsive partial stochastic functional differential equations; 
Pseudo almost periodic functions; Composition theorem; Analytic semigroup 
theory; Fixed point 


1 Introduction 

The concept of pseudo almost periodic functions introduced initially by Zhang 
[1] is an important generalization of the classical almost periodic functions. Since 
then, there has been an intense interest in studying several extensions of this 
concept such as asymptotic pseudo almost periodic functions and Stepanov-like 
pseudo almost periodic functions. Some contributions on pseudo almost peri¬ 
odic type solutions to abstract differential equations have recently been made 
[2-8] and the references therein. On the other hand, it should be pointed out 
that noise or stochastic perturbation is unavoidable and omnipresent in na¬ 
ture as well as that in man-made systems. Therefore, we must import the 
stochastic effects into the investigation of differential systems. The concept of 
almost periodicity is of great importance in probability for investigating stochas¬ 
tic processes. In fact, the existence of almost periodic, asymptotically almost 
periodic and pseudo almost periodic solutions for stochastic differential systems 
has been thoroughly investigated; see [9-18] and reference therein. In particu¬ 
lar, Bezandry and Diagana [19,20] introduced the concepts of p-mean pseudo 
pseudo almost periodicity, and studied the existence of p-mean pseudo almost 
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periodic mild solutions to partial stochastic differential equations. Diop et al. 
[21] obtained the existence, uniqueness and global attractiveness of an p-mean 
pseudo almost periodic solution for stochastic evolution equation driven by a 
fractional Brownian motion. 

The theory of impulsive differential equations is an important branch of dif¬ 
ferential equations, which has an extensively physical background [22]. There¬ 
fore, it seems interesting to study the various types of impulsive differential 
equations. The asymptotic properties of solutions of impulsive differential equa¬ 
tions have been considered by many authors. For example, Henriquez et al. [23], 
Liu and Zhang [24], Stamov et al. [25-27] discussed the piecewise almost pe¬ 
riodic solutions of impulsive differential equations. Liu and Zhang [28], Cherif 
[29] established the existence and stability of piecewise pseudo almost peri¬ 
odic solutions to abstract impulsive differential equations. Bainov et al. [30] 
concerned with the asymptotic equivalence of impulsive differential equations. 
However, besides impulse effects and delays, stochastic effects likewise exist in 
real systems. In recent years, several interesting results on impulsive partial 
stochastic systems have been reported in [31-33] and the references therein. 
Further, Zhang [34] obtained the existence and uniqueness of almost periodic 
solutions for a class of impulsive stochastic differential equations with delay by 
mean of the Banach contraction principle. In [35], the authors investigated the 
existence and stability of square-mean piecewise almost periodic solutions for 
nonlinear impulsive stochastic differential equations by using Schauder’s fixed 
point theorem. Neutral differential equations arise in many areas of applied 
mathematics. For this reason, those equations have been of a great interest 
during the last few decades. The literature relative to partial neutral stochas¬ 
tic differential equations is quite extensive; for more on this topic and related 
applications we refer the reader to [36]. Similarly, for more on impulsive partial 
neutral stochastic functional differential equations we refer to [32,33,37,38]. In 
this paper, we study the existence and global attractiveness of p-mean piecewise 
pseudo almost periodic mild solutions to the following impulsive partial neutral 
stochastic neutral functional differential equations: 

d[x(t) - h(t, x t )\ = [Ax(t) + g(t,x t )]dt + f(t,x t )dW(t), (1) 

t G P-1 G Z, 

Ax(ti) = x(tf) - x(t~) = i G Z, (2) 

where A is the infinitesimal generator of an exponentially stable analytic semi¬ 
group {T(t)} t > 0 on a Hilbert space L P (P,H) and W(t) is a two-sided stan¬ 
dard one-dimensional Brownian motion defined on the filtered probability space 
(H,1F, P, T t ), where T t = — W(v);u,v < t}. The history x t G V with 

q > 0, where x t being defined by x t (9) = x(t + 9) for each 9 G [— q, 0]) and 
T> = {ip : [—q , 0] —> L P {P 1 H), ip continuous everywhere except for a finite num¬ 
ber of points at which ip(s~) and ip(s + ) exist and tp(s~) = ip(s)}. The functions 
h, g, /, Ii,U satisfy suitable conditions which will be established later. The no- 
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tations x(t^),x(t~) represent the right-hand side and the left-hand side limits 
of x(-) at ti, respectively. 

To the best of our knowledge, the existence and global attractiveness of 
p-mean piecewise pseudo almost periodic mild solutions for for nonlinear im¬ 
pulsive stochastic system (l)-(2) is an untreated original topic, which in fact is 
the main motivation of the present paper. Although the papers [34,35] studied 
the piecewise almost periodic mild solution of impulsive stochastic differential 
equations, besides the fact that [34,35] applies to the results under the Lipschitz 
conditions, the class of impulsive stochastic systems is also different from the 
one studied here. Further, many dynamical control systems arising from real¬ 
istic models can be described as impulsive partial neutral stochastic functional 
differential systems. So it is natural to extend the concept of pseudo almost 
periodicity to dynamical systems represented by these impulsive systems. In 
the paper, we will introduce the notion of p-mean piecewise pseudo almost peri¬ 
odic for stochastic processes, which, in turn generalizes all the above-mentioned 
concepts, in particular, the notion of piecewise almost periodic. Then we will 
establish a new composition theorem for p-mean pseudo almost periodic func¬ 
tions under non-Lipschitz conditions. As an application, we study and obtain 
the existence and exponential stability of p-mean piecewise pseudo almost peri¬ 
odic mild solutions to system (l)-(2) by using the analytic semigroup theory and 
Krasnoselskii fixed point theorem with stochastic analysis theory. Such a result 
generalizes most of known results on the existence of almost periodic solutions 
of type system (l)-(2). It includes some results of almost periodic and pseudo 
almost periodic solutions to stochastic differential equations without impulse. 
Moreover, the results are also new for deterministic systems with impulse. 

The paper is organized as follows. In Section 2, we introduce some notations 
and necessary preliminaries. In Section 3, we give the existence of p-mean 
piecewise pseudo almost periodic mild solutions for (l)-(2). In Section 4, we 
establish the global attractiveness of p-mean piecewise pseudo almost periodic 
mild solutions for (l)-(2). Finally, an example is given to illustrate our results 
in Section 5. 


2 Preliminaries 

Throughout the paper, N, Z , R and R + stand for the set of natural numbers, 
integers, real numbers, positive real numbers, respectively. We assume that 
(H,\\ ■ II), (AMI • || k) are real separable Hilbert spaces and (f },P,P) is sup¬ 
posed to be a filtered complete probability space. Define L P (P,H), for p > 1 
to be the space of all H-v alued random variables V such that E || V || p = /<-, || 
V || p dP < oo. Then L P (P,H ) is a Banach space when it is equipped with 
its natural norm || • || p defined by || V || p = (f Q E || V || p dP ) 1 / p < oo for 
each V € L P (P,H). Let C(R, L P (P, H)),BC(R, L P (P, H)) stand for the collec¬ 
tion of all continuous functions from R into L P (P, H), the Banach space of all 
bounded continuous functions from R into L P (P,H), equipped with the sup 
norm, respectively. We let L(K, H) be the space of all linear bounded operators 
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from K into H , equipped with the usual operator norm || • || l(k.h)\ i n par¬ 
ticular, this is simply denoted by L(H) when K = H. Furthermore, L®(K, H) 
denotes the space of all Q-Hilbert-Schmidt operators from K to H with the 
norm II %)) II? 0 = Tr^Qip*) < oo for any %J) G L(K , H). 

Definition 2.1 ([19]). A stochastic process x : R —> L P (P,H) is said to be 
continuous provided that for any s G R, 

limP || x(t) — x(s) || p = 0 . 

t—*S 

Definition 2.2 ([19]). A stochastic process x : R —» L P (P,H) is said to be 
stochastically bounded provided that 

lim limsup{P || x(t) ||> N} = 0. 

N—>oo teR 

Let T be the set consisting of all real sequences {U}i e z such that 7 = 
infiez(t»+i - U) > 0, lim^oo U = 00 , and lim^-oo U = - 00 . For {b:} ie z G T, 
let PC(R, L P (P , H)) be the space consisting of all stochastically bounded piece- 
wise continuous functions /:!?—> L P (P 1 H ) such that /(•) is stochastically 
continuous at t for any t ^ {U}iez and f(U) = ,f{t~) for all i G Z\ let 
PC(R x L P (P, K), L P (P, H)) be the space formed by all stochastically piece- 
wise continuous functions / : R x L P (P,K) —> L P (P,H) such that for any 
x G L P (P,K), f(-,x) G PC(R, L P {P, H)) and for any t G R,f(t,-) is stochasti¬ 
cally continuous at x G L P (P , K). 

Definition 2.3 ([19]). A function / G C(R, L P (P, H)) is said to be p-mean 
almost periodic if for each e > 0 , there exists an 1(e) > 0 , such that every 
interval J of length 1(e) contains a number r with the property that E || f(t + 
t ) — f(t) || p < e for all t G R. Denote by AP(R, L P (P, H)) the set of such 
functions. 

Definition 2.4 (Compare with [22]). A sequence {x n } is called p-mean almost 
periodic if for any £ > 0 , there exists a relatively dense set of its £-periods, i.e., 
there exists a natural number l = 1(e), such that for k G Z, there is at least one 
number q in [k, k + l], for which inequality E || x n +q — x n || p < e holds for all 
n G N. Denote by AP(Z , L P (P, H))) the set of such sequences. 

Define l°°(Z, L P (P, H)) = {x : Z - L P (P,H) :|| x ||= sup neZ (E || ®(n) ||p 
) x / p < 00 }, and 

PAP 0 (Z,L p (P,H)) 

1 n 

x el°°(Z,L p (P,H)) : lim — V E || x(n) \\ p dt = 0 

n —*00 2 n L ' 
j=-n 

Definition 2.5. A sequence {x n } nez G l°°(Z,X) is called p-mean pseudo 
almost periodic if x n = x\ + x 2 n , where x\ G AP(Z , L p (P, H )), x^ G PAP 0 (Z, 
L P (P, H)). Denote by PAP(Z, L P (P , H)) the set of such sequences. 

Definition 2.6 (Compare with [22]). For & T, the function / G 

PC(R , L P (P, H)) is said to be p-mean piecewise almost periodic if the following 
conditions are fulfilled: 
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(i) {t\ = U + j — ti},j £ Z, is equipotentially almost periodic, that is, for any 
e > 0, there exists a relatively dense set Q e of R such that for each r € Q e 
there is an integer q £ Z such that \U+q — U — r| < e for all i € Z. 

(ii) For any £ > 0, there exists a positive number S = 6(e) such that if the 
points t' and t" belong to a same interval of continuity of <p and \t!—t" | < 5, 
then E || fit') - fit") || p < e. 

(iii) For every e > 0, there exists a relatively dense set Q(e) in R such that if 
r € f2(e), then 

E II f(t + r) - fit) \\ p < e 

for all t £ R satisfying the condition \t — tf\ > e, i £ Z. The number r is 
called e-translation number of /. 

We denote by AP T {R, L P {P, H)) the collection of all the p-mean piecewise 
almost periodic functions. Obviously, the space APt{R, L p {P, H)) endowed 
with the sup norm defined by || / ||oo= sup t< zn{E || f{t) || ?, ) 1 / p for any / £ 
APt(R, L p (P, H)) is a Banach space. Let UPCiR : L p iP,H)) be the space of 
all stochastic functions / £ PC(R, L P (P , H)) such that / satisfies the condition 
(ii) in Definition 2.6. 

Definition 2.7. The function / £ PC{R x L p (P, K ), L p (P, H)) is said to be 
p-mean piecewise almost periodic in t £ R uniform in x £ L P {P , K) if for every 
compact subset K C L P {P,K), {f{-,x) : x £ K} is uniformly bounded, and 
given e > 0, there exists a relatively dense subset fL such that 

E || f(t + T,x) - f(t,x ) || p < e 

for all x £ K,t £ f l e , and t £ R satisfying 1 1 — t t \ > e. Denote by AP T {R x 
L p (P, K), L p (P, H)) the set of all such functions. 

Similarly as the proof of [22, Lemma 35], one has 
Lemma 2.1. Assume that / £ APt(R, L P {P, H)), the sequence {xf\i^z G 
AP{Z, L P {P, H)) : and £ Z are equipotentially almost periodic. Then, 

for each e > 0, there exist relatively dense sets of R and fi e of Z such that 

(i) E || + t) — fit) || p < e for all t £ R , \t — tf\ > e, t £ f l e and i £ Z. 

(ii) E || x i+ q — Xi || p < e for all q £ O e and i £ Z. 

(iii) E || xf — t || p < e for all q,r £ fl £ and i £ Z. 

We need to introduce the new space of functions defined for each q > 0 by 
PC° T iR,L P iP,H),q) 

f e PC{R, L P iP , H)) : lim ( sup E || f{0) f) = 0 

t_>0 ° \0e[t-q,t] ) 
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PAP°(P,P>(P,P),q) = / £ PC(R, L P (P, H)) : 


lim — 

r—> oo 2 r 


sup E \\ f(6) \\ p )dt = 0}, 

'-r \9e[t-q,t] 


PAP*{R x L P (P, K),L P (P, H),q) 

= {/ £ PC(R x L P (P,K),L P (P, H)) : 

lim / f sup E \\ f(8,x) \\ p ]dt = 0 
r^oo 2r J_ r J 

uniformly with respect to x £ K. 
where K is an arbitrary compact subset of L P (P, A')j-. 

Similar to [4], one has 

Lemma 2.2. The spaces PAP£(P, L P (P, P), q) and PAP$(RxL p (P, K),L P (P , 
P),q) endowed with the uniform convergence topology are Banach spaces. 
Definition 2.8. A function / £ PC(R , L P (P, H)) is said to be p-mean piecewise 
pseudo almost periodic if it can be decomposed as / = fi + / 2 , where /i £ 
AP T (P, L p (P, H)) and / 2 £ PAP°(P, L P (P , P), q). Denoted by PAP T (P, P°(P 
P),q) the set of all such functions. 

PAPT{R,L p (P,H) 1 q) is a Banach space with the sup norm || • Hoc . 

Similar to [1,28], one has 

Remark 2.1. (i) PAP^(R, L P (P, P), q) is a translation invariant set of PC(R, 
L P (P, H))). (ii) PC°(R,L p (P,H),q) C PAP°(R,L p (P,H),q). 

Lemma 2.3. Let {f n }neN C PAP£(P, L P (P , P), q) be a sequence of functions. 
If f n converges uniformly to /, then / £ PAPj,(R , L P (P, P), q). 

One can refer to Lemma 2.5 in [ 6 ] for the proof of Lemma 2.3. 

Definition 2.9. A function / £ PC(R x L p (P, K ), L p (P, P)) is said to be p- 
mean piecewise pseudo almost periodic if it can be decomposed as / = fi + / 2 , 
where /i £ AP T (R x L P (P , K),L p (P , P)) and / 2 £ PAR°(P x IA(P, P), L P (P, 
H),q). 

Denoted by PAPt(R x L p (P, I\), L p (P, H), q) the set of all such functions. 
We need the following composition of p-mean pseudo almost periodic pro¬ 
cesses. 

Lemma 2.4. Assume / £ PAP T (R x L p (P, I \), L p (P, P), q). Suppose that 
f{t,x) satisfies 


P|| f{t,x)-f{t,y) f< A(E || x - y f) (3) 

for all t £ R,x,y £ L P (P,K), where A is a concave and continuous nonde¬ 
creasing function from R + to R + such that A(0) = 0,A(s) > 0 for s > 0 
and f Q+ = + 00 . Here, the symbol f Q+ stands for lim e ^ 0 + / e +CC • If </>(•) £ 
PAP T (R,L p (P,K),q) then /(•,<£(•)) £ PAP T (R,L p (P,H),q). 
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Proof. Assume that f = fi + h,(/> = 4>i + fa, where fa € APt{R x L p (P , I\), 
L P (P, H)), h e PAP°(RxLP(P, K),L P (P, H),q), fa € AP T (R, L P (P, H)), and 
fa G PAPj,(R,L p (P,H) 1 q). Consider the decomposition 

f(t, fat)) = f^t, fa{t)) + [fit, fat)) - fit, fait))] + ffat, fait)). 

Since /i(-, ^i(-)) € AP T )R , L p iP, H)), it remains to prove that both [/(•, <^(-)) — 
f (■,</> i('))] and hi‘,fai‘)) belong to PAPfaR, L p (P, H), q). Indeed, using (3), 
it follows that 

^ f ( sup e ii fie, fae)) - fid, fa m r) dt 

r ( sup AiE \\ fad) - fafa) \\ p ))dt 

2 r J_ r Vee[t- g ,tJ J 

= i p[ ( sup A ( E ii mo) inVc 

2 r J_ r Vee[t-g,t] / 

noting that A is a concave and continuous nondecreasing function and A(0) = 0, 
we deduce that A iE || fa (0) || p ) < A(sup ee [ 4 _ ?t ] E || fa id) || p ), and 

fa f ( SU P M E \\ fafa) \\ p )]dt 
2r J_ r Vee[t-g,t] / 

<fa[ A ( sup E || faid) 

2 r J- r \ee[t- q ,t\ J 

<A(-*- f ( sup E II faid) || p |dt | —> 0 as r —> oo, 

V 2r J-r \ee[t-q,t] J J 

which implies that [/(•,(/>(•)) — /(•,</>i(-))] € PAPfaR, L p (P, H ), q). 

Since fa (i?) is relatively compact in L p iP, K) and /i is uniformly continuous 
on sets of the form R x K where K C L p iP,K) is compact subset, for £ > 0 
there exists f € (0,e) such that 

E II fait,z) - fait,z) || p < £, faiR) 

with \z — z\ < £. Now, fix z\,..., z n G faiR) such that faiR) C (J" =1 Efazj,L P iP, 
K)). Obviously, the sets Dj = (ffaiBfazfa) form an open covering of R, and 
therefore using the sets £>i = P)\,B 2 = D 2 \D 1 and Bj = Dj\ Ufe=i D k one 
obtains a covering of R by disjoint open sets. For t € Bj,fait) € Bfazfa, 

e \\hit, fait)) r 

< 3 p ~ i e ii fit,fait))-fit, Zj ) r 

+3 P ~ X E || - fait, fait)) + fait, Zj ) r +3 p - l E || hit, Zj ) II 

< V-'A iE || fait) - Zj f) + y-'e + 3 P ~ X E || f 2 {t, Zj ) || 

< 3 p - 1 A(£) + ST-h + 3 P ~ X E || ffat, Zj ) || . 
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Now using the previous inequality it follows that 


1 

2r 


sup E || /i(0,<£i(0)) ll P ) dt 

' —r \8e[t-q,t] 


c-V 

- n r 


2 r 
< 3 P 


j—l jBjC\[—r,r] \ee[t —9,t] 

-ll 


sup E II /i(0,0i(0)) || p )dt 


2 r 


E 


j=l <'B j n[-r 7 r\ 


sup 


sup 


j=i,...,n Keeit-q^nBj 


x-E || MMW-Mzj) r 


dt 




2 r 


sup 


j = 1 JB j n[-r,r 

xe ii / 1 ( 0 , 0 1 ( 0 ))-/ 1 (m j o ir 


sup 


i=i,...,n \ee[t-q,t]nS 3 

dt 


1 n 

+ 3P “VE 

27’ ' 


/ 

sup f sup E \\ f 2 (9,Zj) \\A 

d BjC\[—r,r] 

V 8e[t-q,t]nBj J. 


dt 


< 3 P 1 -'- / [A(e) + 

«/ —r* 

+ 3P_1 Ef l ( sup rV 

^2r7_ r V*e[t-a,t] / 


In view of the above it is clear that / 2 (-, <^i(-)) belongs to PAP^{R , L P (P, H),q). 
This completes the proof. 

Lemma 2.5. Assume the sequence of vector-valued functions {I-i jiez is pseudo 
almost periodic, and there is a concave nondecreasing function from R + to R + 
such that A.j(0) = 0, A*(s) > 0 for > 0 and f Q+ = +oo, 

E || Rix) - Riy) || p < Ai(E \\x — y || p ) 


for all x,ye L P {P, K), i£ Z.li(j>£ PAP T {R , L P (P, H),q)nUPC(R, L P (P, H)) 
such that R{(j>) C L P (P, K), then is pseudo almost periodic. 

Proof. Assume that <j> = <f>i + <p 2 , where 4>\ G APt(R, L P (P, H)), <f >2 G 
PAP£(P,L p (P,ff),g). Fix cf) G PAP T (R, L P (P, H), q) n UPC(R, L P (P, H)), 
first we show is pseudo almost periodic. One can refer to Lemma 37 
in [22] that the sequence 4>(U) is almost periodic. Next we need to show that 
4>{U) G PAP 0 (Z, Z/ P (P, H)). By the hypothesis, </>, </>i G UPC(R, L P (P, H)), so 
ct >2 G UPC(R,L P (P,H)). Let 0 < £ < 1, there exists 0 < £ < min{l, 7 } such 
that for t G (ti — £, U),i G Z, we have 


P|| Mt) r< (1-£)S|| MU) r, iez. 

Since t \, i G Z, j = 0,1,... are equipotentially almost periodic, {tJ} is an almost 
periodic sequence. Here we assume a bound of {tj} is M t and \ti\ > 
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therefore, 


1 

2 U 


i J —ti \ [t—q,t] 

> — E 

- Of: 


sup E \\ fa(6) \\ p ) dt 


1 




sup E || fa(0) || p )dt 


E ^(1-^1102^) 


> 


j=-i+1 

£(l-g) 1 

M, 2L- 


E 


j=-*+i 


Since fa £ PAPj,(R, L P (P, H),q), it follows from the inequality above that 
fa (ti) € PAP 0 (Z, L p (P,H)). Hence, (j>{U) is pseudo almost periodic. 

Now, we show I l (<j>(t l )) is pseudo almost periodic. Let 


I(t, x) = (t — n)I n (x),n < t < n + l,n £ Z, 


1 9(t) = (t — ri)<t> n (t n ),n < t < n + 1, n £ Z. 

Since I n . 4>(t n ) are two pseudo almost periodic sequences, Refer to Lemma 
1.7.12. in [39], we get that I £ PAP(R x L P (P, K),L P (P, H)), £ PAP(R, 

L P (P, K )). For every t £ R, there exists a number n £ Z such that \t — n\ < 1, 
we have for xi,x 2 £ L P (P : K), 


E || I(t, Xl )-I(t,x 2 ) ||P 

<e ii i n ( Xl ) - i n ( X2 ) r 

< A n (E || x t - x 2 || p ). 


Similar to the proof of Lemma 2.4, /(•, i?(-)) £ PAP(R, L P {P 1 H)). Again, sim¬ 
ilarly as the proof of Lemma 1.7.12 in [39], we have that I{i,'d(i)) is a pseudo 
almost periodic sequence, that is, Idfatj)) is pseudo almost periodic. This 
completes the proof. 

Let 0 £ p(A), then it is possible to define the fractional power A a , for 
0 < a < 1, as a closed linear operator on its domain D(A a ). Furthermore, the 
subspace D(A a ) is dense in H and the expression || x || a =|| A a x ||, a: £ D(A a ), 
defines a norm on D(A a ). Hereafter we denote by H a the Banach space D(A a ) 
with norm || x || a . Throughout the rest of this paper, we denote by || • || a;00 
the sup norm of the space PAPt{R , L P (P , H a )). 

Lemma 2.6 ([40]). Let 0 < a < (3 < 1. Then the following properties hold: 

(a) Hp is a Banach space and Hp H a is continuous. 

(b) The function s —> A^T(s) is continuous in the uniform operator topology 
on (0, oo) and there exists Mp > 0 such that || A /3 T(t) ||< Mpe~ St t~P for 
each t > 0. 
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(c) For each x € D(A^) and t > 0, A^T{t)x = T{t)A^x. 

(d) A~' 3 is a bounded linear operator in H with D(A 13 ) = Im(A _,;f ). 

Next, we introduce a useful compactness criterion on PC(R, L P (P, H),q). 
Let h : R —> R + be a continuous function such that h(t) > 1 for all t € R 
and h(t) —> oo as |t| —> oo. Define 


PCl(R,L p (P,H),q ) 

= | f £PC(R,L P (P,H)) 


lim 

|i|—>oo 


( sup 

V 8e[t—q,t\ 


e ii m r \ 

h(9) J 


= 0 


endowed with the norm || / ||^= sup tefi (sup ee [ i _ 9 t ] ), it is a Banach 

space. 

Lemma 2.7. A set B C PC^(R, L P (P, H),q) is relatively compact if and only 
if it verifies the following conditions: 

(i) |im o (sup fl6 [ t _, it] g|l { ( ( * ) )r ) = 0 uniformly for / G B. 

(ii) B(t) = {/(f) : / € B} is relatively compact in L P {P,H) for every t £ R. 

(iii) The set B is equicontinuous on each interval (tj,tj+i)(i £ Z). 

One can refer to Lemma 4.1 in [28] for the proof of Lemma 2.7. 

Lemma 2.8 (Krasnoselskii’s Fixed Point Theorem [41]). Let I? be a closed, 
bounded, and convex subset of a Banach space X. Let x and T 2 be operators, 
defined on D satisfying the conditions: 

(a) T ix + 'P 2 y € D when x,y £ D. 

(b) The operator Ti is a contraction. 

(c) The operator To is continuous and 4' 2 (D) is contained in a compact set. 
Then the equation Tpr + v I f 2 a; = x has a solution on D. 


3 Existence 

In this section, we investigate the existence of p-mean piecewise pseudo almost 
periodic mild solution for system (l)-(2). We begin introducing the followings 
concepts of mild solutions. 

Definition 3.1. An T t -progressively measurable process x : [<j, a + b) —> H , b > 
0 is called a mild solution of system (l)-(2) on [a, a + b), if x a = <p £ V , the 
function s —> AT(t — s)h(s,x s ) is integrable on [0,t) for every a < t < a + b, 
and <7 ^ti,i £ Z, 

x(t) = T(t — a) \<p{cr) — h(a , ip)\ + h(t, xi) + f AT(t — s)h(s, x s )ds 
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+ f T(t — s)g(s,x s )ds + f T(t — s)f(s,x s )dW(s) 

J a J <7 

+ ^2 T(t-ti)Ii(x(ti)), t £ [cr,cr + b). (4) 

a<ti<t 

Additionally, we make the following hypotheses: 

(HI) A is the infinitesimal generator of a exponentially stable analytic semi¬ 
group (T(t))t>o on L P (P, H) such that for all t > 0, || T(t) ||< Me~ 5t with 
M, S > 0. Moreover, T(t) is compact for t > 0. 

(H2) There exist constants (3,L > 0 such that 0 < /? < 1, the function h £ 
PAP t (R x T>, L P (P, Hp),q), and 

E || A^h(ti,ipi) - A p h{t 2 ,ip 2 ) || p < L[\ti - t 2 \+ || V'i - ^2 ||S>], 

h,t 2 £ R,tp!,ip 2 £ V, 

E || A^h(t, </>) r< L(|| ^ IIS, +1), t £ R,ip £ D. 

(H3) The functions g £ PAP T (RxV , D>(P, H),q),f£ PAP T {RxV , L P (P, L° 2 ), 
q), and for each t £ R, ipi, ip 2 £ V, 

E II 9(t, ip i) - g(t, ip 2 ) f +E I! f(t, ip!) - f(t, ip 2 ) \\ p L o 

< A (E || ip! - ip 2 US,), 

where A is a concave and continuous nondecreasing function from R + to 
R + such that A(0) = 0, A(s) > 0 for s > 0 and f Q+ = +oo. 

(H4) For any p i > 0, there exist a constant p > 0 and nondecreasing continuous 
function 0 : R + —> R + such that, for all t £ f?, and tp £V with E || x ||S>> 

E II git,ip) ir +E II f(t,ip) \\ P L o< p!<d(E || %p IIS,). 

(H5) The functions R £ PAP(Z, L P (P, H)), and for each t £ R, x\,x 2 £ 
L p (P,H),i £ Z, 

E || R( Xl ) - R(x 2 ) f< A i(E || Xl - x 2 f), 

where A, are concave and continuous nondecreasing functions from R + to 
R + such that A.j(0) = 0, A,(s) > 0 for s > 0 and f Q+ = +oo. 

(H6) For any p 2 > 0, there exist a constant p > 0 and nondecreasing continuous 
function 0; : R + — > R + ,i £ Z, such that, for all t £ R, and x £ L P (P , H) 
with E || x || p > p, 

e ii h{ X ) r< P2 Qi{E ii x in. 
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To study the system (l)-(2) we need the following results. 

Lemma 3.1. Assume that (HI) holds. If h G PAPT(R,L p (P,H^),q) and if H 
is the function defined by 

H(t):= f AT(t — s)h(s)ds 

J — OO 

for each t G R, then H G PAPt{R , L P (P , H),q). 

Proof. Since h € PAPT(R,L p (P,Hp),q), there exist hi € APt(R, L p (P, Hp)) 
and h -2 G PAPj-(R , L p (P,Hp),q ), such that h = h\ + hi- Then H(t) can be 
decomposed as 

H(t) = f AT(t — s)hi(s)ds + f AT(t — s)h 2 {s)ds =\ Hi(t) + H 2 (t). 

J — OO J — OO 

Next we show that H x {t) G AP T (R, L P (P, H)) and H 2 (t) G PAP$(R, L P (P, H), 
q). Thus, the following verification procedure is divided into three steps. 

Step 1. Hi G UPC(R,L p (P,H)). 

Let t',t" G G Z,t" < t' . By (HI), for any e > 0, there exists 

° < £ < l^f /p0 such that 0 < t' - t" < £. we have 

|| T(t'-t")-I\\ p <^, 

Zh i 

where h 1 = 2 p ^M p _ p (l - P -^Y~ P || hi ||£ >ot) , h = (T( 1 - &=&. 
Using Holder’s inequality, we have 


E\\Hi{t')-Hi{t") f 


< 2 P ~ 1 E 


+2 P ~ 1 E 


r AT(t" - s)[T(t'- t") - I]hi(s)ds 

J — OO 

f AT(t'— s)hi(s)ds 

Jt" 


< 2 p - 1 M p _ 0 || T(t' - t”) - I 

/ r" 

X 


(^J (t" - s)-^ 1 - 0) e- s{ - t "- s) d^j > 

x(/ e~ S{t "~ s) E || A 0 hi(s) f ds ^ 
+2 p ~ 1 Ml_ fi ^J^ (i t ' - «)- 
x(jf e- s{tl - s) E\\APgi(s)\\ p ds 


p -1 


< || T(t' - t") - I 
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x ra- 


p-i 


-)d p- 


p(l-/3),„ELLza_iV 1] - 


7 sup E || ftl(s) \\ p 0 

o sGR 

+2V- 1 M p ( r (t' - (t 1 - t")su P E || hi(s) || 

\Jt " / sGR 


< 2 II hi f 0tOO ^ (Y(l - 6- p ? 

+2 p ~ 1 M p _ 0 fl- 


p(l~/3 ) xl ~ P 
P -1 


^ ir^.oo 


2hi 


biP0 


£ £ 

<2 + 2 =£ - 


Consequently, idi € UPCi y R,L p {P 1 H)). 

Step 2. Hi G AP t (R, L p (P, H)). 

Let ti <t < t l+ \. For £ > 0, let fL be a relatively dense set of R formed by 
e-periods of F. For r G fL and 0 < 77 < min{e, 7 /2}, we have 

£|| LMf + r)-^) f 

/ t P 

A 1 ~ ,s T(t — s)[y4 /3 /ii(s + r) — (s)]ds 

-OO 

< J (t — s)~r=i l ' 1 - l3 ' , e~ s h- s '>ds S j 

x(/ e -*(t-«)£7 || ^/u( s + r) - A%(s) f ds^) 

< M i_ 0 ^ j (t - s)-^ (i -^ e - s(t -^d s y 

l ~ 1 rh ■ '■ ' '/ 

^ / e -«(t-»)f;|| J 4%(s + T)-i4 /J /i 1 (s)fd8 

,=-00 ■'%+’» 
i_1 rtj+V 

+ J e- s( t- a) E || ^^(s + r) -A^hi(s) f ds 

e-^-^E || ^/n(s + r) - ^di(s) f ds 


j = - OO o 
‘- 1 /-q+i 


- E 

j=—oo 
rt 


n 3 + l-P 


+ J e~ s h-°)E || i4%(s + r)-^/ii(s) f ds 

Since hi G APt{R, L P (P, H 0 )), one has 

E || A^h\{t + r) — A t3 hi(t) || p < e 

for all t G [tj + 77 , fj+i — rj\, j € Z,j < i, and t — s >t — U + U — (tj+i — 77 ) > 
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t - U + y(i - 1 - j) + rj. Then, 


r*j+ i ~ r ^ 


E 


e -^- s) E || A^hi(s + r) - A 0 hi(s) f 


j=-oo Jt j+ r l 


^ E 


l ~ 1 A j+i-v 


- 5(t - s) ds 


j=-oo Jt S+ r l 


2-1 


s £ 


j=-oo 

2-1 


s £ 


0 -S(t-t j+1 +n) 




< 


3=~ °o 
£ 


(5(1 - e~^)’ 


1-1 ftj+V 

/ e -«(t-»)£;||^/J/ il ( s + T)-^/n(a)||Pds 

j— oo f J 

< 2 p - 1 sup J E || A%(s) f V / e-^-^ds 

seR j=-oo A/ 

< 2"- 1 II h, ||£ >oc ee^ 2 e ~ s ( t ~ t o) 


j=-oo 


2-1 


< 2 P_1 || /i! ||^ >oo ee^e-W-V J2 e_57(i “ j) 


< 


2P ~ 1 II fe i llg,oo 

1 - e- 5 T 


Similarly, one has 


*-! rt-i 


E 

j=-oo 


e~ 5(t ~ s) E || ^/n(s + r) - ^/n(s) f ds < M l£ , 


'tj+1-V 


0 —S(t—s 


^E || A l3 hi(s + t) — A l3 hi(s) || p ds < M 2 e, 


where Mi, M 2 are some positive constants. Therefore, we get that E || H\(t + 
t) — H\{t) || p < N-[e for a positive constant N\. Hence, Hi G APt(R , L P (P, H)). 
Step 3. H 2 g PAP°(R,LP(P,H),q). 

In fact, for r > 0, one has 


1 

2 r 


/ sup 
l-r 9e[t-q,t] 


E II H 2 (9) f dt 
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i r 

= oT / SU P E 


2 r 


l-r 6e[t-q,t] 


AT{9 — s)h 2 {s)ds 


dt 


= — / sup E 
Zr J_ r 


noo 

/ A 1 - l3 T{s)A l3 h 2 (9-s)ds 

Jo 

-1 nV / /*oo \ p— 1 

iM '-»TrLU •-**>-**•) 

n OO 

x / e^ ds sup 2? || A l3 h 2 (9 — s) || p dsdt 
Jo eeft-o.tl 


(ft 


= ^ 1 % 


0e[i-g,t] 

1 


P -1 


/»oo 1 /»r 

/ e~ Ss ds— / sup E || A^h 2 (9 — s) || p dt. 
Jo 2t V-r ee[t-g,t 1 


' — r 0e[i-g,t] 

Since h 2 £ PAP^{R } L p {P 1 H(j),q), it follows that / 12 O — s) € PAP^(R, L P (P, 
Hp),q) for each s £ R by Remark 2.1, hence 


— / sup ft 
zr J-r 0e[t-q,t] 


AT{9 — s)h 2 {s)ds 


dt —> 0 as r —> oo 


for all s £ R. Using the Lebesgue’s dominated convergence theorem, we have 
H 2 £ PAP^iR, L p (P,H),q). This completes the proof. 

Lemma 3.2. Assume that (HI) holds. If g £ PAPt(R, L P (P, H), q) and if G 
is the function defined by 


G(t) := [ T(t—s)g(s)ds 

J —OO 

for each t £ R, then G £ PAPt{R 1 L p (P, H),q). 

Proof. Since g £ PAPT(R,L p (P,H),q), there exist g-\ £ APt(R, L P (P, H)) 
and g 2 £ PAPj,(R, L p (P,H),q), such that g = g\ + g 2 . Then G(t) can be 
decomposed as 

G(t) = f T(t- s)gi(s)ds+ f T(t - s)g 2 (s)ds =: Gi(t) + G 2 (t). 

J — OO J — OO 

Next we show that G\(t) £ APt(R, L p (P, H)) and G 2 {t) £ PAPj.(R, L P (P, H), 
q). Thus, the following verification procedure is divided into three steps. 

Step 1. Gi £ UPC(R, L P (P, H)). 

Let t',t" £ (ti,ti+i),i £ Z,t" < t'. By (HI), for any e > 0, there exists 
0 < £ < i^) 1 ^ such that 0 < t' — t" < £, we have 

II T(t'-t")-I\\ p <^, 
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where gi — 2 P 1 M P || g\ H^, = § p - Using Holder’s inequality, we have 

E II G 1 {H)-Gtf') r 

<2 p ~ 1 e\\ f T(t" - S )[T(t' -t")-I] 9l (s)ds P 


+2 p ~ 1 e\ / T(t'- s) gi (s)ds 


< 2 V ~ 1 M P || T(t' - t") - I \\ p (^J e~ s{t "- s) d s y 

x(/_‘ e-^"-^E\\ gi (s)\\ p ds^ 

+2 p - 1 M^| e-W-^dsy e~ s ^ ~ s ^E || gi(s) || p ds'j 

< 2 *-*M p || T{t' t") -/fi sup£ || 9l (s) f 

b p seR 

+2 p ~ 1 M p {t' - t") p supE || gi {s) f 

sG R 

< 2 p -Hd p || 9l ||5 0 gl + 2 P ~ 1 M P || 91 11^ P J 

£ £ 

< 2 + 2 =£ - 

Consequently, G\ G UPC(R, L P (P, H)). 

Step 2. G-i G AP t (R, L p (P, H)). 

Let ti <t < t l+ \. For e > 0, let fL be a relatively dense set of R formed by 
e-periods of F. For r G fL and 0 < rj < min{e, q/2}, we have 

E || Grtt + rJ-GrM || p 

< U I [ T(t - s)[ gi (s + t) - gi (s)]ds 


< M p 


-W- 9) dt 


x(/ e 5(t s) U || 0 i(s + t) - 5 i(s) || p 


< M p 


t \ p -i 

e-W-^da ) 


' 1-1 Pj+i-v 

x £ / e~ 5(t ~ s) E || ffi(s + r) -£n(s) || p ds 

-j=- 00 ,y b+>7 


i = -00 "3 
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i-i pt j+ 1 

+ E / e~ s(t - s) E || gi{s + r) - g^s) \\ p ds 

j=-oo Jt j + 1 ~ r > 

+ J' e- s ^E\\g 1 ( S + T )-g 1 (s) f ds . 

Since g\ € APt{R, L p (P , H)), one has 

E II 9i{t + r) -gi(t) || p <£ 

for all t € [tj + 77 , tj+ 1 — T]\, j € Z, j < i, and t — s>t — U + t.i — (tj+ 1 — if) > 
t — t i + n t(i — \—j) + g. Then, 

i_1 Pj+i-V 

E / e -<5(t-s)£i || gr( s + r) — 5 , 1 (s) || p 


j=-oo’ /t *+»7 


1 /»t ^ _i_ 1 — r 


^ E 


e-^-^ds 


j=-oo Jt J+ r > 


si E 


i5(t—tj+i+jj) 


si £ 


a -(57(i-j-l) 


_ (5(1 - e ~ s -()’ 

E /|| 9i(s + r) - 5r(s) f 


j=-oo "7 


<2 p - 1 supE|| ffl (a) f E l t,+ri e- 5 (t ~ s) d. 

s€R ■_ _ 


j=-oo 


< ^ II 9i IISo ee 5r > E e ~ 5(t ~ tj) 


< 2 P ~ 1 || ffl ||p, ee Sri e- S{t - u) E 

j=-oo 

2p- 1 || gi HP, e^/ 2 g 
1 - e"' 5 '!' 


Similarly, one has 




E / || .91 (a + r) - ffl (s) f ^ < M 3 e, 

- — ■'tj+frrv 
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£ e~ s ^E || 9l (s + r) - 9l {s) f ds < M 4 s, 

where A/3, A/4 are some positive constants. Therefore, we get that E || Gi(t + 
t) — Gi(t) || p < N 2 £ for a positive constant N 2 . Hence, G\ G AP T (R , L P (P ., H)). 
Step 3. G 2 £ PApU(R,LP(P,H),q). 

In fact, for r > 0, one has 


1 

2r 


/ sup E || G 2 (0) ir dt 

'—r 9e[t-q,t] 

1 


= IT / SU P E 

Zr J-r Oe[t-q,t\ 

1 r 

= 7T. / Sll P E 


2 r 


< A/ p — 
2r 


' —r 0£[t— q,t] 


1 


’ —00 
poo 


e 


T(6» - s)^ 2 (s)ds 
T(s)g 2 (9 - s)ds 

p-i 


dt 


dt 


—r \ JO 


/»oo 

/ e _l5s sup E || c/ 2 (0 — s) || p dsdt 
Jo ee[t-g,t] 


= A/p 


e ds 


p-i 


e 5s cZs 


X T“ / sup ^ II 92(9- s) ||p dt. 
Zr J_ r ee[t- g ,t] 


Since ff2 G PAP"(R, L P (P, Eg), g), it follows that p 2 (— s) G PAP°(R, L P (P, //), 
q) for each s £ R by Remark 2.1, hence 


1 

2r 


/ sup E 

l-r 0e[t-p,t] 



s)g 2 (s)ds 


p 

dt —> 0 as 


00 


for all s £ R. Using the Lebesgue’s dominated convergence theorem, we have 
G 2 G PAP^(R, L p (P,H),q). This completes the proof. 

Lemma 3.3. Assume that (HI) holds. If / G PAPT(R,L p (P,L 2 ),q) and if E 
is the function defined by 

F(t) := f T(t - s)f(s)ds 

J — OO 


for each t £ R, then F £ PAPt{R, L p (P, H),q). 

Proof. Since / G PAPt(R, L p (P, L®)), there exist f\ G APt(R, L p (P, L 2 )) and 
f 2 £ PAP^(R, L P (P, I/®), q), such that / = /1 + f 2 . Hence, 

F(t)= [ T(t — s)fi(s)dW(s) 

J — OO 

+ f T(t — s)h{s)dW{s) =: Fi(f) + F 2 (t). 

J — OO 
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Next we show that € APt(R, L p {P , H)) and F 2 {t) € PAP^{R , L P (P, H),q). 
Thus, the following verification procedure is divided into three steps. 

Step 1. Fi G UPC(R, L P (P, H)). 

Let t',t" € i),i € Z,t" < t'. By (H4), for any e > 0, there exists 

0 < £ < such that 0 < t! — t" < £, we have for p > 2 , 

^ J1 


4/i 

where f± = 2 P ~ 1 M P C P || /i ||p,, £3 = Using Holder’s inequality 

and the Ito integral [42], we have 


£ 11 r 


< 2 P ~ 1 E 
+2 P ~ 1 E 

< 2 p ~ 1 M p C n E 


f T(t" - s)[T(t' - t") - I]fi(s)dW(s) 

J — OO 




T(t' - s)f 1 (s)dW(s) 

rt" 


a -16(t"-s) II rp/J _ ,// 


T{t' - t") - I 


X II /lO) llig ds 


+2 p ~ l M p C v E 


-ip/2 


D —2S(t'—s) 


M s ) Hio ds 


p/2 


< 2 P ~ 1 M P C P || T{t‘ - t") - I || : 

e-^ t "- s Us)sup\\f 1 (s) 

\ J — 00 J sGR 

+2 p ~ 1 M p C p ^ e~MiAt'-s) ds 

x( [ e~% s{t '~ s) ds) sup || /i(s) 
\Jt" J sGR 


e -^2 «(*"—) 


ds 


11% 


P 


< 2 P ~ 1 M P C P || h US,, 


+2 p ~ 1 M p C p || A ||p, 


£ £ 

< 2 + 2 =£ - 


(5.3 e / p<5 \ p p<5 

2 A 1^2 J ~2~ 

\ p/2(p-l)-| 2(p-2)/p 


Lv2/J 


£--2 

p 
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For p= 2. Let e > 0, there exists 0 < £ < -y- such that 0 < t' — t" < £, we have 

^J 1 


II T(t' 


t”)-I || 2 < 


25s 



where A = 2M 2 || A | A . Similar to the above discussion, one has 
EWF^-Ftf’) f 

< 2M 2 || T{t' - t") -I || 2 f f e-W'-'^ds) sup || AO) || 2 0 

\J -oo / sefl 2 

+ 2 M 2 ( [ e~ 2 S ^'~ s) ds] sup || /i(s) || 2 0 

VA" / sefl. 2 

< 2M 2 || A || A e" 2 ^*"-)^) + 2M P || A || A (4-) 



Consequently, Fi G UPC(R, L P (P, H)). 

Step 2. Fi G AP t (R, L p (P, H)). 

Let ti <t < tj+i. For e > 0, let fL be a relatively dense set of f? formed by 
£-periods of F. For r G fL and 0 < p < minje, 7 /2}, we have 


E 1 || Fi(t + r) - Fi(t) || p 


= £ 


< c p f; 


f T(t-«)[/,(« +r)-A(«)]dW(«) 

J — OO 

T || T(f-,) || 2 ||A0 + r)-A0) Hie* 

J —OO 

[ e~ 2S{t ~ s) II AO + r) - AO) II 2 0 ds 

J —OO 


< C P M P E 


< C p M p ( I e-^ s{t ~ s) ds 


p/2 


p/2 


tzl rt+i-’J 


E 


e s) F; II A0 + r ) -/i(s) IIA ds 


■j=-oo"b+’? 

i ~ 1 /■b+’J 


+ E 

i=-00 •'G 


e s )e || A0 + T ) - AO) || p 0 ds 

^2 

L ~ f t j +1 

+ E / e-i s{t - s) E || A(s + r) - AO) H5,o rfs 

j=-oo“'b+i-'/ 2 

+ f e 2<5 ^ || AO + r ) — AO) 14 . 

Jti 2 
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Since /i € APt(R, L P (P, L®)), one has 

E\\h{t + T)-h{t) ||£ 0 <£ 
for all t € [tj + r], tj+i — ii] and j £ Z,j < i. Then, 

1-1 1-77 


*~ J - rtj+ l-r) 

Yl / e~i 5{t ~ s) E || /i(s + r) - /i(s) \\ P L „ ds 


j=-oo' /t i+ 7 1 


1-1 rtj + l-V 

<6^2 e-i^ds 

j=-oo'' t i+ r l 
o ® —4 

< _ f; S'K' <j.in) 

Ar) ' 


<- V 

Ar) 


e -f 57(i-j-l) 


dp(l — e _<57 ) ’ 


[ e P2d{t s)e \\ M s + t) - h( s ) \\ P L o ds 

_ .. dt, 2 


j—-oo 'v 


* 1 / >i J + l+ I 7 

< 2 p - 1 sup J B || /i(s) ||£ 0 V / e-^-^ds 

sgR 2 ,_ „ Jt , 


] = -00 3 


< 2 P_1 sup-E || A( s ) ||£ 0 eeS^e-S^ 
sefl 2 


< 2 p - 1 sup J E; || A(s) ||£ 0 £e^e^ 

s6fl 2 




2 P_1 II f, ||p e 5 T'/ 4 £ 


1-e-f^ 


Similarly, one has 


55 [ e ^ II /i( s + T ) - /l(s) 11^,0 rfs < M 5 e, 

j=-oo'' t i+ 1 ~ r > 

[ e~^ d{t ~ s) E || /i(s + r) - /i(s) ||^ 0 ds < M 6 £, 

dtj 2 

where M$,Mq are some positive constants. Therefore, we get that E || F\(t + 
r) — Fi(f) || p < 7V 3 £ for a positive constant 1V 3 . For p = 2, we have 

FHiMt + iO-iMt) || 2 
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< M 


— OO 

r 1-1 rtj+i-v 


< M 2 E f e~ 2S ^ || fi(s + t) - /i(s) |||o ds 

J — OO 

e -2 S(t-s) E || + T ) _ /^s) ||2„ rfs 

+ £ / e~ 25{t ~ s) E || A(s + r) -/i(s) |||o ds 


£ 

=—o 


i=-oo ^ 

* _1 rtj+i 


+ £ / e 2<5(t II /i( s + t ) - /i( s ) II z,§ *^ s 

-- - ■'Ij.-.-q 


O—-00 
rt 


+ ^ e 25< ' t II A( s + r ) ~ /l( s ) IIio 


Similarly, we get that 2£ || p(t + r) — p (t) || 2 < N^e for a positive constant N±. 
Hence, P G AP T (PL P (P,id)). 

Pep 3. F 2 G PAP°(R,LP(P,H) } q). 

In fact, for r > 0, one has for p > 2, 

/ sup £ || P(6>) f dt 
Zr J_ r 6>e[t—<?,*] 


1 

2r 

1 


/ sup E 

— r 8e[t-q,t] 


dt 


= nZ / SU P E 


2r 


<C p 


l-r 8e[t-q,t] 


dt 


1 


sup E 


J- r 0e[t-qr,t] 


T(0 - s)f 2 (s)dW(s ) 

-OO 
'OO 

T(s)f 2 (0-s)dW(s) 

) 

/*oo 

/ e _2s || f 2 {0 — s) || 2 o ds 
Yo 


p/2 


dt 


< M P C P — 


-7 

e p- 2 as 


—r \ «/ 0 


/»oo 

x / SU p e || f 2 (d — s) || p 0 dsdf 

do 0elt-qi,tl 2 

2 

/♦OO 

/ e "* 5 «ds 


= M p (7 5 


ds 


[ sup i? || / 2 (0 — s) || p 0 dt. 
2r J_ r s£[t-q,t] ^ 


For p = 2, we have 

i r 

— / sup £ 


2r 


l-r 0e[t-q,t] 


T{0 - s)f 2 {s)dW{s) 


— OO 

r /*oo 


dt 


-| /»r /»oo 

< M 2 — / / e~ 2s sup S ||/ 2 (0 - s) ||| 0 dsdt 

Ar J- T J 0 0e[t-9,t] 2 
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= M 2 ( [ e 2 ' 5s ds N )- 1 - f sup E || f 2 (0 - s) \\ p L o dt. 

\J 0 / 2r J-r ee[t-q,t] 

Since f 2 G PAP°(R, L P (P, L%),q), it follows that f 2 (—s) G PAP°(R, L P {P , L°), 
q) for each s G R by Remark 2.1, hence 

1 r 

— / sup E 
Zr J-r 8e[t-q,t] 

for all s G R. Using the Lebesgue’s dominated convergence theorem, we have 
F 2 G PAP°(R, L p (P,H),q). This completes the proof. 

Lemma 3.4. Assume that (HI) holds. If 7 ,; G PAP(Z, L P (P, H)),i G Z and if 
7 i is the function defined by 

Ri(t) ■= E T ( t - * 1 ) 7 * 

ti<t 

for each t G R, then R t G PAPt{R, L P (P, H),q). 

Proof. Since 7 , G PAP(Z,L P (P,H)), there exist 71 ^ G AP(Z, L P (P, H)) and 
72,1 G PAP 0 (Z , L P (P,H)), such that 7 * = 71 ,* + 72 ,j. Hence, 


T(0 - s)f 2 (s)dW(s) 


dt —> 0 as r 


00 


^i(i) — ^2 — + '^2 — ti) 72,i — : ni j j(t) + n 2ii (t). 

ti<t ti<t. 


Next we show that n-| j(f) G APt(R, L P (P, H)) and n 2 ,i(f) G PAPj,{R,L p {P 1 
H),q). Thus, the following verification procedure is divided into three steps. 
Step 1. n M G UPC(R,L p (P,H)). 

Let t',t" G (fj,fj + i),I G < t'. By (H4), for any £ > 0, we have 

ll T(t' -1") -1 f< (1 ~! 5 ^ P£ , 

7i 

where 71 = M p || 7 1(i . Using Holder’s inequality, we have 


e || n M (fO -n M (t") r 
= £■ 


= E 


E - *i)7i,i - E T (*" - *i)7L 

ti<t' ti<t" 

ti<t" 

< M p || T(t' - t") - I f ( E 

' ti<t" ' 

x( E e-W-^E || 71, i H P ) 

< M p || T(t' - t") - I f ( E 

' ti<t" 




su P £||7m ir 

iez 
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< M p 

< £. 


(1 - e~ Sl ) p £ 


7i 


E 

ti<t" 


0 -5(t"-U) 


71,i IISo 


Consequently, IIi^ G UPC(R,L P (P,H)). 

Step 2. n 1;i £ AP T (R,L p (P,H)). 

Let ti < t < ti+ 1 . For £ > 0, let f l £ be a relatively dense set of R formed 
by £-periods of F. For r G and 0 < < min{£, 7 / 2 }. By Lemma 2.1, there 
exists relative dense sets of real numbers and integers Q e , for every rG H £ , 
there exists at least one number q G Q e such that |t® — t| < e,i G Z and 
£ II 7i,i+g - 7i,» ll p < £ !?G Q e , i G Z. Then, 


£|| n M (t + r)-n M (i) p 

= E 


< E 


y, T(t T r - y T(t - L)7i,i 

ti<t+T ti<t 

E II T ( t ~ t i ) llll 7l,i+g 7l,» 


ti<t 


< M P E 


E< 

ti<t 




P-1 


E e_ ' (t '^ II 7l,i+g — 7l,i H P 

ti<t 


< M p (ye-^ t - t A P E || 7M+g-7i,i 


< 


- ti<t 

M p e 


(1 - e-^p' 


Hence, n M G AP T {R 1 L P {P,H)). 

Step 3. n 2jl G PAP$(R,L p (P,H),q). 

For a given i G Z, define the function i>(f) by u(f) = T(t—ti)"/ 2 ,i,ti < t < i,+i, 
then 


lim sup £7 || i>(0) || p 

t_> °° 

= lim sup -E II T(0 - fj)72,i || p 

t_> °° ee[t_qr,t] 

< lim M p e- pS(t ~ u) sup E || 72 || p = 0. 

t_>0 ° j£.Z 

Thus v G PC^(R,L p (P,H) iq ) C PAPt(R, L p (P, H),q). Define 17 : R 
L P (P, H) by 

Vj (t) — T{t ti—j )72,z— j , ^ 1 ^ L’+ljJ G iV. 

So Vj G PAP^(R,L p (P,H) 1 q). Moreover, 

sup £ II Vj(0) f 

Oe[t-q,t] 

= sup E || T{e - ti-j)^ 2 ,i-j P 

6e[t-q,t\ 
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< M p e~ pS ^ t ~ ti ~^ sup E || 72 , i f 

iez 

< MPe-r^-^e-P^supE || j 2 ,i f . 

iez 

Therefore, the series Yl’JLo v j uniformly convergent on R. By Lemma 2.3, one 
has 

OO 

Y T (* - ^72,1 = Y e PAP%{R, LP(P , H),q), 

ti<t j =0 

that is 

1 r 

— / sup E 

Using the Lebesgue’s dominated convergence theorem, we have LUy G PAPtp(R, 
L p (P,H),q) This completes the proof. 

Lemma 3.5. If x G PAPt(R, L p {P , H) } q), then t —> x t belongs to PAPt(R , T>, 

q)- 

One can refer to Lemma 3.3 in [4] for the proof of Lemma 3.5. 

Now, we establish the existence theorem of p-iriean piecewise pseudo almost 
periodic mild solutions to partial impulsive stochastic differential equation ( 1 )- 
( 2 ). 

Theorem 3.1. Assume that assumptions (H1)-(H6) are satisfied. Then system 
(l)-(2) has a mild solution x € PAPt(R, L p (P, H), q). 

Proof. Let Y = PAP T (R,L p (P,H) iq ) n UPC(R, L P (P, H)). Consider the 
operator T : Y —■> PC(R, L P (P, H)) defined by 




dt —> 0 as r 




h(t,x t )+ f AT(t — s)h(s,x s )ds 

J — OO 


T(t- s)g(s,x 8 )ds- 


T(t ~ s)f(s,x s )dW(s) 


+ y T (^- u)ii(x(ti )) 

u<t 


(4 f ix)(t) + (^ 2 t G R. 


Obviously, the operator Ti + T 2 has a fixed point if and only if operator T has 
a fixed point in Y. To prove which we shall employ Lemma 2.8, we divide the 
proof into several steps. 

Step 1. For every x € Y, feeh 

Let x(-) G Y, by (H2), (H3), (H5) and Lemmas 2.4, 2.5, we deduce that 
h(;x.),g(;x.),f(;x.) G PAP T (R, L p (P, H), q) and Ii(x(ti)) G PAP(Z,L P (P, 
H)). Similarly as the proof of Lemmas 3.1-3.5, one has 'Lx G Y. 

Step 2. For a closed bounded convex subset P r » of Y, TiX + 'F 2 (/ G P r *, 
when x, y G P r *. 
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Let pi, p 2 > 0 be fixed. By (H4) and (H6) it follows that there exist a positive 
constant p such that, for all t € R and ip,x &Y with E \\ ip \\^> p, E || x || p > p, 

E\\g(t,iP) r +E II f(t,iP) r L0 <pME\\i’\\ P v ), 

E\\ii ( x ) r< p 2 © 1 (l; 

Let 

* = sup {E || g(t, V>) || p , £ || f(t, iP) ||io: E || ^ ||?,< p}, 
tei? 2 

t'l = sup {£ || Ii{x) || p : E || x || p < p}. 
teR,iez 

Thus, we have for all t € R, 


E\\g(t,iP) r+E\\f(t,iP) \\ p L0 < Pl e(E\\iPr)+u, iPGV, (5) 


E\\I i (x)\\ p <p 2 G i (E\\x\\ p ) + v 1 , xeL p (P,H),ieZ. (6) 

By (H2), (5), (6), Holder’s inequality and the Ito integral, we have for p > 2, 

e ii (*i xm+(* 2 ym r 


< b p ~ l E || h(t,x t ) f +5 p ~ l E 


f AT(t — s)h(s,x s )ds 

J — OO 


+5 p-'E 
+5 p-'E 
+5 P ~ 1 E 


T(t ~ s)g{s,y s )ds 


' —OO 

rt 


T(t ~ s)f{s,y s )dW(s ) 


^2 T (t ~ ti)Ii(y(ti)) 

ti<t 

< 5 P_1 || A~ 0 || £|| A^h(s,x s ) f 

+5 p - 1 M p _ f} (^J (t - S y^ (1 - 0) e- s{t - s) ds^ 

X (f e ~ Ht ~ S)E 11 A0h ^ s ' *«) H P ds ) 


P-1 


+5 P " 1 M P 
rt 


ft \ P~ 1 

/ e-^-^ds 

' —OO 


x(/_ 

a t \ p/ 2 

e - 25 (t-s) || /(Sj y s) || 2 g ds j 

E e_5(t_ti) y YE e_5(t_ti) ii Wi)) r 


+5 p ~ l M p E 


L x ti<t 


u<t 
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< 5 P_1 || A’* || L (|| x t \\ p v +1) 

'1-/3 


+5 p ~ 1 M p _J r(l - ^ 


P-1 


x(/ e-^-^Ldl :r s ||£, +l)ds) 

+5P - 1 MP _1_ ( J* e-^~ s \ P ME II y s II?,) + 

t p ~ 2 

+5 P ~ 1 M P C P ^J e-^W^ds'j 

x (/ e_5<5( *~ s: V 0 ( £: II y° llx>) + 

+5 p ~ l M p (i _ e ^ 7)p-1 (E e ~ f(t - ti) [p 2 Q«( £; ll y&) in + n) 


< 5 P_1 || ^ || L(|| a: ||£, +1) 

+5 p ~ 1 M p _ p (r(l - ^L{ || x I& +1) 

+5 p - 1 M p ^[ Pl e(\\y\\ p 00 ) + u\ 

p — 2 

+5*-'M'C p (^) ' ^,0(11,0 + ^] 

+5 p-1 M i> —- Lj— [^supAdl y IIS 0 ) + i'i]- 

(1 - e °^)p i( zz 


For p = 2, we have 

E || (tti*)(t) + (\I' 2 y)(i) f 

< 5 || A-? || L(|| x ||£, +1) 

+5M 1 2 _ /3 (r(l - 2(1 - /3))<5 2 ^(|| a: +1) 

+5M 2 1[/30(|| y O + H + 5Af 2 l[/10(|| y O + i/] 

+ 5 m 2 ti—-T to^[/ 3 su P 0 i(ll v foe) + v A- 

l 1 — e ) iez 

Note that, for pi, P 2 sufficiently small, we can choose r* > 0 such that for p > 2, 
5 p- 1 || A~P || L(r* + 1) 

+5 p ~ 1 M p _ /} (r(l - ^E{r* + 1) 

+5 p_1 M p ^[p 1 0(r*) + v] 
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P~z 

+ 5'-'M-c p (^) ’ >e(e ) + „] 

+5 p - 1 M p - -[p 2 sup©i(r*) + vi] < r*, (7) 

l 1 — e ')‘ i&Z 

and for p = 2, we have 

5 || A~ 0 || L(r* + 1) 

+5M 1 2 _ /3 (r(l - 2(1 - f3))5 20 L(r* + 1) 

+5 M 2 -^[/30(r*) +v] + 5M 2 ^[/30(r*) + j/] 

+5M 2 —- 4^Ta [P2 sup0 ; (r*) + i/i] < r*. (8) 

~ e ) iez 

Let B r * = {x G F :|| x ||P-,< r*} for r* > 0. It is easy to see that B r * is a closed 
bounded convex subset of Y. Moreover, for all x, y G B r », 

E || (tt ia 0(i) + (tt 2 s,)(i) || p <r*. 


Therefore, d^xT \J/ 2 J/ G B r *, when x,y G B r *. 

Step 3. Ti is a contraction. 

For i G i?, and x*,x** G -B r . From (H2) and Lemma 2.6, we have 


e ii (* ia: *)(t)-(tt ia: **)(t) ir 

<2V~ 1 E\\ h(t,x* t )-h(t,x* t *) || p 

+2 P ~ 1 E j AT(t-s)[h(s,x* s )-h(s,x* s *)\ds 

< 2 P- 1 || A-* || E || A 0 h(t,x* t ) - A 0 h(t,x* t *) f 

+ 2^M 1% (/ (t - s)-^ {1 - 0) e- s{t - s) dsj 

x(/ e- s ^E || A 0 h(s, x* s ) - A 0 h(s, x* s *) f da) 


P-1 


< 2P- 1 || || L || xf -xf* " p 


°t II v 


+2 p ~ 1 M p _ p (t(1 - P ^_ S 


e~ S{t ~ s) L || x* - x? \\ p v ds 


<L 0 || x*-x** 11^ 


P~ 1 


Taking supremum over 


|| * lX * - * x x** ||P,< L 0 || x* - x** 11^ . 

where L$ = 2 P_1 [|| A~ 0 || )) P ~ 1 5 P0 ]L. By (7), we see that 

Lq < 1. Hence, Ti is a contractive operator with constant Lq. 
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Step 4. 4 '2 maps into an equicontinuous family. 

Let n,T 2 € (ti,ti+i),i € Z,t i < T 2 , and x € B r *. Then, by (HI), (5), (6), 
Holder’s inequality and the Ito integral, we have for p > 2, 

E || (4' 2 x)(t 2 ) - (4' 2 2;)(ti) \\ p 

< 6 P ~ 1 E j T(n - s)[T(t 2 - n) - I]g(s,x s )ds 

J —oo 

pr 2 P 

+6 P ~ 1 E / T(t 2 - s)g(s,x s )ds 

J T\ 

+6 p - 1 E f 1 T(n - s)[T(t 2 - n) - I]f(s,x s )dW(s) 

J —oo 

+6 p ~ 1 E j" T{T 2 -s)f{s,x s )dW{s) 

J n 

+3 p ~ 1 E ^2 T (T 1 -t i )[T(n-n)-I\I i (x(t i )) 

ti<Tl 

/ fTl \P~ 1 

< || T(t 2 - n) - J f ( J e-^-^ds) 

x(/ Tl e-^- s ^|| 5 ( S ,^ s ) r ds) 

/ rr 2 \p-l 

+6 P_1 M P ( / e-^ T2 - s) ds) 


x(/ e A(T2 s) £ || g(s,ai s ) || p ds^) 
+6 p_1 Af ,, C , p£7 [ 1 e -2 ‘ 5(Tl-s) || T(t 2 - n) - J 

. J —OO 


x || /(s,£ s ) Hio ds 


+6 p - 1 APC , J ,£?[ f 2 e- 25 ^-*) || f(s,x s ) || 2 0 dsT 

+3 p " 1 Af p II T(t 2 - n) - J f f E e -<5(n-ti)V 

't*<Tl ' 

x( E e-*^-VE || /*(*(**)) r) 

< 6 P_1 M P || T(t 2 - n) - / ||P 1 e-^^-^dsy 

X (/ e -^(' ri -s)^iQ(£' || ^ ||P ) _|_ j,]ds^ 


1371 


YAN ETAL 1343-1386 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


For p 


p -1 


+6 p-'MP^J e- S{T2 ~ s) ds 
x ( r e-^ T 2 ~ s \ Pl Q{E || x, \\ p v ) + v\ds 


T\ 

-1 


+ 6 P ~ 1 M P C P || T(r 2 - n) - I r 




x(/ e i d{Tl s) [pi 0 (S II x s ||£,) + v]ds^ 


+6 P ~ 1 M P C V 


^HT2-s) ds 


X (/ 6 S) [ /9i0 ^ £ ' II Xa Hx>) + 

+3 P_1 M P || T(t 2 - n) - J r ( E 

' ti<T ± 

x( E II *(*0 n+x/i]) 




P-1 


' ti<Tl 
0-1 


< || T(t 2 - n) - J f ^[pi 0 (r*) + v\ 

+ 6 P ~ 1 M P ( [ 2 e-^-^dsV^!©^*) + v\ 


+6 P ~ 1 M P C P II T(r 2 - rr) - / r P E[piB(r*) + i/] 




+ 6 p - 1 Af p C l ,( / e-i^ (T2 - s) ds 


[pi 0 (r*) 


y Tl 

0-1 


+3 P-1 M P || T(t 2 - n) - J r (1 _ e -^ )p [^e,(r*) + ^]. 

; 2, we have 

E || (fe)(r 2 ) - (ttaXn)) || 2 

< 6Af 2 || T(r 2 - n) - I || 2 y [pi0(r*) + v\ 

+6M 2 f [ 2 e-*( TS -*)ds > ) [pi0(r*) + i/] 


+ 6 Af 2 || T(t 2 - n) - J f 7 [pi©(r*) + I/] 
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+6M 2 ^ £ 2 e- 2S{T2 - s) ds^j [pi©(r*) + v] 

+3 M 2 || T(t 2 - n) - I || 2 _ p 1 _, 7)2 [p 2 e i (r*) + ^]. 

The right-hand side of the above inequality is independent of £ € B r * and 
tends to zero as r 2 —> r-|, since the compactness of T(f) for f > 0 implies imply 
the continuity in the uniform operator topology. Thus, T maps B r * into an 
equicontinuous family of functions. 

Step 5. 'h 2 i3 r » is precompact. 

For each t £ R, and let e be a real number satisfying 0 < e < 1. For x £ B r •, 
we define 


(’F v a;)(f) 


= T(e) 


/ t—e 

T(t — £ — s)g(s, x s )ds 

-oo 

+ [ T(t — e — s)f(s, x s )dW (s) 

J —OO 


+ ^2 T(t - e-ti)Ii(x(ti)) 

ti<t — £ 

= T(£)[{^ 2 x)(t -£)]. 


Since T(t)(t > 0) is compact, then the set V e (t) = {(T 2j£ a;)(t) : x € B r *} is 
relatively compact in L P (P , H) for each t £ R. Moreover, for every x £ B r *, we 
have for p > 2, 


e ii (*2x)(t)-(* 2>e x)(t) r 


< 3 

+3 p^E 
+3 P ~ 1 E 


f T(t — s)g(s, x s )ds 
J t—e 


' T(t - s)f(s,x s )dW(s ) 

t—e 

y T(t - ti)ii(x(ti)) 

p- 1 / r t 


t — £<.ti<.t 
*t 


< 


3 e-W-^dsJJ ^J e-^-^E \\ g(s,x s )\\ p ds 
+3 P ~ 1 C P M P E ^ J e —25 (* —s ) || f(a, x a ) || 2 o ds 


+3 P ~ L M P E 


E 


0 —S(t—t i 


t — £<ti<t 


P~ 1 


x( £ e-^) || IMU)) f 


t—e<ti<t 
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< 


3 e-W-^ds'j 

x(/ e~ s ^~ s \pi&(E || x s ||p) + v]ds 


+3 P ~ 1 C„M P 


- ^-7) S(t—s' 

e p~ 2 K 


ds 


X Ut e ~ ¥(t ~ S) ^ E II *« lie) + H ds ) 


+3 p ~ 1 M p { J2 






P-1 


< 


x( E e- s ^[p 2 Q l (E\\x i (t l )\\ p ) + 1 y 1 ]] 

't~£<ti<t ' 

3 e- s ^- s U s y [ Pl e(r*) +v) 


+3 p ~ 1 C p M p 


frW-'Us 


[P 2 sup0i(r*) + v x \. 

i£Z 


x(jf e-i s ^- s) d^j\ Pl Q{r*) + v] 

/ \ V 

+3 p ~ 1 M p [ E e-W-*' 

' t — £<t-i <t 

For p = 2, we have 

£|| f 

3M 2 ^ e-^^dsj [pi 0(r*) + i/] 


< 


+3M 2 ^ J e~ 25{t - s) d^j [pi©(r*) + i/] 


+3M 2 ( E 


0 —8(t—ti) 


t — £<ti<t 


[P 2 sup0j(r*) + vi\. 

i£Z 


Therefore, letting e —> 0, it follows that there are relatively compact sets V s (t) 
arbitrarily close to V(t) = {(T 2 ;r)(t) : x £ B r *}, and hence V(t) is also 
relatively compact in L P (P,H) for each t £ R. Since {^2X : x £ B r .} C 
PC®(R,L p (P,H) 1 q), then 2 x : x £ B r *j is a relatively compact set by 
Lemma 2.7, then T 2 is a compact operator. 

Step 6. T 2 is continuous. 

Let {x (")} C B r » with x— > x(n —> 00 ) in Y, then there exists a bounded 
subset K C L P (P,K) such that R(x) C K,R(x n ) C K,n £ N. By the assump¬ 
tion (H2) and (H4), for any e > 0, there exists £ > 0 such that x,y £ K and 
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II x ~ V lloo< £ implies that 

E || g(s, x s ) - g(s, y s ) || p < £ for all t G R, 

E \\ f(s, x s ) - f(s, y s ) || p o < £ for all t G R, 

and 

E || Ii(x) - Ii(y) f < £ for all i G Z. 

For the above £ there exists no such that || x^ — x ||^ 0 < £ for n > no, then for 
n > no, we have 

E || g(s, x — g(s, x s ) \\ p < e for all t G R, 

E || f(s, a4 n) ) - f(s, x a ) || p 0 < £ for all t G R, 

and 

E || Ii(x^ n) ) - Ii(x) || p < £ for all i G Z. 

Then, by Holder’s inequality, we have that for p > 2, 
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+3 p_i M p 

< 3 P^AfP 
For p = 2, we have 


(l - e ~ s 'y)p - 1 


ti<t 




i 


5? pd (1 — e~ s ^)P \ 


£. 


e ii (^))w-(^)w f 

■ i i i 


< 3 M 1 


[<5 2 2 5 


£. 


Thus T 2 is continuous on B r » and T 2 is completely continuous. 

Therefore, all the conditions of Lemma 2.8 are satisfied and thus operator 
T has a fixed point x in B r *, which is in turn a mild solution of the system 
(l)-(2), that is 

x(t) = h(t, x t ) + f AT(t — s)h(s,x s )ds 

J — OO 

+ f T(t — s)g(s,x 8 )ds + f T(t — s)f(s,x s )dW(s) 

J — 00 J —OO 

+ T(t - t £ R. 

ti<t 

Finally, to prove that x satisfies (4) for all t > s, all s £ R. Fix cr, a ^ ti,i £ 
Z , we have for t £ [cr, a + b), b > 0, 

x(a) = h(a,Xcr) + / AT(a — s)h(s,x s )ds 

J —OO 

/ <7 P(T 

T(a — s)g(s, x s )ds + / T(a - s)f(s, x s )dW(s) 

-OO J —OO 

+ ^2 T(a - ti)Ii(x(ti)) = p(cr). 


ti<<7 


Since {T(t) : t > 0} is an analytic semigroup, we have for all t G [cr, cr + b), 
x(t) 

/ cr nCT 

AT(t — s)h(s, x s )ds + / T(t — s)g(s,x 8 )ds 

-00 J —00 

+ f T(t - s)f(s,x 3 )dW(s) + T(t - tj)Ij(x(ti)) 

ti«T 

+ f AT(t — s)h(s,x s )ds + j T(t — s)g(s,x 8 )ds 

J cr J a 

+ [ T(t-s)f(s,x a )dW(s)+ ^2 T (t ~ ti)Ii(x(ti)) 

J cr 


cr<ti <i 
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= T(t - a)[ip(a) - h(a,<p)\ + h(t,x t ) + f T(t - s)g(s,x 8 )ds 

J a 

+ f T(t-s)f(s,x 3 )dW(s) + ^ T(t-ti)Ii(x(ti)). 

”' cr a<ti<t 

Hence x € PAPt(R, L p (P , H),q) is an p-inean piecewise pseudo almost periodic 
mild solution to system (l)-(2). This completes the proof. 


4 Global attractiveness 


In this section, we present the global attractiveness of a piecewise pseudo almost 
periodic solution of (1)- (2). To do this, we also need the following assumptions: 

(Bl) There exist constants 0 < 0 < 1, lj > 0, j = 1, 2,such that 

E || A 0 h(t,ip) \\ p <h || \\l, teR^eV, 

E || g(t,4 ,) r +E || \\ p L o< h || II?,, teR^eV. 

(B2) There exist constant C; > 0,i S Z, such that 

E\\I i {x)\\ p <c i E\\x\\ p , x € L P (P, K). 


Theorem 4.1. Assume that assumptions of Theorem 3.1 hold and, in addition, 
hypotheses (Bl), (B2) are satisfied. Then the piecewise pseudo almost periodic 
mild solution of (l)-(2) is globally exponentially stable. 

Proof. Let x(-) be a fixed point of T in Y. By Theorem 3.1, any fixed point 
of T is a mild solution of the system (l)-(2). We now can choose a positive 
constant /3 such that 0 < 0 < 


6 P ~ 1 M P - 


(1 - e -57)P” 1 (i _ e -(<5-/3) 7 ) ieZ 


SlipCi < 1, 


and 


e*E || x(t) f 

< 5 p-^&E || h(t,x t ) f +5 p ~ 1 e^ t E 


AT(t — s)h(s, x s )ds 


+5 P-'e&E 
+5 p ~ 1 e^ t E 
+5 p ~ 1 e^ t E 


= Y. v :r 

3 = 1 


T(t — s)g(s, x s )ds 


' — OO 

rt 


—oo 
P 


T(t - s)f(s,x s )dW(s ) 


y T(t - ti)Ii(x(ti)) 


ti<t 
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Now, we estimate the terms on the right-hand side of the above inequality. By 
(Bl) and zq, we have 


< 5?- 1 || A~P || he^ || x t \\ p v . 

For any x(t) £ L P (P,H) and any e > 0, there exists a t\ > 0 such that e^E || 
x(t — q) || p < e for t > t\. Thus, we obtain 

< 5P- 1 || A~® || he, 

which implies iq —> 0 as t —* oo. As to zq, for any x(t) £ L P (P, H), t £ [— q, oo), 
we have 


V2 




(t — s) p-A 1 A e s(t S ) ds 


P~ 1 



< 5 P ~ 1 M P _ 0 



p(l - P) 

p-1 


)S 


P( 1 -/ 3 ) 

p-1 


-1 


p-1 


e -(s-m-s) lie 0s E 


II 



For any x(t) £ L P (P,H ) and any e > 0, there exists a t 2 > 0 such that e^E | 
x(s — 6) || p < e for s > t 2 - Thus, we obtain 


^2 





P0-- 1 

- , )« ^ 

p-1 


p-1 


e -(5-m~s) lie Ps E || Xs ||P ds 


l J t 2 


rt 2 


+e -(<5-/3)t / e (6-P)s lie 0s E || a: s ||£ ds 




p-1 


5-/3 


l\£ + e _(<5_ ^ )t [ 2 e {5 -^ s heP s E || zr s ||£, ds 


Since e —> 0 as t —> oo, then there exists £3 > t 2 such that for any t > < 3 , 


5 p ^,Mf_ 0 (r(i - P ^_ i ^ )j £ ^r 1 ~ lN P 
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-(s-0)i e {s -^ s he^E\\x,\\Pds 


< E - r(i - 1 


Thus, for any t > < 3 , we obtain ^2 < £, which implies 1/2 —> 0 as t —> 00 . As to 
^ 3 , for any a;(t) £ L P (P,H), t £ [—< 7 , 00 ), we have 


<5 p ~ 1 M p e /St ( / e-W-^di 


x(/ fds) 


-(S-0)(t-s) e ,3s, II lip ds y 


< 5 P ~ 1 M P - 


Similar to the discussion of ^ 2 , we obtain ^2 —> 0 as t —> 00 . As to ^ 4 , for any 
a;(t) £ L P (P, H), t £ [~q, 00 ), we have for p > 2, 


< / e - 2 <5(*-s) || /(«,*,) ||2 0 ds 


< 5 i ’- 1 C p M !, e' 3 ‘ / e-^ 5{t - s) ds 


x(/ e-^^hE || s(s) f da^ 


< 5 p ~ 1 C r ,M p 


. S =2 

P-2\ - 


x( / e-^-ft (t - s) heP a E || a; s f ds ). 


Similar to the discussion of we obtain ^4 —> 0 as t —> 00 . For p = 2, we have 


< 5M 2 ( / e-^-'^-^he^E II :r s II 2 ds 


Similarly, we obtain ^4 < e. By (B2) and Holder’s inequality, we have 


< 6 p ~ 1 M p e^ t E f e _l5(t_ti) j ( ^ e^*-^ || /<(*(£<)) f 


< 6 P ~ 1 M P (i _ ^_ i57)p _ 1 e^* || *(£<) f] 
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< 6 P-1 M P (1 _ e _j 7)p [ E || xfe) || p ] 


< QP-'A'P- 


ti<t 

1 


-[supcje^E || x(U) || p ]. 


(1 - e~ s ' 1 ) p ~ 1 (l - e-^-^T) ie z 
Then there exists a 9 £ [—q, oo), such that for any t > 0, we have 

II *(i) r 

< L*supe^£7 II s(i) || p +(5 P ' 1 II A~ 0 || p h +3)e, 

t£R 


where L* = 6 P 1 M P 


_l_ 


sup i<=z c i < 1- Thus we get that 


sup e^E || x(t) || p < 
ten 


( 5 p-i || A -0 ||p/ 1 + 3 ) 
- £, 

1 - L* 


It follows that e&E || x(t) || p < ^ * 1+3 ^ £) which is implies that e&E | 
x(t) || p —> 0 as t —> oo. So we conclude that the piecewise pseudo almost periodic 
mild solution of (l)-(2) is globally exponentially stable. The proof is completed. 


5 An example 


Consider following partial stochastic differential equations of the form 


d[z(t, x) — wi(t, z(t 
+w 3 (t, z(t 


<9 2 

q, a;))] = z(t, x)dt + w 2 (t, z(t - q, x))dt 

q, x))dW(t),t £ R,t ^ U,i £ Z,x £ [0, 7 r], 


(9) 


A z(U, x) = Piz(U , x), i £ Z, x £ [0, 7 r], (10) 

z(t, 0) = z(t, 7 r) = 0, t £ R, (11) 

where W(t) is a two-sided standard one-dimensional Brownian motion defined 
on the filtered probability space In this system, /% £ PAP(Z, R), 

U = i+ j| sin* + sin\/2i|, {^},i £ Z,j £ Z are equipotentially almost periodic 
and 7 = hA ie z(ti+i — U) > 0 , one can see [ 22 ] for more details. 

Let H = L 2 ([0,1]) with the norm || • || and define the operators A: H —> H 
by Ax> = w" with the domain 


D(A) := {to £ H : u,ui' are absolutely continuous, u>" £ H,<x( 0) = ui(n) = 0}. 


Then 


where z n (x) 
A. 


OO 

Auj = - E n 2 (tv, z n )z n , ix £ D(A), 

n—1 



sin (nx),n = 1, 2, 3,. 


.., is an orthogonal set of eigenvector of 
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The bounded linear operator (—A) 4 is given by 

OO 

{-A)*u = (uj,z n )z n 

n—1 


on the space 


D((-A)*) = < iv(-) G H : eifL 

^ n—1 ^ 

and (— A)~iu> = -V(<*b z n )z n for every ui G H and || (— A)~i j| is 

n 2 

bounded. It is well known that A is the infinitesimal generator of an analytic 
semigroup T(t)(t > 0) in H , and is given (See [40]) by 

OO 

T(t)oj = exp(— n 2 t)(oj, u) n }uj n , 10 G H, 

n—1 

that satisfies || T(t) ||< exp(— K 2 t),t > 0 and satisfies (HI). 

Let Let y(t) = z(t,x),t G [— q,oo),x G [0,7r]. Taking 

A%h(t,y t )(x ) =wi(t,z(t - q,x)), 


9(t, Vt)(x ) = wi(t, z(t - q, x)), 
f{t, yt)(x) = w 3 (t, z(t - q, x)), 

and 

h{y){x) = fozfax), i G Z. 

Then, the above equation (9)-(ll) can be written in the abstract form as the 
system (l)-( 2 ). 

From Theorem 3.1, it follows that the following proposition holds. 
Proposition 5.1. Let tui,tj 72 ,W 3 satisfy (H2)-(H6), then system (9)-(ll) has 
an p-mean piecewise pseudo almost periodic mild solution on R. 

In the above example, we can take 


z(t — q, •)) = fci[sint + sin y/21 + l(t )] sinz(f — q, •), 

W 2 (t, z(t — q,-)) = /c 2 [sint + sin \/2t + l(t )] sinz(f — q, •), 

w 3 (t, z(t — q,-)) = ^[sini + sin V2t + l(t )] sin 2 i(f — q, •), 

and 

0iz(U,-) = Cj[sin i + sin \Pli + l(i)] sinz(ti, -),i G Z , 
where kj > 0, j = 1, 2, 3 and Cj > 0, * G Z, l G UPC(R , R) defined by 


Jo, t < 0 
l e-‘, t 
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From [3], sin t + sin \/2t is almost periodic. On the other hand, 


1 

2r 



\l{t)\ p dt 



1 

2 r 



1 1 — e~ pr 

2 r p 


Consequently 

lim [ \l(t)\ p dt, = 0. 

i—>oo 2 r J_ r 

Taking 

A*h(t, yt)(x) = [sin i + sin \/2t + /(<)] sin z(t — q, x), 
g(t, yt)(x) = &; 2 [sint + sin \/2t + l(t)] sin z(t — q,x), 
f(t, yt)(x) = fc 3 [sint + sin y/2t + l(t)] sin z(t — q, x), 

and 

Ii(y)(x) = Cj[sin i + sin \[2i + l(i )] sin z(ti, x),i £ Z. 


Thus, one has 


E || A*h(t,ip) - A*h(ti,ipi) || p 

<((2 + ^)fc 1 ) p [|t-t 1 |+||^-V>i II?,], 

E II 9{t, fp) - g(t, Ipl) f< (3fc 2 ) P \\lp-1pl Wxn 

E II f(t, - /(*, i>i) ll p < (3fcs) p II ip ~ V’l lip, 

and E || Aih(t,iP) || p < (3fcr) p || </> || p , E || || p < (3fc 2 ) p || ^ ||S>,£ || 

|| p < (3 k 3 ) p || ip ||p, for all {t,ip),(t 1 ,^ 1 ) £ RxV. Further, 

E II I(y)-I(yi) r< (3£i) p \\y- yi || p , 

and E || I(y) || p < (3cj) p || y || p , for all (t,y),(t,y 1 ) £ L P (P,H)). Then, all con¬ 
ditions in Theorem 4.1 are satisfied. Hence, the system (9)-(ll) has an p-mean 
piecewise globally exponentially stable pseudo almost periodic mild solution. 
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FOURIER SERIES OF FUNCTIONS ASSOCIATED WITH 
POLY-GENOCCHI POLYNOMIALS 

TAEKYUN KIM 1 ’ 2 , DAE SAN KIM 3 , DMITRY V. DOLGY 4 , AND JIN-WOO PARK 5 ’* 


Abstract. In this paper, we will consider three types functions associated 
with poly-Genocchi polynomials and find their Fourier series expansions. In 
addition, we will express each of them in terms of Bernoulli functions. 


1. Introduction 

Let r be any integer. Then we recall that 

Li r (x) (see [1,6]), 


is the rth polylogarithm function for r > 1, and a rational function for r < 0. Here 
we note 

— Li r+ i(x) = —Li r {x). 


dx ' ' x 

The poly-Bernoulli polynomials Bm (i) of index r are given by 

Z ' ml 


e t — 1 


( 1 . 1 ) 


m =0 


For x = 0, (0) are called poly-Bernoulli numbers of index r. Note here 

that Bm (i) = B m {x) are the Bernoulli polynomials given by 


e xt =Y, B m — . 

1 ' ml 


m =0 


Here we mention in passing that our definition in (1.1) of poly-Bernoulli poly¬ 
nomials was introduced in [4], Analogously to the construction of poly-Bernoulli 
polynomials, the poly-Genocchi polynomials Gm (i) of index r are defined by 


2Li r (l - e-*) 

e* + 1 


= £ G "( j 


( 1 . 2 ) 


m—0 


( r ) r r \ 

When x = 0, G„, = Gm (0) are called poly-Genocchi numbers of index r. Observe 
here that G m\x) = G m {x) are the Genocchi polynomials given by 


2 1 


e* + 1 


= ^ G m (x )’ 


m =0 


2010 Mathematics Subject Classification. 11B68, 11B83, 42A16. 

Key words and phrases. Fourier series, Bernoulli functions, poly-Genocchi polynomials, poly- 
Bernoulli polynomials. 
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Fourier series of functions associated with poly-Genocchi polynomials 


The poly-Genocchi polynomials G™ (i) were first introduced in [3], where they 
were called poly-Euler polynomials and denoted by E„ (i). However, for the ob¬ 
vious reason it seems more appropriate to call them poly-Genocchi polynomials 
rather than poly-Euler polynomials. For the definitions of Genocch numbers and 
polynomials, the reader refers to [2, 7, 8] and [3], respectively. 

For poly-Bernoulli polynomials and poly-Genocchi polynomials, we will need the 
following facts. 

-y-KmO) = mB L r -i(4 > 1), »o r) 0) = 1 


!£>(*) = a"*, BW=<5 m , 0 , 

= TO ®m-l( :E ), ( m > !). 

G^ +1 )(l) + g£ + 1 > = 23^ ,, (m > 1), (1.3) 

Gg r - ) (a;) = 0, G^ r) (x) = 1, degG^(a) = to — 1, (in > 1). (1.4) 

Here we obtain (1.3) by differentiating with respect to t both sides of the identity 

OO I'fjl 

Y (G^ +1 )(l) +G^ +1 )) — = 2Li r+1 (l - e" 4 ), 

m—0 

which follows immediately from (1.2). 

Let E m (x) be the Euler polynomials defined by 


e* + 1 


J-IIL 

Y E m (x) — , 

z ' m\ 


and let 


Li r (l - e~ l ) = V a n — = t + V' a n —. 

' n! ' n\ 

n —1 n—2 


Then in view of (1.2) we have 


oo / m— 1 


m—1 \ l —0 


G ™Wm\ ~ 53 53 ( I ) a m-iEi(x) m! , 


from which (1.4) follows. 

In [5], Gm +1 ^(x) are expressed as linear combinations of Euler polynomials and 
of Genocchi polynomials as follows. 


g£ + 1 ) o*o = y 

3 =0 


V-i-iEjix) 


')-:r.//,(-)- (->i)- 


We will need the following facts about Bernoulli functions B m ((x)), where for 
any real number x, (x) = x — |_£j C [0, 1) denotes the fractional part of x : 

(a) for m > 2, 


B m ((x)) = —to! Y 


v Jl-ninx 


(27 rin) r 
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3 


(b) for m = 1 , 


- E 


00 ^2ninx 


n=—o o 
n^O 


2irin 


Bi({x)), for x £ Z, 
0, for x € Z. 


In this paper, we will consider the following three types of functions a m ((x)), 
Pm((x)), and 7 m ((x)) associated with poly-Genocchi polynomials and find their 
Fourier series expansions. In addition, we will express each of them in terms of 
Bernoulli functions. 

(a) a m ((x}) = rr=i &k +1) (x)x m - k , (m > 2 ); 

(b) (3 m (( X )) = Er=l fc!(rr!-fc)! G l r+1) ( a: ) :r7ra ~ fc ' ( TO > 2 )! 

(c) 7m«*)) = T^hk) G k + 1 ) (x)x m ~ k , ( m > 2). 


2. Fourier series of functions of the first type 


Let 


a m (x) = ^2G^ +1 \x)x m k , (m > 2). 
k =1 

Then we will consider the function 

m 

otm({x)) ='52<&k +1) ((x)) {x) m ~ k , (m > 2 ), 
fe=l 

defined on R, which is periodic with period 1. The Fourier series of a m ((x)) is 

oo 

E a (m) 2'Kinx 
e > 

n=—o o 

where 

A ( ™ ] = [ a m ({x))e- 2ninx dx= [ aXx)e~ 2ninx dx. 

Jo Jo 

Before proceeding further, we need to observe the following. 

m 

<(*) = E (k&k-i\x)x m - k + (m - k)^ +x \x)x m - k ~ 1 
k =1 

m m— 1 

= £ + E - fc ) G i r+1) (*)*' 


„m—k— 1 


k=2 
m— 1 


fe=l 


m —1 


= £ (jfe + l)G£ 1) (a;)a; m - fc - 1 + £ (m - fc)G£ 1) (a:)a: m - fc - 1 


k =1 


fe=l 


=(m+ l)a m _i(x). 
From this, we obtain 


C^m+l (*t) ^ 
m + 2 


and 


f 1 1 

/ CI m (x)dx " ~ (cim+l(l) O^m+l(0)) • 

Jo m + 2 
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For each integer m > 2, we let 

=( ^m (1) Ghn(0) 
m 

=EK +1) (D-< +i W) 


k =1 


m 

E(-< +1) +2Bi r V< +1) W) 

fc=l 

m m 

2 E®i-i-E G i r+1) - G -- 


&=i 


/c=l 


Then 


^m(O) — ^m(l) ^ ^ — 0 

m m 

^ 2 E®i- 1 = E G F 1) + G - +1) ’ 


/c=i 


&=i 


and 


/ a m (x)(ia; = 
Jo 


1 

m + 2 


A 


m+1 • 


We are now going to determine the Fourier coefficients A„. 
Case 1 : n/0. 


++ = f 1 a m (x)e~ 2 ' Kinx dx 

Jo 




J 0 27rm 


a' m (x)e~ 2ninx dx 


1 

27rin 
m+1 


7T7 —I— 1 /* ^ 

(a m (l) - a m (0)) + - . / a m -i(x)e~ 2 ' Klnx dx 

2mn J o 


= 77r + i (ro _i) _ i 

2iTin n 2 tt in m ’ 

from which by induction on m we can deduce tat 

, 


m 


+ 2 (27rm) J 

7 = 1 x 7 


1 • 


Case 2 : n = 0. 


/*1 -J^ 

A{, m) = / a m (x)dx = -— A m+ i. 

do m + 2 


otm((x)), (m > 2) is piecewise C°°. Moreover, a m ((x)) is continuous for those 
integers m > 2 with A m = 0, and discontinuous with jump discontinuities for those 
integers m > 2 with A m ^ 0. 

Assume first that m is an integer > 2 with A m = 0. Then a m (0) = a m (l). 
Hence a m ((x)) is piecewise C°°, and continuous. Thus the Fourier series of a m ((x)) 
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converges uniformly to a m ((x)), and 

.. 1 . ( 1 +Z(to + 2) Ja 

a m {{x)) - m _|_ 2 Am+l + E | m L A ™-i + l | e 


2ninx 


n——o o 
n^O 


. + 2 “f (27rmV 

7 = 1 v 7 


l 


l 


m + 2 

1 


*m+l 


m + 2 


1 


m + 2 
T A m Y 


m+1 


m + 2 


E 

t=i 

m— 1 

E 


m + 2 

j 


m + 2 

j 


A m _ j+1 


E 


°° g2ninx 


n——o o 
n^O 


(27t iny 


i=2 

l?i((x)), for x Z, 
0, for x € Z. 

Now, we can state our first theorem. 




Theorem 2.1. For each integer l > 2, we Zet 


i 


i(r+l) ,p(r+l) 
■A ~ 


A, = 2 ^B« 1 -^( 

fc=i fe=i 

Assume that A m = 0, /or an integer m> 2 . T/ien we have the following. 
(a) G^. r+ 1 ^((x)) (x) m fe /ias ZZie Fourier series expansion 


5><r +1) «x»<x>’ 


i—k 


k =1 

l 


m + 2 


-A 


m+1 


\ ^ | 1 V ( m + 2 )i a 


n =—oo 
n^O 


, + 2 A (flmnV m ” J+1 

.7 = 1 i 


(b) 


for all ieR, where the convergence is uniform. 


E G fc ((x)) <*) 


m—k 


l 


fe=i 


m. + 2 


-A. 


m+1 


E 


TO + 2 z - 

J=2 


TO + 2 

j 


A m _j+i.Bj((x)), 


for all x € K. 


Assume next that A m 7 ^ 0, for an integer to > 2. Then a m (0) 7 ^ a m (l). Hence 
a m ((x)) is piecewise C 00 , and discontinuous with jump discontinuities at integers. 
Then the Fourier series of a m ((x)) converges pointwise to a m ((x)), for x ^ Z, and 
converges to 

2( a m(0) + ot m ( 1)) = a m (0) + -A m . 

We can now state our second theorem. 

Theorem 2.2. For each integer l > 2, we let 


i(r+l) (pN+l) 
”k -^*1 


+ = 2 E4E-E< 

fc=l fe=l 

Assume that A m 7 ^ 0, /or an integer to > 2 . TTien we have the following. 
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(a) 


1 


m + 2 


Am+1 + ^ to + 2 ^ 


1 ^(m + 2) 

^m—j+ 1 I ^ 


n=—o o 
0 


+ 2 (2nin)i 

.7 = 1 


2irinx 


Er=i <G i r+1) (( a; )) (a 1 )”' fe » z, 

Gm +1) + |A m , /or x GZ. 


(b) 


1 


m + 2 


m—1 / , 9\ m 

E ( • ]^m-j+iBj((x}) = ^^G^r +1) ((a;)) (x) m ~ k , for x £ Z; 

j=o V a / fc =1 

-i ^ 1 / | o\ 1 

— E ("7 j A m _ i+ iB i ((ai)) = <&£ +1 > + -A m , /or xeZ, 


i=o 

i 


3. Fourier series of functions of the second type 


Let 


<U*> = £ <“ s 2) - 


^ A:!(to — fc)! 
Then we will consider the function 

1 


Pm((x)) = E fc! ( w _ fc)! ^ 1 ^)) *’ 


defined on M, which is periodic with period 1. 
The Fourier series of /3 m ((x)) is 


?( m )g27rmrr 


where 


E ^ 

n =—oo 

£i m) = [ Pm((x))e- Mnx dx= [ p m (x)e- 2 ™ x dx. 

Jo Jo 


To continue further, we need to observe the following. 


P'm( X ) = E 


k -£«>(*)*”-* + l !., cl r+1) (x)x"-*- 1 


\fc!(m — fc)! k 1 v “ v ~ ' k\{m — k)\ 


Air: 


m— 1 


k—2 
m— 1 


(fc — 1 )!(to — fc)! k 


tT’w^+g 


m— 1 


= E 777-E-TT.G'E 1) (z)x m - 1 - fe + E 777- \ 

f—' k\(m— 1 — fc)! fc f—* k\(m— 1 — fc)! fc 


fc _ i fc!(m — 1 — fc)! 
=2/3 m _i(x). 

From this, we have 


—( fc!(m — 1 — fc)! 


Pm+l{x)\ 


= Pm(x), 
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7 


and 


f 1 1 

J /3 m (x)dx = - (fi m+ i(l) - /3 m+ i(0)). 


For each integer m > 2, we put 

=/3 m (l) — /3 m (0) 


Then 


m ^ 

- V 1 ( 

G* r+1) (l)-Gfc r+1) W) 

^ fc!(m — fc)! V 

1 ( 

-G^ +1) +2B^ 1 -G^ +1) , 

1 

sll 

m B (r) 

"fc-1 

m (pdH-t) /p(r+l) 

""J fc!(r?r — fc)! 

3" 

1 

nII 

/?m(0) = An(l) 

n m = o 


m,k 


(r 

2 \ ' "fc-1 = \ ' 

k-—/ hUm — id I / 


dr+1) 

■A 


dr+1) 


fc=l 


fc!(m — fc)! j“jfc!(m —fc)! ?n! 


and 


f x 1 

J /3 m (x)dx = -O m+i . 


Now, we would like to determine the Fourier coefficients B^K 
Case 1 : n ± 0. 

B ^ = ['( 3 m ( x ) e~ 2mnx dx 

Jo 

=- 2 L +2S / 

= - 2S<a»<d - + r A- 

2 


27 rin 2n in 

from which by induction on rn we can deduce that 




m ~ 1 nj~l 

ST 2 o 

/ , , 0 ■ u “m-j + l- 

(27 nny 

7 = 1 


Case 2 : n = 0. 

/* 1 1 

B^ m) = J /3 m (x)dx = - f2 m+ i. 

0m{(x)), (m > 2) is piecewise C°°. Moreover, /3 m ((%)) is continuous for those 
integers m > 2 with = 0, and discontinuous with jump discontinuities at 
integers for those integers m > 2 with Q m 0. 

Assume first that m is an integer > 2 with fl m = 0. Then /3 m (0) = /3 m ( 1). 
/ 3 m ((x )) is piecewise C°°, and continuous. Hence the Fourier series of /3 m {(x)) 


1393 


T. KIM ETAL 1387-1400 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


8 


Fourier series of functions associated with poly-Genocchi polynomials 


converges uniformly to /3 m ((x)), and 


2 °~ 


Pm({x)) - r> ^ m + 1 + ^2 ( ^2 ( 2 tt in)^ m ~ j+1 I 6 


2-7T inx 


n =—oo \ 7 — 1 

n^O 


m— 1 


^ "2 ^ 2-? _1 _ 

= 2^m+l + ^ ' Tj £l m -j+l ~~j! ^ ' 


°° ^1'Kinx 


J ! 

i=l J 

m-1 r» ? _l 


n=—o o 
n^O 


( 2niny 


_!o ,V 2i_1 o B / MU o x< Mi«*»> 

— 2 ^m+l + 2^ j] j T “m X j Q for X £ Z. 

“ x—o J ’ v ” 


i=2 

Now, we are ready to state our first theorem. 
Theorem 3.1. For each integer l > 2, we let 


i Ttt( r ) <rj( r +i) (g( r +i) 


O =2 v k - 1 _ V 

1 ^k\(l-k)\ ^k\(l-k)\ l\ ' 

Assume that fl m = 0, for an integer m > 2. Then we have the following 


( a ) Efc=l fc!(m-fc)!®fe ((x)) (x) m K ftas the Fourier series expansion 


\ m—k 


E 

fe=i 


i 


dr+l) 


fc!(m — fc)! 




1 OO m-1 „j_ 1 

((x)) (x) ' = -fi m+ i+ ^2 - E TofTnVj 


71— — 00 \ 7 

n^O 


“ (27rin)i 
1=1 


^m— i+1 


(b) 

m 

E 


for all xGl, where the convergence is uniform. 

i m—1 rtj-l 

i r+ 1 ) ((x)) (x) m - fc = -n m+1 + E 


fc=l 


fc!(m — fc)! 


1=2 


for all x £ 


Next, we assume that m is an integer > 2 with y^ 0. Then /3 m (0) y^ /3 m (l). 
Hence /3 m ((x}) is piecewise C°°, and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of /3 m ((x)) converges pointwise to /3 m ((x)), for 
x (f Z, and converges to 

2 (/^m(b) + /?m(l)) = Pm(fi) + ^^mi 

for XgZ. 

We are now ready to state our second theorem. 


Theorem 3.2. For each integer l >2, we let 


fli 


i 


^E 



k\(l — k)\ 


i 


E 


<Gi r+1) 

k\(l — fc)! 


Gj r+1) 

n 


Assume that fl m y^ 0, /or an integer m > 2. XTien we fcare f/ie following. 
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(a) 


2 ^m+1 


OO 

+ E 1 

n=—o o 

( m_1 9J-1 

V . .. 

^ (27t in) 3 
\ j=i 

n^O 


1 

-1 fclfm.— fcV 

rGr 1 )^)) (*)"*"*, 


Jl'Kinx 


+ 7jf2 TO , for x G Z. 


(b) 


m— 1 


El ~^~^m-j + lBj((x)) = 


3=0 


J- 


k—1 


kl(m — k)\ k 


k +1) (( x )) ( x ) m k ,forx^Z; 


ml 2^ — 1 i i 

X] = —r<G^ +1) + ^ m , for x£Z. 

z -—' v. “ " ml 2 

j =o J 

4. Fourier series of functions of the third type 


Let 


m—1 


7» 


»(*) = E 


1 


—J fc(m — fc) 
Then we will consider the function 

m—1 

7mO» = X] 


1 


fe=l 


fc(m — fc) 


G^ +1 \x)x m ~ k , (to >2). 

'fc’ +1) (( a; ))( a; ) m_fc ) ( TO > 2 ), 


defined on R, which is periodic with period 1. 
The Fourier series of 7 m {( x )) is 


(m) g 2ninx 


where 


E <2 

=—oo 

Ci m) = / 7 m ((x))e-“dx 

Jo 

1 to observe tt 

(jfeG^i 1) (*)* ro - fc + (to - fc)G^ +1) (a;)a,' m - fe 


= / 7m(x)e 

>0 Jo 

To proceed further, we need to observe the following. 

1 


c da:. 


7m0) TO 

k(m — k) 

m— 1 m— 1 


i—k—1 


- r^k 

m — k 

= v-— 

' m — 1 — 


k—2 
m —2 


fc=l 


m— 1 


fe=l 


(r+l) 

to — 1 — k ~ k 


(x)x m - i - k + Y / hk +1 \ x ) xm ~ i 


-1-fc 


m—2 


=(to - !) E 


1 


&(m — 1 — fe) 

1 . 


=(to- l)7m-i(a?) + 


fc=i 

G^ r+1) (x)x ro - 1 - fc 
dr+l) 


+ r ^G^+_ 1 1 (x) 


TO — 1 


EE)- 
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From this, we have 

1 


TO 


lra+l(x) -= 7mW, 

to(to +1) T J) 


and 


r 1 i 

/ j m (x)dx = — 

Jo m 


lm+\{x) - 


1 


1 


— ( 7m+l(l) 7m+l(0) 


TO (to + 1) 
1 


777) 


J 0 


to(to + 1) 

2 


(g^7(1)-G^«(0) 


= - (ira+l^-lm+m + , ^ n (77 -B«)) 

to \ m(m +1) V / J 


For each integer to > 2, we let 

= 7m(l) 7m(0) 

m— 1 




fc=l 
m—1 


?M^(- G i r+1, + 2B ‘-'- G ‘ r+I M 


k =1 
m-i M (r 


m—1 _(r+l) 

_2 y^ ^fc-i _ y^ yfc 

yy k(m — k) yy k(m — k ) 


Then 


7m (0) — 7m (1) A m — 0 


m—1 1 r 7) m—1 ,p(i~+l) 

- .2 \' m fc-i = y- W 
Z^ h( m _ M Z^ 


yy k(m — k ) yy fc(m — A:) ’ 

f 1 lm {x)dx = - ( A m+1 + 2 (77 - BW) 

Jo TO \ TO(to + 1) V T / 

Now, we are going to determine the Fourier coefficients 77 
Case 1 : n y 0. 

Observe first that 


/ G^OOe -2 ™"^ = 

Jo 

Then we have 


0 ^m—1 (m)fc_i /Jp 
z Z^fc=l [2-Kin) k ^m-fc+1 "“rn-fc 

^r 7) _ c (r+ 7 


iS+I ^m+1 I > 


7+1) _«7) ^ , for n y 

for n = 


toM =_7 U 1 4_7 [ y (x)e~ 27Tinx dx 

2n m L7roW J o + 27rrni 0 7mW 

■(7m(l) - 7m(0)) + 7— ^ ^(to - l)7m-i(a:) + 7—j77<7 


2-Kin 


1 


=_7^ + —_l^(m-l) , _ 

27rm m 2nin n 2Kin(m—l)J 0 


Jo 


i (r+1) ^-)e~ 2ninx dx 


to — 1 
2nin 


ci r: 


1 


-A. 


27t in 2Kin(m — 1) 


$r. 


0, 

0. 


e~ 27rinx dx 
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where 


m —2 


_ \ - (m-l)fc-i / — (r+l) p(r) \ 

- E ( 27r m) fc fe-ij ’ 

From (4.1), by induction on m we can show that 

i m-2 

1 ^ 2(m 

J-Am-i + l H / , 

' ^ m £—^ 


(j{rn) = _+ ( m )j 

m (27rm)l 

l=i 


m [ (27t iny(m — j) m J+1 


We now observe that 

m—2 


E 


2 Mi 


—J ( 27 rm) J ’(m — j) 


^m—j + 1 


3 

m—2 


r»/ \ m—j—1 , .x 

= (ra j)fc-l /(p(r+l) 

• ^ (0.irrn\3 (m — 9 ^ (‘y.'Trin^ \ 


m—2 m—j—1 


“ (2niny(m — j) (27rin)* 

2(m)j+fc~i 

(< 


tW 


m—j —fc+1 m—j—k 


E E (27Tin)l+ fe (TO- j) K^rn-j-k+i ** m-j-k 


m—2 1 m— 1 / 

1 (m)a-i /y.(r+l) _™(r) 

m—s+1 s 


=2 y_y 

m — j ' (27rm) 
i=i J s=i+i v ' 

m—1 


=2E 

s=2 
m— 1 


s—2 
m—1 


=2E 


{m) s - 1 


(27rm) s 

ym-s+l 

(m) s -j 

f c^ r+1 ^ 

( 2iTin) s 

ym-s+1 

W,-i 

f c^ r+1 ^ 

( 2nin) s 

ym-s+1 

{m) s < 

p(r+l) _ 
^m—s+1 

(27rm) s 

m — s 


-be E 


‘' m — i 
j =i J 


H m — s ). 


Putting everything altogether, 

= _J_ 

m 

Case 2 : n = 0. 


i m_1 
1 y- ( TO )s 

m (27Tm) 6 

S—1 x 7 


(4.1) 


o/^n( r +l) _Tn>( r ) \ N 

A Z V hr m-s +1 B m-sj /tJ rT ^ 

l*-m— s+1 . \Zim_ 1 Zi m—s) 

m — s + 1 


cy = f 7 m(x)dx 
Jo 


m 


— — ( A m+ i + 


m(m + 1) 


'.(r+i) 

J m+1 



7 m({x}), (m > 2) is piecewise C 00 . In addition, 7 m ((a:)) is continuous for those 
integers m > 2 with A m = 0, and discontinuous with jump discontinuities at 
integers for those integers m > 2 with A m 7^ 0. 
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Assume first that A m = 0. Then Y m (0) = Y m (l). Hence 7 m ((x)) is piecewise C°°, 
and continuous. Thus Fourier series of 7 m ((x)) converges uniformly to 7 m ((x)), and 


7m((#)) — ( A m+ 1 T 


m 

00 f m— 1 


m(m + 1) 


n =—00 | s=l 
n^O 


— — ( A m+ i + 


(m) s 
(27t in) 6 


A-m— s+1 


2 ( 


(r+1) - B (r) 

m— s+1 m—s 

m — s + 1 


(-^m— 1 Hm— s) I / ^ 


2ninx 



(Hm— 1 H m — s) 


— — ( A m _|_i + 


(#m-i - B a «S» 


Bi((x)), for 2+Z, 
0, for x GZ. 


Now, we can state our first theorem. 

Theorem 4.1. For each integer l > 2, we let 


l-l m(r 


“k -1 


Ai *(*-*) £;*(*-*)' 


< +1) 


Assume that fl m = 0, for an integer m > 2. Then we have the following. 
( a ) XTl/ k(m-k) ^ r< k +1 \( x )) ( x ) m k has the Fourier series expansion 

m— 1 1 


fc=l 

1 


— — +n+i H-7-. 7T 

m \ m(m + 1) 

OO [ m-1 , s 

_ 1 y^ I y^ ( TO )s 
m f ^ 1 X ^ 


m ^ (27t in) 

T = —OO I S=1 

n^O V 


,(r+l) 

F ra+1 


■h-m— s+1 


.(r+i) _™(r) 

s+1 s 


m — s + 1 

for all xGl, where the convergence is uniform. 


(H m -i ~ H m _ s ) ) e 2 
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(b) 

m— 1 


E 


—J k{m — k ) 


G i r+1) « a: >)< a: > T 


m— 1 


=1 E 

m • ^ 


s—0 
1 


Am—s-4-1 




i—k 


i(r+l) 


r m—s+1 "m—s 


i — S + 1 


{H m -1 - H m _ s ) B s ((x)), 


for all i£l. 

Assume next that m is an integer > 2 with A m ^ 0. Then 7 m (0) ^ 7 m (l). Hence 
7 m{(x)) is piecewise C°°, and discontinuous with jump discontinuities at integers. 
Thus the Fourier series of "f m {{x)) converges pointwise to 7 m ((a:)), for x (f Z, and 
converges to 

2 (7m(0) +7m(l)) = 2^m; 
for 

We can now state our second theorem. 

Theorem 4.2. For each integer l > 2, we let 

A = ?V k - 1 \ " k 

1 ^ k{l - k) ^ k(l - k )' 


k =1 


fc=l 


Assume that A m ^ 0, for an integer m > 2. Then we have the following. 
(a) 


Ar, 


, V m +1 H- 7 - 

m V m(m 


1} (C’-t 1 ) 


. oo [ m— 1 / \ 

_J_ y^ J y^ ( m )s 

to ^ I (27rin) s 

S=1 v 7 


Am—s+1 




,(r+l) _ R (r) 

T m—s+1 ^m—s 


n——o o | s- 
n^O 


m — s + 


\e 2 


1 fc(^fe) G i r+1) « a: ))( a: } m forx(£Z, 

for x € Z. 


E m— 1 1 

fc= 


(b) 


m—1 / 

1 / m 

m “J V 5 

s—0 x 


A-m— s+1 


2 (<c 


■(h-h _«i r ) 

r m—s+1 -^m—s 


m—1 


= E 

k =1 


1 


fc(m — jfe) 


in — s + 1 
( x) m ~ k , for x Z; 


{Hm-l — H m _ s ) B s {(x)) 


m—1 / 

1 / m 

m “J V 5 

s—0 x 
s^l 

1 


Am—s+1 


2 


_ to ( r ) 

m—s+1 ^m—s 


TO — S + 1 


{Hm-l - H m -s) B s {(x}) 


= 2 Am ’ f or x e 
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Abstract 

We investigate relationship between Tracy-Singh products and certain 
classes of Hilbert space operators. We show that the normality, hyponor- 
mality, paranormality of operators are preserved by Tracy-Singh products. 
Operators of class-A type are also preserved under Tracy-Singh products. 
Moreover, we obtain necessary and sufficient conditions for the Tracy- 
Singh product of two operators to be normal, quasinormal, (co)isometry, 
and unitary. 

Keywords: Tracy-Singh product, tensor product, normality, class A operator 

Mathematics Subject Classifications 2010: 47A05, 47A80, 47B20, 47B47. 


1 Introduction 

Tensor product of bounded linear operators plays a crucial role in functional 
analysis and operator theory. Many algebraic-order-analytic properties of oper¬ 
ators are preserved under taking tensor products, but by no means all of them. 
Importance results on tensor product involving certain classes of operators (e.g. 
positive, unitary, normal, compact) have been noticed by many mathematicians 
from the beginning of the theory to nowadays (e.g. [22]). In the last two decades, 
the concepts of normality, hyponormality, and paranormality have been intro¬ 
duced and investigated by many authors, see e.g., [5, 13, 21]. Relations between 
tensor products and class-A type operators also have received much attention, 
e.g., [10, 11, 12, 19, 20]. See more information about classes of operators in the 
monograph [7]. 

Recently, the notion of tensor product was extended to the Tracy-Singh 
product for Hilbert space operators in [15]. It was shown that compactness, 

‘Corresponding author. Email: pattrawut.ch@kmitl.ac.th 
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positivity and strict-positivity of operators are preserved under Tracy-Singh 
products [15, 16]. 

In this paper, we investigate relationship between Tracy-Singh products and 
certain classes of operators. We divide such classes into three categories. The 
first category consists of nilpotent, (skew)-Hermitian, (co)isometry, and unitary 
operators. The second one contains operator normality, liyponormality, and 
paranormality. The last one is the class-Xl type operators, which includes class 
A(k), class A, quasi-class (, A,k ), quasi-class A. *-class A, quasi-*-class A. and 
quasi-*-class (A, k) operators. We will show that the mentioned properties 
of operators are preserved under taking Tracy-Singh products. Moreover, we 
obtain necessary and sufficient conditions for the Tracy-Singh product of two 
operators to be normal, quasinormal, (co)isometry, and unitary operators. 

The paper is structured as follows. The next section supplies some pre¬ 
requisites about the tensor product and the Tracy-Singh product of operators. 
Next, we discuss relationship between Tracy-Singh products and the normality, 
hyponormality, and paranormality of operators. Then we consider Tracy-Singh 
products and certain properties of operators-being nilpotent, (skew)-Hermitian, 
(co)isometry, and unitary. The last section deals with class A type operators. 


2 Preliminaries 

In what follows, H and IK denote complex separable Hilbert spaces. When X 
and Y are Hilbert spaces, denote by B(X, Y) the Banach space of bounded linear 
operators from X into Y, equipped with the operator norm ||-|| and abbreviate 
B(X , X) to B{X). For Hermitian operators A and B on the same Hilbert space, 
we use the notation A ^ B to mean that A — B is a positive operator. 

In order to define the Tracy-Singh product, we have to fix the orthogonal 
decompositions of Hilbert spaces, namely, 

m n 

H = 0Hi, K = 0K, 

i—l 1=1 

where all H,’s and K^’s are Hilbert spaces. Any operator A £ £?(H) and B £ 
B(K) thus can be expressed uniquely as operator matrices 

A = -I,and B = [B w ]£ ? =1 

where A t j £ and B kl £ B(Ki,K k ) for each i,j,k,l. Then the Tracy- 

Singh product of A and B is defined to be 

A®B = \[A tj ®B kl ]J.., (1) 

which is a bounded linear operator from 0^" 1 H* 0 IK*, into itself. Note that 
when m = n = 1, the Tracy-Singh product AMB reduces to the tensor product 
i® B. 


1402 


Arnon Ploymukda ET AL 1401-1413 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


A. Ploymukda, P. Chansangiam, W. Lewkeeratiyutkul 


Lemma 1 ([15]). Algebraic and order properties of the Tracy-Singh product for 
operators are listed here (provided that every operation is well-defined): 

1. The map (A, is bilinear. 

2. Compatibility with adjoints: (AM B)* — A* M B*. 

3. Compatibility with ordinary products: (A E3 B)(C M D) = AC Kl BD. 

4. Compatibility with powers: (A Kl B) r = A r M B r for any r £ N. 

5. Compatibility with inverses: if A and B are invertible, then AM B is 
invertible with (A IE] £?) _1 = A -1 IE] B~ x . 

6. Positivity: if A^ 0 and B ^ 0, then AM B Q. 

1. Monotonicity: if A\ ^ B\ and A 2 ^ B 2 , then A\M A 2 ^ B\M B 2 - 

Lemma 2 ([15]). Let A = [Ay] £ £?(H) and B £ B(K) be operator matrices. 
Then each ( i,j)-block of AM B is Ay H B. 

Analytic properties of the Tracy-Singh product for operators are listed below. 

Lemma 3 ([16]). Let A = [Ay]”;™ £ B(H) and B = [B kl ]l% 1 £ B(K). Then 
we have 

(i) — ||A||||f?|| < ||A IS] B\\ < mn||A||||B||. 
mn 

(ii) |AE3.B| = |A|E3|.B|, here the absolute value of A is defined by |A| = (A*A)s. 

(Hi) If A and B are positive operators, then (A Kl B) a = A a IXI B a for any 

nonnegative real a. 

Lemma 4. Let A £ Z?(H) and B £ Z?(IK). 

(i) The condition AM B = Q holds if and only if A = 0 or B = 0. 

(ii) If AM B = AM C and A/0, then B = C. 

(Hi) IfBMA = CMA and A / 0, then B = C. 

Proof. From the norm estimation in Lemma 3(i), one can deduce property (i). 
Properties (ii) and (iii) follow from (i) and the bilinearity of Tracy-Singh product 
in Lemma 1. □ 


Lemma 5 ([21]). Let A,C £ £>(H) and B,D £ B(K) be nonzero operators. 
Then A (g> B = C ® D if and only if there exists a £ C \ {0} such that C = aA 
and D = or 1 B. 


Proposition 6. Let A = [A ij \ r, i L Jf) 1 ,C = [Cy]™Ci £ £>(H) andB = [B k i]^J =1 , D = 
[Dki] k ’l Li £ B(K.) be operator matrices such that Ay, B k i,Cij and D k i are 
nonzero operators for alli,j = 1,... ,m and k,l = 1,... ,n. Then AMB = CMD 
if and only if there exists a £ C \ {0} such that C = aA and D = a~ x B. 


1403 


Arnon Ploymukda ET AL 1401-1413 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Tracy-Singh Products and Classes of Operators 


Proof. If C = aA and D = a~ 1 B for some a £ C \ {0}, then by Lemma 1, 

C M D = ( aA ) IEI (a~ 1 B) = aa _1 (A M B) = AM B. 

Assume that AMB = CMD. By using Lemma 2, we get Ajj E B = CijMD for all 
i,j = 1,..., m. For any fixed i,j £ {1,..., m}, we have A i? (g Bm = C^ 0 D^ 
for all fc, l = 1 For each i,j £ and k, l £ {l,...,n}, by 

applying Lemma 5, there exists otij,ki £ C \ {0} such that Cij = otij^iAij and 
Dki = afj* kl Bki. For any fixed i,j £ {1, we have C zj = onj,kiAij for 

all k,l = 1 This implies that oo.n = ••• = a.ij, n n = a^. For any 

fixed k. I £ {1,..., n}, we have D^i = af^B^i for all i , j = 1,..., m. It follows 
that an = ••• = a mm = a. Thus Cij = aAij and D^i = a~ l Bki for all 
i, j = 1,..., to and k, l = 1,..., n. Therefore C = aA and D = a~ l B. □ 

Recall that the commutator of A and B in Z3(H) is defined by 

[A, B] = AB- BA. 

Proposition 7. Let A,C £ B(H) and B,D £ Z?(K). 

(i) If [A, C\ Ss 0 and [B, D] ^ 0, then [A E B, C E D\ > 0. 

(ii) If [A, C\ < 0 and [B, D] < 0, then [A E B, C E D] s$ 0. 

(in) If [A, C\ = 0 and [B, D] = 0, then [AM B,C M D[ =0. 

Proof, (i) Since AC ^ CA and BD ^ DB, we have AC El BD ^ CA E DB by 

Lemma 1. Then 

[AM B,C M D] = AC E BD — CA El DB > 0. 

The assertion (ii) follows from (i) and the fact that — [X, Y[ = [Y, X] for any 
operators X and Y. The assertion (iii) follows from (i) and (ii). □ 

3 Tracy-Singh products and operator normality 

In this section, we discuss normality of Tracy-Singh products of operators. The 
contents can be divided into three parts. The first part deals with general 
properties of normality, the second one concerns hyponormality, and the last 
one consists of paranormality. 

3.1 Normality 

Recall the following types of operator normality; see e.g. [7, Chapter 2] and [17] 
for more details. 

Definition 8. An operator T £ B(H) is said to be 
• normal if [T* ,T\ = 0 ; 
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• binormal if [T*T, TT*] = 0 ; 

• quasinormal if [T,T*T] =0 ; 

• posinormal if TT* = T*PT for some positive operator P. 

Stochel [21] showed that for non-zero A £ 13(H) and B £ Z?(K), the tensor 
product A0 B is normal (resp. quasinormal) if and only if A and B are normal 
(resp. quasinormal). Now, we will extend this result to the case of Tracy-Singh 
products. 

Theorem 9. Let A = [Ay]™^ £ 13(H) and B = [Bki]k’™ =1 £ B(K) be operator 
matrices such that Ay and B y are nonzero operators for all i,j = 1,..., m and 
k, l = 1,..., n. Then AM B is normal if and only if so are A and B. 

Proof. If A and B are normal, then by Lemma 1 and Proposition 7 we have 

[{AMB)*,AMB] = [A* IEI B*, AM B] = [A*, A] M [B*, B] = 0, 

i.e., A Hi? is also normal. Conversely, suppose that A Hi? is normal. Note that 

A*A H B*B = (A H B)*{A H B) = (A H B)(A H B)* = AA* H BB*. 

By Proposition 6, there exists a £ C \ {0} such that AA* = aA*A and BB* = 
a~ 1 B*B. Since AA* and A*A are positive, we have a > 0. Then 

II A|| 2 = || AA* || = ||aA*A|| = a||A|| 2 , 

||i?|| 2 = \\BB*\\ = \\a~ 1 B*B\\ = a~'\\B\\ 2 . 

We arrive at a = 1, meaning that both A and B are normal. □ 

Theorem 10. Let A = [Ay]™’™ £ B( H) and B = [Bkij^’J l =1 £ B(K) be operator 
matrices such that Ay and Bu are nonzero operators for all i,j = l,...,m and 
k, l = 1,..., n. Then AM B is quasinormal if and only if so are A and B. 

Proof. Assume that A and B are quasinormal. Since [A, A* A] = 0 and [B, B*B] = 
0, we have 

[A H B, (A H B)*(A H B)\ = [A H B, A* A H B*B] = 0. 

Hence, A H B is quasinormal. Suppose that A H B is quasinormal. Note that 

AA*A H BB*B = (A H B)(A H B)*{A H B) 

= (A H B)*{A H B) 2 

= a*a 2 mb*b 2 . 


Then there exists a £ C\{0} such that A* A 2 = a A A* A and B*B 2 = a 1 BB*B. 
This in turn implies that 

(A 2 )*A 2 = A*(A*A 2 ) = a(A*A) 2 , 

( B 2 )*B 2 = B*(B*B 2 ) = a~ 1 {B*B) 2 . 
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Since {A 2 )*A 2 and a(A*A) 2 are positive, we conclude a > 0. We have 

a||A|| 4 = a||(A*A) 2 || 2 = ||(A 2 )*A 2 || = ||A 2 || 2 < ||A|| 4 

and, similarly, a -1 ||i3|| 4 < ||-B|| 4 - This forces a = 1 and, thus, both A and 
are quasinornral. 

Proposition 11. Let A G S(H) and B G £?(IK.). If both A and B satisfy one 
of the following properties, then the same property holds for AM B: binormal, 
posinormal. 

Proof. The assertion for binornrality follows from Lemma 1 and Proposition 7. 
Now, suppose that AA* = A*PA and BB* = B*QB for some positive operators 
P and Q. By Lemma 1, we get 

{AMB){AMB)* = AA*MBB* = A*PAMB*QB 
= {AM B)*{PMQ){AM B). 

According to Lemma 1, P S3 Q is positive. Therefore A Kl B is posinormal. □ 

3.2 Hyponormality 

Recall the following hyponormal structures of operators; see e.g. [1, 4, 13] and 
[7, Chapter 2] for more information. 

Definition 12. Let p > 0 be a constant. An operator T G £?(H) is said to be 

• hyponormal if [T*,T] is positive ; 

• p-hyponormal if ( T*T)p ^ {TT*) P ; 

• quasihyponormal if T*[T* ,T]T is positive ; 

• p-quasihyponormal if T*{T*T) P T ^ t*{TT*) p T ; 

• cohyponormal ifT* is hyponormal ; 

• log-hyponormal ifT is invertible and log(T*T) ^ log(TT*). 

Definition 13. Let T G Z3(IH) have the polar decomposition T = U\T\ where U 
is a unitary operator. The Aluthge transformation of T is defined by 

T = \T\il/\T\i. 


Then T is said to be 

• w-hyponormal if \T\ ^ |T| ^ |T*| ; 

1 

• i«J-hyponormal ifT is invertible and \T\ ^ [\fT\^U\T\^U*\T\^ 2 
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Theorem 14. Let A £ Z3(H), B £ £>(K), and let p > 0 be a constant. If 
both A and B satisfy one of the following properties, then the same property 
holds for AM B: hyponormal, p-hyponormal, cohyponormal, quasihyponormal , 
p-quasihyponormal. 

Proof. The assertions for hyponormality and cohyponormality follow from Lemma 
1 and Proposition 7. The assertion for p-hyponormality is done by applying 
Lemmas 1 and 3. Now, suppose that A and B are quasihyponormal. By Lemma 
1, we obtain 

{A E B)* [{A E B)*,A MB] (AM B) 

= (A* IE B*)((A* E B*)(A MB)-(AM B)(A* E B*))(A E B) 

= (A* E B*)(A* E B*)(A E B)(A MB) - (A* E B*)(A E B)(A* E B*)(A E B) 
= A* A* AA E B*B*BB - A* AA* A E B*BB*B. 

Since A* A* A A - A* A A* A = A* [A*, A] A > 0 and B*B*BB - B*BB*B = 
B*[B*, B]B ^ 0, we have by Lemma 1 that 

A*A*AA E B*B*BB — A*AA*A E B*BB*B 0. 

Hence, (A E B)* [(A E B)*, dEBj(dEB) ^ 0. This means that A E B is 
quasihyponormal. 

Assume that A and B are p-quasihyponormal. Lemmas 1 and 3 together 
imply that 


(A E B)* ((A E B)*(A E B)) p (A E B) 

= (A* M B*) (A* AM B* B) p (AM B) 

= A*(A*A) P AMB*(B*B) P B 
Ss A*(AA*) p AMB*(BB*) p B 
= (A E B)* (AA* E BB*) P (A E B) 

= (A E B)* ((A E B)(A E B)*) p (A E B). 

This show that A E B is p-quasihyponormal. □ 

Kim [13] investigated the tensor product of log-hyponormal (reps, w- hyponormal, 
iic-hyponormal) operators. Now, we consider the case of Tracy-Singh products. 

Lemma 15 ([6]). Let S and T be positive invertible operators. Then log T ^ 
log S if and only if T p ^ (Ti S p T% ) 2 for all p ^ 0. 

Theorem 16. Let A £ B( Bt) and B £ Z5(K) be positive invertible operators. If 
A and B are log-hyponormal, then AM B is also log-hyponormal. 

Proof. Assume that A and B are log-hyponormal operators. Since A and B are 
invertible, Lemma 1 implies that A E B is invertible. Using Lemmas 1 and 3, 
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we obtain that for any p ^ 0, 

[(AMB)*(AMB)] P 

= (A*AMB*B) P 
= (A*A) P E (B*B) P 

Ss [{A*A)%{AA*) P (A*A)%}^ IE [(B*B)% (BB*) P {B*B)%]i 

= [(A*A)%(AA*) P (A*A )S E (B*B)% (BB*) P (B*B)i]^ 

= \{A*AMB*B)^ (AA* E BB*) P (A* A E B*B)%]i 

= [((4EB)*(iE5)) ? ((dEBKiESffpEBniEB))^. 

By Lemma 15, we have log(AE _B)*(AE B) ^ log(AE.B)(AE.B)*. This means 
that A E B is log-hyponormal. □ 

Lemma 17 ([1]). An operator T £ 23(H) is w-hyponormal if and only if |T| ^ 
1 1 

(|T|5|T*||T|5) 2 and \T*\ < (|T*|3|T||T*|^ 2 . 

Theorem 18. Let A £ 23(H) and B £ 23(K). If A and B are w-hyponormal, 
then AM B is also w-hyponormal. 

Proof. Assume that A and B are w-hyponormal. By applying Lemmas 1 and 
3, we have 

\A E B\ = \A\ E \B\ 

> [\A\i\A*\\A\^y M (\B\^\B*\\B\^y 
= (|A|!|A*||A|5 E \B\i\B*\\B\^y 

1 

= (|A|5 E (|A*| E |H*|) (|A|5 E |5|a)] 5 

= (\AMB\^\{AMB)*\\AMB\iy . 

Similarly, we get 

|(A E B)*\ = |A*|E|5*| 

< (|A*|5|A||A*|^ 5 E (\B*\^\B\\B*\iy 

1 

= (|A*|5|A||A*|5 E \B*\^\B\\B*\y~ 2 

1 

= (|A*|5 E |5*|3^ (|A| E |£|) (|A*|5 E 5 

= ^|(A E 23)*|5 |A E i?||(A E 23)*|s^ 2 . 

By Lemma 17, the operator A E B is w-hyponormal. □ 
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Corollary 19. Let A G B( H) and B G B(K) be invertible operators. If A and 
B are iw-hyponormal, then AM B is also iw-hyponormal. 

Proof. It follows from Lemma 1, Proposition 18 and the fact that every iw- 
hyponormal operator is w-hyponormal and every invertible w-hyponormal op¬ 
erator is iw-hyponormal ([13]). □ 

3.3 Paranormality 

Consider the following paranormality of operators; see [2, 3, 14, 18]. 

Definition 20. Let M ^ 1 be a constant. An operator T G Z?(H) is said to be 

• M- paranormal if M 2 T* 2 T 2 — 2 aT*T + a 2 1 ^ 0 for all a > 0 ; 

• paranormal if T* 2 T 2 — 2 aT*T + a 2 1 ^ 0 for all a > 0 ; 

• M*-paranormal if M 2 T* 2 T 2 — 2 aTT* + a 2 1 ^ 0 for all a > 0 ; 

• ^-paranormal if T* 2 T 2 — 2 aTT* + a 2 1 ^ 0 for all a > 0. 

Recall that an operator T G £?(H) is an isometry if T*T = /; it is called an 
involution if T 2 = I. 

Proposition 21. Let A G Z3(H), X G B(K) and let M ^ 1 be a constant. If 
X is an isometry and A is M-paranormal (resp. paranormal), then AM\X and 
X IE A are M-paranormal (resp. paranormal). 

Proof. Assume that A is M- paranormal and X is an isometry. It follows that 
for any a > 0 we have 

M 2 (A M X)* 2 {A M X) 2 - 2 a(A M X)*(A MX) + a 2 (IM I) 

= M 2 A* 2 A 2 H X* 2 X 2 - 2aA* A K + a 2 IMI 

= M 2 A* 2 A 2 MI — 2a A* A MI + a 2 1M I 
= ( M 2 A* 2 A 2 - 2aA*A + a 2 1) K I 
> 0. 

Thus AMX is M- paranormal. Similarly, the operator IB A is M-paranormal. 
The case of paranormality is just the case of M- paranormality when M = 1. □ 

Proposition 22. Let A G B(H), X G Z?(K) and let M ^ 1 be a constant. If X 
is a self-adjoint involution and A is an M*-paranormal (resp. *- paranormal) 
operator, then AM X and X IE A are M-paranormal (resp. * -paranormal). 

Proof. The proof is similar to that of Proposition 21. □ 

Ando [2] showed that for any paranormal operator A, the tensor products 
A® I and I ® A are paranormal. The next result is an extension of this fact to 
the case of Tracy-Singh products. 

Corollary 23. Let A G B(M) and let M ^ 1 be a constant. If A satisfies one 
of the following properties, then the same property hold for AMI and I Kl A: 
paranormal, M-paranormal, *- paranormal, M* -paranormal. 
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4 Tracy-Singh products and operators of type 
nilpotent, Hermitian, and isometry 

In this section, we discuss relationship between Tracy-Singh products and cer¬ 
tain classes of operators, namely, nilpotent operators, (skew)-Hermitian oper¬ 
ators, (co)isometry operators, and unitary operators. Recall that an operator 
T £ 13(H) is said to be nilpotent if T k = 0 for some natural number k. 

Proposition 24. Let A £ 13(H) and B £ £>(K). Then AM B is nilpotent if and 
only if A or B is nilpotent. 

Proof. It follows directly from Lemmas 1 and 4. □ 

Recall that an operator T £ 13(H) is Hermitian if T* = T, and T is skew- 
Hermitian if T* = — T. It follows from Lemma 1 that the Tracy-Singh product 
of Hermitian operators is also Hermitian. The Tracy-Singh product of two 
skew-Hermitian operators is Hermitian. The Tracy-Singh product between a 
Hermitian operator and a skew-Hermitian operator is skew-Hermitian. 

Proposition 25. Let A £ 13(H) and B £ I3(K) be nonzero operators. 

1. Assume AMB is Hermitian. Then A is Hermitian (resp. skew-Hermitian) 
if and only if B is Hermitian (resp. skew-Hermitian). 

2. Assume AM B is skew-Hermitian. Then A is Hermitian (resp. skew- 
Hermitian) if and only if B is skew-Hermitian (resp. Hermitian). 

Proof. It follows directly from Lemmas 1 and 4. □ 

Recall that an operator T £ £>(H) is a coisometry if TT* = I. A unitary 
operator is an operator which is both an isometry and a coisometry. Stochel [21] 
gave a necessary and sufficient condition for A ® B to be an isometry (resp. a 
coisometry, unitary). Now, we will extend this result to the case of Tracy-Singh 
products. 

Proposition 26. Let A = £ H(H) and B = [Bki]])’ 1 ( =1 £ Z3(1K) be 

operator matrices such that A.^ and Bki are nonzero operators for all i,j — 
1,..., m and k, l = 1,..., n. Then AM B is an isometry (resp. a coisometry) if 
and only if so are aA and a~ 1 B for some a £ C \ {0}. 

Proof. If a A and a~ 1 B are isometries, then by Lemma 1, 

{AMB)*{AMB) = A*AMB*B 

= ( aA)*(aA)M(a- 1 B)*{a- 1 B) 

= I MI. 

Suppose that A IE] B is an isometry. Then A* A M B*B = IMI. Thus, by 
Proposition 6, there exists /3 £ C \ {0} such that f3A* A = I and /3~ 1 B*B = I. 
Setting a = y/J3, we obtain (aA)*(aA) = I and (a~ 1 B)*(a~ 1 B) = I. Hence 
a A and a^ 1 B are isometries. The proof for the case of coisometry is similar to 
that of isometry. □ 
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Theorem 27. Let A = [dy]™’™ G B(H) and B = ^ G B(K) be operator 

matrices such that Aij and B^i are nonzero operators for all i,j = 1,..., m and 
k,l = 1,..., n. Then AM B is unitary if and only if so are aA and a~ 1 B for 
some a € C \ {0}. 

Proof. If a A and a~ 1 B are unitary, then Lemma 1 implies 

(AMB)*(AMB) = A*AMB*B = (aA)*(aA) HI (a -1 B)* (a^ 1 B) = I. 

Similarly, we have ( A IEI B){AM B)* = I. Conversely, suppose that AM B 
is unitary. We know that A Kl B is both an isometry and a coisometry. By 
Proposition 26, there exist a, (3 G C\{0} such that aA and a _1 B are isometries, 
and (3A and /3~ 1 B are coisometries. We have ( aA)*(aA ) = I = {f3A){f3A)* and 

= I = (/T^X/T 1 #)*. 

Since A H3 B is normal, so are A and B (Theorem 9). Then ol 1 AA* = a 2 A* A = 
(3 2 AA* and a~ 2 BB* = a~ 2 B*B = f3~ 2 BB*. Since a, (3 > 0, it comes to the 
conclusion that a = (3. Hence aA and a~ x B are unitary. □ 

5 Tracy-Singh products and class-Xl type oper¬ 
ators 

The following classes of operators bring attention to operator theorists; see more 
information in [8, 9, 11, 12, 20]. 

Definition 28. Let k G N. An operator T G £>(H) is said to be 

• class A if \T 2 \ ft \T\ 2 ; 

• class A(k) if (T*\T\ 2k T)^ ^ \T\ 2 ; 

• quasi-class A ifT*\T 2 \T ^ T*\T\ 2 T ; 

• quasi-class (A, k) ifT* k \T 2 \T k ^ T* k \T\ 2 T k ; 

• *-class A if \T 2 \ > |T*| 2 ; 

• quasi-*-class A ifT*\T 2 \T ^ T*|T*| 2 T ; 

• quasi-*-class (A,k) ifT* k \T 2 \T k ^ T* k \T*\ 2 T k . 

The next theorem shows that such classes of operators are preserved under 
Tracy-Singh products. 

Theorem 29. Let A G H(H), B G H(K) ; and let k G N. If both A and B 
satisfy one of the following properties, then the same property holds for AM B: 
class A(k), class A, quasi-class (A, k), quasi-class A, *-class A, quasi-*-class 
A, quasi-*-class ( A,k ). 
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Proof. Assume that A and B are class A(k). By Lemmas 1 and 3, we get 

[{A^B)*\A^B\ 2k {A^B)}<^ = [(A* H3 B*) (\A\ 2k £3 |13| 2fc ) {A Kl B)] 

= (A*\A\ 2k AMB*\B\ 2k B)^ 

= (A^AI^A)^ 1 m (B*\B\ 2k B)^ 

^ \A\ 2 E \B\ 2 
= \AMB\ 2 . 

Hence AMB is a class A(k) operator. Now, assume that A and B are ciuasi-class 
A(k). Applying Lemmas 1 and 3, we get 

(A Kl J3) fc *|(A GS B) 2 \{A tU B) k = (A k * IE B k *)(\A 2 \ E \B 2 \)(A k E B k ) 

= A k *\A 2 \A k MB k *\B 2 \B k 
> A k *\A\ 2 A k E B k *\B\ 2 B k 
= (A fc *EB fc *)(|A| 2 E |R| 2 )(A fc E.B fc ) 

= (AER) fc *|AE.B| 2 (AEB) fc . 

Hence, AER is a ciuasi-class A(k) operator. The proof for class A (resp. quasi¬ 
class A) is done by replacing k = 1 in the case of class A(k) (resp. ciuasi-class 
(A, As)). The proof for the case of quasi *-class (A, k) is similar to that of quasi¬ 
class (A, k). Similarly, the proof for *-class A (resp. qua,si-*-class A) is done by 
replacing k = 0 (resp. k = 1) in the case of quasi-*-class (A, k). □ 
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On unicity theorems of difference of entire or meromorphic 

functions 

YONG LIU 


ABSTRACT. In this article, we investigate the uniqueness problems of differences of 
meromorphic functions and obtain some results which can be viewed as discrete analogues 
of the results given by Yi. An example is given to show the results in this paper are best 
possible. 

1 INTRODUCTION 

In this paper, we assume that the reader is familiar with the fundamental results and the 
standard notations of the Nevanlinna theory (see, e.g., [7, 18]). Let f(z ) and g(z ) be 
two non-constant meromorphic functions in the complex plane. By S(r,f), we denote any 
quantity satisfying S(r,f ) = o(T(r,/)) as r —> oo, possibly outside a set of r with finite 
linear measure. Then the meromorphic function a. is called a small function of f(z), if 
T(r, a) = 5(r, /). If f(z ) — a and g(z) — a have same zeros, counting multiplicity (ingoring 
multiplicity), then we say f(z) and g(z) share the small function a CM (IM). For a small 
function a related to f(z), we define 


6(a, f) = liminf 
r—»■ oo 


m ( r ’ 7-a) 

T(r,f) 


In 1976, Yang [17] proposed the following problem: 

Suppose that f(z) and g(z) are two entire functions such that f(z ) and g(z) share 0 CM 
and f'(z) and g'(z) share 1 CM. What can be said about the relationship between f(z ) 
and g(z)? 
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In [13], Yi answered the question posed by C. C. Y. These results may be stated as follows: 

Theorem A. Let f(z ) and g(z) be two nonconstant entire functions. Assume that f(z ) 
and g(z) share 0 CM, f(z) and g'(z ) share 1 CM and 6(0, f) > \. Then f'(z)g'(z) = 1 
unless f(z) = g(z). 


Currently, there has been an increasing interest in studying difference equations in the 
complex plane. For example, Halburd and Korhonen [3, 4] established a version of Nevan- 
linna theory based on difference operators. Ishizaki and Yanagihara [7] deveploped a version 
of Wiman-Valiron theory for difference equations of entire functions of small growth. Also 
Chiang and Feng [1] has a difference version of Wiman-Valiron. 

The main purpose of this paper is to establish partial difference counterparts of Theo¬ 
rem A. Our results can be stated as follows: 

Theorem 1.1. Let Cj,aj,bj(j = 1,2,--- , fc) be complex constants, and let f(z ) and 
g(z) be two nonconstant entire functions of finite order. Assume that f(z) and g(z) share 
0 CM, L(f) = Yli=i a if( z + c i) an d L(g) = Ylt=i b ig(z + c t ) share 1 CM and 6(0, f) > §. 
Then L(f)L(g) = 1 or L(f) = L(g). 

Theorem 1.2. Let c € C \ {0}, and let f(z) and g(z) be two nonconstant meromor- 
phic functions of finite order satisfying f(z + c) and g(z + c) share 1 CM, f(z ) and g(z ) 
share oo CM. If 

N(r, j) + N (r, -) + 2 N(r, f) < (A + o(l))T(r), (1.1) 

where A < 1 and T(r ) = ma x{T(r, f),T(r, g)}, then f(z)g(z) = 1 or f(z) = g(z). 

The following example shows that Theorem 1.2 is exact. 

Example 1.1. Let f(z ) = e 2z + e z ,g(z) = e 2z — e L We have that f(z + c) and g(z + c) 
share 1 CM, f(z ) and g(z ) share oo CM and 

+ N (r, +2N(r,f) = (X + o(l))T(r), 

but f(z) ^ g(z) and f(z)g(z) # 1. 

2 Proof of Theorem 1.1 

In order to prove Theorem 1.1, we need the following lemmas. 

The following lemma is a difference analogue of the logarithmic derivative lemma. 

Lemma 2.1 [3] Let f(z) be a meromorphic function of finite order and let c be a non-zero 
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complex number. Then we have 


m I r. 




/(* 


Lemma 2.2 Lei f(z) be a nonconstant entire function of finite order, and let Ci,at(i = 
1, 2, • • • , k ) 6e complex constants. Then 


K 

^(r, £>/(* + <*)) < T(r,f(z)) + S(r,f), 


1=1 


Nr 


’Eii ai/^+ci)* 
Proof of Lemma 2.2. By Lemma 2.1, we have 




i=l 


r(r,5>/(* + Ci)j = ?nfr,^aj/( 2 ; + Ci)j =m(r,f(z) 


i= 1 


. Ei=i a if( z + a) 


m 


< ^2 m ( r > 


m r, 


i=l 

1 

/M 


f(z + Ci ) 
f(z) 


+ m(r, f{z)) + 0(1) = T(r, f{z)) + S(r, /). 


= ml r, 


1 _ EjLi aifjz + q) 

Ei=l a i/(z + Cj) 


< ml r, —7- 

££=!*/(* + <*) 


( 2 . 1 ) 

+S(r,/). 

( 2 . 2 ) 


From the first main theory and (2.2), we obtain 

k 


T(r,f(z))-N(r, < t(t, ^ aif{z + c*)) - iv(r, 


By (2.1) and (2.3), we deduce 


JV(r, 


i=l 


i 


Ei=l a if( z + °i) 


+ S(r,f). (2.3) 


) SA, ( r -7^) + s(r - /) ' 


'Li=i a if( z + c i )- 

Lemma 2.3 Assume that the conditions of Theorem 1.1 are satisfied. Then 

k 


(2.4) 


T(i",f(z)) = 0(r(r,^2aif(z + c i )) S J for rfLE, 

1=1 

k 

T(r,g(z)) = o(r(r,'*ra i f(z + Ci))') for r E, 

1=1 

k k 

T{r^b l g(z + c i ))=0{T { r,j:a l f(z + c t ))) for rfLE, 


i =1 


i=l 
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where E is a set of finite linear measure. 

Proof of Lemma 2.3. By the first main theory and (2.2), we have 
(5(0, /) + o(l))T(r, f(z)) < m(r, + S(r, f) 

- k 

+ S{r,f ) < r(r,^aj/(z + Cj)) +S(r,f). 


< m r. 




i= 1 


And so 


T(r,f(z )) < + o(l))r(r,^a</(z + q)) + S(r,/). 


2=1 


Hence, we have 


K 

T(rJ(z)) = 0(T(r,^2aif(z + a)^ r fL 


E. 


2=1 


By the second main theorem, the first main theory, Lemma 2.2 and (2.5), we have 
k 


+ Nlr 


T {r, S ^ J h i g(z + ■ 


i= 1 


< N(r, 


’ Eli hg{z + a) 


’E-=i hgiz + a)- 


-J + S[r, ^ big(z + 

i=l 


5 E'sE+E- 


l 


= A, ( r '7(i)) + A '( r ’ 


Ei=l h i9{z + Ci) - 1 

1 

Ei=l a if( Z + c i)~ l 


+ S(r,g) 


+ S(r,g) 


< 


< (1 - <5(0, /) + o(l))T(r, /(z)) + ai ^ z + c *)) + ' S ’( r ’ ^ 

2=1 

1 

g (Q ^ + 0 ( 1 )) r ( r ^^ + Q)) +5 , (r,/) + 5(r,^). 


2=1 


Using the method similar to the proof of (2.3), we have 


(2.5) 


( 2 . 6 ) 


1 k 

T(r, 9 W)-AT(r,-^)<T(r,g M(^ + Cj))+‘S'(Uff)- (2.7) 
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From (2.5)-(2.7), we obtain 

1 k 

T(r,g(z)) < ) + T ( r > XJ bi9 ( z + c *)) +' S, ( r ’S , ) 

k 

s iV ( r ’75)) + (a<T7) + °< 1 )) T ( r 'S“ >/(2 + ^ ) ) +s(r ' s) 

1 

< (1 -S(0,f) +o{l))T(r,f(z)) + ^ +o(l))r(r,^Oi/(z + Ci)) + %,#) 

„ fc 

< - 1 + 0 ( 1 )) r ( r ^«i/(^ + c i)) +5 , (r,^) + %,/), 


that is 


k 

T(r,g(z)) = o(r(r,^2aif(z + c*))) 
2=1 


From Lemma 2.2 and (2.8), we get 


k k 

T (r^g{z + Ci )) = o(T(r,^2aif(z + a)) S j rfLE. 
2=1 2=1 

Lemma 2.3 thus is be proved. 

Lemma 2.4 [10] Let /i ,/2 and fa be three entire functions satisfying 

£/i = i- 

2=1 


( 2 . 8 ) 


If f\ ^ constant, and 


E n 


2=1 



<(A + o(l))T(r) 


(r#E), 


where T(r ) = max{T(r, fi)\i = 1, 2, 3)}, and A < 1, then f 2 = 1 or f^ = 1. 


Proof of Theorem 1.1. 

Since L(f ) = a*/(z + c*) and L(g) = big(z + c*) share 1 CM, we have 

m - 1 =e p W 

i(9) - 1 

where p(z) is polynomial. 

Let fi = L(f), f -2 = e p ( z \ fe = —e p ^L{g), by (2.9) and Lemma 2.2, we have 


(2.9) 


h + $2 + fz = 1 , 
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N(r, jr) < N(r, +S(r,f), (2.10) 

N{r,f2) = N(r,-±)= 0 , ( 2 . 11 ) 

N{r,f 3 ) = N(r, _ e p L ,j ) =N { r 'J^g )) - N ( r ’ ~) +S ( r ’^ = N { r ’ y)+‘ S '( r >5)- (2-12) 
By Lemma 2.3, (2.5), (2.10)-(2.12) and 6(0, f) > |, we have 


I> 


i =1 



< 2 N 



+ S(r,f) + S(r,g ) 


< 2(1 - 5(0, /) + o(l))T(r, /) + S(r, f ) + S(r, 5 ) 

< 2 (^ 7 ) " 1 + °^) T ^ + 5 ( r ’ L (/)) 

= (A + o(l))T(r,L(/)) 


where A = 2 ^q ^ — 1^ < 1. From Lemma 2.4, we have 

h = 1 or /3 = 1- 

If /2 = 1, by (2.9), we obtain = e v ^ = 1. Hence, we have L(f) = L(g). 

If f 3 = 1, that is —e p ^L(g) = 1. So L(g) = —e~ p ^ z \ By L(f) + 1 + = 1, we have 

L(f ) = —e p ^ z \ So L(f)L(g ) = 1. Theorem 1.1 thus is proved. 


3 Proof of Theorem 1.2 

In order to prove Theorem 1.2, we need the following lemmas. 

Lemma 3.1 [14] Let f\ and fi be two nonconstant meromorphic functions, and let c\,ci 
and C 3 be three nonzero constants. If c\f\ + C 2/2 = C 3 , then 

T(r, fi) < N(r, + N(r, y-'j + N (r, fi) + S(r, / 1 ). 

Lemma 3.2 [12] Let f\, fi, • • • , f n be linearly independent meromorphic functions satisfying 
Yhi=i fi = 1- Then for j = 1, 2, • • • ,n, we have 

T(r, /,) < Y, N (r, j) + iV(r, /,) + lV(r, £>) - £ iV(r, fi) - N(r,-) 

i=1 1=1 

+0(logr + log T n (r)) for r ^ E, 
where D denotes the Wronskian 

fl, Hr fn 

fir fi,-", fn 

f (n-l) f (n-l) f (rc-l) 

J 1 j J2 r ' ' ‘ > Jn 

6 
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and T n (r) denotes the maximum of T(r, fi),i = 1,2,- ■ ■ ,n. 

Lemma 3.3 [14] Let /i ,/2 and f 3 be three nonconstant meromorphic functions satisfying 
Yh= i fi = 31 = -^,92 = j ^,93 = -jfe- If fi,f 2 and f 3 are linearly independent, 

then gi , 52 a??d 53 are linearly independent. 

Lemma 3.4 [8] Let f(z) be a meromorphic function of finite order, c / 0 be fixed. Then 

N (r, f{z + c)) < N(r, f(z)) + S(r, /), 

N ( r, jiJ+cj) - JV ( r ’75)) + s ( r ’ / )- 

Remark. 1 Using the same method of Lemma 3.4, we obtain 

JV ( r ’7(7+7)) - N ( r ’ 75>) + s(r,/) ' 

From this and Lemma 3.4, we deduce 

N ( r ’7W^)= N { r -jh)) + s(rJ) ' 

Lemma 3.5 [5, 6] Let f(z) be a nonconstant finite order meromorphic function and let 
c / 0 be an arbitrary complex number. Then 

T(r,f(z + \c\)) = T(r,f(z)) + S(r,f). 

Remark. 2 It is shown in [2, p. 66], that for c € C \ {0}, we have 

(1 + o(l))T(r - |c|, f(z)) < T(r, f{z + c)) < (1 + o{l))T(r + |c|, f(z)) 

hold as r —>• 00 , for a general meromorphic. By this and Lemma 3.5, we obtain 

T{r,f(z + c)) = T(r,f(z)) + S(r,f) 

Lemma 3.6 [7] Let P{z) be a polynomial of degree rn, and let F(z) = where Q(z) is 
a polynomial of degree n > 1 and R{z) is a polynomial of degree less than n which has no 
common factor with Q(z). Then 

T(r,P ) = N(r, -^) + 0(1) = ?nlogr + 0(1), 

T(r,F) = nlogr + 0(1), 

N(r, —) < (n - 1) log?’ + 0(1), 

r 

T(r,F + P) = N(r, 1 — ) + 0(1) = (n + m) logr + 0(1). 
r + P 

Lemma 3.7 Let f(z) be an nonconstant finite order meromorphic function, and let g(z) be 
a rational function such that f(z + c) and g{z + c ) share 1 CM, f(z) and g{z) share 00 CM. 

If 

N(r) < (A + o(l))T(r), (3.1) 
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where N(r) = ma x{N(r, j ),N(r, ^)} , and A(< 1) is a positive constant, then f(z ) = g(z). 
Proof of Lemma 3.7. If f(z ) is a transcendental function, then 

T(r,g) = S(r, /). 

By this, f(z + c) and g(z + c) share 1 CM, f(z ) and g(z) share oo CM, we obtain 

w ( r ’ / (z + 1 C )-i ) = A '( r ' a^ + a-i ) s n ’'' 9(z + c)) + 0(1) = s(r,/) ’ 

N(r,f) = N(r,g)<T(r,g) = S(r,f). 

By the second main theorem and Remark 1, we deduce that 

T(r, f(z )) < N(r, y l y ) + iV(r, f(z)) + Jv(r, J + S(r, f) 

= < r ’M) +N ( r ’WT^) +s ^ f) 

= N (r,^-)+ s ( r , f ). (3.2) 

(3.1) and (3.2) imply that 

T(r)<(A + o(l))T(r), 

a contradiction. 

If f(z ) is a polynomial, by f(z ) and g(z) share oo CM, we see that < 7 ( 2 ) is a polynomial. 

By Lemma 3.6, we obtain that 

T{r,f) = N(r,j)+0( 1), 

T(r, 5 ) = iv(r, 1 ) + 0 ( 1 ), 

and hence T(r) = IV(r) + 0(1). From this and (3.1), we get 

T(r)<(A + o(l))T(r), 

a contradiction. 

If f(z ) is a rational function which is not a polynomial, then f(z + c) is not a constant. 
Since f(z + c) and g(z + c) share 1 CM, f(z) and g(z) share 00 CM, we deduce 

f{z + c) - 1 _ 

<7(* + c)-l ~ a ’ 

where a is a constant. And so 
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where P 2 (z) = 1 — a + aP\ (z). By Lemma 3.6 and (3.1), we have P\(z) = 0 and P 2 (z ) = 0. 
Hence a = 1. So f(z ) = g(z). Lemma 3.7 is thus be proved. 


Proof of Theorem 1.2. 

By Lemma 3.7, it may be assumed that f(z) and g{z) are two transcendental meromorphic 
functions. By f(z + c ) and g(z + c) share 1 CM, f(z) and g(z) share oo CM, we obtain 

f(z + c)-l = e l * z \g(z + c)-l), 

where h(z) is a polynomial, and so 

f(z + c) + e h W - e h ^g{z + c) = 1. (3.4) 

Let fi = f(z + c), f 2 = e h ^ z \ / 3 = -e h ^g(z + c ) and let Ti(r) = max{T(r, fi)\i = 1, 2, 3}. 
By (3.4), we have 




i =1 


E w 

i= 1 


= Nr. 


’ f(z + c ) 
Ti(r) = 0(T(r)). 


+ N r. 


g(z + c) / 


(3.5) 

(3.6) 

(3.7) 


We divide the proof in two parts: 

Case 1. Suppose that fi, f 2 and / 3 are linearly independent. From Lemma 3.2 and (3.7), 
we deduce 


a 1 

T(r, f(z + c)) < N (r, j) + N (c D) - N(r, f 2 ) - N(r, / 3 ) + o(T(r)), 
for r 0 E, where 


i =1 


(3.8) 


D = 


/l> f‘2 > /3 

fi fi fz 

f// n// n// 

J 1 ? J2 5 «/3 


By the above and (3.5), we obtain 


L> = 


fi fz 

fH fH 

J 2 > /3 


Now combining this and Lemma 3.4, we deduce 

iV(r, T>) - N(r, / 2 ) - lV(r, / 3 ) < lV(r, <?"(z + c)) - lV(r, g(z + c)) 
= 21V(r,5(z + c)) < 2N(r,g(z)) + S(r,g) = 2 N(r,f(z)) + S^r,#). 

By Remark 1, we have 


(3.9) 


JV ( r ’7(iT3)) =A '( r ’7iT)) + ‘ s(r ’ /) ’ JV ( r -SLTa) =JV ( r '^) +s(r ’ ! ' ) ^ (3 ' 10) 


/(* 


g(z + c ). 


s(z) 
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By (3.6), (3.10), we have 

3 


|>( r ’D =w ( r '75Ta) +JV ( r -^)) = N ( r ’m"> +Ar ( r -^)) +0(T(r>> ' 


(3.11) 

for r E. By (3.8), (3.9), (3.11) and Remark 2, we have 

T(r, f{z)) = T(r, f(z + c)) + S(r, f ) < IV (V, + ivfr, + 2 N(r, f(z )) + 0(T(r)), 


/w 




(3.12) 

for r 0 E. 

Let (ji = = g(z + c),cj 2 = = e~ h ^,g 3 = = -e~ h ^f(z + c). By (3.4), we have 


E« = i- 

From Lemma 3.3, we see that 51,(72 and 53 are linearly independent. Using the similar 
method as above, we obtain that 

T(r,g(z))<N(r,j^)+N{r,^)+2N(r,f(z)) + o(T(r)), (3.13) 

for r 0 E. From (3.12) and (3.13), we know that 

T(r) < N(r, jj + N(r, + 2 N(r, f) + o(T(r)), 

for r E. From (1.1) and (3.13), we have 

T(r) < (A + o(l))T(r), (3.14) 


(3.14) is impossible. 

Case 2. Suppose that /i,/ 2,/3 are linearly dependent. Then there exist three constants 
(ci,c 2 ,c 3 ) / (0,0,0) satisfying 

3 

J2 c ifi = °- ( 3 - 15 ) 

i=1 


If ci = 0, (3.15) yields C2 / 0, 
Hence we have, ci / 0 and 

C3 / 0 

II 

_ C2 
C 3 

/2- 

So 5(2; + C 

h 

= --/2- 

c 3 

/ 3 - 




Cl 

Cl 



(3.5) and (3.16) imply that 






1 

V Cl- 

)/, + ((- 

C3 

Cl. 

)/3 

= 1 . 


—, a contradiction. 

C3 ’ 

(3.16) 

(3.17) 


Next we deal with the following three subcases. 

Subcase 2.1. Assume that ci = C 2 . Then by (3.17), we have ci 7 ^ c 3 and 


h 


ci 

Cl - c 3 ■ 


10 
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And so 


g(z + c ) =-— e~ h ( z \ 

ci - c 3 


(3.18) 


Hence g(z ) is an entire function, and N^r, = 0. By (3.4) and (3.18), we obtain that 

f(z + c) -—- -' =-. (3.19) 

ci - c 3 g{z + c) ci - c 3 

If c 3 / 0, by (3.18), (3.19), Lemma 3.1 and the first main theory, we deduce that 

T(r, f{z + c)) < N(r, 1 ) + S(r, /), (3.20) 

v f(z + c)J 

T(r,g(z + c)) < n(t, \ ) + S(rJ). 

V f(z + c)/ 

From (3.20), (3.21), Remark 1 and Remark 2, we have 


(3.21) 


T(r, f(z)) = T(r , f(z + c)) + S(r, /) < IV(r, j ^--) + 5(r, /) = IV(r, + S(r, /), 


and 

T(r,ff(z)) = T(r,y(z + c)) + S , (r,/) < +S(r,f) = N ( r ,jjz y) +5(r,/). 

By the above, we deduce that 

T(r) < n(t, j'j + o(T(r)) for r^E, 

which contradicts our assumption (1.1). Thus c 3 = 0. Hence from (3.19), we have f(z + 
c)g{z + c) = 1, so, f(z)g(z ) = 1. 

Subcase 2.2. Assume that ci = c 3 . From (3.17), we have ci / C 2 and / 2 = c f . 

C1 C2 


And so 


Mz) = a 

Cl - C 2 


By (3.4) and (3.22), we obtain that 


f(z + c)-—— g(z + c) =-——. 

Cl - Cl Cl - c 2 

If c 2 ^ 0, from (3.23), Lemma 3.1, Remark 1 and Remark 2, we obtain that 


(3.22) 


(3.23) 


T(rJ(z)) = T(r,f(z + c)) + S(rJ) 


< N (r 


1 


f{z + c) 


+ AM r, 


1 


g{z + c) 


+ IV(r,/(*)) + %,/) 


; JJz)) + N ( r ’ + + S ( r ’ 


(3.24) 
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Using the similar method as above, we can get 

T(r,g) <N(r i) + iv(r,-) +N(r,f) + S(r,f). (3.25) 

By (3.24) and (3.25), we obtain that 

T(r) <N(r,j^)+N(r,^)+N(rJ) + o(T(r)) for r 0 E, 

a contradiction. Thus C 2 = 0, and by (3.23), we obtain that f(z + c) = g(z + c). Hence 
f{z ) = g(z). 

Case 2.3. Assume that ci / C 2 and ci / C 3 . From (3.17), we obtain 

(ci - c 3 )g(z + c) + cie -/l(z) = ci - c 2 . (3.26) 

By (3.26), Lemma 3.1, Remark 1 and Remark 2, we obtain that 

1 

1 -A- Sir n \ = /V I r — 

g(z + c)- 


T(r,g(z)) = T(r,g(z + c)) + S(r,g) < n(t, q ^ + c ) ) + ' S '( r ’5) = +<S'(U5')- 

(3.27) 

By (3.4) and (3.26), we have 

(C 3 - ci)f(z + c) + (c 3 - c 2 )e /l(z) = c 3 . (3.28) 

If C 3 7 ^ 0, by (3.28), Lemma 3.1, Remark 1 and Remark 2, we obtain that 

T(r, /(*)) = T(r, f(z + c)) + S(r, /) < IV(r, —^-yy) + ^(r, /) = N (r, y^y) + 5(r, /). 

(3.29) 

By (3.27) and (3.29), we see 

T(r) < IV(r, 4) +-Zvfr,-) + o(T(r)) for r^£, 

/ v S' 

which contradicts the assumption ( 1 . 1 ). 

If C 3 = 0, by (3.28), we obtain 

f(z + c) = --e h W. (3.30) 

ci 

Hence f(z) is an entire function, and N(r, y) = 0. From (3.26) and (3.30), we have 

1 


C2- 


- cig(z + c) = c 2 - Ci. 


(3.31) 


■ f(z + c) 

By (3.31), Lemma 3.1, Remark 1 and Remark 2, we have 

T(r, /(*)) = T(r, f(z + c)) + 5(r, /) < IV(r, yy^y) + /) = IV(r, y^y) + 5(r, /). 

(3.32) 

By (3.27) and (3.32), we have 

1' 

9' 

which contradicts the assumption (1.1). 


T(r) < N^r, -j + o(T(r )) for r 0 E, 
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ABSTRACT 

The main goal of this paper, is to study the existence of solutions for a class of nonlinear systems of difference 
equations of order four, in four-dimensional with the initial conditions are real numbers. Moreover, we study 
some behavior such as the periodicity and boundedness of solutions for such systems. Finally, some numerical 
examples are presented and graphed by Matlab. 

Keywords: Difference equations, Recursive sequences, Periodic solutions, System of difference equations. 
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1. INTRODUCTION 

In this paper, we are concerned with the existence of solutions for the rational systems of difference equations of 
order four in four-dimensional case 

_ X n — s _ Vn — 3 

^n+l ±l±X n —3y n —2Zn — ltn 1 ^ n +l ± l±Vn—3 Z n - 2 tn-lX n 1 

r _ _ Z„- 3 _ . _ _ t „- 3 _ 

”+l ±l±Z rl -3t n -2X rl -iy n ’ "-+ 1 ±l±t rl -3Xn- 2 yn-lZ ft ’ 

with the initial conditions are real numbers. Although we study the dynamics of these solutions such as the 
periodicity and boundedness and give some numerical examples for the systems. 

The study of nonlinear difference equations systems of order greater than one is quite challenging and re¬ 
warding because some prototypes for the development of the basic theory of the global behavior of nonlinear 
difference equations systems of order greater than one come from the results for rational difference equations 
[1-45]. Therefore, the study of rational difference equations systems of order greater than one is worth further 
consideration. 

Recently, Din et al. [3] studied the local asymptotic stability of an equilibrium point, periodicity behavior 
of positive solutions, and global character of an equilibrium point of a fourth-order system of rational difference 
equations 

_ ax n — 3 _ C^iDn—3 

Xn +1 ~ /3+72/„_32/ n _23/n-lJM ’ y n+1 ~ l d 1 +-/ 1 X n -3X n -2X n - 1 X n ' 

El-Dessoky [4] has investigated the solutions of the rational equation systems 

_ Vn—l Un — 2 _ £E n _ i X n — 2 

Xn ~Ll x n (±l±y n _iy rl _2) ’ y rl (±l±x n _ix n _2) * 

Yalgmkaya [5] got the sufficient conditions for the global asymptotic stability of the system of nonlinear 
difference equations 

_ x n -\-y n —i _ y n -\-x n —i 

Xn + 1 ~ x„y„_!-l ’ Vn+1 — y n x n _i — 1 • 
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In [6] Yang et al. studied the system of high order rational difference equations 


x n 


a 

Vn-p ’ 


Vn = 


by„- P 

Xn- q y n - q ■ 


In [7], Kulenovic et al. 
equations 


obtained the global asymptotic behavior of solutions of the system of difference 


Xn +1 


x n -\-a 
y n +b ’ 


Un+1 — 


Vn+C 

z„+d’ 


Zn +1 


z n -\-e 

X„ + f ' 


In [8] El-Dessoky obtained the form of the solutions and periodicity of some systems of rational difference 
equations 


Xn+l — 


Zn-3 


ai+b 1 z n y n ,—iXn-2Z n —3 ’ 


Un+1 


a2+b2X n Zn-iy Tl -2Xn-3 ’ 


Zn+1 — 


Vrt-3 


a 3 +b 3 y Tl Xp,-lZn- 2 yn 


2. SYSTEMS AND THE FORMULATION OF THEIR SOLUTIONS 


Here we interest to investigate the following system of some rational difference equations 


^n+l 
^n+1 


_ x n -3 _ __ _ Vn -3 _ 

l+Xn-3yn-2Zn-ltn ’ "n+l l+y rl - 3 Z rl -2tn-lXn 7 

_ z n — 3 _ j. _ _ tn — 3 _ 

l + Z n - 3 t rl - 2 X rl -iy rl ’ n + 1 l+t n - 3 X n -2yn-lZn * 


(1) 


where n G No and the initial conditions are arbitrary real numbers. 

Theorem 2.1. Suppose that {x n , y n , z n , t n } are solutions of system (1). Then for n = 0, 1, 2, ..., we see that 


%4n —3 


^4n—1 


2/4n-3 


y^n—i 


^4n—3 


^4n— 1 


^4n—3 
^4n—1 


*-3 n 


2=0 

n—1 


*-i n 


2=0 
n— 1 


y-3 n 


2 = 0 
n— 1 


v-i n 


2 = 0 
n—1 


n 


i =0 

n— 1 


(l + (4i)t 0 z_ 1 j/_ 2 X-3) 

(l + (4i+l)t 0 z_ 1 i/_2a:_3) ’ 

(l + (4j.+2)-iy 0 3.-_it- 2 z_3) 
(l+(4i+3)3/o£_it_ 2 z_ 3 ) ’ 

(l + (4i)a;ot_iz_2j/-3) 
(l+(4z+l)a:o*— 1^-2 2 /— 3 ) ’ 

(l + ( 4 z+ 2 )zoy 1 — 2 ^ — 3 ) 

(l+(4*+3)zoy—irc- 2 i— 3 ) ’ 

(l + (4i)yox_ it_ 2 z_ 3 ) 

(l + (4i+l)y 0 a:_ii_2Z-3) ’ 


Xdn—2 X —2 J { 


i=0 


(l + (4-i+l)zoy_ 1 x- 2 t— 3 ) 
(l + (4i+2)zQy_ 1 x_ 2 t_ 3 ) 


n—1 


„ TT ( 1 < ( 4i ; 3):i.'i)t . • 2 ;/ . 3 ) 
4-4n 40 11 (l+(4z+4)a:oi-iZ-2y-3) ’ 

1=0 


n—1 


Vin-2 = V-2 El 


i=0 


(l + ( 4 i+l)t 0 z_iy_ 23 ;- 3 ) 
(l + (4i+2)t 0 z-iy_ 2 a;-3) 


rr ( 1 +( 4?; +3)y 0 3:-it-2z-3) 
y4n y 0 11 (l+(4i+4)y 0 4-it-2Z-3) ’ 
1=0 


Z 4 n -2 = Z -2 J! 


i=0 


(l + (4i+l)x 0 t-lZ-2l/-3) 
(l + (4i+2)a:ot_iz_2j/-3) ’ 


TT (l + (4/ + 2)t 0 Z_ 1 -iy_ 2 3-_3) 

"-1 11 (l + (4i+3)t 0 Z- 1 y_ 2 a:_3) 


i=0 
n—1 


_ 77 (l + ( 4 i+ 3 )zpi/- 1 3 ;_ 2 t- 3 ) 

«4n - -0 11 (l + ( 4 i+ 4 )z 0 y„ ia: _ 2 f— 3 )’ 

i=0 


j. TT (l + (4ij op y-!^ — 2 1 — 3 ) 

— 3 11 (l+(4i+l)zoy_ix_ 2 t-3) ’ 


n—1 


i=0 

n—1 


tin-2 ~ t -2 El 


i=0 


(l + (4i+l)ypT_ 1 1 _ 2 z-3) 

(l + (4i+2)y 0 a;_it_2Z_3) ’ 


f TT (l+(4i+2)a 0 t-iz- 2 y-3) 
_1 11 (l+(4i+3)x 0 t_iz_ 2 y-3) ’ 


i=0 


n —1 

n 

i=0 


J- -J n (l+(4i+3)tpz-iy- 2 x-3) 
6 4n - ‘•OH (l + (4i+4)t 0 z_ iy _2X_3) ’ 


-1 

where f] A = 1- 

i=0 

Proof: For n = 0 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1, that is, 


Xin -7 

X 4 n —5 


V 4 n -7 


n —2 Tb —2 

~ TT (l + (4i)tQZ-iy- 2 a-3) . — T TT ( 1 + ( 4 »+ 1 )3Q3/-l3 ; -2«-3) 

‘ _3 11 (l + (4i+l)t Q z_iy_ 2 X_ 3 ) ’ 4n—6 * -2 11 (l+(4j+2)z 0 y_i*_ 2 t_ 3 ) 5 

2=0 2=0 

n —2 7~t —2 

„ tt“ (l + (4i+2)y 0 3;- 1 t-2Z-3) _ tt ( 1 + ( 4 »+3)aot-iZ-2y-3) 

1 H t 44_ ( 4 i+3)yox_it_ 2 z_ 3 ) 5 X4 «- 4 x 0 11 (l+(4i+4):c 0 i- 1 *- 2 l/-3) ’ 
2=0 2=0 

yi _2 n _2 

„ n (l + ( 4 i)TQt-lZ- 2 y-3) __ rf (l + (4i + l)toZ — iy_ 2 T_ 3 ) 

3 11 (l + (4i+l)a:oi_iz_ 2 y_3) ’ adn—b 9—- 11 (l-|_(4i+2)i 0 z_ 1 y_ 2 x_ 3 ) ’ 
1=0 1=0 
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V4:11—5 


Z4n-7 

Z4n—5 

t4n-7 

^4n—5 


n —2 


rr (l + ( 4 t+ 2 )z 0 y_ 1 a-_ 2 t_ 3 ) 
y 1 . 11 ^ (l+( 4 i+ 3 )zoi/-ia:- 2 i- 3 ) ’ " 4rl 4 


= yo n 


1-2 


rr (l+(4i)j/oa_it_ 2 z-3) 

Z ~ 3 H (l + (4i+l)y 0 x_i^ — 2 z_ 3 ) ’ ^4n—6 


4=0 
1-2 


(l + (4i+3)^0l--it- 2 Z-3) 
(l+(4i+4)y 0 *-lt-2Z-3) ’ 


i=0 
1-2 


= ^-2 n 


TT ( 1 +(4i+2)to2-ij;-2a.'-3) , _ _ TT 

Z ~ 1 11 (l + ( 4 i+ 3 )t 0 z_ij/_ 2 *_ 3 )’ z 4 n -4 — -0 11 
2=0 


2 = 0 
-2 


(l + (42+l)a? 0 t-i2;-2y-3) 
(l + (42 + 2)x 0 t-l2:_22/-3) ’ 


n —2 . , .. , 

y. TT (l + (42)2:oy-iai_2t-3) -L 

l -3 11 (l+(4i+l)zoy—ix_ 2 i- 3 ) 5 t4 «-6 
2 = 0 


2=0 
n —2 


- i -2 n 


n—2 

n 

2 = 0 


(l + (4i+2)a 0 t_iz_2i/_3) , 

(l + (4i+3)xoi-iz_ 2 y-3) ’ 4n-4 


i=0 

n—2 


(l + (4i+3)z 0 y_i3:_2f- 3 ) 

(l + (4i+4)z 0 i/-ia:_2t-3) ’ 

(l + (4i + l)yoa.-_ii_ 2 Z- 3 ) 
(l + (4i+2)y 0 3:-lt-2Z_3) * 


f TT (l + ( 4 i+ 3 )toz-iy- 2 s- 3 ) 

0 11 (l + ( 4 i+ 4 )t 0 z_iy_ 2 a:_ 3 )' 
i—O 


We deduce from system (1) that 


%4n—3 


_ %4n — 7 _ 

l+t4n-4Z4n-5y4n-6X4n-7 

n 2 (l + (4i)t 0 z_iy_ 2 s-3) 
(l + (4i+l)*oZ-ii/-2»-3) 


22—2 72 — 2 

, rr” (1 | (•!?' • 3)t H z i;j- 3 .r g) i i ( I —(4/+2)t 0 1 iy_ 2 S ,) 

0 11 (l+(4i+4)i 0 z-i!/-2X_3) “ 1 11 (l + (4i+3)t 0 z_iy_ 2 a;_3) 

2=0 2=0 

72 — 2 72—2 

r-T~ (l + (4i+l)t 0 z_ 1 y_ 2 a-_ 3 ) tt (l + (4i)t 0 z_ ry_ 2 :r_ 3 ) 

J- 2 .11 (l+(4i+2)t 0 z_iy_2X_3) 4,-3 11 (l+(4i+l)t 0 z_i3/_ 2 a:_3) 

i =0 1=0 


n (l + ( 4 i)t 0 z-iy- 2 X- 3 ) 
(l+( 4 i+l)toz_iy_ 2 a;- 3 ) 


1 + 


n — 2 

t 0 Z-iy- 2 X- 3 

i=0 


(l + (4i:)fo2-iy- 2 i-- 3 ) 
(l+(4i+4)t 0 z_ii/-2*-3) 


n (l+( 4 i)t 0 z_iy_ 2 x- 3 ) 
i=0 (l + ( 4 i+l)ioZ-i 2 /- 2 a:- 3 ) 
gg // -2 :f 

+ (l + ( 4 i- 4 )t 0 z_iy_ 2 a:- 3 ) 


72 — 2 72 — 1 

TT (l + (4i)t 0 Z-iy- 2 T-3) (l + (4i-4)f 0 Z-iy- 2 T-3) _ TT (l + (4i:)f n z-iy- 2 a-’-3) 

“ _3 .11 (l + (4i+l)t 0 z_ij/- 2 a:-3) (l+(4i—3)t 0 z_ij/_ 2 ®-3) ~ 3 .11 (l+(4i+l)t 0 z_iy_ 2 a:_3) ’ 

2=0 2=0 


2/4n-3 


_ V4n-T _ 

14 _ 3^4n —4^4n —5l-4n ——7 


1 + 


n (l+( 4 i)a 0 t-iz- 2 y- 3 ) 
(l + ( 4 i+l)a: 0 i_iz_ 2 i/_ 3 ) 


72 — 2 72 — 2 

T-r ( I -r (1i I t .-. ty ) ■ tt (l + (4t+2)a-of_iz_ 2 y- 3 ) 

0 11 (l+(4i+4)xo£-iz_ 21 /- 3 ) 1 .11 (l+(4i+3)xo£-i z_ 2 y_ 3 ) 

1=0 1=0 

72 — 2 72 — 2 

r TT (l + (4i+l)x 0 t_iz_ 2 y-3) tt" (l + (4i)aot„iz_2y- 3 ) 
^-2 11 (i + ( 4 j+ 2 )® Q t_iz_ 22 /— 3 ) "~ 3 11 (l + ( 4 i+l)a: 0 t-iz_ 2 j/- 3 ) 
2=0 2=0 


n * (l + (4i)Tot_ 1 z_ 2 y- 3 ) 
(l + (4i+l)xoi —iz— 2 y— 3 ) 


1 + 


n — 2 

x 0 t-iZ- 2 y-3 n 

i=0 


(l+(4i)x 0 t_iz_ 2 y_3) 

(l+(4i+4)x 0 t-iz-22/-3) 


TT (l + (4i)g 0 t_iz_ 2 y_ 3 ) 

j; ' M (1 + ' i;+l)r " f E ;,) = ,, Tr 1 (l + ( 4 ^Qt-l^-2y-3) 

TQt-lZ- 2 y-3 '1-3 11 (l + (4i+l)x 0 i_iz_ 2 y_3) ■ 

+ (l+(4i-4)x 0 t_iZ_ 2 y-3) 1—0 
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Z4n —3 


_ ^4w — 7 _ 

l+y4n-4 x 4n-5t4n-6 z 4n-7 

n 2 (l + (4i)y 0 X-lt^2 z -3) 
(l+(4i+l)j/ 0 a:_it_2*-3) 


TZ — 2 7X—2 

TT ( l+(4i+3)i/nx-it- 2 z- 3 ) rr 0 H‘ l? ■ 2)i/0 1 ' 2 -- 3 ) 

(l + (4i+4)2/o*-it-2*-3) X ~ 1 A A (l+(4i+3)Ko*-it-2*-3) 
7=0 7=0 

71/ — 2 Ti—2 

f tt“ (l + ( 4 i+l)y 0 a:_it_ 2 Z- 3 ) tt“ (l + (l/);/oX-it_ 2 z_ 9 ) 

~ 2 • „ (l + (4i+2)yon; —it^ 2 2— 3 ) 3 (l + (4i+l)j/o*-it-22-3) 

4=0 4 = 0 


n (l + (4i)y 0 a:-it_2Z-3) 

,=0 ( 1 + ( 4i + 1 ) l ' 0 :!: - l t - 22 : - 3 ) U ~ 2 

, . . ’rr" (l + (4i)y 0 a:_it_2 2-3) ,;=0 

l+y 0 x-it-2Z-3 11 (l + (4i+4)y o:E _ 1 t_22_3) 


_ r TT (l + (4i)i/oa-lt-22-3) 

*" -3 H (l + (4i+l)j/ 0 a:_it-22-3) ■ 


Finally from Eq.(l), we see that 


tin-3 


_ 1 In -7 _ 

I + £4n-4 2/471-5^471-6^4 ti-7 

Vt 2 (1 +(44)2:o 4/—iff _ 2 £- 3 ) 

_3 ,4=0 ( 1 + ( 4i + 1 ) 2; 02/-l^-2t-3) 

~ 44—2 44—2 

_ TT (l + (4i+3)z 0 j/_ia;_2t-3) . TT (l + (4i+2)z l3 y_ 1 a;_ 2 t_3) 

0 If (l + (4i+4)z 0 !/-ia:-2t-3) 11 (l+(4i+3)zo!/-i®-2t-3) 

II 7=0 i=0 

44 — 2 44 — 2 

TT (l+(4i+l)z 0 y_ia;_2t-3) . rr" (l+(4i)z 0 y_ l3 ;_2t-3) 

2 (l+( 4 i+ 2 )z 0 y_ix_ 2 i— 3 ) “ 3 /l (l+( 47 +l)z 0 7 /-ix_ 2 i- 3 ) 

L 4=0 4=0 


t-3 n 

i=0 


1 + 


n 


(l+(4:i)zoy-iX-2t-3) 

(l+(4i+l)z 0 2/-ix_ 2 t-3) 

(l + (4i)zoy_ iX — 2 7 — 3 ) 
(l + (4i+4)z 0 y_ix_ 2 t_ 3 ) 


n— 1 


- 1-3 n 

4=0 


(l + (4i)z 0 j/_iX-2t-3) 

(l + (4i + l)z 0 J/-l®-2t-3) ■ 


Similarly we can prove the other relations. This completes the proof. 

Lemma 1 . Let {x n , y n , z n , t n } be a positive solution of system (1), then every solution of system (1) is 
bounded and converges to zero. 

Proof: It follows from System (1) that 

x n+l — 1+I„_ 3 1,„_2Z„^11„ < Xn ~ 3) Vn+1 — i+y n _ 3Zn _ 2 t n _ 1 x n < Vn-3, 

„ _ ^71 — 3 S' ** _ ^71 — 3 _ j- 

Zn+1 — l+ Zn _ 3 t n _ 2 x n - lVn ^ z n-3, l/n+l — l+t„_ 3 x„_ 2 i/„-iz„ ^ L n-3, 

we see that 

3*71+1 ^ X n - 3 , Vn+1 ^ Un—3i Z n4 -\ ^ Zn— 3, tn+1 ^ tn— 3; 

Then the subsequences ( 3 : 477-3 {x 4n - 2 }^ = o, {x 4n -i}'^L 0 , {x 4n }™ =0 are decreasing and so are bounded from 

above by M = max{x_ 3 , x- 2 , x-i, zo}- Also, for the other subsequences of the main sequences {y n }, {z n }, 
and {t n }n=o- 

Lemma 2. If x*, yi, Zi, U, i = — 3, — 2, — 1, 0 arbitrary real numbers and let {x n , y n , z n , t n } are solutions 
of system ( 1 ) then the following statements are true:- 

(i) If a:_ 3 = 0, then we have a: 4n _ 3 = 0 and y 4n _ 2 = y_ 2 , Z 4 n-i = ^-l, t 4n = t 0 . 

(ii) If X —2 = 0, then we have x 4n - 2 = 0 and t 4n - 3 = t- 3 , z 4n = z 0 , y 4n -i = V-i- 
(hi) If x-i = 0, then we have x 4n -i = 0 and 24 , 7-3 = 2 - 3 , t4n-2 = 4—2, V4n = Vo- 

(iv) If a : 0 = 0, then we have x 4n = 0 and y 4n -3 = V- 3 , z 4n _ 2 = z~ 2 , hn-i = t-i- 

(v) If 3 = 0, then we have 1 / 477-3 = 0 and z 4 „_ 2 = z~ 2 , t 4n -i = f-i, a: 4n = x 0 . 
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(vi) If y -2 = 0, then we have y 4n - 2 = 0 and x 4n - 3 = X- 3 , z 4n - 1 = Z- 4 , t 4n = t 0 . 

(vii) If y -1 =0, then we have y 4n _i = 0 and t 4n - 3 = i- 3 , z 4n = z 0 , x 4n - 2 = X-- 2 - 
(viii) If y 0 = 0, then we have y 4n = 0 and z 4n - 3 = Z- 3 , t 4n - 2 = f_ 2 , x 4n -i = X- 4 . 

(ix) If Z- 3 = 0, then we have z 4n - 3 = 0 and t 4n - 2 = t- 2 , y 4n = y 0 , x 4n -i = X- 4 . 

(x) If 2 _ 2 = 0, then we have z 4n - 2 = 0 and y 4n - 3 = y~ 3 , t 4n -i = t-i, x 4n = x 0 . 

(xi) If z-i = 0, then we have z 4n - 1 = 0 and a: 4 „_ 3 = X- 3 , y 4n -2 = V-2, t 4n = t 0 - 

(xii) If zo = 0, then we have z 4n = 0 and t 4n _3 = f_ 3 , y 4n _i = y_ 1 , a,’ 4n _ 2 = X- 2 . 

(xiii) If t- 3 = 0, then we have t 4n - 3 = 0 and z 4n = z 0 ,y 4n -i = y- 1 , a; 4n _ 2 = X- 2 . 

(ivx) If f _ 2 = 0, then we have f 4 „_ 2 = 0 and z 4n - 3 = Z- 3 , y 4n = y 0 , x 4 „_i = X- 4 . 

(vx) If t_ 1 = 0, then we have t 4n -\ = 0 and y 4n ~ 3 = y_ 3 , z 4n - 2 = Z-- 2 , x 4n = x 0 - 
(vxi) If t 0 = 0, then we have t 4n = 0 and x 4n - 3 — a?_ 3 , y 4n - 2 = y-2, z 4n -i = Z- 4 . 

Proof: The proof follows directly from the expressions of the solutions of system (1). 

Theorem 2.2. Let {x n , y n , z n , t n } are solutions of the system 

_ X n — 3 _ Un — 3 

X Zl~\~^ — l+X-n — — 2Zn — lt n ’ — l 4 -y n —3Zn—2tn—lX n ' > 

l-\-Zn — 3t n —2X n — iy n , 1— t n —3X n — 2yn— iZn ’ (^) 

with the initial values are arbitrary real numbers satisfies toZ- 3 y- 2 X - 3 = yo x -it- 2 Z - 3 7^ ±1, zoy-\x_ 2 t _ 3 = 
xot_iZ_ 2 y _ 3 7^ 1, zoy—\X— 2 t — 3 = xot-\Z- 2 y - 3 7^ Then the solution are given by the following formulae for 
n = 0, 1 , 2, ..., 


%4n—3 
^4n—l 
V4n-3 
y^n—i 
Z4n-3 
^4n—l 
^4n—3 
t / 4n— 1 


X—3 (—l) n X—2(—l-\-Z()V—-\X—2t—3) n 

(-l+to»-l»- 3 X-3)" ' ^ — 2 = (-l+Uy-lX- 2t -3)" 


(-l+y 0 a:_it_22-3)’ 1 ’ Xin ~~ X ° ( 1 + Xot-iZ- 2 y- 3 ) , 

(-l+xot-^y-s)”’ y4 "-2 = y - 2 ( _1 + to*-lI/- 2 *- 3 )" , 

(—i+zoy_ix_ 2 ^_ 3 ) n 5 y^n y 0 ( ycr —1 —2^—31 , 

__ z- 2 (— l+apt- iz-2y-3) n 

(l+2/ 0 3:-ii-2Z_3) n 5 4^—2 ( —l+2x 0 t-iZ-2y-3) Tl ’ 


(l+i 0 Z-iy-2X-3) 


z 4n = (-1)" Zo (-1 + £ 0 y-ia:_2t-3r , 


(-1+z 0 y- 1 s: 2 t- 3 )" ’ *4n-2 = t-2 (1+ J/0*-lt-2*- 3 ) n , 


t-l(-l + 2x a t—lZ-2y-3Y , 
(-l+X 0 t— 1 Z-2y-3) n 


, t 4n = to (1 + toZ-iy- 2 X- 3 ) r 


Proof: As the proof of Theorem 1. 


Theorem 2.3. Suppose that { x n , y n , z n , t n } are solutions of the system 

„ _ _ Xn-3 _ _ _ Vn — 3 _ 

n_ t 4 — l 4 -Xn — 3yn—2Zn — lt n , y n ~^ A — l 4 -y n — 3Z n — 2t n — lXn 1 

~ _ _ Z n — 3 _ , _ _ tn — 3 _ 

n_ t4 — 1H-Zn — 3tn — 2X n — iVn 5 — 1+t n — 3X n — 2yn — 1 Z n ’ 




with toZ-\y- 2 X- 3 = zoy~iX- 2 t- 3 = yoX-±t- 2 z- 3 = a:ot-i2:-2y-3 7 ^ l,then all solutions of the system are 
unbounded if toZ-\y- 2 X- 3 = zoy~\X- 2 t- 3 = yoX-\t- 2 Z- 3 = xot-\Z- 2 y- 3 7^ 2, and takes the form 


x 4n-3 (-l+t 0 z_ii/_ 2 X— 3 ) n 5 a: 4rt-2 — a:_2 ( 1 + Zoy-lX- 2 t- 3 ) , 

£ 4 n-l = ^— 14 -y 0 x_it_ 2 z_ 3 ) n ’ ^4™ = ^’0 1 + x 0 t-lZ- 2 y- 3 ) , 

y 4 n-3 = ( -i +ao t";L 2 y-3)" ’ y4n—2 = V-2 (“1 + t 0 Z_iy_2X_ 3 )" , 

»4n-l = (-l+z 0 ySiX- 2 t- 3 ) n 1 2/4n = ^0 (“1 + , 
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and 


Z4n—3 

Z4n—1 

t4n-3 

l'4n—l 


Z -3 


Z4n-2 — Z-2 ( — 1 + Xot-lZ-2y~3) n , 


(- l+yo%-it- 2 Z - 3 ) 

(-l+« 0 »!T«-2*-3) n ’ = ( _1 + Z 0 y-lX- 2 t- 3 ) n , 


(-l+z 0 y-ix- 2 t- 3 ) 


r, i 4 n -2 — t-2 (“ 1 + yoX-\t-2Z-f) n , 


( —l-t-xo*-iz_ 2 y_ 3 ) n ’ ^0 ( 1 + toZ-\y-2X-ff) 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is 


X4n-7 — 

X-3 


(— l+tQZ--iy- 2 X- 3 ) r 


X4n— 5 

X-l 


(—l+yoX-it- 2 z- 3 ) r 

7~~T 

. = 

y-3 


(— l+Xot--LZ-2y-3) r 

r=r 

2/4n-5 = 

y- 1 


(— l+z 0 y-ix- 2 t-3) r 

r=r 

^4n-7 = 

Z-3 


(—l+y 0 x-it- 2 z- 3 ) r 


Z4n—5 

Z- 1 


(— l-\-t 0 z- 1 y- 2 x- 3 ) r ‘ 


' : = 

t-3 


(—l+z 0 y-ix- 2 t- 3 ) r 

r=r 

l’4n—3 = 

t- 1 


(—l+3:o* —12— 2 y —3) r 



x 4n -6 = X -2 (-1 + z 0 y-iX- 2 t- 3 ) n ~ 1 

X4n-4 = X 0 (-1 + Xot-lZ_2y-3) n l , 

y 4n —6 = y ~2 (-1 + toZ-iy^xs)™" 1 
y 4 n-4 = yo (-1 + 2 /o£-ii- 22 _ 3 r -1 , 
^4n—6 = Z—2 ( — 1 + Xot_iZ_2y~3) n 
Z 4 n-4 = Z 0 (-1 + 2o2/-ia:-2t-3) Il_1 , 
i4n-6 = t-2 (— 1 + yoX-it-2Z-z) n , 
^4n-4 = to ( —1 + t(,Z-iy-2X-3) 


It follows from System (3) that 


^4n—3 — 


VAn-2 


— l+t4n-4: Z 4n-5y4n-6 x 4n-7 


-1 + 


_ (~ 1 + t 0 z — IV-2 X - 3) rt ~ 1 _ 

tQZ_ 1 y_ 2 x_ 3 (-l + t 0 z _ 1 y_ 2 x _ 3 ) n ~ 1 (-l+t 0 z_ 1 y_ 2 x- 3 ) r 
(-l + tQ z _ 1 y_ 2 x_ 3 )' n ~ 1 (-l+t 0 z_ 1 y_ 2 x _ 3 ) n ~ 1 


_ (~ 1 +*0 Z - 1V-2 X ~3, 




[—l+toZ-iy-2X-3] 

_ 2/4 n-6 _ 

- 1 +X 4 n _ 3 14 n _4 24^ _ 5 _6 


__ 

(- l+toZ- 1 y- 2 x- 3 ) ri ’ 

_ _ y- 2 (-l+t 0 z_ 1 y_ 2 x_ 3 ) n - 1 _ 

' 0 2 —1 y-2 x -3(~ 1 + t 0 z -iy-2 x -3) n ~ 1 (~ 1 + t 0 z -iy-2 x -3) r 


- 1 +- 


y_ 2 (-l+* 0 z_iy_ 2 x_ 3 ) n 1 _ „. ( 1 I j. „ „ V 

~u- 2 .v I r - y-a 1 1 + to z -iy- 2 X- 3 ) 

+ {-l+t 0 z-iy- 2 x- 3 ) 


(-l+t 0 z_ 1 y_ 2 x_ 3 ) n (-l+t 0 z_ 1 y_ 2 x_ 3 ) r 


2 -1 


24*1 — 5 


4 -l+y4n — 2X4n— 3 t4n-4Z4n-5 


_ ( —l+tp2-iy-2a:-3)” 1 _ 

, toZ-iy- 2 X- 3 (-l+t 0 z-iy- 2 x- 3 ) n (-l+toZ-iy- 2 X- 3 ) n ~ 1 
. ■ 


-1+ " _ 1 V _ 1 1 -U — 

(-l+t 0 z- 1 y- 2 X- 3 ) n (-l+toz- 1 y- 2 X- 3 ) r 


t 4 n 


(-l+tgz- 1 y- 2 x- 3 ) rl 1 _ _£-1_ 

[-l+to 2 _iy_ 2 a:_ 3 ] — (-l-KoZ-iy- 2 a:- 3 ) n ’ 

_ *4*»-4 _ _ _ *o(l+*o2-iy- 2 x_3) n ~ 1 

— l+Z4„_iy4„_ 2 a:4*i-3t4*i-4 


toZ-iy- 2 X— 3 (—l+toZ-iy- 2 X— 3 ) n (—l+toz-iy— 2 x- 3 ) r 
H (-l+t 0 j:_iy_ 2 a:_3) n (-l+*oz_iy_ 2 a:_3) n 


*o( —l+*Q2-iy_ 2 X-3) n __ 4 ! T I 4 ~ \ r 

" to£-iy- 2£-3 1 to t 1 + t 0 2._iy_2a:-3j 

+ (-l+toz_iy_ 2 a:_3) 


Also, we can prove the other relations similarly. The proof is complete. 

Theorem 2.4. If the sequences {x n , y n , z n , t n } are solutions of difference equation system (3) such that 
toZ-iy~ 2 X ~3 = zoy~\X- 2 t -3 = yoX-\t- 2 Z-z = xot-\Z- 2 y ~3 = 2. Then all solutions of system (3) are periodic 
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with period four and takes the form 

X4n-3 = 

2/4n-3 = 

Z4n —3 

' : = 


Or 


{x n } 

{Vn} 
{ z n } 
{fn} 


X—3i X4 n —2 X—2j X4 n —i — X —\, X4 n — Xo- 
27-3, V4n-2 = V-2, U4n-1 = V-l, 2/4n = S/0- 
Z-3 , Z4 n -2 = Z-2, Z4n-1 = Z-i, Z 4 „ = Zo- 
t- 3, t4 n -2 = t- 2 , t4 n -i = t- 1 , t4 n = to- 


{X_ 3 , X—2j X-i, X 0 , X-3, X—2-, •••} ■ 

{y- 3 , y- 2, y~i, yo, y- 3, y-2,-}- 

{ z - 3, Z-2, 2-1, 2 0 , Z-3, 2_ 2 , •••} • 

{1-3, t-2, t- 1 , Sq, 1-3, i—2,-■-} - 


Proof: The proof follows from the previous Theorem and will be omitted. 

The following theorems can be proved similarly. 

3. OTHER SYSTEMS: 

In this section, we get the solutions of the following systems of the difference equations 

Vn-3 


^n+1 
^ 77 +1 

•^n+1 

•^n+1 

%n -\-1 




Xn -3 


l+tC n 

-32/n —22n —l*n 5 

Zn-3 


1 +z n 

- 3 tn-2Xn-iy n 5 



Zn-3 


1 +X r 

»_32/ n _2«n-l*n ’ 

Zn-3 


l-z 7 , 

l - 3 t n -2X n -iyn ’ 



Zn-3 


1 —x n 

-32/77-2^71-1*77 5 

Zn-3 


1 +z„ 

- 3 tn-2Xn-iy n ’ 



Zn-3 


— l+x 

n-3yn-2Zn-1t n 

Zn-3 


l — z n - 

-3tn — 2 X n — iy n ’ 


? ^n+1 — 


5 ^n+1 — 


yn+i 


1+3/n 

-3Z n -2tn 

tn-3 

-lln ’ 

l-i n - 

- 3X n — 2y n 

-lZ n ' 


2/n—3 


1+2/r 

i-3Z n -2t r 
tn-3 

7 — 1 Zn 

1- t n 

- 3 Xn-2yr, 

7—1 


2/71-3 


1-2/rr 

-3Z n -2t n 

tn-3 

— 1 Zn 5 

i+t„- 

-3Zn —22M 

— 1 -^n 


2/77-3 


i+i/i 

n-3^77-2* 
t n — 3 

77—1 Zn 

-i+t* 

i-3Zn —22/i 

rr — 1 ^n 


(4) 


(5) 


( 6 ) 


(7) 


where n € No and the initial conditions are arbitrary real numbers. 

Theorem 3.1. If{x n ,y n ,z n , t n } are solutions of difference equation system (f). Then for n = 0, 1, 2, ..., 

n— 1 


*^4n—3 — 


^4n—1 


71-— 1 i v j . 

/v. rr (i+(2i)toz-ii/-2z-3) _ _rr (i+(2»-i)zo2/-ig-2*-3) 

^-3 11 (H-( 2 i+l)t 0 zl l! /_ 2 ®_ 3 )’ ^-2 X—2 11 (l + (2 i)zoy-iX- 2 t- 3 ) ’ 

7 = 0 7=0 


"-pr 1 (l + ( 2 i)yoJ-it_ 2 ^- 3 ) _ ’yr 1 ! I-(2- + l).r,,f : 2 // ; j 

1 11 (l + ( 21 +l)yo 3 , —ii — 2 2 — 3 ) ’ X4n ■ L ° 11 (l+( 2 i+ 2 )x 0 t- 1 z 
7 = 0 7=0 


1Z-2V-3 )? 


77—1 


TT (l + ( 2 i)a:ot_i«_ 2 j/- 3 ) 

1/-3 11- 


77—1 


(l + ( 2 i+l)a, 0 t_i 2 _ 2 j /-3 


■, y4n—2 ~ V-2 n 


(l+( 2 +l)t 0 g-iy- 2 g- 3 ) 


7=0 


(l + (27+2)i 0 -2 ; -l2/-2lC_3) 5 


7=0 

n 1 (l + (27)z 0 7/-iSC_2t_3) _ Vr 1 (l + (27+l)7/ 0 X_it_2^-3) 


2/477-3 — 

rr rr u-h^+i;7/ox_ie_ 2 z-3; 

2/477—1 y— 1 11^ (l+(27+l)2:o2/_iX_2t-3) 5 H n (l+(27+2)7/ 0 ;r-i£-22-3) 

^477— 3 = 


7=0 

77—1 


7=0 


*-3 n 


(l + (2i)y 0 3;_it_2Z-3) 


i=0 


(l + (2i+l)j/ 0 »-l*-2Z-3 


', Z4 n —2 — Z-2 n 


(l + (2;:+l)3,ot„iz_ 2 y- 3 ) 


i =0 


(l+(2i+2)x 0 t-iZ- 2 y-3) ’ 
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-^4n—1 


^4n—3 


^4n—1 


-1 

where Yl Bf = 1. 
i =0 


T2/— 1 

TT (l + (2t+2)t 0 z_iy_ 2 a:_3) 

~ _1 11 (l+(2i+3)to-2-iy-2X_3) ’ 


f pr (l+(2i)z 0 j/_ia;_2t-3) 
~ 3 . „ (l + (2i—l)z 0 ?/_lX — 2 t —3) ’ 
1=0 

Th - 1 

-L TT (l + (2i+2)x 0 t_i2:_2j/-3) 
_1 i-1 (l + (2i+l)x 0 t_i2:_22/-3) ’ 


Tl — 1 

_ pr (l + (2-i + l)z 0 y_i3-_ 2 t-3) 

Z4n — ~0 11 (l-)-(2i+4)zoy-i3 : -2i-3) ’ 
r=0 

71— 1 

+ f pr (l+(2i+l)yox_it_ 2 z_3) 

4n ~ 2 -2 11 (l-l~(2i)y 0 x-it-2Z- 3 ) ’ 

*=0 

Tl — 1 

, __ . pr (l + (2»+3)t 0 z_it/-2 3;-3) 

I4n — 10 11 (14-(22+2)i 0 z_iy_2X _ 3 ) 5 


Theorem 3.2. The form of the solutions of system (5) are given by the following formulae: 

x 4n-3 = (l+t 0 z-Cv-*x- 3 y ’ X4 »~ 2 = ( !) n ^—2 (~1 + ZoV-lX-tf-sT , 

Xin-l = > X 4n = (-1)^0 (~1 + Xot-iZ-^sT , 

_ _ V=a _ ,, _ y-2(l+toz-iy-2X- 3 ) Tt 

" 4 ”~ 3 (l+aj 0 t-i*--23/-a) n ’ "in—2 (l+2t 0 z_iy-2£- 3 )" ’ 

W4n-1 = (Pj^p^p^rr, 2/4™ = (-l) n 2/0 (-1 + y 0 X_if_ 2 2;_3) ft , 

24n-3 = (-l+y^ZtliZ-sr ’ Z4 "~ 2 = ^~ 2 ( X + X 0 t-lZ-2y- 3 ) n , 

_ z- 1 (l+2t 0 z-iy- 2 x- 3 ) n _ /-i I _ + \n 

Z 4n-1 — (l+toz-iy-zx-s)'* ’ ^ 4n — ^0 + ~0y-lX-2t-3) , 

f _ (~l)"t - 3 . _ — 1 +yoX: —l^-2X-3) n 

4n—3 (-l+z 0 i/_ix_2t-3) n ’ 4n_2 ( — l+2yo^ — iZ — 2 - 2 — 3) 71 ’ 

^4n—1 = (-l+i 0 t_ > 1 z_ 23/ _ 3 )’ 1 ) ^4™ = ^0 (1 + ^0~-lJ/-2£-3) j 

wheret 0 z_iy^ 2 X-3 ^ -1, t 0 z_iy_ 2 X-3 ^ -§, y 0 X-it_ 2 z_ 3 + 1, y 0 X-it_ 2 z_ 3 ^ l,z 0 y-ix_ 2 t_ 3 = x^t^z^y^ zf 

± 1 . 


Theorem 3.3. Te/ {x„, y n , z n , t n } are solutions of difference equation system (6) with toZ-iy- 2 x -3 zf 
1, t 0 Z-!y- 2 X -3 zf x 0 t-iZ- 2 y -3 = z 0 y-!X- 2 t -3 zf ±1, y oX -it- 2 Z -3 f -1, y 0 x-it- 2 Z -3 f -±,then for 
n = 0, 1, 2, ..., 


^4n—3 


^4n—1 


V4n-3 


y^n—i 

^4n-3 


-^4n—1 
tin-3 


tin—l 


(-1) X_3 


r, £4n-2 = £-2 (1 + Z 0 y-lX- 2 t-3) n , 


(-l+t. 0 z_ 1 y_ 2 x- 3 ) 

^ = x o (i + x 0 t-i^_2y-3) n , 

( i)*'// 3 y- 2 (-i+^oz-iy-2x-3) n 

(-l+£c 0 t_iz_ 2 i/-3) n ’ " 4n ~ 2 (-l+2i 0 z_iy_ 2 a;_3)" > 

(-l + ^y-ixlat-a)” ' ^ (1 + l/OS-lt^-s)" , 

(l+yoX-^-s)" ’ Z4 "- 2 = (“L n 2-2 (-1 + Xot-lZ- 2 y-3Y 


- -i(-l+2Q|.-. ij/- 2 .r :;) 

(-l+toZ-iy-pE-s) 11 

_1^3_ j. 

(l+z 0 y-ix- 2 t- 3 ) n ’ in—2 


Zin 


= (-l) n 2o (-1 + Z 0 y-lX- 2 t-3) n , 


t- 2 (l+ypx-it- 2 z- 3 ) n 
(l+2y 0 x- 3 t- 2 z- 3 ) n ’ 


(l+xot-r«- 2 l>- 3 )" ’ Un = (-l)"* 0 (-l +t0«-ltf-2*-3)". 


Theorem 3.4. Suppose that the initial conditions of the system (7) are arbitrary real numbers satisfies toz_iy- 2 x _3 fz 
1, t 0 z-iy- 2 x- 3 zfz 1, x 0 t-iZ- 2 y-3 = z 0 y-iX- 2 t- 3 zf ±1, y 0 x-it- 2 z -3 zf l- y 0 x-it- 2 z- 3 zf I, an d z/ 
{a:n, y n , z n , t n } are solutions of system (7). Then for n = 0, 1, 2, ..., 

^471-3 = {-l+t 0 z- 1 y- 2 x- 3 )' n ’ £4n-2 = £-2 (^1 + 2oy_l£-2i-3) i 

*4n-l = - (-1+„ 0 x- 1 "- 2 z- 3 )" , £4n =£ 0 (-l + £ 0 t-l2-2l/-3) , 
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V4n-3 
VAn—l 
%4n —3 


2*4:71—1 

t4n-3 

^4n—l 


y_o(— l+tn-2—i V— 2 X— O n 

(l+Xot-^-^-3)" ’ ^-2 = (-1+2 «o3- 1 „- 3 X- 3 )" > 

(i+3 0 i ) -rx 1 - 3 t- 3 )" » y 4 - = (-!)”y -2 (-1 + toz^y^X-sY 

(-l+wx-itl'x-a)" ’ Z4 — 2 = "- 2 ^ + *ot-l«-2l/- 3 )" , 

Z-l(-l+2t 0 Z- 1 y-2X- 3 ) n _ , , N,ra 

(-l+toZ-iy- 2 X_ 3 ) n ’ ^4n — ^0 ( 4 + ^0j/-ia;-2l-3j , 


(-l + Z02/_lX_2i-3)" ’ 
_ £-1 _ 

(-1+X 0 t — lZ— 2?/ — 3 )" ’ 


i4n-2 = 


(~l) Tt t- 2 (-l+yox-it„2Z-3)” 


( — l+2j/ 0 X_lt_22- 3 ) 
tin = to (-1 + t 0 Z-iy-2X-3) n ■ 


4. NUMERICAL EXAMPLES 

Here we consider some numerical examples for the previous systems to illustrate the results. 

Example 1. We consider the system (1) with the initial conditions X -3 = .16, X -2 = —.3, x_i = 7, Xq = 
-1.3, y -3 = .2, y_ 2 = -.4, y _i = .51, y 0 = 1, z_ 3 = --8, 2-2 = .4, 2 _i = 5, 2 0 = -74, t_ 3 = .18, i_ 2 = 
.64, t_i = —.5 and to = 1.9. (See Fig. 1). Also, see Figure 2 to see the behavior of the solutions of System 
(1) with initials conditions X -3 = .16, X -2 = -3, X-\ = 0, Xo = 1.3, y -3 = .2, 2 = .4, 1 = .51, 
yo = 1, Z -3 = .8, Z -2 = .4, z-i = .5, zq = .74, t_ 3 = .8, t- 2 = -64, t- 1 = .5 and f 0 = 1.9. 




Figure 2. Draw the behavior of the solution of the system (1). 
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Example 2. See Figure (3) for an example for the system (2) with the initial values X- 3 = .6, x _2 = .3, X-\ = 
.19, x 0 = -.3, y_ 3 = .2, y _2 = .4, y_ 1 = .56, y 0 = .91, 2 _ 3 = .28, z_ 2 = .4, z_i = .65, z 0 = .37, 
t _3 = .8, t- 2 = .64, t _1 = .5 and to = -7. 



Figure 3. Sketch the behavior of the solution of the system (2). 


Example 3. If we take the initial conditions as follows X- 3 = .6, x _2 = .3, x_i = —.19, cco = — -3, y _3 = 
.2, y_ 2 = .04, y_ x = .56, y 0 = .91, z_ 3 = .28, z_ 2 = -.4, 2 _i = .49, z 0 = .37, f_ 3 = -.8, t_ 2 = -.64, = 

.5 and to = -7, for the difference system (3), see Fig. 4. 



Figure 4. Plot of system (3). 

Example 4. Figure (5) shows the periodicity behavior of the solution of the difference system (3) with the 
initial conditions X- 3 = 6 , X -2 = —.3, x_i = 9, xq = — 8 , j /_3 = 1/9, y _2 = —9, y_ 1 = 5, yo = .1, z _3 = 
20, 2_ 2 = 6 , z_i = -.7, = -2, t _ 3 = -20/3, t _ 2 = 1/9, t_i = -3/8 and t 0 = 10/189. 



Figure 5. Plot the behavior of the solution of the difference system (3). 
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Applications of soft sets to 5C'C-ideals in .BCC-algebras 

Sun Shin Ahn 

Department of Mathematics Education, Dongguk University, Seoul Of620, Korea 

Abstract. The notions of a union soft ideal and a union soft BCC- ideal of a BC'C'-algebra are introduced and 
some related properties of them are investigated. A quotient structure of BCC-algebra using a uni-soft BCC- ideal 
is constructed and some related properties are studied. 


1. Introduction 

Y. Kormori [10] introduced a notion of a BC C-algebras, and W. A. Dudek [3] redefined the 
notion of BC (7-algebras by using a dual from of the ordinary definition of Y. Kormori. In [6], J. 
Hao introduced the notion of ideals in a BCC -algebra and studied some related properties. W. 
A. Dudek and X. Zhang [4] introdued a BCC-ideals in a BCC -algebra and described connections 
between such HUC'-ideals and congruences. S. S. Ahn and S. H. Kwon [1] defined a topological 
HCC-algebra and investigated some properties of it. 

Various problems in system identification involve characteristics which are essentially non- 
probabilistic in nature [15]. In response to this situation Zadeh [16] introduced fuzzy set theory 
as an alternative to probability theory. Uncertainty is an attribute of information. In order to 
suggest a more general framework, the approach to uncertainty is outlined by Zadeh [17]. To 
solve complicated problem in economics, engineering, and environment, we can’t successfully use 
classical methods because of various uncertainties typical for those problems. There are three 
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we 
can consider as mathematical tools for dealing with uncertainties. But all these theories have 
their own difficulties. Uncertainties can’t be handled using traditional mathematical tools but 
may be dealt with using a wide range of existing theories such as probability theory, theory of 
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of 
rough sets. However, all of these theories have their own difficulties which are pointed out in 
[13]. Maji et al. [12] and Molodtsov [13] suggested that one reason for these difficulties may be 
due to the inadequacy of the parametrization tool of the theory. To overcome these difficulties, 
Molodtsov [13] introduced the concept of soft set as a new mathematical tool for dealing with 
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. 
Molodtsov pointed out several directions for the applications of soft sets. Maji et al. [12] described 
the application of soft set theory to a decision making problem. Maji et al. [11] also studied 
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several operations on the theory of soft sets. Jnn [8] discussed the union soft sets with applications 
in BCK/BCI- algebras. We refer the reader to the papers [2, 5, 7, 9, 14] for further information 
regarding algebraic structures/properties of soft set theory. 

In this paper, we introduce the notions of a union soft ideal and a union soft BCC-ideal 
of a BCC-algebra and investigated some related properties of them. A quotient structure of 
BCC- algebra using a uni-soft BCC-ideal is constructed and some related properties are studied. 

2. Preliminaries 

By a BCC-algebra [3] we mean an algebra (A, *,0) of type (2,0) satisfying the following con¬ 
ditions: for all x,y,z G A", 

(al) ((x * y) * (z * y)) * (x * z) = 0, 

(a2) 0 * x = 0, 

(a3) x * 0 = x, 

(a4) x * y = 0 and y * x = 0 imply x = y. 

For brevity, we also call X a BCC-algebra. In X, we can define a partial order “<” by putting 
x < y if and only if x * y = 0. Then < is a partial order on X. 

A BCC-algebra X has the following properties: for any x,y G X, 

(bl) x * x = 0, 

(b2) (x *y) * x = 0, 

(b3) x < y => x * z < y * z and z * y < z * x. 

Any BCAT-algebra is a BCC-algebra, but there are BCC-algebras which are not BCA'-algebra 
(see [3]). Note that a BCC-algebra is a BC A'-algebra if and only if it satisfies: 

(b4) (x *y) * z = (x * z) * y, for all x,y,z G X. 

Let (A, *, Ox) and (Y, *, 0y) be BCC-algebras. A mapping tp : X —* Y is called a homomorphism 
if ip(x *x y) = p>(x) *y y>(y) for all x, y G X. A non-empty subset S of a BCC-algebra X is called 
a subalgebra of X if x * y G S whenever x,y G S. A non-empty subset / of a BCAalgebra X is 
called an ideal [6] of X if it satisfies: 

(cl) 0 el, 

(c2) x * y,y G / x G / for all x, y G X. 

I is called an BCC-ideal [4] of X if it satisfies (cl) and 
(c3) (x * y) * z,y G / =>• x * z & I, for all x,y, z G X. 

Theorem 2.1. [6] In a BCC-algebra, an ideal is a subalgebra. 

Theorem 2.2. [4] In a BCC-algebra, a BCC-ideal is an ideal. 

Corollary 2.3. [4] Any BCC-ideal of a BCC-algebra is a subalgebra. 
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Let X be a BCC-algebra and let / be a BCC-ideal of X. Define a relation ~ 7 on X by x ~ y if 
and only if x * y, y * x G / for any x, y G X. Then it is a congruence relation on X [4], Denote by 
[x\i the equivalence class containing x, i.e., [x]j := {y G X\x ~ 7 y} and let X/I := {[x]/|x G A"}. 

Theorem 2.4. If I is a BCC-algebra X, then the quotient algebra X/I is a BCC-algebra. 

A soft set theory is introduced by Molodtsov [13]. 

In what follows, let U be an initial universe set and E be a set of parameters. We say that the 
pair (U, E) is a soft universe. Let &(U) denotes the power set of U and A, B,C,- ■ ■ C E. 

Definition 2.5. [13] A soft set (/, A) over U is defined to be the set of ordered pairs (/, A) : = 
{(x, /(x)) : x G E, /(x) G £P(U)} , where / : E —> ^(U) such that f(x) = 0 if x ^ A. 

For e G A, /(e) may be considered as the set of e-approximate elements of the soft set (/, A). 
Clearly, a soft set is not a set. For a soft set (/, A) of X and a subset 7 of U, the 7 - exclusive set 
of (/, A), defined to be the set e,i(/; 7 ) := {x G A\f(x) C 7 }. 

For any soft sets (/, A") and (g,X) of A", we call (/, X) a soft subset of (g, X ), denoted by 
(f,X) C (g,X ), if f(x) C g{x) for all x G X. The soft union of (f,X) and (g,X), denoted by 
(/, X) 0 (y, X ), is defined to be the soft set (/ Gy, X) of X over U in which / Oy is defined by 
(/Oy) (x) := f(x) U g(x) for all x G X. The soft intersection of (/, A") and (g,X ), denoted by 
(/, A") H (y, A"), is defined to be the soft set (/ H y, M) of X over U in which / H y is defined by 
(/ H y) (x) := f(x) fl g(x) for all x G M. 

3. Uni-soft BCC-ideals 

In what follows, let X be a BCC-algebra unless otherwise specified. 

Definition 3.1. A soft set (/, X) over U is called a union soft subalgebra (briefly, uni-soft 
subalgebra ) of a BCC-algebra X over U if it satisfies: 

(3.0) f(x * y) C f(x) U /(y) for all x, y G AG 

Proposition 3.2. Every uni-soft subalgebra (/, X) of a BCC-algebra X over U satisfies the 
following inclusion: 

(3.1) /(0) C f(x) for all x G X. 

Proof. Using (3.0) and (bl), we have /(0) = f(x * x) C /(x) U f(x) = /(x) for all x G A". □ 

Example 3.3. Let (U := Z, A") where X = {0,1, 2, 3} is a BCC-algebra [ 6 ] with the following 
table: 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

2 

2 

1 

0 

1 

3 

3 

3 

3 

0 
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Let (/, A") be a soft set over U defined as follows: 

( 4Z if x — 0, 

f : X ^ xey \ 2Z if are {1,2}, 

\ Z if x — 3. 

It is easy to check that (/, A") is a uni-soft subalgebra of A over U. 

Theorem 3.4. A soft set (/, X) of a BCC-algebra X over U is a uni-soft subalgebra of X 
over U if and only if the y-exclusive set ex(f', 7 ) is a subalgebra of X for all 7 G &(U) with 

ex(f; 7 ) ^ 0 - 

Proof. Assume that (/, A") is a uni-soft subalgebra of X over U. Let x,y G X and let 7 G &(U) 
be such that x, y G ex(f', 7 ). Then /(x) C 7 and /(y) C 7. It follows from (3.0) that /(x * y) C 
/(x) U /(y) C 7 Hence x * y G ex(f', 7 ). Thus ex(f', 7 ) is a subalgebra of A". 

Conversely, suppose that ex(f', 7) is a subalgebra A for all 7 G hP{U) with e^(/; 7) 7^ 0 - Let 
x, y G A, be such that /(x) = 7^ and /(y) = 7 r Take 7 = 7* U 7 r Then x, y G ex(f', 7) and so 
x * y G e x (f] 7) by assumption. Hence /(x * y) C 7 = 7 ^ U 7 ^ = /(x) U /(y). Thus (/, A) is a 
uni-soft subalgebra of A" over U. □ 

Theorem 3.5. Every subalgebra of a BCC-algebra X can be represented as a y-exclusive set of 
a uni-soft subalgebra of X over U. 

Proof. Let A be a subalgebra of a -BCC-algebra X. For a subset 7 of U, define a soft set (/, A") 
over U by 

X x- /a/m f 7 if X G A, 

ifxM 

Obviously, A = ex(f', 7 )- We now prove that (/, A") is a uni-soft subalgebra of A over U. Let 
x, y G A. If x, y G A, then x * y E A because A is a subalgebra of A. Hence /(x) = /(y) = 
f(x * y) = 7 , and so /(x * y) C /(x) U /(y). If x G A and y ^ A, then /(x) = 7 and /(y) = U 
which imply that /(x * y) C /(x) U /(y) = 7 U U = U. Similarly, if x ^ A and y G A, then 
/(x * y) C /(x) U /(y). Obviously, if x ^ A and y ^ A, then /(x * y) C /(x) U /(y). Therefore 
(/, A) is a uni-soft subalgebra of A over U. □ 

Any subalgebra of a BCC-algebra A" may not be represented as a 7 -exclusive set of a uni-soft 
subalgebra (/, A) of A" over C in general (see Example 3.6). 

Example 3.6. Let E — A be the set of parameters, and let U = X be the initial universe set 
where A = {0,1,2,3} is a BCC-algebra as in Example 3.3. Consider a soft set (/, A") which is 
given by 
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f:X-> X eA 


{0} if x = 0, 

{0,3} if re G {1,2,3}. 


It is easy to check that (/, X ) is a uni-soft subalgebra of X over U. The 7-exclusive set of (/, A") 
are described as follows: 

( { 0 } if 7 = { 0 }, 

ex(f; 7) = < x if 7 G {{0,3}, {0,2, 3}, A}, 

I 0 otherwise. 

The subalgebra { 0 , 2 } cannot be a 7-exclusive set ex(f‘, 7) since there is no 7 C U such that 
ex(f; 7) = {0,2}. 

Definition 3.7. A soft set (/, X) over U is called a union soft ideal (briefly, uni-soft ideal ) of a 
-BCC-algebra X over U if it satisfies (3.1) and 

(3.2) f(x) C f(x *y) U f(y) for all x,y e X. 


Proposition 3.8. Every uni-soft ideal of a BCC-algebra X over U is a uni-soft subalgebra of 
X over U. 

Proof. Put x x * y and y := x in (3.2). Then we have f(x * y) C /((x * y) * x) U f(x). Using 
(b2) and (3.1), we obtain f(x*y) C f((x*y)*x)Uf(x) = /(0)U/(x) C f(y)Uf(x) = f(x)Uf(y) 
for all x,y G X. Hence (/, A") is a uni-soft subalgebra of X over U. □ 

Theorem 3.9. A soft set (/, A") of a BCC-algebra X over U is a uni-soft ideal of X over U if 

and only if the 7 -exclusive set ex(f', 7 ) is a ideal of X for all 7 G fX{U) with ex(f) 7 ) 7 ^ 0. 

Proof. Similar to Theorem 3.4. □ 

Proposition 3.10 Every uni-soft ideal (/, A) of a BCC-algebra over U satisfies the following 
properties: 

(i) (Vx G X)(x <y^ f(x) C /(j/)), 

(ii) (Vx,y,z G A)(x* y < ^ ^ /(x) C f(y)Uf(z)). 

Proof, (i) Let x,y G A be such that x < y. Then a; * y = 0. It follows from (3.2) and (3.1) that 
f(x) C f( x *y) U f(y) = /(0) U /(y) = /(y). 

(ii) Let x,y,z G A" be such that x *y < z. By (3.2) and (3.1), we have f(x * y) C /((x * y) * z) U 

f(z) = /(0) U /(^) = f(z). Hence f(x) C f(x * y) U /(y) C f(z ) U f(y) = f(y) U /(z). □ 

The following corollary is easily proved by induction. 

Corollary 3.11. Every uni-soft, ideal of a BCC-algebra X over U satisfies the following condition: 

(3.3) (• • • (x * ai) * • • •) * a n = 0 =>■ /(x) C ULl /( a ^) for a11 x , a iw , a n G A. 
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Theorem 3.12. If (/, X) and (g,X) are uni-soft ideals of a BCC-algebra X over U, then the 
union (f,X)Q(g,X) of (f,X) and (g,X) is a uni-soft ideal of X over U. 

Proof. For any x G X , we have (/Ug)(0) = /(0) U g(0) C f(x) U g(x) = (fOg)(x). Let 
x,y E X. Then we have (fOg)(x) = f(x) U g(x) C (f(x * y) U f(y)) U (g(x * y) U g{y)) = 
(f(x*y)Ug(x*y))U(f(y)Ug(y)) = (fOg)(x * y) U (fOg)(y). Hence (f,X) 0 (g,X) is a uni-soft 
ideal of X over U. □ 

The soft intersection of uni-soft ideals of a ne'e-algebra X may not be a uni-soft ideal of X 
over U (see Example 3.13). 

Example 3.13. Let E = X be the set of parameters, and let U := Z be the initial universe set 
where X = {0,1, 2, 3} is a BCC- algebra with the following table: 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

2 

2 

1 

0 

2 

3 

3 

3 

3 

0 


Let (/, X) and (g, X) be soft sets over U = 7L defined as follows: 


and 


f:X-¥ ^(U), X eA 


9Z if are {0,1,2}, 
3Z if x G {2, 3}, 


g:X ^ &{U), xe+ 


12Z if X = 0, 

3Z if x — 3, 

Z if x G {1, 2}. 


Then (/, X) and {g,X) are uni-soft ideals of X over U. But (f,X)n(g,X) is not a uni-soft 
ideal of X over U, since (fr\g)( 2) = /(2) D g( 2) = 3Z D Z = 3Z ^ ( ff)g)(2 * 1) U (fr\g)( 1) = 
(/(I) n g( l)) u (/(l) n g (i)) = /( l) n ^(l) = 9Z n z = 9Z. 


Definition 3.14. A soft set (f,X) over U is called a union soft BCC-ideal (briefly, uni-soft 
BCC-ideal ) of a UCC-algebra X over U if it satisfies (3.1) and 

(3.4) f(x * z) C f((x *y)*z) U f(y) for all x, y,z G AT 

Lemma 3.15. Every uni-soft BCC-ideal of a BCC-algebra X over U is a uni-soft ideal of X 
over U. 

Proof. Put z 0 in (3.4). Using (a3), we have f(x* 0) = f(x) C f((x*y)*0)Uf(y) = f(x*y)Uf(y) 
for all x, y G X. Hence (/, X) is a uni-soft ideal of X over U. □ 
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Corollary 3.16. Every uni-soft BCC-ideal of a BCC-algebra X over U is a uni-soft subalgebra 
of X over U. 


The converse of Proposition 3.8 and Lemma 3.15 need not be a true, in general (see Example 
3.17). 


Example 3.17. Let ( U := Z, A") where X = {0,1, 2,3,4} is a BCC- algebra [4] with the following 
table: 


e X 

= 

{0, 

1,5 

) Q 
■ ) ' 

4} 

* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

1 

0 

0 

4 

4 

3 

4 

3 

0 


Let (/, A") be a soft set over U defined as follows: 


f : X &{U), x ey 


3Z if X e {0,1,2, 3}, 
Z if x = 4. 


It is easy to check that (/, A") is a uni-soft subalgebra of X over U, but not a uni-soft ideal of 
X over U, since /(4) = Z ^ /(4 * 3) U /(3) = /(3) U /(3) = 3Z. Consider a uni-soft set (g, X) 
which is given by 


g: X&{U), x ey 


2Z if re e {0,1}, 

Z if re G {2,3,4}. 


It is easy to show that (g, X) is a uni-soft ideal of X over U. But it is not a uni-soft BCC-ideal 
of X over U, since g( 4 * 3) = g( 3) = Z ^ g{{ 4 * 1) * 3) U g( 1) = g(0) U g( 1) = 2Z. 


Example 3.18. Let (U := Z, X) where X = {0,1, 2, 3,4, 5} is a BCC-algebra [4] with the 
following table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

1 

2 

2 

2 

0 

0 

1 

1 

3 

3 

2 

1 

0 

1 

1 

4 

4 

4 

4 

4 

0 

1 

5 

5 

5 

5 

5 

5 

0 


Let (/, X) be a soft set over U defined as follows: 


f : X fP(U), x ey 


5Z if re G {0,1, 2, 3,4}, 
Z if x = 5. 


It is easy to check that (/, X) is a uni-soft BCC-ideal of X over U . 
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Theorem 3.19. A soft set (/, X) of a BCC-algebra X over U is a uni-soft. BCC-ideal of X 
over U if and only if the y-exclusive set ex(f', 7 ) is a BCC-ideal of X for all 7 G &(U) with 
ex(f; 7 ) ^ 0 - 

Proof. Suppose that (/, X) is a uni-soft BCC -ideal of X over U . Let x,y,z E X and 7 G <5P([0,1]) 
be such that (x * y) * z G ex{f] 7 ) and y G ex(f', 7 )- Then /((x * y) * x) C 7 and /(y) C 7 . It 
follows from (3.1) and (3.4) that /(0) C f(x * z) C /((x * y) * x) U /(y) C 7 . Hence 0 G ex(f‘, 7 ) 
and x * z G ex(f', 7 ), and therefore ex(f', 7 ) is a BCC-ideal of A". 

Conversely, assume that ex(f', 7) is a BCC-ideal of A" for all 7 G <^([0,1]) with ex(f) 7) 7 ^ 0. 
For any x G A", let /(x) = 7. Then x G ex(f] 7 )- Since ex(f', 7 ) is a BCC-ideal of A", we have 
0 G e x (f] 7 ) and so /(0) C /(x) = 7. For any x,y,z G X, let /((x * y) * z) = j( x „ y y z and 
/(y) = 7y Let 7 : = 7(**i/)** u 7r Then (x * y) * z E e x (f; 7 ) and y G e x (f; 7 ) which imply that 
x * z E e x (f; 7)- Hence f(x*z ) C 7 = 7 (a: * y )* z ) U y y = f((x * y) * z) U f(y). Thus (/,X) is a 
uni-soft BCC-ideal of X over U. □ 

Proposition 3.20. Let (/, X) be a uni-soft BCC-ideal of a BCC-algebra X over U. Then 
Xf := {x G X|/(x) = /(0)} is a BCC-ideal of X. 

Proof. Clearly, 0 G Xf. Let (x * y) * z,y E Xf. Then /((x * y) * z) = /(0) and /(y) = /(0). It 
follows from (3.4) that /(x * z) C /((x * y) * z) U /(y) = /(0). By (3.1), we get /(x * z) = /(0). 
Hence x * z E Xf. Therefore Xf is a .BCC-ideal of X. □ 

4. Quotient BCC-ideals induced by uni-soft BCC-ideals 

Let (/, X) be a uni-soft BCC-ideal of a BCC-algebra X over U. For any x, y G X, we define 
a binary operation “ ” on x as follows: 

x y yy f(x*y) = f(y * x) = 0 . 

Lemma 4.1. The operation “ ” j s HU equivalence relation on a BCC-algebra X. 

Proof. Obviously, j s both reflexive and symmetric. Let x, y, z E X be such that x y and 
y z. Then /(x*y) = /(0) = f(y*x ) and f(y*z) = /(0) = f(z*y). Since (x*z)*(y*z) < x*y 
and ( z*x)*(y*x ) < z*y, it follows from Proposition 3.10(ii) that f(x*z) C f(y*z)Uf(x*y) = /(0) 
and f(z * x) C /(y * x) U f(z * y) = /(0). By (3.1), we have /(x * z) = /(0) = f(z * x) and so 
x Therefore “ ” j s an equivalence relation on X. □ 

Lemma 4.2. For any x, y in a BCC-algebra X, if x y ; then x * x y*z and z * x ^ * y 

for all z E X. 

Proof. Let x,y,z E X be such that x y. Then f(x*y) = /(0) = f(y*x). Since (x*z)*(y*;z) < 
x*y and ( y*z)*(x*z ) < y*x, it follows from Proposition 3.10(i) that f((x*z)*(y*z)) C f(x*y) = 
/(0) and /((y*x)*(x*x)) C /(y*x) = /(0). Thus /((x**)*(y* 2 )) = /(0) = f((y*z)*(x*z)) t 
and so x*z y*z. Since ((z*x)*(y*x))*(z*y) = 0, we have f((z*x)*(z*y)) C f(((z*x)*(y* 
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x)) * ( z*y )) U f(y*x) = /(0) U f(y*x) = f(y*x) = /(0). Since (( z*y ) * ( x*y )) * (z*x) =0, we 
have f((z*y)*(z*x)) C /(((^*j/)*(a;*j/))*( 2 ;*a;))U/(a;*j/) = /(0) U/(z *?/) = /(x*j/) = /(0). 
By (3.1), we have f((z*x)*(z*y)) = /(0) and f((z*y)*(z*x)) = /(0). Therefore x* z y* z 
and z * x z * y. □ 

Using Lemma 4.2 and the transitivity of , we have the following Lemma. 

Lemma 4.3. For any x, y, u, v in a BCC-algebra X, if x y and u v, then x * u y * v. 

By Lemmas 4.1, 4.2 and 4.3, the operation “ ” is a congruence relation on a -BCC-algebra 

X. Denote by f x the equivalence class containing x G A", and by X/f the set of all equivalence 
classes of A", i.e., f x := {y G X\y x} and X/f := {f x \x G A}. Define a binary operation • 
on X/f as follows: for all f x ,f y G X/f, f x *f y '■= f x *y Then this operation is well-defined by 
Lemma 4.3. 

Theorem 4.4. If (/, A") is a uni-soft BCC-ideal of a BCC-algebra X over U, then the quotient 
X/f := (X/f, •, /o) is a BCC-algebra. 

Proof. Straightforward. □ 

Proposition 4.5. Let y : (X, *, Ox) —* (Y, *, 0y) be an epimorphism of BCC-algebras. If (g, Y) 
is a uni-soft BCC-ideal ofY over U, then (g o y,X) is a uni-soft BCC-ideal of X over U. 

Proof. For any x G X, we have (g o (f)(0) = g(y( Ox)) = <?(0y) C g(y(x)) — (go y)(x). For any 
x, y G X, we have (gou)(x*z) = g(y(x*z)) = g(y(x) * y(z)) C g((y(x) *y a) *y(z)) U g(a) for any 
a G Y. Let y be any preimage of a under y. Then (g o y)(x* z) C g((y(x) *y a) * y(z)) U g(a) = 
g((y(x)* Y y(y))*y(z))Ug(y(y)) = g(y((x* x y)*xz))Ug(y(y)) = (goy)((x* x y)*xz)U(goy)(y). 
Hence g o y is a uni-soft BCC-ideal of X over U. □ 

Theorem 4.6. Let y : (X, *, Ox) — > (Y, *, 0y) be an epimorphism of BCC-algebras. If (g, Y) is a 
uni-soft BCC-ideal ofY over U, then the quotient algebra X/(g o y) := (X/(g o y), m x , (g o y) 0x ) 
is isomorphic to the quotient algebra Y/g := (Y/g, •y,9o y )- 

Proof. By Theorem 4.4 and Proposition 4.5, X/(g o y) := (X/(g o y),m x , (g o y) 0x ) and and 
Y/g ■= (Y/g, *Y,g o v ) are BCC- algebras. Define a map 

V : X/ (g o y) —>■ Y/g, (g o y) x ^ g^ x) 

for all x G X. Then the function rj is well-defined. In fact, assume that (g o y) x = (go y) y for all 
x,y e X. Then we have g(y(x)* Y y(y)) = g(y(x* x y)) = (goy)(x* x y) = (goy)(0 x ) = g(y(0 x )) = 
g(0y) and g(y(y) *y y(x)) = g(y(y * x x)) = (g o y)(y * x x) = (g o y)(0 x ) = g(y(0 x )) = g(0 y). 
Hence g^x) 9ii(y) ■ 

For any (g o y) x , (g o y) y G X/(g o y), we have rj((g o y) x m x (g o //) y ) = rj((g o //)**„) = 
Sfi(x* x y) = 9n{x)* Y n{y) = 9n(x) »y 9y,( y ) = v((9 ° h)x) *y v((9 ° h) y )) • Therefore y is a homomorphism. 
Let g a G Y/g. Then there exists xq G X such that y(x o) = a since y is surjective. Hence 
v((9 ° h)xo) = 9y,(x o) = 9a and so rj is surjective. 
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Let x,y E X be such that g^ x ) = 9n{y)- Then we have (g o y)(x *x y) = g(h(x y)) = 
g(y(x) *y y(y)) = g( 0y) = g(y(0 x )) = (g ° h)(0x) It follows that (g o y) x = (g o y) y . Thus 77 is 
injective. This completes the proof. □ 

The homomorphism 7r : X —» X/g, x —> g x , is called the natural homomorphism of X onto 
X/g. In Theorem 4.6, if we define natural homomorphisms tc x ■ X X/goy and 7Ty : Y — > Y/g 
then it is easy to show that rj o 7 t x = tty 0 hi he., the following diagram commutes. 


X 


A Y 


7T X 


7 Ty 


x /(g°h) — Y /g- 


Proposition 4.7. Let (/, X) be a uni-soft BCC-ideal of a BCC-algehra X over U. The mapping 
7 : X —> X//, given by y(x) := f x , is a surjective homomorphism, and Kery = {a; G X\y(x) = 

/»} = Xf- 

Proof. Let f x G X/f. Then there exists an element x G X such that y(x) = f x . Hence 7 is 
surjective. For any x, y G A", we have 7 ( 0 ; * y) = f x * y — f x • f y — y(x) • 7 ( 7 /)- Thus 7 is a 
homomorphism. Moreover, Ker 7 = (x G X| 7 (x) = /o} = {x G X|x / 0 } = {a: G X\f{x) = 

/(0)} = w. □ 

Proposition 4.8. Let (f,X) be a uni-soft BCC-ideal of a BCC-algebra X over U. If J is a 
BCC-ideal of X, then J/f is a BCC-ideal of X/f. 

Proof. Let (/, X) be a uni-soft LC'C'-ideal of X over U and let J be a .BCC-ideal of X. Since 
0 G J, we have /o G J//. For any x,y,z G J, (x * y) * z E J and y E J, we get x * z E J. Let 
(fx • f y ) • /*, f y e J//. Then (f x • f y ) • f z = f( xnj p z E J/f and f y E J/f imply f x »f z E J/f. 
Thus J// is a BCC-ideal of X//. □ 

Theorem 4.9. Let (/, X) be a uni-soft. BCC-ideal of a BCC-algebra X over U. If J* is a 
BCC-ideal of a BCC-algebra X/f, then there exists a BCC-ideal J = {x E X\f x E J*} in X 
such that J/f = J*. 


Proof. Since J* is a BCC-ideal of X//, (f x • f y ) • f z = f( x * y )* z , f y E J* imply f x *f z = f x * z E J* 
for any f x , f y , f z E X/ f. Thus (x*y)* z,y E J imply x * z E J for any x,y, z E X. Therefore J is 
a BCC-ideal of X. By Proposition 4.8, we have J/f = {f/\j E J} = {fj\3f x E J* such that j 
x } = {fj\3f x e J* such that f x = f)} = {fff) E J*} = J*. □ 


Theorem 4.10. Let (/, X) be a uni-soft. BCC-ideal of a BCC-algebra X over U. If J is a 
BCC-ideal of X, then —Jfj — X/J. 

J / f 
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Proof. Note that ^j = {[f x ]j/f\f e x /f}- If we define p : ^jj -> X/J by p([f x ]j/f) = 

[x\j = {y E X\x ~ J y}, then it is well defined. In fact, suppose that [f x ]j/f = [fy]j/f- Then 
fx ~ J// fy and so f xmy = f x • f y E J/f and f y * x = f y • f x E J/ f. Hence x*y E J and y*xeJ. 

X / f 

Therefore x y, i.e., [x\j = [y]j. Given [f x ]j/ f , [f y \j/f G '-jjj , we have (p{[f x ]j/f • [f y ]j/j) = 

<p([fx • fy\j/f ) = M J/]J = Mj * b]j = <?([/*] j//) * <p([/ y ]J//)- Hence ip is a homomorphism. 

Obviously, p is onto. Finally, we show that p is one-to-one. If p([f x ]j/f) = pdfy\ J/f), then 
[x]j = [y]j, i-e., x y. If f a e [ f x ]j/f , then f a f x and hence f a * x , f x * a e J/f. It follows 
that a * x,x * a e J, i.e., a ~ J x. Since ~ J is an equivalence relation, a ~ J y and so J a = J y - 
Hence a * y,y * a e J and so f a * y , f y * a e J//. Therefore f a ~ J// f y . Hence f a G [/ y ]j//. 
Thus [/ x ]j// C [/Jj//. Similarly, we obtain [/Jj// C [/ x ]j//. Therefore [/ x ]j// = [/y]j//. This 
completes the proof. □ 
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FIXED POINT THEOREMS FOR VARIOUS CONTRACTION CONDITIONS 

IN DIGITAL METRIC SPACES 


CHOONKIL PARK 1 , OZGUR EGE 2 *, SANJAY KUMAR 3 , DEEPAK JAIN 4 , JUNG RYE LEE 5 * 


Abstract. In this paper, we prove the existence of fixed points for Kannan contraction, Chat- 
terjea contraction and Reich contraction in setting of digital metric spaces. These digital con¬ 
tractions are the applications of metric fixed point theory contractions. 


1. Introduction 

The basic tool of metric fixed point theory is the Banach contraction principle, which states 
that “Let T be a mapping from a complete metric space ( X , d) into itself satisfying 

d(Tx,Ty ) < ad(x,y) 

for all where 0 < a < 1. Then T has a unique fixed point.” 

This principle gives existence and uniqueness of fixed points and methods for obtaining ap¬ 
proximate fixed points. This principle was generalized by several authors by using different 
types of minimal commutative along with continuity one of the mappings. In finding common 
fixed point generally we include the following steps: 

(i) A commutative type condition, 

(ii) Completeness of the space or completeness of the range space of one or more mappings, 

(iii) A relation between the ranges of mappings, 

(iv) Continuity of one or more mappings, 

(v) A contractive type condition. 

This principle was further generalized by using different types of properties such as E.A. 
property, Common Limit Range property along with containment of range spaces instead of 
continuity of mappings. 

The topological fixed point theory involves the study of spaces with the fixed point property. 
Moreover, topology is the study of geometric problems that does not depend only on the exact 
shape of the objects, but rather it acts on a space. In topology, generally we consider infinitely 
many points in arbitrary small neighborhood of a point. To consider finite number of points in 
a neighborhood, the concept of digital topology was introduced by Rosenfeld [13]. 

In fact, digital topology is the study of geometric and topological properties of digital image 
using geometric and algebraic topology. The digital images have been used in computer sciences 
such as image processing, computer graphics. For detail one can refer to [1, 8, 11]. Digital 
topology also provides a mathematical basis for image processing operations. Further, digital 
topology is a developing area in 2D and 3D digital images. For a difference in general topology 
and digital topology, see Figure 1. 


2010 Mathematics Subject Classification. Primary 47H10; Secondary 54E35, 68U10. 

Key words and phrases, digital image, fixed point, digital contraction, digital continuity. 
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General topology Digital topology 

#N(p) = oo 
£ —> 0 

© 


Figure 1. Neighbourhood in general and digital topology 
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#N(p) = 4 


The elements of 2D image array are called pixels and the elements of 3D image array are called 
voxels. Each pixel or voxel is associated with lattice points (A point with integer coordinate) 
in the plane or in 3D-space. A lattice point associated with a pixel or voxel has values 0 and 1. 
The pixel or voxel that has value 0 is called a black point and the pixel or voxel that has value 
1 is called a white point. 

2. Topological structure of digital metric spaces 

Let Z n , n E N, be the set of points in the Euclidean n-dimensional space with integer coordi¬ 
nates. 

Definition 2.1. [4], Let l,n be positive integers with 1 < l < n. Consider two distinct points 

P = (pi,P 2 , -,Pn), q = {qi,Q 2 , Qn) £ . 

The points p and q are fc/-adjacent if there are at most l indices i such that \pi — qi\ = 1, and 
for all other indices j. \pj — qj\ ^ 1, pj = qj. 

(i) Two points p and q in Z are 2-adjacent if \p — q\ = 1 (see Figure 2). 

—£-O- *j- 

Figure 2. 2-adjacency 

(ii) Two points p and q in Z 2 are 8-adjacent if the points are distinct and differ by at most 
1 in each coordinate. 

(iii) Two points p and q in Z 2 are 4-adjacent if the points are 8-adjacent and differ in exactly 
one coordinate (see Figure 3). 

(iv) Two points p and q in Z 3 are 26-adjacent if the points are distinct and differ by at most 
1 in each coordinate. 

(v) Two points p and q in Z 3 are 18-adjacent if the points are 26-adjacent and differ by at 
most 2 coordinates. 
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Figure 3. 4-adjacency and 8-adjacency 

(vi) Two points p and q in Z 3 are 26-adjacent if the points are 18-adjacent and differ in 
exactly one coordinate (see Figure 4). 




Figure 4. Adjacencies in Z 3 


One can easily note that the coordination number of Na in the crystal structure of NaCl is 6 
which is equal to adjacency relation in digital images of Figure 5. 



Figure 5. Crystal structure of NaCI 


Definition 2.2. A digital image is a pair ( X , k), where 0 ^ X C Z n for some positive integer n 
and k is an adjacency relation on X. Technically, a digital image ( X , k) is an undirected graph 
whose vertex set is the set of members of X and whose edge set is the set of unordered pairs 
{xq,xi} C X such that xq / x\ and xq and x\ are K-adjacent. 
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The notion of digital continuity in digital topology was developed by Rosenfeld [14] for study¬ 
ing 2D and 3D digital images. Boxer [2] gave the digital version of several notions of topology 
and Ege and Karaca [6] studied various digital continuous functions. 

Let N and M denote the sets of natural numbers and real numbers, respectively. Boxer [3] 
defined a at- neighbor of p G Z n which is a point of Z n that is at- adjacent to p where /t G 
{2,4, 6, 8,18, 26} and n G {1, 2, 3}. The set 

N K (p ) = {q | q is at — adjacent to p} 

is called the ^-neighborhood of p. Boxer [2] defined a digital interval as 

[a, b\z = {z G Z | a < z < b}, 

where a, 6 G Z and a < b. A digital image X C Z n is ^-connected [9] if and only if for every pair 
of different points x, y G X, there is a set {xq,x\, ... ,x r } of points of a digital image X such 
that x = xo, y = x r and Xi and Xi + \ are ^-neighbors where z = 0, 1 ,..., r — 1 . 

Definition 2.3. Let (X, /to) C Z n ° and (Y, ati) C Z ni be digital images and / : X —> Y be a 
function. 

(i) If for every /To-connected subset U of X , f(U) is a ATi-connected subset of Y, then / is 
said to be (/To, ATi)-continuous [3]. 

(ii) / is (kq, k\ )-continuous if for every ATo-adjacent points {xo, x{\ of X, either f(x o) = f(x i) 
or f(x o) and f{x i) are /Ti-adjacent in Y [3]. 

(iii) If / is (/to, Ki)-continuous, bijective and f~ 1 is («i, /To)-continuous, then / is called 
(/To,/Ti)-isomorphism and denoted by X =( KoAl ) Y. 

Now we start with digital metric space ( X , d, n) with /r-adjacency where d is usual Euclidean 
metric for Z n as follows. 

Definition 2.4. [6] Let ( X , /r) be a digital image set. Let d be a function from ( X , k) x (X, k) —> 
Z n satisfying all the properties of metric space. The triplet (X, d, n) is called a digital metric 
space. 

Proposition 2.5. [8] A sequence { x n } of points of a digital metric space (X,d,i r) is a Cauchy 
sequence if and only if there is a G N such that d(x n , x m ) < 1 for all n, m > a. 

Theorem 2.6. [8] For a digital metric space (. X , d, k), if a sequence {x n } C X C Z n is a Cauchy 
sequence then there is a G N such that we have x n = x m for all n,m > a. 

Proposition 2.7. [8] A sequence {x n \ of points of a digital metric space (X,d,n) converges to 

a limit l G X if for all e > 0, there is a G N such that d(x n , l) < e for all n> a. 

Proposition 2.8. [8] A sequence {x n } of points of a digital metric space ( X,d,K) converges to 

a limit l € X if there is a € N such that x n = l for all n> a. 

Theorem 2.9. [8] A digital metric space (. X,d,K ) is complete. 

Definition 2.10. [6] Let (. X , d, k) be any digital metric space. A self map / on a digital metric 
space is said to be a digital contraction if there exists a A G [0,1) such that for all i,|/Gl, 

d{f(x), f(y)) < A d(x,y). 

Proposition 2.11. [6] Every digital contraction map f : (X,d,t r) —> (X,d,i r) is digitally con¬ 
tinuous. 

Proposition 2.12. [8] In a digital metric space ( X , d. at) , consider two points Xi, Xj in a sequence 
{x n } C X such that they are n-adjacent. Then they have the Euclidean distance d(xi,Xj) which 
is greater than or equal to 1 and at most y/t depending on the position of the two points. 
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3. Main results 

In 2015, Ege and Karaca [6] proved Banach contraction principle in the setting of digital 
metric spaces. With the motivation of Banach contraction principle in digital metric spaces, we 
prove Kannan, Chatterjea and Reich contraction fixed point theorems in the setting of digital 
metric spaces. 

The following theorem is the digital version of Kannan contraction fixed point theorem [10]. 

Theorem 3.1. Let (X,k) be a digital image where X C Z n and k is an adjacency relation 
between the objects of X. Let (X,d,n) be a digital metric space and S be a self map on X 
satisfying the following: 

d(Sx, Sy ) < a{d(x, Sx ) + d(y, Sy )} (3.1) 

for all x, y G X and 0 < a < Then S has a unique fixed point in X. 

Proof. Let xq e X and consider the iterate of sequence x n+ \ = Sx n . Now 
d(x i, X2) = d(Sxo , Sx 1) < a{d(x 0, Sx 0) + d(x 1, <Sxi)}, 


i.e., 

a 

d{xi,x 2 ) < - d(x 0 ,x 1 ). 

1 — a 

Similarly, we have 

d{x 2 , x 3 ) < - d(xi,x 2 ) 

1 — a 

< (-^—) 2 d(x 0 ,xi) 

1 — a 

and so on 

d(x n ,x n+ 1 ) < (-- ) n d(x 0 ,x 1 ), 

1 — a 

d(x n+ i,x n+2 ) < ( a ) n+1 d(x 0 ,x 1 ). 

1 — a 

Let B = ■ Then we can rewrite the above statement as follows: 

d(x n ,x n+ 1 ) < B n d(x 0 ,x 1 ), 
d(x n+ i,x n+2 ) < B n+1 d(x 0 ,x 1 ). 

If we use the triangle inequality repeatedly, then we obtain the following: 

C?(x n , X n -\-k ) ^ d(x n , + d(x n -\. 1, X n j r 2) + . . . + d(^n+fc— 1 ? %n+k) 

< ( B n + B n+1 + • • • + ^ n+fc_1 )d(*0, xi) 

B n 

< YZTfj^ 0 '^- 

Since 0 < /3 < 1, f^d(x o,xi) -A 0 as n 00 . This implies that the sequence { x n } is a Cauchy 
sequence in (X,d, k). By Theorem 2.9, there exists a limit point v and due to ( k, «)-continuity 
of S, we have 

S(v ) = lim S(x n ) = lim x n +i = v. 

n—>oc n—>00 

Therefore, S has a fixed point. 

Now we show that S has a unique fixed point. If a and b are fixed points of S, then 

d(a, b ) = d(Sa, Sb) < a{d{a, Sa ) + d(b, Sb )} 

= {d(a, a) + d(b, b)} = 0. 

As a result, d(a, b) = 0 and so a = b. □ 
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Now we prove the digital version of Chatterjea fixed point theorem [5] as follows: 

Theorem 3.2. Let (X,k) be a digital image where X C Z n and k is an adjacency relation in 
X. Let (X, d, k) be a digital metric space and S be a self map on X satisfying the following: 

d(Sx, Sy) < a{d(x , Sy ) + d(y , Sx)} 

for all x, y € X and 0 < a < Then S has a unique fixed point in X. 

Proof. Let xq G X and consider the iterate sequence x n = Sx n - 1 . Now 

d(x i, x 2 ) = d(Sxo , Sx 1 ) < a{d{x 0 , Sx 1 ) + d(x 1 , Sxo)} 

< a{d(x 0 , x 2 ) + d(x 1 , cci)} 

< a{d(x 0 , xi) + d(x 1 , x 2 )}, 


i.e., 


(1 — a)d(xi,x 2 ) < ad{x o,xi), 


a 


d(x i,x 2 ) < -d(x 0 ,xi). 

1 — a 


In a similar way, we get the following: 


d{x 2 ,x 3 ) < -d(xi,x 2 ) < (--) 2 d(x 0 ,xi), 

1 — a 1 — a 


a 


d(x n , x„ + i) < (--) n d(x 0 ,xi), 

1 — a 

d(x„+i,x n+2 ) < ( - ^ ) n+1 d(x 0 ,xi). 

1 — a 

If we take (3 = then we obtain 

d(x n ,x n+ 1 ) < P n d(x 0 ,x i)j 
d(x n+ i,x n+2 ) < /3 n+1 d(x 0 ,xi). 

From the triangle inequality, we conclude 

^ d(x n , + d(^n+ij ^n+ 2 ) + • • • + d(x n _|_fc_i, 

< (/I n + (3 n+1 + ... + /3 n+k ~ 1 )d(xo, xi) 

f3 n 

< YZTfj d ( x 0 ’ x i)- 

Since 0 < /3 < 1, pv^d(xo,xi) —> 0 as n —> 00 . This implies that the sequence {x n } is a Cauchy 
sequence in (X, d, n) and (X, d, n) is a digital complete metric space. So there is a limit point u 
and by the (n, /^-continuity of S’, we have 

S{u ) = lim S(x n ) = lim x n +i = u. 

n—>oc n—>00 

Therefore, S has a fixed point. 

To show the uniqueness, let a and b be fixed points of S. Then from the hypothesis, we get 

d(o, b ) = d(Sa, Sb) < a{d{a , Sa ) + d(6,56)} 

= {d(a, a) + d(6,6)} = 0. 

As a result, d(a, b) = 0 and so a = 6. □ 


Reich fixed point theorem [12] can be given as follows in digital images. 
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Theorem 3.3. If S is a mapping on a digital metric space (X,d,n) into itself satisfying the 
following 

d(Sx, Sy ) < ad(x, Sx ) + bd(y, Sy ) + cd(x, y) 

for all x, y E X and all nonnegative real numbers a , 6, c with a + b + c < 1. Then S has a unique 
fixed point in X. 


Proof. Let xq E X. Defining the sequence x n+ \ = Sx n , we get the following: 

d(x 1 , 2 : 2 ) = d(Sxo, Sx\) < ad(x 0 , Sx 0 ) + bd(x 1 , 5xi) + cd{x 0 , aq) 

< ad(xo, aq) + bd(x 1 ,^ 2 ) + cd(x 0 , aq) 

< ^fd(x 0 ,xi). 

l — o 

Similarly, we have 

d(x n ,x n + 1) < /3 n d(x 0 ,x 1 ), 

where (3 = j jMj and /3 < 1. The triangle inequality gives the following: 

d(x n , x n -\-k) ft d(x n , T x n _|_2) T • • • H~ d(x n _|_fc_i, Xn+fc) 

< (P n + P n+1 + ■■■ + P n+k ~ 1 )d(x 0,*1) 

P n 


< 


1-/3 


d(x 0 ,xi). 


m 


Since 0 < /? < 1, Y^d{x 0 , aq) as n —> 00 . Then we can say that {x n } is a Cauchy sequence i 
(. X , d, k) . There exists a limit point w such that 

S(w) = lim S(x n ) = lim x n+ i = w 

n —^00 n—>00 

by the completeness of (X,d,n). Hence S has a fixed point. It can be easily shown that this 
fixed point is unique. □ 


We give an example about Theorem 3.1. 

Example 3.4. Consider the minimal simple closed 18-surface MSS[ 8 = {q : i E [0,5]^} (see 
Figure 6). 



Figure 6. MSS' 18 [7] 

Let S : MSS' ls -a MSS[ 8 be any digital map satisfying the inequality (3.1). Consider a point 
such as co in MSS 1 8 and take S(co) = c' E MSS 18 . For the point c* E Ws(co, 1), i £ {1, 3,4, 5}, 
we have 

d(S(ci),S(co)) < a{d(ci, S(ci)) + d(c 0 , S(cq))} < a{V 2 + a/2} = 2a/2 a 
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since the maximum distance between different 18-adjacent points in MSS' 18 is y/2 by Proposition 
2.12. Since 0 < a < we get d(S(ci), S (cq)) < y/2. As a result, d(S (q), S (co)) = 0 implies 
that S(ci) = S(c o) = c' from the property of MSS l8 . This procedure can be applied all points 
in MSS 18 since co is an arbitrary point. Therefore, S' is a constant map. By Theorem 3.1, we 
can say that S has a fixed point. 
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Abstract. In this paper, by considering both F-contraction and fixed point results on ordered partial metric 
spaces, we introduce a pair of Cfrfc type ordered F-contractions on an ordered partial metric space. Then we 
give a common fixed point theorem for such contractions. We give an example showing that our main theorem 
is applicable, but both results of Durmaz et al. [11] and Wardowski [18] are not. We also discuss that this fixed 
point result can be applied to show the existence of solution of an integral equation. 


1. Introduction 

Matthews [12] introduced the concept of partial metric spaces and proved an analogue of 
Banach fixed point theorem in partial metric spaces. In fact, a partial metric space is a gener¬ 
alization of metric space in which the self distances p(r\,r\) of elements of a space may not be 
zero and follows the inequality p(r\,ri) < p(r\,r 2 ). After this remarkable contribution, many 
authors took interest in partial metric spaces and its topological properties and presented several 
well known fixed point results in the framework of partial metric spaces (see [1, 2, 5, 6, 7, 8, 14] 
and references therein). 

Banach presented a landmark fixed point result (Banach Contraction Principle). This result 
proved a gateway for the fixed point researchers and opened a new door in metric fixed point 
theory. A number of efforts have been made to enrich and generalize Banach Contraction Prin¬ 
ciple (see [9, 10] and references therein). Following Banach, in 2012, Wardowski [18] presented 
a new contraction (known as F-contraction). Since 2012, a number of fixed point results have 
been established by using F-contraction or ordered F-contraction (see [3, 11, 13, 15, 17]). 

Wardowski [18] presented the concept of F-contraction. Then some generalizations of F- 
contractions including multivalued case are obtained in [4, 3]. In this article, we prove a common 
fixed point theorem for a pair ordered F-contractions in complete partial metric spaces. An 
example is constructed to illustrate this result and to show that our result generalizes the result 
established by Durmaz et al. [11]. We apply the mentioned theorem to show the existence of 
solution of implicit type integral equations. 


°2010 Mathematics Subject Classification: 47H09; 47H10; 54H25. 

°Keywords: common fixed point; Ciric type ordered F-contraction, partial metric space. 
‘Corresponding authors. 
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2. Preliminaries 

Throughout this paper, we denote (0, oo) by M + , [0,oo) by M[J", (—oo,+oo) by M and the set of 
natural numbers by N. Following concepts and results will be required for the proofs of main 
results. 

Definition 1. [18] A mapping T : M —> M is said to be an F-contraction if it satisfies the 
following condition 

(d(T(n),T(r 2 )) >0^ t + F(d(T(n),T(r 2 )) < F(d( ri ,r 2 ))) (2.1) 

for all ri,r 2 £ M and some r > 0. Here F : R + —> M is a function satisfying the following 
properties. 

(Fi) : F is strictly increasing. 

(F 2 ) : For each sequence {r n } of positive numbers lim r) _ 5 . 00 r n = 0 if and only if lim n _ > . 0O F(r n ) = 
— 00 . 

(F 3 ) : There exists 8 £ (0,1) such that lim Q ,_ 5 . 0 + (a) e F(a) = 0. 

Wardowski [18] established the following result using F-contraction. 

Theorem 1. [18] Let ( M,d ) be a complete metric space and T : M -» M be an F-contraction. 
Then T has a unique fixed point v G M and for every ro € M the sequence {T n (ro)} for all 
n € N is convergent to v. 

Recently, Durmaz et al. [11] presented an ordered version of Theorem 1. 

Theorem 2. Let (M, <,d) be an ordered complete metric space and T : M M be an ordered 
F-contraction. Let T be a nondecreasing mapping and there exists ro £ M such that ro A T(ro). 
If T is continuous or M is regular, then T has a fixed point. 

We denote by the set of all functions satisfying the conditions (F\) — (Ffi). 

Example 1. [18] Let F : R + —> M be given by the formula F{a) = In a. It is clear that F satisfies 
(F[) — (F 3 ) for any k £ (0,1). Each mapping T : M —> M satisfying (2.1) is an F-contraction 
such that 

d(T(n),T(r 2 )) < e _T d(ri,r 2 ), for all ri,r 2 £ M,T(n ) fi T(r 2 ). 

Obviously, for all ri,r 2 £ M such that T(n) = T(r 2 ), the inequality 

d(T(n),T(r 2 )) < e~ T d(ri, r 2 ) 
holds, that is, T is a Banach contraction. 

Remark 1. From (Fi) and (2.1) it is easy to conclude that every F-contraction is necessarily 
continuous. 

Definition 2. [12] Let M be a nonempty set and assume that the function p : M x M -A M[j" 
satisfies the following properties: 

(Pi) n = r 2 ^p{n,ri) =p(ri,r 2 ) =p(r 2 ,r 2 ), 

(P 2 ) p{r\,r\) <p(ri,r 2 ), 

(P 3 ) P(n,r 2 ) =p(r 2 ,ri ), 
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(p 4 ) p(ri,r 3 ) <p(n,r 2 ) + p(r 2 ,r 3 ) -p(r 2 ,r 2 ) 

for all ri,r 2 ,r 3 £ M. Then p is called a partial metric on M and the pair (M.p) is known as 
partial metric space. 

In [12], Matthews proved that every partial metric p on M induces a metric d p : M x M —> M[j" 
defined by 

dp (ri,r 2 ) = 2 p(ri,r 2 ) -p(ri,n) -p(r 2 ,r 2 ) 

for all ri,r 2 £ M. 

Notice that a metric on a set M is a partial metric p such that p(r , r) = 0 for all r £ M and 
p{ri,r 2 ) = 0 implies r\ = r 2 (using (pi) and (p 2 ))- 

Matthews [12] established that each partial metric p on M generates a To topology r(p) on 
M. The base of topology r(p) is the family of open p-balls {B p (r, e) : r £ M, e > 0}, where 
B p (r,e) = {r\ £ M : p(r,ri) <p(r,r ) + e} for all r £ M and e > 0. A sequence {r n } n( =N in 
(. M,p ) converges to a point r £ M if and only if p(r,r ) = lim„_ > 0 O p(r , ,r ri ). 

Definition 3. [12] Let (. M,p ) be a partial metric space. 

(1) A sequence {r n } n£ N i n (M,p) is called a Cauchy sequence if lim njTO _ ) . 0 O p(r n , r m ) exists 
and is finite. 

(2) A partial metric space ( M,p ) is said to be complete if every Cauchy sequence {r n } ne p : j in 
M converges, with respect to r(p), to a point r £ X such that p(r, r) = lim ni „ woo p(r n , r m ) 

The following lemma will be helpful in the sequel. 

Lemma 1. [12] 

(1) A sequence r n is a Cauchy sequence in a partial metric space ( M,p ) if and only if it is 
a Cauchy sequence in metric space (M, d p ) 

(2) A partial metric space ( M,p ) is complete if and only if the metric space ( M,d p ) is 
complete. 

(3) A sequence {r n } ne pj in M converges to a point r £ M, with respect to r(d p ) if and only 
if lim n _ 5 . oc p(r, r n ) = p(r , r) = lim n) „ woo p(r n , r m ). 

(4) If linin-s.oo r n = v such that p(v, v) = 0 then lim, woo p(r n , r ) = p(v, r ) for every r £ M. 

In the following example, we shall show that there are mappings which are not T-contractions 
in metric spaces, nevertheless, such mappings follow the conditions of T-contraction in partial 
metric spaces. 


Example 2. Let M = [0,1] and define partial metric by p(r \, r 2 ) = max {n, r 2 } for all r \, r 2 £ M. 
The metric d induced by partial metric p is given by d(r\,r 2 ) = |n — r 2 | for all r\,r 2 £ M. Define 
F : M + —> M by F{r) = ln(r) and T by 


T (r) 


p if r £ [ 0 , 1 ); 
5 

0 if r = 1 . 
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Then T is not an T-contraction in a metric space ( M,d ). Indeed, for r\ = 1 and r 2 = |, 
d(T(ri), T(r 2 )) > 0 and we have 


r + F(d(T(n),T(r 2 ))) < 
T + F(ii(T(l),r(5))) < 

r + F(d( 0,|)) < 

1 

6 < 

which is a contradiction for all possible values of r. 
( M,p ), we get a positive answer, that is, 


F(d(n,r 2 )), 


r(V4)) 


6 ’ 

Now if we work in partial metric space 


r + F (p(T(ri),T(r 2 ))) < F (p(n,r 2 )) implies 

r + < F(l), 

which is true. 

Similarly, for all other points in Af our claim proves true. 


Definition 4. Let (Af ■<) be a partially ordered set. Two mappings S, T: Af —> Af are said to 
be weakly increasing mappings if S(m) ^ TS{m ) and T(m) c< ST(m ) hold for all rn G Af. 


Example 3. Let Af = M + be endowed with usual order and usual topology. Let S, T: M —> M 
be given by 


SW = | ro ! and T(m) — | 

[ m itm£ (1, oo) [ 


m if m G [0,1] 
2m if m G (1, oo). 


Then the pair ( S , T) is weakly increasing mappings, where T is a discontinuous mapping. 


3. Main results 

We begin with the following definitions. 

Definition 5. Let (Af, be an ordered set and p be a metric on M. Then the triplet (Af, ^,p) 
is known as an ordered partial metric space. If (Af, p) is complete, then (Af, E,p) is called an 
ordered complete partial metric space. Moreover, M is regular if the ordered partial metric space 
(Af, E.p) provides the following condition: 

{ If {r n } C Af is a nondecreasing (nonincreasing) sequence with r n -A r, 
then r n r (r ^ r n ) for all n. 

Definition 6. Let (Af, ^,p) be an ordered partial metric space and S, T : Af —> Af be two 
mappings. Let 

7 = {(h,k) G Af xM-.h< k,p(S(h),T(k )) > 0} . 

We say the mappings S and T are a pair of Cure type ordered T-contractions if there exist 
F G Ap and r > 0 such that for all (h, k ) G 7 , 

r + F{p(S(h),T(k ))) < F ( M(h , A:)), (3.1) 
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where 

M(h, k) = max jp(h, k),p(h, S(h)),p{k , T(k)), P ^' S ^ + ^ p(yh ' T ^ j . 

The following lemma will be useful in the sequel. 

Lemma 2. Let be an ordered complete partial metric space and S,T be a pair of 

Ciric type ordered F-contractions. Then for each i = 0,1,2,3,... p(r 2 i, r 2 i+i) = 0 implies 
p(r 2i+ i,r 2i+2 ) = 0. 

Proof. Let ?’o E M be an initial point and take r\ = S(ro) and r 2 = T(r i). Then by induction 
we can construct an iterative sequence r n of points in M such a way that r 2 i+\ = S{r 2 i) and 
?’ 2*+2 = T(r 2 i + i), where i = 0,1, 2,.... We argue by contradiction that p(r 2 i + \, r 2 i +2 ) > 0. We 
note that 

M(r 2i ,r 2i+ i) = max jp(r 2 i, r 2i+ i),p(r 2i , S(r 2i )),p(r 2i+ i, T{r 2i+1 )), p ( r2l+1 ' S ( r21 ^ + P( ? 2 », T(i 2 »+i)) | 

f , , , X , X p(r 2 i+ i,r 2 i+ i) +p(r 2 i ,r 2i+2 ) \ 

= max < p(r 2 i,r 2 i + i),p(r 2 i,r 2 i+i),p(r 2 i + i,r 2 i+ 2 ), ---> 

= max { 0 , p(r 2 i + \, r 2 i +2 )} = p(r 2i+1 , r 2i+2 ). 

Consider t + F(p(r 2 i+ i,r 2i+2 )) = r + F (p(S(r 2i ), T (r 2i+ 1 ))). From (3.1), we have 
t + F (p(r 2 i+ i,r 2i+2 )) = r + F (p(S(r 2 i ),T(r 2i+1 ))) 

< F (M(r 2i ,r 2i+ i)) 

< F (p(r 2i+1 ,r 2i+2 )) 

for all i E N U {0}, which gives a contradiction. Hence p(r 2 i+i, r 2 i +2 )) = 0. □ 

The following theorem is one of the main results. 

Theorem 3. Let (M, ^,p) be an ordered complete partial metric space and S, T : M M be a 
pair of Cine type ordered F-contractions. If S, T are two weakly increasing mappings and there 
exists ?’o E M such that ro ^ £(ro), then there exists a point v such that p(v,v) = 0. Assume 
that either one of 5, T is continuous or M is regular. Then S, T have a common fixed point. 

Proof. We begin with the following observation: 

A i(h, k) = 0 if and only if h = k is a common fixed point of (S, T). 

Indeed, if h = k is a common fixed point of (S, T), then T(k) = T(h) = h = k = S(k) = S(h) 
and 

M(h, k) = max |p(fe, k),p{h, S(h)),p(k, T{k)), p(yk ' S ^ ^ | 

= p(h,h). 

If p(h, h ) > 0, then from the contractive condition (3.1), we get 

r + F(p(h, h)) = r + F(p(S(h ), T(k))) < F ( p{h , h )), 
which is a contradiction. Thus p(h , h) = 0 entails A i(h, h) = 0. 
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Conversely, if A4(h. k) = 0, then it is easy to check that h = k is a common fixed point of S 
and T. 

If M(ri,r 2 ) > 0 for all ri,r 2 £ M, then by the given assumptions there exists ?’o £ M such 
that ro A S(ro). Take r\ = S'(ro) and ?’2 = T(r i). Then by induction we can construct an 
iterative sequence r n of points in M such a way that ?’ 2 i+i = S(r 2 i) and r 2 i +2 = F(?’ 2 j+i), where 
i = 0,1,2,.... Since ro A S{tq) and S, T are weakly increasing mappings, we obtain 

ri = S(r 0 ) d TS(r 0 ) = T(n) = r 2 = T(n) ± ST(n) = S(r 2 ) = r 3 . 

Iteratively, we obtain 

r 0 ^ n ^ r 2 ^ ^ r„_i F r n F r n+1 A • • • . 

Now if p(S(r 2 i),T(r 2 i+i)) = 0, then using Lemma 2, we can conclude that r 2 % is a common 
fixed point of S. T. If p(S(r 2i ),T(r 2 i+ 1 )) > 0, then (r 2 i,r 2i+ i) £ 7 , since r 2 , A r 2 j + i- From the 
contractive condition (3.1), we get 

r + F(p(r2i+i,r 2 j + 2)) = T + F(p(5(r 2 i),F(r 2 i + i))) 

< F 1 r2i+i)) (3.2) 

for all i £ N U {0}, where 

M(r 2 i,r 2 i+ 1 ) = max jp(r 2 i, r 2 j+i),p(r 2 i, 5(r 2 i)),p(r2i + i, T(r 2 i + i)), P( r2 * +1 ’+ p( ? 2 », T(? 2»+i)) j 

f / \ / n / \ P(r 2 i+i,r 2 j+i) +p(r 2 j,r 2 j + 2 ) \ 

= max<p(r2i,r2i + i),p{r2i,r2i + i),p{r2i + i,r2i + 2), ---1 

= max {p(r 2 j, ?’ 2 j+i),p(r 2 i+i, r 2 i+ 2 )} • 

If A4(r2i, ?’ 2 i+i) = p(?’ 2 i+i, r 2 i+ 2 ), then due to (F\) and (3.2), we get a contradiction. Thus, 
for M(r 2 i,r 2 i+i) =p(r 2 i,r 2 i+ 1 ), we have 

F (p(r 2 i+i, r 2 i+ 2 )) < F (p(r 2 i, r 2 ;+i)) ~ t (3-3) 

for all i £ N U {0}. Also since r 2 i+\ A r 2 i+ 2 , p(<S l (r 2 i+ 2 ), T(r' 2 *+i)) > 0. Otherwise, by Lemma 2 , 
r 2 i+\ is a common fixed point of S, T. Thus (r 2 *+i, ^+ 2 ) £ 7 and note that 

f p(T2i+2,r2*+i),p(r2j+2,5'(r2i + 2)),p(r2i+i,T(r2i + i)), 'j 

-A4(T 2 j+2,T 2 i+i) = m ax< p(r 2 j + i, 5(r 2 » +2 )) + p(r 2 i+ 2 , T{r 2 i+i)) > 

[ p(r 2 i+2,r2i+i),p(r2i+2,r2i+3),p(r2i+i,r 2 i+2), ) 

= max < p(r 2 i+i, r 2 » +3 ) + p(L 2 »+ 2 , ^+ 2 ) > 

= max{p(r 2 j+ 2 , r 2 i+i),p(r 2 i+ 2 , r 2 j+ 3 )} . 

Again the case M(r 2 i+ 2 , i" 2 i+i) < ^(^ 21 + 2 , ^+ 3 ) is not possible. So, for the other case, the 
contractive condition (3.1) implies 

F (p(r 2i+ 2 , r 2 i+ 3 )) < F 1 (p(r 2 i+i,r 2i+2 )) - r (3.4) 

for all i £ N U {0}. By (3.3) and (3.4), we have 

F(p(r n+ i,r n+2 )) < F (p(r n ,r n+ i)) - r (3.5) 
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for all n £ N U {0}. By (3.5), we obtain 

F ( p(r n , r n+ 1 )) < F (p(r n _ 2 , r n - 1 )) - 2r. 

Repeating these steps, we get 

F ( p{r n , r n+ i)) < F (p(ro, n)) - nr. 

By (3.6), we obtain lim n ^. 0O F (p(r n , r n+ i)) = —oo. Since F £ Ap, 

lim p(r n ,r n+1 ) = 0 . 

n—>oo 

From the property (F 3 ) of F-contraction, there exists k £ (0,1) such that 

lim (ip(r n ,r n +i)) K F (p(r n ,r n+ i))) = 0. 

n —>00 

By (3.6), for all n £ N, we obtain 

(p(r n , r n+ i)) K (F ( p(r n , r n+ 1 )) - F (p(r 0 ,x 1 ))) < - (p(r n , r n + i)) K nr < 0. 
Considering (3.7), (3.8) and letting n —> 00 in (3.9), we have 

lim ( n(p(r n ,r n+ i)) K ) = 0 . 

n —>00 

Since (3.10) holds, there exists n\ £ N such that n (p(r n ,r n+ i)) K < 1 for all n > n\ or 

p(r n ,r n + 1 ) < — f° r a11 n > m- 
Using (3.11), we get, for m > n > n\, 

P( r m I'm) A p{ r ni r n+l) T p( ? ’n+lj r n+2) F P{ r n+2i r n+ 3 ) F ■■■ F p(v m— 1 5 Tm) 

m— 1 

- ^ P{ r i-> r j) 

j=n+ 1 

< p{r n , r n+ i) +p(r n+ i,r n+2 ) + p(r n+2 , r n+3 ) + ... +p(r m— 1 5 Tm) 

m— 1 

= 5^p(n,n+ i ) 

i=n 

00 

< I>(r^ +1 ) 

i=n 

00 

< ri. 


(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 


The convergence of the series YlTLn ~ entails lim n;m _ ) . 0O p(r n , r m ) = 0. Hence {r n } is a Cauchy 

i * 

sequence in ( M,p ). Due to Lemma 1, {r n } is a Cauchy sequence in ( M,d p ). Since ( M,p ) is a 
complete partial metric space, (Af, d p ) is a complete metric space and as a result there exists 
v £ M such that lim n _ 5 . 00 d p (r n , v) = 0. Moreover, by Lemma 1 


lim p(v, r n ) = p(v, v) = lim p(r n ,r m ). 

n—>00 n,m—>oo 


(3.12) 
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Since lim n , m ->oo p{r n , r m ) = 0, from (3.12), we deduce that 

p(v,v) = 0 = lim p(v,r n ). (3.13) 

n—>oo 

Now from (3.13) it follows that r 2n _|_i —> v and r 2n _|_ 2 — > v as n —>• oo with respect to r(p). 
Suppose that T is continuous. Then 


v = lim r n = lim r 2n +i = lim r 2n+2 = hm T(r 2n+ 1 ) = T{ lim r 2 n+ i) = T(v). 

n —>og n— >• oo n—>oo n— >• oo n—>oc 

Now we show that v = S(v). Suppose on contrary that p(v,S(v)) > 0. Regarding v ^ v 
together with the contractive condition (3.1), we obtain 

t + F(p(v,S(v))) = t + F(p(S(v),T(v))) 

< F(M(v,v)), 

F(p(v,S(v ))) < F(p(v,v)), 


which is a contradiction. Thus p(v, S(v)) = 0 and due to (pi), (p 2 ) we conclude that v = S(v). 
Consequently, we have S(v) = T(v) = v, that is, ( S,T ) have a common fixed point v. 

In the other case, using the assumption that M is regular, we have that r n Fv for all n £ N. 
To show that v is a common fixed point of S, T, we split the proof into two cases. 


(1) r n = v for some n. Then there exists to £ N such that r 2 i 0 = v. Consider S(v) = 
S(r 2 i 0 ) = r 2 i 0 .(_i ^ v and also v = r 2 i 0 ^ r 2 i 0+ \ = S(v). Thus v = S(v) and from (3.1), 
we have v = T(v). 

( 2 ) r n 7 ^ v for all n. Suppose that p(v, S(v)) > 0. Since lim, woo r 2 * = v, there exists M G N 
such that 

p(r 2i+ \, S(v)) > 0 and p(r 2i ,v) < P ^ V '^- — for all i > M. 


Moreover, 


M(r 2 i, v) = ma x l p(r 2i ,v),p(r 2i , S(r 2i )),p(v,T(v)), 


p(v,S(r 2i )) + p(r 2 i, T(v)) 


M(r 2i , v) < fo r a ll i > AT. 

So (r 2 j, v) G 7 and S and T satisfy the generalized rational type ordered F-contraction. 
Thus 


t + F(p(r 2i+1 ,S(v))) = t + F(p(S(r 2i ),T(v))) 

< F(M(r 2i ,v)), 

F(p(v,S(v ))) < f( P ^ V, S( v ^ ) as i oo, 

which is a contradiction. Therefore, p(v,S(v)) = 0 and due to (pi), (p 2 ) we conclude that 
v = S(v) and from (3.1) we have v = T(v). Thus (S, T ) have a common fixed point v. □ 


We denote the set of common fixed points of S, T by Fix(5, T). 


Remark 2. If we assume that Fix(5, T ) in Theorem 3 is a chain along with existing conditions, 
then it is a singleton set (common fixed point is unique). Indeed, if uj is another common fixed 
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point of S,T , then u P v. Also p(S(v),T(uj)) > 0 (otherwise v = u>) and so (v,cu) G 7 . From 
the contractive condition (3.1), we have 

r + F(p(v,u)) = T + F(p(S(v),T(u))) 

< F(M(v,u)), (3.14) 


where 


J\4(v,cu) = max <^p(v, lu), p(v, S(v)),p(u>, T(lu)) 

= p(v,ut). 


p(u, S(v)) +p(v,T(v)) 


From (3.14), we have 

F(p(v,u)) <F(p(v,u)), 

which leads to a contradiction. Hence v = l 0 and v is a unique common fixed point of a pair 
(5, T). 


Remark 3. If Fi x(S,T) is not a chain and there exists z in M such that every element in the 
orbit Ot(z ) = {z, T(z), T' 2 (z ),...} is comparable to v, u, then v = u; (v is unique) provided that 
S and T are Cine type ordered F-contractions. 


Proof. Assume that v,u are in Fi x(S,T) and there exists an element z € M such that every 
element of Ot(z) = {z,T(z),T 2 (z), ...} is comparable to v, u and hence (T n-1 (z), S n ~ 1 (v)) and 
(T"-i(z), S' n_ i(w)) are elements of 7 for each n> 1. Due to (3.1), we have 

T + F(p(v,T n (z))) = r + F(p(S n (v),T n (z)) 

< F(M [S n ~ 1 (v),T n ~ 1 (z))), (3.15) 

where 

f p(S n - 1 (v),T n ~ 1 (z)) ,p(5 n - 1 (u),5 n (u)) ,p(T n ~ 1 (z),T n (z)) , 
M (S n ~ 1 (v),T n ~ 1 (z)) = max p (T n ~ l (z), S n {v)) + p (S n ~ 1 (v),T n (z)) 

= p(S n -\v),T n -\z)) =p(v,T n -\z)). 

Thus, from (3.15), we deduce that {p(v, T n (z))} is a nonnegative decreasing sequence which 
in turn converges to 0. 

Similarly, we can show that {p(uj, T n (z))} is a nonnegative decreasing sequence, which con¬ 
verges to 0. Consequently, v = u. □ 


The following example illustrates Theorem 3 and shows that the condition (3.1) is more 
general than contractivity condition given by Durmaz et al. ([11]). 

Example 4. Let M = [0,1] and define p(ri,r 2 ) = max{ri,r 2 }. Let -<1 be defined by 77 -<1 r 2 if 
and only if r 2 < n for all n, r 2 G M. Then 77 -<1 77 is a partial order on M and (M, -<i,p) is a 
complete ordered partial metric space. Moreover, define d{r\,r 2 ) = |ri — 7 ~ 2 1- Then 
is a complete ordered metric space. Define the mappings S,T : M M as follows: 


T (r) = < 


- if re [ 0 , 1 ); 
5 


0 if r = 1 


3 r 

and S(r) = — for all r G M. 
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Clearly, S,T are weakly increasing self mappings with respect to -<i. Define the function F : 
R + —> R by F(r) = ln(r) for all r € R + > 0. Let ri,r 2 G M such that p(S(ri), T(?’ 2 )) > 0 and 
suppose that r 2 -<i r\. Then 


M(ri,r 2 ) = max < r 2 , 


fir 2 


fir 2 


Since < 1 and 


1 +max 


r i _ 

f 3ri V 2 \ 
l 7 ’ 5 / 


v 1 + n ’ 1 + max { ^y } 
< 1 , we have that A4(ri,r 2 ) = r 2 . 


In a similar way, if r\ -<d r 2 , then we obtain that .M(ri,r 2 ) = r i, i.e., Al(ri,?’ 2 ) = p{fi,f 2 )- 


Let t < ln(|). Since (ri,r 2 ) G 7 

T + (p(5(n),T(r 2 ))) = 


, 1 ( / 3ri r 2 

r + In I max < ~Y,~jr 


= l»'d + In ( ,J ' ) - hi(p(n,r 2 )) 


= F(M(ri,r 2 )) ■ 


Thus the contractive condition (3.1) is satisfied for all r\ ,r 2 G M with L = 0. Hence all the 
hypotheses of Theorem 3 are satisfied. Note that (S', T) have a unique common fixed point 
r = 0. As we have seen in Example 2, T is not an E-contraction in (M, -< 1 , d). Thus we cannot 
apply Theorem 1 and hence Theorem 2. The following corollary generalizes Theorem 2. 


The following corollary generalizes the results in [13]. 

Corollary 1. Let (M, A,p) be a complete ordered partial metric space and T : M M be a 
mapping such that ?’o A T(ro). Assume that 

(1) either T is a continuous mapping or M is regular, 

(2) T is a Ciric type ordered F-contraction. 

Then T has a unique fixed point v in M such that p(v, v) = 0. 


Proof. Setting S = T in Theorem 3, we obtain the required result. 


□ 


4. Application of Theorem 3 


This section contains an existence result which shows the usefulness of Theorem 3 in estab¬ 
lishing existence of solution of implicit type integral equation: 

f*a pa 

(4.1) 


n a 

TL(t, 0 , 4>, u(9, f>)) dOdcf), 


where u G Zi = C [C([0, a]) x [0, a]]=Lebesgue measurable space, t,9,f) G I a = [0, a]. For u G U, 

define norm as: ||u|| = max{|it(t)|}. Let U be endowed with the partial metric p : U xU —»• M[j" 

te[o,a] 

defined by 

p(u, v) = d(u , v) + c = max | u(r, t) — v(r, t)| + c for all u , v G U. 

te[0,a] 
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Also, U can be equipped with order -<2 defined by u <2 v if and only if v(r,t) < u(r,t). 
Obviously, {U, || • ||) is a Banach space and (U, -< 2 ,p) is a complete ordered partial metric space. 

Theorem 4. Assume that 

(a) for all u,v £ Z4 and k = \u{ri, t ) — v(ri,t)\ + c 

| Aft, u(ri,t)) — Aft, v(ri, f))| + c < {n)e~ T for each t £ I a , 

(b) %{t,6,(j>,u{9,4>)) < ^izu(ri,t) for all t £ I a , 

(c) /or all t,0,<f) £ 

/*a /*a /*a /“a 

A(f, / / W(t,9,(j),u(Q,(j>)) d6d(j>) < / / 'Hit,9,(f),u{9,(j))) d9d(j>, 

Jo Jo Jo Jo 

(d) / H(t,9,(j>,A(0,u(9, /))) > ^A(f,ix(ri,f)). 

a- 

Then implicit integral equation (4-1) has a solution inU. 

Proof. Firstly, define 5(tt(ri,f)) = A(t, £)) and T{u(r\,t )) = 9, <f),u{9,<j>)) dBd<f>. 

We show that S,T are weakly increasing mappings. Consider 

S(T(u(ri,t))) = A{t,T(u(ri,t))) 

pa pa 

= Ait 


< 


f j 'H{t,9,(j),u(9,(j))) d9d(j> 

Jo Jo J 

n a 

Tift, 9, (j>, u(9 , />)) d9d<f = T(u(r\,t)) using (c) 


and 


T(S(u(n,t ))) = f f T-L(t, 9, <t>,S{u(9, /))) d9d(j> 

Jo Jo 

pa pa 

= / / y.{t,9,(j),A(9,u(9,(j))))d9d(j) 


~ a 2 


jo Jo 
2 


A(t,u(r\,t)) d9d(j> = A{t,u{r\,t)) due to (b). 


'o Jo 


Thus S(T{u(r\,t ))) < T{u(ri,t)) and T(S(u(r\,t))) < S(u(ri,t)) for all t £ I a imply that S,T 
are weakly increasing mappings with respect to -< 2 - 
Secondly, consider 


p(S(u),T(v )) = max|S(u(?’i,f)) - T(r(r 2 ,f))| + c 

tela 


= max 

tela 


< max 
tela 


n a 

U(t , 0, />, r(0, />)) d9d(f> 

A(t,u(ri,t ))-^ f f Ait, v(ri, t)) dQdcJ 

a 2 Jo Jo 


+ c 

+ c using (d) 


= max |A(£, w(n, £)) — A(f, r(ri, f))| + c 
tela 

< rna x(n)e~ T using (a) 

< e~ T p{u,v). 
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So 


r + ln(p {S(u), T(v))) < ln(p(u,v)) < v)). 

Thus by taking F(r) = ln(r), we have 

r + F(p (S(u),T(v))) < F(M(u, v)). 

Hence by Theorem 3 the integral equation (4.1) has a solution in C [C ([0, a]) x [0, a]]. □ 
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Abstract 

One of the main tasks in MRI image reconstruction is to catch the picture characteristics 
such as interfaces and textures from incomplete frequency data, and the iteration methods 
are the most useful methods to the minimization problem. A new viewpoint of choosing the 
iteration stopping rules in image reconstruction problem is proposed. The reconstruction model 
based on compressive sensing theory consists of a data matching term and two penalty terms, 
wavelet sparse and total variation regularization term. Then the Bregman iteration with lagged 
diffusivity fixed point iteration is used to solve the corresponding nonlinear Euler-Lagrange 
equation of image reconstruction model with incomplete frequency data. A real MRI image is 
used to test the proposed method in numerical experiments with different stopping rules. The 
theoretical analysis illustrate that although the norm of objective functional decreases with 
respect to the number of iteration, it cannot ensure the reconstructed image is the desired 
optimization image. 

MSC(2010): 65M32, 65T50, 65T60, 65K10 

Keywords: image reconstruction; MRI image; total variation; wavelet transform; regularization 


1 Introduction 

Image processing can be roughly divided into three kinds of problems, namely, image deblurring, 
image enhancement and image restoration, and the main purpose is to obtain the clear image with 
interfaces and textures from its noisy measurement. For a bounded connected domain C M 2 (a 
rectangle in general [1]), let w(x),x = (x!,x 2 ) be the grey function of an image defined in fh In 
general, we can get the degradation data 6 CT (x) with blurring noisy process, such as moving blurry, 
Gaussian blurry, white Gaussian noise, impulse noise (salt and pepper noise) as well as Poisson 
noise [2, 3]. The optimization scheme is one of the classical way to reconstruct u from b a , i.e., 
minimizes the Tikhonov cost functional 

J(u) = ^\\K ou-b a \\ 2 L 2 {n) +aLou (1) 

1 Corresponding author: X.M. Liu, email: xmliu@seu.edu.cn 
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2 


with some penalty term Lou and the regularization parameter a > 0, where the operator L 
represents the a-priori regularity image u. Obviously, all of terms in (1) are continuous version, 
i.e., u(x) is defined in Q everywhere, to unify the basic idea of this scheme with our numerical 
implementations, we describe all these terms by the finite dimensional approximation of u(x) £ 
R NxN with components Uij(i,j = 1, • • • ,7V). 

In many engineering configurations, instead of the spatial noisy data 6? • for each pixel fthe 
practical measurement data may be the incomplete frequency data, or the finite number of discrete 
frequencies at the band-limited interval. For example, in the application of magnetic resonance 
imaging (MRI) image reconstruction, data collected by an MR scanner are, roughly speaking, in 
the frequency domain (called fc-space) rather than the spatial domain. One of the main stage for 
MRI is the fc-space data acquisition. In this stage, energy from a radio frequency pulse is directed 
to a small section of the targeted anatomy at a time. As a result, the protons within that area are 
forced to spin in a certain frequency and get aligned to the direction of the magnet. Upon stopping 
the radio frequency, the physical system gets back to its normal state and releases energy that is 
then recorded for analysis. This process is repeated until enough data is collected for reconstructing 
a high quality image in the second stage. This process is based on the compressive sensing (CS), and 
this kind of MRI image reconstruction problem is called CS-MRI image reconstruction. For more 
details about these contents see [4, 5, 6] and references therein. In this case, the data-matching 
term in (1) should be replaced by \\V o T[u\ — Vo b s |||, where T is the two-dimensional discrete 
Fourier transform converting the spatial matrix u £ R NxN into frequency matrix V\v\ £ C NxN , 
while V is a linear operator specifying the incomplete frequency data from C NxN , b s £ C NxN is 
the noisy frequency data, || • ||2 denotes the Euclidean norm. 

In the case of CS-MRI, the recovery of u from b s is equivalent to solving the Z 0 problem: 

min{||vR oii|| 0 : \\V o V[u) - V o b s \\j < S 2 }, (2) 

U 

where || • ||o is the number of nonzero components of the objective, and orthogonal wavelet operator 
: R NxN —» xl is based on the orthogonal wavelet basis = l,--- ,N) [ 7 ]. However, 

it is well-known that (2) is a NP-hard problem, and as usually, we replace it by the ^-minimizing 
problem: 

min{||'I' o u|| l5 \\V o J"[m] —Vo b S \\2 < d 2 }, (3) 

U 

which yields sparse solutions under some conditions [8], || • ||i denotes the l\ norm. 

2 A theoretical analysis for Ij-TV optimization model 

As usual, the image u has the obvious edges such as the interfaces in MRI images. So it is natural 
to also cooperate this a-priori information into the reconstruction model by considering the total 
variation (TV) penalty. So it is natural to consider the following unconstraint cost functional: 

J(u) '■= ^H'P oV[u] - V o b b \\l + ai||'P o uHi + a 2 \u\ T v, (4) 

where ot\,a 2 are positive regularization parameters that determine the penalty terms. Therefore, 
the image reconstruction problem is the following Zj-TV optimization model 

arg min J(u) = \\[P o V[u] - V o b s \\l + o + a 2 \u\ T v- (5) 

ueR NxN 2 
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Suppose u £ x 1 is a vector formed by stacking the columns of a two-dimensional MRI image 
array u := (uij), i, j = 1, • • • , TV. Since (5) is not a differential, we added a small positive parameter 
/3 [9, 10] and presented the optimization model as the following minimizing convex perturbed form 

arg min J(u) = ^||PFu - Pt> 5 ||l + ai||<fu||i i/3 + a 2 |u| T y >/3 , (6) 

ugl^xi 1 

in which two regularization terms are defined as 

n 2 _ N 

ii^uiM=5: v /((^o U ) i ) 2 + ^ iu|tv,0= yi \J\ v m u \ 2 +P, 

i—1 i^j—1 

where = (VfjU, V]f -u) is defined under periodic boundary condition 

vvic _ f u i+i,j ~ u i,ji if i < m , _ / fo,j+1 — u i,ji if j < n i 

1,3 ui,j-u mtj , if i = m. hi \ Uij-Ui.n, if j=n. 

for = \V itj u\ = yJiVfju)* + (Vi u) 2 . P is an N 2 x N 2 matrix consisting of sampling 

matrix P (an TV x N matrix generating from the identity matrix I by setting its some rows as null 
vectors), and F £ C N xN is the two-dimensional discrete Fourier matrix defined in Fourier matrix 
F £ C NxN with the components F m n = e ~ l2vrr in/N _ 

The objective function in the problem (6) is strictly convex and differentiable with respect to 
variable u and its global minimizer is unique [11] when aq = 0. The solution of (6) with small 
enough /3 can better approximate to the solution of the minimizing (4). Because the solution of the 
minimization problem for (4) can be regarded as the limit of the solution of (6) when /3 —>■ 0. 

There are a number of numerical methods for solving the image reconstruction model (6), like 
fixed-point continuation method [12], split Bregman method [13], gradient project method [14], 
fast alternating minimization method [15], the variable splitting method [16], the operator-splitting 
algorithm [17] and fast iterative shrinkage-thresholding algorithm [18]. Meanwhile the conjugate 
gradient method (CGM) [19] is also very efficient approach to solve (6) in CS-MRI, and the former 
work [10] is better than CGM. In this paper, a fast scheme with different iteration stopping rules 
is proposed to solve the objective problem (6), which is based on Bregman method [20] and lagged 
diffusivity fixed point iteration [21]. The numerical experiments are shown to compare proposed 
method with the one in former work [10]. The fast iterative scheme for proposed model (6) is as 
follows Algorithm 1. 

Now we give the theoretical analysis based on regularization for the CS-MRI image reconstruc¬ 
tion problem. The objective optimization problem (6) can be rewritten as 

arg min J{u) = \\[P o F[u] - V o b s \\\ + ai||^ o u|| li/3 + a 2 \u\ T v,p- (7) 

Assume L a o u = ai||T o uHi^ -f at2\u\TV,p- I 11 order to get the approximate solution u* to the 
above problem, we change the optimization problem (7) to the equation below 

{{VF)*VF + L a )o U k = (VF)*Vob 5 , (8) 

or 

u* = {(VF)*VF + L a )~~ 1 (VF)*'P O b s , (9) 
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Algorithm 1 The fast iterative scheme based on Bregman iteration for minimizing J(u) 

Input: frequency input = l,--- ,IV}, sampling matrix P € R w xN , and parameters 

cur, a: 2 > Id- 

Do iteration from k = 0 with b f( h = 0 ,w<M = 0 . 

While (the stopping rule is not satished) 

{ Compute: 

b( fe +i) = b 5 + (b( fe ) - PFu), 

u ( fc + 1 ) = arg min {ai||^u||i i/3 + a 2 |u| T y ,/3 + |||PFu - Pb (A+1) |||), 
u 6 R n2 xi L > 

k k + 1 . } 

End do 
u* := u( fe ). 

End 

where * means the conjugate transpose. Let operator R a = {(VTYVT + L a )~ 1 (VT)*T. When 
R a is the regularization strategy [22], we have 

||u* — it||, < R a ob s — R a ob + R a ob — u 

2 2 

< ||i? a || 2 - b S - b ^ + ||i? a ° (K F O u) - lt || 2 

< 6 \\R a \\ 2 + \\R a K F ou-u\\ 2 , (10) 

where Kp is an operator with Fourier transform in the classical way to reconstruct u from frecjuency 
data b based on ( 1 ), i.e., Kp o u = b. 

The iteration scheme can be based on Bregman iteration method [20], so the regularization 
parameter is seen as discrete regularization parameter, like Qq,a 2 ,/3 and iteration number k. With 
the inequations above, the regularization error ||u* — w || 2 can be seen as two parts: the ill-posed of 
model, and the error when R a tends to Kp . In [23], the error ||«* — u || 2 is of the optimal value at 
some iteration step. When iteration number k —» oo which beyonds that iteration step, objective 
function J (u*) —> 0 but the error ||«* — «|| 2 0. 

Now, we provide the similar conclusion in finite dimension. As we all know, the penalty terms 

in (7) are the important functions to the objective problem. However, the ill-posed problem ( 6 ) 

-8 

requires only the incomplete frequency data Pb . Therefore, we should optimize the objective 
function ||PFu — Pb |||. In the other words, there also exists a td (i.e. the exact solution) such 
that 

PFtd-Pb = inf PFu — Pd =0. (11) 

2 u 6 R « 2x1 2 

Noticing that the minimizing sequence {ufc jQ , : k = 1, 2, • • • } only has the convergence 

lim J(u fejQ ) = J(u*), (12) 

k—> oo 

there is no convergence for the norm ||ufc jQ , — u*|| in general. So we need to identify the behavior 
of a as k —> oo and cq —> 0(i = 1 , 2 ). 
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Theorem 2.1. There exists a subsequence {u^. a : j = 1,2, > • • } C 
{ufc jQ , : A; = 1,2,---} such that 

lim llufc a - u a 11 = 0. (13) 

j-¥ OO 11 J Z 

Proof. Since (12), we easily know that 

lim J(uka) = J{ u*) = inf J(u). 

fc->oo ’ ueK w2xl 

According to the finite dimension domain, there exists a subsequence of Ufc ja denoted by {u/^ >a : 
j = 1,2, - •• } such that u k jt a —> u a as j —> oo. Hence the limit of the norm ||ufc i>a — u Q || 2 equals 
to 0. The proof is complete. □ 

From Theorem 2.1, we have some sequence a m —> 0 as m -A oo, that means 

lim lim Ufc. am = lim u Qm := u, (14) 

m—too j—too 3 ’ 171 m—too 171 

lim lim J (u fe . a ) = 0. (15) 

m—too j—too 

Noticing (11) above, (15) is equal to ||PFul—Pb 11 2 - It reveals the exact meaning of the approximate 
solution to our problem by {u a : j = 1,2, • • • }, while {uj,. „ : j = 1, 2, • • • } can converge to some 
u. But it is worth noting that u cannot be ensured theoretically to be the exact solution uA 
Therefore the iteration number could not be too big. Even though the approximate solution u* is 
the minimization for optimization model, it could not be the best solution for image reconstruction 
problem, i.e., u* u' . 


3 Numerical Experiments 


In this section, the proposed fast algorithm with different iteration stopping rules is shown to solve 
the objective problem (6), which is compared with the method in [10]. All tests are performed in 
MATLAB 7.10 on a laptop with an Intel Core i5 CPU M460 processor and 2 GB of memory. 

The signal to noise ratio (SNR) and relative error (ReErr) are used to measure the quality of 
the reconstructed images. The definitions of SNR and relative error are given as follows 


SNR = 20 lg j 

( IMI2 \ 

(16) 

Ul u-u(fc) ll 2 ) ’ 

ReErr = ■ 

— U 2 

(17) 

IMli ’ 


where u-C and u are the reconstructed and original images, respectively. The CPU time is used to 
evaluate the speed of MRI image reconstruction. 

As usual, the iteration stopping rule is one of the following three conditions: 


J(u (fe) ) < S, 


u (k) _ u (k- 1 ) 

ll id fe ) II 


<6. k = Kt 


0 , 


(18) 
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which mean the norm of objective function in (6), the relative difference between successive iteration 
for the reconstructed image, and maximum number of iterations Kq. In order to illustrate the 
efficient of the theoretical analysis in Section 2, we use the maximum iterations as the stopping 
rule. 

Firstly, the performance of Algorithm 1 in solving model (6) for a real MRI brain image is shown 
in Figure 1, which is compared with the efficient method in [10]. Let additive Gaussian noise level 
in frequency domain is S = 0.01, i.e., adding 1% additive noise on the frequency of original image. 
The parameters oq = 0.01, oti = /3 = 0.0001 which are the same as the comparison algorithm. To 
the sampling matrix P, we choose the radial sampling method with 22 x 8 views on frequency data. 
The tests results are shown in Figure 1(c) (d) which are based on stopping rule Kq = 60 in Algorithm 
1 and Kq = 100 in the comparison algorithm, respectively. The SNR in (c) and (d) is 38.2321dB, 
37.7443dB respectively, and the relative error is 4.0866 x 10 —5 ,1.8770 x 10 -4 respectively. From 
these data, the reconstruction is efficient with these parameters in the fast iteration scheme based 
on the iterations Kq as stopping rule. However, ever though the iterations number in (d) is bigger 
than the one in (c), the reconstructed image (d) is not clearer than (c). 

Next our numerical experiment is to illustrate the relationship between reconstruction error 
(Err) and objective function J ( u ^). The reconstruction error between reconstructed image and 
original image is used to evaluate the exactitude of ill-posed problem, which defined as follows 

Err = ||u< fc) — zt 11 2 - (19) 

We take different iteration step by step, i.e., 10,20,30, • • •. The sampling mask in the frequency 
space separately take 22 x 8,22 x 10, 22 x 12 views in radial sampling method. We still assume 
the above mentioned parameters in the tests. The fitting curve of error \\u^ — u \\2 and J (u( fe )) in 
different iteration numbers are shown in Figure 2. 

From Figure 2, we find that although the stopping criterion is satisfied, the reconstruction error 
||u« — u ||2 is of the optimal value at some iteration step. It means that the more iteration is better 
for reconstruction is not true. Meanwhile, the convergence and error analysis are the same with 
theoretical analysis in the above section. Therefore, the choice of iteration stopping rule, especially 
the iteration number Kq, is one of the most important factor of MRI image reconstruction. 



Figure 1: (a) Original image; (b) Sampling mask: 22 x 8 views; (c) Reconstructed image with 
I\ 0 = 60; (d) Reconstructed image with K 0 = 100. 
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k k 


Figure 2: Fitting curve of error and J(u^) in different iteration numbers. 


4 Conclusion 

The Zi-TV optimization model based on compressive sensing was established to reconstruct MRI 
images. Bregman method and lagged diffusivity fixed point iteration are used to solve the modified 
reconstruction model, and a fast iteration scheme with error estimate analysis is proposed. Based 
on Tikhonov regularization theory, a theoretical analysis on iteration stopping rules is proposed. A 
real MRI brain image is employed to test in the numerical experiments and the results demonstrate 
that proposed method and theoretical analysis is very efficient in CS-MRI image reconstruction. 
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Abstract. In this paper we discuss the concept of a Z-sequence and use it to define the Fibonacci Z-sequence. 
Based on ^-sequences one may define analogs of logarithm functions. The special case of the logarithm function 
associated with the Fibonacci Z-sequence is of interest, since the recursive property of this sequence permits a 
more detailed study of these functions. They are similar to ordinary logarithm functions which may be based on 
Z-sequences {a n } n& z, where a > 1. 


1. Introduction and Preliminaries 

Fibonacci-numbers have been studied in many different forms for centuries and the literature on the subject is 
consequently incredibly vast. One of the amazing qualities of these numbers is the variety of mathematical models 
where they play some sort of role and where their properties are of importance in elucidating the ability of the 
model under discussion to explain whatever implications are inherent in it. The fact that the ratio of successive 
Fibonacci numbers approaches the Golden ratio (section) rather quickly as they go to infinity probably has a 
good deal to do with the observation made in the previous sentence. Surveys and connections of the type just 
mentioned are provided in )1] and [2] for a very minimal set of examples of such texts, while in [3j an application 
(observation) concerns itself with a theory of a particular class of means which has apparently not been studied in 
the fashion done there by two of the authors the present paper. Surprisingly novel perspectives are still available. 

Kim and Neggers [5] showed that there is a mapping D : M -+ DM on means such that if M is a Fibonacci 
mean so is DM , that if M is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci 
mean, then limn-^ D n M is the golden section mean. Surprisingly novel perspectives are still available and will 
presumably continue to be so for the future as long as mathematical investigations continue to be made. 

Han et al. [4] considered several properties of Fibonacci sequences in arbitrary groupoids. They discussed 
Fibonacci sequences in both several groupoids and groups. The present authors [T introduced the notion of 
generalized Fibonacci sequences over a groupoid and discussed these in particular for the case where the groupoid 
contains idempotents and pre-idempotents. Using the notion of Smarandache-type P-algebras they obtained 
several relations on groupoids which are derived from generalized Fibonacci sequences. 

In [5] Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions / : R —» R such that for all 
x £ R, f(x + 2) = f(x + l) + f(x), and developed the notion of Fibonacci functions using the concept of /-even and 
/-odd functions. Moreover, they showed that if / is a Fibonacci function then lim,,.^^ = 1+ 2 V ^ . The present 

authors [Sj discussed Fibonacci functions using the (ultimately) periodicity and we also discuss the exponential 

°* Correspondence: Tel: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 
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Fibonacci functions. Especially, given a non-negative real-valued function, we obtain several exponential Fibonacci 
functions. 

The present authors [5] introduced the notions of Fibonacci (co-)derivative of real-valued functions, and found 
general solutions of the equations A(/(&)) = g(x) and (A + I)(f(x)) = g{x). Moreover, they [TO] defined and 
studied a function F : [0, oo) —> R and extensions F 1 : R —)• C, F 1 : C —»• C which are continuous and such 
that if n £ Z, the set of all integers, then F(n) = F n , the n th Fibonacci number based on Fq = F\ = 1. If 
x is not an integer and x < 0, then F(x) may be a complex number, e.g., F(— 1.5) = | + i. If z = a + bi, 
then F(z) = F(a) + iF(b — 1) defines complex Fibonacci numbers. In connection with this function (and in 
general) they defined a Fibonacci derivative of / : R —» R as (Af)(x) = f(x + 2) — /( x + 1) — f(x) so that if 
(A/)(x) = 0 for all x £ R, then / is a (real) Fibonacci function. A complex Fibonacci derivative A is given as 
A/(a + bi) = A/(a) + sA f(b — 1) and its properties are discussed in same detail. 

2. Fibonacci logarithm 

Let F = {Fo = 1, F\ = 1, F 2 = 2, F 3 = 3, F 4 = 5, • • • ,} be the Fibonacci sequence where F k denotes the k th 
Fibonacci number. Let F* = {F’q = 1, F 1 * = 2, F% = 3, Fg = 5, ■ ■ ■} denote the short Fibonacci sequence and let 
E(F*) = {Fq = 1 , F* = 2, F ’* 1 = \,F% = 3, F*. 2 = •• } denote the extended short Fibonacci sequence or the 

Fibonacci Z-sequence. In general, by a Z-sequence S = {ao, a±, a_i, 02 , a- 2 , • • • } we mean a sequence of positive 
real numbers satisfying cq < cq + 1 for all i £ Z where lim^oo = 00 and lini/ c _ > _ oc a^ = 0. 

In general, for a Z-sequence S, we say that a positive real number x has S-characteristic k if k is the unique 
integer such that a*, < x < au+i- Thus, if S = E(F*), then Fj* < x < F)* +1 means that x has E(.F*^characteristic 
k. Given the context, we shall refer to this number as the Fibonacci characteristic of x. 

For example, if x = 1.2, then FjJ = 1 < 1.2 < 2 = F*, and hence its Fibonacci characteristic is 0. Again, 
if a; = A, then F£ = F 5 = 8 < \ = 10 < 13 = Fg whence F* 5 < x < F* 4 , i.e, x = ^ has Fibonacci 
characteristic —5, while 10 has Fibonacci characteristic 4. In discussing characteristics we keep in mind that for 
k > 1, F* k = F k+1 , e.g., F* =F 2 = 2. 

We have a rule for computing Fibonacci characteristics of numbers 0 < x < 1. Indeed, compute the Fibonacci 
characteristic of A If it is n > 0, then the Fibonacci characteristic of x is — (n + 1). Computing or estimating the 
Fibonacci characteristics of numbers x > 1 will be a topic of interest to be discussed below. 

Suppose now that F k < x < F k+1 . Then the Fibonacci mantissa of x is defined as the number a such that 

(A* +1 )“ = 

(F *) Q -i 

We note that if x = F k , then (F k+1 /F k ) a = 1, and hence a = 0. Also, if x = F)* +1 , then (F k+1 /F k ) a ~ x = 1, and 
hence a = 1. Hence, 0 < a < 1 for numbers x such that F k < x < F k+1 . 

Finally, we define the Fibonacci logarithm logjr(a;) = k + a, where k is the Fibonacci characteristic of x and 
where a is the Fibonacci mantissa of x. F is called the pseudo base of the logarithm. We simply denote log_ F (ai) 
by log f (x). It is our purpose in this paper to discuss the Fibonacci logarithm function of the positive real variable 
x and to make several observations as a consequence. 
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3. Fibonacci logarithm log F (x) 


We begin by noting that log F (x) is continuous everywhere. If Fj* < x < F k+1 , then log F (x) = k + a = 
log F (F k ) + a. We will show that log F (x) is differentiable at x. As we have seen above, if a for F k+1 is computed 
relative to F k , then it equals 1 and hence log F (i 7 '^) + l = k+ 1 = log F (.F£ +1 ) as well. Hence lim a .-_ >F » i log F (x) = 
lim a; +_j. F » +i log F (x) = k + 1, establishing continuity at that point. 


Theorem 3.1. If log F (x) is the Fibonacci logarithm function, then its derivative is 


( log F (x))' 


1 1 

xln(F* +1 /F*) 


when F k < x < fq! +l (where In means the natural logarithm function .) 


(3.1) 


Proof. We compute log F (x) and log F (x + h), where x and x + h are both in the open interval (Ff,F k+1 ). 
Accordingly both have the same Fibonacci characteristic k. Assume a and /3 are Fibonacci mantissas of x and 
x + h respectively. Then log F (x + h) — log F (x) = /3 — a, the difference of the Fibonacci mantissas. Consider the 
following. 


It follows that 


Hence, we obtain 


It follows that 


proving the theorem. 


x + h (f* +1 Y/(f;)^ 

x {F* k+I r/(F*)<*-' 

= (FZ +1 /F* k f-« 

ln(l + ^) = (J3-a)ln(FZ +1 /F£) 


log F (x + h) — log F (x) = (3 — a 

Mi +1) 

M^*+i /F* k ) 

lim log F (x + /i) -log F (x) = lim \ln( 1 + y) 
h -¥o h h->o ln(Ff c+1 /F^) 

_ 1 1 
~xln(F* +1 /F*y 


(3.2) 


(3.3) 


(3.4) 


(3.5) 

□ 


If b := F k+1 /F k , then the usual logarithm function log b (x) with the base b has the derivative ( logb(x ))' = y 
and hence in Theorem 3.1, (log F (x))' = (log b (x))' on the open interval (Fj*,F k+1 ), i.e., the functions log F (x) 
and log b (x) differ by a constant. Let C k := log F (F^) — \og b (F k ). We need to find an upper bound for C k - 
Given any particular value of k , one can of course immediately determine C k precisely. For example, if k = 5, 
then F 5 * = 13, F 6 * = 21 and b = 21/13, so that C 5 = log F ( 13) - Zo 5 2i(13) = 5 - Zo 5 2i(13) = -0.34840144. 
However, in order to obtain an improved sense of the behavior of C k as a function of /c, it may be better to 
determine a fairly simple bound for C k which is a function of k itself. If we let log F (x) := log b (x) + C k and 
t k := log b (F k ), then b tk = F k and t k = ln(F k )/ln(b) = ln(F k )/ln(F k+1 /F k ). Since 1 < F k+1 /F k < 2, it follows 

JP* 

that M -pi 1 ) < ^2 < ln(e) = 1, so that t k > ln(F k ), and hence 

r k 

C k = k ~ t k < k — ln(F k ) (3.6) 
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If — k < 0, then F* k = 1/Fk* and F^ k+1 = 1/F k _ 11 so that if we let b* := F^ k+1 /F* k = F k /F k _ k , so that we 
may determine (log F {x))' = for F* k < x < F* k+1 or 1/F k < x < 1/F* k+1 . If we let logger) := log b (a;) + 

C-k for some C-k where F* k < x < F* k+1 and if we let t—k := log b » (F* k ), then t_ fc = < —ln(F k ). 

Hence we obtain: 

C_ fc = log F (F* fc )-log b ,(F* fe ) 

= -k- t- k (3.7) 

< —k + ln(F k ) 

From this we have k — ln(F k ) < —C-k- We summarize: 

Proposition 3.2. If Ck := log F (F^) — log b (F k ) then it has a bound Ck < k — ln(F k ) < —C-k- 
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For negative integers, replacing F* k by the saltus formula A (F* k ) is transformed to 


A (F*_ k ) = 


= F, 


1 ln(b*/b) 

Flu ln(b)ln(b*) 

HFU F * k+ J{F* k ?} 


(3.13) 




For example, for k = 3, we obtain = || < 1. Of course, ^j) o = (l/5) 2 /(|)(|) = (^)/(^) when 

computed directly. 


The Fibonacci number F k is said to be elliptical if (F k ) 2 / F k+1 Ff_ 1 > 1; parabolic if (F k ) 2 / F k+1 Ff_ 1 = 1; 
hyperbolic if (F*) 2 / F* +1 F*_ ± < 1. 

For k > 1, F k is elliptical if k is odd; hyperbolic if k is even. The only parabolic Fibonacci number is Fq = 1. 
If — k < 0, then F* k is elliptical if k is even and F* k is hyperbolic if k is odd. 

Proposition 3.4. log F (x) + log F ( y) = C k + C- k . 

Proof. If x ^ F k for all k € Z , then F k < x < Ff +1 yields log F (x) = k + a = log h (x) + C k . Now, 
F *(k+1) < h < p -k and F -k/ F -(k+ 1 ) = b > so that 1o &f (y) = !°g&(y) + C- k = -log h (x) + C- k , proving the 
proposition. □ 


4. Determining the Fibonacci Mantissa of x 


Suppose that F k < x < F k+1 , i.e., x has Fibonacci characteristic k. If f(x) := log F (x), then we may determine 
f(x) from its Taylor series around F k provided we consider the derivatives at F k to be the right-hand derivatives. 
Thus, we will write f(x) = x + a, with f(F k ) = k and hence also 


n—1 


n\ 


(4.1) 


On the interval (F£, F£ +1 ), the derivative (log F (x)) 7 = f'{x) = b = F k+1 /F k . Hence the n th derivative 

f n {x) is ( ~ 1) " 3 . 1 „ (n ~ 1)! 5 ^ 5y . Thus, f (n \F*) (x -^ k) = whence the fact that x-F* < F* +1 -F* = 

F k _i guarantees that \{x — F k )/F k \ < \F k _ 1 /F k \ < 1, so that the series for a converges by the ratio-test. We 


summarize: 


Theorem 4.1. If f(x) = log F (x) with F k < x < F k+1 , then f(x) = k + a, where 


= E f (n) = 


n ln{b) 


*~ F *k 

Ft 


In particular, if x = F k+1 , then a = 1, and we obtain an expression 

1 


1 = 


ln(b) 


Ew 1 


Tp* Z7 1 * 


Ft 


(4.2) 
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so that we obtain an expression for ln(b) as follows: 

ln(b) = In 

OC 

= £ 

n—l 
oo 

= E 


n—l 


T?* 

-^fc+1 



K \ 



(— 1 ) n_1 

\ Ft 

n 


. 

(-i r- 1 

r n_ 

n 

. Fl 


Ft 


(4.3) 


k J 


From the expression for a as an infinite series, if we consider only the first term ay, where 


a 1 = f^ ) (F*)(x-F*) = ^(x-F*) 


In 


we may rewrite ln(F£ +1 /F£) = ln{ 1 + F£_ 1 /F£). If we approximate this expression by F'^_ 1 /F^, i.e., ln( 1 + 
Fk-i/Fk ) ~ F)!_i/F)!, then we obtain a further approximation: 


— 


1 x-Ff 


x-Ft 


1 fc-i 


Now = F £, 1 — is the length of the interval {F^,F^ +1 ) and thus aj represents the mantissa corresponding 
to the straight line connecting {F£,k) with (Fj* +1 ,k + 1). See the following figure: 



We may thus use the a* estimate to construct a piecewise-linear average Fibonacci logarithm logp(c) = k + a\ 
for Fj! < x < F£ +i . We summarize: 

Proposition 4.2. If we define logp(x) = k + a\ for F^ < x < F£ +1 , then 

(i) log* F (F^) = log f (F£) for all integers k, 

(ii) log^(F*) is continuous and differentiable on non-Fibonacci numbers, 

(iii) if x has Fibonacci characteristic k, then (logp(x))' = -pi—. 

r k— 1 
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Thus, for log^(x) we have the saltus A*(F i *) as follow: 


A*(F fe *) 


Ft 


F, 


k-1 

K-i - F* k 

F 1 * 

k-2 

“W-i 


(4.4) 


Hence, e.g., A *(F*) 


f; 


5 

104 * 


Returning to Theorem 4.1, a second level approximation for a is oq + a 2 , where a 2 = f (y2 \F^){x — F£) 2 ^ = 
2 

. Now ln{b) = ln{ 1 + Fj*/F£), where in the first order approximation we approximate ln{b) = 
ln{ 1 + A) by A itself. In order to be fair to the second order approximation we should be fair to ln(b) as well and 
use ln(b ) = A — A 2 /2 from its MacLaurin expansion. This affects the an estimate as well. Indeed, we obtain a 
new estimate for an as: 


-1 x~ F k 

2 ln(b) F» 


OL l 


l 


x-Ft 


F, 


'* ft 


l( F k-l \2 

2 { F* > 


2 F* k {x-F* k ) 

Fu^n~ F Li) 


and for a 2 we find that 

~{x-F*) 2 {x-F*) 2 

2 f^-f*^) F*{FU~ 2 ) 


In general, if we wish to make an n th order approximation for a, we write a = a\ + a 2 + • • • + a n , where 

. r 1 n 


i _ 


nln(b) 


FT 


a n = f( n \F*)(x~F*r/n\ = 

L J 

At the same time we use an n th order approximation for ln(b) = ln(l + Fj*_ 1 /F£) = ln(l + A) by setting it equal 
to ln(b) = A — A 2 /2 + • • • + (—l) n_1 A n /n, and recomputing ai, ■ • • , a n _i in terms of the ?r th order approximation 
of ln(b) as well. 


5. Concluding remark and future works 


In this paper we discussed Fibonacci Z-sequences and obtained some interesting results on Fibonacci logarithm 
functions. Based on Fibonacci logarithm functions, we shall discuss on Fibonacci exponential functions and obtain 
several properties on it. 
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□ 

HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL 
INEQUALITIES FOR MT (r;s m (p) -PREINVEX FUNCTIONS 

MUHAMMAD ADIL KHAN, YU-MING CHU*, ARTION KASHURI, ROZANA LIKO 


Abstract. In the present paper, the notion of MT( r;5)mjV ,)-preinvex func¬ 
tion is introduced and some new integral inequalities for the left-hand side of 
Gauss-Jacobi type quadrature formula involving MT( r;ff)Tn ^)-preinvex func¬ 
tions are given. Moreover, some generalizations of Hermite-Hadamard type 
inequalities for MT( r;5jmjV? )-preinvex functions that are twice differentiable 
via Riemann-Liouville fractional integrals are established. Some applications 
to special means are also given. These general inequalities give us some new 
estimates for Hermite-Hadamard type fractional integral inequalities. 


1. Introduction and Preliminaries 

The following notations are used throughout this paper. We use I to denote an 
interval on the real line R = (—oo, +oo) and 1° to denote the interior of I. For 
any subset K Cl", K° is used to denote the interior of K. R n is used to denote a 
n-dimensional vector space. The set of integrable functions on the interval [a, b] is 
denoted by L\[a,b\. 


The following inequality, named Hermite-Hadamard inequality, is one of the most 
famous inequalities in the literature for convex functions. 


Theorem 1.1. Let / : / C ]R —> R be a convex function on I and a,b £ I with 
a < b. Then the following inequality holds: 


f 


< 


1 


b 


f{x)dx < 


f(a) + f(b) 


( 1 . 1 ) 


In (see [12], [22]), Tung and Yildirim defined the following so-called MT-convex 
function: 


Definition 1.2. A function / : I C R —»• R is said to belong to the class of 
MT(/), if it is nonnegative and for all x,y £ I and t £ (0,1) satisfies the following 
inequality: 


!{tx + (1 - tM £ 2^=j f{x) + TL7 T m - 


( 1 . 2 ) 
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In recent years, various generalizations, extensions and variants of such inequal¬ 
ities have been obtained. For other recent results concerning Hermite-Hadamard 
type inequalities through various classes of convex functions, (please see :3],[1],[5]- 

HZI, E3, W)- 


Fractional calculus (see f2Tj), was introduced at the end of the nineteenth cen¬ 
tury by Liouville and Riemann, the subject of which has become a rapidly growing 
area and has found applications in diverse fields ranging from physical sciences and 
engineering to biological sciences and economics. 

Definition 1.3. Let f G L\[a,b]. The Riemann-Liouville integrals / and J“_/ 
of order a > 0 with a > 0 are defined by 

J“+/(x) = —[ (x - f) Q_ 1 /(f)df, x > a 
r («) Ja 

and 

JbLf(x) = =^[ (f-x) Q_ 1 /(f)df, b > x, 

r(a) J x 

r+oo 

where T(a) = / e~ u u a ~ 1 du is the classical gamma function (see [26]-[3Tj. [32] 
E3-J3S]). Here J° + f(x) = J$_f(x) = f(x). 

In the case of a = 1, the fractional integral reduces to the classical integral. 

Due to the wide application of fractional integrals, some authors extended to s- 
tudy fractional Hermite-Hadamard type inequalities for functions of different classes 
(please see [61-[2I]). 

Definition 1.4. (see J2J) A nonnegative function / : / C ]R —»• [0, +oo) is said to 
be P-function or P-convex, if 

f(tx + (1 - t)y) < f(x) + f(y), Mx, y G I, t G [0,1]. 

Definition 1.5. (see [5j) A set K C ]R" is said to be invex with respect to the 
mapping y : K x K —»■ R n , if x + tr](y, x) G K for every x, y G K and t G [0,1]. 

Notice that every convex set is invex with respect to the mapping r/(y, x) = y — x, 
but the converse is not necessarily true. For more details (see [5], [7]). 

Definition 1.6. (see 0) The function / defined on the invex set K C M” is said 
to be preinvex with respect r), if for every x, y G K and t G [0,1], we have that 

/ (x + tr)(y, x)) < (1 - t)f{x) + tf(y). 

The concept of preinvexity is more general than convexity since every convex 
function is preinvex with respect to the mapping r)(y, x) = y — x, but the converse 
is not true. 

The Gauss-Jacobi type quadrature formula has the following 

pb +°° 

/ ( x - a ) p (b-x) <1 f{x)dx = J2 B m,kfhk) + R! m \f\, (1.3) 

"' a fc=0 

for certain B rrl k ,~/ k and rest Ft* n \ f (see [15]). 
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Recently, Liu (see pj9j) obtained several integral inequalities for the left-hand side 
of ( |1.3| ) under the Definition 1.4 of P-function. 

Also in (see [2U]), Ozdemir et al. established several integral inequalities concerning 
the left-hand side of $3 via some kinds of convexity. 

Motivated by these results, in Section [2| the notion of MT( r . grrai¥ ,)-preinvex func¬ 
tion is introduced and some new integral inequalities for the left-hand side of (1.3) 


involving MT( r;£ , im¥ ,)-preinvex functions are given. In Section |3| some generaliza¬ 
tions of Hermite-Hadamard type inequalities for nonnegative MT( r . gim ¥ ,)-preinvex 
functions that are twice differentiable via fractional integrals are given. In Section 
[4j some applications to special means are given. In Section [5] some conclusions and 
future research are given. These general inequalities give us some new estimates 
for Hermite-Hadamard type fractional integral inequalities. 


2. NEW INTEGRAL INEQUALITIES FOR MT^.^^-PREINVEX FUNCTIONS 

Definition 2.1. (see P) A set K C R n is said to be m-invex with respect to the 
mapping rj : K x K x (0,1] —R" for some fixed to £ (0,1], if mx + trj(y, x, m) £ K 
holds for each x, y £ K and any t £ [0,1]. 


Remark 2.2. In Definition 2.1 under certain conditions, the mapping y{y,x,m) 
could reduce to y(y, x). For example when m = 1, then the m-invex set degenerates 
an invex set on K. 

We next give new definition, to be referred as MT^ r . gm ^-preinvex function. 

Definition 2.3. Let K C R” be an open m-invex set with respect to y : K x K x 
(0,1] — > R", g : [0,1] — > (0,1) be a differentiable function and <p : I —> K is 
a continuous function. The function / : K — > (0, +oo) is said to be MT^ r . g rn Lp y 
preinvex function with respect to 77 , if 


f{rrup{y) + g(t)rj(ip(x), <p(y), m)) < M r (f(<p{x)),f{ip(y)),m-,g(t)) 
holds for any fixed m £ ( 0 , 1 ] and for all a;, 3 / £ /, t £ [ 0 , 1 ], where 

f(<p(y)), m; g(t)) 


(2.1) 


= 




if r ^ 0 ; 


[/(Y 3 ^))] [f((p(y))] , 


if r = 0 , 

is the weighted power mean of order r for positive numbers f(<p(x)) and f(ip(y)). 


Remark 2.4. In Definition 2.3 it is worthwhile to note that the class MTi r . tg m ^{I) 
is a generalization of the class MT(J) given in Definition 1.2 for r = m = 1 with 


respect to ri(ip(x),ip(y),m) = y{x) — mtp(y), ip(x) = x, \/x,y £ /, g(t) = t, Vf £ 

( 0 , 1 ). 

Let give below a nontrivial example for motivation of this new interesting class 
of MTi r . g m v y preinvex functions. 
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Example 2.5. /i ,/ 2 : (l,+oo) —■> (0,+oo), fi(x) = x p , f 2 {x) = (1 + x) p ,p G 
( 0 > TM)) ’ h : t 1 ’ 3 / 2 ] —> (0, +oo), h{x) = (l + x 2 ) k , k G (0,^), are sim¬ 
ple examples of the new class of MTy. t . m a ,)-preinvex functions with respect to 
r](ip(x), m) = ip(x)—mip(y), tp(x) = x, g(t) = t, r = 1, for any fixed m G (0,1], 
but they are not convex. 

In this section, in order to prove our main results regarding some new integral 
inequalities involving MTy. gmip y preinvex functions, we need the following new 
interesting lemma: 

Lemma 2.6. Let ip : I —> K be a continuous function and g : [0,1] —> [0,1] is a 
differentiable function. Assume that f : K = [m<p(a),nup(a) + ri(ip(b),ip(a),m)] —> 
R is a continuous function on K° with respect to rj : K x K x (0,1] —> R, for 
nup(a) < mip(a ) + rj((p(b), g>{a) , m). Then for any fixed m G (0,1] and p, q > 0, we 
have 

i-m(p(a)+ri(ip(b) ,ip(a) ,m) 

/ (x — nup(a)) p (nup{a) + r](tp(b), <p(a), m) — x) q f{x)dx 

J mtp(a) 

= y(<p{b),p(a),m) p+q+1 

x [ 9 p (t){l-g(t)) q f(rnip(a)+g(t)r](<p(b),(p(a),rn))d[g(t)}. 

Jo 

Proof. It is easy to observe that 

/•mLp(a)+rf(ip{b) ,m) 

/ (x — rmp(a)) p (rrup(a) + r](ip(b), ip(a), m) — x) q f{x)dx 

J mtp(a) 

= v( i P(b),<p(a),m) / (inip(a) + g(t)r}(<p(b),ip(a),m) - mxp(a)) p 
Jo 

x (mip(a) + r](ip(b), <p(a), m) - mip{a) - g(t)r](<p(b ), p{a), m)) q 
xf(mxp(a) + g(t)r](ip(b), <p(a), m))d[g(t)} 

= r](ip{b),(p(a),m) p+q+1 


x / 9 p (t)(l - g(t)) q f(nvp(a) + g(t)rj((p(b),(p(a),m))d\g(t)}. 
Jo 

The following definition will be used in the sequel. 

Definition 2.7. The Euler beta function is defined for x,y > 0 as 

r(*)T(y) 


□ 


/3(x,y)= f t x 1 (l-t) v 1 dt = 
Jo 


T(x + y) ' 


Theorem 2.8. Letip : I —> K be a continuous function and g : [0,1] —> (0,1) is a 
differentiable function. Assume that f : K = [nup(a),rmp(a) + rj(ip(b),ip(a),m)\ —> 
(0, + 00 ) is a continuous function on K° with respect to r] : K x K x (0,1] — > R, 

k 

for rrup{a) < rrup(a ) + ?y (ip(b), ip(a), m). Let k > 1 and 0 < r < 1. If is 
MTy. g rn ip ypreinvex function on an open m-invex set K for any fixed m G (0,1], 
then for any fixed p, q > 0, we have 

rm(p(a)+ri(ip(b) ,ip(a) ,m) 

/ (x — nvp(a)) p (rrup(a) + r](ip(b), <p(a), m ) — x) q f{x)dx 

J mcp(a) 
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fc-i 

rk 


where 


< (y) ^ \v( ( f{b),<p(a),m)\ p+q+1 B*(g(t);k,p,q) 
A r 2 (g(ty, r)fA (^(o)) + A\{g{ty r)f & (<p(b)) 

B{g(t)-,k,p,q)= f g kp (t)(l - g(t)) kq d[g{t)] 

Jo 

A i (g(t);r) = 


ri-g(o) 

i-s(i) 


1 - t 


dt; 


A 2 (9(tyr)= I 9 " (yp—* 

Jg( o) \ V 


dt. 


Proof. Let k > 1 and 0 < r < 1. Since fWf is Af r . 91 ^ - p r e i nvex function on 
K , combining with Lemma |2.6[ Holder inequality and Minkowski inequality for all 
t G [0,1] and for any fixed m £ (0,1], we get 


rrrup (a )+77 (<p(b ), tp (a) ,m) 


' rrup(a) 


(.x — mg>(a)) p (mip(a) + g(ip(b), <p{a), m) — x) q f{x)dx 


< \g(ip(b),g>(a),m)\ p+q+1 


g kp m-g(t)) kq d[g{t)} 


/ ra (mip(a) + g(t)r]((p(b), <p(a), m))d[g(t)\ 


< \r)(ip(b), <p{a), m)\ p+q+1 B* (g(t); k,p, q) 


m 


\/W) 


I, \2 rWo)) ‘"') <w ‘ )1 


< (y) r " \v(p(b),ip{a),m)\ p+q+1 B^(g(t)-k,p,q) 

V 






+ 


rl ' v/1 5(0 ' f^(<p(a))d\g(t)\ 




\ r fc -1 

r 


= (j) ^ \v{v( b ),v( a ), m )\ P+q+lBlk (g(ty,k,p,q) 
A r 2 (g(tyr)f^(v(a)) + A[(g(tyr)f^(v(b))] ^ 


□ 
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Corollary 2.9. Under the same conditions as in Theorem \2.S\ for r = 1 and 
g(t) = t, we get 

/•mcp(a)+ri(ip(b) ,m) 

/ (x — mip(a)) p (rrnpfa) + r](ip(b), <p(a), m) — x) q f{x)dx 

J rrup(a) 

k -1 

/ mir ^ ~ir 


V 4 ) 


\r](ip(b), <p{a), m)\ p+q+1 /3* (kp + 1 ,kq+ 1) 


/^=r(v?(a)) + f k ~ 1 (<p{b)) 


fc -1 

k 


Theorem 2.10. Let : / —> K be a continuous function and g : [0,1] —> (0,1) is 
a differentiable function. Assume that f : K = [rmp(a), rmp(a)+r)(ip(b), m)\ — > 
(0, -Too) is a continuous function on K° with respect to g : K x K x (0,1] —> R, for 
mip(a) < nup(a) + rj(ip(b), <p(a), to). Let l > 1 and 0 < r < 1. If f l is MTr r . g>Tn lp y 
preinvex function on an open m-invex set K for any fixed m £ (0,1], then for any 
fixed p, q > 0 , we have 

/>rmp(a)-\-ri(ip(b) ,ip(a) ,m) 

(x — nvp(a)) p (nup(a) + rj(tp(b), <p{a), to) — x) q f{x)dx 


/ mip(a) 


< 


( ™ ) ’ ‘ \v(<P(b ), ip(a ), to) \ p+q+1 B 1 ‘ 1 (g(t); 1 ,p,q) 


B r ( 9(t); ^,2pr- l,2qr + 1 ) f rl {<p{a)) 


+B r yg(t ); —, 2 pr + l,2gr- 1 j f rl fp{b)) 

Proof. Let l > 1 and 0 < r < 1. Since f l is MTy. grnip y preinvex function on K : 
combining with Lemma |2.6[ the well-known power mean inequality and Minkowski 
inequality for all t £ [0,1] and for any fixed to £ (0,1], we get 

rmtp{a)+r]{ip(b) ,tp(a) ,m) 

/ (x — nup(a)) p (nup{a) + r](ip(b), <p{a), to) — x) q f(x)dx 

J rrup(a) 

= v{v(b),<p{a),m) p+q+1 ( \g p (t)(l - g(t)) q ] ‘ \g p (t){l - g{t)) q ] ' 

Jo L J L J 

xf(nup(a) + g(t)r](<p(b), <p(a ), m))d\g(t)\ 

nl 


< \r]((p(b),ip(a),m)\ 


p+q +1 


9 p {t){l ~ 9 (t)) q d[g(t)\ 


l-l 

l 


g p (t){ 1 - g(t)) q .f l {rwp{a) + g{t)ri(ip(b),(p(a),m))d[g{t)] 


< \v{p{b),ip{a),m)\ p+q+1 B k r(g(t )-1 ,p,q) 


g p m-g{t)) 


) 7 <%(»)] 


< 


2 y/l^W) 2y/M) 

(™) r ‘ \ r lM b ),ip{a),m)\ p+q+1 B L T 1 {g(ty,l,p,q) 
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X I {Jo 19V+h ' m ~ 




( ™ ) ’ ‘ I v(<P(b) , <p{a) , m)\ p+i +1 B ‘ ‘ 1 (g(t); 1 ,p,q) 


B r ( 3(t); 7^i 2 P r - l,2gr + 1 ) f r (<p{a)) 


+B r ( g(ty, ^, 2pr + 1, 2qr — 1 } f rl {<p{b)) 


□ 


Corollary 2.11. Under the same conditions as in Theorem for r = 1 and 
g(t ) = t, we get 

l-mtp{a)+ri{ip(b) ,m) 

/ (x — mip(a)) p (rrup(a) + r](ip(b), <p(a ), in) — x) q f{x)dx 

J rrup(a) 

< (y) ‘ \v(^(b),(f(a),m)\ p+q+ 1 ^ i T 1 (p+l,q + l) 

p(p+\,<i+^j f l (v( a ))+P (p + ^ q + ^) 


3. HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR 
MT( r .g )TOiV ,)-PREINVEX FUNCTIONS 

In this section, in order to prove our main results regarding some generaliza¬ 
tions of Hermite-Hadamard type inequalities for MT^ r . gmv ypTeimrex functions via 
fractional integrals, we need the following new fractional integral identity: 


Lemma 3.1. Let <p : I —► K be a continuous function and g : [0,1] —> [0,1] is 
a differentiable function. Suppose K C R be an open m-invex subset with respect 
to i) : K x K x (0,1] —> R for any fixed m £ (0,1] and let nup(a) < mip(a) + 
rj(tp(b), tp(a), m). Assume that f : K —> R be a twice differentiable function on K° 
and f" is integrable on [rmp(a),m<p(a) + r](tp(b),ip(a),m)\. Then for a > 0, we have 

ri a+1 ((p{x),ip{g),m) 

(a + l)ri(ip(b),tp(a),m) 


X 


(1 - g a+1 (1)) f (nup(a) + g(l)rj(ip(x), <p(a), m)) 


-(1 - g a+1 (0))f'(rmp(a) + g{0)rj(ip(x),ip(a),m)) 

•q a+1 fp(x), ip(b), m) 

(a + l)r](ip(b), ip(a), m) 


X 


(1 - 9 a+1 {l))f(rrup{b) + g(l)r]{ip(x),ip(b),m)) 
(1 - g a+1 (0))f{mtp(b) + g{0)r](ip{x), tp(b), to)) 
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| ri a {ip{x),y(g),m) 

x g a (l)f(mip{a) + g(l)r]{ip(x),ip(a),m)) 
-g a {0)f(rwp(a) + g(0)r/(<f>(x),ip(a),m)) 

g a (l)f(nup(b) + g(l)r]((p(x), <p(b), to)) 

-5“(0)/(^(^) + 9(0)v(<p(x), <P(b), m)) 
a 


r mip(a)+g(l)ri(p(x),ip(a),m) 


J rwp(a)+g(0)ri(ip(x),ip(a),m) 
r-m<p{b)+g{\)‘n(<p(x),tp(b),m) 

mifi(b)+g(0)ri(ip(x),ip(b),m) 

r/ a+2 (ip(x), <p{a), to) 


(t — m.ip(a)) a 1 f(t)dt 
(t — mif(b)) a ~ 1 f(t)dt 


(a + 1 )r](ip(b),ip(a),m) 


x / (1-3 (t))f”(rrup{a) + g(t)r]{<p(x),<p(a),m))d[g(t)] 


+ ■ 


r) a+2 (ip(x),ip(b),m) 
a + l)ri(if(b),ip(a),m) 


x / (1-3 {t))f”(rmp(b) + g(t)r}(ip{x),ip{b),m))d[g(t)]. 


(3-1) 


Proof. A simple proof of the equality can be done by performing two integration 
by parts in the integrals from the right side and changing the variable. The details 
are left to the interested reader. □ 

Let denote 


(*U 771, a, ^) 


r] a+2 (<p(x) ,ip(a), to) 
(at + l)r](ip(b),ip(a),m) 


x / (1-3 (t))f"(nup(a) + g(t)g{y{x),y{a),m))d{g(t)\ 


+ 


r] a+2 (if(x), ip(b),m) 
(a + l)r}(<p(b),<p(a),m) 


x / (1-3 (t))f"(rrup(b) + g(t)r}(<p(x),ip(b),m))d[g(t)]. 


(3-2) 


Using relation (3.2), the following results can be obtained for the corresponding 
version for power of the absolute value of the second derivative. 
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Theorem 3.2. Let ip : I —> A be a continuous function and g : [0,1] —> (0,1) 
is a differentiable function. Suppose A C ffi. be an open m-invex subset with respect 
to 77 : A x A x (0,1] —> IR. for any fixed m £ (0,1] and let rmp(a) < mip{a) + 
y(tp(b), ip(a),m). Assume that f : A —> (0,+00) be a twice differentiable function 
on A°. If f" q is nonnegative MT^ r . g rn ip ypreinvex function, q > 1, p~ l + g" 1 = 1, 
then for a > 0 and 0 < r < 1, we have 


l / /,s,r ?l¥ >(z;a,m,a,6)| < (y) ^ 


C?(g(t)-,p,a) 


{a + l)\r](ip(b),ip(a),m)\ 


x< \v(+x),ip{a),m)\ a+2 A^(g(t); r)f'{ip{a)) rq + A[(g(t); r) f" (<p{x)) rq 


H+x)Mb),m)\ a+2 Al{g{t)-,r)f\ip{b)r + A\{g{tfr)f'\ip{x)r (3.3) 


where C(g(t)\p,a) = f (1 - g a+1 {t)) p d[g(t)}. 
Jo 


Proof. Suppose that q > 1 and 0 < r < 1. Using relation (3.2), nonnegative 
A^2 n (r;g,m,^)"P re i nvex ity °f f” q i Holder inequality, Minkowski inequality and tak¬ 
ing the modulus, we have 

, r _b(^(T),^(a),m )| Q+2 

(a + l)\r)((p(b), tp(a),m)\ 

x [ \^-g a+1 {t)\\f'{rn.ip(a) + g(t)r]{ip(x),ip{a),m))\d[g(t)} 

Jo 

| I v(‘p{x),v(b),m)\ a+2 

(a + l)\ri(ip(b), <p(a), m)\ 

x [ \1 - g a+1 (t)\\f"(mip(b) + g(t)r)(ip(x),ip(b),m))\d[g{t)} 


a+2 


< 


\v+{x),ip(a),m)\ 

(a + l)\r)(ip(b), m)\ \J 0 


(1 -g a+1 (t)rd[g(t)] 


x / f"(m<p(a) + g(t)r](ip(x),ip(a),m)) q d[g{t)] 


a+2 


\v+{x),ip(b),m)\ 

(a + l)\r](ip(b),ip(a),m)\ \J 0 


(1 -g a+1 {t)Yd[g(t)} 


x / f"(mip(b) + g(t)r]{ip{x),ip(b),m)) q d[g(t)} 


a+2 


< 


\il{ip(x),ip{a),m)\ 

(a + l)\r](ip(b), ip(a), m)\ \J 0 


(1 -g a+1 (t)rd[g(t)] 


m 


JW) 


my/l-g(t) 


f"+(x)) rq + l » yJ f"+(a)) rq d[g(t)} 


1 0 \2+l - g(t) 2 +gff) 

\r)(tp(x),(p(b),m)\ a+2 


( a + l)\rj((p(b), (p(a),m)\ \J Q 


(1 -g a+1 {t)Yd[g(t)} 
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Cp(g{t);p,a) 



(a + l)\r}(<p(b), ip(a),m)\ 


x < Wv(x), ip{a), m)|“+ 2 A%(g{t);r)f"(<p{a)) rq + A r 1 {g(t)-,r)f"(ip(x)) rq 


+\r,( l p(x)^(b),m)\ a+2 A^{g(t)-,r)f"(ip(b)) rq + A\{g{t\,r)f"{<p{x)Y* 


□ 


Corollary 3.3. Under the same conditions as in Theorem 3.2 for r = 1, g(t) = t 


and f" < K, we get 


-g(ip{x), ip(a), m) a+1 /'(my(a)) - vivjx), <p{b), m) a+1 f (rrup{b)) 

| ’n(v(x),T(a),'m) a f(m i p(a)+v( ( p(x), l p(a),'rn.))+ri((p{x),(p(b) : m) a f{m(p(b)+g((p(x),ip(b),m)) 

v(<p(b),<p{a),iri) 

r(a + l) 


»7(<P(&)> ¥>(«)> m ) 


X J(rrup(a)+ri(ip(x),‘p(a),m)) — /(^^( Q )) J{rmp{b)+7](ip{x),ip(b),Tn))— 
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\v( l P(x),<p(a),m )\ a+2 + \r](ip(x), ip(b),m )\ a+2 

\v(<pQ>),ip{a),m) | 

Theorem 3.4. Let : I —> A be a continuous function and g : [0,1] — > (0,1) 
is a differentiable function. Suppose A Cl be an open m-invex subset with respect 
to r/ : A x A x (0,1] — > R. for any fixed m £ (0,1] and let mip(a) < mip(a) + 
gfp{b),p{a),m). Assume that f : A —> (0,+oo) be a twice differentiable function 
on A°. If f" q is nonnegative MTy. gin ^ypreinvex function, q > 1, then for a > 0 
and 0 < r < 1, we have 

\If,g.v,g>{ x \Oi,m,a,b)\ 


<(?) 


\v(‘P(x),<p(a),m) |“+ 2 f g ^_ g ^ _ 5“ +2 (l) — g a+2 (0) 


{a + l)\r](ip(b),(p(a),m)\ 

X 


a + 2 


© 


( A 2 (g(t);r) - A r ffg(t); r, a)) f"{<p{a)) rq 
+ i A i(g(t)-,r) - A r ffg(ty, r, a)) f"fp{x)) rq 
\r]{ip(x),tp(b),m)\ a + 2 ( g (i^_ g (Q) _ 5 q+ 2 (1) -3“ +2 (0) 


(a + l)\r](tp(b),ip(a),m)\ 

x 


a + 2 


where 


(■ A r 2 (g(ty,r)-Al(g(ty,r,a))f"(<p(b)) rq 
+ (■ A i(g(ty,r ) - Al(g(t);r,a)) f"fp[x)) rq 

nl-g(O) 


(3.4) 


A 3 (g{t)-,r,a)= i +l-f+ + “ +1 dt; 

Ji-gW 

r g A) , 

Affg(t)-,r,a) = / t~^ +a+1 (l - t) 2r dt. 

Jq(o) 


Proof. Suppose that q > 1 and 0 < r < 1. Using relation (3.2), nonnegative 
A4T(r-;g,m,gj)-preinvexity of f" q , the well-known power mean inequality, Minkowski 
inequality and taking the modulus, we have 

IT- „. „„ „ Ml / \dMx),p{a),rn )\ a+2 

\lf,g, v ,v{x,u,m,a, b)\ < , , ,,, , , \i 

x / |1~ 9 a+1 {t)\\f'\rny(a)+g(t)ri(y{x),ip{a),m))\d{g(t)\ 

Jo 

| \ri(<p(x),‘p(b),m)\ a+2 

{a + l)\ri(ip(b), <p(a), m)\ 

x [ |1 ~ g a+1 {f)\\f"(rmp(b) + g(t)r](<p{x),ip(b),m))\d[g(t)] 


a+2 


< 


\q(tp{x),y(a),m)\ 

{a + l)\ri(ip(b),(p(a),m)\ \J Q 


(1 -g a+1 (t))d[g(t)] 


x / (l-ff“ + (t))f'\m<p(a)+g(t)iq(<p(x),ip(a),m)) 9 d[g(t)] 
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+ \v(<P(x)Mb),m )\ a+2 ( [\ l _ a+i (t))d r g m\~~ q 
{a+l)\r](<p(b),<p(a),m)\ \J 0 ' ' / 

x ( [ (1 - g a+1 (t))f'(rmp(b) + g(t)r](ip{x),ip{b),m)) q d[g(t)]) 


\ri((p(x),<p(a),m)\ 


a+2 


(1 -g a+ \t))d[g{t)} 


(a + l)\ii(tp(b),ip(a),m)\ \J 0 

f\ i - *"»«» f + 7^p/><«)) 

Jo V 271-0 £ 2Wq(t) 


2y/l=W)' 

\rj{<p(x),ip{b),m)\ a+2 
{a + l)\r)(ip{b),ip(a),m)\ \J 0 

i 1(1 - 9 “ +1( ‘ )) (^7Sj l/ " Wx))|1 

< /ton 7 7('77> < / , ( a ), m )| Q+2 

V 2 / 


(l- 5 “ +1 (i))d[s(t)] 


<%(*)] 


wy /l ~ ffft) 

2 i/ff (0 


/x&)r <%(*)] 


(a + l)7(<^(6),y>(a),m)| 
f1 / 




g Q+2 (l)-g Q+2 (0)\ 1 ^ 


Q; -|- 2 


A) v V 1 - 9 ( 1 ), 

rl ( v / r zr 9(ij ) 1 
3 V vW) / 


(i-<?“ +i W)/"(^7)) 9 J[3W] 


/ 


(l- 5 «+77)/"(^(a))M5(7] 


ton 7 |??(^(a;),v5(7i TO )l“ +2 


/TON 

v 2 / 


(a + l)7(</?(&), <yj(a), m )| 


5(1) -5(0)- 


g a+2 (l) — g a+2 ( 0 )\ 1 ^ 
Q: H - 2 


/o V V 1 

rl ( V^W) ^ 

3 V / 


(l-5 a+1 (t))/ /, (v(*)) , d[s(t)] 


(l-g« +1 (7)/"(^(6))^[g(i)] 


ton 7 |r?(y)(a;),¥ , (a),TO)| Q+2 


/TON 

V 2 / 


(a + l)|r?(^(6),v?(a),TO)| 

x 


5(1)-5(0)- 


Q; -|- 2 


g a+2 (l) — g a+2 (0) \ 1 « 


(^ 2 ( 5 ( 7 ; r ) - ^ 4 ( 5 ( 1 ); r, a)) f"(cp(a)) rg 
+ (A[(g(t);r) - A r 3 (g(t ); r, a)) f"(y(x)) rq 


ton 7 |?j(<p(x),</?(&)> to)|“ +2 


fm\ 

vyJ 


(a + l)|77(^(6),<p(a),TO)| 
X 


5 ( 1 )- 5 ( 0 )- 


cn H- 2 


g a+2 (l) — g“ +2 (0)\ 1 5 


(A r 2 (g(ty,r)-Al(g(ty,r,a))f"(ip(b)) rq 
(A[(g(t);r) - A r 3 (g(t);r,a)) /X*)H ” 


□ 
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Corollary 3.5. Under the same conditions as in Theorem 3.4 for r = 1, g(t) = t 
and f" < K , we get 

~ri(tp(x), <p(a),m) a+1 f(mip(a)) - g{g}{x), tp(b), m) a+1 f (mip(b)) 


(a + 1 )r](ip(b),ip(a),m) 

'n{y{x),T(a),'m) a f(mip(a) + g{<fi(x), <p(a), m)) + rj((p(x), (p(b), m) a f(nvp(b ) + g((p(x), ip(b), m)) 

r(a + l) 


vivify, <p(a),m) 

J (rrup(a)+r](tp(x) ,<p(a) ,m)) — f i^Vi^)) "f" ^ \nrup(b)+rf{<p(x) ,<p(b) ,m))— f i^Vify} 

K fa + 1\ /m\ | ( + l)r (a + §) \ 9 


< 


'(I) 


a + 1 \a + 2j \2 J \ r(cK -|- 3) 

\v{v{x),ip{a),m)\ a+2 + \g(ip{x),ip(b),m)\ a+2 

\vivify,vi<fy,™)\ 

Remark 3.6. For different choices of positive values 0 < r < 1, for any fixed to € 
(0 ,1], for a particular choices of a differentiable function g : [0,1] —> (0,1), for 

example: e~^ t+1 \ sin , cos ^ ,r 0+ 1 ) ^ ( etc, and a particular choices of a 

continuous function (p(x) = e x for all x £ R, x n for all x > 0 and for all n £ N, 
etc, by Theorem |3.2| and Theorem |3.4| we can get some special kinds of Hermite- 
Hadamard type fractional integral inequalities. 

4. Applications to special means 

Definition 4.1. (see [23]) A function M : R+ —► R + , is called a Mean function if 
it has the following internality property: 

minja:,!/} < M(x,y ) < max{x,j/}. 

For a Mean function the following holds, M (x,x) = x, Vx € K+. 

We consider some means for arbitrary positive real numbers a, /3 (a /3). 

(1) The arithmetic mean: 

a + /3 


A := A(a,f3) = 


(2) The geometric mean: 


G:= G{a,P) = yftrf 


(3) The harmonic mean: 


H:=H(a,p) = T — J 

a + p 


(4) The power mean: 


P r :=Pr(a,p) = 


a r +/3 r 


, r > 1. 
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(5) The identric mean: 

I:=I(aJ3) = 

I 0 

( 6 ) The logarithmic mean: 

L := L(a, f3) = 

(7) The generalized log-mean: 


Lp . Tp(a,/5) 


/3 p+1 - a p+1 


(p+l)(/3 - a) 
( 8 ) The weighted p-power mean: 


ln(/3) — ln(a) 

; peR\{-l,0}. 




<* 1 , a 2j 

U 1 , u 2 , 


5 


- E 


a, it) 


p 


where 0 < aj < 1 , iq > 0 (* = 1 , 2 ,. .., n) with XT=i a i = 1 - 
It is well known that L p is monotonic nondecreasing over p £ R with L_i := L and 
L 0 := I. In particular, we have the following inequality H<G<L<I< A. Re¬ 
cently, the bivariate means have attracted the attention of many researchers, many 
remarkable inequalities can be found in the literature [36]- [TS], Now, let a and b be 
positive real numbers such that a < b. Consider the function M := M(ip(x),tp(y)) : 
[y{x),y{x) + T](w{y),<p(x))\ x [y(x),ip(x) + r](tf(y),ip(x))\ —» M+, which is one of 
the above mentioned means, <p : / —> A be a continuous function and g : [0,1] —> 
(0,1) is a differentiable function. Therefore one can obtain various inequalities us¬ 
ing the results of Section [3] for these means as follows: Replace rj(ip(x),(p(y),m) 
with ri(ip(x),ip(y)) and setting r/(<p(x), tp(y)) = M(tp(x),tp(y)), \/x,y £ /, for val¬ 
ue m = 1 in (3.3) and ( |3.4| ), one can obtain the following interesting inequalities 
involving means: 

{a + 1 )M((p(a),<p(b)) 


\If,g,MbAA X '-‘ a ’ l i a i h )\ ^ ( 2 


x |M“+ 2 (p(a), p(*)) [A r 2 (g(ty, r)f"(<p(a)) r * + A\{g{t ); r)f"(<p(x)f q 
+ M a+2 {ip(b), <p{x)) \A r 2 (g(ty,r)f"(cp(b)r> + A\(g{t)-r)f"{y,{x))^ 


(4.1) 




< 


l^ r « M a+2 (ip(a),ip(x)) 
(a + 1 )M(ip(a),ip(b)) 

x 


s(i)-s(o)- 


g a+2 (l)-g a+2 (0) 


a + 2 


(A r 2 (g(t);r) - A r 4 (g(t); r, a)) f'(ip(a)) rq 
+ ( A i{g(t)-,r) - A r 3 (g(ty r, a)) f"{ip(x)) rq 


1 \ r Q M a+2 (tp(b),p(x)) 


(a+1 )M((p(a),ip(b)) 


g(i)-g( 0 )~ 


g a+2 (l)-g a+2 (0) 


i-i 
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x (A r 2 (g(t);r) - A r 4 (g(ty,r,a)) 


+ r) - A r 3 (g(t)-,r,a)) f'\y(x)) rq 


(4.2) 


Letting M(<p(x),ip(y)) = A,G, H, P r , /, L, L p , M p ,Wx,y € I in (4.1) and (4.2), we 


get the inequalities involving means for a particular choices of nonnegative twice 
differentiable MT( r . g lj¥ ,)-preinvex function /. The details are left to the interested 
reader. 


5. Conclusions 

In this paper, we proved some new integral inequalities for the left-hand side 
of Gauss-Jacobi type quadrature formula involving MT( r . s , m ,<^)-preinvex function- 
s. Also, we established some new Hermite-Hadamard type integral inequalities for 
nonnegative MT ( r . Sjm ¥ ,)-preinvex functions via Riemann-Liouville fractional inte¬ 
grals. These results provide new estimates on these types. 

Motivated by this new interesting class of MTr r . Sjm>¥ ,)-preinvex functions we can in¬ 
deed see to be vital for fellow researchers and scientists working in the same domain. 

We conclude that our methods considered here may be a stimulant for further 
investigations concerning Hermite-Hadamard type integral inequalities for various 
kinds of preinvex functions involving classical integrals, Riemann-Liouville frac¬ 
tional integrals, ^-fractional integrals, local fractional integrals, fractional integral 
operators, g-calculus, (p, g)-calculus, time scale calculus and conformable fractional 
integrals. 
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UMBRAL CALCULUS APPROACH TO DEGENERATE POLY-GENOCCHI 

POLYNOMIALS 

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND GWAN-WOO JANG 


Abstract. In this paper, we apply umbral calculus techniques in order to derive explicit exprissions, 
some properties, recurrence relations and identities for degenerate poly-Genocchi polynomials. Further¬ 
more, we derive several explicit expressions of degenerate poly-Genocchi polynomials as linear combina¬ 
tions of some of the well-known families of special polynomials. 


1. Review on umbral calculus 


The purpose of this paper is to use umbral calculus in order to derive some new and interesting 
expressions, recurrence relations and identities for degenerate poly-Genocchi polynomials. To do that we 
first recall the umbral calculus very briefly. For a complete treatment, the reader may refer to 


10 


Let F be the algebra of all formal power series in the single variable f with the coefficients in the field C 
of complex numbers: 


F =\ /(*) = X>*jfe! 


k —0 


cik £ C 


( 1 . 1 ) 


Let P = C[*] denote the ring of polynomials in x with the coefficients in C, and let P* be the vector 
space of all linear functionals on P. For L £ P*, p(x ) £ P, < L \p(x) > denotes the action of the linear 
functional L on p(x). For /(f) = J2kLo afc ¥T e F, the linear functional < /(f) | • > on P is defined by 

< /(f) | x n >= a n , (n > 0 ). ( 1 . 2 ) 

For L £ P*, let /z,(t) = J^kL o e -A Then we evidently have ^/i(f)|a; n ^ = ^ L\x n and the 

map L —t /l (f) is a vector space isomorphism from P* to F. Thus F may be viewed as the vector space 
of all linear functionals on P as well as the algebra of formal power series in f. So an element /(f) £ F 
will be thought of as both a formal power series and a linear functional on P. F is called the umbral 
algebra, the study of which is the umbral calculus. 

The order o(/(f)) of 0 ^ f(t) £ F is the smallest integer k such that the coefficients of t k does not 
vanish. In particular, for 0 7 ^ /(f) £ F , it is called an invertible series if o(/(f)) = 0 and a delta series if 
= 1 . 

Let f(t),g(t ) £ F , with o(g(t )) = 0, o(/(f)) = 1. Then there exists a unique sequence of polynomials 
S n {x) (degS’ ra (x) = n) such that (^g(t)f(t) k \S n (x)'j = n\8 n ^, for n,k> 0. Such a sequence is called the 
Sheffer sequence for the Sheffer pair (g(f),/(f)), which is concisely denoted by S n (x) ~ ()). 


2010 Mathematics Subject Classification. 05A19, 05A40, 11B83. 

Key words and phrases, degenerate poly-Genocchi polynomials, umbral calculus. 
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It is known that S n (x) ~ (<?(£), f{t)) if and only if 

1 






n =0 


where f(t) is the compositional inverse of f(t) satisfying = /(/(£)) = t. 

Let p n (x) ~ (1, /(f)), q n {x) ~ (1, l(t)). Then the transfer formula says that 

q n {x) = x x~ 1 p n (x), (n > 1). 

Let S n (x) ~ (<?(£)),/(£))■ Then we have the Sheffer identity: 


Sn(x + y) (j^J S k(x)Pn-k{y), 


where p n (x) = g(t)S„(x) ~ (1,/(£)). 

For S n (x) ~ (. g(t),f(t )), 

Also, we have the recurrence formula: 


f{t)S n (x) = nS n - i(x). 


S n+ i( aO-(:c g J)) f '(t) Sn(x) - 
Assume that S n (x) ~ (g(£),/(£)), r„(a;) ~ ( h(t),l(t )). Then 

n 

where 


fc =0 


Finally, we also need the following: for any h(£) G J 7 , p(x) G P, 

^h(£)|xp(a;)') = (<9 t /i(£)|p(a;)). 

For s n (x) ~ (g(t),f{t)), 

n— 1 


7 / \ 

-j^S n (x) = (?) < /WK"* > ^(a:). 


(1.3) 

(1.4) 

(1.5) 

( 1 . 6 ) 

(1.7) 

( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 


2. Introduction 


Let r be any integer, and let 0 ^ A G C. The series Li r (x) defined by 

oo n 

Li r {x) = ( see 1®’ C 2 ' 1 ) 

n=l 

is the r-th polylogarithmic function for r > 1, and a rational function for r < 0. One immediate property 
of this is 

-r- (Li r+1 (x)) = -Li r {x). (2.2) 

ax x 
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The degenerate poly-Genocchi polynomials "fn\X,x) of index r are given by 

2Li r {l-e~ t ) 

'ptACJ' = 

n—0 


t ri 


(1 + A t) A 1 


(1 + At)t =Y J ^\\x)~. 


(2.3) 


For x = 0, A) = 'Yn") (A, 0) are called degenerate poly-Genocchi numbers of index r. In particular for 
r = 1, 7 n (A,a;) = y^^AjX) may be called degenerate Genocclii polynomials and are given by 


_ fn 

(TTT(l + Ai ) f =E>(A^)^- 


(1 + At) a + 1 n=Q 

They are a degenerate version of the poly-Genocchi polynomials Gn’ > ( x ) of index r given by 

t n 

n—0 


2Li r (l — e *) t _ G (r)/ G 

e* + l ^ n 1 V 


(2.4) 


(2.5) 


These poly-Genocchi polynomials were first introduced in 3) under the name of poly-Euler polynomials 
and with the notation E„ {x). However, it seems more appropriate to call them poly-Genocchi polyno¬ 
mials, as G n (x) = Gn\x) are the ’classical’ Genocchi polynomials defined by 


2 1 


-e xt = Y J Gn(x)- 
1 ' n\ 


( 2 . 6 ) 


n—0 


Clearly, lim^o ^n\x, x) = Gn\x). Also, we recall that the degenerate Euler polynomials £ n (X,x) were 
introduced in | T] by Carlitz and are given by 


r> oo , n 

+ =££ n (A,x)- r 

it _ i Z —' n\ 

n—0 


(1 + A t)x -l 

The degenerate poly-Bernoulli polynomials /3n\x,x) of index r are defined in 16,7 as 

Li r (l — e t ) 


(1 + Af)x - 1 


I ~ (1 + At) * = ^ ^n r) (A, a;) —. 


(2.7) 


( 2 . 8 ) 


n—0 


When x = 0, /3n\ A) = Pn\ A, 0) are called degenerate poly-Bernoulli numbers of index r. For r = 1, 
(3 n (X,x) = /3n\x,x) are called degenerate Bernoulli polynomials and given by 


t °° fn 

-— T --(1 + A t)* = ^dn(A,a;) —, 

(1 + At)x — 1 ^ n! 


(2.9) 


which were introduced again by Carlitz in 111. They are a degenerate version of the poly-Bernoulli 
polynomials Bn' 1 (x) of index r given by 


Li r ( 1 — e *) 
e t — 1 




( 2 . 10 ) 


n—0 


We note here that this definition of poly-Bernoulli polynomials is slightly different from its original 
definition(cf. ( 4 JI 5 ]). Obviously, lim^o Pn\x, x) = Bn\x ), and B n ( x) = B^(x) are the ’classical’ 
Bernoulli polynomials defined by 


e* — 1 


= 


n—0 


n\ 


( 2 . 11 ) 
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4 Umbral calculus approach to degenerate poly-Genocchi polynomials 

Write Li r (l — e -t ) = Onyr = t+ Y ^=2 a n^ ■ Then from (2.3) and (2.7), we see that 

oo n—1 




n—0 


n—1 /—0 


4.n 

t -i£i{ X,x)) — . 

n\ 


In turn, (2.12) implies that 


(r) (A, x) = 0 , 7 [ r) (A,a;) = 1, deg^\\ x) = n - 1, (n > 1). 


7 0 

In this paper, we would like to apply umbral calculus techniques ( 


( 2 . 12 ) 


(2.13) 


9 10 ) in order to derive 

explicit exprissions, some properties, recurrence relations and identities for degenerate poly-Genocchi 
polynomials. However, sometimes we can not apply the umbral calculus techniques directly to 7 „ (A,a:), 
since —i is not invertible and hence 7 ^ (A, a;) is not a Sheffer sequence. Nevertheless, from (12.31) 

( 1 +A QX + 1 ' - ' 

and (2.13), we note that 


2Li r (l — e~ t ) _ (1 + A()!= ^72Ai) t" 


t{{ 1 + At) a + 1) 


n—0 


n + 1 n! 


(2.14) 


_ ~M (\ t x) 

Thus we see from (2.14) that n+ J ^ +1 is the Sheffer sequence for the pair 


namely 


2XLi r (l — e~ A 


-it* 


7l+i(A,ic) ^ ( {e xt — l)(e* + 1) 1 Xt _ 

n+ 1 ~ V 2 ALv(l-e-x( eAt - 1 ))’ A 1 




(2.15) 


Furthermore, we give some explicit expressions of degenerate poly-Genocchi polynomials as linear com¬ 
binations of some of the well-known families of special polynomials. 


3. Main results 


The following Theorems 2.1 and 2.2 are mentioned in 9| and obtained in 17,9j, and will be useful in 
deriving several explicit expressions of degenerate poly-Genocchi polynomials as linear combinations of 
degenerate Euler or degenerate Genocchi polynomials. 


Theorem 3.1. For all integers r > 2, and n > 0, we have the following identities. 
' Li r { 1 - e"*) ' 


1 

n + 1 

n+1 

E(- i r +n_ 

171—1 

n , 

E 

m=0 N 

’")4 ) 1 

m J n — m 

1 

B ( n~ 1] 

n + 1 


n! 

E 


n 




V, n . , , . , il-{j 1 + ■ • • + ji + 1) 

Jir" > 3 r— 1^:0,jiH- hjr— 1 — n i=l 
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Theorem 3.2. For all integers r > 2, and n > 0, we have the following identities. 


n+1 


(Li r (l-e- t )\x n+1 )= ^(—ir+” +1 ^5 2 (n + l,m) 


= W n+ 1 W } 

^ \ m 

m =0 ' 

= s^- 1 ) 

n 

= (n + 1)! 


e n 


B ,• 


ji, " Jt— —hi, 


, iiKii + ■ ■ ■ + j* +1) 

_i=n 2 —i 


The following can be seen also from (2.3), but here we will deduce it by using umbral calculus. 


/ f 

1 %X\ y ) = (Y J i£{\y)-,\x n 


\m =0 


(1 + Ai)* | 

y\* (^ 05(1 + a t)) 1 


2Li r (l — e *) 

(1 + At) a + 1 
/ 2Li r (l — e _t ) 

\ (1 + At) a + 1 ' ^ 

V 2Lv(1 ~ e ~ t} | Vs 1 (m,i)\r/ 

^VaM (1 + At)4+1 ; m! 

/ 2Li r (l — e _t ) 


51(f) 


2 ! 


A” 


i=o 




n i n 

y( l )y 

h Kx) - ' ' \ (1 + At) A + 1 


1 =0 


m—l 


(3.1) 


Here (x|A)„ = x(x — A) ■ • ■ {x — (n — 1)A), for n > 1, and (x|A)o = 1. Recalling that (x|A)„ = 
Sm=o A n_m S’i(n, m)x m , we have the following result. 


Theorem 3.3. For all integers n > 0, we tiare t/ie following expressions. 


y\x,x) 


E (") (EA m -%(m,o 7 ) 7 M m (A) 

m—0 A m / V;=o / 

E (m) 7 "“ m ( A )( a; |A) m ‘ 

m—0 ^ / 
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Umbral calculus approach to degenerate poly-Genocchi polynomials 


Now, we would like to express the degenerate poly-Genocchi polynomials in terms of degenerate Euler 
polynomials, for this we need to observe the following. 


= (u r { 1 - e -t ) I 


(1 + Ai)S | x n 
2 

(1 + At) ^ + 1 
t l 


(1 + A t)"x r 


(3.2) 


= {Li r ( 1 - e *) | Y^Ei{\,y)-x r ‘ 

From (3.2) and Theorem 2.2, we obtain the following explicit expressions for j^(A,x) , as linear combi¬ 
nations of the degenerate Euler polynomials. 

Theorem 3.4. For all integers n > 0, we have the following identities. 

n l 


7 


(r) 


(A,a:) = ^X! ( / )( _1 ) 

Z=1 m=l 
n l —1 

= EE 

/—1 ra=0 




: S 2 (l,m)£ n -i( A,x) 


n\ ( l 


B$£ „-;(A,x) 


J=1 


= / ) B l-l ] £n-l(\x) 


r— 1 




>0 ^ . l n j.j(ji—hji+i) 

i = l Jl ,••• ,J r _l >0,,7lH-|-Jr— 1 —t — 1 2=1 


En—l (A, x '). 


Next, in order to express the degenerate poly-Genocchi polynomials in terms of degenerate Genocchi 
polynomials, we first observe the following. 


(s)t\ „.\ _ / 2 Li r (l — e 4 ) 


ln{A,y) = 


(1 + At) * + 1 
Li r { 1 — e -t ) 


(1 + At)* | ad 
2t 

2 1 (1 + Ai)x + 1 

t i i sr^,(\ ! 


(1 + At)*x r 


Li r (l — e*) ^ \t l 


(3.3) 


t 


7=0 




(=0 


From (3.3) and Theorem 2.1, we obtain the following explicit expression for 7 ^ (A, a;) as linear com¬ 
binations of degenerate Genocchi polynomials. 
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Theorem 3.5. For all integers n > 0, we have the following identities. 

71-1 Z + l 


% 


l-t-1 | / \ | 

\X,x) = £ £ iTi C + 

1=0 m =1 ' ' 

= ££ra(l)(m) s ^“-'(^> 


1=0 m—0 
n—l 


*.x) 


Z=0 

n—1 r—1 

=e e (^n-TT 7l+ ... +7 , + i ) 

1=0 jl,-,jr-l>0,jl+-+jr-l=l i= l -h-Ui + +J7+ J 


Bn 


ln-l{X, x). 


Here we apply the transfer formula (1.4) to 
x n ~ (1, t), 

i ( e At _ i) (e t + 1) 7 « 1 (A,x) / 1 


2L* r (l - e -£(e A ‘-i)) n + 1 

Then, for n > 1 we have 

1 ( e At 1) (e t + 1) 7 W l(Aja .) 


1, ^(e At ^ 1) ) - 


2Lv(l-e-x( eXt - 1 A n+1 


= X 


A t 


e \i _ l 


„n— 1 


OO w 

= x£b,<“>A*- 
z=o 


i—l 


Thus 

7n+l(A, ;c ) 


n + 1 

n— 1 

= E 


z=o 

n—1 


«-i+, b w££(££!!£^) 

( ) ‘ i(e"-l)(e‘ + l) 

oo (r) 


i—l 


= E f n a i s ( " ) ^ 2 7m+i ^ (x ( eAf 7) 

Z=0 X ^ X 777—0 m ^ 1 


1—1 


ml 


n— 1 n—l / 1 

_ ^ ^ / n ~ 1 \ \ Z — 777 


( 77 ) 7m+l (A) 


, , A H, 

, l J m +1 

Z—0 m=0 x / j—'m 

i—l n—l 


x j 


^2 S2(j,m)—t 3 x 


n—l 


j- 


n n—i n—i / i\ / 7 \ /\\ 

eee(" 7 )(”7 ) A i - m+J S 2 (i, m)H ; (n) 7 ” + ) ( f x n ~ l ~° 

1=0 m=0 j=m ' / \ J / 

(n) 7m+l (^) 


Z=0 m—0 j=- 
n /n—jn—j—l 

= E(E E 

j —0 \ /—0 m =0 


— 1\ (n—l 


(3.4) 


(3.5) 


(3.6) 


X n ~ m -o S 2 {n — j — l ,m)B l 


1 m +1 


c 3 , (n > 1). 
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Observing that 


we have 


j 2 Si(n,l)\ n ~ l x l = (x\\) n ~ (l,I(e A ‘-l)) , 
1 ( e A« - 1) ( £ * + 1) ^(A.z) / 1 , At _ 

2Li r (l - n+1 V A 


Jnh(X,x) 

n+1 

n 2Li r fl-e-x(^ t -D N ) 

-g Sl( n,0A-' , (e \,_ 1)(e , + 1 / x- 

1=0 m =0 


m! 


n Z yrj oo 

= E E E S 2 (j,m)^x' 

z—✓ z—✓ m 4- 1 z 7 


Z=0 m—0 
n l l 


( r ) / \ \ oo 

m+1 V / \ 

TO + 1 f' J\ 

'Tm+lW i-j 


3—m 


= EE E yi-J-m+jf )Si(n,l)S 2 (j,m) 


1=0 m—0 j—m 
n n l—j 


TO + 1 

„(r) 


= EEE fA n - ro -^i(n, /)S 2 (I - j, 

j—0 l-j m =0 A-?/ 


TO + 1 

Hence, from ( |3.6[ ) and ( |3.8[ ), we get the following theorem. 

Theorem 3.6. We have the following expressions. 

7 n+i(A,s) 

n+1 

= E (E"e (" 7 *) f"; j - ,, m ) S ;»>i&07 *>, ( „ > I, 


j—0 \ Z—0 m—0 
n n l—j 


ib it b j / j\ 

= EEE X^-m-j Sl ^ n J)S 2 (l - j, TO ) 

d—n 7—o ™—n \*^/ 


j—0 l=j m =0 


tTEY, 

TO + 1 


d, (n > 0). 


The following Sheffer identity follows immediately from (1.5). 


(3.7) 


(3.8) 


j=o 


Applying (1.6) to jn\A,x), here we get 

1 , w . 


A 


Thus 


r (X,x)(y\X) n -j. 

(3.9) 

njn-i( A >x). 

(3.10) 

= n\^l 1 (X,x). 

(3.11) 
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By using (|1.7[), we obtain 


7&W 

n+ 1 


( _ jjW\ _At 7n r) (A,aQ 

V 9(t) ) 


-xin r) (\x- A)~- -e 

n n g(t) 


where g{t) 


(e At —l)(e t + l) 
2 ALi r .(l-e-i (eA *- 1) ) 


. Here, 


(3.12) 


if = (i099<t)) ' 

1 j Xte xt te t 
t | e xt — 1 e t + 1 


te 


At 


L* r (1 — e i (® At ^ 


I 


Li r _i ^1 — e a(® a * bj 


e* 




(3.13) 


Note that g(t)"fn\ A, x) = (x|A)„ = X)m=o A ra m Si( n > m,)x m , and that the expression in the curly bracket 
has order > 1. 




9(t) 

if X t ^XLir^l-e-i^- 1 ^ te (i -A)t 2\Li r {l-e-H' tXt - 1 '>) 

t j e xt — 1 (e xt — l)(e* + 1) + e* + 1 (e At — l)(e 4 + 1) 

2 A t £ir-i (l - e-x^'- 1 )) | ( 


e* + 1 e xt — 1 


0 X(e xt -l) _ ^ 


e ^ i)(e :^ ) 1 ,' 7L>o,x) 
2\Li r M - e~x( eA _1 )J 


= ^A"- m S 1 Km)- 


1 At 


2ALi r (l-e A(e At 1)) ie (i-A)t 2ALv(1 _ e -i(e A ‘-i) ) 


m—0 


t j e At — 1 (e At — l)(e 4 + 1) 
At £v-i (i - e-xC®"'- 1 )) 


e* + 1 (e At — l)(e* + 1) 


e* + 1 e At — 1 


i r«.At 

e» 


= £ 


A" 


771 = 0 


TO + 1 


Si(n, m) 


( e At_i) _ ^ 

At 2AL* r (l - g-K®**- 1 )) 2\Li r (l — e _ x(® At_1 )) 


D A£ 


- 1 (e At - l)(e t + 1) 


s* + 1 (e At — l)(e* + 1) 


At 


Lt r _i ^1 — e a(® a * 


771+1 


e* + 1 e xt — 1 


1 (fs\t 

eA 


( e At_i) _ ^ 


(3.14) 


The next theorem follows from (3.12), (3.14), (3.15), (3.16), and (3.17). 
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10 Umbral calculus approach to degenerate poly-Genocchi polynomials 

Theorem 3.7. For all integers n > 0, the following holds true. 


+++ 7<r><x*-A, 


n + 1 n 

n m+1 m+1 


1 /m + 1 


= E E E E ++7 (D 


m=0 Z=0 j=l 

-i -i • m+1—j / .\ ^ 

l ! ++ Ai "‘ 7 K (A)£ "'-> (l + 1 ~ A) + E (”77 01. 

k= 0 ' ' J 


For the sake of completeness, we compute the three terms in (3.14) as follows: 


xt 2XLi r (l-e-i ( ~ eM - 1 '>'\ 


„m+1 


3 A t 


— 1 ( e xt — l)(e* + 1) 

(r) 


= ^ 7;+i(A) (+7 !)) „m+i 

p\t _ 1 / J 


1 z^ Z + l 
;=o 


l\ 


1 z^ Z + l 

1=0 

>, m+1 m+1 / , . 

A/ x—■ \—• 1 /m+1 


e At _ ! 


EE + 


i=o j=i 


x- l S2U,iW+iW* 


(r) 


m+l-j 


m+1 m+1 / , 

= e e+( m y) A "«-'s 2 (i, i) + , 1 ( A )B m+I - i f, 

Z=0 j=l \ J / 


(3.15) 


^ e (i-A)/ 2XLi r ^1 — e a 7* 


,m+l 


e* + 1 (e At — l)(e* + 1) 

te (1 - A)t ^ ^ 1 fm + l\ V7 _ z 0 ,, j\ (r) , . W m+W 


t EE 

1=0 j=l 


l + 1 V 3 


X 3 - l S 2 (j, 07+i(A)*" 


e (i A)t >^+1 ^ m + l - j+m + 1+ 7 _, c n ( r ) 


e* + 1 


1 


E V "V Hi -f 1 — 

z-^ Z + l 


i=o j=i 

m+1 m+1 




m+l-j fm+l\ xj -i S2 ^ Z)7 M (a) _2 ^m-,- 


= ip(l-A)t V V 

2 z + 1 v J 

1=0 j=l v J 

i m+1 m+1 .. . / 

4EE =^( m + 1 )A^s a a07£hA)^i(* + i-A), 

j—0 j=l \ J / 


(3.16) 


and 
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A t 


e 4 + 1 e xt — 1 e x 


A_ L x ” 

i( e >>t-l) _ ^ 


e* + 1 e xt — 1 


At 

t 1 / 71 X 


2 At ^ 

;=o 

2 A , m+1 

2 Af 


e 4 + 1 e At — 1 

1—0 


°° \j 

\- l B[ r - 1) Y,S2{j,l)^x m+1 

i=1 

7 A 5 


m+lm+1 , \ „ 


I I L J. I I J- 

= EE*- 

z=o j=l 

m+lm+l / , -< \ m+1— . 

-ee^T*^ E 

1=0 j=l \ J / k=0 

m+1 m+1 m+1—j , . \ -\ 

= EE E m - )(”' 

Z=0 j=l k=0 \ J \ / 


m+i-j / , 1 

) V- /m + i-jA xkp, f x \ 


(3.17) 


We note that 


< /(t)]*"" 1 > = ^ofl(l +At) | z"" 1 ^ 

/ OO 

= A " 1 / ^(-l) m - 1 A m (t 

\m=l 

= (-A)"~ z_1 (n - l - 1)!. 



Thus, from (1.11), we get 


+ ( 7n+i(A,x) \ = yj (—A)"-^- 1 7 ;+i(A,t) 
da: y n +1 y l\{n — l) l + l 


(3.18) 


(3.19) 


Here we use (1.10) in order to get an expression of 7 ), ; (A,a;). For this, assume that n> 1. 


ln\\y) = 


/ 2Li r (l - e" 4 ) 


(1 + Ai)* | x r 


\ (1 + A t) a 4-1 

((++?>•*<"+ 


+ 


(l + A t)i 
/ 2Li r {l — e -4 ) 
\(1 + Ai)* + 1 


(3.20) 


(d t (i+xt+ \x n ~^y 
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Umbral calculus approach to degenerate poly-Genocchi polynomials 


The second term of (3.20) is easily seen to be equal to 2/7i-i(A,2/ — A). For the first term of (3.20), 
we observe that 
(2Li r (l-e- t Y 


di 


V (1 + At) A + 1 

2 Lir S~f t] e~*((l + At)l + 1) - 2Li r (l - e- ( )(l + A t)i 


b -1 


((1 + At)x +l) 

Lv_i(l-e-‘) 1 2 Ii r (l — e _t ) 


(3.21) 


1 


2 Li r (l - e~ f ) 


(1 + Ai)l + 1 e*-l 1 + At (l + At)i +1 2(1 + At) (l + At)l + 1 (1 + At)x + 1 ' 

So, the first term can be written as three sums: 

' Li r _i{\ — e _t ) 2 


e* — 1 (1 + At)x+1 

/ 1 2 Li r (l - e"*) 


(1 + At)* | 


n— 1 


— \ ----j-(1 + At) A I x 

\ 1 + At (1 + At)x + 1 

/ 1 2 2Li r (\ — e _t ) 

\ 2(1 + At) (l + At) v + 1(1 + At) 1+1 

Now, we compute the three terms in ( |3.22| ) as follows 

' Li r _i(l — e _t ) 2 


(1 + At)“ | x 


n— 1 


e f — 1 (1 + At)x + 1 

L+_i(l — e _t ) 2 


e* — 1 
Lt r _i(l — e _t ) 


e 4 — 1 


(1 + At) A + 1 

00 t l 

^£i{A,y)^x 

1=0 


(1 +At)x | x 11 - 1 
(1 + At) lx "” 1 


n—1 


/! 


= £ 

z=o 

n— 1 

= £ 

1=0 


n — 1 


n — 1 


ftO.s/) ( j 6 "* 1 I s -*- 1 


«A, »)+’+„ 


1 2 Lt r (l — e _t ) 

1 + At (l + At)l + 1 
/ 1 2Li r {\ — e _t ) 

\ 1 + At (1 + At) 1+1 
/ 1 00 , +1 \ 

' ' E ' y * ( A - y )^" -1 


(1 + At)* la .’"” 1 
(1 + At) la :"" 1 


\ lTAt 1 2^' 

\ z=o 


= £ 

z=o 

n— 1 

= £ 


Z=0 


n — 1 
l 

n — 1 

l 




7l (r) (A , y )(-A) n -*- l (n-l-l)! 


1 


„n—1—Z 


1 + At 


(3.22) 


(3.23) 


(3.24) 
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and 


1 


2Li r (l - e" 4 ) 


2(1 + A t) (1 + At)* + 1 (1 + Xt)i + 1 

1 2 2Li r (l - e" 4 ) 


2(1 + A i) (l + A t) i + 1 (1 + A t) i + 1 


(1 + At)* | x n ~ l 
(1 +A t )*^" 1 


i 2(liA ( )( 1 + A0Ul l S 7!rl<A ' S) J a: “", 


n— 1 

= £ 

1=0 






n-1 / 1 \ / oo 


n 1 \ ( r ) 


£ 

z=o 

n— 1 

£ 

1=0 

n , 

2£ £ 

Z=0 m—0 


£ fm (A) m i s " 


2— 1 — Z 


I Ti \\y) £ 

Z—0 v ” 7 m—0 

n-ln-l-l / -t \ / -i 7 

— 1 \ [n — 1 — l 


B 'm" ‘KITTS'' 


n— 1—Z —m 


l 


m 


7 ; (r) (A,y) £ ro (A)(-A) 


n— 1—Z —m 


(n—l — l — to)! 


Putting (3.201, (3.22), (3.23), (3.24), (3.25) altogether, we obtain the following result. 


Theorem 3.8. For all integers n > 0, the following holds true. 

n— 1 

7 n r) 0 , x) = a£,-i (A, a; - A) + ^ 


(n 1)1 ^ 1 


1=0 


(n — 1 — l)\' 


a—l—l 

-(-Ar- 1 - i 7 i W (A,x) + - £ - j fm(A)(-Ar- 1 -'- m 7 i W (A, ; r)L 


2 ' TO! 

m=0 


(3.25) 


From now on, we will exploit (1.9) in order to express degenerate poly-Genocchi polynomials as linear 


combinations of well known families of polynomials. For this, we remind the reader that 


7n+i(A,s) ^ f (e A * - l)(e* + 1 ) 1 

n + 1 ~ V2ALi r (l - e-iC^*- 1 ))’ A 


We let 


7l+i(A,a) 

n+1 


I2k=oCn,k£k(\x), with noting that 


£n(A,x) 



i (e A, 



(3.26) 


(3.27) 
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Umbral calculus approach to degenerate poly-Genocchi polynomials 


Then 


CVi,fc = — 


1 /(1 + At)s+1 2XLi r (l-e~ t ) 


k\ 


At((l + At)x + 1) 


t K x n 


J_ / Li r {l e *) k 
k\\ t 1 


n\ /L i r (l-e *) . 


n — k+ 1 V k 




(r-l) 

n—k 


Thus we have shown 



B 


(r-l) 

n—k 


£k{X,x). 


(3.28) 


(3.29) 


To express degenerate poly-Genocchi polynomials as linear combinations of Euler polynomials, write 
7 "L+i’ a ' ) = T,k=o C ri,kE k (x), with noting that 


e* +1 


-,t . 


Then 


C n ,k = T7 


En (A, x ) 


1 / (1 + At) v + 1 2ALi r (l — e -t ) / 1 


k\ \ 
= A- fc 


2 At((l + At)x +1) VA 

^ (i r - > | i ( M i+ At ) )V 


/og(l + At) ] | a; 


= A 


- fc / iir(l ~e *) 


00 \ l 


l=k 


a-'-eQa-%( i,o( L,r(1 ; e ~' ) *"-■) 


= a-‘s 


1 /n 




n — l + 1 V l 


^X l S 1 (l,k)BZ 1) . 


Thus we have derived the following theorem. 
Theorem 3.9. Tor all n > 0, we have the following. 


n n / . 1 \ 

7Sr(A»*) =EE ( n ! j A / - fc S’ 1 (t, k)B^ZE k (x). 
k =0 J=fc ' 2 


Let 


T'i+ll'b*) _ V-^ n 


= T,k= 0 C n,kPk\\x), with 


n+1 


/# } (V 


e‘ - 1 


/.?,.(1 -e W XI l} A 


,y(e At -l)). 


(3.30) 


(3.31) 


(3.32) 
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Then 


C n .k = T7 


I / (1 + At)*-1 2\Li r {\ — e~*) fc 
k\ \y Li r (l - e _t ) At((l + At)x + 1) 

2 (1 + Ai)*-1 n _ fc \ 


fcy \ (i + At)* + i 


n 


kj \ (1 + At)x + 


I'E 

1=0 


(l|A);+i t l k 
l + l l! 


n—k 

E 

n—k 

E 

1=0 


n - k\ (l|A); + i / 2 

l J ^ + 1 \(1 + At)*+1 

n - k\ (l|A)j+i, 


i—k—l 


i J i +1 


~£n-k-l( A). 


Thus we have shown the following result. 
Theorem 3.10. For n > 0, we have the following. 


(r) 

7„+i 


n n—k 


(A, a:) = EE 


k= 01=0 


n +1\ (n — l 

l + l 


(l|A) z+1 £:„_ fe _ / (A)4 r) (A, ; r 


Write = Y!k=o C n,kPk(\x), with noting that 


n+1 




Then 


C n ,k — T7 


1 /A((l + At) a - 1) 2ALi r (l — e _t ) 


k 


k\ 

n 

k 

n 

k 


A t 


At((l + At) v + 1) 


fx 


2Li r (l — e 4 ) ! (1 + At) A 


t((l + At) * -f- 1) 


A ^ /n - fc\ (l|A) t+1 / 2Li r {l — e~*) 
/ ; _ 0 \ l J l + l \ i((l + At) * + 1 

/ n \ fn — k\ (l|A)j + i 7j-fc_z+i(A) 

w ^v l J 1+ 1 n-k-l+1 


„n—k—l 


Thus we obtain the following theorem. 

Theorem 3.11. For all n > 0, the following holds true. 


n n—k 


7ra+l(A, x) = EE 


1 


i + i V i 


n +1\ fn — l + 1 
k 


( 1 |A)i+i7^2 fe _i + i(A)/3fc(A, x). 


(3.33) 


(3.34) 


(3.35) 


k —0 1=0 

Lastly, we would like to express the degenerate poly-Genocchi polynomials in terms of Bernoulli poly¬ 
nomials, with noting that 

V - 1 


B n {x) 


t 


,t 


(3.36) 
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Umbral calculus approach to degenerate poly-Genocchi polynomials 


we let 7 "+ 1 ^’ ,l) = YJk=a C n,kBk{x). Then 

1 / A((l + Xt)i - 1) 2AL* r (l — e~ f ) (1 


nM k\ \ log[l + Xt) At((l + At)l +1) ' 

k ! 2Li r (l — e _t ) Xt (1 + At)x-1 1 


— log( 1 + Xt) I x 


= X 


= X 


^((1 + At)x + 1 ) log(l + Xt) t 
_ k / 2Li r (l — e _t ) Xt (1 + At)l — 1 


t((l + At)l + 1 ) log(l + Xt) t 


-(log(l + Xt)) k x n ^ 

°° X 1 \ 

J2S 1 (l > k)-t l x n ) 


l—k 


1=0 


= A “ fc Eu) A ^(tfc) 


2Li r (l - e" 4 ) 


Xt 


k t((l + At) 1 + 1) + At) 

Xt 


(1 + At)* - 1 x n-l 


, (l|A) m+ i t m ^ n _ t 
1 ) log{ 1 + At) yy to + 1 to! 


+i j 2 Lt r (l — e *) 


;=fc v 7 m=0 v 7 


(3.37) 


+i / 2 Li r (l — e 4 ) 


m—0 
n—l 


1 Y&J ,/'• 
,t((l + At)l + 1 ) 3 j'- 




,n—l—m 


^ 7 m=0 ' 7 j=0 ^ 


n — l — to 

j 


X J b, 


(r) 

n — l — TO — J + 1 


Here bj are the Bernoulli numbers of the second kind given by Iog (*_|_ f ) = SjLo jt• Thus we have 
derived the following result. 


Theorem 3.12. For all integers n > 0, the following holds true. 


lull ( A . *) 

n n n—l n—l—n 

= EEE E 

/c=0 /—/c m=0 j—0 


1 ^n+l^^n — j + 1\ fn — j — to + 1 

l 


m + 1 \ j 


X l+ i- k Si(l,k) 


x (l|A) m+ i 6 J - 7 ^ i _ m _ J . + 1 H fe (a;). 
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QUADRATIC (p u /^-FUNCTIONAL INEQUALITY IN FUZZY NORMED 

SPACES 

YOUNGHUN JO, JUNHA PARK, TAEKSEUNG KIM, JAEMIN KIM* AND CHOONKIL PARK* 


Abstract. In this paper, we introduce and solve the following quadratic (pi,p 2 )-functional 
inequality 

N(f(x + y) + f(x -y)- 2f{x) - 2f(y),t) (0.1) 

< min(^N ( Pl ( 2 f + 2/ ( : ^y^) - f( x ) ~ f(yj) u) , 

N (P 2 (4/ (^1) + f(x - y ) - 2 f(x) - 2/(p)) , f) ) 

in fuzzy normed spaces, where pi and p 2 are fixed nonzero real numbers with yA-j + 2 [pC\ < L 
and /(0) = 0. 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (pi,p 2 )- 
functional inequality (0.1) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [16] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [10, 20, 43]. In particular. Bag and Samanta [2], following Cheng and 
Mordeson [ 8 ], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [19]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3]. 

We use the definition of fuzzy normed spaces given in [2, 24, 25] to investigate the Hyers-Ulam 
stability of quadratic (pi, /^-functional inequality in fuzzy Banach spaces. 

Definition 1.1. [2, 24, 25, 26] Let A be a real vector space. A function N : X x K —y [0,1] is 
called a fuzzy norm on X if for all x, y G X and all s, t £ R, 

(JVi) N(x,t ) = 0 for t < 0; 

(N 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(A 3 ) N(cx, t ) = N(x, y) if c / 0; 

(N 4 ) N(x + y,s + t) > min {N(x,s), N(y,t)}\ 

(IV 5 ) N(x, •) is a non-decreasing function of M and linr^oo N(x, t ) = 1. 

(Nq) for r / 0, N(x, •) is continuous on M. 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; quadratic (pi,p 2 )-functional inequality; fixed point method; 
Hyers-Ulam stability. 
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The pair (X, N) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [23, 24]. 

Definition 1.2. [2, 24, 25, 26] Let (A, N ) be a fuzzy normed vector space. A sequence {x n } in A 
is said to be convergent or converge if there exists an x £ X such that lim n ^. 0O N(x n — x,t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by 
IV-lim^oo x n = x. 

Definition 1.3. [2, 24, 25, 26] Let (A, A) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an uq £ N such that for all 
n > n$ and all p > 0, we have N(x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector spaces X and Y is continuous 
at a point xq £ X if for each sequence {x n } converging to xq in X, then the sequence {f(x n )} 
converges to f(x o). If / : X —> Y is continuous at each x £ X, then / : X —> Y is said to be 
continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ulam [42] con¬ 
cerning the stability of group homomorphisms. Hyers [12] gave a first affirmative partial answer 
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for 
additive mappings and by Th.M. Rassias [35] for linear mappings by considering an unbounded 
Cauchy difference. A generalization of the Th.M. Rassias theorem was obtained by Gavruta 
[11] by replacing the unbounded Cauchy difference by a general control function in the spirit of 
Th.M. Rassias’ approach. The stability problems of several functional equations have been ex¬ 
tensively investigated by a number of authors and there are many interesting results concerning 
this problem (see [7, 13, 15, 17, 18, 21, 31, 32, 33, 36, 37, 38, 39, 40, 41]). 

Park [29, 30] defined additive p-functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces. 

We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : X x X -> [0, oo] is called a generalized metric on A if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x, y) = d(y, x) for all x, y £ A; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z £ A. 

Theorem 1.4. [4, 9] Let (A ,d) be a complete generalized metric space and let J : A -A A 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x £ A, either 

d( J n x, J n+1 x ) = oo 
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for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x , J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x,y) < oo}; 

(4) d(y, y*) < j^dl^y, Jy) for all y <E Y. 

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By using 
fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [5, 6 , 23, 27, 28, 33, 34]). 

In Section 2, we solve the quadratic (p\. /^-functional inequality (0.1) and prove the Hyers- 
Ulam stability of the quadratic (/q,/^-functional inequality (0.1) in fuzzy Banach spaces by 
using the fixed point method. 

Throughout this paper, assume that pi and p 2 are fixed nonzero real numbers with + 2 jp 7 j < - 

1 . 

2 . Quadratic (pi ,/^-functional inequality (0.1) 

In this section, we solve and investigate the quadratic (/q,/^-functional inequality in fuzzy 
norrned spaces. 

Lemma 2.1. Let X be a real vector space and (Y, N) be a fuzzy normed vector space. If a 
mapping f : X —* Y satisfies /(0) = 0 and 

N{f{x + y) + f(x - y) - 2 f(x) - 2 f(y),t) (2.1) 

< min ^/q ^2/ + 2/ “ f ( x ) “ f(v)j > tj , 

N (yp 2 ^4/ + /(* -y)~ 2 f(x) - 2 f{y)^j , t) ^ 

for all x,y G X and all t > 0. Then f is quadratic. 

Proof. Assume that / : X —>• Y satisfies (2.1). 

Letting y = 0 in (2.1), we get 

1 < min (n (pi ( 4 / (f) - /(*)) > t) , (p2 ( 4 / (|) “ f( x )) > *)) 

< N ((pi +p 2 ) (4/ (|) - /(x)) ,2tj 

Thus 

/(fH/W ( 2 . 2 ) 

for all i£l, 

Now we consider P : X Y that 

P{x, y) = f(x + y) + f(x -y)- 2f{x) - 2f(y) 


1523 


YOUNGHUN JO ET AL 1521-1529 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Y. JO, J. PARK, T. KIM, J. KIM AND C. PARK 

and we consider 

1 1 

“~M + 2 R' 

It follows from (2.1) and (2.2) that 

N{P(x,y),t) < min(N (JjP(x,y),t) ,N(p2P(x,y),tf) 

= min (iV Qp(x, „), j^j) , N Qp(x, y), ^)) 

< IV ^P(x,y),[j^ + —^ t) = N(P(x,y),at) 

for all t > 0. By (IV 5 ) and (Nq), 

P(x, y) = f(x + y) + f(x - y) - 2 f(x) - 2 f(y) = 0 

for all x, y € X, since a < 1. So / : X — y Y is quadratic. □ 

We prove the Hyers-Ulam stability of the quadratic (pi, /^-functional inequality (2.1) in fuzzy 
Banach spaces. 


Theorem 2.2. Let X be a real vector space and ( Y,N) be a fuzzy normed vector space. Let 
<p : X 2 —> [0, 00) be a function such that there exists an L < 1 with 

v(x,y) < jip{2x,2y) 

for all x,y £ X. Let f : X -» Y be a mapping satisfying /(0) = 0 and 

min ( N(f(x + y) + f(x - y) - 2 f(x) - 2f(y),t), - A ( 2 . 3 ) 

V t + <p(x,y)J 

< min (n (pi (2f + 2 / - f ( x ) - f(v)j , ^ » 

N (p 2 (±f + /(* - y) - 2 f(x) - 2f(y) \ , t) ^ 

for all x, y 6 X and all t > 0. Then Q(x) := N — linx^oo 4 n f (exists for each x G X and 
defines a quadratic mapping C : X -A Y such that 

W(»)-flW.«)>pr^^0) < 2 '4> 

/or all x € X and all t > 0 while f5 = ^ + y^y. 


Proof. Letting y = 
t 

t + </?(x, 0) 


0 in (2.3), we get 

< ruin (-/V (pi (4/ - /(x)) ,tj ,N (p 2 (V - /(x)) , t) ) 



(2.5) 
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Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

d(g,h) = inf j/r G M+ : N(g(x) - h(x),fri) > t + Q ) » Vx e X ’ Vt > °| > 

where, as usual, inf 4> = +oo. It is easy to show that (S,d) is complete (see [22, Lemma 2.1]). 
Now we consider the linear mapping J : S -A S such that 

Jg(x) := 4 g 

for all x G X. 

Let g, h G S be given such that d(g, h ) = e. Then 

N(g(x) - h(x),et) > 1 

t + ip(x, 0 ) 

for all x G X and all t > 0. Hence 

N(Jg(x) — Jh(x), Let) = N (a 9 (|) - Ah (|) , Let) = N (g (|) - h (|) , 

Lt Lt j. 

> 4 > 4 = 1 

T + <P( I- 0 ) “ X + f^, 0 ) * + ^>0) 

for all x G X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g, h G S. 

It follows from (2.5) that 

v \2J ' 2 J - t + ip(x, 0 ) 

for all x G X and all t > 0. So d(f. Jf ) < 

By Theorem 1.4, there exists a mapping Q : X —> Y satisfying the following: 

(1) Q is a fixed point of J, i.e., 

Q (|) = jQM (2.6) 

for all x G X. The mapping Q is a unique fixed point of J in the set 


M = {g G S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (2.6) such that there exists a g G (0, oo) 
satisfying 


N(f(x) - Q(x),gt) > 


t 


t + cp(x, 0) 

for all x G X; 

(2) d(J n f , Q) —> 0 as n —> oo. This implies the equality 

N- lim 4 n f (^)= Q{x) 

n —»oo \ Z IL / 
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for all 

(3) d(f,Q ) < which implies the inequality 

P 


d(f,Q)< 


2-2 L' 


This implies that the inequality (2.4) holds. 
By (2.3), 


min JV 4" / 


,n i , i x + v\ , w x ~y 


+ / 




< (4> t (2/ (£?) + 2/ (£?) - / (A) - / (£j ] ] , 

~(4> 2 (4/(^) + /(^)-2/©-2 / (Y)|,,, 
for all x, y € X, all t > 0 and all n € N. So 


Jr + 


< ™„(iV (4> (2/ (0) + 2/ (|^) - / (±) - / (£j M ] , 


t 

Since lim, woo —4?——- = 1 for all x, y £ X and all t > 0, 

W °° in +?n<p(x,y) ,y 

N(Q(x + y) + Q[x - y) - 2<2(x) - 2 Q{y),t) 

< "i/m ^2Q + 2Q “ Qfc) “ Q(y)j - f ) , 

N (p 2 (4 Q + Q( x -y)- 2 Q(x) - 2Q(y)'j , t 

for all x, y £ X and all t > 0. By Lemma 2.1, the mapping Q : X —> Y is quadratic, as 
desired. □ 


Corollary 2.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • || and (Y,N) be a fuzzy normed vector space. Let f : X —>■ Y be a mapping 
satisfying /(0) = 0 and 


min N(f(x + y) + f{x -y)- 2 f{x) - 2 f(y),t), 


t 

t + 8(\\x\\P + \\y\\P) 

< mini N I Pl I 2/ I +2/ ( - f(x) - f(y)] ,t] , 


(2.7) 


N ' Pi ( 4/ 


2 ) 

x + y 


+ fix -y)~ 2 fix) - 2f(y) , t 
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for all x,y G X and all t > 0. Then Q(x ) := A^-lim n _^ 0O 4 n /(^-) exists for each x G X and 
defines a quadratic mapping Q : X -$Y such that 

2(2 p - 4 )t 


N(f(x) - Q(x),t) > 


2(2 p - 4)t + /36\\2 x\\p 
for all x & X and all t > 0 while f3 = ^ + j^y. 

Proof. The proof follows from Theorem 2.2 by taking <p(x, y) := 0(||x|| p + ||y|| p ) for all x, y G X. 
Then we can choose L = 2 2 ~ p , and we get the desired result. □ 

Theorem 2.4. Let X be a real vector space and (Y, N ) be a fuzzy normed vector space. Let 
p : X 2 -> [0, oo) be a function such that there exists an L < 1 with 

<fi(x,y) < l/-v (| i |) 

/or all x,y £ X. Let f : X ^ Y be a mapping satisfying (2.3). Then Q(x) := Ai-lim n ^.oo (2 n x ) 

exists /or eac/t and defines a quadratic mapping Q : X Y such that 

(8 - 8L)t 


N (f(x) - Q(x),t) > 


(8 — 8L)t + fi<p(x, 0) 


( 2 . 8 ) 


/or all x & X and all t > 0. 


Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
It follows from (2.5) that 

N f f(x) — \f (2x), —t \ > - - -- 

V Y ' ’ 8 ) - t + <p(x, 0) 

for all x £ X and all t > 0. Now we consider the linear mapping J : S — > S such that 

1 


Jg(x) ■= ^2x) 


for all x € X. Then d(f, Jf) < §. Hence 


d(f,Q)< 


P 


8-8 V 

which implies that the inequality (2.8) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || ■ || and ( Y,N ) be a fuzzy normed vector space. Let f : X —>• Y be a 
mapping satisfying (2.7). Then Q(x) := N-liiUn^oo ^f(2 n x) exists for each x e X and defines 
a quadratic mapping Q : X Y such that 


N(f{x) - Q(x),t) > 


2(4 - 2 p )t 

2(4 - 2P)t +/36 \\x\\p 


for all x € X and all t > 0 while (3 


IPlI + |P21 


Proof. The proof follows from Theorem 2.4 by taking p(x, y) := 0(||x|| p + ||y|| p ) for all x, y G X. 
Then we can choose L = 2 P ~ 2 , and we get the desired result. □ 
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